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Abstract

The Mdbius (84) configuration is generalized in a purely combinatorial approach. We
consider (2n,,) configurations 91, ..y depending on a permutation ¢ in the symmetric
group S,,. Classes of non-isomorphic configurations of this type are determined. The para-
metric characterization of 91,, .,y is given. The uniqueness of the decomposition of M, )
into two mutually inscribed n-simplices is discussed. The automorphisms of 9, ) are
characterized for n > 3.
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1 Introduction

The Mobius (84) configuration is a certain configuration in a projective 3-dimensional
space consisting of two mutually inscribed and circumscribed tetrahedra (cf. [7]). Each
vertex of one tetrahedron lies on a face plane of the other tetrahedron and vice versa. Con-
figurations with parameters (n4) were studied in detail in [4], but this is not the case, since
the Mobius (84) configuration is not a point-line structure. An important role of the the-
orem connected with the Mdbius configuration (which says, roughly speaking, that the
Mobius configuration “closes”) in a projective 3-dimensional space was presented in [12]:
it is equivalent to the commutativity of the ground division ring.

In this paper we deal with two n-simplices (simplices with n vertices, n > 3)! instead
of two tetrahedra (4-simplices). The way how an n-simplex is inscribed into another we de-
fine by a permutation ¢ in the group S,,. The generalization of the Mébius configuration we
obtain, is a (2n,,)-configuration and it will be referred to as a Mobius pair of n-simplices,
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'In geometry an n-simplex usually means a simplex having n + 1 vertices. Our definition is slightly different.
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or shortly a Mobius n-pair. Only a combinatorial scheme (an abstract incidence structure,
see e.g. [2, 10]) of a Mobius n-pair is investigated and we do not discuss problems regard-
ing embeddability into projective (or other) spaces. Although these problems have been
partially solved in [5] (the case with ¢ = id), they are interesting and still open in general.

As we know from [6], in a projective space, up to an isomorphism there are five (84)
point-plane configurations with the property that at most two planes share two points, and
dually at most two points are shared by two planes. These are precisely those configurations
with two mutually circumscribed tetrahedra, and thus all of them are sometimes called the
Mobius configurations. It is also known (cf. [10]), that these (84) configurations correspond
to conjugacy classes of the permutation group .S4. We shall prove, that two Mobius n-pairs
are isomorphic if and only if the permutations, that determine them, are conjugate. Another
important impact of the permutation on the geometry of the Mobius n-pair is that the cycle
structure of ¢ is associated with circuits in the incidence graph of the Mobius n-pair.

As we shall see, the decomposition of the points of the generalized Mobius configura-
tion into two complementary and mutually inscribed simplices is, generally, a unique one.
Exceptions appear “near” the classical case n = 4. Three of five (8,) Mobius configura-
tions contain at least two distinct pairs of complementary 4-simplices.

The next problem, which is considered in the paper, involves Mobius subpairs of a
Mobius n-pair. We simply delete some number of points and blocks of one n-simplex and
the same number of points and blocks of the second n-simplex with a hope to obtain a
Mobius pair again. The conditions, under which we get a subpair in the Mdbius n-pair, are
determined.

In the last part we use most of the established properties to characterize the automor-
phism group of the Mobius n-pair for n > 3.

2 Definitions, parameters and basic properties

By a configuration we mean any point-block structure 9t = (S, L), where the blocks are
subsets of the set of points, i.e. £ C 2°. The rank of a point is the number of blocks
containing this point, and dually the size of a block is the number of points contained in
this block. Let n be a natural number and X be a set. The family of all n-subsets of the set
X will be denoted by §,,(X). Let n > 3. We say that a configuration 91 is an n-simplex
iff |[£| = n, there is a subset V' € §,,(.S) such that for every V' € ,,_1(V) there is a
unique block L € L containing V’, and the rank of each point s € S\ V is less than
n — 1. Elements of V' will be called vertices of the simplex, and blocks of the simplex are
said to be its faces. We say that two configurations 9% = (S1, L1), Mo = (Sa, L) are
isomorphic (and we write 917 = 9My) iff there exists a bijective map f: S; — S5 such
that conditions k£ € £ and f(k) € L are equivalent. In case M = My = I the map f
will be called an automorphism of 0.

Let us consider two sets A = {ay,...,a,}and B = {b1,...,b,} such that ANB = ().
Let ¢ € S, be a permutation of the set I = {1,...,n}. Now we introduce the following
sets:

La={AU{b}: A€, (Aanda; ¢ A},
EB = {B/ U {aw(z)} : B/ S pn—l(B) and bz ¢ B/}

The configuration
im(n#,) = <A UB,L4U £B>7
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will be called a Mobius n-pair. The Mobius configurations can be identified with the
Mobius 4-pairs, which Levi graphs are Figures 1, 2, 3, 4, 5. All of them are also presented
in [10]. In particular, (4 ;q) is the classical (8,) Mobius configuration.

Let M be a Mobius n-pair. We write: A;, B; for blocks of M not containing a;, b;,
respectively; a-points, b-points, A-blocks, B-blocks for points in A, B, and blocks in L 4,
L p, respectively. The configuration M reflects the main abstract properties of the classical
Mobius configuration.

1. The a-points yield a simplex in M: for any (n — 1)-subset A \ {a;} of the a-points
there is a unique block of M, which contains this subset (4;, a face of the simplex
in question); the remaining points (b-points) yield another simplex.

2. The simplex with a-points and the simplex with b-points are mutually inscribed: on
each face, A;, of the first simplex there is a unique vertex (b;) of the second one;
on each face, B;, of the second simplex there is a unique vertex (a(;)) of the first
simplex.

