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Functional form comparison between the population
and the individual Poisson based TCP models
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In this work, the functional form similarity between the individual and fundamental population TCP models
is investigated. Using the fact that both models can be expressed in terms of the geometric parameters Y5
and Dy, we show that they have almost identical functional form for values of Y5y = 1. The conceptual
inadequacy of applying an individual model to clinical data is also discussed. A general individual response
TCP expression is given, parameterized by Dy and s — the dose corresponding to a control level of f, and
the normalized slope at that point. It is shown that the dose-response may be interpreted as an individual
response only if Y5, is sufficiently high. Based on the functional form equivalency between the individual
and the population TCP models, we discuss the possibility of applying the individual TCP model for the
case of heterogeneous irradiations. Due to the fact that the fundamental population TCP model is derived
for homogeneous irradiations only, we propose the use of the EUD, given by the generalized mean dose,
when the fundamental population TCP model is used to fit clinical data.
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Introduction

In the decades following the introduc-
tion of the first individual TCP model
by Munro and Gilbert,! the distinction
between the individual and population
response has often been disregarded and
individual TCP models have been fit to
clinical datasets. The necessity of describ-
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ing the impact of population heteroge-
neity on dose-response has lead to the
development, by a number of authors, of
population-based tumour control prob-
ability (TCP) models.>®

It has been shown that the presence of
population heterogeneity leads to a dose-
response curve that is flattened relative to
the individual dose-response curve. If an
individual TCP model is fit to a popula-
tion dataset, the biological meaning of the
parameter estimates is lost — the radiobio-
logical parameters take on unrealistically
low values.® Nevertheless, although it is
conceptually incorrect, the individual TCP
model has been fit to clinical datasets and
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parameters obtained from these fits have
been assumed to have radiobiologically
meaningful values.*”1® On the other hand,
it has also been shown that these fits are
characterized by an acceptable goodness
of fit.

It has been expected that the population
TCP models would allow for the estima-
tion of biologically meaningful population
parameters. Unfortunately, it is impossible
to obtain a unique set of parameter val-
ues when a population TCP model is fit to
clinical data.®! This is due to the fact that
different sets of population parameter val-
ues produce almost identical TCP curves.
Carlone et al!! analytically demonstrated
that when the dominant source of inter-
patient heterogeneity is that of tumour
radiosensitivity, the population TCP func-
tion has only two independent parameters
- the dose at 50% TCP, D5y, which deter-
mines the position of the TCP curve, and
the normalized slope of the curve, 7s,.
These parameters have geometric mean-
ing. Since it is also true that the individual
TCP model may be expressed in terms of
the same two parameters,>!? it is possible
that, for a given range of parameter values,
both models will exhibit almost identical
functional form. In this work, we inves-
tigate the similarities between these two
models expressed in terms of D5, and 75
by plotting them for identical values of
these geometric parameters.

Background and method

The general form of the population-based
Poisson TCP model has eight parameters.
However, it has previously been shown®!!
that the parameters of such a model are
interrelated; many different combinations
of parameters lead to one and the same
TCP curve. Thus, it may seem difficult to
directly compare the functional forms of
the individual and population-based TCP
models. On the other hand, Carlone et al.l1
have specified (based on a certain approxi-
mation, of course, but a clinically valid
one) what these interrelations actually are,
and have shown that there are only two
independent population model parameters
- D5y and 75g. Fortunately, the individual
Pooison-based TCP module can also be pa-
rameterized by these parameters. This fact
makes the comparison of both models an
easier task.

The Poisson-based individual TCP model

This common form of the individual TCP
model is based on Poisson statistics com-
bined with a simplified description of
clonogen repopulation. 10111326 I the
case where a tumour undergoes homogene-
ous irradiation to a total dose D, split into
n fractions with equal dose per fraction, d,
the individual Poisson TCP model may be
written as:!!

Lwrﬂal—i

[1] TCP,, =e ™™ = exp[— Ny @ ADar ] = expl— Noe{ ¢ ]D} = exp[- N, exp(- D)),

where Nj is the initial number of clonogens, N is the mean number of clonogens surviving
the treatment, o and 3 are the linear quadratic (LQ) radiosensitivity parameters, A is the
tumour repopulation rate, T is the total treatment time and A4’ = A(T/n). Note that as long
as an equal dose is given during each fraction of the treatment (which is common clinical
practice), the parameters o, B and A’ can be combined into one single parameter:
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!

2] a'=a+p —%.

The validity of the Poisson TCP model was questioned by Tucker and Travis,?! and others®”-
31 who explored the non-Poisson nature of the TCP in the case where tumour repopulation
occurs. Under certain conditions, however, it has been shown?’32 that the distribution of
the number of clonogen cells remaining at the end of a treatment is well-approximated by
the Poisson distribution. In view of these results, and also because of the relative complex-
ity of the non-Poissonian TCP models, the individual TCP function presented in Eq. [1] is
often used.

