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This is the second of two special issues of Ars Mathematica Contemporanea dedicated
to the 7th Slovenian Graph Theory Conference (Bled’11). The conference was held (by
tradition) at Lake Bled, Slovenia, and took place from June 19 to June 25, 2011. In total, 9
keynote lectures and 213 contributed talks (within 16 Minisymposia and a general session)
were given.

The first special issue (published as the first issue of Volume 6 of Ars Mathematica
Contemporanea) contained 15 research papers. The current issue contains another 18 pa-
pers, on some more of the high quality research presented at the conference, and accepted
for publication after a thorough refereeing process. These papers, together with the 15
from the first special issue, present the readers of Ars Mathematica Contemporanea with a
selection of 33 fascinating and valuable contributions, covering a wide range of aspects of
graph theory.

A small number of submissions for these special issues have not yet completed the peer
review process. Those that succeed will be published in forthcoming regular issues of Ars
Mathematica Contemporanea.

In a sense, this special issue represents a formal conclusion to the Bled’11 conference.
We are already looking forward to the next Bled conference, to be held in June 2015.

Klavdija Kutnar and Primoz Sparl
Guest Editors
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Abstract

In this paper, we establish leading coefficient of Wiener index for open and closed 2-
dimensional rectangular lattices, for various open and closed polygonal lattices, and for
open and closed multidimensional cubes. These results enable us to establish compression
ratio of Wiener index when number of rows and columns in the lattice tends to infinity.
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1 Introduction

Topological indices are very important in chemistry, since they can be used for model-
ing and prediction of many chemical properties. One of the most famous and the most
researched indices is Wiener index. Topological indices are invariants defined on graphs
representing various chemical compounds. For example, one such compound is graphene
which is represented with hexagonal lattice graph. Also, nanotubes and nanotori received
much attention recently, and they are represented with a graph which is rectangle shaped
lattice with opposite sides identified.

Recent theoretical investigations point out that the minimization of distance-based graph
invariants, namely the Wiener index W [7] and the topological efficiency index p recently
introduced [3], provides the fast determination of the subsets of isomers with relative
structural stability of a given chemical structure. This method has been applied to im-
portant classes of carbon hexagonal systems like fullerenes, graphene with nanocones and
graphene. This elegant computational topological approach quickly sieves the most stable
Ces cages among 4478 distinct isomers as reported in [8]. Moreover, the same method
gives the correct numbers of NMR resonance peaks and relative intensities. The Wiener
index has been computed for monodimensional infinite lattices to describe conductibilty
features of conjugated polymers [1]. Present article reports about a relevant property - the
compression factor [3] - of the topological invariants computed on infinite lattices. For dif-
ferent topological indices, there is quite much recent interest [4-6] in the ratio of the value
of the index on open and closed lattices (i.e. nanotubes and nanotori). In this article, we
investigate compression ratio of 2-dimensional and multidimensional rectangular lattices,
and various 2-dimensional polygonal lattices.

The present paper is organized as follows. In the second section named ’Preliminaries’,
we introduce some basic notions and notation that will be used throughout the paper. In
the third section, we establish the leading coefficient in Wiener index for open and closed
2-dimensional rectangular lattices, which leads us to compression ratio in asymptotic case.
In the fourth section, we use the results from the second section to derive the same kind
of result for hexagonal and similar lattices. In the fifth section, we establish the limit of
compression ratio for d-dimensional rectangular cube. Finally, in the last section named
’Conclusion’, we summarize the main results of this paper.

2 Preliminaries

In this paper, we consider only simple connected graphs. We will use the following nota-
tion: G for graph, V(G) or just V for its set of vertices, F(G) or just E for its set of edges.
With NV we will denote number of vertices in a graph. For two vertices u, v € V, we define
distance d(u,v) of u and v as the length of shortest path connecting u and v. Given the
notion of distance, Wiener index of a graph G is defined [9] as

W(G) = Y d(u,v).

u,veV

Here, the pair of vertices u, v is unordered. In some literature, the summation goes over all
ordered pairs (u, v) of vertices and then the sum needs to be multiplied by a half. Now, let
us introduce some special kinds of graphs that will be of interest to us in this paper, namely
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open and closed lattice graphs. First, let R,, ;, be rectangular lattice containing 2n rows and
2kn columns of squares. Lattices I23 ; and Rs3 2 are shown in Figure 1.

Figure 1: Lattices [23 1 and R3 5.

Let us denote vertices of R,, ;, with integer coordinates (¢,7) for i = 0,...,2nk and
7 =0,...,2n as if the lattice was placed in first quadrant of Cartesian coordinate system.
Therefore

V(Rnk)={vij:9=0,....2nkand j =0,...,2n}.

Open lattice is a graph ORn, % obtained from R, j, by deleting vertices vy ; and v; o. Closed
lattice is a graph CRm % obtained from R,, ;. by identifying vertices vg ; and v, ;, and also
vertices v; o and v; 2,,. Therefore, open and closed lattice graphs have the same number of
vertices which is

|V(OR7L,]€)| = ’V(CR7L7k)| == 4n2k'.

Further, for a fixed integer £ let us consider polygons Py, with 4k 4- 2 vertices. Let L, i,
be rectangle shaped lattice consisting of 2n rows of polygons Py, with rows containing n
and n — 1 polygons alternatively, such that two neighboring polygons from one row share
exactly two vertices, while two neighboring polygons from different rows share exactly
k 4 1 vertices. For k = 1, lattice L, ; is actually hexagonal lattice with 2n rows and n
columns of hexagons. Note that lattice L,, j, can be considered as subgraph of rectangular
lattice 12, ;. assigning to polygons the size of 2k square cells. Therefore, we can use the
same vertex notation in L, ;, as in R,, ;. Lattices L3 ; and Lz o for Kk = 1 and k = 2 are
shown in Figure 2. Again, open and closed lattices OLn’ r and CLn’ & can be obtained as for
rectangular lattice. Finally, a d-dimensional rectangular cube R is defined in a following
manner: set of vertices V (RY) is defined with

V(R = {(x1,...,2q) : 7, € {0,1,...,n}},

and two vertices (x1,...,x4) and (y1,...,yq) are connected with an edge if and only
if there is a coordinate j such that z; = y; for every ¢ € {1,...,d}\{j}, and for j-
th coordinate holds |y; — x;| = 1. Open lattice “R? is a graph obtained from RZ by
deleting all vertices that have at least one zero coordinate. Closed lattice © R is a graph
obtained from R¢ by identifying every pair of vertices (z1,...,z4) and (yi,...,yq) such
that x; = y; for every i € {1,...,d}\ {j} and for j-th coordinate holds z; = 0 and
y; = n. Obviously, the number of vertices in © R and © RY is the same and it equals n.
Now, if G is an open lattice graph and © G its closed version, compression ratio of G
is defined [3] as
w(€G)
W(°G)

er(G) =
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Figure 2: Lattices L3 1 and L3 5.

Obviously, Wiener index depends on the size of the lattice i.e. on n and k, and therefore
compression ratio depends on them too. Our goal is to establish the limit of compression
ratio for R,, i, Ly, ;, and Rfl' when 7 tends to infinity for a fixed k.

3 Compression ratio of R,,

For k = 1 (i.e. for square shaped rectangular lattices), the result cr(R,, 1) = % was already
obtained in reference [4]. The result % for bidimensional square is the same as the result for
monodimensional lattices (polymer chains) obtained in [3]. We will here derive the same
result for £ > 1, i.e. for some rectangle shaped lattices. Let k be fixed integer. We have

following theorems.

Theorem 3.1. For the lattice graph ORnﬁk, Wiener index W(ORn, &) is a polynomial in n

of degree 5 whose leading coefficient equals
16
31{2 (1+k).

Proof. For vertices v; j and v, , of ©R,, . holds

d (vij,Vp,q) = [P — il + g — jl.

Obviously,
2kn 2n 2kn 2n 2kn 2n 2n
WEORwE) =YY DD dwijovpg) = DD D d(vij,vig).
i=1 j=1 p=i q=1 i=1j=14q=j

The second (subtracted) sum does not influence leading term in n, therefore we can neglect
it. To avoid absolute value, we can rewrite the first sum as

2kn 2n 2kn 2n 2kn 2n 2kn
O ~
W( Rn,k)~2§ E E E d(vi7j7UP7Q)_§ E E d(vi,j, Up,j)-
i=1 j=1 p=i q=j i=1 j=1 p=i

Again, the second (subtracted) sum does not influence leading term in n, therefore we can
neglect it. Now we have

2kn 2n 2kn 2n

W(ORnx) =23 3 3> (p—i+q—j)

i=1 j=1 p=i q=j

and the result then follows by easy calculation.
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Theorem 3.2. For the lattice graph CRn,k, Wiener index W(CRn,k) is a polynomial in n
of degree 5 whose leading coefficient equals

4k* (1 + k).

Proof. Obviously, all vertices in CRmk have the same sums of distances to all other ver-
tices. Therefore, to obtain W (¢ R,, ) it is enough to calculate distances from one vertex
(v1,1 is easiest for calculation) to all other vertices. Since Cank. is a torus, to do that we
will calculate the sum of distances from vy 1 to v, o where 1 <p < knand1 < ¢q < nand
multiply it by 4. Now, the obtained number should be multiplied by number 27 - 2kn of ver-
tices in the lattice, and then divided by 2 since each distance was counted twice. Therefore

we have
kn n

W(“Rpp)m 5 -2n-2kn-4-3> Y (p—1+q—1),

p=1qg=1

and the result now follows by direct calculation.

Corollary 3.3. Holds
3
lim er(Rn i) = —

n— o0 4°

4 Compression ratio of L,, ;.

This section is devoted to the exact determination of the compression factors for the 2-
dimensional polygonal lattice L,, ;. We start from a numerical example devoted to the
case of the graphene lattice. Figure 3 shows the rectangular L3 ; portion of this hexagonal
system.

Figure 3: View of L3 ; hexagonal lattice with bold vertices common to neighboring poly-
gons along one row, whereas the dotted ones are shared by two neighboring polygons from
two different rows.

The numerical determination of invariants W (©G) and W (¢ G) for this infinite graph
is based on the results summarized in Table 1 where, for an increasing number of vertices
N, values of both descriptors are listed. The exact polynomlal forms are given in Table 1

or “W and “W with leading terms W ~ 21{* 2 and CW ~ IYZ respectively, producing
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N | oW = (68F —5N: - NE) | W =3, (TN - an?)
36 3038 2232
100 39 666 29 000
196 214214 156 403
324 753 882 550 152
184 2057 902 1501 368
676 4746 690 3162472
900 9710 998 7083 000

Table 1: Exact polynomial forms for the Wiener index of the open (°T) and closed ()
rectangular graphene lattices L,, ; with IV vertices.

the value cr(Ly,1) = i—g for the compression factor of rectangular graphene. More de-
tails about the numerical determination of various topological descriptors of the graphene
rectangular lattices are given in [2].

Now, we want to establish the compression ratio of L,, . We will use the fact that L, j,
can be considered as the subgraph of R,, ;.. Therefore, distances between vertices in Ly, j,
for some pairs of vertices are equal as in 12, ;,, while for some other pairs of vertices are
greater than in R,, ;.. We will establish for which pairs of vertices the distance is greater in
Ly, than in R,, j;, and how much greater. We will not establish the exact value of Wiener
index for OLn,k or CLm & as that would be tedious for all the possible cases, but we will

neglect some quantities which do not influence the leading coefficient.

Theorem 4.1. For the lattice graph OLn,k, Wiener index W(OLn’k) is a polynomial in n
of degree 5 whose leading coefficient equals

16

V1.2
ER (Th+5).

Proof. Since L, i, is a subgraph of I?,, ; that means distances in L,, j are equal or greater
than in R,, ;. Therefore
W(Lnx) =W(ORnx) + A.

If we establish leading coefficient in A, then by combining that result with Theorem 3.1 we
obtain desired result. Therefore, we are interesting in establishing A, i.e. for which pairs
of vertices the distance in L, j, is greater than in 12, , and how much greater. For a vertex
v;; lattice Ly, , can be divided into four areas as illustrated with Figure 4. Vertices in areas
left and right to v; ; have the same distance to v; j in Ly, ;, as in R,, , while the vertices in
areas up and down to v; ; have the greater distance to v; ; in Ly, ;, than in R,, j. For easier
calculation, we will approximate zig-zag lines that divide L,, j into areas with lines

q=qp)=jj—-(p—1),
q=q(p) =7+ E(p—i)-

as also illustrated in Figure 4, and we denote upper and lower areas with L;;‘ ;. and left and
right areas with L2, . With such an approximation, we make an error in some vertices near



J. Sedlar et al.: Compression ratio of Wiener index in 2-d rectangular and polygonal lattices 7

Figure 4: Division of lattice L,, j into areas for a vertex v; ;.

the lines, but since number of such vertices is linear in n, that error does not influence the
leading term of A and we can neglect it. Now that we established the pairs of vertices
for which the distance is greater, we want to establish how much greater. Obviously, the
trouble is if we have to go vertically, since some vertical edges are missing now. Therefore,
we go vertically as little as we can (the shortest path is illustrated in Figure 4), and for
each vertical step the path is k edges longer in L,, j than in 1z,, ;. Now, to calculate all
these exactly, we have to divide into cases, regarding the position of v; ; (since then lines
q1(p) and go(p) intersect boundaries in different sides, which influences calculation). The
division into cases is illustrated with Figure 5. There are four areas, but upper and lower

I
ERSEEEEEEGEE
EEER RN RN
v (NI

Figure 5: Division into cases with respect to the position of v; ; in the lattice.

are equal up to symmetry, and also left and right. Again, we will approximate division with
lines

J=1() =n— (i - kn),

Jj=720) =n+ (i —kn)

el =

and denote upper and lower areas with LSL and left and right areas with LELQ L This approx-

imation again produces an error in calculéting W (L, 1) but not great enough to influence
the leading term, therefore we can again neglect it. Before we proceed note that lines we
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introduced can also be expressed as ¢ = i1(j), ¢ = i2(j), p = p1(q) and p = pa(q). Now
we distinguish two cases.

CASE I: Let v; ; € L( ) For an arbitrary vertex v, 4, we are interested in establishing
the difference in d(vw , vp,q) between L, ;, and IR, ;. The difference is greater than zero
only if v, 4 € L;;x .- To calculate the difference A; that occurs for pairs of vertices in this

case, we have to divide Lﬁ i into 4 subareas A;, As, A3, A, asillustrated in Figure 6. Now

’
L7
\

N

N
\
N\,
_e/
7]
»
7]
7/
=7
4
I S . 4
’

~
3
L
N
—

e L L]

1

Figure 6: The division of the area L/}, into subareas in the case v; ; € L, 3@

we have

2n  i2(j) i q2(p)

Z Z > (ax(p) -
1 )p 1 g=1

2n (] 2k nq1(P

=2) Z D (@

Jj=ni=ii(j) p=1t q¢=1

2n [

A3”ZZ S Y G-at)-k
J=ni=i1(j) p=p1(2n) ¢=q1(p)
2n  42(j) p2(2n)

2a0=23 3 5 S wk

J=ni=ii(j) p=t q=q2(p)

Therefore A1 = A(A4;)+A(A2)+A(Asz)+A(Ay) and by direct calculation we establish
that A, is a polynomial in n of degree 5 with leading coefficient bemg s,

CASE II: Let v; ; € LSL Again, the difference d(v; ;,vp q) is greater than zero only

. A . .. A . . .
if vpq € L, ;. Again, we divide L7, into four areas Ay, ..., A4 as shown in Figure 7.
Now, we calculate
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N\ Va 7
As o
4

N\, b p ’

Figure 7: The division of the area L7}, into subareas in the case v; ; € L;ZL

kn J1(3) i q2(p)

AAD =2 3" 3> (e)—a) -k,
i=1 j=j»(i) p=1 =1
kn  Ji1(i) p1(1) q1(p)

A(A) =23 > Y > (@) —a) -k,
i=1j=j2(i) p=i ¢=1
kn  J1(i) i 2n

Adg) =237 > > > (a—a) -k,
i=1 j=j5(i) P=1 q=q1(p)
kn Ji(i) p2(2n) 2n

A(144):22 Z Z Z (¢ = q2(p)) - k-

1=1 j=j2(i) P=t q=q2(p)

Now Ay = A(A1) + A(A2) + A(A3) + A(A4) and by direct calculation we establish that

As is a polynomial in n of degree 5 with leading coefficient being %kz?’.

Therefore, we conclude that A is a polynomial in n of degree 5 with leading coefficient

being equal to
1/14 5 22 4 32 4
| = — = —k°.
2(5k +15k> 15

Now the result follows from this and Theorem 3.1.
O

Theorem 4.2. For the lattice graph CLnyk, Wiener index W(CLnﬁk) is a polynomial in n
of degree 5 whose leading coefficient equals

4
§k2 (4k +3).

Proof. Let us introduce the same vertex notation in CLm L asin CRm r (we can do that as
CLn_,k is a subgraph of CRn_,k). Since, CLn,k is a subgraph of CRn,k we have

W (“Lox) =W (“Ray) + A

Therefore, if we establish A, the result will follow from Theorem 3.2. Since all vertices in
© L1 are equivalent in the sense that they have the same distances to all other vertices, it
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is enough to calculate difference in distances for one vertex, and then multiply it by number
of vertices, and divide by two since each difference is thus calculated twice. It is easiest if
we calculate for vy ;. Since CLn, 1 1s a torus, we will calculate the difference in distance
from vy ; to v, g where 1 < p < knand 1 < ¢ < n and multiply it by 4. In that area
difference in distances is greater than 0 only if 1 < p < kn and ¢; (p) < ¢ < n where

.p.

=

qi(p) =

Therefore,

kn n
1
A%§'2kn'2n'4'z Z (@a—aqi(p)) -

p=1g=q:1(p)

By direct calculation, we obtain that A is a polynomial in n of degree 5 with leading
coefficient being

4
—k3.
3

Now the result follows from Theorem 3.2.

Corollary 4.3. Holds

.  5(4k+3)
A er(Lnk) = TEE 5y

Now, we can derive from this result compression ratio for some specific lattices. For
example, lattice L,, ; is hexagonal lattice with 2n rows and n columns of hexagons. There-
fore, from Corollary 4.3 follows that compression factor for such lattice equals

. _5(4+3) 3
nh_)rr;o er(Lp) = NS 0.72917

confirming the result numerically derived in [2]. For k = 2, lattice L,, j, is a lattice con-
sisting of 10-gons, with 2n rows and n columns of rectangular unit cells with size 2k = 4
squares as in Figure 2. From Corollary 4.3 follows that compression factor for such lattice
equals

5(4-243) 55

li Lno) = =00 =22 72368,
A er(Ln2) 4(7-245) 76

Corollary 4.4. Holds

. . k
nhﬁn;o cr(Lpg) = nhﬁn;o er(Rp k) — m
Invariant lim,,_, o, cr(Ly, ;) reaches its maximum value lim,,_, o cr(Ly, 1) = %, whereas

for large k the limit lim,,_, o, cr(Ly, ) constantly decreases toward its lower limit %
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5 Compression ratio of R¢

In this section, we will establish the limit of compression ratio of d-dimensional rectangular
cube Rfl when n tends to infinity, and we will show that it does not depend on dimension

d.

Theorem 5.1. Holds 3
li RY) ==,
im_er (1) =

n—oo

Proof. Let us denote [n] = {1,2,...,n}. Note that

. W(°RY) 1
Jim et = | Y > D i-al] =

(z1,...xa)€[n]? (y1,...ya) €[n]? 1<i<d

1
= lim ——— | d-n?¥2 E j—1) | =
n—oo np2d+1 (7 )
1<i<j<n

o1 .
dm | 2 U=0) =

1<i<j<n
_4
6
On the other hand
o W(°RY) 1 1,
S st = e |2 (1) | =
(21, wa)E[n/2)9 1<i<d
do1 nyd—1 B
=t e (27 (5) X <H>) -
1<i<n
1
=Jim (4 2 i) =
1<i<z
_d
-8
Therefore
w (R4
lim cr(Rd) = lim ﬂ = lim M = g = §

6 Conclusion

In this paper, we studied compression ratio for open and closed 2-dimensional rectangu-
lar lattices R,, ; and 2-dimensional polygonal lattices L, ;. For that purpose, we estab-
lished that leading coefficient in W (PR, 1) equals 22k (1 + k) (Theorem 3.1), while
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in W(CRn %) equals 4k? (1 + k) (Theorem 3.2), which yields lim,, . cr(R, %) =
(Corollary 3.3). Also, we established that leading coefficient in W (©L,, 1) equals 12
(7k + 5) (Theorem 4.1), while leading coefficient in W ( L,, 1) equals k% (4k + 3) (The—

orem 4.2), which yields lim,,_,oc cr(Lp k) = 3’;1‘;’) (Corollary 4.3). Lattice L, is
hexagonal lattice with 2n rows and n columns of hexagons, for which therefore holds

limy, o0 r(Lin1) = Z—g. Lattice L,, o is 10-gonal lattice with 2n rows and n columns, for

45((184135)) = %. Finally, we established that for d-

dimensional rectangular cube holds lim,, . cr (Rg) = % (Theorem 5.1).

,_.
?r
N[

which therefore lim,, o0 cr(Ly2) =
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Abstract

The packing chromatic number x,(G) of a graph G is the smallest integer & such that
the vertex set V' (G) can be partitioned into disjoint classes X7, ..., X}, with the condition
that vertices in X; have pairwise distance greater than ?. We show that the packing chro-
matic number for the hexagonal lattice H is 7. We also investigate the packing chromatic
number for infinite subgraphs of the square lattice Z? with up to 13 rows. In particular,
we establish the packing chromatic number for Ps[JZ and provide new upper bounds on
these numbers for the other subgraphs of interest. Finally, we explore the packing chro-
matic number for some infinite subgraphs of Z2[(1P,. The results are partially obtained by
a computer search.

Keywords: Packing chromatic number, hexagonal lattice, square lattice, computer search.

Math. Subj. Class.: 05C70, 05C85

1 Introduction and preliminaries

The packing coloring was introduced by Goddard et al. in [6] under the name broadcast
coloring. The concept comes from the regulations concerning the assignment of broadcast
frequencies to radio stations. In particular, two radio stations which are assigned the same
frequency must be placed sufficiently far apart so that neither broadcast interferes with the
reception of the other. Moreover, the geographical distance between two radio stations
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which are assigned the same frequency is directly related to the power of their broadcast
signals. These frequency restrictions have inspired the graphical coloring problem defined
below.

A E-coloring of a graph G is a function f from V(G) onto a set C' = {1,2,...,k}
(with no additional constraints). The elements of C' are called colors. Let X; denote the set
of vertices with the image (color) 7. Note that X7, ..., X}, is partition of the vertex set of G
into disjoint (color) classes.

Let X1, ..., X}, be a partition of the vertex set of G with respect to the following con-
straints: each color class X; is a set of vertices with the property that any distinct pair
u,v € X; satisfies dg(u,v) > i. Here dg(u,v) denotes the usual shortest path distance
between v and v. Then Xj is said to be an i-packing, while such a partition is called a
packing k-coloring. The smallest integer k£ for which there exists a packing k-coloring of
G is called the packing chromatic number of G and it is denoted by x,(G).

Let G = (V, E) be a graph. A walk is a sequence of vertices vy, va, . .., vy and edges
v;Vit1, 1 < ¢ <k —1. A path on n vertices is a walk on n distinct vertices and denoted
P,. A walk is closed if v1 = v,. A closed walk in which all vertices (except the first and
the last) are different, is a cycle. The cycle on n vertices is denoted C,,. For u,v € V(G),
dg(u,v) or d(u, v) denotes the length of the shortest walk (i.e., the number of edges on the
shortest walk) in G from w« to v. These definitions extend naturally to directed graphs.

A set S C V(G) is independent if xy ¢ E(G) for any pair of vertices z,y € S.
Cardinality of a largest independent set .S of G is the independence number a(G) of G.

This paper studies the packing chromatic number of hexagonal lattice and of some
infinite subgraphs of square lattice. Section 2 contains the search for the lower bound on
the packing chromatic number in hexagonal lattice. The bound is obtained by a computer
program using the dynamic approach for computing graph invariants, as described in the
first part of the section. Section 3 discusses the packing chromatic number for some infinite
subgraphs of the square lattice. We establish the packing chromatic number for P;[JZ and
provide upper bounds on these numbers for P,[17Z, where 7 < n < 13. We conclude the
paper with the packing chromatic number for C,[JZ as well as with some partial results on
upper bounds for some infinite subgraphs of Z2[JP; provided in Section 4.

The results in our paper were partially obtained by computers, mainly in Windows en-
vironment, but some also using Linux Ubuntu operating system. The machines used for
computations were also diverse: Intel 17 930 based personal computer, Intel Q9400 based
machine and a computer cluster (with up to 24 processor cores). All computations were car-
ried out during six months, starting in the middle of 2010. The development environment
and class libraries Lazarus (version of Pascal language) were used to write all necessary
programs.

2 Hexagonal lattice

The hexagonal lattice H plays a crucial role in many network applications, particularly in
frequency assignments, e.g. see [5]. It was proved by Bresar et al. [1] that the packing
chromatic number of the infinite hexagonal lattice lies between 6 and 8. The result was
improved by Fiala et al. [3], where the packing 7-coloring of the hexagonal lattice is
presented.

We show in this section that actual lower bound on the packing chromatic number of
the infinite hexagonal lattice is 7 and therefore x,(H) = 7.
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We now present the algorithms, that have been used to provide the main result. We first
describe the concept needed to describe our computer checking. The idea is introduced in
[9] in a more general framework, but for our purposes the following description will be
sufficient.

u

Figure 1: Graph H;.

Observe first the graph H; depicted in Fig. 1. We construct H; for 7 > 1 as follows.
Take the graph which is composed of an isomorphic copy of H;_; and of an isomorphic
copy of H;. Then add additional four edges that connect vertices u’,v’, w’ , and 2’ of the
last added copy of H; in H;_; with the vertices u, v, w, and z of the new copy of H;. As
an example see Fig. 2 where H> is depicted.

Figure 2: Graph Hs.

Obviously, H; is a subgraph of H for: > 1.

We next define a directed graph Dy, as follows.

The vertices of Dy, are all packing k-colorings of H;. Let u and v be two distinct
vertices of Dy. Then uv denotes a k-coloring of Hy such that u and v induce the respective
packing k-coloring of the first and the second copy of H;. Note that uv need not to be a
packing k-coloring of Hs. wv is an arc in Dy, if and only if uv is a packing k-coloring of
Hs.

Lemma 2.1. Let k < 6. Then H; admits a packing k-coloring if and only if Dy, possesses
awalk P = v1,vy,...,v; with v; corresponding to the j-th copy of H;.
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Proof. Suppose first that Dy, possesses a walk P = vy, vs,...,v;. If ¢ = 2, then P is an
arc from vy to v in Dy, and the claim is obvious. Let then ¢ > 2. Suppose the claim holds
for P = vy, vs,...,v;_1,1.e. H;_1 admits a packing k-coloring. Since P has an arc from
v;—1 to v;, the corresponding colorings induce a packing k-coloring in a copy of H» that
corresponds to v;—1 and v;. In order to see that the assertion holds, note that the distance
between a vertex of a copy of H; that corresponds to v; and a vertex of a copy of H; that
corresponds to v;_o is at least 7.

Suppose now that H; admits a packing k-coloring. If ¢ = 2, then by definition of
Dy, a packing k-coloring of Hy induce an arc in Dj. Let then ¢ > 2. Note that H; is
composed of an isomorphic copy of H;_;, say X, and of an isomorphic copy of Hj, say
Y. Y is connected in H; to an isomorphic copy of H;, say Z. Suppose the claim holds
for H; 1 and let P’ = vy,vs,...,v;_1 denote a walk in Dy, that corresponds to X. Since
H,; admits a packing k-coloring, Y induces a packing k-coloring of H;, say v;. Y and Z
together induce a packing k-coloring of Hs and therefore v; _;v; forms an arc in Dj. Then
P =wvy,v9,...,v;—1,v; is a walk in Dy, and the proof is complete. [

Lemma 2.2. Let k < 6. Then H admits a packing k-coloring only if Dy, contains a closed
directed walk.

Proof. Let H for a given k admit a packing k-coloring denoted f. Suppose that Dy, is
acyclic. Since H; is finite, there is obviously only a finite number of vertices (packing
k-colorings of H;) in Dy, say ny. Let then d < ny denotes the length of a longest directed
path in Dj. Take now a subgraph of H isomorphic to Hg,o. A restriction of f to Hy o
is obviously a packing k-coloring of H;49. From Lemma 2.1 it follows that H ;o admits
a packing k-coloring if and only if D;, possesses a walk P = v1,vs,...,vq42 With v;
corresponding to a packing k-coloring of the j-th copy of H;. But since Dy, is acyclic, the
length of the longest walk in Dy, is at most d and we obtain a contradiction.

O

Theorem 2.3. x,(H) ="7.

Proof. Since it is proved in [1] that the packing chromatic number of the infinite hexagonal
lattice is at least 6 and since in [3] a coloring of the hexagonal lattice using 7 colors is
presented, we have to show that H does not admit a packing 6-coloring.

We first constructed the graph Dg by using a computer program. The graph consists
of 26660 vertices with a maximum output degree of 37 (see also the concluding remark).
By the depth first search algorithm we next established that Dg is an acyclic graph. From
Lemma 2.2 then it follows that the hexagonal lattice cannot admit a packing 6-coloring.
This assertion completes the proof. O

An alternative approach to prove Theorem 2.3 is to use a naive brute force search for
a large enough subgraph of H. The approach used in the proof Theorem 2.3, however, is
potentially much more interesting and utile in order to search for the packing chromatic
number in other families of graphs since it uses the packing k-colorings of a relatively
small graph.

3 Square lattice

Cartesian product of graphs provide a setting which has been widely used in designing large
scale computer systems and interconnection networks. The Cartesian product of graphs G
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and H is the graph GO H with vertex set V(G) x V(H) and (x1,22)(y1,y2) € E(GOH)
whenever z1y; € E(G) and 29 = y, or zoy2 € E(H) and 21 = y;. The Cartesian
product is commutative and associative, having the trivial graph as a unit, cf. [8]. The
subgraph of GO H induced by u x V' (H) is isomorphic to H and it is called an H-fiber.

It will be convenient to view the square lattice as the Cartesian product of two infinite
paths, i.e ZUZ.

Goddard et al. [6] determined the packing chromatic number for infinite subgraphs of
the square lattice Z2 with up to 5 rows. In the same paper the question of determining the
packing chromatic number of the infinite square lattice was posed. The best upper bound
17 was given by Holub and Soukal [7], while the best lower bound 12 was determined by
Ekstein et al. [2].

We have considered infinite subgraphs of Z[JZ with up to 13 rows. The main results
are summarized in the following proposition.

Proposition 3.1.