Thus, we can decompose M into two complementary substructures Sa(M) = (A, L4)
and Sg(M) = (B, Lp), which we call simplices of M (although, formally, a block of
each of them is not a subset of its points; there is one extra point on each of its faces).

In the forthcoming part we will use the notion of the incidence graph (the Levi graph)
G am associated with M. Recall that a Levi graph is a bipartite graph with partition induced
by points vs. blocks (cf. [9, 10]). Two of its vertices x, y are said to be adjacent (which is
written  ~ y) if x is a point, y is a block (or vice versa) and x € y (or y € z). Otherwise
x is not adjacent to y, which we write x ~ y. The rank of a vertex is the number of vertices
adjacent to it. A vertex of G will be called point-vertex, block-vertex, a,b-vertex, A, B-
vertex, or simply a;, b;, A;, B; as it corresponds to the point or to the block of M. The Levi
graph associated with S (M), Sp(M) will be denoted by G, (A1), G5 (M), Tespectively.

Remark 2.1. Let M be a Mobius n-pair. The Levi graph G a4 has the following properties:

(i) for X = A, B, every point-vertex from Gg, (1) is adjacent to all but one block-
vertices from G Sx (M)s and vice versa,

(i) for X,Y = A,Band X # Y, every point-vertex from Gg, (aq) is adjacent to
precisely one block-vertex from Gg,, (1), and vice versa.

Immediately from the definition of 9, ), the number of its points coincides with the
number of its blocks and equals 2n, and the rank of every point coincides with the size of
every block and equals n. Thus the structures we investigate are (2n,,)-configurations. A
standard parametric question related to configurations is: what is the number of points that
are contained in two distinct blocks, and dually: what is the number of blocks containing
two distinct points.

Proposition 2.2. Let k, 1 be two different blocks of the structure M, ). Then |k N 1| €
{0,1,2,n — 2}. If both k, | are A-blocks, or both k, | are B-blocks then |k N1 = n — 2.
Otherwise, k = A; and | = B; for some i, j € I, and the following equivalences hold

@) [AinNB;| =0iffp(j) =i=3,

(i) |AiNBj| =1iffo(j) =i# jore(j) #i=j
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(i) [A; N B;| =2iff o(j) #i # j.
Proof. Tt is straightforward from the definition that if k, [ are both A-blocks or B-blocks
then K Nl hasn — 2 elements. Let k = A; € Ly and [ = B; € Lp forsome 4,5 € I.
Leti # j. If ¢(j) # i then A; N B; = {b;,ap(;y}. Otherwise, for ¢(j) = i, we get
A; N By = {b;}. Leti = j. If (i) # i we obtain A; N B; = {ay;)}. In case p(i) = i it
holds A; N B; = 0. O]

Each conjugacy class of S, corresponds to exactly one decomposition of a permutation
¢ € S, into cycles, up to a permutation of the elements of /. Now we describe how the
cycle structure of ¢ is reflected in block paths of My, ).

Fact 2.3. A permutation ¢ contains a cycle of length k < n iff there is a closed path of
length 2k consisting of blocks of M ,, ) such that every two consecutive blocks intersect
in precisely one point of My, o).

Proof. Assume that ¢ contains the cycle (i1i3 . ..ix). Thena;,,, € A;; N By, and b;,,, €
B;,, A;, ., for each j < k. Thus, the closed path in question is the following: A;,, B;,,
AiQ, Biw ey Aik, B“

Now assume that there exists a closed path 11,1}, ..., 1,1 of blocks of M(n,e) such
that every two consecutive blocks intersect in a point. By Proposition 2.2(ii) every two
consecutive blocks of the path are A; € L4, B; € L with p(j) =i # jor p(j) #i=j.
Suppose ¢(j) # ¢ = j holds for the first two blocks of our path, namely I, = A;, I} = B;
and ¢ (i) # ¢ for some ¢ € I. To obtain |I] N lz| = 1 we must have Iy = A; with ¢(¢) = j.
Thus the next two blocks are Iy = Ay, I5 = By(;) and ¢(p(i)) # ¢(i). In general we
obtain I; = Agi-1(;), I = Byi—1(;y and @71 (i) # @ 72(i) for every j = 2,...,k. To

close the path we need (" (i) = 4. Let us put i = 7y. Then the cycle (ig, i1, ..,ir_1),
where i; = 7 (i) for j = 0,...,k — 1, is one of the cycles in the cycle decomposition of
®. O

As the configuration 9, ) is symmetric, it makes sense to consider the dual configu-
ration zm‘gn o)

Fact 2.4. The configuration 93?‘(’”7@ is isomorphic to M, ).

Proof. Tt is easy to note that 910 = M(,,,,-1). Consider o € S, such that a(1) = 1

(np) —
and a(m) =n—m+2form € I'\{1}. Letx € {a,b, A, B},i € I. Then F : z; — x4;)
is an isomorphism mapping 9, ,-1) onto M;, ). O

The problem of two isomorphic Mobius n-pairs will be considered in general in the last
section of the paper. Another parametric characterization is now a simple consequence of
Proposition 2.2 and Fact 2.4.

Proposition 2.5. Let x,y be two different points of M, ). There exist 0, 1, 2, orn — 2
blocks of My, ) containing x and y.

3 Hidden Mobius pairs

The goal of this section is to characterize M = 9, ) that can be transformed into M&bius
pair with simplices distinct from S4 (M), Sp(M) by a decomposition of the points or by a
deletion of some points and blocks. Informally, we say that these Mobius pairs are hidden

in M.



111

K. Petelczyc: On some generalization of the Mobius configuration

Figure 1: The Levi graph of 904 ;q) (isomorphic to the hypercube graph Q).

(1234).