A form of the individual TCP model*!? that is equivalent to Eq. [1], but written in terms
of the geometric parameters, s and Ds,, is given by:

exp{zySO[l—Lﬂ
[3a] TCP,, =05 LM\ Dol

The notion of normalized slope, ¥y, was first introduced by Brahme® for the purpose of
dosimetric precision quantification. Later, Kallman et al.3* used the maximum value of ¥ at
the inflection point of the TCP curve and derived an expression similar to Eq. [3a], but as
pointed out by Bentzen and Tucker,® a slight inconsistency is present in their formula. In
general, the Poisson TCP expression given by Eq. [1], may be transformed and parameter-
ized in terms of the normalized slope y;at any dose point Dy

s\ Dy

[3b] TCPmd:fcxp[ o)

From Egs. [1] and [3b], the following relationships between the two different sets of pa-
rameters (Y, D) and (Nj, o) may be derived:

1 (=N,
teal 5 71“[ lnfj

: -N,
[4b] y,=-fInf ln( ny J .

and for (Y59, D5¢) in particular:

1 N,
D. = —1n| 2o
[5a] g n(lnzj

[5b] 750 ) 2

The population-based TCP model

Carlone et al.! showed that the population TCP model for the case of dominant heterogene-
ity in radiosensitivity may be written as:

el rcp, - %erfc{\/; V5o [% - lﬂ :
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The parameters in Eq. [6] — D5, and V5o — have the same geometric meaning as the cor-

responding parameters in Eq. [3a]. The geometric parameters may be expressed in terms of

the population-based radiobiological parameters, o', ¢’ and InN,:1

7a] D, =N

’

a
7b] Vs = =
[7b] Vo= =

- 2 - _
Here o = ﬁ+/7d +% and (o-’)2 = o-a2 +d20-ﬁ2 + i;’ where «, ﬁ, A" and InN, are the

2

population averages of the corresponding individual parameters and o,, 0, 0, and oy, y,
are their standard deviations. The symbol I represents Euler’s gamma constant, which has
an approximate value of 0.577.

The general form of the Carlone et al.!! population TCP model takes both heterogeneity
in radiosensitivity and heterogeneity in clonogen number into account. However, this form
of the population TCP model has three parameters, and was shown!! to be almost identical
to the one that only takes heterogeneity in radiosensitivity into account. Hence, the latter
will be used for this analysis.

Functional form comparison between individual and population-based TCP models

Since both the individual and the population TCP models may be written in terms of the
same two parameters, Y5y and Ds, it seems natural to assume that the two models may
display similarity in functional form. In order to explore the functional similarity of these
models, Eqs. [3a] and [6] are evaluated for a given range of ys5q and D5, values. Subsequently,
the individual and population TCP curves obtained for equal sets of s, and Dj, values are
plotted for visual comparison.

The functional closeness of the individual and the population TCP curves may be more
rigorously estimated by calculating the normalized difference between the areas under the
two TCP curves,

AA (Arcppup - ATCP,-M )
8] (70)=

’
ATCP

A
TCP, pop

pop

as a function of 7sy.

Results

The individual and the population TCP
curves were calculated according to Egs.
[3a] and [6] for values of the parameters s
and Dy, reported by Okunieff et al.>® Based
on their estimates of y5), we chose a range
of 75, €[0.5,6]. These authors also reported
a mean Ds, for all tumours investigated in

their work of 50 Gy, with values ranging
from 10 to 90 Gy. We therefore chose a
value of D5, = 50 Gy for our investigation.
Figure 1 shows eight pairs of individual
and population TCP curves calculated for
the following parameter values: D5, =50 Gy
and v50=1[0.5,1, 1.5, 2, 2.5, 3, 4, 6]. This fig-
ure was reproduced for different values of
Dsy, to determine whether this parameter
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had any influence on functional equiva-
lency. It was found that the location of the
TCP curves along the dose-axis did not in-
fluence the shapes of the curves or their
positions relative to each other. Hence, the
results shown in Figure 1 are applicable for
any D5, value.

The quantity (750) (Eq. [8]) is plot-

A
TCP,,p

ted in Fig. 2. The largest area difference
between the two TCP curves is -17.7% ob-
tained at v5, = 0.5.

Discussion

Based on Figures 1(d) - 1(h) and Figure 2,
one may conclude that the functional forms
of the individual and the population models
are almost identical for y, €[2,6]. Indeed,
for this range of V5, the index |AA/ Arcep,,
is less than 0.5%. Although |AA/ATCPW is
higher (A4/4;c, €[-0.5,-6.70%) for the
interval 7, €[l,2), the plots in Figures 1(b)
and 1(c) indicate that the individual and

population TCP curves are still sufficiently
close to each other, especially for the clini-
cally-relevant high dose range. The individ-
ual and population models differ consider-
ably at 5 =05 (|AA/ATCPW| =17.7%). As
can be seen from Figure 1, for v5, less than
2.5 the individual curves overread TCP
everywhere except at 50% control when
compared with the population-based TCP
curves. For normalized slopes above 5, =
2.5, the individual curves tend to slightly
underread the population TCP. The over-
reading and underreading tendencies are

clearly demonstrated by Figure 2.
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The considerable closeness in functional
form of both models explains the observation
that the individual TCP model produces a rea-
sonable fit to clinical datasets.*!? In spite of
this, the observed equivalence in functional
form of the two TCP models should not be
regarded as an endorsement to use the indi-
vidual TCP model to fit clinical data.