(i) x,(Ps0Z) = 10,
(ii) x,(P70Z) < 11,
(iii) x,(Ps0Z) < 12,
(iv) X, (Py0Z) < 13,
(v) xp(P1o0Z) < 14,
(Vl) XP(PHDZ) S ].4,
(vii) x,(P120Z) < 15.
(Vlll) Xp(P13[]Z) S 15.

Proof. Note first that if f is a packing k-coloring of P,[JC), k < ¢, then we can construct
from f a packing k-coloring of P,[1P,, for every m. One can use f to color every P, -fibre
(uj x Py) of P,[0P,, in the same way as the P,-fibre (vj moda¢ X P,) of P,00C,

i1 2 1 3 1 2 1 3 1 2 1 3 110

31 4 1 8 1 5 1 9 1 4 1 2 1

i1 ¢ 1 2 1 3 1 2 1 3 1 7 1 5

2 1 3 1 7 1 4 1 6 1 2 1 3 1

$1 9 1 5 1 2 1 3 1 5 1 8 1 4

31 2 1 3 110 1 2 1 3 1 2 1

Figure 3: A packing 10-coloring of Ps[1C4

12 1 3 1 2 1 3 1 2 1 3 1 4 1 5
31 ¢ 1 4 1 7 1 5 1 66 1 2 1 7 1
188 1 2 1 3 1 2 1 3 1 9 1 3 1 2
4 1 3 1 5 110 1 4 1 2 1 5 1 11 1
12 1 9 1 2 1 3 1 8 1 3 1 2 1 3
5 1 7 1 3 1 6 1 2 1 7 1 4 1 6 1
i1 3 1 2 1 4 1 5 1 3 1 2 1 3 1 2

Figure 4: A packing 11-coloring of P;JC¢
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12 1 3 1 2 1 3 1 2 1 3 1 4

31 5 1 4 110 111 1 5 1 2 1

18 1 2 1 3 1 2 1 3 1 6 1 9

2 1 3 1 6 1 5 1 4 1 7 1 3 1

i1 4 1 7 1 2 1 3 1 2 112 1 5

31 2 1 3 1 9 1 8 1 3 1 2 1

111 1 5 1 4 1 2 1 5 1 4 1 10

2 1 3 1 2 1 3 1 66 1 2 1 3 1

Figure 5: A packing 12-coloring of Pg[1C14

$1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3
4 1 5 1 6 1 4 1 5 1 7 1 4 1 5 1 o 1 7 1
$1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2
2 1 8 1 7 110 111 1 6 1 9 113 1 4 1 5 1
$1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3
c 1 4 1 9 1 5 1 4 1 8 1 5 1 7 110 1 11 1
$1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2
7 1 5 113 1 66 1 7 112 1 4 1 6 1 5 1 4 1
$1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3

Figure 6: A packing 13-coloring of PyLJCyg

In order to obtained the upper bounds, we therefore first tried to find a packing k-
coloring of P,[JC,, for every n of the interest with k (and m) being as small as possible.

The obtained colorings for n € {6,7,8,9,11,13} are depicted in Figs. 3 - 8, while a
packing 14-coloring of P;o[JC¢ and a packing 15-coloring of P;2[1C4 can be obtained
from the first 10 rows of the packing 14-coloring of P;;0C¢ depicted in Fig. 7 and the
first 12 rows of the packing 15-coloring of P;3[1C4 depicted in Fig. 8, respectively.

In order to provide the lower bound for x,(PsJZ) we applied the backtracking search,
e.g. see [10], adapted to packing colorings. Since the procedure did not find a packing
9-coloring in x,(Ps[JP;2), the assertion follows. O

Results in Proposition 3.1 provide general upper bounds for infinite families of Carte-
sian products of two paths. For some graphs of these families however, better bounds or
even the exact numbers can be computed. The results are depicted on the web page pre-
sented in the concluding remark. We again applied the backtracking search, which it is
guaranteed to find a solution, if one exits, but it is relatively time consuming and therefore
not usable for larger graphs.

The colorings depicted in Figs. 3 - 8 have something in common: every second vertex
in a row (column) is colored by the color 1. We therefore conjecture, that if a packing k-
coloring of P,,l]P,, exists, one can always find a packing k-coloring such that the class X
is distributed as described above. This conjecture is formally stated below.

Conjecture 3.2. Let n > 4 and let x,(P,,,0P,) = k. Then exists a packing k-coloring of

PP, with |X| = a(P,0P,) = [22].
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12 1 3 1 2 1 3 1 2 1 3 1 2 1 3
4 1 5 1 8 1 4 1 6 1 7 1 5 112 1
i1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2
7 1 9 113 1 5 110 1 11 1 4 1 6 1
$1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3
5 1 4 1 ¢ 1 7 1 4 1 5 1 8 114 1
1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2
10 111 1 5 112 1 9 1 o 1 7 1 4 1
12 1 3 1 2 1 3 1 2 1 3 1 2 1 3
6 1 7 1 4 1 8 1 5 1 4 113 1 5 1
$1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2
Figure 7: A packing 14-coloring of P;10C 4
12 1 3 1 2 1 3 1 2 1 3 1 2 1 3
4 1 5 1 8 114 1 9 1 66 1 7 1 12 1
i1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2
c 1 7 1 4 115 1 5 1 4 1 10 1 5 1
$1 2 1 3 1 2 1 3 1 2 1 3 1 2 1 3
1 1 9 1 5 1 6 1 7 1 8 113 1 4 1
1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2
5 1 4 110 112 1 4 1 5 1 6 1 7 1
12 1 3 1 2 1 3 1 2 1 3 1 2 1 3
8 1. o 1 7 1 5 111 1 9 1 4 1 14 1
$1 3 1 2 1 3 1 2 1 3 1 2 1 3 1 2
4 1 5 113 1 4 1 6 1 7 1 5 115 1
12 1 3 1 2 1 3 1 2 1 3 1 2 1 3

Figure 8: A packing 15-coloring of P13[1C

If the conjecture holds, the vertices of the class X; can be fixed and therefore the
backtracking is capable to provide results for much larger graph. In order to provide lower
bounds for graphs of moderate size we therefore applied backtracking with no additional
constraints, while for larger graphs the vertices of the class X; were fixed. The results of
these computations are summarized in Table 1. The results in the table are of two types:
exact values and upper bounds. Some of the upper bounds are exact values of x, if the
Conjecture 3.2 holds. If a value £ in the table is exact, that means that a packing k-coloring
for the graph of interest is found and that the backtracking procedure confirmed that a
packing (k — 1)-coloring does not exist. An upper bound % means that a packing k-coloring
for the graph of interest exists, but we could not prove that a packing (k — 1)-coloring does
not exist. On the other hand, if an upper bound & is marked with asterisk, the backtracking
proved that a packing (k — 1)-coloring with the vertices of the class X fixed as stated in
the conjecture does not exist.
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m\n][6]7]8] 9] 10 11 12 13 | 14—15] 16—24] 25—27| 28—41] > 41
6 [|819]9] 9 9 9 10 10 10 10 10 10 10
7 99 9| 10 10 10 10 10 | <11 | <11* | <11* | <11*
3 910 10 10 |<I11* | <1I* | <11* | <11* | <11* | <12 | <12
9 10 | <IIF|<11*| <11* | <11* | <11* | <12* | <12* | <12* | <13
10 <17 | <117 | <117 | <12* | <12* | <12* | <14 | <14 | <14
11 <I1* | <12* | <12* | <14 | <14 | <14 | <14 | <14
12 <12 | <12*| <15 | <15 | <15 | <15 | <15
13 <13 | <15 | <15 | <15 | <15 | <15

Table 1: Packing chromatic numbers and bounds for P,,,[1P,.

4 Subgraphs of ZUZUP,

It is known that y,(Z?) = oo [4]. Moreover even the packing chromatic number of
ZOZOP, is unbounded [3]. On the other hand, it was proved that x,(GOZ) < oo for
any finite graph G [3].

Hence, it is worthy to study the packing chromatic number of some infinite subgraphs
of ZJZIP,. In particular we considered C4[1Z, Cs0Z, Cs[1Z, C1o0Z, C12007Z, and
P,0O0P;00Z. We were able to obtain exact results for the packing chromatic number of
C407Z, while for the other families some partial results and bounds were found.

Proposition 4.1.
(i) x,(C,0OZ) =9,
(ii) x,(Cs0Z) < 13,
(iii) x,(Cs0Z) < 15,
(iv) x,(C100Z) < 22,
(v) x,(C120Z) < 17,

Proof. The upper bounds follow from the packing 9-coloring of C4;[0C¢ and from the
packing 15-coloring of Cg[1C54 depicted in Fig 9 and Fig 10, respectively. The packing
13-coloring of CgCys, the packing 22-coloring of C1o0Cys, the packing 17-coloring of
C1200C,s and the packing 18-coloring of P>[1P5[1C)g can be obtained from the authors
or from the web page presented in the concluding remark.

1 4 1 ¢ 1 5 1 8 1 4 1 66 1 5 1 9
21 3 1 2 1 3 1 2 1 3 1 2 1 3 1
i1 51 7 1 4 1 9 1 5 1 7 1 4 1 8
31 2 1 3 1 2 1 3 1 2 1 3 1 2 1

Figure 9: A packing 9-coloring of C;[1C'4

The lower bound for C4[1P; is obtained by using the backtracking procedure which
confirms that 8-coloring of Cy[1P;y does not exist. O

Note that a coloring of G which provides the upper bound in Proposition 4.1 has the
vertices of the class X distributed such that the cardinality of X; equals the independence
number of G. We therefore generalize Conjecture 3.2 as follows.

Let X,,, denote P, or C,,.
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1131 81 41 51 91 41 51 81 41 51 91 4
312 13 12 13 12 13 12 13 12 13 12 1
1 1 71121141 661 7113 1151 61 71 101 5
2 13 12 13 12 13 12 13 12 13 12 13 1
1 41 91 51 41 81 51 41 91 51 41 8111
312 13 12 13 12 13 12 13 12 13 12 1
1 51151 61 71101111 661 7112 1141 6 1 7
2 13 12 13 12 13 12 13 12 13 12 13 1

Figure 10: A packing 15-coloring of CsJC24

Conjecture 4.2. Let n > 4 and let x,(X,,0P,0P,) = k. Then there exists a packing
k-coloring of X,,,(d0P,0P,, such that | X,| = a(X,,,0P,0P,).

Analogous as in Section 3 we therefore applied backtracking with no additional con-
straints for graphs of moderate size, while for larger graphs the vertices of the class X; were
fixed. The packing colorings of the graphs of interest can be obtained from the authors or
from the web page presented in the concluding remark. The results of these computations
are summarized in Table 2, where an upper bound £ marked with asterisk means that the
backtracking proved that a packing (k — 1)-coloring with the vertices of the class X fixed
as stated in the conjecture does not exist.

m\n 23456 7] 8 9 [ 10 11 [12—15[16—18[19—34] > 34
4 5517171717138 8 9 9 9 9 9 9
6 s[88] 8 oo 11 [ 11 [ 11 12 [<12° [ <12 [ <13 [ <13
8 777979 Jo]ro] 11 [<127[<12F[<13* [ <13* | <14 [ <14 [<15
[POP][ 5788101011 [<12¥[<12"[<14[ <15 [ <18 [ <18 [ <18 [ <18

Table 2: Packing chromatic numbers for C,,[1P,, and P,[OP3;[P,, (below).

Concluding remark

All obtained packing colorings as well as the graph Dg can be obtained from the au-
thors or directly from the web page http://matematika-racunalnistvo. fnm.
uni-mb.si/personal/vesel/constructions.aspx.
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Abstract

Consider a simple graph G with no isolated edges and at most one isolated vertex. A
labeling w : E(G) — {1,2,...,m} is called product - irregular, if all product degrees
pdg(v) = [].5, w(e) are distinct. The goal is to obtain a product - irregular labeling that
minimizes the maximal label. This minimal value is called the product irregularity strength
and denoted ps(G). We give the exact values of ps(G) for several families of graphs, as
complete bipartite graphs K, ,, where 2 < m < n < (m; 2), some families of forests,
including complete d-ary trees, and other graphs with 6(G) = 1.
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1 Introduction

Assume we are given simple undirected graph G = (V(G), E(G)) with neither loops
nor isolated edges and with at most one isolated vertex. Let us define integer labelling
w: E(G) = {1,2,...,s}. Forevery vertex v € V(G) we define the product degree as

pd(v) = { Hesy w(e), - dofv) > &, (LD

(where dg(v) denotes the degree of vertex v in G).
We call w product-irregular if for every pair of vertices u,v € V(G), u # v

pdg(u) # pda(v). (1.2)

The product irregularity strength ps(G) of G is the smallest value of s that allows some
product-irregular labelling.
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The concept was introduced by M. Anholcer in [4]. As we can see, it is the multi-
plicative version of the well known irregularity strength introduced by Chartrand et al. in
[5] and studied by numerous authors (the best result for general graphs can be found in
Kalkowski, Karoriski and Pfender [6], while e.g. trees and forests have been studied e.g.
by Aigner and Triesch [1], and Amar and Togni [3]). On the other hand, the problem of
founding the product irregularity strength of graph is connected with the product antimagic
labellings investigated e.g. by Pikhurko [7]. Indeed, the result from the last publication
implies that for sufficiently large graphs

ps(G) < |E(G)].-

Let ng denote the number of vertices of degree d, where §(G) < d < A(G). In [4] M.
Anholcer showed that

ps(G) > max {{d 1/d—d—l—lw}
5(G)<d<A(G)

This reduces to

ps(G) > Pnl

/T—r—i—l—‘.
e

in the case of r-regular graph. Note that these bounds are not tight. Also the bounds on
ps(C,,) were given, where C,, is cycle on n vertices. It was proved that if n > 17, then

ps(Ca) 2 Rl ”IHQ)I/T ,

while for every € > 0 there exists ng such that for n > ng

ps(Cn) < [(1+¢)V2nInn].

Similarly the upper bounds on the irregularity strength of grids and toroidal grids were
proved:

DS(Thy xnox-xni,) < [(1+¢€) Z,/ In an

PS(Ganzx---Xnk) S 1+E Zr In Zn]

n [9] Skowronek-Kaziow showed, that

Proposition 1.1. For everyn > 3
ps(K,) = 3.

Let us recall that n, denotes the number of vertices of degree d in G, where §(G) <
d < A(G). In this paper we are going to give the exact value of ps(G) for complete
bipartite graphs K, ,, where 2 < m < n < (m; 2), and some families of graphs with
§(G) = 1. The main results are as follows.
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Proposition 1.2. Let m and n be two integers such that 2 < m < n. Then
ps(Km,n) =3

if and only if n < (m;Z)' Otherwise ps(Ky, ) > 4.
Theorem 1.3. Let D > 3 be arbitrary integer. For almost all forests F' such that

(i) A(F)=D,ng=0andng <1,

(ii) if we remove all the pendant edges, then in the resulting forest F', no = 0,
the product irregularity strength equals to

ps(F) = nq.
The proofs of the above results are given in two following sections.

2 Complete bipartite graphs
Proof of Proposition 1.2

Let Ky, = (U, V. E), where U = {uq,...,un}, V ={v1,...,v,} and E = {{u;,v;},
1 <i<m,1<j <n}. Ifweusedonly labels 1 and 2, we would be able to obtain
at most n + 1 distinct products, 1,2,...,2" while we have n + m > n + 2 vertices.
Thus ps(K, ) > 3. On the other hand, assume that we are using only the labels 1,
2 and 3. The number of possible multisets of m elements is equal to (m; 2), and it is
the maximal number distinct products for the vertices in V. Thus it is impossible to find
product-irregular labeling of K, ,, if [V| =n > (" 2). Now we are going to prove that
labels 1, 2 and 3 are enough if m < n < ("2”2)

Let us consider the set of all (m;' 2

us denote the elements of jth multiset, where 1 < j < (

) multisets of m elements equal to either 1, 2 or 3. Let

m;rQ), with a%, where 1 < < m.

Assume they are arranged in non decreasing order, i.e. in such a way that a§- < a§+1 for

1<5< (m; 2) and 1 <14 < m — 1. Now we arrange the obtained sequences in decreasing

lexicographic order, i.e..in such a way that for every 1< j; < jo2 < (m;’ 2) there exists 79,

1 <ip < msuchthataj =aj, if 1 <7 <ipand a;(i > a;f;. Now if m < n, then we put
w({u;,v;}) = aé-,l <i<m,1<j<n.

Observe that the weighted degrees in V' are distinct, as the respective multisets are. It is
also straightforward to see that the degrees in U are distinct, as the numbers of factors equal
to 3 are. Moreover the number of factors different than 1 in the weighted degrees in V" are
equal at most m, while in U they equal at least m 4 1. Thus finally the obtained labeling is
product-irregular.

If m = n, then we label any K,,_ ,, subgraph of K, ,, as above and then put 1 on all
the edges incident to the remaining vertex. As in the case m = n — 1 none of the vertices
obtains the weighted degree 1, the resulting labeling is product-irregular. O
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3 Graphswithd(G) =1
Proof of Theorem 1.3

Let us consider a forest F'. We distinguish two kinds of non pendant vertices. The external
vertex is such a vertex that at least one of its neighbours is pendant vertex. The internal
vertex has no pendant vertices in the neighbourhood.

The product degree of every pendant vertex is equal to the label of the only edge inci-
dent to it. Thus ps(F') > n1. So in order to prove the theorem we have to show that there
exists a product-irregular labelling of F' with n; labels.

The proof consists of two parts. First using the Probabilistic Method (more precisely
the Linearity of Expectation, see e.g. [2], pp.13-21) we will prove the existence of partial
labeling that distinguishes the product degrees of internal vertices. Then, by labeling the
pendant edges we will extend the product-irregular labeling on whole forest F'.

Let us choose the label for every non-pendant edge uniformly at random from the set

1/

of all odd primes p, n; ’ < p < ny. The number of such primes 7, /> equals

—2.51012n,1/2
mip = m(ny) — 77(”1/2) > M ~L

Inny

provided n; > 17 (see e.g. [8]).
Let us enumerate in any way all the m; pairs of non-adjacent internal vertices and ms
pairs of adjacent internal vertices. As for every forest we have

D D
n1 22+Z(i72)m >Zni,
i=3 =3

it follows that the total number of internal vertices n;,; satisfies the inequality

ni
Nint < ?
Thus
n
Mg < Nipg — 1 < 5
and

2

Mint ny
< < —.
m1 s ( 9 ) 4

For every 7, 1 < ¢ < mj + mag, let v; and u; be the vertices forming pair ¢ and let X; be
random variable such that

0, otherwise.

We have
Dlmy o2, ui ~ v,
E(X;) = Pr(pd(u;) = pd(v;)) < ) )
(X3) (pd(us) = pd(vi)) {D!ﬂ1/23, otherwise.

Let X be random variable counting the“bad” pairs. Of course,

mi+ma
E(X)= Y E(X;) <miDlm~* +myDlm =2 <1, (3.1)

i=1
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if only n; is large enough.

This implies that for almost every forest satisfying given conditions, there exists a la-
beling w* using only the primes lower or equal to n; that distinguishes all the internal
vertices. Moreover, for every internal vertex v we have

pd(v) > nq

and
pd(v) mod 2 = 1.

Let us choose any such labeling. Now we are going to extend w™ on the pendant edges
in order to obtain complete labeling w. We will do it in two steps. Let n¢,; be the number of
external vertices. In the first step, for each such vertex we leave two pendant edges incident
to it not labeled. If there are other pendant edges (i.e. for at least one external vertex v,
d(v) > 3), then we put on them distinct labels from the set {1,,...,11 — 2n¢.:} (in any
order). Let pd*(v) be the product of all edges incident with v that have been labeled. In the
second step we order the external vertices with non-decreasing value of pd*(v). Then we
label two edges incident with it external vertex (1 < i < Meyyr) using labels ny —2n¢, +1
and n; — ¢ + 1. Observe that the products of the pairs of labels increase with :.

After the second step, the product degrees of external vertices satisfy the conditions:

pd(v;) < pd(v;) ifi < j,
pd(v;) > ny
and

pd(v;) mod 2 = 0.

For pendant vertices we have in turn:

pd(vi) < nq
and
pd(vi) # pd(v;) if i # j.
As there can be at most one vertex v with pd(v) = 0, this finishes the proof. O
Corollaries

From the above one can deduce the following two corollaries.
Corollary 3.1. Let d > 2 be arbitrary integer. Then for almost all the complete d-ary trees
ps(T) = ny.

Proof. We proceed as in the proof of Theorem 1.3. Even if d = 2, there is only one vertex
of degree 2 (the root) and its product degree is the product of two (not necessarily distinct)
primes pi,py > n}/ 2 n distinguishes this vertex from all other internal and pendant
vertices. And even if n; € {pi,p2}, it is impossible to obtain the external vertex with
same product degree, as the triple 1, p1, p2 cannot appear (pendant edges should be labeled
1 and n; this time, what would imply n; mod 2 = 0, contradiction). Thus all the product

degrees are distinct. O
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One of the most important facts used in the proof of Theorem 1.3 is that n; > n/2.
However, as it may be easily checked, the inequality analogous to (3.1) will be satisfied
even for smaller number of pendant vertices.

Corollary 3.2. Let D > d > 3 be arbitrary integers. For almost all graphs G such that
(i) 6(G) =1, A(G) = D,

(ii) if we remove all the pendant edges, then for the resulting graph G', §(G') = d > 4,

n(ld—l)/2

(iii) ny >>n?*/@Dlnn (ie. n = of )

(iv) none of the external vertices is adjacent to exactly one pendant vertex,

the product irregularity strength equals to
ps(G) = nq.

Proof. We proceed as in the proof of Theorem 1.3. The difference is that this time we do
not distinguish pairs of adjacent and non-adjacent vertices. The inequality (3.1) takes the
form:

E(X) < G) D!m/g‘d“ <1,
and the deterministic part of the proof remains unchanged. O

Two simple observations

Finally let us add two simple observations on some special families of trees.

Proposition 3.3. Let K ,, be star with n pendant vertices, n > 2. Then
ps(K1,,) = max{3,n}.

Proof. In the case n = 2, two labels 1 and 2 are not enough (either we use two equal
labels and obtain same product degrees of pendant vertices, or we label the edges with
1 and 2 and obtain two product degrees 2). On the other hand, using labels 2 and 3 we
produce product-irregular labeling. If n > 3, we need at least n labels to distinguish the
product degrees of pendant vertices and this is enough, as the product degree of central
vertex equals n! > n. O

Centipede @, is the graph with V(Q,,) = {u1,...,upn,v1,..., 05} and E(Q,) =
{{Ui,vi}, 1 S i S n} ) {{U’ivvi—‘rl}a 1 S { S n— 1}

Proposition 3.4. Let Q,, be a centipede, n > 2. Then

ps(Qn) = max{3,n}.

Proof. If n = 2, two labels are not enough as it would be possible to obtain at most three
distinct products 1, 2 and 4 and we have four vertices. If n > 3, we need at least n labels
to distinguish all the pendant vertices. So ps(Q,) > max{3,n}. The product-irregular
labelings realizing this bound are given as follows:
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(1) If n = 2, put w({u;,v;}) = 4,0 = 1,2 and w({v1,v2}) = 3. Then pd(u;) = 1,
pd(u2) = 2’ pd(U1) =3 and pd(UZ) = 0.

(i) If n = 3, put w({ug,v2}) = 1, w{u1,v1}) =
w({v2,v3}) = 3. Then pd(u1) = 2, pd(uz2) = 1,
6 and pd(v3) = 9.

w({vi,v2}) = 2, w({us,vs})
pd(u3) = 3, pd(vi) = 4, pd(ve) =

(i) Ifn > 4, put w({ui,v1}) =n—1, w{un,vn}) =n— 2, w{up—1,vn-1}) = n,
w{u,vi}) =i—1,2<i<n-—2and w{v;,vi+1}) =n,1 <i <n—1. Then
product degrees of pendant vertices are distinct numbers from the set {1,2,...,n}
and the product degrees of external vertices - distinct numbers from the set {n(n —
2),n(n—1)}u{in?1<i<n-3}u{n}

O
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1 Introduction

To any finite group G of real n X n permutation matrices we can associate the permutation
polytope P(G) given by the convex hull of these matrices in the vector space R"*™. A
well-known example of such a polytope is the Birkhoff polytope B,,, which is defined as
the convex hull of all n x n permutation matrices [9, 8]. This polytope appears in various
contexts in mathematics from optimization to statistics to enumerative combinatorics. (See,
e.g., [24, 20, 21, 2, 1].) It is also a famous example of a Gorenstein polytope (see Section
5). Gorenstein polytopes turn up in connection to mirror symmetry in theoretical physics.

Guralnick and Perkinson [15] studied polytopes associated to general subgroups G of
the symmetric group and proved results about their dimension, and about the diameter of
their vertex-edge graph. A systematic exposition of general permutation polytopes is given
in [5]. There, we studied which groups lead to affinely equivalent polytopes, we considered
products of groups and polytopes, classified low-dimensional cases, and we formulated
several open conjectures.

In order to get an intuition about what one can expect in general, it is instructive to
consider some special classes of permutation groups. A seemingly very difficult case is
when G equals the group of even permutation matrices. Just to exhibit exponentially many
facets is already a daunting task, for this see [17]. Even for cyclic G we showed in [6] that
these polytopes have a surprisingly complex and not yet fully understood facet structure.

In [12] Collins and Perkinson studied polytopes given by Frobenius groups. A special
case is the dihedral group D,, for n odd, which was considered in more detail by Steinkamp
[22]. Since D,, is the automorphism group of a regular n-gon, the cases where n is even
and odd are quite different.

The most recent paper on permutation polytopes [11] focused on determining the vol-
umes of permutation polytopes associated to cyclic groups, dihedral groups, and Frobenius
groups. In order to compute the volume of P(D,,), the authors find a Gale dual combina-
torial description, which they use to provide an explicit formula for the Ehrhart polynomial
of P(D,,).

The dihedral group D, is the automorphism group Aut(C,,) of a cycle C,,, and any
permutation matrix M (o) of an element o € D,, commutes with the adjacency matrix A
of C,,. So any point in P(D,,) commutes with A, and

P(D,) C{M € R™"™ | M is doubly stochastic and M A = AM}.

Here, a matrix is doubly stochastic if all entries are non-negative and each row and column
sum is 1. Tinhofer [24] asks, more generally, for a classification of those undirected graphs
G where the two sets above are equal, i.e. where the commutation condition M A = AM
already suffices to characterize the elements of P(Aut(G)) among all doubly stochastic
matrices. The Birkhoff-von Neumann theorem is the special case where A is the unit ma-
trix. Tinhofer shows that this also holds for the adjacency matrices of cycles and trees [24,
Theorems 2&3].

In this note, we independently investigate P(D,,) in a more direct and elementary way.
We give a complete list of its facet inequalities (Theorem 3.3, Theorem 4.1). As an ap-
plication, we observe that these lattice polytopes are Gorenstein polytopes, and we get
a nice description of the generating function of their Ehrhart polynomials (Theorem 5.3,
Corollary 5.4).

Acknowledgments: Many results are based upon experiments and computations using
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the package polymake [14] by Gawrilow and Joswig. We would like to thank the referees
for carefully reading and improving the text.

2 Notation and preliminary results

Let S,, be the permutation group on n > 3 elements. Every permutation ¢ € S, can be
represented by an n x n matrix M, with entries d; (;),. So the entries are in {0, 1} and there
is exactly one 1 in each row and column. Notice that we apply matrices and permutations
from the right. We can view such a matrix as a vector in R". Fora subgroup G of S,, we
define the polytope

Pg :=conv(M, |0 € G).

This is a 0/1-polytope, so all matrices are in fact vertices of the polytope.

We denote by D,, the subgroup of S,, corresponding to the symmetry group of the
regular n-gon, the dihedral group of order 2n. This group is generated by two elements.
If n is odd, then these may taken to be the rotation p of the n-gon by 360/n degrees, and
the reflection 7 along a line through one vertex and the midpoint of the opposite edge. If
n is even, then the second generator 7 is instead the reflection along a line through two
opposite vertices. Thus p is the permutation (1,2, ..., n) and 7 the reflection (2,7n)(3,n —
1) ((n+1)/2,(n+3)/2) if nisodd and (2,n)(3,n — 1)---(n/2,(n/2) + 2) if n is
even.

The associated permutation polytope is the convex hull of the corresponding matrices,

DP,, :=conv(M, | o € D,,).

The dihedral group D,, has 2n elements

0 1 2 -1 2 3 -1
PP P P T TP T, TP T T
We label the vertices of DP,, by vg,...,vn_1,w0,...,w,—_1 in this order. Let us give a
more convenient way to write these matrices.
Let I be the n-dimensional identity matrix and R be the n X n matrix that has 0’s
everywhere except at the n entries (4, j), where 0 < 4,5 <n—1land j =i+ 1 mod n:

01 0 0 -~ 00
00 1 0 -~ 00

R: . . . .
0O 0 0 - 01

1 0 0 0 - 0 0|

Reading the matrices M, row by row, we can identify M, with a (row) vector in R,
For instance, the 2 x 2 identity matrix would be identified with (1 0 0 1). Under this
identification the vertices of DP,, are (in the order given above) the rows of the 2n x n?
matrix

RO Rl R2 . Rnfl

RO Rl R2 ... R-(n-1
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Permuting the coordinates (corresponding to a linear automorphism of ]R”Q) we may write
the vertices in the form

I I I - I

V= I R—Q R—4 . R—2(n—1) .

2.1
Clearly, the first 2n coordinates of the vertices linearly determine the remaining coordi-
nates. So we can project onto R?" without changing the combinatorics of the polytope.
Hence, we observe that the dimension of DP,, is at most 2n.

3 The situation for odd n

In this section we completely describe DP,, for n odd. As it will turn out, it is useful to
introduce a new polytope that will serve as a basic building block for both situations of
even n and odd n.

Definition 3.1. Let Q,, be the polytope defined as the convex hull of the rows of the 2n x n?
matrix

woo [T 1 1 .1

~— |1 R' R? ... Rr! G.D

While @Q,, differs from DP,, for even n, for odd n the R*for0<k<n-—1larea
permutation of the R¥ for 0 < k < n — 1. So we deduce from (2.1) that, for n odd, Q,, is
up to a permutation of coordinates just the polytope DP,,.

Proposition 3.2. For odd n, the polytopes DP,, and Q,, are affinely isomorphic. O

The following theorem examines the structure of (),, for arbitrary n. For n odd, this
result is a special case of Theorem 4.4 in [12].

Let us fix some convenient notation. We denote by A,. the r-dimensional simplex. We
also use for any two integers s, k, the term [s], € {0, ...,k — 1} to denote the remainder
of s upon division by k. The free sum of two polytopes P and P’ of dimensions d and d’ is
the polytope

P® P :=conv({(p,0) e R*? | p e PYU{(0,p') e R | p' € P'}).