Figure 2: The Levi graph of 94 ) with ¢

(123)(4).

Figure 3: The Levi graph of M4 ) with ¢

(1)(2)(34).

Figure 4: The Levi graph of 94 ) with ¢

(12)(34).

Figure 5: The Levi graph of M4 ) with ¢
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3.1 Mbobius n-pairs with the special decompositions

Let us start with the following combinatorial observation:

Remark 3.1. The Mobius configuration M = 94 ;q) can be presented in 3 distinct
ways as two mutually circumscribed simplices such that each of them is distinct from

Sa(M),Sp(M).

One could say that there are four Mobius 4-pairs hidden in M4 ;qy. Let n > 4,
M =M, ), and assume that it is possible to decompose the points of M into two com-
plementary and mutually inscribed simplices S; (M), S2 (M) such that Sy (M) # Sx (M)
foreacht = 1,2, X = A, B. Such a decomposition will be called a special decomposition.

Lemma 3.2. Ler S1(M), So(M) be two simplices, that arise from a special decomposition
of M.

(i) Foreachi € I, and each t = 1,2, it is impossible to have both B;,b; in S(M),
or both A;,a; in Sg(M).

(ii) Foreacht = 1,2, the blocks of St(M) are two B-blocks and two A-blocks.

Proof. The proof involves only S; (M), since the reasoning for S3(M) will be the same.

(i) Assume that .S; (M) contains both of B;, b;. Then also some a; is a point of .Sy (M)
for 5 € I. Consider the graph Go(. The vertices B;, b; are not adjacent, so from Re-
mark 2.1(i) a; ~ B; and j = (). The unique block-vertex not adjacent to a; in Gg, (A1)
is A; or B for some s # ¢~ 1(j).

Let A; be this vertex, so from Remark 2.1(ii) A; ~ b;, and thus 5 = 4. Consider in
Gs,(m) another vertex a; or by with ¢ # 4. Since (i) = i # t, a contradiction arises:
by =~ A;, and a; ~ B; (see the scheme presented in Figure 6).

b; a; = Q) _at _be
\ - -
L -
\ T+~ -7
- —
I _ | -7
z -

B; A;

Figure 6: The fragment of Gy (4) containing B;, b; and A;, a;.

bi Qi) br
I | I
! !
! | !
B,L' Bs A’L

Figure 7: The fragment of G () containing B;, b; and B, a(;)-

Assume that s # ¢! (j) and B is a unique vertex not adjacent to a; in G 51(Mm)- We
get s # 1, as far as b; ~ By. Let us take another vertex: A; or B;. For ¢t # i there is no
B-vertex adjacent to a;, and A; ~ a;, b; if t = 4. A vertex, which is not adjacent to A;, is
a; or b, with r # i, s. The vertex a; is not adjacent to B; since (i) = j # 4, and thus a;
cannot be the vertex in question. Consequently, this vertex is b, ~ B;, Bs. Following the
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assumption n > 4, there exists another block in S; (M), that is different from B;, B, A;.
We have two b-points in S7 (M) so far, thus this block is a B-block. The B-vertex of G4,
that is associated with this block, must be adjacent to a,;). So this block is B;, which
is already one of the blocks in S;(M) (comp. with the scheme presented in Figure 7), a
contradiction.

(ii) Let B; be the unique B-block of S; (M) for some ¢ € I. Then the remaining blocks
of S1(M) are A-blocks. In view of Lemma 3.2(i), there are n — 1 b-vertices in Gg, ():
every A-vertex is associated with the b-vertex, which is not adjacent to it. Forn > 4 a
contradiction with Remark 2.1(i) arises: every b-vertex is adjacent to precisely one of A-
vertices, and thus it is not adjacent to at least two A-vertices in Gg, (A1)

Let S7 (M) contain at least three B-blocks. Without loss of generality, assume By, By, B
are blocks of S;(M). From Lemma 3.2(i), by, by, b are not in Sy (M). Thus, from Re-
mark 2.1(i), S1 (M) contains a;, , a;,, a;, such that i; # ¢(j) for j = 1,2, 3. Every block-
vertex B; must be adjacent to at least two of the point-vertices a; , with j" # 4. On the
other hand, it is adjacent to at most one of them, what follows from Remark 2.1(ii) applied
to Gaq. This contradiction actually completes the proof as other cases run dually. O

By Lemma 3.2 we prove a generalization of Remark 3.1.

Proposition 3.3. Let M =9, . The following conditions are equivalent

(i) there is a special decomposition of M,
(i) n =4 and thereis X C I suchthat |X|=2and p(X) = X.

Proof. (i) = (ii): From Lemma 3.2(ii) we get n = 4, and two B-vertices and two A-
vertices in Gg, (r)- Let (e.g.) Bi, Ba be the B-vertices of Gg, (aq). In view of Re-
mark 2.1(i), there are vertices z,y in Gg, (pq) such that z ~ By, y ~ By and x = B,y ~
Bi. By Lemma 3.2(i),  # ba, y # b, and thus z = a;, y = a; where p(1) = i, p(2) = j.
Then two A-vertices in Gg, (rq) are Ag, Ay with s,¢ # 4,j. The remaining two point-
vertices must be of the form by, by with s',t' # 1,2, since they must be adjacent to both
of By, By. On the other hand, by, by need to be adjacent to precisely one of A, A¢, so
{s',t'} = {s,t}. Thus s,t # 1,2, {1,2} = {i, 5} = {(1),¢(2)}, and X = {1, 2} is the
required set.

