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Abstract

We study the maximum number of congruent triangles in finite arrangements of ¢ lines
in the Euclidean plane. Denote this number by f(¢). We show that f(5) = 5 and that the
construction realizing this maximum is unique, f(6) = 8, and f(7) = 14. We also discuss
for which integers c there exist arrangements on ¢ lines with exactly ¢ congruent triangles.
In parallel, we treat the case when the triangles are faces of the plane graph associated to
the arrangement (i.e. the interior of the triangle has empty intersection with every line in
the arrangement). Lastly, we formulate four conjectures.
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Math. Subj. Class.: 52C10, 52C30

1 Introduction

A problem from mathematical folklore asks for bounding four congruent triangles with
six matchsticks. This is easily done, and left to the reader. Quite naturally, one can ask
whether more congruent triangles may be formed by using the same six matchsticks. It
seems that this particular problem has not been treated in the literature. Our main focus
lies on constructing planar arrangements in which a fixed number £ of lines bound as many
congruent triangles as possible. For an excellent overview on arrangements and spreads,
see Griinbaum’s [11]. The results presented in this article are complementary to work of
Erd6s and Purdy [4, 5] on sets of n points—see also [6].

In this paper, everything happens in R2. An arrangement (of lines) A shall be a finite
family of ¢ lines L1, ..., Ly. In the following, we will ignore the case when there exists
a point common to all lines, and thus assume that ¢ > 3. Denote by 2(, the set of all
arrangements of ¢ lines.
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We associate to A € Ay a graph I" 4: the vertices of I" 4 correspond to the intersection
points of lines from A and the edges of I' 4 correspond to the line-segments between these
vertices. I" 4 is a plane graph. The vertices, edges, and faces of I" 4 are also said to belong
to A.

A triangle in A € 2, shall be the convex hull of the set of intersection points of three
non-concurrent pairwise non-parallel lines in A. Denote by A the set of all triangles
in A. Whenever A, Ay, € F4 are congruent we write A; ~ Ay, Let FY4,.. LEA
M|
denotes the cardinal number of M. We call a triangle A € FA facial if it is a face of
T4, ie. LNint A = @ forall L € A. Let G* ¢ F4 be the set of all facial triangles in
A, and, as before, let G“l“, e, GqA be the equivalence classes with respect to ~ such that
|G| > ... > |G- Put

be the equivalence classes with respect to ~ such that |F1A| > .2 ’Fzﬂ‘ Here,

F(0) = max [F{| and g(f) = max [GFY].

We shall also be considering restrictions relative to a certain arrangement A € 2,
namely, for k < /,

FAR) = gl 1] and 0ah) = pege, [GR]-

We call an arrangement A € 2, f-optimal (g-optimal) if |Fi*| = f(£) (|G| = g(¢)).
If A is both f-optimal and g-optimal, we simply write optimal. A triangle from F/* or G+
is said to be good. Note that F{* and G{! need not be unique. In that case, one makes a
choice clearly defining Fy* and G. The edges and angles of a good triangle will be called
good, too.

An arrangement is simple if no three lines are concurrent. The lines of an arrangement
are in general position if no two lines are parallel and no three lines are concurrent. Two
arrangements A and B are combinatorially equivalent if their associated graphs I' 4 and
T'p are isomorphic. (Note that, as mentioned above, we do not consider line arrangements
in which all lines meet in a single point.) A € 2, is c-unique if there exists no B € 2,
such that A and B are (a) not combinatorially equivalent and (b) |H{'| = |HP|, where
H is F or G. In the same vein, we say that two arrangements A € 2, and B € 2, are
g-equivalent if A can be obtained from B by translation, rotation, reflection, and scaling.
A € 2, is g-unique if there exists no B € 2, such that A and B are (a) not g-equivalent and
(b) |H{'| = |HE|, where H is F or G. A few examples: Three lines in general position
yield an arrangement that is c-unique, but not g-unique; any arrangement on four lines
that forms exactly two congruent triangles is not c-unique (and thus cannot be g-unique);
finally, as we shall see in Theorem 3.5, the f-optimal arrangement from Figure 2 (b) is
g-unique (and thus c-unique).

