RMZ — Materials and Geoenvironment, Vol. 55, No. 1, pp. 111-126, 2008

111
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Abstract: This work’s intention is to present the basic characteristics of projec-

tive geometry and the use of homogeneous (projective) coordinates in two-
dimensional (further denoted as 2D) measurement exercises. The concept
of a projective plane originates from the Euclidean plane, assuming all our
given points are ideal and lie upon an ideal line verging towards infinity.
The term “ideal point” is taken to mean an intersection of all lines that
are parallel in the finite space. By introducing these so-called ideal points
and ideal lines, the calculations in 2D measurement exercises — ones that
are usually carried out under the rules of Euclidean trigonometry — have
been simplified, as the calculations of directional angles and lengths are
no longer necessary. As a practical example of the use of projective coor-
dinates, an intersection is presented, such that it can also be used for the
Collins Method of Resection, seeing as it is based upon using said intersec-
tion twice.

Izvlecek: Predstavljene so osnovne znacilnosti projektivne geometrije in s tem

uporaba homogenih (projektivnih) koordinat v dvodimenzionalnih merskih
nalogah. Projektivno ravnino dobimo iz evklidske ravnine, ¢e privzamemo
tocke in premico v neskon¢nosti na kateri lezijo vse tocke v neskon¢nosti.
Neskonc¢na tocka predstavlja presecisce vseh premic, ki so v konc¢nosti
med seboj vzporedne. Z uvedbo neskonénih tock in neskoncne premice
se izracuni v dvodimenzionalnih merskih nalogah, ki se navadno vrsijo po
pravilih evklidske trigonometrije, poenostavijo saj racunanje smernih ko-
tov in dolzin ni potrebno. Kot prakti¢ni primer uporabe projektivnih koor-
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dinat je prikazan zunanji urez, ki ga je mozno uporabiti tudi pri Collinsovi
metodi notranjega ureza, saj temelji na dvakratni uporabi zunanjega ureza.

Key words: homogeneous coordinates of a point, homogeneous coordinates of a
line, incidence relation, principle of duality, ideal point, ideal line, intersec-
tion, resection
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INTRODUCTION

In 2D measurement exercises, all calculations are usually carried out under the rule of
Euclidean geometry - where the points, lines and their relationships are defined dif-
ferently than in a projective plane - in which the coordinates of an unknown point are
established through the aid the calculation of so-called lengths and angles of our site. As
a reaction to the latter, the article at hand is meant to present the basic relations between
points and lines of the projective plane and depict their use in 2D measurement exer-
cises. A practical example of using said projective coordinates would be an intersection,
in which the coordinates of a new point are calculated from the measured angles of
given points of an existing triangulation network. In what follows, the coordinates of a
point and the formulas of lines on a Euclidean plane shall be marked using upper case,
whereas the coordinates of points and formulas of lines on the projective plane will be
denoted using lower case letters.

POINT AND LINE

In projective geometry, a point is defined as a set of three coordinates that equal the set
(y x w) and therefore obviously also as an ordered set of three numbers (y x @) - which
do not all equal zero at the same time, since then (Ay Ax Aw) would be the same point
for any given A # 0.

For example, (2 3 6) is our exemplary point, and (%5 4 1) is another of the numerous
ways to mark that exact same point, bearing in mind the principle that an unlimited
number of sets of three numbers (y x w) may correspond to each point, but only one
point may correspond to each ordered set. Furthermore, from non-homogeneous coor-
dinates of any given point, we beget an infinite number of sets of homogeneous coordi-
nates of that same point:

:n.=eo=>[;)—>x ¥ |=|x (1)
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And from homogeneous coordinates of that certain point, we can get one single ordered
pair of numbers:

hy Ay
y) Ry m E Ay N
AEO=A | x |=| dx| = |22 || 22| | ={} 2)
. Aw h AX X,
@ A yYO) 1 vy
o

A line is defined in almost the same way as a point, the one difference being that the line
is treated as a set of all points that equal the set of three (v u w). For example, if (3 2 -2)
defines a line, then (-3/2 -1 1) is the notation for that same line. In other words, a line is
an ordered set of three numbers, denoted as (v u w), which do not equal zero all at the
same time, in which case (uv uu uw) would be the same line for any given g # 01,