(ii) = (i): Assume, without loss of generality, X = {1, 2} and consider M = M4 )
with ¢(X) = X. Take blocks By, By, A3, A4 and points a, (1), ay(2), b3, by of M, and
consider Gaq. We have By < a2y, B2 » ay(1), and By, By ~ b3, by. Similarly Az ~ by,
Ay o bz, and Az, Ay ~ ayp(1), p(2), since ©(1),0(2) € {1,2}. Thus the Levi graph
we consider is a Levi graph of a 4-simplex. It is easy to verify that Ay, As, B3, By and
b1,bs, a3, ay form another 4-simplex. The two obtained simplices are mutually circum-
scribed. Indeed, By, ba; Ba,b1; Az, a4; Ag,az, and Ay, apqy (or A1, ag(2)); Az, ap2) (or
Az, ag(1)); B, ba; By, bs are all pairs of adjacent vertices representing blocks (points) of
the first simplex and points (blocks) of the second simplex in each pair. In other words, we
have found a special decomposition of M. 0

Due to Proposition 3.3 there is a correspondence between the special decompositions
of M, ) and 2-subsets of I preserved by . The correspondence is established up to
complements, since the special decompositions arise only for n = 4, and thus if ¢ pre-
serves a 2-subset of {1,2, 3,4} then it preserves its complement as well. So, directly from
Proposition 3.3 we get:
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Corollary 3.4. All (up to an isomorphism) Mobius n-pairs with a special decomposition
are the following:

1. M4 5qy with 3 distinct special decompositions associated with
X =1{1,2},{1,3},{1,4},

2. M4, (13)(24)) With the special decomposition associated with X = {1, 3},

3. M4, (12)(3)(4)) With the special decomposition associated with X = {1,2}.

3.2 Subpairs of Mébius n-pairs

Let M =M, ), n >4, k>3, k <n,and M’ be a Mobius k-pair obtained from M by
deleting 2(n — k) points and 2(n — k) blocks. We call M’ a k-subpair of M. The blocks of
M’ are subblocks of M, that is every block of M arises as a block of M with n— k points
removed. The subblocks of the A-blocks, the B-blocks are called the A-subblocks, the B-
subblocks, respectively. Let S1 (M), Sa(M’) be two simplices of M'. For any t = 1,2,
X = A, B we write S;(M’) < Sx (M) if all the points and the blocks of S;(M’) are
points and subblocks of Sx (M). Otherwise we write S;(M’) £ Sx(M). ForY C I by
¢ [y we mean the restriction of ¢ to the set Y.

In order to determine all M&bius n-pairs with k-subpairs we need to prove some auxil-
iary facts.

Lemma 3.5. One of the following conditions holds
i) S1(M’) < S4(M) and Sa(M') < Sp(M),

(i) Sa(M’) < S4(M) and S;(M') < Sp(M),
(if)) S1(M) £ Sa(M), S(M) and Ss(M’) £ Sa(M), Sp(M).

Moreover; if M’ satisfies (iii) then there is a special decomposition of M'.

Proof. Let S1(M’) < S4(M) and S3(M’) £ Sp(M). So there is an a-point or A-
subblock in S3(M’). We consider only the case with an a-point, as the case with an
A-subblock is symmetric. From Remark 2.1(ii) applied to G, and Remark 2.1(i) applied
to Gy, there are at most two B-subblocks in S3(M”). Since k > 3, there is at least one
A-subblock in Sa(M). Note that a unique A-subblock, which does not contain an a-point
of S1(M’), is a block of S1(M’). Thus all the points of S;(M) are in an A-subblock
of So(M’). This yields a contradiction with Remark 2.1(ii). The proof for each of the
remaining cases (i.e. So(M’) < Sy(M) and S1 (M) £ Sp(M), S1(M’) < Sg(M)
and Sy (M) £ Sa(M), or Sa(M') < Sp(M) and S1(M’) £ S4(M)) is analogous.
Let M’ satisfy (iii). The steps of the proof of Lemma 3.2 can be repeated for simplices
of M’. As aresult we get k& = 4, and two A-subblocks and two B-subblocks in each of
simplices of M’. Let Y C I be the set of subscripts of A-subblocks and B-subblocks
in one of these simplices. From the reasoning analogous to the first part of the proof of
Proposition 3.3 we get that Y is the set of all the subscripts used for labelling the points
and the blocks of M’, and there is a two-element set X C Y such that ¢ [y (X) = X.
Therefore, in view of Proposition 3.3, there is a special decomposition of M’. O

Lemma 3.6. If the number of deleted B-blocks and the number of deleted A-blocks coin-
cide (and equals n — k), then there is X C I such that | X|=n —kand p(X) = X.



K. Petelczyc: On some generalization of the Mobius configuration 115

Proof. Assume that B;,,...,B;, , and A;,,..., A, , are removed blocks. Consider a
vertex ag(;,) With s = 1,...,n—k of G, and assume ay,(;,) is in Gg, (A1) (the case with
Gy, in QSZ(M/) will be analogous). Note that a, ;) ~ B;,, and from Remark 2.1(ii) B;,
is a unique B-vertex adjacent to a,(;,). According to Lemma 3.5 two cases arise: (i) or
(iii) holds for M’. Let M’ satisfy (i) of Lemma 3.5. Then there is a B-vertex in G Sa (M)
adjacent to a,(;, ), a contradiction. If M’ satisfies (iii) of Lemma 3.5 then there is a special
decomposition of M’. So, by Proposition 3.3, there is a B-vertex in Gg, (A4 adjacent
to a,(;,), a contradiction again. Therefore all a,(;,) - - ., ay(;,_,) are removed. Likewise
we consider the pairs a;,, A, , b;,, A;,, and b;_, B;,. Each of these reasonings leads us
to contradiction. Consequently points a;, ..., aj, ,, b ...,b; ,,andb; ..., b; , are
deleted as well. Hence

{1y sdn—kt ={pli1), ..., o(in—k)} and {i1, ..., in—k} = {J1, - -, Jn—k}

Finally we get {©(¢1), ..., 0(in—)} = {41, tn—k},and X = {i1,..., i1} is the set
from our claim. O

1

Let us present a condition, which is sufficient and necessary to find a k-subpair in
Mn.)-

Proposition 3.7. Let M = 0, ). The following conditions are equivalent
(1) there is M’, which is a k-subpair of M,

(i) thereis X C I suchthat | X|=n—kand p(X) =X.