F(¢) (G(£)) is defined as the set of all integers u such that there exists an arrangement
on / lines having exactly u congruent triangles (congruent facial triangles). We write [s..t]
for the set of all integers u with s < u < t, put H for F' or G, and

,_Jf ifH=F
g ifH=G.

Whenever H(¢) = [0..h({)], we say that H () is complete. In the following, we will tacitly
use the fact that G(¢) C F'(¢). We call an arrangement A € 2, 1-extendable if there exists
aline L such that | H{YY| = |H{| + 1.
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2 Preparation

We briefly concern ourselves with the following question, since it will shorten later argu-
ments. What if we drop the condition that the triangles need to be congruent? Kobon Fu-
jimura asked in 1978 in his book “The Tokyo Puzzle” [8]—see also [10, pp. 170-171 and
178]—what the maximum number K (¢) of facial (not necessarily congruent!) triangles re-
alisable by ¢ lines in the plane is. (Griinbaum treated this problem before Fujimura, but
he might have only been interested in arrangements in the projective plane [6].) Recently,
Bader and Clément [1], improving upon a result of Tamura, showed the following.

Lemma 2.1 (Bader and Clément).

o0 —2)

K(g) < \‘ J - I{Z:(Z mod 6)6{0,2}}(€>7

where I denotes the indicator function.

Many arrangements have been constructed in order to find solutions to Fujimura’s prob-
lem. Fujimura himself gave an example which shows that K (7) > 11, although it was
thought for many years that K (7) = 10. In 1996, Grabarchuk and Kabanovitch [13] gave
two 10-line, 25-triangle constructions, whereas Lemma 2.1 gives K (10) < 26. Whether
K (10) is 25 or 26 is unknown. Other 10-line, 25-triangle arrangements were found inde-
pendently by Griinbaum [12, p. 400], Wajnberg, and Honma (see [15] for more details).
Good overviews of the best (i.e. the greatest number of triangles for a fixed number of
lines) known arrangements can be found in [14] and [15].

Table 1: Bounding K (¢) for ¢ < 12.

L 3 4 5 6 7 8 9 10 11 12
Bader-Clément bound 1 2 5 7 11 15 21 26 33 39
Best known arrangement 1 2 5 7 11 15 21 25 32 38

Fiiredi and Palésti [9] construct an arrangement proving K (¢) > £(¢ — 3)/3. See also
the article of Forge and Ramirez Alfonsin [7].

We continue with a series of lemmas. Lemma 2.2 is stated without its straightforward
proof, but we present the heptagonal case in Figure 1 and its caption.

Lemma 2.2. The ¢ lines bounding a regular £-gon determine exactly 20 congruent triangles
if £ > 7, and therefore 20 € F(¢) and f(£) > 2¢. With the same construction we obtain for
¢>5thatt € G({) and g(¢) > L.

Lemma 2.3. Let A € Apand h € {f,g}. Then, for3 <k <{—1,

0 —1)(¢—2)

hall) = L= =2)

k).

Proof. We observe that every subset of k£ < ¢ lines within the arrangement .A cannot have
more than h4(k) good triangles (good in A). Counting all together, there are at most
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6—3)

(f;) h.a(k) good triangles, each appearing several times. Since each of them lies in ( k3

sub-arrangements of k lines, we obtain

(i)hA(k)'

(:=5)

Thus, for each k we obtain an upper bound for h_4(¢). O

ha(f) <

Figure 1: Seven lines bounding a regular heptagon. This arrangement contains fourteen
congruent triangles: abe, acd, and their symmetric counterparts obtained by rotating around
the barycentre of the heptagon by 27k /7 for k = 1,...,6. This arrangement proves that
f(7) > 14.

Lemma 2.4 is a direct consequence of Lemma 2.3.

Lemma 2.4. Let h € {f,g}. Then

-1 -2
MO s iy T he—2 )

3 Results
3.1 Bounds for the general case

Proposition 3.1. Let h € {f, g}, consider A € Ay and B € 2, and assume that a good
triangle of A is similar to a good triangle of B. Furthermore, A and B each contain two
lines intersecting in the boundary of the respective convex hulls of V(' 4) and V (T's) and
Sforming the same good angle. Then h({ + k — 2) > h(¢) 4+ h(k).