INCIDENCE RELATION

Given point P and line / - where P and / are short for (y x ) and (v u w), respectively -
we say that the two are incident to one another (incidence relation being descriptive of
the relation simply summed up as the point lying on the line i.e. the line going “through”
the point) in the case, the following is true: {P - [} = {/- P} =yv+xu + ow = vy + ux
+wo =083,

THE PRINCIPLE OF DUALITY

The axiom of geometry says that there is exactly one line that is in incidence with two
different points P, and P,, i.e. exactly one line goes through both different points. If we
exchange the term “line” with the term “point” in the above axiom, we get a geometrical
theorem that states there is exactly one point that is in incidence with two different lines
[, and [, - in other words, two different lines intersect at exactly one point in space. The
afore-mentioned axiom and theorem are said to be mutually dual, i.e. points and lines
are mutually dual spatial elements, while the “running” and intersecting of lines are
mutually dual operations.

For different points P(y, x, w,) and P(y,x, ®,); y,# A"y, X, 74" X,, w,# A - w, there
is always an ordered set of three elements, (v u w), for which the following need most
definitely apply:

yvtxutow=0
yyvtxut+twow=0 3)
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And for two different lines, in our particular example /, (v, u, w)) and [, (v, u, w,); v, #
wv,u,F o u,, w,# - w, there is always an ordered set of three elements, (y x w), for
which the following need apply:

vytux+tw o=0
vytux+w,o=0 4)

Thus, homogeneous systems of equations are combined with the following expression:

P ¥ X o) Pl ly x o

{l} {v} {u} {w]f Ll=v, u, w|=0

{P } _ {v} {u} {w} . Ll v, u, w, (5)
l], v, 1x[, lof, v u w

A=y, x o)=0

1

1 SRR A AR A s

Then we are able to beget the formula of the point or line:
u) {w]

Vil SRH1I HANI I MR

Y,

Each set of three [{y } {x} {m}] therefore represents a solution to the system under
question. viow W

The coordinates of the point or line follow:

o1 fol i tob) ok G| 1
SOl e

A point or a line pertaining to a projective plane can be multiplied by any number 4 or
1 , as long as the value is not equal to zero, which then gives us the actual coordinates
of this same point or line:

(7

BN e T X I
FPEE bR el e
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For a point, this would be:

\
u W w 1 V i
(}’ v {1})= .ll[ I I I I ‘ 1 I (9)
I ., W, W, V. V., .,
- - - - -
And for a line: N
(1-’ u w): s BT I heod
Y, o, o, v v, x (10)
- - - - - v

THE IDEAL POINT AND LINE

The parallels (coefficient of site k = k, = k,) [, and [, with formulas Y = k X + n, and
Y = kX + n, are given. For X, we enter values X = 7, and for Y values ¥ =< , then
multiplying the equations with @, which in turn gives us the formulas of lines using
homogeneous coordinates:

y=kx+nw and y =kx + n,w (11)

Considering that the lines are parallel, we are interested in the set of three, (v u w), such
that it must correspond to both formulas.

By subtracting the equations we get: w(n,- n,) = 0.

As n,# n,, then @ = 0 and the equations y = kx + n, and y = kx + n, are reduced
into y = xk.

Since we are dealing with homogeneous coordinates, we can say that x = 1. From this,
we come to the conclusion that y = k. Thus, we obtain a set of three, (k 1 0), which does
indeed correspond to both equations.

If the lines /, and /, are parallel to the y-axis, then the formulas of the lines in homogene-
ous coordinates have the form x = wx, and x = wx,. In this case, the set of three (0 1 0)
corresponds to both formulas.

To summarize, the set of three, (k£ 1 0), corresponds to a formula of the forms y = kx +
n,o andy = kx + n,w only when k = k, = k,, or when the lines are parallel and the coef-
ficient of site equals . The set of three (0 1 0) corresponds to all formulas of the form x
= wx, that describe the parallels of the y-axis.

A bouquet of parallel lines (all parallel lines are of the same class and form organised
heaps of parallel lines denoted as “bouquets”) defines a point P_ in projective plane that
has been defined as an ideal point. The bouquet P_ consists of all lines that are parallel to
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a certain line /. The equation pertaining to line /is Y = kX + n, or X = X, if it is parallel
to the y rather than the x-axis.

The line / belongs to bouquet P_ exactly when the set of three (k 1 0) corresponds to the
equation of line / in its homogeneous coordinates, and to pencil P_ exactly when what
corresponds to this equation is this set of three: (0 1 0). Consequentially, we can have
the set of three (k 1 0) in the former case, and the set of three (0 1 0) in the latter case for
homogeneous coordinates of the ideal point P .