Furthermore, if (ii) holds then M" = My o1 1\ x)-

Proof. (i) = (ii): By Lemma 3.5 M’ satisfies one of (i) — (iii) of Lemma 3.5. In cases (i)
and (ii) of Lemma 3.5 the numbers of A-blocks and B-blocks deleted from M coincide and
are equal to n — k. The claim follows directly from Lemma 3.6. If case (iii) of Lemma 3.5
holds, then there is a special decomposition of M’, and we get our claim by Proposition 3.3.

(i) = (i): Without any loss of generality, let X = {1,...,n — k}. Recall that the rank
of every vertex in G is n. Observe the Levi graph obtained from G by removing the
vertices a;, A; and b;, B; for every i € X, and all edges passing through these vertices. We
denote this Levi graph by H. Note that a,(;) is not a vertex of H, since (i) € X. Let
j ¢ X and take A;. Clearly A; is a vertex of H. There are n — k edges joining A; with
all a; in Grq. Thus, the rank of A; in H is n — (n — k) = k. Similarly we set ranks of the
remaining vertices a;, b;, B; of H. All these ranks are k. From this and the construction
of H we get that H is the Levi graph of two mutually circumscribed k-simplices, where
the way they are inscribed one into another is induced by the action of ¢ on the set I \ X.
Therefore H = Gy for some M’, which is a k-subpair of M. O

4 Isomorphisms and automorphisms
4.1 Isomorphic Mobius n-pairs

Recall that the Mobius (84) configurations (i.e. Mobius 4-pairs) correspond to conjugacy
classes of the permutation group Sy. In this section we generalize this property to all
Mobius n-pairs.

Let us start with a key lemma that gives an account on isomorphisms of configurations
M () With the unique decomposition into two n-simplices.
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Lemma 4.1. Let f be an isomorphism mapping M, ) onto My, ). Assume that either
n = 4 and both ¢, # id contain no cycle of length 2, or n > 5. There is o € Sy, such
that f(B;) = Ba) for eachi € I, or f(B;) = Aq(s) for eachi € 1.

() If f(Bi) = Bag) then f(b;) = bag), f(Ai) = Aag) [(ai) = aq) for each
1€l

(i) If f(B:) = Aag) then f(b;) = aae), f(Ai) = By-1(a@)), f(ai) = by-1(a0))
foreachi e I.

Furthermore, ap = Y« holds in both cases: (i) and (ii).

Proof. Let My := M, ) and My := M, 4. Let 4,5 € I and B; be an arbitrary B-
block of M;. Clearly, either f(B;) = B, for some B-block B; of M, or f(B;) = A,
for some A-block A; of Mo.

Assume that f(B;) = B;. In view of Corollary 3.4, both M;, M, are Mobius n-
pairs without the special decompositions. Thus all the B-blocks of M are mapped onto
B-blocks of Ms. We introduce a map a € S, associated with f by the formula

foralld,j € I. Then f(B;) = Bq;). Let us analyze graphs G, and Gaq,: f(bi) = bai)
as b;, b, (;) are unique b-vertices not adjacent to B;, B, respectively in graphs G, ,
GMos [(As) = Agy as Ai, Ay are unique A-vertices adjacent to b, by ;) respectively
in Gaty» G f(@i) = aagi as ai, aq ;) are unique a-vertices not adjacent to A;, A, ;)
respectively in Gaq,, Gag,. On the other hand, f(ayi)) = Gy(a(i)) @S Gp(i)» Gyp(a()) are
unique a-vertices adjacent to B;, B;) respectively in Gaq,, G, SO a(p(i)) = Ay(ali))
and thus ap = Ya.
In case f(B;) = A; the map a € .5, is determined by the condition

for all ¢, 5 € I. Then we proceed in a similar way as in the former case, namely: f(b;) =
Ao (i) 8 i, aq(;) are a unique b-vertex and a-vertex not adjacent to B;, A, ;) respectively
in Gty GMys F(Ai) = By—1(agi)) @ Ai, By—1(a(s)) are a unique A-vertex and B-vertex
adjacent to b;, aq ;) respectively in Gaq,, Gays f(@i) = by—1(a(i)) @S @i, by—1(a()) are a
unique a-vertex and b-vertex not adjacent to A;, By,—1 (a(i)) respectively in Gy, , Gag,. But
also f(ap(iy) = ba(s) @S Gy (s), ba(i) are a unique a-vertex and b-vertex adjacent to B;, A, ;)
respectively in Gaq,, G, Hence by —1(a(p(i))) = ba(s), and consequently ap = . [

We are ready to characterize two isomorphic Mobius n-pairs.

Theorem 4.2. Letn > 4 and p,v, a € S,,. The following conditions are equivalent:
i) ¢* =1,
(>i1) m(n#p) = m(mw).