Proof. We scale B to B such that the good triangles of /3’ are congruent with the good
triangles of A. Consider the convex hull C 4 (Cp/) of the intersection points of A (B’). Let
pa (ps’) be an intersection point of A (B’) lying on the boundary of the convex polygon
C 4 (Cp) and incident with a good angle a4 (/) of A (B') such that oy = asr. Denote
with L{' and L3 (L?l and Lg”/) two of the lines of A (B’') intersecting at p4 (pg) and
forming the angle a4 (a/). We can now identify L1 with LlB/ and L3' with Lfl such that
an arrangement C is obtained in which, seeing A and B’ as sub-arrangements of C, no good
triangle lies in both A and B’. (Note that the number of good triangles in C may be larger
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than the sum of the number of good triangles in .4 and B8’, see e.g. Figure 8, in which the
arrangements from Figures 1 and 5 (b) are joined: the original arrangements have 14 and 8
good triangles, respectively, but the new arrangement has 26.) O

We write f(¢) if we consider the values of f(¢) only for arrangements whose good
triangles are not right triangles.

Proposition 3.2. f({+1) < f(¢) +3(0 — 1) and f(£+ 1) < f(€) +4(¢ — 1).

Proof. Let L be a line being added to A € A,. If A has the property that ’FlAl = |F2“4|,
then consider henceforth only the triangles in Fi*, as well as their edges, to be good. We
denote the lengths of good edges with a, b, and c.

There are at most £ — 1 triangles with an edge of length a on L: there are at most /2
lines of one of the two lines needed to make a good triangle with an edge on L, each of
these lines is part of at most two triangles with an edge of length a on L, and it is impossible
for there to be exactly ¢/2 of them each of which is part of exactly two triangles. Since this
can be applied analogously for edges of length b and ¢, we have f(¢+1) = f(£)+3(¢—1).

For good triangles that are right triangles, we argue in the same manner and obtain that
for each of the three types of good edge (i.e. of length a, b or ¢) there are at most 4(¢—1)/3
triangles with a good edge of that type on L. 0

Proposition 3.3. f(¢) < (({ — 1) and f(£) < 4L(£ —1)/3.

Proof. The idea is the same as the one used in the proof of Proposition 3.2. In the case of
non-right triangles, we have established that on each line in A there are at most 3(¢ — 1)
good edges. By multiplying this with £, we obtain an upper bound for the number of good
edges in A. Now we divide by three (as there are three edges to each triangle) and have the
desired bound. The case of right triangles is settled analogously. O

All angles in A € 2, equal to one of the angles of a good triangle which is not a right
triangle will be called non-right angles.

Proposition 3.4. f(¢) < 2((¢ — 2)/3 for simple arrangements.

Proof. Consider a simple arrangement .A on £ lines admitting a good triangle which is not a
right triangle. Let V(I 4) = V, and write V}, for the set of vertices of degree k. As no three
lines are concurrent, in I' 4 there exist only vertices of degree 2, 3, or 4. Trivially, around
a vertex of degree 2 at most one non-right angle resides. Around a vertex of degree 3
likewise (as 7/2 is a right angle, and the sum of two non-right angles must be strictly
smaller than 7), and around a vertex of degree 4 there may be at most two non-right angles.

Thus, in A, we have as an upper bound for the maximum number of non-right angles
[Va|+ V3|42 |Vy| = |V |+ |Va|. We have |[V| < £(£—1)/2. Also |Vy| < |V|—¥, because
on every line the first and the last vertex belong to V> U V3, but any such vertex may appear
as first or last vertex on two lines of A. Thus, the bound is £2 — 2¢. For odd ¢ > 5, this
bound is best possible: for the ¢ lines bounding a regular /-gon we have |V5| = ¢, |[V3]| = 0,
and |Vy| = ¢(¢ — 3)/2. One non-right angle cannot lie in more than two triangles which are
not right triangles, and every triangle requires three angles, whence, the final bound. (In
fact, no good angle can lie in more than two good triangles.) O
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32 £<5

We have f(3) = ¢g(3) = 1 and f(4) = g(4) = 2, and F(3), G(3), F(4), and G(4) are
complete. We leave the easy proofs to the reader, but mention that in the 4-line case there
exist exactly three combinatorially different solutions with two congruent triangles (these
coincide for the g-optimal and the f-optimal case): one with three concurrent lines, one
with two parallel lines, and one in general position.