Since we may multiply homogeneous coordinates with any number that is different than
zero, we may say that the set of three (y x 0) represents the homogeneous coordinates of
one ideal point, where y and x are any given elements different from zero. In this way,
we have adjusted our homogeneous coordinates (y x ) so that they befit each and every
point of our projective plane. The point with such coordinates also lies in the Euclidean
plane if @ # 0, and is an ideal point when @ = 014,

Two ideal points define the ideal line /_:

Ve o U W 5
-1)] x 1 0 = (] ( 1 )
v, x, 0

The solution of the system are the very coordinates of our ideal line /_:

N
I G I LA v x|, (13)
or, if:
YA
#=0A +=0AU = Sl w w )= I
p#0 vy X 0Ap ” I >(v He W ) (0 0 ) .

v, X

The set of three (0 0 1) represents the coordinates of an ideal line such that all ideal
points lie on it.

THE IDEAL LINE AND ANGLE OF SITE
An ideal point represents the intersection of a group of all lines that are parallel to one
another in finite space. A specific ideal point upon an ideal line belongs to each group of

parallel lines that in finite space represent a so-called »angle of site« between the lines
of a certain class and the positive end of the x-axis.
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The coordinates of the line that goes through the points P,(y, x, w,) and P (y,+ d cos ¢
x, +dsin ¢ w,), where ¢ is the so-called angle of site are enclosed within the line P P,
and the positive side of x-axis, and d represents the distance between the points P, and
P,, which would be:

(vuw)=pux(w,-o)-dcosow, yo,-w,) +dsin ow, dy,cos ¢ -x,sing))  (15)
If:
o,=w,=1=>wuw)=u(-dcose dsing d(y,cos@-x,sing@)) (16)
or, when:
(0, =0,=1Nd+0Nd+00 N\ p :[11_) => (vuw) = (- cosg sing (y,cosg - x, sing))  (17)

The set (v u w) = (- cos @ sin ¢ (,cos ¢ - x, sin @)) represents the coordinates of the line
that is notated using polar coordinates.

The intersection of the line given with polar coordinates and the ideal line (0 0 1) is the
ideal line, now denoted using polar coordinates:
cos(p sing
0 0

3y

J (18)

SING ¥, COS(P — X, sinp
0 1

¥, COS(P —X, SINP —COSP
1 0

or, if:
A=1=>(_x_w,)=(sing cos¢ 0) (19)

The notation (y_ x_ w_) = (sin ¢ cos ¢ 0) at the same time alos represents standardised
coordinates of said ideal line, for which the following is valid:

V.
\lef_: + xx:
Ve
(v, x. ©.) x [ T ,o] |1 (20)
o, \jy,‘+,\‘f' \jy,“+x,‘ J}-‘_,‘+_\‘,‘

where:

e2y)
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Should the lines /, in /, enclose the angle o , and the line /, is defined through the ideal
point (sin ¢, cos @, 0), then the ideal point of line /, is defined as (sin (¢, = a) cos (¢, =
@) 0), where ¢, + a is the angle of site of the line /,:

Figure 1. The angle between our two lines and angles of site
Slika 1. Kot med premicama in smerna kota

INTERSECTION

An intersection is both a measurement and calculation method, with the aid of which
the coordinates of a new point can be calculated from measured angles or (outer) di-
rections upon given points of the existing triangulation network. A given new point is
determined as an intersection of several outer directions that are controllably oriented
at each standpoint.

The coordinates of points L(Y, X)) and R(Y, X)) are given.

Observation:

We are observing the direction from two given points (L and R) towards the new point
M. Angle o is observed from the point L between points M-left and R-right, and angle S
from point R between points L-/eft and M-right.

Based on the given and observed information, we must establish the coordinates of the
unknown point M, which would translate into us looking for X, and Y, :
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Figure 2. Intersection
Slika 2. Zunanji urez

The connecting line LM denotes the line left, RM the line right, and LR the line left-
right. The lines left and left-right are bisected via one another in point L and enclose the
angle a, while the lines right and left-right do the same in point R, therefore enclosing
the angle £.

By establishing the ideal point L_ of the line /eft and the ideal point R  of the line right,
the lines left and right have been accurately established. Thus, we have also established
their intersection M, which represents the coordinates of the point we are seeking.