Proof. Let M = m(n’w) and My = m(nvw).
(i) = (ii): Leti € I, a;, b; be points and A;, B; be blocks of M. Consider a map f
associated to the permutation o given by the formula

f(x5) = x4 for z € {a, b},
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which maps the points of M onto the points of Mj. Then f(A;) = A,(;) and f(B;) =
B i), as the conditions a; ¢ A;, b; ¢ B; uniquely determine blocks A;, B;, respectively.
Clearly, conditions b; € A; and b,(;) € Aq(s) are equivalent. Note that a(,(i)) € Ba(s)
is equivalent t0 ay(q(i)) € Ba(s) as well, since a = 1a. Thus f is the required isomor-
phism.

(i) = (i): We restrict ourselves to n > 5 since for n = 4 this fact is well known, as
it was mentioned at the beginning of this section. Let f be an isomorphism mapping M,
onto M. By Lemma 4.1, there is « € S,, associated with f such that ap = 9a. O

According to Theorem 4.2, the number of non-isomorphic configurations 9, .y is
equal to the number of partitions p(n) of a positive integer n. There is the generating
function, recursive formula, asymptotic formula, and direct formula for p(n) (cf. [1]).
The increase of n implies quick growth of p(n): p(5) = 7,p(6) = 11,...,p(100) =
190569292, . .., p(1000) = 24061467864032622473692149727991.

4.2 The automorphism group structure of a Mobius n-pair

For n = 3 the structure M, ) consists of two mutually inscribed triangles. From [8]
the automorphism group of 93, is isomorphic to S3 x Ca. From the original paper
of Mobius [7] the automorphism group of 90(4;q) has order 192. The Mdbius configu-
ration is also a particular case of the Cox configuration. Recall the definition of the Cox
configuration (comp. [3]). Let X be a set with n elements. The incidence structure

(Cx)x = (Cx)n = (J{92041(X) 1 0 < k <}, {92(X): 0 < k <}, c U D)

is the (2"7! ) configuration, which is called the Cox configuration. Since the automor-
phism group of (Cx), is established in [11] and 94 ;q) = (Cx)4 (see Figure 8), we get
the following:

Fact 4.3. The automorphism group of M4 q) is isomorphic to Sy X Cs.

It follows from Theorem 4.2 that the centralizer of ¢ in S,, consists of automorphisms of
M (y,,) for any n. Nevertheless, we will give a detailed characterization of automorphism
group of My ) with ¢ # id, and of M,, ) withn > 5.

Let M = M, ) and 1 < vy < ... < v, be the lengths of the cycles which are
contained in the cycle decomposition of ¢ € S,,. Assume that there are m; cycles of
length v;, son = E:Zl m; V. In other words

v, V1 V2, Vs 12 Vp Up 7
P=Pr Py P PP Py PP P

where Q&Zt isacycle of length v, for k < my, t < r. In view of Theorem 4.2 we can assume,

that each cycle consists of consecutive natural numbers. If we set jif, := Zf;i mv; + (k—

1)v; + 1 then
PR g = gt L g+ 2 e g+ (= 1) = g,

and the effective domain of ¢}* is the set X;* := {pf,pf +1,...,p00 + (v, — 1)} C
1. Taking all the domains of all the cycles we obtain the family of pairwise disjoint sets
XU X X X, X, X that yields a covering of 1. Thus for
any cycle ¢* we have ¢, (X;*) = X, and ¢}* | nxve=id.
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Figure 8: The Mgbius configuration as (Cx)s.

The points and the blocks of M can be identified with the sequences (¢, k, i, ) such
thatt <r,k <my,i=0,...,1y — 1,and € € {1,2,—1,—2} according to the formula:

Ayt fore =1,

. biJmt fore = —1,
— k
(t,k,i,c) At e, (4.1)
k
Bi+% fore = —2.
Letv, = (vi,...,vL,,) € O, oy € Sy, and v = (vy,...,v,) € X, O, o =
(o1,...,0a,) € X;_,S,,,. With the pair (v, a) we associate the map f(v,a) as follows:
fw,a)(t Ky iye)) = (, ai(k), i+ vl mod vy, ). “4.2)
In like manner we define the map g(, o) by:
o w_J (ae(k),i+ vl —1mod vy, —e) fore=1,2,
I (1 F,7,€)) = { (t, ar(k), 7 + vl mod vy, —¢) fore = —1,-2. @3

Lemma 4.4. The map f, ) is an automorphism of M, which preserves each of simplices
Sa, Sp.

Proof. 1t follows directly from (4.2), that f(, o) maps S4 onto Sy, and f(, o) maps Sp
onto Sp. Leti € X;* and j € I.

Assume that b; € B;. By (4.1), B; = (¢, k, iy, —2) for some ¢y € {0,...,; — 1}, and
b; = (t', K, jo,—1) for some ¢’ < r, k' < my, jo € {0,..., vy —/1}. Then f(B;) =
(t, o (k),ip + fo,,(k) mod vy, —2) and f(b;) = (¢, ap (K'), 0 + Ugt/(k’) mod vy, —2).
Set i’ = (io + vf,, ) mod 1) + pl,, 4y and j' = (jo + v,y mod vr) + il 11, 50
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f(B;) = By and f(b;) = Bj/. Recall that b; € B; iff j # 4. If j/ # ¢’ then: firstly ¢’ = ¢,
next oz (k') = (k) and thus k' = k, and finally jo, = io. It means that j = 4, which yields
a contradiction. Hence f(b;) € f(B;).

Letaj € B;. Then j = o(i). We have a,(;y = (t,k,40 + 1 mod vy, 1), 50 f(au)) =
(t,k,io + 1 + v}, mod vy, 1) = ay ;1. Therefore f(ayy) € f(Bs).

The incidence (membership) relation is preserved by f(,,) in case a; € A; and in case

b; € A; as well, that can be easily proved by similar reasoning. O
Letv; = (v,...,v) forallt <r,and v = (vy,...,Vv,). Let us put go := g(o,id)-
N——

t

Lemma 4.5. The map g is an automorphism of M, which interchanges simplices S 5, Sp.