We now focus on the first interesting case: £ = 5.

(a) (b)

Figure 2: (a) shows a 5-line arrangement with four congruent triangles constructed as fol-
lows. Two lines L1, Lo orthogonal to a third line L3 are considered. Let the intersection
points be p; and po, resp. A fourth and fifth line are considered such that their intersection
point is the midpoint of the line-segment p;p2 and the angle each forms with L is 7 /4.
(b) depicts the five lines bounding a regular pentagon. This arrangement contains ten trian-
gles, distributed among two congruence classes of size 5 each.

Theorem 3.5. (i) We have f(5) = g(5) = 5 while F'(5) and G(5) are complete. Further-
more, the arrangement from Figure 2 (b) is (ii) optimal, and (iii) g-unique among f-optimal
and g-optimal 5-line arrangements.

Proof. Figure 2 (b) shows that g(5) > 5 (whence, f(5) > 5), with which Lemma 2.1
implies g(5) = 5. f(5) = 5 follows from Lemma 2.4 (with k = 4). We now discuss G(5).
We have G(4) = [0..2] C G(5). Consider the four lines bounding a square and add the
two lines containing the square’s diagonals. By removing one of the four original lines, we
have shown that 3 € G(5). Together with the arrangements from Figure 2, we have that
G(5) is complete since g(5) = 5. Thus, (i) is proven. (ii) follows directly from (i).

We now prove (iii). First, we show that the arrangement from Figure 2 (b) is c-unique.
We use the database provided in Christ’s Dissertation [3, Chapter 3.2.5]. (A visualisation
of Christ’s results is available in [2]. Note that this does not coincide with Griinbaum’s
isomorphism types of arrangements given in [11, p. 5], since Griinbaum discusses the issue
in the projective plane, while here we treat the situation in the Euclidean plane.) Among
arrangements of five lines in general position, there are exactly six combinatorially different
ones, shown in Figure 3. The arrangement in Figure 2 (b) belongs to the combinatorial
class (A).

Only the arrangements in (A) contain five facial triangles, i.e. triangles which are faces
in the associated graph. We leave to the reader the straightforward proof that among ar-
rangements with five lines not in general position (i.e. containing two parallel lines or three
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Figure 3: Representations of the six combinatorially different arrangements of five lines in
general position.

concurrent lines), there is none featuring five facial triangles. Note that the occurrence of
more triangles is impossible due to Lemma 2.1.

We now turn to the case in which triangles are not facial. Let us denote a line-segment
between two points x, y with zy and its length with L(xy). We will use the following.

Remark. The sum of the measures « and 3 of two good angles is 7 if and only if & =

B=m/2.

We write A;;;, for the triangle with vertices p;, p;, pr. We will tacitly make use of the
fact that if in a given arrangement a triangle A is strictly contained in a triangle A’, then
A » A’ and so A and A’ cannot lie in the same congruence class.

(B) We have Agio C Aq149 N Ay (50 Aqgg ¢ Agiz »* Aise), Agas C Aqgg N Agyg,
Aseo C A136 N Aoz N Agrg, Asrg C Aagr, Aogr C Aazr, Aggg C Aogg M Aazr N Ager.
Due to these inclusion relations, only the following set of triangles may form a congruence
class of size 5: {Aj49, A136, Aous, Asrs, Age7 - Assume it is indeed a congruence class.
Thus, all angles around pg are right. We apply the Remark to the angles surrounding pg.
Combining this with Aq3g ~ Agg7 and poPs & P1Ps, WE have L(p6p7) = L(plpe),
L(pops) = L(psps), and L(pop7r) = L(p1p3). pips is the hypothenuse in Aj36, but as
p1p4 is an edge of Aj49 and Aq49 ~ Aq36 We obtain a contradiction, since L(pips) >
L(p1ps).