Theorem 3.3 (Collins&Perkinson [12]). Let n be odd or even. The polytope Q,, has di-
mension 2n— 2 and is a free sum of two copies of AA,,_1. Taking coordinates xq, . .., Tp2_1
for R*"*™  its affine hull is given by the equations

(I+1)n—1
1= Z T, (aff)
i=Iln
0= Zpnt(iln = Tt Dntliln — T+D)n+l+1]n T Tkt+2)n+[+1]n (Ajr)

for0<I<n—-1,0<57<n—-20<k<n-3.
An irredundant system of inequalities defining the polytope inside its affine hull is given
by the inequalities

f0r0§i§n2—1.



B. Baumeister et al.: Polytopes associated to dihedral groups 35

Proof. All the given equations are satisfied by the vertices of @),,. There are n equations
of type (aff) and n? — 3n + 2 equations of type (A; ;). They are easily seen to be linearly
independent, so the dimension of @), is at most 2n. — 2. On the other hand, deleting any
row of W leaves us with a linearly (and hence affinely) independent set of row vectors.
(Observe that deleting a row leaves us with a column that contains exactly one 1.) Hence,
dim(Q,,) = 2n — 2 and the given equations define the affine hull of Q,, in ™"

Further, we see that every 2n — 1 of the 2n rows of W span the affine hull of @,,. So
any facet of (),, has 2n — 2 vertices. Since the inequalities z; > 0 are 0 on exactly 2n — 2
of the rows, they all define facets.

In order to prove that ), is a free sum of simplices we observe that the first n and
the last n vertices define (n — 1)-dimensional simplices sitting in transversal subspaces
(intersecting in the matrix corresponding to the row vector (1/n, ..., 1/n)). Therefore, the
combinatorial dual of @),, corresponds to the product of A,,_; with itself. In particular, @,
has precisely n? facets, so the facet description given above is complete. O

4 The situation for even n

Recall that the join P x @Q of two polytopes P and @ is the convex hull of P U @ after
embedding P and () in skew affine subspaces. The dimension of P x @) equals dim(P) +
dim (@) + 1. For instance, the join of two intervals is a tetrahedron.

Theorem 4.1. Let n be even. The polytope DP,, is a join of two copies of Q2. In
particular, its dimension is 2n — 3.

Combined with Theorem 3.3, this result gives a complete description of the facet in-
equalities and the affine hull equations of DP,, for n even.

Proof. Permuting the coordinates, we can transform V' (see (2.1)) into

I I I .- 1 I 1 I .- I
R() R2 R4 . Rn72 RO R2 R4 . Rn72 .

Clearly, projecting onto the first %2 coordinates yields an affine isomorphism of DP,, onto

the convex hull of the rows of the 2n x %2 matrix

I 1 1 ... 1
R R* R* ... R"?

In the representation given by this matrix let us partition the set of 2n vertices (labelled
from 0 to 2n — 1) into two sets: consisting of the n rows with even index and the n rows
with odd index.

1 1 Sort rows 1 1 sort columns 1)1
T T ~ T T T T
1 1 1 1 1 1
1 1 1 1 1 1

1 1 1 1 1 1

n? . . .
Then we permute the - coordinates in such a way that in the first set of rows (correspond-

. . . . . . 2
ing to even vertices) all nonzero entries are in the first half (i.e. in the first "~ columns).
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Then all nonzero entries in the second set of rows (corresponding to the odd vertices) will
. . . 2 . .

be in the second half (i.e. in the last %~ columns). By a permutation of the coordinates

within the first half we get that the rows of even vertices yield precisely the vertex set of

Qnj2 ¥ {0} (for 0 € ]R%). In the same way, the coordinates in the second half can be

permuted so that the rows of odd vertices equal the vertices of {0} x @, 2 (for 0 € R%).
Since 0 is not in the affine hull of @,, /2, we deduce that DP,, is a join of two copies of
Qn/2. Hence, its dimension equals 2dim(Q,/2) +1 = 2(n — 2) + 1 = 2n — 3 by
Theorem 3.3. O

S Lattice properties

DP,, and Q,, are lattice polytopes, i.c. their vertices lie in the lattice Z"° of integral vectors.
Itis readily checked that all above affine isomorphisms respect lattice points. In this section,
we will show that these lattice polytopes have especially nice properties which allow us to
completely describe their Ehrhart h*-vectors.

A d-dimensional lattice polytope P containing 0 in its interior is reflexive, if its polar
(or dual) polytope

P*:={z cR?| (z,v) > -1Vv € P}

is again a lattice polytope (in the dual lattice). This notion was introduced by Batyrev in
[3]. A generalization of this is the class of Gorenstein polytopes. A lattice polytope is a
Gorenstein polytope of codegree k, if there is a positive integer k£ and an interior lattice point
m in kP such that kP — m is a reflexive polytope. Such polytopes play an important role
in the classification of Calabi-Yau manifolds for string theory. See [4] for basic properties.
The next proposition tells us that the polytopes Q,, belong to this class. The normalized
volume of R is the volume form which assigns to the standard simplex the volume 1.

Proposition 5.1. Let n be odd or even. The polytope Q,, is Gorenstein of codegree n and
normalized volume n.

Proof. By Theorem 3.3, the point 1(1,1,...,1) is an interior point of Q, with equal
integral distance 1/n to all facets, and m := (1, 1,..., 1) is the unique interior lattice point
in nQ@,. Hence n@,, — m is a reflexive polytope.

By Theorem 3.3, all facets of (),, are simplices of facet width 1, hence they are all
unimodular. As we have seen, multiplying by n gives (up to translation) a reflexive polytope
with the unique interior lattice point m = (1,1,...,1). The normalized volume of nQ,,
is the sum of the volumes of n? pyramids over facets with apex m. But in nQ,, each facet
has normalized volume n2"~3, and the apex has lattice distance 1 from the facet, so each
pyramid has normalized volume 12" 3. There are n? of these pyramids, so the normalized
volume of nQ,, equals n?"~!. Dividing by n?"~2 to get from nQ,, back to Q,, gives the
normalized volume n of Q. O

A polytope P is compressed if every so-called pulling triangulation is regular and uni-
modular. Equivalently, P is compressed if for any supporting inequality a’x < b with a
primitive integral normal a, i.e. with a normal vector whose entries are integers and which
is not an integral multiple of some other integer vector, the polytope is contained in the set
{z | b—1 < a'z < b}. For a more detailed explanation of these terms we refer to [13].
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This property has strong implications on the associated toric ideal, see e.g. [23]. The next
proposition follows immediately from Theorem 1.1 of [19] and Theorem 3.3.

Proposition 5.2. Let n be odd or even. The polytope Q,, is compressed. O

The Ehrhart polynomial Lp(k) := |k PNZ% of a d-dimensional lattice polytope counts
the number of integral points in integral dilates of P. It is well known that the generating
function of Lp is given by

mo_ ()
> Le(mt™ = A=t

m>0

for some polynomial h* of degree at most d with integral non-negative coefficients, see [7].
Hence, determining the Ehrhart polynomial is equivalent to finding the h*-vector (also
called the §-vector) of coefficients of h*(¢). As is well-known, P is Gorenstein if and only
if the h*-vector is symmetric. The following theorem shows that in our case this vector has
a particularly nice form.

Theorem 5.3. Let n be odd or even. The h*-vector of Q), satisfies h} = 1for0 <i <mn—1
and h} = 0 otherwise.

Proof. Since the codegree of (), is n and its dimension is 2n — 2 by Theorem 3.3, the max-
imal non-zero entry of the h*-vector has to be k) _;, see [7]. By a theorem of Bruns and
Romer [10] we know that the h*-vector of a Gorenstein polytope that has a regular unimod-

ular triangulation is symmetric and unimodal. In particular, A} > 1 fori =0,...,n — 1.
Since by Proposition 5.1 the sum of the entries of the h*-vector equals n, the statement
follows. N

In particular, if n is odd, the previous result describes the h*-vector of DP,,. Finally,
let us deal with the even case.
Corollary 5.4. Let n be even. The h*-vector of DP,, equals
n nn
1,2,3,...,——1,—, — —
( b ) b b 2 b 27 2

In particular, the polytope DP,, is Gorenstein of codegree n and normalized volume n? /4.

1,...,2,1).

Proof. By the proof of Theorem 4.1, DP,, is given up to coordinate permutation as the
convex hull of the rows of

W 0

0o W’

where W is the n x (%)2 matrix whose rows are the vertices of Qz as given in (3.1).

The integral linear functional which sums the first 5 coordinates evaluates to 1 on the first

% rows, and to 0 on the second half. Hence, the two copies of Q% (say, P, x {0} and

{0} x P5) have lattice distance 1 in the lattice Z% N aff DP,,. In other words, there is

an affine isomorphism respecting lattice points which maps DP,, onto the convex hull of
IL2

Py x {0} x {1} and {0} x P> x {0} in R"= 1. Therefore, the statement follows from the

well-known fact [7, Example 3.32] that in this case the h*-polynomial equals the product

of the h*-polynomials of P; and Ps. O
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6 Substructures

In [5] the authors discussed which subgroups of a permutation group yield faces of P(G).
An obvious class of such subgroups are stabilizers:
Take a partition [n] := {1,...,n} = | | I;. Then the polytope of the stabilizer of the
subsets [;
stab(G; (I;);) ={oc € G| o([;) = I; foralli} < G

is a face of P(G). The authors conjecture that there are no other examples.

Conjecture 5.8 [5] Let G < S,,. Suppose H < G is a subgroup such that P(H) < P(G)
is a face. Then H = stab(G; (I;);) for a partition [n] = | | ;.

We have verified the conjecture for G = S,, as well as for cyclic subgroups G < S,
see Proposition 5.9 of [5]. Meanwhile Jessica Nowack and Daniel Heinrich studied this
question for the dihedral groups in their Diploma theses.

Proposition 6.1. (Heinrich, Nowack [16, 18]) Conjecture 5.8 holds for G = D,, < S,, for
every n.

Sketch of the proof. For n odd Heinrich first shows that, if H is the subgroup of all rotations
of G, then Py is not a face of P. The remaining subgroups are precisely the stabilizers of
their orbits, see Theorem 7.1.1 of [16].

For n even the main work is to show that the subgroup of all rotations, the subgroup
of the squares of the rotations and finally the subgroup generated by the squares of the
rotations and by the reflections through two edges are precisely those subgroups H of G
for which Py is not a face of Ps. Nowack shows that the remaining subgroups are precisely
the stabilizers of their orbits, see Section 4.2 of [18]. ]
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Abstract

A simple undirected graph is said to be semisymmetric if it is regular and edge-transitive
but not vertex-transitive. Every semisymmetric graph is a bipartite graph with two parts of
equal size. Let p be a prime. In this paper, a class of semisymmetric graphs of order
2p3 are determined. This work is a partial result for our long term goal to classify all
semisymmetric graphs of order 2p3.

Keywords: Permutation group, primitive group, vertex-transitive graph, semisymmetric graph.
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1 Introduction

All graphs considered in this paper are finite, undirected, connected and simple. For a
graph X, we use V(X), E(X) and A := Aut(X) to denote its vertex set, edge set and
the full automorphism group, respectively. The graph is said to be vertex-transitive and
edge-transitive, if A acts transitively on V(X)) and E(X), respectively. If X is bipartite
with bipartition V(X) = W (X)UU(X), we let AT be the subgroup of A preserving both
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W (X) and U(X). Since X is connected, we have that either |A : AT| =2o0r A = AT,
depending on whether or not there exists an automorphism which interchanges the two
parts. For G < AT, the graph X is said to be G-semitransitive if G acts transitively on
both W(X) and U(X), and semitransitive if X is A*-semitransitive.

We call a graph semisymmetric if it is regular and edge-transitive but not vertex-transi-
tive. It is easy to see that every semisymmetric graph is a semitransitive bipartite graph
with two parts of equal size.

The first person who studied semisymmetric graphs was Folkman. In 1967 he con-
structed several infinite families of such graphs and proposed eight open problems see
[13]. Afterwards, Bouwer, Titov, Klin, I.V. Ivanov, A.A. Ivanov and others did much work
on semisymmetric graphs see [2, 4, 16, 17, 18, 30]. They gave new constructions of such
graphs and nearly solved all of Folkman’s open problems. In particular, lofinova and Ivanov
[16] in 1985 classified biprimitive semisymmetric cubic graphs using group-theoretical
methods. This was the first classification theorem for such graphs. More recently, fol-
lowing some deep results in group theory which depend on the classification of finite sim-
ple groups and some methods from graph coverings, some new results on semisymmetric
graphs have appeared. For instance, in [11] Du and Xu classified semisymmetric graphs of
order 2pq for two different primes p and gq. For more papers on semisymmetric graphs see
[5,7,8,9,10, 11, 12, 19, 21, 22, 23, 24, 25, 26, 27, 28, 33].

In [13], Folkman proved that there are no semisymmetric graphs of order 2p and 2p?
where p is a prime. Then we are interesting in determining semisymmetric graphs of order
2p3, where p is prime. Since the smallest semisymmetric graphs have the order 20 [13], we
let p > 3. It is proved in [25] that the Gray graph of order 54 is the only cubic semisym-
metric graph of order 2p>. To classify all semisymmetric graphs of order 2p? is still one of
attractive and difficult problems. These graphs X are naturally divided into two subclasses:

(1) Aut(X) acts unfaithfully on at least one part;
(2) Aut(X) acts faithfully on both parts.

Now we are going to concentrate on Subclass (1). To state our main theorem, we first
introduce two concepts.

Let Y be a connected semitransitive and edge-transitive graph with bipartition V(Y') =
W(Y)UU(Y), where W(Y) = Z3 and U(Y') = Z for an odd prime p. For distinguishing
the vertices of W (Y") and U (Y") convenience, the vertices of W (Y") and U (Y") are denoted
by (4,7, k,0) and (y, z, 1), respectively, where 4, j, k, y, 2 € Z,. Now we define a bipartite
graph X with bipartition W (X) U U(X), where

W(X)=W(Y),UX)=2Z,xU(Y) ={(z,y,2,1) | 2,y,2 € Z,},

such that two vertices (4, j, k,0) € W(X) and (z,y,2,1) € U(X) are adjacent if {(i, 4,
k,0),(y,z,1)} € E(Y). From now on, we shall say that the graph X is the graph ex-
panded from Y and that the graph Y is the graph contracted from X. Clearly X is
edge-transitive and regular. Furthermore, since for any (y,z,1) € U(Y'), the p vertices
{(z,y,2,1) | € Z,} in U(X) have the same neighborhood, X is semisymmetric, pro-
vided there exist no two vertices in W (X') which have the same neighborhood. Clearly,
Aut(X) acts unfaithfully on W (.X) and Aut(X)/Sh = Aut(Y).

Note that the semisymmetric graphs where two vertices have the same neighbourhood
have been studied in several papers see [11, 20, 29, 33], with different definitions, for
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instance, X is a derived graph from'Y , X is a unworthy graph, X is contracted to from'Y
and so on.

Let Y be a connected graph and B an imprimitive system of Aut(Y"). Define a graph Z
with the vertex set BB such that two blocks are adjacent in Z if there exists at least one edge
in Y between two blocks. This graph Z is called the block graph of Y. Moreover, if B is
the set of orbits of some nontrival normal subgroup N of Aut(Y"), then we call Z the block
graph induced by N.

The following proposition gives a characterization for Subclass (1) given in [31]:

Proposition 1.1. Suppose X is a semisymmetric graph of order 2p>, where p is an odd
prime, such that Aut(X) acts unfaithfully on at least one part. Then Aut(X) must act
unfaithfully on one part and faithfully on the other part, and X is the graph expanded from
the graphY with bipartition V(Y') = W (Y)UU(Y'), where W(Y) = Z3 and U (Y') = Z.
Moreover, we have that either

(1) p=3, Aut(Y') = S31.S3 which acts primitively on W(Y'); or

(2) Aut(Y') has blocks of length p*> on W (Y') and of length p on U(Y'). Let Y be the

block graph of Y. Then either

(2.1) the block graph'Y is of valency at least 3, and Aut(Y') is solvable and con-
tains a normal regular subgroup on W (Y'); or

(2.2) the block graph Y is of valency 2, where Aut(Y') may be solvable or insolv-
able.

Following Proposition 1.1, in this paper we shall determine the graphs in Case (2.2),
while Cases (1) and (2.1) will be determined in our another paper. Before giving the main
theorem of this paper, we first define six families of graphs Y.

Definition 1.2. We shall define six families of bipartite graphs X with bipartition V' (X) =
W(X)UU(X), where

W(X) = {(l7jak70) | iajvk € Zp}? U(X) = {(Ivyazv 1) | T, Yy, € ZP}7
and edge set

E(X) = {{(z,j,kj,O),(x,z—i—b,k—i—1’2;1,1)}‘z,j,k,xEZp,bEZ}U
{{(,5,k,0), (z,j + sb,k + E2, 1)} | i, 4, k,x € Z,,b € 2},

where s = 0%, Zy = (0) for the family of graphs X5 (p,r), s = 1 for other five families
of graphs X;(p,r), and ¥ is given by

(1) Graphs X;(p,r): Let p > 3 and let ¥ be a subgroup of Z, of order r, where
(p,r) # (7,3), (11,5). Moreover, the valency of X;(p,r) is 2pr and the smallest
examples are X7 (3,1) and X1 (3,2).

(2) Graphs X;(p,r): Let p > 5 and let ¥ be a subgroup of Z; of order r > 2, where
(p,r) # (7,3),(11,5) and 2r | (p — 1). Moreover, the valency of Xa(p,r) is 2pr
and the smallest example is X5 (5, 2).

(3) Graphs X;5(11,5): Let p = 11 and let ¥ = {0,2,3,4,8} C Z;1. Moreover, the
valency of X3(11,5) is 110.
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(4) Graphs X,(11,6): Let p = 11 and ¥ = {1,5,6,7,9,10} C Z11. Moreover, the
valency of X,(11,6) is 132.

(5) Graphs X5(p,r): Choose a point (v) and a hyperplane £ in the project space

PG(n — 1,q), where qq":ll =p > 7 and let G = (t) be a Singer subgroup of

PGL(n,q). Let S ={l € Z, ] )y e L'}, wherer = |3 = £ = —L. Moreover, the
valency of X5 (p, ) is 2p

L and the smallest example is X5(7 3).

(6) Graphs X¢(p,r) : Adopting the same notation as in (5), set ¥ = {l € Z, | (v) ¢

ct 1, where r = ¢"~1. Moreover, the valency of X(p, ) is 2pg™ ! and the smallest
example is X¢(7,4).

Remark 1.3. For 1 <14 <6, let X;(p, ) be as in Definition 1.2. Then

(1) For any given y, z € Z,, the p vertices {(z,y, z, 1) ] x € Z,} have the same neigh-
borhood. Let Y;(p, r) be the contracted graph from X;(p, r'), obtained by contracting
each such p vertices into one vertex while preserving the adjacent relation, that is,

W (Yi(p,r)) = W(Xi(p, 7)), UYi(p, 7)) = {(y,2,1) | y,2 € Z,}.

Then we shall see from the proof of Theorem 1.4 that Aut(Y;(p,r)) = K X Dy,
where the subgroup K is the following

(i) Yi(p,r) and Ya(p,r): K = SPifr € {1,p—1}; K = (Z, x Z,)Pif r ¢
{Lp—1k
(i) Y3(11,5) and Y4(11,6): K = (PSL(2, 11))?;
(iii) Y5(p,r) and Ys(p,7): K = (PTL(n,q))P.

(2) Forany k € Z,, let
Wi (Y) = {(i,5,k,0) e W(Y) | i,j € Zp}, U.(Y)={(y,21) |y € Z,}.

Then we shall see from the proof of Theorem 1.4 that {W, (Y | k € Z,} and
{U.(Y) | z € Z,} are orbits of the group K on W (Y') and U(Y), respectively. Let
Y be the block graph induced by K. Then Y is a cycle of length 2p.

Now we give the main theorem of this paper.

Theorem 1.4. For an odd prime p, suppose that X is a semisymmetric graph of order 2p>
expanded from a graph Y such that Aut(Y') has the blocks of length p* on W (Y') and of
length p on U(Y') while the block graph'Y is a cycle of length 2p. Then X is isomorphic
to one of graphs X;(p,r) where 1 < i < 6, defined in Definition 1.2.

After this introductory section, some preliminary results will be given in Section 2, and
the main theorem will be proved in Sections 3. For group-theoretic concepts and notation
not defined here the reader is refereed to [6, 15].
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2 Preliminaries

First we introduce some notation. By H char G, we mean that H is a characteristic sub-
group of G. Given a group G and a subgroup H of G, by Cos(G, H) we denote the set of
right cosets of H in G. The action of G on Cos(G, H) is always assumed to be the right
multiplication action. For two subgroups N <« G and H < G, by N x H we denote the
semi-direct product of N by H, where N is normal. For a group G, by Exp (G) we denote
the least common multiple of orders of all the elements of G. By H { K, we denote the
wreath product of H and K.

A group-theoretic construction of semitransitive and semisymmetric graphs were given
in [11]. Here we quote one definition and two results.

Definition 2.1. Let GG be a group, let L and R be subgroups of G and let D be a union
of double cosets of R and L in G, namely, D = |J, Rd;L. Define a bipartite graph X =
(G, L, R; D) with bipartition V(X) = Cos(G, L) U Cos(G, R) and edge set E(X) =
{(Lg, Rdg) ‘ g € G,d € D}. This graph is called the bi-coset graph of G with respect to
L, Rand D.

Proposition 2.2. [11] The graph X = B(G, L, R; D) is a well-defined bipartite graph.
Under the right multiplication action of G on V (X), the graph X is G-semitransitive. The
kernel of the action of G on V(X) is Coreg (L) N Coreg(R), the intersection of the cores
of the subgroups L and R in G. Furthermore, we have

(1) X is G-edge-transitive if and only if D = RdL for some d € G,

(i) the degree of any vertex in Cos(G, L) (resp. Cos(G, R)) is equal to the number of
right cosets of R (resp. L)in D (resp. D), so X is regular if and only if |L| = | R|;

(iii) X is connected if and only if G is generated by elements of D' D;

(vi) X 2 B(G, L% R’ D') where D' =, R® (b~'d;a)L®, for any a,b € G;

v) X = B(é7 L°, R%; D?) where o is an isomorphism from G to G (it does not appear
in [11] but it is easy to prove.)

Proposition 2.3. [11] Suppose Y is a G-semitransitive graph with bipartition V(Y) =
UY)UW(Y). Take w € U(Y) andw € W(Y). Set D ={g € G | w9 € Y1(u)}. Then
D is a union of double cosets of G, and G, in G, and Y = B(G, G, Gy; D).

Proposition 2.4. [32, 11.6, 11.7] Every permutation group of prime degree p is either
insolvable and 2-transitive, or isomorphic to Z,, X Z for some s dividing p — 1.

Proposition 2.5. [14] The insolvable permutation groups of prime degree p are given as
follows, where T denotes be the socle of the group and H denotes a point stabilizer of T':
(i) T=Apand H = Ap_1;
(ii)) T = PSL(n,q) and H is the stabilizer of a projective point or a hyperplane in
PG(n—1,q),and |T': H| = (¢" —1)/(¢— 1) = p;
(i) T = PSL(2,11) and H = As, and T has two conjugacy classes of subgroups
isomorphic to As;
(IV) T = Mu and H = MlO;
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(V) T = M23 and H = MQQ.

Lemma 2.6. [31] Let G be an imprimitive transitive group of degree p> with p > 3 and
p? | |G|. Suppose that G has an imprimitive system B with p-blocks and the kernel K. Let
P be a Sylow p-subgroup of G and N = P N K. Then

(1) Exp (P) < p% |Z(P)| = pand P = N {(t), where t? € Z(P);

(2) K is solvable, N char K and so N <1 G, provided either p = 3; or p > 5 and
IN] <pP~h.

3 Proof of the main theorem

To prove Theorem 1.4, we assume that p is an odd prime and that X is a semisymmetric
graph of order 2p® expanded from the graph Y, where Aut(Y’) acts edge transitively on Y’
and has blocks of length p? on W (Y') and of length p on U(Y"), and the block graph Y is a
cycle Cs), of length 2p.

Let F' = Aut(Y") and let

B={By,By, - ,Bp_1} and B'={By,By,---,B, |}
be blocks system of F' on U(Y) and W (Y"), respectively. Label
E(?) = {(B07 B/p#)v ( /p%vBl)v R} (Bp%leé))v (367 BPTH)7 R} (Bp—h Blp%l)v (B/p%lvBU)}v
so that Y & Cyp. Set
-1 1
o= (01, p=1) and 7=(0)1,-1) (= e,

Then Aut(Y) = (o,7) = D,,, by defining (B;)” = B;» and (Bj)Y = Bj, for any
v € (o, 7).

Label the vertices in B; by a;; for j € Z,. By considering the imprimitive action of I
on U(Y), we know that

F <8, {o,1)= Sh (o,7),

where, for any
e=(e® M ... Dy ¢ Sy and 7€ (o,7),
we have
aji(e;v) = a0,

In particular, by identifying (1,) with y so that aj; = a;;~, we have that (o, 7) can be
viewed as a subgroup of F'.
From now on, forany t € T' < S, and ¢ € Z,, we set

i+1
—
ti=1,1,--,t,1,---,1) and T;=(t |teT),

where T; acts transitively on B; and fixes B; pointwise for all j # i. Moreover, we have

; (@) i i
0 =48 T¢' =T, =Ti, By = Bi.

Since K P is a transitive group of degree p, following Propositions 2.4 and 2.5 we need
to consider the following four cases separately in four subsections:
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(i) p>5and K Bi is insolvable;

(i) p> 5and KB = Zp X Zyp forr #1;
(ili) p > 5and KB = Zp.
@{iv) p = 3.

3.1 K& isinsolvable forp > 5

Lemma 3.1. Suppose that p > 5 and KB is insolvable. Then'Y is isomorphic to one of
the following graphs:

(i) Yi(p,r), and Aut(Y') = Sy 0 Doy, where r =1 or p — 1;
(ii) Y3(11 ) and Y4(11,6), and Aut(Y) = PSL(2, 11) 2 Das;

(iii) Ys(p, ) and Ys(p, q" '), and Aut(Y') = PI'L(n, q) t D2y,
Proof. Suppose that p > 5 and K P is insolvable. Then by Lemma 2.6 we know that
K =Ty x Ty x --- xTp,_y, where T is an insolvable group of degree p and T; is defined
as before. In particular, a Sylow p-subgroup of F is of order pP*!, and so we may assume
that F' contains o defined as above.

Let u € By and take an element gy € F, \ K. Since g fixes By setwise and exchanges
B, i and Bp+1 ,there existsad = (d(©),d"), ... dP~1) € SP such that gy = dr, where

Tis deﬁned as before. Since F//K = D, by considering the order of F' we get F' = KR
where R = (o, dr).
Let Hy = (To)w- Then

K,=HyxTy x---xT,1 and F,=K,x(dr).

By K™ = K,, we know that d*) € N(s ), (Ho) and d) € N ), (T;) for i # 0.
Now dr fixes the block B, setwise and exchanges Bp 1 and B g Take w € Bj.
Since Tp 1 ><Tp+1 fixes u and acts transitively on By, there exists a k € Tp 1 ><Tp+1 < K,

such that kdr fixes both u and w, where without loss of generality, we denote kd by d again
so that d7 fixes both u and w. Then

Ky=Tyx - xTp-3 XLp-1 X Npt1 X Tpys X---xTp_1 and F, = K,(dr).
2 2 2 2

By K™ = K., we know that L = N and d¥) € N s, (L;) fori € {25, 251}
Now the corresponding groups H and L are two maximal subgroups of 1" of index p.

Following Proposition 2.5 we need to consider three cases separately.
(1) H and L are conjugate in 7.

Without loss of generality, let H = L. For any almost simple group 7" in S, its point
stabilizers have two orbits in each block B; with the respective length 1 and p — 1. We may
therefore let 7' = S}, so that H = S,y and F' = SP R = SP (0, dr) = SP(o, 7). Thus, we
may set d = 1. For later use, we sett = (0,1,--- ,p— 1), %) = {0} and Xy = Z;.

(2) soc(T') = PSL(2,11), and H and L are not conjugate in T".
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In this case T' = PSL(2, 11), and T has two nonequivalent representations on the set of
right cosets of A; of cardinality 11. Now F' = TP(c, dr). Since d¥) € Ng,, (T;) = T;, we
have d € T? and so F' = T?(o, 7). Therefore, we set d = 1.

Moreover, T' may be considered as the automorphism group of a (11, 5, 2)-design D.
Let V = Zj; be the point set and let t = (0,1,---,10) be an element of order 11 in 7.
Then M = {0,2,3,4,8} C V is ablock (see [1, p.55]) of D. Without loss of generality,
we choose L and H to be the stabilizes of the block M and point 0, respectively. Again,
for later use, set X3 = M and X4y = Z1; \ M.

(3) soc(T') = PSL(n, q), and H and L are not conjugate in 7.

In this case, PSL(n,q) < T < Ng, (PSL(n, q))=PI'L(n, q). With the same reason as
(1), we let T = Ng, (PSL(n,q)) and d = 1. Let S; and 32 be the set of points and
hyperplanes of PG(n, ¢ — 1), respectively, where |\S1| = |Sa| = 71 = p. Without loss of
generality, we choose L and H to be the stabilizers of a given pomt (v) and a hyperplane
L, respectively. Let G = (t) = Z,, be a singer subgroup of PGL(n, ¢). Let

25_{z€z| yeL'), Se=2Z,\S1 ={leZ, | () &L},

where |S5| = €1 and [Sg| = ¢" .

Now for the above three cases (1)-(3), we have

Cos(F, F,) = {F, t,, 1tp+10k | 4,4,k € Zy}, Cos(F,F,) = {Futjo” | y,z € Z,}.
Clearly, F,, has two orbits on Bprl uUB il that is,
Dy = {Futho"s  Futho s | be %},
where [ = 1,3, 4,5, 6. For any point F,,t%, 1tp+1o in W(Y"), since

p+1

p+1 '
F toa*t’p ltjﬂo = Ftb(t92 )i(t9.5 Yo = th = Fbtitio ™ T
2

2
= Ftitbgh+ist
and similarly,
: 1

F,tho™s tz, 1tp+1a’“ Ftitbakt

its neighbor is
Dltip%lt]z;i ok = {Futé‘H’U’H'112;1,FuﬁéerakerT+1 ’ be X}

2
By labeling F,t!, 1tp+10 by (i, J,k,0) and F,t§c* by (y, z,1), we get the respective
edge set of two graphs Y(l)

El = {((Z7Jak70)a(y7'z 1 |y—2+b Z—/{J+ and
?J:j—l-b,zzk—l—&,z,],ky,ze bEEl}.
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In cases (2) and (3), we get the graphs Y3(11,5),Y,(11,6) with the automorphism
group PSL(2,11) 2 Dy, and Y5(p, ), Ys(p, ) with the automorphism group PI'L(n, g)
Ds,.