Proof. Immediately from (4.2), go maps S onto Sp, and Sp onto S4. We restrict our
proof to the incidence relation involving the B-blocks, as the case with the A-blocks runs
similarly. Let i € X*. From (4.1) B; is represented by the sequence (¢, k,ig, —2) for
some 79 € {0,...,1; — 1}. The points that belongs to B; are b; with j € I'\ {i} and a,(;).
Clearly, go(bj) = a; € A; = go(B;). We have a,(;) = (t,k,i0 + 1 mod v, 1) and thus
go(ay(y) = (t,k,i0,—1) = b;. Then finally go(a,()) € go(B;). O

Since g(y,0) = 90f(v,a), from Lemma 4.4 and Lemma 4.5 we infer that:

Corollary 4.6. The map g, «) is an automorphism of M, which interchanges simplices
Sa, Sp.

We write M;* for the set of all the points and the blocks of M labelled by the elements
of the set X;*, and M"* = {M}* : k < my}.

Lemma 4.7. Let f be an automorphism of M, which
(1) maps the B-blocks onto the B-blocks, or
(2) maps the B-blocks onto the A-blocks.

Thereisv € X ::101” and a € X ::1 Sm, such that
(i) f = f,a) incase (1), or

() f = g(v,a) in case (2).
In particular, for each k < my there is k' < my such that f(M}") = M.

Proof. (i): Leti € X.*. Assume that f(B;) = B; for some j € I. According to (4.1)
there is i9 € {0,...,v — 1} such that B; = (¢, k, 49, —2), and jo € {0,...,vpy — 1}
such that B; = (', k', jo, —2) for some ¢’ < r, k' < my. Then, by Lemma 4.1(ii) we
get f((t, k,i0,e)) = (', K, jo,e) for each value of e. The unique B-block containing
a; = (t,k,i0,1)is By-1¢;y = (t,k,io — 1 mod v, —2), and a unique B-block containing
ajis By-1(5) = (t',k,jo — 1 mod vy, —2). Hence, f maps (t,k,io — 1 mod v, —2)
onto (t',k',jo — 1 mod vy, —2), and f maps (¢, k,i0 — 1 mod vy, ¢) onto (¢, k', jo —
1 mod vy, €) generally. By induction we get

fi(tkyig —umod vy, e) — (', k', jo — umod vy, e) forallu =0,...,v — 1.
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Uyt

This characterizes the action of f on M}*, in particular, f (Mzt) C M,7". Conversely,
/! maps B; onto B;. By the reasoning, analogous to this, which has been already done,
we come to f~H(M}) C M7t Consequently, f(M}) = M, and therefore ¢’ = ¢
since f is a bijection. It provides that f preserves the set M"*. We define the map a € S,
associated with f [ aqv¢ by the formula

a: ke K ff f(MP) = M,
forall k, k" < my. Set v}, = jo — ip mod v;. Finally the formula for f is the following:
fi(tkyie) = (t,a(k),i+ vl mod v, e) foralli =0,...,v; — 1.

(ii): Based on Lemma 4.5, go f is an automorphism of M, which maps the B-blocks
onto the B-blocks. Then, from Lemma 4.7(i), gof = f(v,) for some v € X::1ijzt
and o € X:lemt, and thus f = galf(v,a). Note that ggl = g(1,id)- Consequently,
f =910 fwa) = 90f(v+1,0) = J(v+1,a)- What is more, f preserves the set M, that
follows directly from (4.3). O

Now we characterize automorphisms of 9, .y, which can be uniquely decomposed
into two mutually inscribed n-simplices.

Theorem 4.8. Let M = M, ) and 1 < vy < ... < v, be the lengths of the cycles in the

cycle decomposition of ¢ € S,,. Assume that either n = 4 and @ # id contains no cycle of
length 2, or n > 5. Then Aut(M) = @_, (Cgf,: X Sm,',)-

Proof. Let F' be an automorphism of M. By Proposition 3.3, there is no special decom-
position of M. Thus, F' either interchanges S4(M) with Sp(M) or preserves each of
them. According to Lemma 4.7 there is vy € X::lCZZZt and ag € X;_;Sy,, such
that ' = f5,00) OF F' = Glug,a0) = 90f(vo,a0)- Furthermore, every f(, a)» 9(v,a)
with v € X::IC]]?' and o € X;_,S,,, is an automorphism of M by Lemma 4.4
and Corollary 4.6. Since, by Lemma 4.7, F preserves each of the sets M"*, we can
restrict the proof to the one fixed set M. Thus, we assume that ¢ = 0,...,1 — 1,
k < my. For the simplicity of the notation, we will write (c(k), i + vqo(k),€) instead of
(t,at(k),i—&—vflt(k) mod 14, ). Moreover, we identify f, o) With f(, o) [ pee, and gy a)
with gey.a) [ mve, S0 we assume v € CJ', o € Sy, Letw € CJ't, B € Sy, and note
that

f(w,ﬂ)f(v,a)((kv iv 5)) = f(u),,l?)((a(k)vi + vk, 5)) = (ﬁ()é(k),l + vg + wa(k)a E)‘
Let ¢*: S,,, — Aut(C]*) be the map defined by
¢oz: (Ulv s 7Umt) = (Ua(1)7 oo 7’Ua(mt,))'
Then the formula for the composition of f(, ) and f(,, g) is
Jwp)fwe) = Jwtéaw) pa)-

It is not difficult to check that go and f, o) commute. Note also that

. [z ifziseven,
% = 9(-232 ia) if z is odd.
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Let &’ < my . We introduce the family of maps

roow ) go((Kde)) ifkK =k,
gOk((k 7176)) B { (k/7ia€) otherwise.