However, a very steep dose response is
unusual for clinical data sets. Shallower re-
sponses are much more typical for popula-
tions of patients. Therefore, it would con-
ceptually be more correct to use the popula-
tion TCP model, which accounts for inter-
patient heterogeneity to fit such data. If,
however, the individual TCP model is used,
one should bear in mind that the obtained
parameter values have lost their biological
meaning and should be interpreted simply
as phenomenological coefficients.

As can be seen from Figures 1(a) and
1(b), both models start to differ in function-
al form for the clinically observable range of
Y50 < 1. In addition, for these values of s,
the individual model leads to TCP > 0 for D
= 0. Therefore, fits to very shallow curves
using the individual model may distort the
best-fit estimates of Y5y and Ds.

The authors advocate the use of the pop-
ulation model in regards to clinical data.
However, the demonstrated equivalence in
functional form of the individual and popu-
lation models can be utilized for the case of
heterogeneous tumour irradiation. In this
case, the individual TCP model with exist-
ing {yso, D50} estimates (e.g. Okunieff et al.3°)
can be used for the evaluation of TCP¥ ac-
cording to the following expression:

Zv exp 2750 1——Di
! 2 Dsg

91 TCP=0.5'

Equation [9] is a simple, straightforward
generalization of Eq. [3] for the case of het-
erogeneous irradiation. The generalization
of Eq. [6] for the case of heterogeneous irra-
diation, without introducing extra model pa-
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mean dose (GMD), as
@) (}l/)) — 10 is usually done.?%40
0.5 o ) Unfortunately, this ap-
proach introduces a
third model parameter,
0%~ 10 60 and knowledge of its
1 1 value for each tumour
© (C) ) type would then be
B=13 7=20 needed in order to use
05 0.5 this model to calculate
TCP for a heterogene-
0 Sl 0 ously irradiated tu-
20 40 60 20 40 60 mour. Therefore, until
! © 1 ® 7 more compreh?nsive
70=2.5 750 = 3.0 parameter estimates
0.5 0.5 are produced through
fits of the population
TCP model to clinical
0 20 40 60 0 20 40 60 data for the case of het-
1 1 erogeneousirradiation,
(€3] () we propose that Eq. [9]
P50 =40 Y50 =60 be used for evaluation
0.5 0.5 of treatment plans in
terms of TCP, based
ol 0 — on the functional form
Dose (Gy) Dose (Gy) ;?;t?é?slency of both
Figure 1. Individual (solid) and population-averaged (dotted) TCP curves for D5, = 50
Gy and the ys, values shown in each sub-plot.
2
0 "
) e
rameters, presents a complicated mathemat- 4 /
ical problem, and has not yet been solved. gg 6 /
Strictly speaking, the ability to use Eq. & 4
[9] as a population TCP descriptor has not se 10 /
yet been proven theoretically. Nevertheless, 3 " /
our experience with the TCP/NTCP estima- » /
tion module®” shows that it produces rea- /
sonable TCP estimates. e l
Another approach to the problem of ) 1 2 3 4 5 6
taking dose heterogeneity into account for 50
Figure 2. The ratio of the area difference,

the population TCP model is to replace the
homogeneous dose, D, with the equivalent
uniform dose, EUD. It may then be assumed
that the EUD is equal to the generalized

A4 = ATCPWP — Areping, between the two TCP curves,
to the total area under the population TCP curve
(ATCPI,UP ), plotted for the values of y5, used to
generate the curves shown in Figure 1.
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Conclusions

It is thus concluded that:

¢ The population and the individual TCP re-
sponses are almost identical in functional
form for Y5y belonging to the interval [1,
6]. If each of these models were fit to the
same clinical dataset, they would produce
statistically indistinguishable values of
the parameters D5, and 7s,.

e It is conceptually incorrect to use the indi-
vidual TCP model to fit clinical data.

¢ Until reliable estimates of the population
TCP parameters for the case of heteroge-
neous tumour irradiation are obtained, the
individual TCP model (Eq. [9]) with exist-
ing D, and 5, estimates could be used for
TCP evaluations in this situation.

e The case of a shallow dose-response
relationship, which is usually observed
clinically, can be explained by the pres-
ence of significant inter-patient heteroge-
neity. The population TCP model should
be used to fit such data, as it accounts
for this heterogeneity. If, however, the
individual TCP model is used, the esti-
mated parameter values should be in-
terpreted simply as phenomenological
coefficients.

e A steep dose-response relationship indi-
cates the presence of a relatively small inter-
patient heterogeneity. Though it is highly
improbable to observe such dose-responses
clinically, the individual TCP model may
be applied to such data for the purpose
of estimating biological parameters, as the
individual parameters would retain some
biological meaning in this case.
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