For case (1), the graph with the edge set Es is exactly Yi(p,p — 1) for p > 5. As
for the graph with the edge set £y, let ¢ be a map on W (YY) U U(Y') which fixes W (Y)
pointwise and sends (y, z, 1) to (y+1, 2z, 1). Then ¢ is an isomorphism between the present
graph and Y7 (p, 1). From the proof we know that both Y7 (p, 1) and Y3 (p,p — 1) have the
automorphism group .S, ! Dap,. O

32 KBi~Z,xZ.forp>5andr # 1

Lemma 3.2. Suppose KB = Z,xZ, forp > 5andr # 1. ThenY = Y (p,r) or Ya(p, 1)
wherep > 5,7 # 1,p—1and (p,r) # (7,3),(11,5), where Aut(Y') = (Z, x Z,) U Dap.

Proof. Step 1: Determination of the structure of F'.
Proof. Suppose KBi 2 7, x Z, forr # 1. Let S = (t) x {¢) 2 Z, x Z,_1 < S,. Then
we may set T' = (t) x (h), where h = ¢ . Let P be a Sylow p-subgroup of F and take

doo € P where
do € <t0> X <t1> X o X <tp,1> = Zg

Then K < TP and F = K{(dyo, dr) for some d € Sb. Moreover,

F < F =TP{dyo,dr) = TP(o,dr) and (o,dr)/(T? N {(0,dr)) = Dy,.

Let w € B{ and (B{),Bp;l),(Bé,BpT-i—l) € E(Y). Let (w,u1) € E(Y) foru; €
Bp_i. Then E = (w,up)f < (w,ul)ﬁ. Since the orbits of F,, and F,, on the block

By in U(Y') are completely the same, we have |(w, ul)F| = 2rp3 = | E|, which implies

E = (w, ul)F. Therefore, we may just consider the case F = ' = T? (o, dr).
As in the last Lemma, we choose two vertices u € By and w € 36 which are fixed by
dr. Without loss of generality, let H = (h) so that

F, = (HoxTi x---xTp_1){dr), Fyy = (T0><T1><~~><H% prTHx~~><Tp_1)<dT).

We then need to determine the element d.

Letd = (d©,d®,... d®=1) ¢ SP. Since dr normalizes K, K, and K, it follows
that d9 € Ng (H;) = {c) fori € {0,252}, and d? € Ng (T;) = S = (t){c) for
i ¢ {0, pTﬂ} Suppo‘se that i € {0, %} and write d©) = t™¢". Since T; < F, and F,,
we may re-choose d(*) = ¢™. Therefore, for any i € Zy,, we get

d® e (c). (1)
Since (d)? € K, we have
drdr = ((d©)2,dMa®=Y ... ¢e-DqM)) e K,
and by taking into account (1) we get

(d)2, dWge=1 ... g2 ¢ . 2)
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p—1 p+1

Since K, fixes only one pointu’ ° in B p-1 andu’ * inB il and since d7 normalizes

K, and exchanges B b1 and Bp+1 , it follows that dr must exchange these two points.

Therefore,
F,o'= (dr) = Fu(d(p;l) dEED L de=1) o) g L ’d(%”))ﬂ;%
= Fud( i 3 o dW d(0)7d(p71),...’d(%“))g%“
(d(O)d(P 5) d(l)d(P 3))... A7)0 g gle=1)
- 1>d(P+1>) et
= Fopgl.
Hence,

pt1

dOdFE) gz L g(FF) O gBE =1 L ge-DgPE) c 7 (3)

From (2) and (3) we get
dO d ... gD e g oor dO q1) ... g®-1D ¢ (c%> \Hif2r| (p—1). (4)

Therefore, if 2r { (p — 1) then we setd = 1;if 2r | (p— 1), we setd = (<™, ™, -+ ™)

—1 . . . .
where ¢ = ¢'& and m = 0, 1. To unify these two cases, in the first case we still write
d= (™™, .- ™) form = 0.

Suppose that 2r ’ (p—1). Let Iy = K x {(o,7) and F» = K x (o,dr), where
d=(c, - ,c)withd = o noting that ¢’ ¢ T'. we may then state the following fact
Fact: Fy % Fy

Proof: Assume the contrary. Suppose that v is an isomorphism from F} to Fs. Since
((t,t,--- ,t)) is characteristic in F; and F5, we get

7((tvt' : t)) = (tkatkatk T atk)
for some k € F;. Assume that (1) = edr, where e = (e, e(V) ... ®P~1)) € K. Since
Tt )T = (Gt 1),

we have
Yt () = y(t L, 1),
that is
(edr) (% 5, tF)(edr) = (tF,¢F, - 9,

which implies
(O)C/ o tk

(t*)°
Therefore, e ¢’ € (t) and so ¢’ € T, a contradiction.

Step 2: Determination of the bicoset graphs.

Set D(l) = F,t'o*= F, and by Z = Z(p,r,d,l) we denote the corresponding bicoset
graph. We consider two cases separately.
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()1 =0.
Since Fua%Kw = Fua% and Fua%Kw(dﬂ = Fuo%, we have

p+1

D(0) = Fyo'= F, = {F,0"= ,Fuo'* }.

For any point F,,t},_, %, o* in W (Z), since
2 2

F,o" tlp 1tp+1ak F,(t5_ f V(s VorTTE = Ftitlo"t T = Ftioht e

9

and similarly
. 41
F, o” tlp 1tj+10 :F’utf)ol’”pT

its neighbor is N' = {F,tick+"z  F,tJo"+"2" }. In this case, d(w) = 2. Let
p: Fwt’;%t{% o* = F, t”l tﬂpt}a’“ Futlo® — Fytlo*

be the mapping of V(Z(p,r,d,0)) to V(Y1(p,1)). Then one may check that p is an iso-
morphism from Z(p, r, d, 0) to Y1 (p, 1). Therefore, Aut(Z(p, r, d, 0)) = S, Dap, contrary
to our hypothesis K5 = 7, x Z,..

(2)1+#0.

In S, ! Dy, there exists some ¢! such that the inner automorphism I(c!') fixes F,
and F,, and maps D(1) to D(l). Therefore, up to graph isomorphism, we only consider
Z(p,r,d,1).

Since

Futoﬂg;le :FthUPT_l(T()XTl X"'XH%;l XHPT-H X"'Tp_l) :Fu(tH)()O'T

FthO'p?;ledT = Fu(tH)oU]J?;ldT =FE,(t) (™, ™,

= F, (1" )go "2,

“ﬁ

3
5
J

it follows that
D(1) = {F,(t" )oo "=, B, (""" )00 "5 | ' € H}.
For any 4, j, k € Z), since
Fu(t" Yoo T tp 1tp+lak Fu(th/)otgg’”p%l :Fu(th’+i)oak+”7‘1

and

/ 1m

Fu(thlclm) tzp 1tj+1 oF = F, (th c ) t] k4241 =F, (th' ””+j) ket 2L
the neighbor of F,t%, 1tp+1ak is

(Fu(t"F) oo 2 Ry (1" )0 o M 5 | 1 € HY.
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Suppose d(w) = 2(p —1). Then KB 2 Z, x Z,_1 and F = K(o, 7). In this case,
for any Fwt,, Wt 21 ¥ in W(Y), its neighbor is

+L+1

N = {F,(t" T+ F,(t" )0 | n' e H}

where H = Z,_;. Clearly, the corresponding graph is isomorphic to Y;(p,p — 1), with
KPBi > S, acontradiction. Therefore, 2 < d(w) < 2(p — 1).

Let t" = t’ and b € ¥ where ¥ is a subgroup of Z7 of order r. Define a mapping ¢
from V(Z) to V(Ya(p,r)), forr # 1,p — 1, by

Fwt;_lt{crk — Fwt;_ltgak, and F,tf{o” — Fytio”.
Then ¢ is clearly an isomorphism between the two graphs.

Step 3: Determination of isomorphic classes and automorphism groups.

Let A = Aut(Z) and K be the kernel of A on Z, where Z is a cycle of length 2p.
Clearly, A/ K = Dy,

If (p,7) = (7,3) and (11,5), then Z is Y5(7,3) with KB = PTL(3,2) and Y;(11,5)
with PSL(2, 11), respectively, contradicting our condition.

Suppose that (p,7) # (7,3),(11,5). Since r | (p — 1) and 7 # 1,p — 1, KPi can
not be insolvable and hence an affine group. Therefore, K < Kz = (Z, x Z,)P and then
K7 = K. Therefore, A=F.

In the case of 2r | (p—1),let F; = K x (0, 7) and F, = K x (0, dr) be defined as in
Step 1. Let Z; and Z5 be the corresponding graphs. Suppose that p is an isomorphism from
Z1 10 Zy. Then Fy < (p~ Fip, Fy) < Aut(Z3) = Fy. Therefore, Fy = p~1Fip = Fy, a
contradiction. Therefore, the two graphs are not isomorphic.

O

33 KBi~Z,forp>5

Lemma 3.3. The case KB = Z,, cannot occur.

Proof. Suppose that K? = Z,. Then |E(Y)| = 2p®. As above, let w € Bj and

(B, Bp-1), (B}, Bp+1) € E(Y). Let (w,u1) € E(Y) for u; € Bp-1. Then E =
2 2 2

(w,u1)*. We may consider the group I’ = S x (0, 7) > F. From the proof of Lemma 3.1,

we may construct two representations of F with respective degree p? and p? such that both

Ky and (SP)y, fix uy. Then (w, u1)® C (w,uq)”. Since |(w,u1)"| = 2p® = |(w,u1)"],

we have (w,u1)F = (w,u;)F = E(Y) and so Aut(Y) = F, contrary to our hypothesis

KBi >~ Z,. Therefore, this case cannot occur. O

34 p=3

Lemma 3.4. Ifp =3, then Y 2Y1(3,r) forr =1,2.

Proof. In this case, take F' = S3! Dg and H = L = Z. Checking the proof of

Lemma 3.1(1), one may find that the arguments in there still hold for p = 3. Therefore,
Y 2Y1(3,7) forr =1,2. O
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Abstract

We show that if G is any nilpotent, finite group, and the commutator subgroup of G is
cyclic, then every connected Cayley graph on GG has a hamiltonian cycle.
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1 Introduction

It has been conjectured that every connected Cayley graph has a hamiltonian cycle. See
[4, 10, 11, 14, 15, 17] for references to some of the numerous results on this problem
that have been proved in the past forty years, including the following theorem that is the
culmination of papers by Marusi¢ [12], Durnberger [5, 6], and Keating-Witte [9]:

Theorem 1.1 (D. Marusi¢, E. Durnberger, K. Keating, and D. Witte, 1985). Let G be a
nontrivial, finite group. If the commutator subgroup [G, G] of G is cyclic of prime-power
order, then every connected Cayley graph on G has a hamiltonian cycle.

It is natural to try to prove a generalization that only assumes the commutator subgroup
is cyclic, without making any restriction on its order, but that seems to be an extremely
difficult problem: at present, it is not even known whether all connected Cayley graphs on
dihedral groups have hamiltonian cycles. (See [1, 2] and [15, Cor. 5.2] for the main results
that have been proved for dihedral groups.) In this paper, we replace the assumption on the
order of [G, G] with the rather strong assumption that G is nilpotent:

Theorem 1.2. Let G be a nontrivial, finite group. If GG is nilpotent, and the commutator
subgroup of G is cyclic, then every connected Cayley graph on GG has a hamiltonian cycle.

E-mail addresses: Ebrahim.Ghaderpoor @uleth.ca (Ebrahim Ghaderpour), Dave.Morris @uleth.ca,
http://people.uleth.ca~~dave.morris/ (Dave Witte Morris)
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The proof of this theorem is based on a variant of the method of D. Marusic [12] that
established theorem 1.1 (cf. [9, Lem. 3.1]).

Remark 1.3. Here are some previous results on the hamiltonicity of the Cayley graph
Cay(G; S) when G is nilpotent:

1. Assume G is nilpotent, the commutator subgroup of G is cyclic, and S has only
two elements. Then a hamiltonian cycle in Cay(G;.S) was found in [9, §6] (see
proposition 3.16). The present paper generalizes this by eliminating the restriction
on the cardinality of the generating set .S.

2. For Cayley graphs on nilpotent groups (without any assumption on the commutator
subgroup) it was recently shown that if the valence is at most 4, then there is a
hamiltonian path (see [13]).

3. Every nilpotent group is a direct product of p-groups. For p-groups, it is known that
every Cayley graph has a hamiltonian cycle ([16], see theorem 3.13). Unfortunately,
we do not know how to extend this to direct products.

4. Every abelian group is nilpotent. It is well known (and easy to prove) that Cayley
graphs on abelian groups always have hamiltonian cycles. In fact, there is usually a
hamiltonian path from any vertex to any other vertex (see [3]).

Acknowledgments. We thank Dragan Marusi¢ and Mohammad Reza Salarian for their
comments that encouraged this line of research. We also thank an anonymous referee for
reading an earlier version of the paper very carefully, and providing many corrections and
helpful comments.

2 Assumptions and notation

We begin with some standard notation:

Notation 2.1. Let G be a group, and let S be a subset of G.

e Cay(G;S) denotes the Cayley graph of G with respect to S. Its vertices are the
elements of G, and there is an edge joining g to gs forevery g € G and s € S.

e (' = |G, ] denotes the commutator subgroup of G.

e S"={s"|se S} foranyr € Z. (Similarly, G" = {¢" | g € G }.)
o St =guS,

e #5 is the cardinality of S.

Note that if S happens to be a cyclic subgroup of G, then S” is a subgroup of S.
We now fix notation designed specifically for our proof of theorem 1.2:

Notation 2.2.
e (5 is anilpotent, finite group,
e N is a cyclic, normal subgroup of G that contains G’,
e g+ g is the natural homomorphism from G to G/N = G,

e S={01,09,...,0¢} is a subset of G, such that
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o S is a minimal generating set for G, and
o {=#S=#S>2,
The minimality of S implies that e ¢ S, and thatif s € S and |s| > 3, then s~ ! ¢ S.
) Sk:{02|2§k}f0r1§k§€,
[ Gk = <Sk>N, and

® My = ‘G7k : Gk_1|.
Definition 2.3.

e If (s5;)1, is a sequence of elements of S*! and § € G, we use g(s;)?, to denote

the walk in Cay(G; S) that visits (in order) the vertices

ga 951,951825-..,,95152 " Sn.

e If C' = g(s;)1, is any oriented cycle in Cay(G; S), its voltage is [[, s;. This is
an element of N, and it may be denoted I1C.

e For Sy C S, we say the walk g(s;), covers Si' if it contains an oriented edge
labeled s and a (different) oriented edge labeled s—!, for every s € Sy. (That is,
there exist 4, j with i # j, such that s; = s and s; = s~!. When |s| = 2, this means
8; =8; =85.)

e )V is the set of voltages of oriented hamiltonian cycles in the graph Cay(G}; Sk)
that cover S,:Ctl.

Notation 2.4. For k € Z*, we use (s1,...,5,)" to denote the concatenation of k copies
of the sequence (s, ..., S,). Abusing notation, we often write s* and s~* for

(S)k = (S7 S,y S) and (Sil)k == (5715 3717 RS 571)’

respectively. Furthermore, we often write ((s1,...,8m), (t1,...,t,)) to denote the con-
catenation (s1,. .., Sm,t1,...,t,). For example, we have

3 7\2 —2)2 -1 -1 -1 -1
((a,b) ,C ) = (a,a,a,b,a,a,a,b,c” ", ¢ " a,a,a,b,a,a,a,b,c” ¢ ).
The following well-known, elementary observation is the foundation of our proof:

Lemma 2.5 (“Factor Group Lemma” [17, §2.2]). Suppose

e N is a cyclic, normal subgroup of G,
e C =g(s;)™, is a hamiltonian cycle in Cay(G; S), and
o the voltage IIC generates V.

Then (s1,...,s,)"V! is a hamiltonian cycle in Cay(G; S).

With 7this in mind, we let N = G’, and we would like to find a hamiltonian cycle in
Cay(G; S) whose voltage generates N. In almost all cases, we will do this by induction on
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¢ = #5, after substantially strengthening the induction hypothesis. Namely, we consider
the following assertion (o) for 2 < k < fand € € {1,2}:

there exists hy € N, such that, for every x € IV,
(Ve N hy(G},)¢)x contains a generator of (af)
a subgroup of IV that contains (G},)°.

For € = 2, we also consider the following slightly stronger condition, which we call aiJr:
2 holds, and (hy,, (G})?) contains GY. (™)

Lemma 2.6. Let N = G’. If either o) or a7 holds, then there is a hamiltonian cycle in
Cay (G} S) whose voltage generates N.

Proof. Note that G, = G’ = N. Since V; consists of voltages of hamiltonian cycles in
Cay(G; S), it suffices to find an element of ), that generates G.

If we assume o, then the desired conclusion is immediate, by taking z = e in that
assertion.

Similarly, if we assume a§+, then taking z = e in o tells us that some element y of
Vi N he(G})? generates a subgroup of NN that contains (G})?. Then, since v € (G})*hy,
and (hy, (G})?) contains G/, we have

N D () = (7, (G))?) = (he, (G})?) D Gy = N. 0
Remark 2.7.

1. If |G} | is odd, then (G})? = G}, so we have a} < af < ;' in this case. Thus,
the parameter e is only of interest when |G| is even.

2. It is not difficult to see that a}f = ai+, but we do not need this fact.

Our proof of o or a§+ is by induction on k. Here is the outline:

. We prove a base case of the induction: o is usually true (see proposition 4.1).

II. We prove an ?nduction step: under certain conditions, oy = «}, 41 and ai"‘ = oziil
(see proposition 5.4).

1 +

III. We prove o} or o " is usually true, by bridging the gap between o3 and either o} or
24

a3, and then applying the induction step (see corollary 6.1 and proposition 6.2).
3 Preliminaries
3A Remarks on voltage

Remark 3.1. By definition, it is clear that all translates of an oriented cycle C in Cay(G; S)
have the same voltage. That is,

I(g(si)izy) = ((si)iza)-

Remark 3.2. If |N| is square-free (which is usually the case in this paper), then N is
contained in the center of G (because N is the direct product of normal subgroups of prime
order, and it is well known that those are all in the center [8, Thm. 4.3.4]). In this situation,
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the voltage of a cycle in Cay(G;S) is independent of the starting point that is chosen
for its representation. That is, if (¢;)}'_; is a cyclic rotation of (s;)?_,, so there is some
r€{0,1,2,...,n} with t; = s;4, for all i (where subscripts are read modulo n), then

TI(t;)" | = Spy1Srq2- - Sn 8182 Sp = (S1---87) " (H(si)le)sl coesp =1(8)0q,

because Il(s;)1, € N C Z(Q).
The following observation is useful for calculating voltages:
Lemma3.3. Ifa,b € G,G' C Z(G), and p1,q1, ..., Pr,q¢r € Z, then

aP1b® aP2p2 . . qPrpin = g1ttt tar (g p) =

where 3 = ZDj Dig;-

Proof. The desired conclusion is easily proved by induction on 7, using the fact that, since
G' C Z(@G), we have [a?, b?] = [a, b]P? for p, q € Z [7, Lem. 2.2(i)]. O

3B Facts from group theory

Lemma 3.4. If |G| is square-free, then |G}, /G._,| is a divisor of both |G%_1| and
|Gk /Gr—1].

Proof. We may assume k = (, so G = Gy. Let p be a prime factor of |G'/G)._,|, let P
be the Sylow p-subgroup of G, and let ¢: G — P be the natural projection. Since |G| is
square-free, it suffices to show that |Gj_1| and |G /G_1| are divisible by p.

We may assume |G| = p and G},_, = {e}, by modding out the unique subgroup
of index p in G’. Therefore ¢(Gj_1) is abelian, so it is a proper subgroup of P. Since
G' = P’ C ®(P), this implies o(Gy_1)G’ is a proper subgroup of P, so its index is
divisible by p. Hence |G /G},_1] is divisible by p.

There must be some ¢ € Sj,_1, such that [0, t] is nontrivial. Hence ¢(t) ¢ Z(G) D G',

so p is a divisor of |p(t)|, which is a divisor of |G_1|. O

The following fact is well known and elementary, but we do not know of a reference in
the literature. It relies on our assumption that G’ is cyclic.

Lemma 3.5. We have ([s,t] | s,t € S) =G if N C Z(G).

Proof. Let H = ([s,t] | s,t € S). Then H is a normal subgroup of G, because every
subgroup of a cyclic, normal subgroup is normal. In G/H, every element of S commutes
with all of the other elements of S’ (and with all of N), so G/H is abelian. Hence G’ C
H. O

3C Elementary facts about cyclic groups of square-free order

Lemma 3.6. Assume |N| is square-free, and H and K are two subgroups of N. Then:

1. There is a unique subgroup K+ of N, such that N = K x K=.
2. K is a normal subgroup of G.
3. KCHiff H=NinG=G/K*.
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Proof. (1) Since N is cyclic, it has a unique subgroup of any order dividing |N|; let K+
be the subgroup of order |N/K]|. Since |N| is square-free, we have ged (| K|, [K+|) = 1,
soN =K x K+

(2) It is well known that every subgroup of a cyclic, normal subgroup is normal (because
no other subgroup of N has the same order).

(3) We prove only the nontrivial direction. Since H = N, we know that |K| = |N]| is
a divisor of |H|. So |H| has a subgroup whose order is | K|. Since K is the only subgroup
of N with this order, we must have X C H. O

Remark 3.7. When we want to show that some subgroup H of N contains some other
subgroup K, Lemma 3.6 often allows us to assume K = N (by modding out K ), which
means we wish to prove H = N.

Lemma 3.8. Suppose

e - is a generator of IV,
e x ¢ N,and
e a > max(|N|,5).

Then, for some i with 1 < i < [(a — 1)/2], we have N2 C (y~2%z).

Proof. Write x = 4", where 1 < h < |N|, choose r € {1,2} such that h — r is even, and

let
‘ r ifh e {1,2),
1 =
(h—r)/2 ifh>2.
Then h — 2i € {&r} C {&1,42}, 50 N? C (yh=2) = (47 2iz). O

Lemma 3.9. If

e N is acyclic group of square-free order,

« m>|N],

o k>2,

o T ={v,...,v} generates N,

e h & N,and

e Cay(N;T) is not bipartite,
then we may choose a sequence (j;)!"," of elements of {1,2,...,k}, and 7} € {Wjiil} for
each 7, such that v/, ; =~} whenever j;1 = j;, and

(hmvz - Y1) = N, (3.10)

Proof. Let us assume |N| > 3. (The smaller cases are very easy to address individually.)
We begin by finding v, 73, - . ., vi,_1 € T+, such that (hyf~3 - - - v, _1) contains N2
(or N, if appropriate), but without worrying about the requirement that v, ; = 7;° when-
ever jiy1 = Ji.
Let ~y be a generator of N, and assume h~'vy # e (by replacing « with its inverse, if
necessary). Since Cay(N; T) is not bipartite, there is a walk (v;)7_; from e to h~1~, such
thatr =m — 1 (mod 2).
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We now show the walk can be chosen to satisfy the additional constraint that r < |N]|
(sor < m — 1). We know that Cay(N; T") has a hamiltonian cycle C (since N is abelian).
Since Cay(N; T') is not bipartite, C' must have a chord L of even length. We may assume
one endpoint of L is e, since Cay(N;T) is vertex transitive. Let z be the other endpoint
of L. Being a hamiltonian cycle, C can be written as the union of two edge-disjoint paths
from e to h™ 1. Let P be the one of these paths that contains a subpath of even length
from e to z, and let P be obtained from P by replacing this subpath with the edge L. Then
P and P are two paths from e to h~1+. Both have length less than | N|, and their lengths
are of opposite parity.

Now
hyivys - "7:(’7171_1)(7"714)/2 = ~y generates N,
as desired.
To complete the proof of the lemma, we modify the above sequence 77,75, ..., Vm_1
to satisfy the condition that v;,; = <; whenever j;;1 = j;. First of all, since N is

commutative, we may collect like terms, and thereby write

VW2 Vet =Wy e
where mq +---+mp +n1+---+ni = m— 1. Notice that if m, and n, are both nonzero,
then no occurrence of +y; is immediately followed by ;~ 1. so we have Vi1 =7 whenever
Ji+1 = Ji, as desired. Therefore, by permuting vy, ..., v, we may assume m; = n; = 0
for all ¢ > 1. Also, we may assume m; and n; are both nonzero, for otherwise we have
v; =5 forall i and j. Then, since 17, 1 Y2Yy 1. we have

—-ny __ (n1—=1) —1

Vi3 Yo =M = ey Y3

We can assume n1 > my (by replacing v; with its inverse, if necessary). Then

m—1 IN| -1
ni Z Z Z 23
2 2
so this new representation of the same product satisfies the condition that v; is never im-
mediately followed by ~;” ! This completes the proof. O

Corollary 3.11. Assume |N| is square-free and k¥ > 2 (and € € {1,2}, as usual). For
convenience, let m = my4q and a = ox41. If A € N, then there exists a sequence
(s:)7;" of elements of Sy, and s} € {si'} for each i, such that s},; = s whenever

Si+1 = Si» and

, if there exist s, s’ € Sy, such that

m—1 ko |[a, s]| is even and |[a, ]| is odd,
h ,57], (G}) ) contai , , 3.12
< [Lle-s) ) > (Gl i |Ghya /Gl s 0dd, (12

(Gj,11)* otherwise.
Proof. For each s € Sy, let v = [a, s]. Also, let

T={v|s€Sk}C Gy CN.
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Let

1 if there exist ¢,¢' € T, such that |¢| is even and |t'| is odd,
=qe if|G),,/G}lis odd,

2 otherwise.

™)

Lemma 3.6 allows us to assume (G;H_l)g = N, by modding out ((G;H_l)g) . We can also
assume (G7,)€ is trivial, by modding it out.
We claim that (T") = N. We have

(T,G1) 2 ({[okt1,8] | s € Sk} {[s,t] | s,t € Sk })

=({[s,t] | 5,t € Sp41})
=Gl (see Lemma 3.5)
=N.

Since (GY,)€ is trivial, this implies [N : (T')| < e. Thus, if the claim is not true, must have
IN : (T)| = e = 2. In particular, |N| is even. Since (G}, ;)¢ = N, we conclude that
€ = 1, so the definition of € (together with the fact that ¢ = 2) implies that T contains an
element of even order. So |(T")| is even, which contradicts the fact that |N : (T)| = 2 is
even (and |N| is square-free). This completes the proof of the claim.

We also claim that Cay(N;T) is not bipartite. We may assume |N| is even (for other-
wise the claim is obvious). Since (G, H)g = N, this implies € = 1. However, the claim is
also obviously true if there exist ¢,¢ € T, such that |¢| is even and |¢/| is odd. Hence, we
may assume |G, /G| is odd, and € = € = 1. Since (G7,)° is trivial, this implies |G/ | is
odd, which contradicts the fact that | N| is even. This completes the proof of the claim.

The desired conclusion is now immediate from Lemma 3.9 (since 7, = [a, s] and

(7s) 7 = [a, 571D O

3D Results from [9] and [16]

The following result from [16] allows us to assume G is not a 3-group. (Since we always
assume that G’ is cyclic, a short proof of the special case we need can be found in [15,
Thm. 6.1].)

Theorem 3.13 (Witte [16]). If |G| is a power of some prime p, then every connected Cayley
graph on G has a hamiltonian cycle.

The following simple observation usually allows us to assume | N| is square-free.

Lemma 3.14 ([9, Lem. 3.2]). Let G = G/®(N), where ®(N) is the Frattini subgroup
of N [8, §10.4]. Then:

1. |N| is square-free, and
2. if there is a hamiltonian cycle in Cay(G/N;S) whose voltage generates N, then
there is a hamiltonian cycle in Cay(G/N; S) whose voltage generates N.

Lemma 3.15 (Keating-Witte [9, Case 6.1]). If |G5| is even, then Cay (G2; S2) has a hamil-
tonian cycle whose voltage is a generator of G5.
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Proof. For the reader’s convenience, we provide a proof. We may assume |77] is even (by
interchanging o1 and o9 if necessary). For convenience, let n = |o7| and m = my. Then

(U;n717 (Ula U;(m72)a 01, 0?72)(n_2)/27 01, a;(mil)? 0.17('”‘71))

is a hamiltonian cycle in Cay(G2; Sa).

Lemma 3.14 allows us to assume |G%| is square-free, which implies GY is in the center
of G2 (see remark 3.2). Also, from Lemma 3.4, we know that |[o7, 05]] is a divisor of both
m and n. Therefore

—(m— m—2\(n— m— n—=2)/2
(010_2 (m 2)0_102 2)( 2)/2 _ (O’% [0_170_2 2])( )/

n—2 [ (m—2)(n—2)/2 2

=07 " [o1,09] = 0?72 [o1, 03]

and

[0_2—(m—1) 0—(n—1)

R Tt

= [02701] = [0—170—2]717

so the voltage of this cycle is

05”_1 (Ula;(mfz)ola?#)(n_z)/zala;(mfl)af(nfl)
= (G{L_Q (o1, 02]2)0102_(7”_1)01_("_1)
_ O,;n—10;7,—10,2—(’m—1)0_1—(n—1) (01, 03]
_ [02—(7”—1)’0_1—(”—1)] [0_1’0_2]2
= [01,02]7
which generates G, (see Lemma 3.5). O

The following result allows us to assume ¢ > 3.

Proposition 3.16 (Keating-Witte [9, §6]). If £ = 2 and N = G, then Cay(G; S) has a
hamiltonian cycle.

Proof. For the reader’s convenience, we provide a proof (using the main result of Section 4
below). We may assume |G/G’| is odd, for otherwise a hamiltonian cycle is obtained by
combining Lemma 3.15 with the Factor Group Lemma (2.5). We may also assume that |G|
is not a power of 3, for otherwise theorem 3.13 applies. This implies it is not the case that
|| = 3 forevery s € S.

If |G'| is square-free, then proposition 4.1 tells us that o3 is true. Also, since |G/G'| is
odd, we know |G"| is odd (cf. Lemma 3.4), so o3 implies that ] is true (see remark 2.7(1)).
Therefore, the Factor Group Lemma (2.5) provides a hamiltonian cycle in Cay(G;.S) (see
Lemma 2.6). Then Lemma 3.14 tells us there is a hamiltonian cycle even without the
assumption that |G| is square-free. O

4 Base case of the inductive construction

Recall that the condition o, is defined in Section 2.