(C) We have Ag12 C A134NA268MNA378, A13aUA239 C Azrg, Ags7UAgs6 C Aiss,
Agsg C A58 N A239NAs7s N Agse, Agro C A1s3 M Aoeg M Aysy. There is no congruence
class of size 5.
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(D) We have Ag12 C Ag9 C Aise, Aazs C Aogzg C Aszrs, Aus7 U Ages C Aass,
Agr9 C Agss N Aysr N Apgs. Once more, all congruence classes have size at most 4.

(E) We have A129 C A3 C Augs, Dazr C Aoge, Aoza C Aoss C Ager, Argg C
A237 N A246 N A569. As above.

(F) We have Agiz C Ayzg C Aqgs, Aozg U Agse C Aogs, Agrs C Asrg C Asyr,
Aggg C Aozs N Asyg N Agsg. As above.

Let us show that in a 5-line arrangement A containing two parallel lines or three con-
current lines, no more than four congruent triangles can be achieved. We first assume that
A contains parallel lines L, Lo. If there exists a line L3 parallel to L;, we are done, as in
A there are only at most three triples of lines forming triangles. Thus, w.l.o.g. we are in the
situation that a third line, L3, intersects L, and L. Now assume that a fourth line, L4, is
parallel to Ls. Note that Ly, Lo, L3, L4 bound zero triangles. In this situation, a fifth line
generates at most four new triangles. Thus, L, cannot be parallel to L3. We have proven
that a 5-line arrangement containing three parallel lines or two parallel pairs of parallel
lines cannot have more than four congruent triangles.

Denote the open strip bounded by L1 and Lo with S, and the complement of its closure
by T'. Also, let T} and 75 be the connected components of 7. In the light of above para-
graph, there are three cases (see Figure 4): either (a) L4 is concurrent with L; and L3 in a
point x lying in the closure of 77, (b) L, intersects L3 in S, or (c) Ly intersects Ls in T5.
Denote with L5 the fifth line of .A. We know that Lj is not parallel to any of the existing
four lines. We write A;;;, for the triangle bounded by the lines L;, L, Ly.

L

S / L4 \\><L4
3
Y’ d \Lg //

3

L, L, L, L, L

2

Figure 4: Cases (a)—(c) occurring in the proof of Theorem 3.5.

(a): If x € Ls, then the five lines would bound only three triangles, so we can assume
x ¢ L5.

Case 1: Ly intersects both L3 and L4 in S. We have six triangles, but Azys = Aggy N
Aq45 and Agys C Asggs, so the maximum number of congruent triangles is three.

Case 2: Ly intersects L4 in S and Ly intersects L3 in 77 UT5. Six triangles appear. Sub-
case 2.1: L3 and L5 intersect in T3 . But then we have Aq35 C Agys C Aosss. Subcase 2.2:
L3 and Ly intersect in T5. Here, Aggs C Asys C Ajss, so once more five congruent
triangles cannot occur. (If Ly intersects Ls in S and Ly in T5, then we are, combinatorially,
in the situation treated in Subcase 2.2.)

Case 3: Ly is concurrent with Lo and L3. Subcase 3.1: All intersection points lie in the
closure of S. Five triangles appear, but among them one is a subset of another. Subcase 3.2:
L4 and Ls intersect in T5. We apply the same argument as before. Subcase 3.3: L4 and Ls
intersect in 7. Once more five triangles occur, but one is contained in another.
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Case 4: Ls intersects Lz and L4 in points p and p’, respectively, which do not lie in .S
(since this was covered in Cases 1 and 2). Subcase 4.1: If p and p’ lie in 71, six triangles
appear, but Asys C Aj35 C Asggs. Subcase 4.2: If p and p’ lie in Tb, again six triangles
occur, but Agys C Aszs C Ajqss. Subcase 4.3: If p € T) and p' € Ts, six triangles
are present in the arrangement, but Aoys C Ajy5 C Asys, so at most four triangles are
congruent.