L_denotes the ideal point on the line /ef?,, R the ideal point on the line right and LR the
ideal point on the line /eft-right. Points L _and R are obtained with the help of the ideal
point LR_, which is established through the bisection of line lefi-right with the ideal line.
When the point LR _ is standardised (transformed into a format such as (sin ¢ cos ¢ 0)),
we can, with the help of the latter, as well as with the help of angles a and f, determine
the points L_and R_on the line / .

1. Establishing the line left-right
- The coordinates of point L are (y, =Y, x, =X, 1)

- The coordinates of point Rare (y, = Y, = Y, + X, + dsinvfx =X, =X +dcosv? 1)

Therefore, the following is true:

Hf.}{' n‘f.R

X, 1[=0 (22)

Y, +d-sinv) X, +d-cosv) 1
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The formula of the line left-right is:

X, 1 Y, 1 Y, X, 0
; — + w =
Uy, vdcosvi 1| T Y, +d sinv) 1T ALY, +d-sinv] X, +d-cosv] (23)
or, its coordinates:
X, 1
Cha X, +dcosv, l| (24)
o (25)
Y, +dsinv,
W - Y!. X{. - Y{ X!. + }/.I’ XJ'. (26)
oy, +d-sinv) X, +d-cosv)| |V, X,.| |d-sinv} d-cosv]
2. Establishing the ideal point on the line left-right
The line left-right is bisected with the ideal point (0 0 1):
Yin, Xig, @ e
0 0 1 =0 27
X, 1| Y, Y, X,
X, +d-cosv; 1| I Y, +d-sinv ]| |V, +d-sinv} X, +d -cosv}
The coordinates of the ideal point are denoted as follows:
0 1
1 Y,
Yig =|ft Yr. Yf Xr. __l}"+d'- #| =
x - Sy
1 Y, +d-sinv | [d-sinv ¥ d-cosv? t t (28)
LY |l 0
=—| K- ) =—d-sinv *
1Y, [l d-sinv]
1 0
Y, X X 1 X1 l‘
xFR = i L L = " =
R, X, +d-cosv) 1
d-sinv® d-cosvF||X, +d-cosvF 1 L HATEOSYL (29)
X, 1 0 |
=+ =—d -cosv
X, 1| |d-cosv] 1
0 0
(30)

Wpp, = X, I Y,
X, +d-sinv] 1

1Y, +d-cosv/
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The point LR = A( - d sin v} - d cos v} 0) is standardised, which means that it is multi-
plied by factor: 1

:i\_,=

2 2 2
J-"’m, T X, O,

Consequentially, we transform the notation LR = A( - d sin k- d cos v} 0) into LR =
(£ sin v} + cos v} 0).

Y - - ~= LR, =)\ (fd-sinvf —d -cosv | 0) 31

T+,

A =LR =} (—d -sinv;" —d-cosv | 0)

J(d -sinv [ j +(d -cosv | )2 (32)
1
W= = LR _=k(-d-sinv] —d-cosv) 0 33
Jdl (sinzvf +coslvf) ( : 00) 33
A= 11 = LR, :l(—d-sin\rf —d -cosv O) (34)
Vd*
LR, =idl(—d-sinvf —d -cosv ] 0] (35)
So, finally, the standardised ideal point is:
LRL = (T—Sil'l\"’:_a ?COS\-’f 0) (36)
or:
LR, =(¢sin (vf+kn)$cos@f+kn) 0) (37)

3. Establishing the ideal points on the lines left and right
(a) Ideal point L of the line /eft

The line lefi-right encloses, along with the positive side of x-axis, the angle v, and with
the line Jef?, the angle a. The angle of site of the line /eff is v)'= v} — o and the ideal line
is of the form:

L, = (sin (v- a) cos (v} —0) 0) (38)
(b) Ideal point R_of the line right

The coefficient of site of the line right is ' =v} + B and the ideal line is of the form:

R_= (sin (v8+ ) cos (vR+ B) 0) (39)
RMZ-M&G 2008, 55
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4. Establishing the lines left and right
(a) Establishing the line left:

The line left goes through the points L and L:

¢ lefi HI eft w.l' et

(40)

sinv-coso —cosv, -sina cosv; -cosa +sinv) -sina 0 [=0
}‘:'(:ﬁi Xﬁ'_fr I
R H R H
cosv X -cosa +sinv [ -sina 0
X,