Proposition 4.1 (cf. [9, Case 6.2]). Assume |N| is square-free (and ¢ > 2). Then a% is
true unless |G| = my = |o7] = |o2| = 3.
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Proof. For convenience, let
a=o01, b=o09, and m = ma,
and define r by o
b =@ and 0 <r < |al

We may assume:

e (=2,505=955={a,b}and G = Gs.

e (G")? is nontrivial. (Otherwise, the condition about generating (G”)? is automatically

true, so it suffices to show Vy # (), which is easy.)
e Either |@] is even, or m is odd (by interchanging o and o5 if necessary).
e |a| # 3 (by interchanging o7 and o9 if necessary: if [o7| = |o3| = 3, then m = 3

and, from Lemma 3.4, we also have |G’| = 3, which means we are in a case in which
the statement of the proposition does not make any claim).

e 1 > |a|/2 (by replacing a with its inverse if necessary).

Note that |G’| is a divisor of both [@| and m (see Lemma 3.4). Since (G’)? is nontrivial,
this implies that |@| and m both have at least one odd prime divisor.

Case 1. Assume m = 3. Since |G| is a divisor of m, we must have |G'| = 3, so |a| must
be divisible by 3. Then, since |a| # 3, we must have [a| > 6. Furthermore, by applying
Lemma 3.4 with a and b interchanged, we see that |G/(b)| is also divisible by |G'| = 3,
which means that r is divisible by 3.

We claim that it suffices to find two elements 71,72 € Vs, such that 7; # 7- and
71 € v2G’. To see this, note that, for any = € N, there is some ¢ € {1, 2}, such that (y;z)
has nontrivial projection to G’ (with respect to the unique direct-product decomposition
N = G’ x (G")*). Since |G| is prime, this implies that the projection is all of G’, so
Lemma 3.6 tells us that (v;z) contains G’. This establishes a3, which is equivalent to a3
(see remark 2.7(1)). This completes the proof of the claim.

Assume, for the moment, that r = 3. Then, since > |@|/2 and |a| > 6, we must have
|a| = 6. Here are two hamiltonian cycles in Cay(G; @, b) that cover S*1:

(b71’ a72’ b747 a727 b717a37 b27a’ b72)

and
-1 -2 ;-1 -1 -1 7-2 —1 ;-1 2 ;2 -2
(b 7a 7b )a7b 7a 7b )a 7b 7a7b?a7b )

(see Figure 1). By using Lemma 3.3, we see that their voltages are
b la 2 ta 2 aPbPab ™2 = b %[a, b)Y = b 5a, B]
and
b ra % tab a0 20 0 a2 bPab ™2 = b %, b7 ®) = b7 %(a, b]?,

respectively. So we may let v; = b=%[a, b] and 2 = b~°[a, b]2.
We may now assume r > 6 (since r is divisible by 3). Let

,_Jloy it #al,
(1,2} ifr=[al.
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-2 -2
b b
€ a a2 @@ a @ € a a2 @ a @

Figure 1: Two hamiltonian cycles in Cay (G; {@,b}) when m = r = 3.

e — — —
at az—i—l 3

Figure 2: A hamiltonian cycle in Cay (G; {@,b}) when m = 3 and r > 6.

Then, fori € I, wehave 0 < i < |a] — 4, and 4 < r — i < [a| — 1, so the walk
C’i _ (ai7 b—l’a—(\ﬁ\—’r-&-i—l)7 b_l,am‘_4, b—l7 a—(|ﬁ|—i—4)’ b_l, ar—i—?)7 b—27 a, b2, a, b—2)

is as pictured in Figure 2. It is a hamiltonian cycle in Cay (G @, b) that covers S*'. Fur-
thermore, since

abta Tt =b"tba'b ) =0 b a T = b b, a)t = b a, b7,
its voltage is of the form hy [a, b] %%, where hs is independent of 4. Thus, we may let

{172} = {h2[a, 0] [i e T}

Case 2. Assume m # 3. (Cf. [9, Case 4.3].) Since m and || both have at least one odd
prime divisor, we must have m > 5 and |a| > 5. Let

- (b=(m=2) a, b3, al?=3 b1 (a= (=4 p=1 glal=4 p=1)(m=3)/2) " if |g] is odd,
N (b=t (b= (m=3) g, =3 q) /2= p=(m=2) if [a| is even.

For each i with 1 < i < [(Ja] — 1)/2], we have 1 < ¢ < min(r — 1, [a|] — 3) (since
r > [a|/2 and [a| > 5), so we may let

Ci —_ (ai’ b*l7 a7(|6\+i7'rfl)’X7a7(\ﬁ\fi72)’ b717 ar7i717 b*(mfl))

(see Figures 3 and 4). Then C; is a hamiltonian cycle in Cay(G;a, b).
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e —i aiﬁ

Figure 3: A hamiltonian cycle C; in Cay (G; {@,b}) when m = |G/(a)| is odd.

Note that both possibilities for X contain oriented edges labelled a, b, and b~L. Fur-
thermore, since [a| — ¢ — 2 > 1, we see that C; also contains at least one oriented edge
labelled a~!. Therefore C; covers {a,b,a!, b1} = S*!,

As in Case 1, the voltage IIC; of C; is of the form hs [a, b] ~2i where hs is independent
of 4. Since |a| > |G’| (see Lemma 3.4) and ([a,b]) = G’ (see Lemma 3.5), Lemma 3.8
(combined with Lemma 3.6) tells us that for any + € N, we may choose i so that ((IIC;)x)
contains (G')2. O

5 The main induction step

The induction step of our proof uses the following well-known gluing technique that is
illustrated in Figure 5.

Definition 5.1. Let
e C; and C; be two vertex-disjoint oriented cycles in Cay(G; S),
e g€ (G, and
e a,s€S.
If
e (4 contains the oriented edge g(s), and
e () contains the oriented edge gsa(s~!),

then we use C #¢ C, to denote the oriented cycle obtained from C'; U C5 as in Figure 5,
by

e removing the oriented edges g(s) and gsa(s—!), and
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e —i —it1 __
7 a2+1 a 1

Figure 4: A hamiltonian cycle C; in Cay (G; {@,b}) when [a] is even.

e inserting the oriented edges g(a) and gsa(a~1!).
This is called the connected sum of C7 and Cs.
Lemma 5.2. If C4, C, g, s, and a are as in definition 5.1, and N C Z(G), then
II(Cy #& Co) = (IICY)(IICY) a, s]-
Proof. Write C1 = g5(s;){2, and Cy = ga(t;)}_,. Then
C1#¢ Gy =gsa(a™", (s a, (1)721),

SO

m n
=a ! Hsl 8;101 Htj t;l
i=1 j=1

=a ' (IIC)) s a (IICs) s
= (IICy) (TIC) a~'s'as (IIC; € N C Z(G))
— (IIC}) (TICs) [a, s].

Corollary 5.3. Assume
e 2 < k </, and (to eliminate some subscripts) m = my41 and a = o1,

® Ty,T9,..., Ty are elements of Vy,

67



68 Ars Math. Contemp. 7 (2014) 55-72

Figure 5: C; and Cy are merged into a single cycle by replacing the two white edges
labelled s and s~! with the two black edges labelled @ and a ™.

® 51,S82,...,5n—1 are elements of S, and, for each ¢, a choice s; € {s?ﬂ} has been
made in such a way thatif s;11 = s;, then 57, | = s}, and
o N C Z(G).

Then there is a hamiltonian cycle in Cay(Gj41; Sk-+1) that covers Sffjl, and whose voltage

i) 1)

Proof. For each i, let C; be an oriented hamiltonian cycle in Cay(Gy; Sy,) that covers S,:CH,
and has voltage m;. We inductively construct sequences (g;); and (x;), of elements
of G, as follows.

Let g = e. Since C covers Skil, we know there is some 7 € Gy, such that ag; Cy
contains the oriented edge azy(s7).

Now, suppose g1, T1, g2, T2, . - ., gi, T; € G} are given, such that the connected sum

ag1C1 #% a®g2C #3y -~ #0. a'9:C;

exists, and contains the oriented edge a’z;(s}). Since Cj41 covers S,:CH, we know that
Ci41 contains an oriented edge labelled (s})~!, and a different oriented edge that is la-
belled s, ;. Therefore, there exist g; 1,741 € G, such that

a1 g;41C;11 contains the oriented edges a’t1z;s7 ((s7) ") and aitlz; 1 (s}, ).
The first of these edges is removed when we form the connected sum

(ag1Cy #3; a®goCs #a: - #3:  a'9iCi) #oe a'1gi1Ciy,
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but the second edge remains, and will be used to form the next connected sum (unless
i+1=m).
Since each C; is a hamiltonian cycle in Cay(Gy; Sk), the resulting connected sum

ag1Ch #4 e ey o Hax_, 0" gmCm

passes through all of the vertices in aGy U a2G, U - - - U a™Gy,. That is, it passes through
every element of G411, so it is a hamiltonian cycle in Cay(Gjy1; Sk+1). Its voltage is
calculated by repeated application of Lemma 5.2.

To complete the proof, we verify that the hamiltonian cycle covers Sfftil. Since each

C; covers S;fl, the disjoint union
ag1Ch Ua?gaCoU -+ Ua™gmCh,

contains (at least) m disjoint pairs of edges labelled s and s—!, for each s € Sj. Each
invocation of the connected sum removes only one such pair, and the operation is performed
only m—1 times, so at least one of the m pairs must remain, for each s € Sj,. Therefore, the
hamiltonian cycle covers S;CU. Also, the cycle certainly covers a*!, since each invocation
of the connected sum inserts a pair of edges labelled a and a~'. Hence, the hamiltonian
cycle covers Si' U {a*'} = il O

We can now prove the main result of this section. (Recall that the condition «f, is
defined in Section 2.)
Proposition 5.4. Assume |N| is square-free and |G, | /G| is odd. Then

1. o} = aj,,and

2. ot = aiil if |[s, t]| is even for all s,t € Sk with s # ¢.

Proof. For convenience, let m = my4q and a = op41. Let hy € N be as in (o),
and choose an oriented hamiltonian cycle C' in Cay(Gy; Sy) that covers S, and has its
voltage in hy(G7,). There is no harm in assuming that the voltage is precisely hy. Let

hies1 = (hi)"a,01]" "

Given any z € N, corollary 3.11 provides a sequence (si);’;l of elements of S, and
st € {s'} for each 4, such that 57,1 = s; whenever s, = s;, and

m—1
<x (hi)™ H [a, s7], (G;C)‘> contains (G}, ). (5.5)

i=1
From (af,) we know there exists m € Vi, N hy (G},)¢, such that, if we let

m—1

Y=7 (hk)m_l H [avsﬂ7

then () contains (G},). Since 7 = hy, (mod (G},)¢), combining this with (5.5) shows
that (z+y) contains (G, )¢. Also, since we are assuming |[a, s7]| is even if € = 2, we have
[a, s7] = [a,01] (mod (G}, )°) forall 4, so

7 € (i)™ a, 1] (Ghr)” = higa (Ghsr)
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Furthermore, corollary 5.3 tells us that there is a hamiltonian cycle in Cay (G} S) whose
voltage is -y, and this hamiltonian cycle covers S*!. This establishes Qfyq-

Now, if e = 2, then our assumptions imply that |h| and |[a, o1]| are both even. Since
m and m — 1 are of opposite parity, this implies that |1 is even, so (hy, (G} ,1)?)
contains G ;. This establishes aiil. O

6 Combining the base case with the induction step

Recall that the condition o, is defined in Section 2.

Corollary 6.1. Assume |N| is square-free and ¢ > 2. If |G’| is odd, then o is true unless
|G'| = |5| =3 forall s € S.

Proof. Assume it is not the case that |G’| = |[5| = 3forall s € S. Then we may assume (by
permuting the elements of S) that either |G5| # 3 or |o1| # 3. Therefore proposition 4.1
tells us that a3 is true. Also, since |G| is odd, we have a3 < ad (see remark 2.7(1)), so
s is true. Then repeated application of proposition 5.4(1) establishes o} . O

Proposition 6.2. Assume |N| is square-free and ¢ > 3. If |G’| is even, then:

1. «f is true if there exist s, ¢ € S, such that |[s, ]| is odd and s # .
2. oz?"’ is true if |[s, t]| is even for all s,¢ € S with s # t.

Proof. Since |G| is even, we may assume (by permuting the elements of \S) that |[o3, o1]
is even. It suffices to prove o} or a§+ (as appropriate), for then repeated application of
proposition 5.4 establishes the desired conclusion. Thus, we may assume ¢ = 3, so G35 =
G. Letm = mgand a = o3 = oy.

By permuting the elements of S, we may assume that either:

odd case: |[o3,09]| is odd, or

even case: |[s,t]| is even for all s,t € S with s # t.
Furthermore, in the even case, we may assume that either:

even subcase: (77,05) has even index in G, or
odd subcase: (3,) has odd index in G, for all s, € S, such that s # t.

Since |[o3, 01]| is even, we know |77| is even (see Lemma 3.4). In particular, we have
|o1| # 3, so proposition 4.1 tells us that a3 is true.

We now use a slight modification of the proof of proposition 5.4. Let ho € N be as in
(of,) (with k = € = 2), and choose an oriented hamiltonian cycle C in Cay(Go; S) that
covers Sgﬂ, and has its voltage in ho(G%)?. There is no harm in assuming that the voltage
is precisely hs.

Since |77] is even, we know |G| is even. Therefore, Lemma 3.15 provides a hamilto-
nian cycle C’ in Cay(G3; S2), such that TIC” is a generator of G. Let

b {HC” in the odd subcase of the even case,

hs  in all other cases.

Let hy = (hg)nl_lh/[a, 0‘1]m_1.
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Given any z € N, corollary 3.11 provides a sequence (si);';ll of elements of S5, and
st € {sf'} for each 7, such that s}, ; = s} whenever s, = s;, and

m—1
<x(h2)m_1h' H [a, s}], (G'2)2> contains (G')?. (6.3)

=1

Furthermore, in the odd case, the choices can be made so that (6.3) holds with G’ in the
place of (G’)2.
From a3, we know there exists 7 € V2 N ha (G4)?, such that, if we let

m—1

y=7 <h2>m_2h/ H [a, s7],

i=1
then
(z) contains (G")2. (6.4)

It is clear from the definitions that v € h3GY%. Furthermore, we have v € h3(G%)? in the
even case.

corollary 5.3 tells us that there is a hamiltonian cycle in Cay(G; S) whose voltage is -,
and this hamiltonian cycle covers S¥1. We now consider various cases individually.

Case 1. The odd case. Recall that, in this case, (6.3) holds with G’ in the place of (G’)?2.
Since ™ = hy (mod (G%)?), combining this with (6.4) shows that (z) contains all of G.
This establishes a3.

Case 2. The even subcase of the even case. In this subcase, we know m is even, b’ = ha,
and |[a, 01]] is even. Since h3 = (ha)™[a, 01]™ !, we see that |h3] is even, so (h3, (G%)?)

contains G%. This establishes a2 ™.

Case 3. The odd subcase of the even case. In this subcase, we know m — 1 is even,
and h' = TIC” has even order. Therefore |h3| is even, so (h3, (G%)?) contains G%. This
establishes a3 . O

‘We can now establish our main theorem:

Proof of theorem 1.2. We may assume:

e [ > 3, for otherwise proposition 3.16 applies.

e |G| is not a power of 3, for otherwise theorem 3.13 applies.

Let S be a minimal generating set of (7, and let N = G". Note that .S is a minimal gen-
erating set of G (because G’ is contained in the Frattini subgroup ®(G) [8, Thm. 10.4.3]).

We claim there is a hamiltonian cycle in Cay(G; S) whose voltage generates G’. While
proving this, there is no harm in assuming that |G’| is square-free (see Lemma 3.14). Also
note that, since |G| is not a power of 3, we cannot have |G'| = |s| = 3 forall s € S. Then,
by applying either corollary 6.1 or proposition 6.2 (depending on the parity of |G'|), we
obtain either o} or ;. Each of these yields the desired hamiltonian cycle in Cay(G; S)
(see Lemma 2.6).

Now that the claim has been verified, the Factor Group Lemma (2.5) provides a hamil-
tonian cycle in Cay(G; S). 0
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Abstract

The notion of “antimatroid with repetition” was conceived by Bjorner, Lovasz and Shor
in 1991 as an extension of the notion of antimatroid in the framework of non-simple lan-
guages. Further they were investigated by the name of “poly-antimatroids” (Nakamura,
2005, Kempner & Levit, 2007), where the set system approach was used. If the underlying
set of a poly-antimatroid consists of n elements, then the poly-antimatroid may be repre-
sented as a subset of the integer lattice Z"™. We concentrate on geometrical properties of
two-dimensional (n = 2) poly-antimatroids - poly-antimatroid polygons, and prove that
these polygons are parallelogram polyominoes. We also show that each two-dimensional
poly-antimatroid is a poset poly-antimatroid, i.e., it is closed under intersection.

The convex dimension cdim(S) of a poly-antimatroid .S is the minimum number of
maximal chains needed to realize S. While the convex dimension of an n-dimensional
poly-antimatroid may be arbitrarily large, we prove that the convex dimension of an n-
dimensional poset poly-antimatroid is equal to n.

Keywords: Antimatroid, polyhedron, convex dimension, lattice animal, polyomino.

Math. Subj. Class.: 05B35

1 Preliminaries

An antimatroid is an accessible set system closed under union [3]. An algorithmic charac-
terization of antimatroids based on the language definition was introduced in [5]. Another
algorithmic characterization of antimatroids that depicted them as set systems was devel-
oped in [14]. Dilworth (1940) was the first to study antimatroids, using another axiomatiza-
tion based on lattice theory, and they have been frequently rediscovered in other contexts.
The most updated survey on the subject may be found in [19].
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Antimatroids can be viewed as a special case of either greedoids or semimodular lat-
tices, and as a generalization of partial orders and distributive lattices. While classical
examples of antimatroids connect them with posets, chordal graphs, convex geometries,
etc., game theory gives a framework in which antimatroids are interpreted as permission
structures for coalitions [1]. There are also rich connections between antimatroids and clus-
ter analysis [16]. In mathematical psychology, antimatroids are used to describe feasible
states of knowledge of a human learner [9].

A poly-antimatroid [21] is a generalization of the notion of the antimatroid to multisets.
If the underlying set of a poly-antimatroid consists of n elements, then the n-dimensional
poly-antimatroid may be represented as a subset of the integer lattice Z".

In this paper we investigate the correspondence between poly-antimatroids and poly-
ominoes. In the digital plane Z2, a polyomino [12] is a finite connected union of unit
squares without cut points. If we replace each unit square of a polyomino by a vertex at
its center, we obtain an equivalent object named a lattice animal [13]. Further, we use the
name polyomino for the two equivalent objects.

A polyomino is called column-convex (row-convex) if all its columns (rows) are con-
nected. In other words, each column/row has no holes. A convex polyomino is both row-
convex and column-convex. The parallelogram polyominoes [6], sometimes known as
staircase polygons [4, 13, 22], are a particular case of this family. In the staircase polygon
each element may be reached from the source (lowest left) point by a path made only of
north and east unit steps, and similarly this element may be reached from the target (highest
right) point by a path made only of south and west unit steps. Hence staircase polygons are
defined by a pair of monotone north-east paths that have common ending points.

We prove that a representation of a two-dimensional poly-antimatroid on the plane is a
staircase polygon.

Let F be a finite set. A set system over E is a pair (F, F), where F is a family of sets
over E, called feasible sets. We will use X U z for X U {z}, and X — z for X — {z}.

Definition 1.1. [18]A finite non-empty set system (F, F) is an antimatroid if
(A1) for each non-empty X € F, there exists ¢ € X suchthat X —x € F
(A2)forall X,Y € F,and X € YV, there existsz € X — Y suchthatY Uz € F.

Any set system satisfying (A1) is called accessible.
In addition, we use the following characterization of antimatroids.

Proposition 1.2. [18] For an accessible set system (E,F) the following statements are
equivalent:

(1) (E,F) is an antimatroid

(#9) F is closed under union (XY € F = X UY € F)

An “antimatroid with repetition” was invented by Bjorner, Lovasz and Shor [2]. Further
it was investigated by the name of “poly-antimatroid” as a generalization of the notion of
the antimatroid for multisets. A multiset A over F is a function f4 : E — N, where
fa(e) is a number of repetitions of an element e in A. A poly-antimatroid is a finite non-
empty multiset system (F, S) that satisfies the antimatroid properties (A1) and (A2). So
antimatroids may be considered as a particular case of poly-antimatroids. Examples of an
antimatroid ({z,y, z}, F) and a poly-antimatroid ({z, y}, S) are illustrated in Figure 1.



Y. Kempner and V. E. Levit: Poly-antimatroid polyhedra 75

{x’ x? y7 y}

{z,y,2}

{z,z,y} {z,y,y}
{z,y} {y, v}
{z}

(a) b)

Figure 1: (a) Antimatroid. (b) Poly-antimatroid.

Definition 1.3. A multiset system (E, S) satisfies the chain property if for all X, Y € F,
and X C Y, there exists a chain X = Xg C X; C ... C X = Y such that X; =
Xi_1Ux;and X; € Sfor0 <i<k.

It is easy to see that the chain property follows from (A2), but they are not equivalent.
It is clear that each poly-antimatroid satisfies the chain property.

Antimatroids have already been investigated within the framework of lattice theory by
Dilworth [7]. The feasible sets of an antimatroid ordered by inclusion form a lattice, with
lattice operations: X VY = X UY,and X AY is the maximal feasible subset of set X NY
called a basis. Since an antimatroid is closed under union, it has only one basis.

A finite lattice L is called join-distributive [3] if for any « € L the interval [z,y] is
Boolean, where y is the join of all elements covering x. Such lattices have appeared under
several different names, e.g. locally free lattices [18] and upper locally distributive lattices
(ULD) [10, 20]. Distributive lattices are exactly those that are both upper and lower locally
distributive.

Theorem 1.4. [3, 18] A finite lattice is join-distributive if and only if it is isomorphic to
the lattice of feasible sets of some antimatroid.

It easy to see that feasible sets of a poly-antimatroid ordered by inclusion form a join-
distributive lattice as well.

Consider a particular case of antimatroids called poset antimatroids [18]. A poset an-
timatroid has as its feasible sets the lower sets of a poset (partially ordered set). Poset
antimatroids can be characterized as the unique antimatroids, which are closed under inter-
section [18]. We extend this definition to poly-antimatroids.

Definition 1.5. A poly-antimatroid is called a poset poly-antimatroid if it is closed under
intersection.

Evidently, feasible sets of a poset poly-antimatroid ordered by inclusion form a dis-
tributive lattice.



76 Ars Math. Contemp. 7 (2014) 73-82

2 Two-dimensional poly-antimatroids and polyominoes

In this section we consider a geometric characterization of two-dimensional poly-anti-
matroids.

Let E = {x,y}. In this case each point A = (4,y4) in the digital plane Z? may be
considered as a multiset A over F, where x 4 is a number of repetitions of an element z,
and y4 is a number of repetitions of an element y in multiset A. Thus a set of points in
the digital plane Z? that satisfies the properties of an antimatroid is a representation of a
two-dimensional poly-antimatroid.

Definition 2.1. A set of points S in the digital plane Z? is a poly-antimatroid polygon if
(A1) for every point (z4,y4) € S, such that (x4,y4) # (0,0),
either (x4 — 1,y4) € Sor (za,ya —1) € S
(A2) foral AZ B € S,
ifxg > xpandys > yp then either (x5 + 1,yp) € Sor (zp,yg +1) €S
ifryg <zpandyas > ypthen (zp,ypg+1) €S
ifxa >axpandys <ypthen (xp+1,yg) €S

Notice that accessibility implies () € S.
For example, see a poly-antimatroid polygon in Figure 2.

y4
e o o o
A
e o o o o
o o o 0o o op
e o o o o
e o o o o
1| © o o o
—eo—o o o
0o 1 2 X

Figure 2: A poly-antimatroid polygon.

We use the following notation [17]. If A = (z,y) is a point in a digital plane, the
4-neighborhood N4(x,y) is the set of points

N4(£E,y) = {(I - lay)v (‘Tvy - 1)7 (x + 17y)’ (‘T7y + 1)}

and 8-neighborhood Ng(x,y) is the set of points
NS(xay) = {(I - 1ay)7 (x7y - 1)7 ('T + 17y)7 (Jf,y + 1)a (I - 17y - 1)7

(J)—1,y+1),($+1,y—1),($—|—1,y—|—1)}

Let m be any of the numbers 4 or 8. A sequence Ay, Ay, ..., A, is called an N,,-path if
A; € Ny (A;—1) foreach i = 1,2,...n. Any two points A, B € S are said to be N,,-
connected in S if there exists an N,,-path A = Ag, A4, ..., A, = B from A to B such that
A; € Sforeachi = 1,2,..n. A digital set .S is an N,,-connected set if any two points
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P.,Q from S are N,,,-connected in S. An N,,,-connected component of a set S is a maximal
subset of S, which is IV,,,-connected.

An N,,-path A = Ay, A4, ..., A, = B from A to B is called a monotone increasing
Np,-path if A; C A;4q forall 0 <i < n,ie,

(xAi < xAi+1) A (yAi, < yAi_H) or (:CAi < IAH_I) A (yAi < yAH_l)'

The chain property and the fact that the family of feasible sets of a poly-antimatroid is
closed under union mean that for each two points A, B: if B C A, then there is a monotone
increasing Ny-path from B to A, and if A is incomparable with B, then there is a monotone
increasing Ny-path from both A and B to AU B = (max(z4,zp), max(ya,ys)). In
particular, for each A € S there is a monotone decreasing N,-path from A to 0. So, we
can conclude that a poly-antimatroid polygon is an N4-connected component in the digital
plane Z2.

Definition 2.2. A point set S C Z? is defined to be orthogonally convex if, for every
line L that is parallel to the x-axis (y = y™) or to the y-axis (z = z*), the intersection
of S with L is empty, a point, or a single interval ([(z1, y*), (z2,y*)] = {(z1,y*), (z1 +
Ly ), (m2,5°) D).

It follows immediately from the chain property that every poly-antimatroid polygon S
is both connected and orthogonally convex.

In what follows we prove that poly-antimatroid polygons are closed not only under
union, but under intersection as well.

Lemma 2.3. A poly-antimatroid polygon is closed under intersection, i.e., if two points
A = (xa,ya) and B = (xp,yp) belong to a poly-antimatroid polygon S, then the point
AN B = (min(za,zp),min(ya,ys)) € S.

Proof. The claim of the lemma is evident for two comparable points. Consider two in-
comparable points A and B, and assume without loss of generality that z4 < zp and
ya > yp. Then there is a monotone decreasing Ny-path from A to 0, and so there is a
point C' = (z¢,yp) € S on this path with 2z < x 4. Hence, the point A N B belongs to
S, since it is located on the monotone increasing /N4-path from C' to B. O

Thus, every poly-antimatroid polygon is a distributive lattice polyhedron [11], since
x,y € S = min(z,y), max(z,y) € S.
Consider the following rectangles:

R = {($7y) € ZQ P Tmin < T < Tmax A Ymin < Yy < ymax} and |R| > 1

Deﬁnition 24. The sequence of n rectangles C1, Cs, ..., C}, is called regular if

(a) Iml[l yIIllIl = O
(b) Tt Z-‘rl A ymln < yl-‘rl

min — mll’l min

and for each 1 < ¢ < n — 1 atleast one of the inequality is strong

(©) xf;rli < xmﬁ A y;ﬁ < ymax1 foreach1<i<n-—1

and for each 1 < ¢ < n — 1 at least one of the inequality is strong

Lemma 2.3 implies that every poly-antimatroid polygon is a union of rectangles built
on each pair of incomparable points. The following is even more explicit.
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Lemma 2.5. Every poly-antimatroid polygon is a regular sequence of rectangles.

Proof. Consider the set of rectangles built on pairs of incomparable points and leave only
maximal rectangles, i.e., rectangles that are not covered completely by other rectangles.
These rectangles forms a regular sequence. Indeed, the property (a) and (c) follows from
the definition of a poly-antimatroid polygon (Al).

Suppose there are two maximal rectangles R, and Ry with two incomparable minimal
points (z}. . yt. ) and (22, ,y2;.). Then, since poly-antimatroid polygons are closed
under union and under intersection, these rectangles are covered by two rectangles. The
minimal and maximal points of the first rectangle are

(ol 2 ol 2 ol 2 ol 2
(mln(xmina xmin)7 mln(ymin7 ymin))7 (mln(xmaxv xmax)7 mln(yma)m ymax)) .
The minimal and maximal points of the second rectangle are

(max(xrlnin7 ‘rfnin)7 max(yrlnin7 y?nin))> (max(xrlnax7 xilax)’ ma'X(yrlnax7 y?‘ﬂax))

respectively. There are the cases that these two rectangles are identical. See Figure 3. Thus
the rectangles Ry and R» are not maximal and so all minimal points are comparable. The

same is true for maximal points as well. O
ya ya
Ry
T R,y ¢
Ri ¢ ¢ ¢ o o ¢ Ry
0 X X

Figure 3: Two examples for proof of Lemma 2.5.

The following theorem shows that a poly-antimatroid polygon is a parallelogram poly-
omino.

Theorem 2.6. A set of points S in the digital plane Z? is a poly-antimatroid polygon if
and only if it is an orthogonally convex Ny-connected set that is bounded by two monotone
increasing Ny-paths between (0,0) and the maximum point of the set (Tmaz, Ymaz )-

To prove the “if”” part of Theorem 2.6 it remains to give a definition of the boundary.

A point A in set S is called an interior point in S if Ng(A) € S. A point in S which
is not an interior point is called a boundary point. All boundary points of S constitute the
boundary of S. We can see a poly-antimatroid polygon with its boundary in Figure 4.

Since poly-antimatroid polygons are closed under union and under intersection, there
are six types of boundary points that we divide into two sets — lower and upper boundary:

Biower = {(z,y) € S: (z+Ly) ¢ SV (z,y=1) ¢SV (r+1,y—1) ¢ 5}
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BlS - (xmazv ymax)

Bio

By

By By B,

>y

Figure 4: A boundary of a poly-antimatroid polygon.

Bupper = {(z,y) € S:(x —1L,y) ¢ SV (z,y+1) ¢SV (z—1,y+1) ¢S}

It is possible that Bjower N Byupper # 0. For example, the point By in Figure 4 belongs
to both the lower and upper boundaries.

From Lemma 2.5 it follows immediately that lower and upper boundaries are bound-
aries of regular sequence of rectangles and so a poly-antimatroid polygon is an orthogonally
convex N4-connected set bounded by two monotone increasing N4-paths.

The following lemma is the “only-if” part of Theorem 2.6.

Lemma 2.7. An orthogonally convex N4-connected set S that is bounded by two monotone
increasing Ny-paths between (0,0) and (T maz, Ymaz) IS @ poly-antimatroid polygon.

Proof. By Definition 2.1 we have to check the two properties (A1) and (A2):

(Al) Let A = (z,y) € S. If Ais an interior point in S then (x — 1,y) € S and
(x,y—1) € S. If Ais a boundary point, then the previous point on the boundary ((z,y—1)
or (x — 1,y)) belongs to S.