Case 5: Lj is concurrent with Lo and L. Subcase 5.1: All intersection points lie in the
closure of S. Subcase 5.1 coincides with Subcase 3.1. Subcase 5.2: L3 and L5 intersect in
T5>. But then we are in the same situation as Subcase 3.2.

(b) Let L3 and L, intersect in y. We know that Lg is not parallel to L;. If y €
Ls, we obtain six triangles. However, either Ajs5 U A1y5 = Ajs4 and symmetrically
Aozs U Aoss = Agsgg or A1z U Aqys = Aqss and Aoy U Agsy = Agss. In either case,
the largest congruence class has cardinality at most four. We have treated the cases when
L5 is concurrent with Ly and L3, Ly and Ly, Lo and L3, or Lo and L4 in (i). We split
the remaining cases into four cases according to where the intersection points of Ls with
L3 and L4 lie. In each situation, inclusions are given which make the occurrence of a
congruence class of cardinality at least five impossible.

Case 1: Both intersection points lie in S. However, we then have Ajzs C Ayys,
Azss = Aq34 N Agzs, and Agzy C Agys.

Case 2: The intersection points of L5 with L3 and L, lie in 7% and 75, respectively.
Then Ay35 U Aggs C Aszys, A1zs U Aggy C Agss, and Aggy U Agys C Aqys.

Case 3: The intersection points of Ls with Lg and L, lie in 73 and S, respectively. We
have Ay35 C Azys C Agss, Aggs C Agzy, and Ajzy C Aqys.

Case 4: Both intersection points lie in 7. Then Agzy C Aoss, Aqzs = Aogs N Aqys,
and Ayzy C Aqys C Agys.

As situation (c) uses very similar arguments, we skip it.

We have shown that no two lines in A are parallel. Assume now that three lines
L1, Lo, L3 of A intersect at a point ¢q. If L4 contains ¢ as well, the largest congruence
class which may be formed by a fifth line has size 2. So ¢ ¢ L4 and L, is not parallel
to any of Ly, Lo, L. W.l.o.g. let the intersection point of Ly with Lo lie between the in-
tersection point of L, with L, and the intersection point of Ly with Lg. If there are two
coincidences (of three lines)—it is easy to see that there cannot be more—we have three
combinatorially different cases. W.l.o.g., in each of them L4, L4, and L5 shall be concur-
rent. We denote this intersection point with a, and the intersection point of L5 with Lo and
L3 with b and ¢, respectively. We differentiate the three cases by the order in which the
intersection points occur on Ls.

Case 1: @ — ¢ — b (or equivalently b — ¢ — a): Eight triangles occur. However, we have
Aq2g UAgzy = Aq13g C Aszys and Aqzs U Agss = Aqas C Aoys. Thus, no five triangles
can be congruent.

Case 2: b — a — c (or equivalently ¢ — a — b): Again, eight triangles appear, but
Agys U Aoy = Aqgs, Aqos U Aygs = Agss, Agzg U Ajgy = Aqzg, and A3y U Ayzs =
Asys.

Case 3: a — b — c (or equivalently ¢ — b — a): A124 N Aq35 = Aqos, Aoggs C Asgy, and
Asys C Asys. Furthermore, every triangle is contained in Ajgy.

We are left with the case that there is exactly one coincidence of three lines (namely
in ¢). Once more, several cases occur. We leave them to the reader—treating them is a
straightforward task in exactly the same spirit as above paragraphs.
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Finally, we prove that the construction from Figure 2 (b) is indeed g-unique. Consider
five lines bounding a pentagon P such that we obtain an arrangement .4 in combinatorial
class (A). This implies that no two lines in A are parallel. Combinatorially, there are two
types of triangles in P: those sharing exactly two vertices (and thus an edge) with P, and
those sharing exactly one vertex with P. Due to straightforward inclusion arguments, all
triangles in a congruence class of size 5 are of the same type.

Consider the first type, and let A be one of these five congruent facial triangles. Denote
the angles of A incident with a vertex of P with o and 3. Applying successively the fact
that no two lines in A are parallel, we obtain that « = 3, so A is isosceles. This implies
that all angles of P must be equal, and since P is a pentagon, the angles of P measure 37 /5
each. Thus o« = 27 /5—in particular, A is not equilateral. Hence, the sides of P must have
equal length, so P is a regular pentagon.