Tef

Vi = =cosv) - cosa +sinv} -sina =cos (vf —a) (41)

0 sinv, -cosa —cosv; -sina
1 1

U, = =—sinv ;' -cosa —cosv ] -sina :—sin(\'f —{x) (42)

+ R R R’ * R’ 3
SINV, -COSCL—COSV, -SINCL COSV, -COSCL +SInV, -sIina
i Xies (43)

left

R . R
—tycosp —o } X,y sin o] -a)

Wies =

Coordinates of the line /eft:

("’:v;.‘ Uy Wi )= (cos (vf —(1) —sin (\!f —{1) ~Y -cos@f - } Xt -sin(vf —u)) (44)
(b) Establishing the line right

The line right is defined by the points R and R _:

VJ‘\'};JII' ung.l’r: n’w};)’rr
sinv -cosf +cosv, -sinf cosvy -cosf—sinvg-sinff 0 |=0 (45)
right XJ'r'g}J.r ]
L H L H
cosv, -cos p —sinv; -sinf 0 . .
Vi = . ¥ “ | =cosv} -cosP —sinvy -sin = cos@fg+ [5) (46)
right

Gouh o ov b i
0 sinv -cos B +cosv -sin B
1 1

u., = :—sinv;-cosﬁ+cosv;-sin[3:—sin(\-f;+[3) (47)

. I L - L . L .
sinv ;-cosP +cosv p-sinf cosvy -cos —sinvy -sin |

X g (48)

W . =

Yrr'gh.’

==Y, -c08 (\f; +B )+ X, - SIN (v,{,‘ + B)
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Coordinates of the line right:

("’,-,-g;.; U Wi )= (cos (v; + B) —sin (\-; + B) = A cos&; +B }+ X, sy - SN (v,', +P )] (49)

5. Establishing the unknown point M

The point M is defined as the intersection of the lines LM = LOTL and RM = R R:

yM 't_-l! ®
vn’e:ﬁ ”h?‘ﬁ W
v.l'r'gh.r H!igh.r W,

u.l’..{ﬁ M’!r_'ff
e W

M :(Y.u Xy Wy _[

right

Loo(y,©9 x, 00, C0)

left

right

vfufﬁ

r
right vr'i_\;."ﬁ

(50)

Vigi Ui

1]
] D

vr'a'xlu uru'_;;.l’fr

Figure 3. Intersection with projective coordinates
Slika 3. Zunanji urez s projektivnimi koordinatami
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CONCLUSIONS

In projective geometry, the lines have their own coordinates inasmuch as points do. A
point is defined as an ordered set of three numbers (y x w), which are not allowed to
simultaneously take on the value of zero, seeing as the latter would make (Ay Ax Aw)
the same point for any given A # 0. We can obtain an infinite number of ordered sets of
coordinates of a given point from the non-homogeneous coordinates of that same point,
just as well as we can obtain only one ordered pair of numbers from homogeneous co-
ordinates.

A line, much like a point, is an ordered set of three numbers, (v # w), which must not all
equal zero at the same time, seeing as that would again make (uv pu pw) the same line
for any given p # 0. The set (v u w) = (x,-x, y,-y, X,y ,x,) represents the coordinates
of the line that are denoted using rectangular coordinates, whilst the set (v u w) = (- cos
@ sin @ y, cos ¢ - x, sin @) represents the coordinates of the line that is denoted using
polar coordinates.

By using projective coordinates, the establishment of the intersection R(Y X) of two
lines — the line /,, defined by the points 4,(Y, X)) and 4, (Y, X)), and the line /,, on which
the points B,(Y, X,) and B,(Y, X)) lie — is very simple, and is defined using the help of
nine second order determinants:

First, the coordinates of lines /, and /, are established, for which six of secondary-order
determinants need to be calculated:

r=1=>0=0v, u, w)= o B B (52)
X, I LY |, X, h
X It ¥ |¥ X
A=1=hL=0 u w)= “ 1 ‘ | ! 1 |” (53)
X, I [ Y Y, A,

The intersection R, as the intersection of lines /, and /,, is established with the calcula-
tion of another three secondary-order determinants:

u w 54
n=l=R=( w)={“ w o9

R=(y x m)=(§ = 1\‘=(Y X =@ Xx) (53

J

The projective plane, as has already been mentioned, originates from the Euclidean
plane when we assume ideal points and an ideal line. Thus, the point with coordinates (y
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x w) lies in the Euclidean plane if w # 0, and w = 0 to render our point ideal.