(A2)Let A ¢ B € S. Consider two cases:

(1) x4 > xp and y, > yp. If B is an interior point in S then (x, + 1,y,) € S and
(b, yp+1) € S. If B is a boundary point, then the next point on the boundary ((zp, yp+1)
or (zp + 1, yp)) belongs to S.

(iDxq < xpand y, > yp. We have to prove that (zp, yp+1) € S. Suppose the opposite.
Then the point B is an upper boundary point. Since y, > y; there exists an upper boundary
point (z,,y) with y > y, that contradicts the monotonicity of the boundary. O

Corollary 2.8. Any poly-antimatroid polygon S may be represented as the union of its
boundary:

S = Blower \ Bupper = {X UY : X e Blowem Y e Bupper}

3 Convex dimension

Definition 3.1. Convex dimension [18] cdim(S) of any antimatroid S is the minimum
number of maximal chains

Q):XO CX1C...C Xg=XpaxwithX; =X, Uz,

whose union gives the antimatroid S.
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The set of maximal chains sufficient to realize a poly-antimatroid is called a convex
realizer.

The result of Corollary 2.8 shows that the convex dimension of a two-dimensional poly-
antimatroid equals two. Note, that the convex dimension of an arbitrary three-dimensional
poly-antimatroid may be arbitrarily large [8]. Let .S be a set of points:

S={(z,9,2)  (0<2,y<N)AN0<z<)A(z=1=z+y>N)}L

It is easy to check that S is a three-dimensional poly-antimatroid. Consider N + 1
points (z,y,1) with z + y = N. Since each of these points cannot be represented as a
union of any points from S with smaller coordinates, the convex dimension of S is at least
N+ 1.

In the sequel we prove that the convex dimension of an n-dimensional poset poly-
antimatroids is at most n.

An endpoint of a feasible set X is an element e € X such that X — e is a feasible set
too. A feasible set that has only one endpoint is called a path of the antimatroid. It is easy
to see that a path is an union-irreducible element of the lattice and each feasible set is the
union of its path subsets. The family of ideals in the set of paths partially ordered by set
inclusion forms path poset antimatroid.

Theorem 3.2. [I8] The convex dimension of antimatroid is equal to the width of its path
poset.

It is easy to check that the theorem holds for poly-antimatroids as well.

Denote by dim(S) the order dimension of the lattice of feasible multisets of a poly-
antimatroid. The order (or the Dushnik-Miller) dimension of a poset is the smallest number
of total orders the intersection of which gives the partial order.

Corollary 3.3. [18]
dim(S) < cdim(S)

Since any n-dimensional poly-antimatroid may be represented as a subset of the integer
lattice Z", its order dimension is at most n [23].

For poset poly-antimatroids their convex dimension should equal to order dimension,
since feasible sets of a poset poly-antimatroid form a distributive lattice and order di-
mension of distributive lattice is equal to the width of its path poset (ideals of the union-
irreducible elements)[23]. Eventually, we obtain the following.

Proposition 3.4. The convex dimension of the n-dimensional poset poly-antimatroids is at
most n.

4 Conclusions

It turned out that a two-dimensional case of a poly-antimatroid known in this paper as
a poly-antimatroid polygon is equivalent to special cases of polyominoes, lattice animals,
and staircase polygons. It seems to be a challenging problem to generalize the path structure
of poly-antimatroid polygons to upper dimensions.
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Abstract

We study a subalgebra V' of the Monster algebra, V4, generated by three Majorana axes
az, ay and a, indexed by the 2A-involutions z, y and z of M, the Monster simple group.
We use the notation V' = ((az, ay,a.)). We assume that zy is another 2A-involution and
that each of zz, yz and xyz has order 5. Thus a subgroup G of M generated by {x, y, z}is
a non-trivial quotient of the group G(>>% = (x, y, z | 22, 32, (zy)?, 2%, (x2)°, (y2)°,
(xyz)®). It is known that G(®>5) is isomorphic to the projective special linear group
Ly(11) which is simple, so that G is isomorphic to Lo(11). It was proved by S. Norton
that (up to conjugacy) G is the unique 2A-generated Lo(11)-subgroup of M and that K =
Cwi(@G) is isomorphic to the Mathieu group M;5. For any pair {¢, s} of 2A-involutions, the
pair of Majorana axes {a¢, as} generates the dihedral subalgebra ((a;, as)) of Viy, whose
structure has been described in [16]. In particular, the subalgebra ((at, as)) contains the
Majorana axis a;s; by the conjugacy property of dihedral subalgebras. Hence from the
structure of its dihedral subalgebras, V' coincides with the subalgebra of V3 generated by
the set of Majorana axes {a; | t € T'}, indexed by the 55 elements of the unique conjugacy
class T' of involutions of G = L(11). We prove that V is 101-dimensional, linearly
spanned by the set { a; - as | s, t € T }, and with Cy;, (K) = V @ uym, where ¢y is the
identity of Viy. Lastly we present a recent result of A. Seress proving that V is equal to the
algebra of the unique Majorana representation of Lo(11).

Keywords: Majorana representation, Monster group, Conway-Griess-Norton algebra.

Math. Subj. Class.: 20C99, 20F05, 20C34, 20D05

1 Main result

We let (VM, -, )) be the Monster algebra, a commutative non-associative algebra of
dimension 196, 884 over R, as described in [2]. As an RM-module, Viy = Vj; & Ln,
where 1} is the minimal faithful irreducible RM-module of dimension 196, 883 and Ly
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is the trivial RM-module which is the R-span of the identity ¢y of the algebra V3. The
automorphism group of (VM, - (G, )) is M the Monster simple group ( [2], [7]). By
2A we denote the conjugacy class of involutions in M with the largest centraliser as in
the Atlas [3]. For each 2A involution ¢ of M, the centraliser Cy(t) = 2.BM stabilises
a 2-subspace W of Vj which has two non-trivial idempotents a; and ¢y — a¢. In [2], J.
Conway constructed an M-invariant bijection ¢ sending each 2A involution ¢ to the non-
trivial idempotent a; of W with eigenvalue 1 and multiplicity 1 . We denote by a; := ¥(t)
the image of ¢. In [8] A. A. Ivanov axiomatises some of the properties of the idempotents
a4 into the definition of a Majorana axis.

A Majorana axis a of a real commutative non-associative algebra (V, - (, )) , where
- associates with (, ) in the sense that (u - v, w) = (u, v - w) for all u, v, w € V, is
an idempotent of length 1, whose adjoint operator ad,, is semi-simple on V' with spectrum
{1,0, 2%, 2%} The eigenspaces of ad, are denoted by V#(a), with p an eigenvalue, and
satisfy the following conditions. The 1-eigenvectors of ad, are exactly the scalar multiples
of a. There exists a linear transformation 7(a) of V, called a Majorana involution, negating

the %-eigenvectors, fixing the other eigenvectors and preserving both the algebra and inner
products. Lastly there exists a linear transformation o(a) of Vfl) = Vfa) @ Vo(a) @ Viz)
negating the %-eigenvectors, fixing the 0- and 1-eigenvectors, and preserving both préd-
ucts on Via). From [8], this definition is equivalent to the *Fusion Rules’. For two eigen-

vectors u € V/\(a) and v € Véa) of a fixed Majorana axis a, the Fusion Rules specify in
which part of the spectrum of ad, the product w - v lies.

1 1

1
1 1 0 & X

1 1
o] 0o o X %
1 1 1 1
2 | = 3 1,0 %
1 1 1 1 1
» | ¥ L0,

Table 1: Fusion rules

Definition 1.1. We denote by ((A)) the subalgebra of Vi generated by a set A of Majorana
axes.

The classification of subalgebras {({(at, as)) of Wiy, where {as, a;} is a pair of Majorana
axes, was started in [2] and completed in [16]. We call them dihedral subalgebras as the
corresponding pair of 2A-involutions {¢, s} generates a dihedral subgroup of M. We say
the dihedral subalgebra has type C'if the product of involutions ¢s belongs to the conjugacy
class C of M.
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Some subalgebras of Vj; generated by triples of Majorana axes are described by A. A.
Ivanov et al in [11], [12], [13], [10], and [9].

In this paper, we investigate a subalgebra V' = ((as, ay, a.)) of Vir such that the di-
hedral subalgebra ({a,, a,)) has type 24 and each of the dihedral subalgebras ({a,, a,)),
((ay,az)), and ({azy, a,)) has type 5A. The vector a,,, is the Majorana axis 1(xy) (since
a dihedral subalgebra ((as, a;)) of type 2A contains the axis a;).

Keeping in mind the bijection ¥ we might ask whether there exists a subgroup of M gen-
erated by a triple of 24 involutions {x, y, z} satisfying the relations:

2= 2= 22— (ay)? = (22)° = (y2)° = (ey2)° = L.

A group affording the presentation

(z,y, 2| 2% y%, (xy)?, 22, (22)°, (y2)°, (2y2)®)

defines the Coxeter group G(%%5) and from [4] it is isomorphic to the projective special
linear group Lo(11). From classical results on L,,(p*), [5], L2(11) is a simple group of
order 660 = 22-3-5-11 and it has a single conjugacy class of involutions which we denote
by T', and whose size is 55.

Proposition 1.2. There exists a monomorphism v : Lo(11) < M such that «(T') C 2A and
L is unique up to conjugacy in M.

Proof. In Table 5 of [17] S. Norton gives the list of simple subgroups of M having their
elements of order 5 in the M-conjugacy class 5A. For ¢(T) it is a requirement since if a
product of two 2 A involutions has order 5 it belongs to the conjugacy class 5A of M [2]. By
Norton’s list there is only one conjugacy class of groups isomorphic to Ly (11) containing
5A elements and their involutions belong to class 2A. O

Throughout the paper ¢ denotes the monomorphism as in Proposition 1.2, G = Ly(11)
denotes the image of ¢, and 7" denotes the conjugacy class of involutions in G.

By the conjugacy property of dihedral subalgebras!, the axis a;; is contained in ({(a;, a)).
Hence from the dihedral subalgebras of V, we can restate our aim to be the study of the
subalgebra V' of Vi generated by the set of 55 Majorana axes {a; | ¢t € T'}. We determine
the dimension of V' and find a spanning set for V. In the next section we prove the following
theorem.

Theorem. Let V' be the subalgebra of Vi generated by the set of 55 Majorana axes
{at | t € T}, where T is the class of involutions of the unique 2A-generated Ly(11)-
subgroup G of M. Then

() dim(V) = 101,

(2) V is linearly spanned by the set {a; - a5 | t, s € T}.

(3) If K = Cu(G) then Cyy (K) =V & uu.

ILet t and s be two 24 involutions, then tst is an involution conjugate to s. Hence tst is a 2A involution with
corresponding Majorana axis a¢st := ¥ (tst).
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In the last section we give some evidence towards the uniqueness of the map v :

t — a;, where ¢t € T, within the class of Majorana representations of Lo(11) satisfying
conditions (24) and (3A) (the terminology is explained in the last section)?. Lastly we state
a recent result of A. Seress proving that V' is equal to the algebra of the unique Majorana
representation of Lo(11).

2 Some properties of L2(11)

We present some of the standard properties of G =2 Lo(11) used when calculating inner
product values for V.

The group G is the automorphism group of the (11, 5, 2)-biplane, which we denote B
(see [19]).
B is a 2-symmetric design with 11 points, {p1,...,p11}, and 11 lines, {l1,...,l11}, such
that each line contains 5 points, each point lies on 5 lines, two lines intersect in exactly 2
points, and two points share exactly 2 lines. We call the incidence relation p; € [; a flag,
which we denote «; ;, and the relation p; ¢ [, an anti-flag, which we denote by w; ;.

From [14], the lines of B can be obtained by finding a difference set I; of size 5, with
elements from Z11, such that every integer modulo 11 appears exactly twice as a difference
i—j mod 11 for i and j in l;. We have that [y = {1, 3,4, 5,9}, which is the set of non-zero
perfect squares in Z1, and all other lines [;, can be defined by [}, = {1 +k, 3+k, 4+
k, 5+k, 94 k}, where k € Z3, and addition is modulo 11.

The incidence matrix A of B is given below with the rows indexed by the points of 3, the
columns indexed by the lines, and each flag is represented by a ‘1’ and each anti-flag by a
0.

[«IR S N Heol Nenl Nen) i Renl Nen) i)
e Bl B K==1 E==] Hes) BTt Nen) Newl BEY Nean)
e el K=l =] =] N2 Ne] Neol B Nes)
el k=]l Rl Nl Neol B Res ) N T
OO O OO RO ==
OO OO~ O
(=) N el Rl ol Ren ) ol B Bl Nl Nan)
el k=) Kl e Rl R e B Nen ) Nen) Rean)
oo~ OoO|lrrrlolol ol
Ol O R~lololol~lo
Il K==l N B Bl Hen) Nl Henl Bl Nenl Nen)

We can represent GG as a permutation group on 11 letters, so that G C Sym/(11), by letting
G act on the indices of the points or lines such that the incidence structure of B is preserved.

The stabiliser G(a; ;) of a flag ; ; is isomorphic to Ay, the stabiliser G(wy,;) of an anti-
flag wy, ; is isomorphic to D, and the stabiliser of a line (or a point) is isomorphic to As.
We can associate to a flag a; ; a unique subgroup S(cy; ;) = Co x C; and to an anti-flag wy,
a unique subgroup S(wy,;) = Cs such that N (S(c ;) = G(a;,;) and N (S(wk,)) =

~

G(wg,1)- Itis easy to see that each involution ¢ stabilises 3 flags and to deduce that C (1) =

2When the first draft of this article was written, the author has learned that Akos Seress has written a GAP
program, [6], capable of checking this uniqueness conjecture.
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Dy5. Similarly for (h) a subgroup of order 3 we can deduce N¢({h)) = D13. There are
only one class of involutions and one class of elements of order 3 in GG, so we can let d
be the G-invariant bijection between subgroups of order 2 and 3 sending each involution
t to the unique subgroup of order 3 commuting with ¢. Furthermore, by [14], G contains
one class of subgroups isomorphic to the Frobenius group of order 55, which we denote
Fj55. These are the four conjugacy classes of maximal subgroups of G; two non-conjugate
classes of subgroups isomorphic to A5 each of size 11 and each stabilising a point or a line,
one class of subgroups isomorphic to D;5, and one class of subgroups isomorphic to the
Frobenius group F3s5.

3 The algebra V

We start this section by finding an upper bound for dim (V") based on the work of S. Norton
([15], [16], and [17]). We then calculate the Gram matrix of a particular subset of V' which
provides a lower bound for dim/(V').

3.1 S. Norton’s observations

The upper bound on dim (V') stems from the following inclusion.
Lemma 3.1. V C Cy,, (Cu(G))

Proof. By the definition of a Majorana axis, a, is fixed by Cy(t) = 2.BM. Therefore
Cu(G) = Cu((z,y,2)) = m Cm(t) fixes V = ({(az, ay, a,)) by M-invariance of the

t=x,y,z

algebra Vjy. O

We denote by K the group Cy(G). The dimension of the fixed space of K in Vj; can
be obtained by calculating the fusion of the character table of K in that of M (since the
character of Vyj is known [3]). It is equal to the inner product of characters (xv;, i
, 1x)rK, where 1g is the trivial character of K, and xv;, Jx is the character of Viy
restricted to K. We thus need to determine the isomorphism type of K and the inclusions
of the conjugacy classes of GG and K into those of M.

We call an As-subgroup H of M an Aj of type (24,3A,5A) if the elements of order
2, 3 and 5 of H are in the M-conjugacy classes 24, 3A and 5A respectively. Clearly all
Ajs-subgroups of G are of type (24,3A,54).
Proposition 3.2. (i) For K as above, K = M.

(il) All As-subgroups H as above are conjugate in Ml and Cy(H) = Ajs.

(iii) The conjugacy classes of G fuse into those M as follows:

ClassinG | la 2a=T 3a 5a 5b 6a 1la  11b
ClassinM [ 1A 24 34 H5A 5A 64 11A 114

Proof. The result from part (i) can be read from the entry 31 of Table 3 of [15]. Part (ii) is
proved in Lemma 4 of [15]. To prove (iii) we carry on from the proof of Proposition 1.1.
From Table 5 of [17] we deduce the inclusion 3a C 3A. In the character table of M, given



88 Ars Math. Contemp. 7 (2014) 83—-103

in [3], the information on p-powers® of elements g € 6A gives g?> € 34 and g3 € 24,
and 6A is the unique conjugacy class of elements of order 6 with those p-powers, hence to
avoid a contradiction we must have 6a C 6A. Since M has a unique class 11 A of elements
of order 11 the classes 11a and 11b are subsets of 11 A. O

Proposition 3.3. For the algebra Cy,,(K) we have dim(Cy,,(K)) = 102.

Within the proof of Proposition 3.3 we determine the fusion of the conjugacy classes of K
into those of M. We follow the Atlas’s notation, [3], by writing the conjugacy of elements
of order N in M: NA, NB,...(etc) in increasing order of the size of the class. Similarly
for K we use the notation NAy, NBg,--- (etc). The character tables used are those of
the Atlas [3].

Proof. By part (i) of the previous proposition we have the inclusion of groups H C G,
where H = Aj is of type (24,3A4,5A), which implies K C Cy(H) = Ajp. In Ajpo,
the elements with cycle decompositions 2218 2414 and 26 have 8, 4, and no fixed points
respectively in the natural action of A;5 on 12 points, and so by Lemma 6 in [15] they
are mapped to the M-conjugacy classes 24, 2B and 2A respectively. There is a doubly
transitive action of Mio on 12 points with character x1 + 11, Where x; is the trivial
character of M7o and X114 is the first irreducible character of degree 11 (as in the Atlas,
[3]). This character takes the value O for the elements in the class 2A4,y,,, and the value 4
for the elements in the class 2Byy,,, hence 24,;,, C 24 and 2By, C 2B.

The structure class constants* for any pair of 24 involutions in M give the number of
elements in each conjugacy class of M expressible as a product of two 2 A involutions. The
constants can be calculated directly from the character table. For M the product of two 24
involutions lies in either of the Ml classes : 14, 2A, 2B, 3A, 3C, 4A, 4B, 5A or 6 A (see
[2] or [15]). Similarly for K = M5 we obtain that the product of two 2A g involutions lies
in either of the K classes 1Ax, 2Ak, 2Bk, 3Bk, 4Ak, 4Bk, bAk or 6Ak. To avoid
a contradiction on the monomorphism ¢ we have 5Ax C 5A, and 64, C 6A4 and 3Af is
a subset of either 34 or 3C. The class 6 Ak has p-powers 3B, 2Ak in K, and the class
6A has p-powers 34, 2A in M. Hence 3Bx C 3A. From lemma 6 of [15] no elements of
order 3 in Cy(H) = Ay, belongs to class 3C of M, hence 3Ax belongs to either 3A or
3B. If 3Ax C 3A then 6Bx C 6C and if 3B C 3B then 6Bx is in either 68 or 6F
according to the relevant p-powers in K and M. We determine the fusion in M of 3Ax and
6By at the end of the proof. The classes 44k, 4Bk contain products of 24 involutions
and their squares lie in class 2Bx C 2B hence 4Ax, 4B C 4A as 4A is the unique
class of elements of order 4 squaring to 2B. The classes 8 A, 8 Bk have their squares in
classes 4 A, 4By respectively, and in M the unique conjugacy class of elements of order
8 squaring to 4A is 8 B. Hence 8 Ax, 8 Bx C 8A. The class 104k in M5 has p-powers
5A C bA and 2Ax C 2A and in M the class 104 is the unique class of elements of

3For a finite group L, the p-power line in the character table of L records for each conjugacy class C' of L, and
for each prime p dividing the order of the elements of C, to which conjugacy class the pt"-power of the elements
of C' belongs to.

4For a finite group L, the structure class constants give the number of solutions s1 23 to equations in the
group of the type x1.x2 = x3, where each x; belongs to a conjugacy class C; of L. From the table of complex
characters of L:

|L]| x(z1)x(x2)x(x3)
|CL(z1)] - [CL(z2)| velmL) x(1)

$1,2,3 =
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order 10 with such p-powers so that 10Ax C 10A. There is a unique class of elements of
order 11inMso 11Ak, 11Bg C 11A. If 3Ax C 3A then 6Bk C 6C and the completed
fusion of conjugacy classes of K in those of M gives a value of (xv, Jx, 1x)rx Which
is not integral, a contradiction. Hence 3Ax C 3B and 6 B is in 6B or 6 F. To determine
which, we look at the fusion of the conjugacy classes of A := Cy(H) = Ajp in M.
Apart from the conjugacy classes 6G 4, 944, 9B4 and 9C4, the fusion of the classes of
A in M is straightforward using the information on p-powers and the fusion of the classes
of K in M already obtained. From a calculation of S. Shpectorov in [12] we know that
(Xviy 44, 14)ra = 26. This can only happen if 6G4 C 6B and 944, 9B4, 9C4 C 9A.
In particular elements of order 6 in A5 cannot be subsets of 6F, hence neither can the
elements of order 6 in K. Hence 6 B C 68. We have obtained the fusion of K in M

Class in K IAK 2AK ZBK 3AK 3BK 4AK 4BK
p-powers A A A A A B B
ClassinM | 14 2A 2B 3B 3A 4A 4A

5Ax 6Ax 6Bx 8Ax 8Bx 10Ax 11Agk
A BA AB A B AA A
5A 68 6A 8B 8B 10A 114

and we can now compute the inner product of real characters of K

(xviy 455 1 )R = 102.
O

The following useful observation was made by S. Norton (in a more general context).
Lemma 3.4. The identity vy of Vi cannot be contained in V.

Proof. The groups G and K centralise each other in M and G x K is a subgroup of M.
The unique conjugacy class of involutions 7" of GG is in class 2A of M, and we have proved
that the classes 2A x and 2By are in 24 and 2B respectively.

Claim : there exist elements s € T and ¢ € 2A such that the element ¢s of G x K is
in class 2B of M.

From Proposition 3.2, part (iii), the element s can be taken from a As-subgroup X of G of
type (24, 3A4, 5A). From the proof of Proposition 3.2, the elements of 24 x act fixed-point
freely on 12 points, and the centraliser in M of an As-subgroup of type (24,3A4,5A) is
isomorphic to A;5. By Table 4, line 7 of [17], there exists a subgroup Y C Ao, Y & A,
that acts transitively on 12 points. Let ¢ € Y. Then, by Table 3, line 8 of [17], the
involutions in the diagonal subgroups of X x Y are in 2B. In particular ¢ts € 2B and the
claim is proved.

Since ts € 2B, the axes a; and a, generate a dihedral algebra of type 2B and a; - as = 0
(see [2] or [11]). For all z € T there is an element g € G such that z = s9, so by invariance
of the algebra product (a; - as)? = 0 = a; - a, since G normalises K. Now, V' is generated
by the 55 Majorana axes a for z € T" and the O-eigenspace of a, is closed under the algebra
product, so if the identiy ¢y were in V' we would get the contradiction a; - ¢y = 0. O
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The identity of a commutative algebra being unique and therefore stable under the auto-
morphism group we have ty € Cy;, (K). And since vy is not in V' we obtain the main
result of this subsection.

Proposition 3.5. For the algebra V' we have dim(V') < 101. O

3.2 Inner product values for V'

In this subsection we calculate all inner products on a well-chosen subset of V' and compute
the rank of the corresponding Gram matrix to bound below the dimension of V. We do so
using the information on some subalgebras of V' which have already been classified.

3.2.1 Dihedral subalgebras of V'

The algebra V' contains the dihedral subalgebras of types 24, 34, 5A, and 6 A (obtained by
calculating the relevant structure class constants in the character table of G). From [16], for
each type of dihedral algebra, we know the dimension of the algebra, and a basis for which
all algebra and inner products are known. We follow the exposition given in [8] which is
now accepted as standard in the Majorana Theory and where a different scaling to [16] is
used. Table 2 is taken from [8], which notation we explain below.

Each dihedral subalgebra corresponds to a dihedral subgroup D of M generated by two 24
involutions ¢ and s, whose product we denote by p := ts. We denote by ag, a; and a; the
Majorana axes a;, as and a;,: in Table 2.

In the subalgebra of type 24, we have a, = 1(p) which is also a Majorana axis, and in
the types 3A and 5A the vectors u, and w, are introduced to close the algebra product.
They correspond to elements of order 3 or 5 in D respectively. From [2], the 1-dimensional
subspace linearly spanned by the vector u, or w,, is invariant under the normaliser Nyt ({p))
which is isomorphic to 3. Fyy or (D19 X F5).2 respectively. Also, in the type 3A the vector
itself is stable under Ny ((p)), so that u, = u,-1, and in the type 5A the vector is stabilised
up to negation w, = —wpy2 = —Wy3 = Wpd.

Any element of order 3 or 5 in GG can be expressed as a product of two involutions, and any
two involutions correspond to a dihedral subalgebra of V. Hence to study the algebra V'
we can consider the span of the vectors corresponding to the cyclic subgroups of order 2, 3
and 5 of G.

We let G() be a set of non-trivial representatives of each cyclic subgroup of order 4 for
i = 2,3,5, of size 55, 55 and 66 respectively, where for ¢ = 5 the representatives are
taken from the same conjugacy class of G. We use the notation A := {a; | t € G},
U:={up | he GO}, and W := {w; | f € GO}, and welet S := AUU U W.

3.2.2 Aj subalgebras of V'

The algebra V also contains 22 As-subalgebras of type (24,3A,5A) as G contains two
conjugacy classes of As-subgroups of type (24,3A4,5A), of size 11 each. The structure
of a subalgebra Vi generated by the Majorana axes indexed by the involutions of an As-
subgroup H of type (24,34, 5A) follows from [12]. We reformulate it so as to present Vi
as a subalgebra of 1V} generated by a triple of Majorana axes.
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Type Basis

Products and angles

2A ap, ai, a,

3A a-1, 00,01,
Up

SA a—2,0a-1,ao,
ay, az, Wy

6A a—2,0-1, 00,
ai, az, as
Ap3, Up2

ap- a1 = 2%(ao+a1—ap), ag - a, = 2% ap+a, —ap)
(ap,a1) = (ao,a,) = (a1, a,) = 2%
ap-ay = 2%(2(10 +2a+aq)— 3%5%)
ap - up, = 3%(2% —a1 —a_1)+ 55U,
Up - Up = Uy
23

(ao,a1) = 33, (a0, up) = 35, (up,u,) = %
ag-a; = 2%(3&0 +3a1 —ax —a_1 —a_2) +w,
ag - ay = 2%(3&0 +3a2 —a; —a_1 —a_2) —w,

ap Wy = gz (a1 +a_1 —as —a_2) + 5w,

2
Wy - Wy = 521'97(a_2 +a_1+ag+ay+ as)
2 (ag,w,) =0, (w w):53'7
; 0, Wp P ps Wp 919

(ap,a1) = 57

ap a1 = g5(ag+ a1 —a_g —a_1 —az —az + ay) + f%upz
ag - ag = 2%(2(10 +2a2 +a_3) — %upz

ag - Up2 = 3%(2(10 —ay —a_2) + 55Uy

ag - a3 = 2%,(a0 +az —aps), a, - upe =0, (am,uy2) =0
(ap,a1) = 2% (ap,az) = é*g (ap,a3) = zis

Table 2: Dihedral subalgebras
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Proposition 3.6. Let Vg = ((as, ay, a.)) be a subalgebra of Viq where the dihedral sub-
algebra ((a,ay)) has type 2A and where the dihedral subalgebras ({a,a.)), ((ay,a.)),
and ((azy, a.)) have types 5A, 5A and 3A respectively. Then Vi has dimension 26 and it
is linearly spanned by the products of all pairs of Majorana axes indexed by the involutions
of H. O

For explicit formulas for the algebra product in Vy; or a list of all inner product values, we
refer the reader to [12]. In the rest of the paper we will simply refer to an As-subgroup H
to mean an Aj-subgroup of type (24,3A4,5A4).

For an As-subgroup H, we denote by H?), H(3) and H®) the sets of non-trivial conjugate
representatives of cyclic subgroups of order 2, 3 and 5 and in the corresponding algebra
Vi we denote by Ay, Uy and Wy the sets of vectors {a; |t € H®}, {uy, | h € H®)},
and {w; | f € H®}. Let wy be the sum of all vectors in Wy. By [12], the set Sy :=
A UUg UWp is a spanning set of size 31 for Vyy, and Vj is 26-dimensional with a basis
Ag UUg U{wg}. The five independent linear relations on .S, which can be found in
[12] or [16], are called the Norton Relations.

Proposition 3.7. The Norton Relations
In the algebra Vi corresponding to an As-subgroup H of type (2A,3A,5A), all vectors
wy € Wy satisfy:

wf:%wH—l—2—17 Z ay — Z ag —|—sz5 Z Up — Z Up,

teHP (f) teHSD (f) heH® heH®)
o([h,f])=3 o([h,f])=5
where
HP(f):={t € H? |o(tf) =5},
HP(f):={te H? |o(tf) = 3}.

O

We denote by H1 = {H1,..., Hi1} and Ho = {Hj,..., Hj;} the two classes of Ajs-
subgroups in G. One class corresponds to the rows of A/ and the other to the columns,
so the intersection between Aj’s taken from different classes can be read directly from the
entries of \V.

For a given As-subgroup H; in G let W be the sum of all vectors in Wy,. For a vector
wy € Wpy, we rewrite the Norton relation for w; as

1
= W XA + Ui 3.1
where the meaning of A\, u, A;(f) and U;(f) is clear from Proposition 3.7.

Corollary 3.8. Let w be the sum of all vectors wy in W C V. Then S" := AUU U{w} is
a spanning set of size 111 for S.
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Proof. Consider an As-subgroup Hy € H;. From N/, any subgroup H;: € H, intersect
Hyina Dygoran Ay. If HiNH; = D there exists a representative f of H1(5) in HiNH;
for which the Norton relations give

TWL N A(f) + p Ui(f)
wr = /
TN A () + U (f)

and so W isin Sp(A U U U {W'}), the R-linear span of AU U U {IW'}.

If H; N H; = A4 then the situation can be visualized as the following submatrix of A/,
where each anti-flag has been replaced by the unique element of G'®) stabilising it, and the
rows and columns are indexed with the copy of As stabilising the corresponding line or
point of B.

H, H,

H (1 w,

HJI wf Wk
From the Norton relations for g € H; N Hy, k € H; N Hy and f € Hy N Hy, we also
get Wi e Sp(A uUu {Wl}) From N, for any subgroup H; € H; there are 3 elements

of H, intersecting both H; and H; in a Dy, with say H;s being one of them:
H, H,;
Hl/ ( wy wy )

so the Norton relations for f and [ give W' € Sp(A U U U {W'}). Hence there exists
v € Sp(AUU) such that

22 Wl = ZHiG?'[l Wl + ZHiIGHz WL + v,

and from N every element of G(®) is contained in exactly one element of #; and one of
Ho so that

v

EHiG’Hl Wl + ZHi/GHQ Wl = 2 w,
where w is the sum of all vectors w; in W, and hence

Wt = Lw+v forsomev € Sp(AUU).