We treat the second case. We see each triangle of the second type as the union of three
faces (of I" 4): the pentagon P, which lies in all five triangles, and two facial triangles.
Since certain pairs of triangles of the second type share a facial triangle, there are at most
two congruence classes C and Cs of facial triangles. Assume C; # Cs. Thus, there exists
a triangle A of second type containing a facial triangle in C; and a facial triangle in C5. By
considering all five congruent triangles of second type, a contradiction is obtained, since
necessarily one of these triangles will contain only triangles from either Cy or C5 and thus,
it cannot be congruent to A. We have proven that all facial triangles are congruent. Now
we may argue as in the preceding paragraph. O

33 £=6

(a) (b)

Figure 5: (a) This arrangement is due to Tudor Zamfirescu and shows that 7 € F'(6). To the
five lines bounding a regular pentagon a sixth line is added which is parallel to one of the
five lines such that seven congruent triangles are present. (b) This arrangement proves that
8 € F(6) and f(6) > 8. In Theorem 3.6 we show that in fact f(6) = 8. The arrangement
is obtained by considering six of the seven lines bounding a regular heptagon.

Theorem 3.6. We have f(6) =8, 6 < g(6) <7, F(6) is complete, and [0..6] C G(6).

Proof. The arrangement from Figure 5 (b) proves that f(6) > 8. Theorem 3.5 (iii) states
that there is exactly one f-optimal arrangement on five lines, shown in Figure 2 (b). We
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call this arrangement P. We now show that one cannot produce an arrangement on six
lines which has P as a sub-arrangement and features eight (or more) congruent triangles.
Assume there exists such an arrangement .A. Denote the lines of P by L1, ..., Ls, and the
line added to P in order to obtain A by L.

First we prove that the addition of L cannot create a “new” congruence class (i.e. a
class the triangles of which are non-congruent to every triangle present in P) of congruent
triangles of cardinality at least 8. At least one of the angles 7 /5, 27 /5, 37/5, 47 /5 is good
in both P and A, since every triangle bounded by L has at least one angle in 7°. Among all
angles in .4, each of the aforementioned four angles appears at least ten times in five pairs
of opposite angles, since P is a sub-arrangement of 4. Thus, L forms at least three copies
of the angle « with the lines L1, . .., Ls, where « € {r/5,27/5,37/5,4x/5} is fixed. But
since the L;’s are pairwise non-parallel, this is only possible if L is parallel to some L;.
But then the addition of L to P yields at most six new triangles—too few.

Take the two congruence classes F” and FJ such that the triangles in F/” are facial in
P, and notice that F'” = FP U FJ and |F]| = |FJ | = 5. Thus, L must add at least three
triangles to F” or FJ. As /5 belongs to triangles in F as well as triangles in Fy , w/5
is a good angle in A, so L makes this angle with a line of P, whence, L is parallel to some
L;, say L. Among all possible positions of L, only three provide new triangles congruent
either to a good triangle in ¥ or to a good triangle in FJ, see Figure 6. The number of
those new triangles is 1, 1, 2, respectively.

A A
- 9as

Figure 6: The three essentially different arrangements of five lines bounding a regular
pentagon together with a sixth line parallel to one of the five lines forming at least six
congruent triangles.

We conclude that in an arrangement on six lines which is f-optimal, every sub-arrange-
ment on five lines contains at most four good triangles. With this in mind, by applying
Lemma 2.3 (with & = 5), we obtain the desired f(6) = 8. Lemmas 2.1 and 2.2 yield the
bounds on g(6).

Theorem 3.5 (i) and the Star of David (which proves that 6 € G(6)) imply that [0..6] C
G(6). Together with the arrangements from Figure 5, we are done. O

Among arrangements on six lines bounding exactly six congruent facial triangles, we
found three combinatorially non-equivalent ones. (It is unknown whether these are all.)
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In the general case, the solution from Figure 5 (b) seems to be unique; see Conjecture 4.1
(which states that g(6) = 6) in the final section.