Two different ideal points define the ideal line (0 0 1), on which all ideal points lie. The
notation (sin ¢ cos @ 0) represents these coordinates of our ideal point, from which we
can find the angle which a given line encloses in partnership with the positive side of
the x-axis.

If the line /, and the positive side of the first axis enclose the angle ¢, and both /, and
[, enclose the angle a, then the ideal point of the line /, can be determined as (sin(¢p +a)
cos(p,*a) 0), where ¢, = ¢ +a is the angle of site of the line /.

Via the introduction of ideal points and an ideal line, we are able to avoid the process of
calculation of lengths and angles of site in 2D measurement exercises (the practical ex-
ample here being the one depicted using intersections). The coordinates of an unknown
point may always be established as the intersection of two lines, defined by the given
and ideal points.

PovzETEK

MozZnost uporabe homogenih (projektivnih) koordinat v dvodimenzionalnih mer-
skih nalogah

V projektivni geometriji imajo poleg tock tudi premice koordinate.

Tocka je definirana kot urejena trojka Stevil (v x w), ki niso vse hkrati enake ni¢, s tem
da je (Ay Ax Aw) ista tocka za katerikoli 4 # 0. [z nehomogenih koordinat neke toc¢ke do-
bimo neskonéno urejenih trojk homogenih koordinat iste tocke, iz homogenih koordinat
neke toCke pa lahko dobimo eno samo urejeno dvojico Stevil.

Premica je urejena trojka Stevil (v u w), ki niso vse hkrati enake ni¢, s tem da je (uv pu
uw) ista premica za katerikoli u # 0. Trojka (v u w) = (x,-x, ¥ -y, ¥, X,- ¥, X, ) predstavlja
koordinate premice zapisane s pravokotnimi koordinatami, trojka (v u w) = (- cos ¢ sin
@y,c0s ¢ -x,sin ) pa koordinate premice zapisane s polarnimi koordinatami.

Z uporabo projektivnih koordinat je dolocitev presecis¢a R(Y X) dveh premic, premice
[,, ki ju dolocata tocki 4 (Y, X,) in A(Y, X)) ter premice /, na kateri lezita tocki B (Y,
X)) in B (Y, X)) zelo enostavna, saj se presecisc¢e doloCi s pomocjo devetih determinant
drugega reda:

Najprej se doloc¢ijo koordinate premic /, in /, za kar je potrebno resiti Sest determinant
drugega reda:
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X o0y X
A=1=1 =, u »\-'])=UX[ IJ ‘ ]‘ |I :

v r, x,
_ .l
x 1@yl x|

h=1= z: = (1:: u, w, ): qu | |] },I }l X|
2 2 2 2 Jl

PreseciSCe R, kot presek premic /, in /, pa je odrejeno z reSitvijo Se treh determinant
drugega reda:

u W

u, W,

p=1= Rz()-' x &)):[

R=(y x m):{;—’ g‘ |]=(Y X D)= X)

Projektivno ravnino dobimo iz evklidske ravnine, ¢e privzamemo tocke in premico v
neskonc¢nosti. Tocka s koordinatami (y x w) lezi v evklidski ravnini, ¢e je @ # 0 in je
tocka v neskoncnosti, ¢e je w = 0.

Dve razli¢ni neskon¢ni tocki dolo¢ata premico v neskoncnosti (0 0 1) na kateri lezijo
vse toCke v neskon¢nosti. Zapis (sin @ cos ¢ 0) predstavlaj koordinate neskon¢ne tocke
iz katerih razberemo kot, ki ga neka premica oklepa s pozitivnim delom abscisne osi.

Ce oklepa premica / , s pozitivnim delom prve osi kot ¢, s premico /, pa kot a lahko
neskoncno tocko premice /, dolo¢imo kot (sin (¢, +a) cos(¢ +a) 0) pri Cemer je ¢,_¢ +a
smerni kot premice /,.

Z uvedbo neskon¢nih tock in neskoncne premice se v merskih dvodimenzionalnih nalo-
gah (prakti¢ni primer uporabe prikazan v zunanjem urezu) izognemo ra¢unanju dolzin
in smernih kotov. Koordinate neznane tocke vedno dolo¢imo kot presecis¢e dveh pre-
mic, ki jih doloc¢at dani toc¢ki ter toc¢ki v neskoncnosti.
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