4 Inner product values

Definition 4.1. For each pair (G, G)) with i, j € {2,3,5} we call the inner product
values on G(*) x G'Y) inner products of type (i, ).

If we let E() be the equivalence class of elements of order i in G belonging to the
same cyclic subgroup, then the orbits of G acting by conjugation on E(*) x E() form a
subpartition of the distinct inner products values of type (4, j) (these orbits were calculated
using [1]).

We will only explain the inner products values (ug, v;) for which the subgroup (k, 1)
is isomorphic to F5 or to the whole of G. They arise as the solutions of equations of
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intersecting subalgebras inside V, or equivalently as particular configurations of subgroups
inside G, which can be read from the incidence matrix A/ or found using a code written in

[1].
4.1 Inner products of type (2, 2)

From the dihedral subalgebras of V' we know all possible inner product values of any two
Majorana axes in V, see [11].

Case | o(ts) ((at,as)) (t,s) (at,as)
1 1 14 1 1
2 2 24 Dy 5%
3 3 34 Dg 3
4 5 5A Dy =
5 6 6A D1y =

Table 3: Inner Products of type (2,2), with ¢, s € G(?)

4.2 Inner products of type (2, 3)

The value for case 5) of the inner product of type (2, 3) was computed using the following
lemma.

Lemmad4.2. Fort € G® and h € G such that (t, h) = Lo(11) we have

(ar,un) = 335

Proof. We fix an element h € G and we let t € G® such that (t,h) = G. Since
Ne((h)) =2 Dys then (h) is contained in exactly two distinct dihedral groups of order 6.
Let S}, be one of the two sets of 3 involutions, S;, := {s, sh, sh?}, such that (S, h) = Ds,
and up to permutation of the set S;, we have

<t5 S> g DG,
<t, Sh> = Dlg,
<t, Sh2> = D10~
In the 3 A-dihedral subalgebra ({as,up)) we have the equality
Up = _% |:as cQsh — 2%(2as + 2ash - ashz):| )
so taking the inner product with a; gives

11
(ar, up) = — &% [(at , Qs - asy) — 35(as , 2as + 2a, — aw)},
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Case | o(ht)  (t,h)  (as,up)

1 2 D¢ o
2 3 Ay 2
3 5 As 2.132
4 6 Cs 0

5 11 Lo(11) 1=

Table 4: Inner Products of type (2,3), with t € G®) and h € G

Case | o(tf)=o(tf~") o(lt.f]) (t.f) (a,wy)
1 2 5 Dy 0
2 3 5 As I
3 5 3 As v,
4 5 5 Ly(11)  —5m
5 6 6 Ly(11) —353%
6 11 5 Ly(11) 42

Table 5: Inner Products of type (2,5), witht € G®) and f € G®)

and by associativity of the algebra product with the inner product

(a¢, ag - agp) = (as, at - agp).

Since (t, sh) = Djs, the element p = tsh has order 6 so the algebra product a; - agp, is
contained in the dihedral algebra ({a;, asy)) of type 6A, and so

_ 1 3%.5
(a37 a 'ash) = QT(asa At + Qsh — Qip2 — Gp3 — Qppt — Gpps + ap3) + 5 (asa upQ),

where (s, p?) = Ay, so the value of (as , u,z) is known to be § from [11]. Since all the
required inner products are now known, one can compute (a¢, up) = ﬁ
O
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4.3 Inner products of type (2, 5)

The next lemma justifies the values found in cases 4), 5) and 6). We omit its proof which
is similar to the proof of Lemma 4.2.

Lemma 4.3. Lett € G and f € G® such that (t, f) = Ly(11). Then exactly one of
the following holds.

(i) There exists s € G®) commuting with t and inverting f, and
(ar,wy) = —2% + 2%]) - Q%q, where
P =T(as, asp) + (ay, a5p2) and q = (a5, as5).

(ii) There exists s € G2 inverting f and generating with t a dihedral group of order 6,
and

32 1 33.r
(at,wy) = 51z + 97p — S0 q, where

P = (a¢, Sasy + asp2 + agps + agpa) and q = (s, agy).

(iii) There exists s € G®) inverting f and generating with t a dihedral group of order
12, and

325
ST, Wwhere

(ar,wp) = —5% + 5P+ 574 —

P = (asf, aps —2ap — Qyp2 — Qyps — Qs — Qyps ), q = (ag, Qsp2 + agps + agpa)
and r = (up2,asy5),

for p :=tsoforder6in (t, s) = Dis.

4.4 Inner products of type (3, 3)

In the next lemma part (i) addresses cases 4) and 6) and part (ii) addresses case 5). The
lemma assumes all products of type (2, 3) are known.

Lemma 4.4. Let h, k € G with (h, k) = Lo(11). Then exactly one of the following
holds.

(1) There exists an involution t inverting both h and k, and
(up,ug) = %(5 —23.32p + 25¢), where

p= (uh7atk2) = (uk’v a’thQ) and
q = (ath, ag2) + (e, atr) + (@n2, ak) + (aen2, G2 ).

(ii) There exists an involution t inverting h and generating with k an alternating group
Ay, and

(Uh,’l,bk;) = 3%%(% —pP— 2(] — 7”), where

b= (atlu Bugr, — 4ug — 4Utk2), q= (ath%uk) and 1 = (atiuuk)-
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Case | {o(hk),o(hk=1)}  (h,k)  (un,us)
1 {1,3} Cs z
2 2,3} A Y
3 {5,5} As 2
4 {5,6} L(11) &,
5 {5,11} Ly(11) 2%
6 {6,6} Ly(11) 2

Table 6: Inner Products of type (3, 3), with h, k € G®)

4.5 Inner products of type (3, 5)

Part (i) of the next lemma addresses case 3), and part (ii) addresses cases 5) and 6).

Lemma4.5. Let h € G® and f € G©®) such that (h, f) = Lo(11). Then exactly one of
the following holds.

(1) There exists an involution t inverting f and h, and

11
(un,wy) = —2=(p— 55q), where

p= 2%(atf + Qe — appr — agps, ) + %(wf,ath) and
q = (2a¢ + 2a¢p, + a2, wy).

(ii) There exists an involution t inverting f and generating with h a subgroup isomorphic
to As, and

(up,wy) = %p%— Q%q — 2%17", where

P = (asf + asps, up), q= (asp2 +asps, up) and v = (asf, Ush + Usp2).
O

The inner product value for case 4) of the inner product of type (3, 5) can be found using
the Norton relations inside some As-subalgebras of V, see equation (1). The proof of the
following lemma uses similar arguments to the proof of Corollary 3.8. We use the notation
of (1).

Lemma 4.6. Let f € GO and h € G®). If there exists an element g € G such that
Ay = (f,g) and Ay := (h, g) are two non-conjugate As-subgroups of G, then

(un,wy) = %(uh ,Wz) + %(uh ,la) + %(uh,lu), where
la = Ai(g9) + Ai1(f) — Aa(g) and 1, = Ui(g) + Ui (f) — Ua(g).
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Case | o(hf) o(hf™') (h,f)  (upn,wy)
1 2 5 As S
2 3 5 As S
3| 3 6 L(1l) s
4 5 5 Ly(11)  gsgps
5 6 11 Ly(11) ot
6 11 11 Ly(11)  g5rs

Table 7: Inner Products of type (3,5), with h € G and f € G

4.6 Inner products of type (5, 5)

In the next lemma, part (i) justifies the values of the inner product of type (5,5) for the
cases 2), 3) and 4), and part (ii) justifies case 6). The proof is similar to that of Corollary
3.8 and the notation is the same as the one used in the previous lemma.

Lemma 4.7. Let f, g € G®) not contained in a common As-subgroup, with f and g
belonging to the pairs {H;, Hy} and {Hj, Hj } respectively, of distinct non-conjugate
As-subgroups of G. Then exactly one of the following holds.

() H;NHj = Dyg, or Hy N Hy =2 Dy, with k an element of order 5 in H; N Hj, say,
then

3.5 ; 1

1 o 1 .
(wy,wy) = 6—2(WJ,WJ)+E(ZQ,WJ)+ﬁ(Zu, Wa)+ﬁ(za,Aj(g))

325 325 3452
+ QTg(la 5 U](g)) + 2T9(lu 7A](g)) + W(lu 7Uj(g))7
where 1, = AJ(]{)> — Azl(k') + All(f) and 1, = Uj(k‘) - Ull(k?) + Ulf(f)

(i) H; N Hy = H; N Hy =2 Ay, and there exist two elements k # | € G®) such that k
belongs to H; and H,,» and [ belongs to H; and H,,, so that

1 ) . 1 = 3.5 . 1
(wy,wy) = @(WJ’WJ) + ﬁ(la ,WJ) + ﬁ(lu ,WJ) + ﬁ(la ,Aj(g))
325 325 34 52

+ Srg (e Uj(9)) + 55 (> 45(9)) + =55 (b U (9)),

where 1, = A;(1) — A (1) — Ai (k) + Ap (k) + Ai(f),
and 1, = Uj(l) = Up (1) — Ui(k) + Uy (k) + Us(f).
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Case | {o(fg).o(fg~")} o([f.g]) (f.9)  (un,wy)
1 {1,5} 1 Cs s
2 {3,5} 5 As %
3 {5,11} 11 Fss S
4 {3,6} 5 Lo(11) 3451
5 {2,6} 5 Ly(11) o
6 {5,11} 2 Lo(11) b
7 {5,5} 3 Ly(11) =33t

Table 8: Inner Products of type (5,5), with f,g € G©®

Corollary 4.8. The inner product values between the vector w, and the vectors a; € A,
up, € U, wy € W and w itself are as follows

M) (ar,w) = &

(i) (up,w) = %
(i) (wy,w) = 5347,
(iv) (w,w) = 3%, 52.1171.17

4.7 Dependence relations in the algebra

We let Vs: be the R-vector space having the subset S’ = AU U U {w} of V as a basis.
We turn Vs into a G-module by the natural action of G on S/, and we let 7 be the natural
projection

m: Vg — V.

Using [1] we find the rank of the Gram matrix of the set S’ and give a description of the
kernel of 7.

We recall the bijection d introduced at the beginning of section 2 between subgroups of
order 2 and 3 in G:

d:G? - Gg®
(&) = ()

since Vt € G® 31 h € G® where [t, h] = 1. For a fixed involution t € G® its
normaliser N (t) = D2 has the following orbits on G®) (the action is conjugation):
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Ola Oév 052’)’ 06137 06237 Og, Oé, 012 and O%Q’

where the subscript indicates the size of the orbit. If we write Ng(t) = (p) x (s) then
P> =t,500; = {p*}, O = {s, sp?, sp*} and O3 = {sp, sp>, sp°} wlog. Further we
can describe the orbits as follows:

03U 03 ={s € GP|(s, t) = 2%}

O U0 ={s € GP|(s, t) = D15}

O:UOL ={s € GP|(s, t) = Dg}
01U O3, ={s € GP|(s, t) = Dy}

For (t1, t2) in O} x O or O3 x O} the subgroup (t1, t2) in G is isomorphic to either 22
or Dyg. For (t1, t2) in O x Of or O3 x O} the subgroup (t1, t2) is isomorphic to either
DG or D12.

Proposition 4.9. (i) The rank of the Gram matrix for the set S’ is 101.

(i) The kernel of w is 10-dimensional and consists of 10 linearly independent relations,
between the vectors of A U U, taken from a set of 55 G-invariant relations R(t)
indexed by the involutions of G.

For a fixed involution t in G®), R(t) defines the following Ng (t)-invariant relation:

R(t)::Zaeraerg;—f( Z up, — Z uk):O,

reTh s€Ts hed(Ty) ked(Tz)

where Ty and Ty can taken to be O3 U O} and O3 U O? respectively (or vice versa).
O

From the rank of the Gram matrix of the set S’ we obtain the following proposition.
Proposition 4.10. For the algebra V' we have dim (V') > 101. O

The above, together with Proposition 3.5, proves that dim (V) = 101. Hence the set S’
spans V, so that {a; - a5 | t, s € T} also spans V. From Lemma 3.4, the identity ¢y of
Vi is not in V. The space Cy;, (K) is 102-dimensional, containing ¢y and having V as a
subspace. Hence Cy;, (K) decomposes as V' @ vy, and we have proved our main theorem.

5 A Majorana representation of L5(11)

The dihedral and As-subalgebras of V' can be characterised under the axioms of Majorana
theory; they are equal to the algebra of the Majorana representations of the dihedral groups
Dy of type 2A, Dg of type 3A, Dy of type 54, and D15 of type 6 A, and of the alternating
group As of type (24,3A4,5A).

Majorana theory was introduced by A. A. Ivanov in [8] to axiomatise some of the properties
of Vi and its Majorana axes. We refer the reader to [8] and [11] for a full description.

Definition 5.1. A Majorana representation of a finite group G is a tuple



S. Decelle: The La(11)-subalgebra of the Monster algebra 101

R:(Ga Tv Xv (a)’ ERZ 1/))9

where T is a union of conjugacy classes of involutions generating (G, and X is a commu-
tative non-associative R-algebra endowed with an inner product ( , ) associating with its
algebra product - in the sense that (u-v, w) = (u, v-w) forall u, v, w € X and satisfying
the Norton Inequality

(w-u, v-v) > (u-v, u-v),forallu,v € X.

The image of the homomorphism ¢ : G < GL(X) is an automorphism of (X, -, (, )),
and the map 1) is an injection sending each involution ¢ of 7" to a Majorana axis a; of X, as
defined in the second paragraph of section 1 (the properties of the spectrum of ad, and the
Fusion Rules are assumed to hold ), such that ¢ and ) commute in the sense that :

ag-1ty = (ay)?9) forevery g € G.

We require that the algebra X be generated by the set of Majorana axes 1(7") and that it
must satisfy conditions (2A4) and (3A) below.

Conditions (2A) and (3A) ensure that when constructing X in the above definition we get
the right number of 34 vectors uj, from the Majorana axes.

(2A) Lettp,t; € T and p := tptq such that

(a) if p € T and the vectors ay,, a, generate a dihedral subalgebra of type 24 then
ap = ¢(p)’

(b) if p* € T for p of order 4 or 6 and the vectors a;, and a;, generate a subalgebra
of type 4B or 6A, then 1(p?) coincides with the axis api s

(3BA) Lettg,t1,ts,t3 € T with <t0,t1> = <t2,t3> = Dg. We let p1 := tot1 and po := tots
both of order 3.
If the following two conditions are satisfied:
(i) pr = pa or p; ', and
(ii) the dihedral subalgebras generated by {ay,, at, } and {as,, at, } have type 3A,

then the corresponding 3A-axial vectors u,, and u,, in the above subalgebras are
equal in X.

We call dim(X) the dimension of R, and we say that R is based on an embedding of G
into M if there exists a monomorphism ¢ : G — M with «(T") C 2A and such that R is
isomorphic to the subalgebra of Vj; generated by the Majorana axes corresponding to ¢(7').

Definition 5.2. The shape of a Majorana representation R of G specifies the types of
dihedral subalgebras associated with all pairs of involutions on 7.

Theorem 5.3. A Majorana representation of G = Lo(11) must have shape (2A,3A,5A,
6A).
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Proof. Let R be a Majorana representation of G with associated algebra X. The group
L5(11) has a single conjugacy class of involutions, 2a, and a single class 3a of elements
of order 3. From the structure class constants the product of any 2a involutions is in either
of the Ly(11) classes la, 2a, 3a, 5a, 5b or 6a. Hence X contains dihedral subalgebras
of type 5A and 6A since they are the only dihedral subalgebras associated with dihedral
groups of order 10 and 12. By the inclusion of the dihedral subalgebras 34 — 6A and
2A — 6A the classes 3a and 2a are mapped to 3A and 2A under v. Hence X also
contains dihedral subalgebras of type 3A and 24 and we have accounted for all possible
dihedral subalgebras in X. O

Let R be a Majorana representation of G with associated algebra X. From the above
theorem, R has the same shape as the subalgebra V' of 1V} and the same inner product
values for the sets S’ and S. Moreover the dihedral and As-subalgebras of X are equal to
their Majorana representations from [11] and [12].

Proposition 5.4. (i) The dihedral subalgebras of type 2A, 3A, 5A and 6 A are equal to
the unique Majorana representations of Dy, Dg, D¢, and D15 of shape 2A, 3A, 5A
and 6 A respectively.

(il) The As-subalgebra of type (2A,3A,5A4) is equal to the unique Majorana representa-
tion of shape (2A,3A,5A) of a group As of type (2A,3A,5A), which has dimension
26. O

We would like to show that the shape of R uniquely determines the algebra product in X
so that X = V. In particular it is necessary to find the closure of the algebra generated
by S. This can be inspected computationally. We let 5? := {u-v | u, v € S} and
53 :={(u-v) - w, u-(v-w)|u, v, €S} and forany positive integer n the set S™ is
defined in a similar way. Already for the set of vectors S U S? the Majorana axioms yield a
very large number of eigenvectors for each Majorana axis and the first computational step
is to check whether or not the linear span of S U.S? over R is contained in the closure of X
In fact during the reviewing stage of this paper, the author has learned that A. Seress has
proved in [18] that the system of linear equations in S U S2, obtained from the eigenvectors
of the axes {a, | t € T}, has a unique solution and that dimg(X) = 101. The result was
obtained computationally with an algorithm written with [6].

Theorem 5.5. The Lo(11)-subalgebra of the Monster algebra Vi is equal to X, the alge-
bra corresponding to the unique Majorana representation of La(11). O
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Abstract

We investigate fat Hoffman graphs with smallest eigenvalue at least —3, using their
special graphs. We show that the special graph S()) of an indecomposable fat Hoffman
graph §) is represented by the standard lattice or an irreducible root lattice. Moreover, we
show that if the special graph admits an integral representation, that is, the lattice spanned
by it is not an exceptional root lattice, then the special graph S~ ($)) is isomorphic to one
of the Dynkin graphs A,,, D,,, or extended Dynkin graphs A, or D,,.

Keywords: Hoffman graph, line graph, graph eigenvalue, special graph, root system.
Math. Subj. Class.: 05C50, 05C76

1 Introduction

Throughout this paper, a graph will mean an undirected graph without loops or multiple
edges.

Hoffman graphs were introduced by Woo and Neumaier [5] to extend the results of
Hoffman [3]. Hoffman proved what we would call Hoffman’s limit theorem (Theorem 2.14)
which asserts that, in the language of Hoffman graphs, the smallest eigenvalue of a fat
Hoffman graph is a limit of the smallest eigenvalues of a sequence of ordinary graphs with
increasing minimum degree. Woo and Neumaier [5] gave a complete list of fat indecom-
posable Hoffman graphs with smallest eigenvalue at least —1 — /2. From their list, we
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find that only —1, —2 and —1 — /2 appear as the smallest eigenvalues. This implies, in
particular, that —1, —2 and —1 — /2 are limit points of the smallest eigenvalues of a se-
quence of ordinary graphs with increasing minimum degree. It turns out that there are no
others between —1 and —1 — /2. More precisely, for a negative real number \, consider
the sequences

N = inf{Amin(T) | mindegT > &, Apin(T) > A} (k=1,2,...),

0N = sup{Amin () | mindegT > k, Amin(T) < A} (k=1,2,...),
where I runs through graphs satisfying the conditions specified above, namely, I" has min-

imum degree at least k and I" has smallest eigenvalue greater than (or less than) A. Then
Hoffman [3] has shown that

lim ™2 = -1 lim 00" = —2
el ’ foo K ’
lim n]g_l_‘/i) = -2, lim 912_2) =-1-v2.
k—oco k—oo

In other words, real numbers in (—2, —1) and (—1 — /2, —2) are ignorable if our concern
is the smallest eigenvalues of graphs with large minimum degree. Woo and Neumaier [5]
went on to prove that

; () _ 9 _
kli)ngonk =-1-v2,

where o = —2.4812 is a zero of the cubic polynomial 3 4 222 — 22 — 2. Recently, Yu [6]
has shown that analogous results for regular graphs also hold.

Woo and Neumaier [5, Open Problem 4] raised the problem of classifying fat Hoffman
graphs with smallest eigenvalue at least —3. They also proposed a generalization of a
concept of a line graph based on a family of isomorphism classes of Hoffman graphs. This
enables one to define generalized line graphs in a very simple manner. As we shall see in
Proposition 3.2, the knowledge of p-saturated indecomposable fat Hoffman graphs gives a
description of all fat Hoffman graphs with smallest eigenvalue at least p. For p = —3, this
in turn should give some information on the limit points of the smallest eigenvalues of a
sequence of ordinary graphs with increasing minimum degree. Also, using the generalized
concept of line graphs, we can expect to give a description of all graphs with smallest
eigenvalue at least —3 and sufficiently large minimum degree. Thus our ultimate goal is
to classify (—3)-saturated indecomposable fat Hoffman graphs, as proposed by Woo and
Neumaier [5].

The purpose of this paper is to begin the first step of this classification, by determining
their special graphs for such Hoffman graphs having an integral reduced representation.
One of our main result is that the special graph S™($)) of such a Hoffman graph §) is
isomorphic to one of the Dynkin graphs A,,, D,,, or extended Dynkin graphs A, or D,,.
We also show that, even when the Hoffman graph $) does not admit an integral represen-
tation, its special graph S($)) can be represented by one of the exceptional root lattices
E, (n = 6,7,8). This might mean that the rest of the work can be completed by a com-
puter as in the classification of maximal exceptional graphs (see [1]). Indeed, if one at-
taches a fat neighbor to every slim vertex of an ordinary maximal exceptional graph, then
we obtain a (—3)-indecomposable fat Hoffman graph. However, maximal graphs among
(—3)-indecomposable fat Hoffman graphs represented in Eg are usually much larger (see



H. J. Jang et al.: On fat Hoffman graphs with smallest eigenvalue at least —3 107

Example 3.8 and the comment following it), so the problem is not as trivial as it looks. We
plan to discuss in the subsequent papers the determination of these special graphs and the
corresponding Hoffman graphs.

2 Hoffman graphs and their smallest eigenvalues
2.1 Basic theory of Hoffman graphs

In this subsection we discuss the basic theory of Hoffman graphs. Hoffman graphs were
introduced by Woo and Neumaier [5], and most of this section is due to them. Since the
sums of Hoffman graphs appear only implicitly in [S] and later formulated by Taniguchi
[4], we will give proof of the results that use sums for the convenience of the reader.

Definition 2.1. A Hoffman graph $) is a pair (H, 11) of a graph H = (V, E') and a labeling
map u: V — {f, s}, satisfying the following conditions:

(i) every vertex with label f is adjacent to at least one vertex with label s;
(ii) vertices with label f are pairwise non-adjacent.

We call a vertex with label s a slim vertex, and a vertex with label f a fat vertex. We denote
by Vi = Vs($) (resp. V;(9)) the set of slim (resp. fat) vertices of ). The subgraph of a
Hoffman graph $) induced on V;($)) is called the slim subgraph of ). If every slim vertex
of a Hoffman graph $) has a fat neighbor, then we call $) far.

For a vertex x of §) we define N/ (z) = Ng (w) (resp. N*(z) = Ng(x)) the set of fat
(resp. slim) neighbors of x in §). The set of all neighbors of z is denoted by N (z) = Ng(z),
that is N(x) = Nf(x) U N*(x). In a similar fashion, for vertices = and y we define
Nf(z,y) = N}; (z,y) to be the set of common fat neighbors of x and y.

Definition 2.2. A Hoffman graph $); = (H7, p1) is called an (induced) Hoffinan subgraph
of another Hoffman graph $) = (H, u), if H; is an (induced) subgraph of H and u(x) =
w1 () for all vertices x of $7. Unless stated otherwise, by a subgraph we mean an induced
Hoffman subgraph. For a subset S of V,()), we denote by ((S))g the subgraph of $

induced on the set of vertices
SuU (U N{ (;;;)) .

zeS

Definition 2.3. Two Hoffman graphs $) = (H, ) and )’ = (H', i’) are called isomorphic
if there exists an isomorphism from H to H' which preserves the labeling.

An ordinary graph H without labeling can be regarded as a Hoffman graph $y = (H, p)
without any fat vertex, i.e., u(x) = s for all vertices . Such a graph is called a slim graph.

Definition 2.4. For a Hoffman graph $, let A be its adjacency matrix,

A, C
A=(er )
in a labeling in which the fat vertices come last. Eigenvalues of ) are the eigenvalues of the

real symmetric matrix B($)) = A, — CC7T. Let Amin ($) denote the smallest eigenvalue of
9.
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Definition 2.5 ([5]). For a Hoffman graph $) and a positive integer n, a mapping ¢ :
V($) — R" such that

m ifx =y e Vi(H),
(6(x), 6y)) = 1 itz =y € Vi(9)
0

if z and y are adjacent in 5,
otherwise,

is called a representation of norm m. We denote by A(£), m) the lattice generated by
{¢(x) | x € V($)}. Note that the isomorphism class of A($), m) depends only on m, and
is independent of ¢, justifying the notation.

Definition 2.6. For a Hoffman graph §) and a positive integer n, a mapping ¢ : V4($)) —
R™ such that

m—\N};(xﬂ ifz =y,
(W(x),¥(y) =<1~- |N};(m, y)| if z and y are adjacent,
- \N}; (x,y)] otherwise.

is called a reduced representation of norm m. We denote by A™($), m) the lattice gener-
ated by {1(x) | = € V4($)}. Note that the isomorphism class of A**4($), m) depends only
on m, and is independent of 1), justifying the notation.

While it is clear that a representation of norm m > 1 is an injective mapping, a reduced
representation of norm m may not be. See Section 4 for more details.

Lemma 2.7. Let $) be a Hoffman graph having a representation of norm m. Then $) has
a reduced representation of norm m, and A($),m) is isomorphic to A™%($, m) @ ZIVs (D)
as a lattice.

Proof. Let ¢ : V($)) — R™ be a representation of norm m. Let U be the subspace
of R™ generated by {¢(x) | x € V;($)}. Let p, p- denote the orthogonal projections
from R” onto U, U+, respectively. Then p* o ¢ is a reduced representation of norm 1,
P (A(H,m)) = A ($5,m), and p(A(H, m)) = ZIVs O, O

Theorem 2.8. For a Hoffman graph ), the following conditions are equivalent:
(1) $ has a representation of norm m,
(il) $ has a reduced representation of norm m,
(iii) Amin(5) > —m.

Proof. From Lemma 2.7, we see that (i) implies (ii).

Let ¢ be a reduced representation of $) of norm m. Then the matrix B($)) + m/ is the
Gram matrix of the image of ¢, and hence positive semidefinite. This implies that B(£))
has smallest eigenvalue at least —m and hence A, () > —m. This proves (ii)) = (iii).

The proof of equivalence of (i) and (iii) can be found in [5, Theorem 3.2]. ]

From Theorem 2.8, we obtain the following lemma:
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Lemma 2.9. If & is a subgraph of a Hoffinan graph ), then \pin(®) > Anin (9) holds.

Proof. Let m := —Anpin($). Then $ has a representation ¢ of norm m by Theorem 2.8.
Restricting ¢ to the vertices of & we obtain a representation of norm m of &, which implies
Amin(®) > —m by Theorem 2.8. O

In particular, if T" is the slim subgraph of ), then Apin (') > Apin (9).

Under a certain condition, equality holds in Lemma 2.9. To state this condition we
need to introduce decompositions of Hoffman graphs. This was formulated first by the
third author [4], although it was already implicit in [5].

Definition 2.10. Let $ be a Hoffman graph, and let 1 and 2 be two non-empty induced
Hoffman subgraphs of $j. The Hoffman graph $) is said to be the sum of 1 and $H2, written
as ) = H' W H2, if the following conditions are satisfied:

i) V(H) =V®HuV(®?);
(i) {Vi(H'), Vi(H?)} is a partition of V;($);
(i) if x € V5(9%),y € V¢($) and z ~ y, then y € V;(H7);

(v) if z € Vi(H), y € V4(H?), then z and y have at most one common fat neighbor,
and they have one if and only if they are adjacent.

If 5 = H' W H? for some non-empty subgraphs H' and H2, then we call § decompos-
able. Otherwise §) is called indecomposable. Clearly, a disconnected Hoffman graph is
decomposable.

It follows easily that the above-defined sum is associative and so that the sum
H=s
i=1
is well-defined. The main reason for defining the sum of Hoffman graphs is the following

lemma.

Lemma 2.11. Let $ be a Hoffman graph and let $* and $H? be two (non-empty) induced
Hoffman subgraphs of $) satisfying (1)—(iii) of Definition 2.10. Let 1) be a reduced repre-
sentation of $ of norm m. Then the following are equivalent.

(i) H=9H"wH?

(i) (¢(x),%(y)) = 0 forany x € Vs($') and y € Vs(H?).

Proof. This follows easily from the definitions of ) = W H? and a reduced representa-
tion of norm m. O

Lemma 2.12. If $ = H' W H2, then
)\min(g)) = min{)\min(ﬁl)y Amin(fﬁ)}-

Proof. Let m = —min{Apin(H1), Amin(H?)}. In view of Lemma 2.9 we only need
to show that Apin(9) > —m. By Theorem 2.8, $* has a reduced representation Pt
V($?) — R™ of norm m, for each i = 1,2. Define ¢ : V() — R™ @ R™ by
P(z) = Yi(z) ®0ifz € V(H), ¥(z) = 0 ® ¢?(x) otherwise. It is easy to check that ¢
is a reduced representation of norm m, and the result then follows from Theorem 2.8. [
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2.2 Hoffman’s limit theorem

In this subsection, we state and prove Hoffman’s limit theorem (Theorem 2.14) using the
concept of Hoffman graphs.

Lemma 2.13. Let & be a Hoffman graph whose vertex set is partitioned as V; U Vo U V3
such that

(i) Vo UVs C Vy(®),

(ii) there are no edges between Vi and V3,
(iii) every pair of vertices x € Vo and y € V3 are adjacent,
@iv) Vs is a clique.