34 £=17
Theorem 3.7. We have f(7) = 14, 9 < ¢(7) < 11, [0..10] U {14} C F(7), and [0..9] C
G(7).

Proof. By Theorem 3.6, f(6) = 8. Thus, by Lemma 2.2 and Lemma 2.4 (with k = 6),
f(7) = 14. For g(7), the lower bound is given by the construction in Figure 7 (a) (by
deleting the line marked h), the upper bound by Lemma 2.1.

Since the Star of David is 1-extendable, we have 7 € G(7). Removing the line marked
h in Figures 7 (a) and (b) shows that 9 € G(7) and 8 € G(7), resp. Thus, [0..9] C G(7).
By considering seven of the eight lines bounding a regular octagon, we obtain 10 € F (7).
Together with Lemma 2.2, we have [0..10] U {14} C F(7). O

. Ko
Cy Q)

(a) (

Figure 7: (a) An arrangement proving 12 € G(8). Deleting the line marked h shows that
9 € G(7). (b) An arrangement showing 11 € G(8). Deleting h yields 8 € G(7). (c) This
arrangement proves that g(10) > 20.

35 £=8

Theorem 3.8. We have 16 < f(8) < 22, 12 < ¢(8) < 15, [0..16] \ {13} C F(8) and
[0..12] C G(8).

Proof. Lemma 2.2 implies the lower bound for f(8), Theorem 3.7 and Lemma 2.4 (with
k = 7) the upper bound. For ¢(8), the lower bound is given by the arrangement from
Figure 7 (a), the upper bound by Lemma 2.1.

Figures 7 (a) and (b) show that {11,12} C G(8). This, Theorem 3.7 and the fact
that the arrangement from Figure 7 (a) minus the line marked h is 1-extendable (which
proves that 10 € G(8)) yield [0..12] € G(8). Applying Lemmas 2.2 and 2.4, we obtain
[0..16] \ {13} C F(8). O

36 9<£<12

As the techniques for proving the following results are very similar to what has been shown,
we skip them. A notable exception is the construction from Figure 8.
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Theorem 3.9. We have

18 < £(9) < 33,15 < g(9) < 21,[0..18] C F(9),[0..15] € G(9),

21 < £(10) < 48,20 < ¢(10) < 26,[0..21] C F(10),[0..20] C G(10),
26 < f(11) < 66,23 < g(11) < 33,[0..26] C F(11),[0..23] C G(11),

and

32 < f(12) < 88,26 < g(12) < 39,[0..28] U {32} C F(12),[0..26] C G(12).

371

Figure 8: An arrangement proving f(11) > 26. It is obtained by joining the two arrange-
ments from Figures 1 and 5 (b) with the technique described in the proof of Proposition 3.1,
i.e. such that the two arrangements share a pair of lines (forming the same good angle) in
the new arrangement. Deleting the line marked h, one obtains f(10) > 21. By completing

the left regular heptagon, we obtain f(12) > 32.

3.7 Summary

Consider ¢ < 12 lines in the Euclidean plane, and let f(¢) and g(¢) be defined as in the
Introduction. Then we have the following bounds.

Table 2: Bounding f(¢) and g(¢) for ¢ < 12.

‘ 34 5 6 7 8 9 10 11 12
fO)> 1 2 5 8 14 16 18 21 26 32
FO< 1 2 5 8 14 22 33 48 66 88
g)> 1 2 5 6 9 12 15 20 23 26
g)< 1 2 5 7 11 15 21 26 33 39

We were also able to prove that f(13) > 37, f(14) > 44, f(15) > 50, f(16) > 56,

and f(17) > 61.
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4 Conjectures

Conjecture 4.1. g(6) = 6.

If Conjecture 4.1 is true, we would have g(7) < 10.

Conjecture 4.2. g(7) = 9.

If Conjecture 4.2 is true, we would have ¢(8) < 14.

Conjecture 4.3. The f-optimal arrangements on 6 and 7 lines (consider Figures 5 (b)
and 1, resp.) are g-unique.

Conjecture 4.4. (a) F(7) is not complete, but (b) for every £, G({) is complete.
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