Then the following equalities hold

{95, :2=0,...,2, —land ziseven} = {f(ya): vw =0for k' # k},

{96, :2=0,...,2v, —land zisodd} = {g(ya):vw =0for k' # k}.
Therefore, for each v € C]'* we have f,;a)y = 95. 9. - - .gg:z, where all numbers
2z = 0,...,2vy — 1 are even. Likewise g(,iq) = géigéi ...gg::Z, where all numbers

2y, are odd. Hence, for each F' € Aut(M) there is v € C}'* and o € Sy, such that
F = fuia)fo,0) or F = g(y,id) f(0,a)- To complete the proof it suffices to determine the
remaining compositions:

fwidyfwid)y = flwstv,id)s
foafop = fopa),
fwidyfo,0) = figo@),a)
9wid) f0,0) = 90 f(wid) f0,0) = oS (42 ),0) = (2 (v),0)>
f(v,id)g(w,id) = f(v,id)gof(w,id) = gOf(v,id)f(w,id) = 90f(w+v,id) = 9(w+wv,id)>
9(v,id)9(w,id) = gof(v,id)gof(w,id) = ggf(w+v,id) = f(fl,id)f(w+v,id) = f(w+u—1,id)-

O

The Mo6bius n-pairs, which automorphism groups are not characterized by Theorem 4.8,
admit a special decomposition. We say that an automorphism f of a Mdbius n-pair M
yields a special decomposition of M if f maps the pair {S4, Sp} onto a distinct pair of
mutually inscribed simplices.

Theorem 4.9. The automorphism group of M4 ) is isomorphic to

(1) (C4 @ S2) x Cs if p € Sy contains precisely one cycle of length 2,
(i) (CF % Sy) x Cq if ¢ € Sy contains two cycles of length 2.

Proof. In view of Theorem 4.2, without loss of generality we can consider M1 = M4, ,,)
with 1 = (1)(2)(34) in case (i), and My = M4,y With o = (12)(34) in case (ii)
(comp. Figures 4, 5). Let F, € Aut(M;) for s = 1,2. By Corollary 3.4, there is the
special decomposition of each of M. Thus, F; maps the pair {S4, Sp} onto {S4,Sp}
or Fy yields the special decomposition of M. In case Fs maps the pair {S4, Sp} onto
{S4,Sp}, by Lemma 4.7, there is vg € {0} x {0} x Ca, ag € S2 x {id} for My, or
vy € Cy x Co, ag € Sy for M5 such that Fy = f(v(),ao) or Fy = I(vo,00) = gof(vo,ao)’
respectively for s = 1,2. By Lemma 4.4 and Corollary 4.6 all maps F f(y,a)> Fs9(v,a),
where v € {0} x {0} x Caand a € Sy x {id} if s = 1,0orv € C2 x Cq, @ € Sy if
s = 2, are automorphisms of M preserving the pair {S4, Sp}. Based on the proof of
Theorem 4.8, these maps form the group Cy @ S, if s = 1, and the group C% x Sy if s = 2.
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Consider the following two transformations:

X aq a9 as ayq b1 b2 bg b4
f(x) by b2 ay a3 ar az by by
f (x) az a; by by by by az a4

The map fisan automorphism, which yields a special decomposition of M;; and f is an
automorphism, which yields a special decomposition of M. Assume that F; yields a spe-
cial decomposition of M. Then F; = fF] and F, = fF}, where F! is the automorphism
of M given by (4.2) or (4.3).

Let us set the commutativity rules in the automorphism group of M. By (4.1), the
points of My, My correspond to the sequences (¢,i, k,e) with e = 1, —1. Using the
convention introduced at the beginning of this paragraph we gett = 1,2, 11 = 1, 15 = 2,
my = 2, my = land X{ = {1}, X3 = {2}, X? = {3,4} for My;t = 1, v, = 2,
my = 2, and X? = {1,2}, X2 = {3,4} for Ms. To avoid any misunderstanding, in case
My we will write Y2, Y instead of X2, X2 respectively. Then f maps the points of M
by the formula:

t,k,i,—¢ fori+ put € X1, X3,
- ( H, 1542
f((t,kyie)) =< (t,k,i+1mod?2,e) fore=1, i+ pu, e X3, (4.4)
(t,k,i,e) fore = —1, i + p} € X3
The map f can be defined on points of My as:
R (t,k,i+1mod2,e) fore=1, i+ pul € Y?,
fl(t, k,ie)) =< (t k,ie) fore = —1, i+ pb € Y7, 4.5)
(t,k,i,—¢) fori + ul € Y2

Note, that f2 = f2 = id. Hence the cyclic group generated by f and the - cyclic group
generated by f both coincide with Cs. All the formulas for compositions of f with go, and
J with f = f(, «) can be calculated using (4.4) and (4.5) (it is rather technical and thus
omitted) and then we get

where T(O’AO’I) (U) = T(O,O,l) ((’U%, ’U%, U%)) =
done for f. If we set 7(1,1)(v) = 7(1,1)((

fgo = fg(o,id)

ff(v,a)

ff:ffaﬂdeOng(o,id)

= Y(ra(0),id) S5
ff('u,oz)

= f(v,a)f
= 90f(w,a)f = Gw,a)f

ffwa =90 ool = 9eqs, 0 f

= Y(70,0.1 (0),id)f7

(vi,vd,v? 4+ 1). Analogous calculation can be

if only
provided that

as long as

vi,v3)) = (v} + 1,03 + 1), then

a =id,
i+ ph € Y and o = (12),
i+ ph € Yy and o = (12).

O
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