Let §) be the Hoffman graph with the set of vertices V1 U Vy together with a fat vertex
f & V(®) adjacent to all the vertices of V. If & has a representation of norm m, then )
has a representation of norm

(m — 1)|V3|
[Va[ +m —1"

Proof. Let ¢ : V(&) — R be a representation of norm m, and let

be the |V (®)] x d matrix whose rows are the images of V(&) = V; UV, U V5 under ¢. Set

¢|v3|<|v3|+m—1 2 o

xeVs
\%
6 =1— &7
Vol +m—1

m—1

€= 4] ——.
2 [Va|+m —1

Let j denote the row vector of length | V5| all of whose entries are 1. Then

uul = 1, 2.1
Pul =0, (2.2)
Pl = (1—¢)j7, (2.3)

€2 = 2€; — €3, (2.4)

Fix an orientation of the complete digraph on V5, and let B be the |V5| X ( ng|) matrix
defined by
Ba(8y) = 0ap — Oary (a, 8,7 € Vo, B#7).
Then
BBT = |W,|I — J. (2.5)
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We now construct the desired representation of §3, as the row vectors of the matrix

Py ea/|ValI 0
D= Py + eleu 0 e B
u 0 0

Then, using (2.1)—(2.5), we find

P1 62\/|V2|I 0 PIT P2T+61’UJTj UT
DD = | P+ 5 u 0 B | | e/ ValI 0 0
u 0 0 0 e BT 0
PPl + eVl P Pf 0
= P,PT PPT + (2el—e§)J+eg(|v2|I—J) e
0 1
P, PT + &|Vo|I P, PT
= PP PPy +e2|v2|1 3
0
PPl PPl 0 I 00
= | P PPl 7| +e&Vall0 I 0
0 j 1 0 0 0

Therefore, the row vectors of D define a representation of norm 1m + €3| V5| of the Hoffman
graph §3. O

Theorem 2.14 (Hoffman). Let § be a Hoffman graph, and let fi,..., fi € Vi($). Let
QS”“ 2"k be the Hoffman graph obtained from ) by replacing each f; by a slim n;-clique
i and joining all the neighbors of f; with all the vertices of K* by edges. Then

)\Inin(énlw.’nk) 2 Amin(f:))a (26)
and

lim )\min(ﬁn1 """ nk) = Amin (5) (27)

Proof. We prove the assertions by induction on k. First suppose k = 1. Let u, =
—Amin(®™). Let H™ denote the Hoffman graph obtained from §) by attaching a slim n-
clique K to the fat vertex f1, joining all the neighbors of f; and all the vertices of K by
edges. Then $)” contains both §) and &" as subgraphs, and " = ) W §)’, where 8’ is the
subgraph induced on K U {f1}. Since Apin($’) = —1, Lemma 2.12 implies

)\min(f)) - Amin(ﬁn) S )\min(Qﬁn) = —[ln.-

Thus (2.6) holds for k = 1. Since n is arbitrary and {—p,, }52 is decreasing, we see that
lim,, o s, €xists and

Amin(f)) § — lim M- (28)

n—oo
Since ™ has a representation of norm g, it follows from Lemma 2.13 that 5 has a
representation of norm
(#n — )| Nsy (f)]

Hn + n+ puy, — 1
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By Theorem 2.8, we have

(n = D)|Ns ()]

)\min Z —HMn — 5
(H) = —n 1
which implies
Amin($) > — lim _z1,,. (2.9)

Combining (2.9) with (2.8), we conclude that (2.7) holds for k£ = 1.

Next, suppose &k > 2. Let &™1»~"-1 be the Hoffman graph obtained from § by
replacing each f; (1 < i < k — 1) by a slim n;-clique K*, and joining all the neighbors
of f; with all the vertices of K* by edges. Then &™1~" is obtained from @1 mk—1
by replacing f;, by a slim ny-clique K%, and joining all the neighbors of f; with all the
vertices of K* by edges. Then it follows from the assertions for k& = 1 that

)\min(qinl,...,nk) 2 )\min(esnl,...,nk,l), (210)
and

lm A (7177 = A (§™171).

N —>00

This means that, for any € > 0, there exists /N such that
k> N = 0 < A (™) = A (B™™1) <,
By induction, we have
Amin (G771 > Ain (9), (2.11)

and

Hm o Amin (™0™ 1) = A\ (9). (2.12)

N1y Nfg—1 —>00

Combining (2.10) with (2.11), we obtain (2.6), while (2.11) and (2.12) imply that there
exists Ny such that

ny, ..., np—1 > No = 0 < Apin (B =1) — Ain(9) < e
Setting N = max{ Ny, N1 }, we see that
Niyeenyp 2 N = 0 < Apin (B™ ™) — Apin (H) < 2e.
This establishes (2.7). O

Corollary 2.15. Let §) be a Hoffman graph. Let I'™ be the slim graph obtained from $) by
replacing every fat vertex f of $ by a slim n-clique K (f), and joining all the neighbors of
f with all the vertices of K(f) by edges. Then

Amin (Fn) Z )\min (ﬁ) )
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and

hm )\min(F") = )\min(ﬁ)-
n—oo
In particular, for any € > 0, there exists a natural number n such that, every slim graph A
containing I'" as an induced subgraph satisfies

Amin(A) S Amin (@) + €.

Proof. Immediate from Theorem 2.14. 0

3 Special graphs of Hoffman graphs

Definition 3.1. Let i be a real number with ¢ < —1 and let $) be a Hoffman graph with
smallest eigenvalue at least p. Then §) is called p-saturated if no fat vertex can be attached
to $ in such a way that the resulting graph has smallest eigenvalue at least j.

Proposition 3.2. Let u be a real number, and let 7€ be a family of indecomposable fat
Hoffman graphs with smallest eigenvalue at least pi. The following statements are equiva-
lent:

(i) every fat Hoffman graph with smallest eigenvalue at least v is a subgraph of a graph
H= L—ﬂ?:l 9 such that ' is a member of € foralli=1,...,n.

(ii) every u-saturated indecomposable fat Hoffman graph is isomorphic to a subgraph
of a member of .

Proof. First suppose (i) holds, and let $ be a p-saturated indecomposable fat Hoffman
graph. Then §) is a fat Hoffman graph with smallest eigenvalue at least p, hence §) is a
subgraph of $ = |¥'_, H°, where $’ is a member of ¢ for i = 1,...,n. Since § is
p-saturated, it coincides with the subgraph ((V;($))) g« of $3’. Since $) is indecomposable,
this implies that § is a subgraph of $3’ for some 1.

Next suppose (ii) holds, and let $ be a fat Hoffman graph with smallest eigenvalue
at least p. Without loss of generality we may assume that $) is indecomposable and p-
saturated. Then §) is isomorphic to a subgraph of a member of .77, hence (i) holds. 0

Definition 3.3. For a Hoffman graph $), we define the following three graphs S—(9),
St ($) and S(9) as follows: For € € {—, +} define the special e-graph ¢ = (V5($), E°)
as follows: the set of edges E° consists of pairs {s1, s2} of distinct slim vertices such that
sgn(1(s1),1(s2)) = €, where ¢ is a reduced representation of § of norm m. The graph
S(H):=8T(H)US (9) = (Vs(9H), E~ U ET) is the special graph of §.

Note that the definition of the special graph S()) is independent of the choice of the
norm m of a reduced representation ).
It is easy to determine whether a Hoffman graph §) is decomposable or not.

Lemma 3.4. Let $) be a Hoffman graph. Let Vi(9) = Vi U Va be a partition, and set
9= ((Vi))g fori=1,2. Then $ = H' W H?% if and only if there are no edges connecting
Vi and Va in 8(9). In particular, $) is indecomposable if and only if S($)) is connected.

Proof. This is immediate from Definition 2.10(iv) and Definition 3.3. O
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57)(1), AInin =-1 5(2)7 )\min =-2 5(3)’ )\min =-3

Figure 1.

For an integer ¢ > 1, let $H® be the fat Hoffman graph with one slim vertex and ¢ fat
vertices.

Lemma 3.5. Let t be a positive integer. If §) is a fat Hoffman graph with Apin($) > —t
containing H®) as a Hoffman subgraph, then $ = $H & $/ for some subgraph $' of $.
In particular, if §) is indecomposable, then §) = J’J(t).

Proof. Let x be the unique slim vertex of $(*). Let v be a reduced representation of norm
t of $. Then ¥(z) = 0, hence x is an isolated vertex in S($). Thus $ = H® 1y {(V5(9)\
{z}))s by Lemma 3.4. O

Lemma 3.6. Let $) be a fat Hoffman graph with smallest eigenvalue at least —3. Let 1)
be a reduced representation of norm 3 of $). Then for any distinct slim vertices x,y of $,

(¥(2), ¥(y)) € {1,0,-1}.

Proof. Since $) is fat, we have (¢(z), ¢ (z)) < 2forall z € Vi ($). Thus |((x), ¥ (y))| <
2 for all z,y € V($) by Schwarz’s inequality. Equality holds only if ¢)(x) = +(y) and
(¢(x),v(x)) = 2. The latter condition implies |N};(x)\ = 1, hence \N};(x, y)| < 1. Thus
(¥(x),v(y)) > —1, while (¢(x), 1 (y)) = 2 cannot occur unless x = y, by Definition 2.6.
Therefore, |(¢¥(z), 1 (y))| < 2, and the result follows. O

Let $) be a fat Hoffman graph with smallest eigenvalue at least —3. Then by Lemma 3.6,
the edge set of the special graph S¢(9) is

{{x’y} | T,y € VS(fJ)v (w('r)aw(y)) = 61}7
fore € {+,—}.

Theorem 3.7. Let §) be a fat indecomposable Hoffman graph with smallest eigenvalue at
least —3. Then every slim vertex has at most three fat neighbors. Moreover, the following
statements hold:

(1) If some slim vertex has three fat neighbors, then $) = 5’)(3).

(1) If no slim vertex has three fat neighbors and some slim vertex has exactly two fat
neighbors, then A**4(),3) ~ Z" for some positive integer n.

(iii) If every slim vertex has a unique fat neighbor, then A*°4($), 3) is an irreducible root
lattice.
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Proof. As the smallest eigenvalue is at least —3, every slim vertex has at most three fat
neighbors.
If | N, };(x)\ = 3 for some slim vertex z of §, then § contains $§®) as a subgraph.

Thus $ = $H®) by Lemma 3.5, and (i) holds. Hence we may assume that |N£(m)\ <2
for all z € V(). Then for each x € V,($)) we have ||¢(z)]|> = 1 (resp. 2) if and
only if |N};(x)\ = 2 (resp. |N};(x)| = 1). Suppose that A*™4(§), 3) contains m linearly
independent vectors of norm 1. We claim that A™($, 3) can be written as an orthogonal
direct sum Z™ @ A’, where A’ is a lattice containing no vectors of norm 1. Indeed, if x is
a slim vertex such that ||[¢)(x)||? = 2 and 1 (z) ¢ Z™, then ¢ (z) is orthogonal to Z™. This
implies A™4($,3) = Z™ @ A’ and y(V,($)) C Z™ U .

If m > 0 and A’ # 0, then the special graph S($)) is disconnected. This contradicts the
indecomposability of ) by Lemma 3.4. Therefore, we have either m = 0 or A’ = 0. In the
latter case, (ii) holds. In the former case, A4 ($,3) = A’ is generated by vectors of norm
2, hence it is a root lattice. Again by the assumption and Lemma 3.4, (iii) holds. O

We shall see some examples for the case (ii) of Theorem 3.7 in the next section. As for
the case (iii), A™4($), 3) is an irreducible root lattice of type A,,, D, or E,,. If A™($), 3)
is not an irreducible root lattice of type E,, then it can be imbedded into the standard
lattice, hence the results of the next section applies. On the other hand, if A™4($), 3) is
an irreducible root lattice of type E,,, then it is contained in the irreducible root lattice
of type Eg, and hence there are only finitely many possibilities. For example, Let I" be
any ordinary graph with smallest eigenvalue at least —2 (see [1] for a description of such
graphs). Attaching a fat neighbor to each vertex of I' gives a fat Hoffman graph with
smallest eigenvalue at least —3. However, this Hoffman graph may not be maximal among
fat Hoffman graphs with smallest eigenvalue at least —3. Therefore, we aim to classify fat
Hoffman graphs with smallest eigenvalue at least —3 which are maximal in Eg. This may
seem a computer enumeration problem, but it is harder than it looks.

Example 3.8. Let I denote the root system of type Eg. Fix a € II. Then there are elements
B; €Il (i=1,...,28) such that

28
{(Bell|(a,8) =1} = J{Bia—Bi}.
=1

Let V' denote the set of 57 roots consisting of the above set and . Then V is a reduced
representation of a fat Hoffman graph ) with 29 fat vertices. The fat vertices of $) are f;
@ =0,1,...,28), fy is adjacent to o, and f; is adjacentto 5;, o — B; (i = 1,...,28). It
turns out that §) is maximal among fat Hoffman graphs with smallest eigenvalue at least
—3. Indeed, no fat vertex can be attached, since the root lattice of type Eg is generated by
V\{~} forany v € V, and attaching another fat neighbor to v would mean the existence of
a vector of norm 1 in the dual lattice E§ of Eg. Since E§ = Eg, there are no vectors of norm
1 in E§. This is a contradiction. If a slim vertex can be attached, then it can be represented
by § € II with (a, ) = 0. Then there exists ¢ € {1,...,28} such that (5;,9) = +1.
Exchanging §; with o — §; if necessary, we may assume (3;,0) = —1. This implies that
B; and ¢ have a common fat neighbor. Since (3;, — 8;) = —1, §; and o — (3; have a
common fat neighbor. Since ; has a unique fat neighbor, § and o — 3; have a common fat
neighbor, contradicting (0, — ;) = 1.
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On the other hand, it is known that there is a slim graph I' with 36 vertices represented
by the root system of type Eg (see [1]). Attaching a fat neighbor to each vertex of I gives a
fat Hoffman graph $)’ with smallest eigenvalue —3 such that A™4($’, 3) is isometric to the
root lattice of type Eg. The graph $3’ is not contained in $), so there seems a large number
of maximal fat Hoffman graphs represented in the root lattice of type Es.

4 Integrally represented Hoffman graphs

In this section, we consider a fat (—3)-saturated Hoffman graph $ such that A™4($), 3)
is a sublattice of the standard lattice Z". Since any of the exceptional root lattices Eg, E7
and Eg cannot be embedded into the standard lattice (see [2]), this means that, in view of
Theorem 3.7, Ared (9, 3) is isometric to Z™ or a root lattice of type A,, or D,,. Note that
Ared($, 3) cannot be isometric to the lattice A, since this would imply that $ has a unique
slim vertex with a unique fat neighbor, contradicting (—3)-saturatedness. The following
example gives a fat (—3)-saturated graph $ with A™4($), 3) = Z.

Example 4.1. Let $) be the Hoffman graph with vertex set V,($) UV ($), where V;(9) =
ZJAZ, V§($9) = {fi | i € Z/AZ}, and with edge set

(0,2}, {1, 33} U{{i, f5} [ i = jorj + 1}

Then § is a fat indecomposable (—3)-saturated Hoffman graph such that A*4($, 3) is iso-
morphic to the standard lattice Z. Since S~ ($)) has edge set {{i,i + 1} | ¢ € Z/4Z},
S~ (9) is isomorphic to the Dynkin graph As. Theorem 4.9 below implies that §) is maxi-
mal, in the sense that no fat indecomposable (—3)-saturated Hoffman graph contains ).

For the remainder of this section, we let $) be a fat indecomposable (—3)-saturated
Hoffman graph such that A*4($), 3) is isomorphic to a sublattice of the standard lattice Z".
Let ¢ be a representation of norm 3 of §). Then we may assume that ¢ is a mapping from
V($) to Z*®ZV1 ), where its composition with the projection Z"GZ"r () — 7" gives a
reduced representation 1) : V($)) — Z". It follows from the definition of a representation
of norm 3 that

FENL(s)
U(s) =D _1(s)e;,
j=1
P(s); € {0,£1},

and

[0 17 € {1, i}, o(s); € {21} =3~ [Nf(s)| < 2. “.1)
Lemma 4.2. Ifi € {1,...,n} and ¢¥(s); # 0 for some s € Vs($), then there exist
s1, 82 € V5(9) such that ¥(s1); = —¢(s2); = 1.

Proof. By way of contradiction, we may assume without loss of generality that ¢ = n,
and ¢(s), € {0,1} for all s € V(). Let & be the Hoffman graph obtained from $ by
attaching a new fat vertex g and join it to all the slim vertices s of ) satisfying ¥ (s),, = 1.
Then the composition of 1 : V,($)) = V(&) — Z™ and the projection Z" — Z"~! gives
a reduced representation of norm 3 of &. By Theorem 2.8, & has smallest eigenvalue at
least —3. This contradicts the assumption that §) is (—3)-saturated. O
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Proposition 4.3. The graph S~ ($)) is connected.

Proof. Before proving the proposition, we first show the following claim.

Claim 4.4. Let s; and sy be two slim vertices such that ¢(s1); = 1 and ¢(s2); = —1 for
some i € {1,...,n}. Then the distance between s1 and ss is at most 2 in S~ (9).

By (4.1), we have (1(s1),%(s2)) € {0, —1}. If (¢(s1),%(s2)) = —1, then s; and so
are adjacent in S~ (£)) by the definition, hence the distance equals one. If (¢)(s1), ¥ (s2)) =
0, then there exists a unique 7 € {1,...,n} such that ¢(s1); = ¢(s2); = £1. From
Lemma 4.2, there exists a slim vertex s3 such that ¢(s3); = —¢(s1);. If #(s3); # 0, then
(¥(sq),¥(s3)) € {£2} for some ¢ € {1, 2}, which is a contradiction. Hence ¢(s3); = 0.
This implies that (¢(s;),v¥(s3)) = —1 for i = 1,2, or equivalently, s3 is a common
neighbor of s1 and s2 in S (). This shows the claim.

Since $ is indecomposable, S($)) is connected by Lemma 3.4. Thus, in order to show
the proposition, we only need to show that slim vertices s; and so with (1(s1), 9 (s2)) =
1 are connected by a path in S™($)). There exists ¢« € {1,...,n} such that ¢(s1); =
¢(s2); = £1. From Lemma 4.2, there exists a slim vertex s such that ¢(s3); = —¢(s1);,
and hence the distances between s; and s3 and between s3 and s, are at most 2 in S~ ()) by
Claim 4.4. Therefore, s; and s are connected by a path of length at most4 in S~ (). O

Lemma 4.5. Let §) be a fat indecomposable (—3)-saturated Hoffman graph. Then the
reduced representation of norm 3 of $) is injective unless ) is isomorphic to a subgraph of
the graph given in Example 4.1.

Proof. Suppose that the reduced representation v of norm 3 of $ is not injective. Then
there are two distinct slim vertices x and y satisfing ¥(x) = ¢(y). Then (¢(x),¥(y)) =0
or 1.

If (v(x), ¥ (y)) = 0, then ¥(z) = ¥(y) = 0, hence both x and y are isolated vertices,
contradicting the assumption that §j is indecomposable.

Suppose (¢(x),¥(y)) = 1. Since S~ () is connected by Proposition 4.3, there exists
a slim vertex z such that (¢)(z),1(z)) = —1. Then we may assume

(b(l‘) =ey+eyp +ef,
o(y) = e +ep, +ey,,
¢(Z) =—e;teyp +ep.

If $ has another slim vertex w, then

¢(w) = —er t+eyp tep,

and no other possibility occurs. Therefore, § is isomorphic to either the graph given in
Example 4.1, or its subgraph obtained by deleting one slim vertex. 0

Lemma 4.6. Suppose that s € V($)) has exactly two fat neighbors in $). Then the follow-
ing statements hold.

(i) foreach f € N};(s),

Ns-()(s) N Ng(f)l <2

(i) [Ns-(5)(s)| <4, and if equality holds, then S~ (%)) is isomorphic to the graph Da,
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(iii) if [Ns-(s)(s)| = 3, then two of the vertices in Ns-(g)(s) have s as their unique
neighbor in S~ ().

Proof. Let v be the reduced representation of norm 3 of ). Since s has exactly two fat
neighbors, (¥(s),%(s)) = 1. This means that we may assume without loss of generality

Y(s) = ey.
Let f € N};(s). If t; and t, are distinct vertices of Ns-(s)(s) N N§(f), then

> (¢(t1), ¢(t2))
> (Y(t1) +ep,Y(tz) +ey)
(Y(t1),9¥(t2)) + 1,

Thus we have (¥(t1),%(t2)) < 0. Since t1,t2 € Ns-(g)(s), we have (¢(s), 9 (t1)) =

1

(¥(s),1(t2)) = —1, and hence we may assume without loss of generality that
Y(t1) = —e1 + ez, (4.2)
w(tg) = —e;] — eq. (43)

Now it is clear that there cannot be another t3 € Ns—(g)(s). Thus [Ng—(5)(s) NN (f)| <
2. This proves (i).
As for (i), let N};(s) ={f,f'}. Then

[Ns—(5)(8)| < |Ns-(9)(s) " NG(f)| + |Ns-(s)(s) N NG(f)| < 4

by (i). To prove (iii) and the second part of (ii), we may assume that {t1,f2} = Ng-(5)(s)N
Ng(f). We claim that neither ¢; nor ¢ has a neighbor in S~ (%)) other than s. Suppose
by contradiction, that ¢35 # s is a neighbor in S~ () of t1. By (4.2) (resp. (4.3)), f is the
unique fat neighbor of ¢; (resp. t2). In particular, f is also a neighbor of t5. Observe

1> (¢(s), d(ts)) = (¥(s),¢(ts)) + 1,
1> (o(t), o(ts)) = (¥(t:), ¥(ts)) +1 (i =1,2).

Thus

(e1,%(t3))
(—e1 £eg,1(tz))

These imply (e1,9(t3)) = (e2,%(t3)) = 0. Butthen —1 = (¥ (t1),v¥(t3)) = (—e1 +
e2,9(t3)) = 0. This is a contradiction, and we have proved our claim. Now (iii) is an
immediate consequence of this claim.

Continuing the proof of the second part of (ii), if | Ns- ()(s)| = 4, then we may assume

0,
0.

IN A

Y(t)) = —e1 + ez,
P(th) = —e1 —eg,

where {t},t5} = Ng-(5)(s) N NZ(f’). It follows that t,,5,%],t; are pairwise non-
adjacent in S~ (%)). By our claim, none of 1, t2, ¢}, t5 is adjacent to any vertex other than
sin S~ ($). Since S™($) is connected by Proposition 4.3, S~ ($)) is isomorphic to the
graph Dy. O
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Lemma 4.7. Suppose that slim vertices s,t%,t~ share a common fat neighbor and that
they are represented as

If there exists a slim vertex t with
P(t) = —ex +e€; forsomej ¢ {1,2,3},
then the vertices t* have s as their unique neighbor in S~ ().

Proof. Note that each of the vertices s, tT, ¢ has a unique fat neighbor. Since (¢/(s), (%))
= (¢(s),1¥(t)) = —1, these vertices share a common fat neighbor f. Suppose that there
exists a slim vertex ¢’ adjacent to ¢~ in S~ (). This means (¢(¢'),¥(¢~)) = —1. Since
f is the unique fat neighbor of ¢~, ¢’ is adjacent to f, and hence (¥ (t'), % (u)) < 0 for
u € {t,tT,s}. This is impossible. Similarly, there exists no slim vertex adjacent to ¢* in

S=(5). O

Lemma 4.8. Suppose that s € V($) has exactly one fat neighbor in $). Then the following
statements hold:

() |Ns-(9)(s)| <4, and if equality holds, then S~ () is isomorphic to the graph Dy,

(i) if [Ns-(5)(s)| = 3, then two of the vertices in Ns—(5)(s) have s as their unique
neighbor in S~ ().

Proof. Let v be the reduced representation of norm 3 of §. Since s has exactly one fat
neighbor, (¢(s),1(s)) = 2. This means that we may assume without loss of generality
Y(s) = e1 +ey. Let f be the unique fat neighbor of s. If t € Ng-(4)(s), then ¢ is adjacent
to f, hence

P(t) € {—e1,—ex}U{—e;te; |1 <i<2<j<n} 4.4)

Ift,t' € Ng-(s)(s) are distinct, then

> (o(t), (1))
> (Y(t) +ep,v(t) +eyp)
((t), (") +1,

Thus we have ((t),%(t")) < 0. If [Ns-(5)(s)| > 3, then by (4.4), we may assume
without loss of generality that there exists t € Ng-(4)(s) with ¢)(t) = —e; + e3. Then

P(Ns-(s)(s) \ {t}) is contained in

{—ez—es},{—e2,—e1 —e3}, or {—e; —e3z} U{—ez L e;}

1

for some j with 3 < j < n. Thus |N3_()~j)(s)| < 4, and equality holds only if
w(NS*(f))(S)) = {—e1 + €3, —€2 + Ej}

for some j with 3 < 5 < n. In this case, Lemma 4.7 implies that each of the vertices
in Ng-(4)(s) has s as a unique neighbor. This means that S~ ($)) contains a subgraph
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isomorphic to the graph D, as a connected component. Since S™($)) is connected by
Proposition 4.3, we have the desired result.

To prove (ii), suppose |Ns-(q)(s)| = 3. Then we may assume without loss of gener-
ality that Ns- () (s) = {t,t*, ¢}, where ¢(t*) = —e; & e4. Then by Lemma 4.7, the
vertices t* have s as their unique neighbor in S~ (5)). O

Theorem 4.9. Let $) be a fat indecomposable (—3)-saturated Hoffiman graph such that
A™4($), 3) is isomorphic to a sublattice of the standard lattice . Then S™(8)) is a con-
nected graph which is isomorphic to A,,, Dy, Ay, or Dy, for some positive integer m.

Proof. From Proposition 4.3, S~ ($)) is connected. First we suppose that the maximum
degree of S™($) is at most 2. Then S~ () = A,, or S~(£)) = A,, for some positive
integer m.

Next we suppose that the degree of some vertex s in S~ () is at least 3. From
Lemma 4.6(ii) and Lemma 4.8(i), degs- (5)(s) < 4,and S~ () = D, if degg— (5)(8) =4.
Thus, for the remainder of this proof, we suppose that the maximum degree of S~ () is 3
and deggs— (5)(s) = 3.

It follows from Lemma 3.5 that if $) has a subgraph isomorphic to 55(3), then H = .6(3),
in which case S~ () consists of a single vertex, and the assertion holds. Hence it remains
to consider two cases: s is adjacent to exactly two fat vertices, and s is adjacent to exactly
one fat vertex. In either cases, by Lemma 4.6(iii) or Lemma 4.8(ii), s has at most one
neighbor ¢ with degree greater than 1. Thus, the only way to extend this graph is by adding
a slim neighbor adjacent to £. We can continue this process, but once we encounter a vertex
of degree 3, then the process stops by Lemma 4.6(iii) or Lemma 4.8(ii). Thus, S~ () is
isomorphic to one of the graphs D,,, or Din. O

Example 4.10. Let ny, ..., n; be positive integers satisfying n; > 2 for 1 < i < k. Set
m; = >1_,n;and ¢{; = mj; —jfor j =0,1,...,k. Let $) be the Hoffman graph with
Vs()={v; |i=0,1,....m}, Vy(H)={f; 1 7=0,1,...,k+ 1}, and

E®) ={{vi,vi} |1 <j <k, mj_y <i+1<i <my}
U{{Umj_17vmj+1} | 1<jy< k}
U{{fiv [1 <5<k, mj_1 <i<mitU{{fo,vo}, {fe+1,0m}}-

Then $) is a fat Hoffman graph with smallest eigenvalue at least —3, and S~ ($)) is iso-
morphic to the Dynkin graph A,,, 1. Indeed, 5 has a reduced representation ) of norm 3
defined by

w(1) (—1)je47 iti=m;,0< 5 <k,
v;) = o
‘ (—1)3(ei,j — ei,jfl) 1fmj <1< mjy1, 0<j5< k.

Moreover, ) is (—3)-saturated. Indeed, suppose not, and let $ be a Hoffman graph obtained
by attaching a new fat vertex f to §), and let 1 be a reduced representation of norm 3 of §).
If f is adjacent to vy, for some j € {0,1,...,k}, then v,,; has three fat neighbors in §,
hence ¢(vy,,;) = 0. This is absurd, since (¢ (v, ), ¥(vm,;+1)) = —1. If f is adjacent to v;
with mj_y < i < my, then [|¢(v;)|| = 1. Since (¢(vi-1), 9 (vi)) = (¥ (vig1), ¥ (vi)) =
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—1 while (¢(vi_1),%(vip1)) = 0, we may assume ¢ (vis1) = € & ez, ¥(v;) = —ey.
Then i + 1 < my, and

(12)(’01+2) (Uz 1))
(J’(UHQ) er —e)
= (Y(vit2), 2e1 — (e1 + e2))

—2(P(vir2), P(vi)) = (P (vita), $(vig1))
=1,

which is absurd.
We note that the graph S () has the following edges:

{{Umj_1,1}mj+1} ‘ 1< < k‘}

Example 4.11. Let $) be the Hoffman graph constructed in Example 4.10 by setting ny =
1, no = 2, and ng = 1. Let $g (resp. 1) be the Hoffman graph obtained from §) by
identifying the fat vertices f4 and fo (resp. f4 and f1), and adding edges {vo, v2}, {v2, v4}.
Then $) and $); are fat (—3)-saturated Hoffman graphs and S~ (%);) is isomorphic to the
Dynkin graph A; for i = 0, 1. We note that S*($);) has two edges {vo, v}, {v2, v4}.

Examples 4.10 and 4.11 indicate that §) is not determined by ST (£)). We plan to discuss
the classification of fat indecomposable (—3)-saturated Hoffman graphs with prescribed
special graph in subsequent papers.
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1 Introduction and basics

The cycle space C(G) of a simple, unweighted, undirected graph G = (V| E) consists of
all its Eulerian subgraphs (or generalized cycles), i.e., all the subgraphs of G for which
every vertex has even degree. It is convenient in this context to interpret subgraphs of G
as edge sets. The generalized cycles form a vector space over GF(2) with vector addition
XY = (XUY)\ (X NY) and scalar multiplication 1 - X = X, 0- X = {), for
X,Y € C(G). This vector space is generated by the elementary cycles of G, i.e., the
connected subgraphs of G for which every vertex has degree 2. A basis B of the cycle
space C is called a cycle basis of G = (V,FE) [9]. The dimension of the cycle space
is the cyclomatic number u(G) (or first Betti number). For a connected graph we have
u(G) = |E| —|V]+ 1. Notice that the cycle space of a graph is the direct sum of the cycle
spaces of its 2-connected components.

Cycle bases of graphs have diverse applications in science and engineering. Examples
include structural flexibility analysis [27], electrical networks [11], chemical structure stor-
age and retrieval systems [15], scheduling problems [36], graph drawing [33], and biopoly-
mer structures [34, 35]. Surveys and extensive references can be found in [19, 22, 28, 37].

A convexity space (V, &) [6] consists of a ground set V' and a set € of subsets of V'
satisfying

(Cl) pe ¢,V ec, and
(C2) K',K" € €implies K' N K" € €.

For a simple, undirected graph G with vertex set V, every set 3 of paths on GG defines
a convexity space (V, €(*B)) in the following way: A set of vertices K is PB-convex, K €
€(P), if and only if, for every path P € P with both end vertices in K, all vertices of P
are contained in K. This construction is discussed in detail in [14]. Several special types
of paths ‘P have been studied in this context, most prominently the set of all paths [5], the
set of all triangle paths [8], the set of all induced paths [13], and the set of all shortest paths
[39].

We will be concerned here only with the latter definition of convexity, usually known as
geodetic convexity, see Section 2 for a formal definition. Geodetically convex cycles play
an important role in the theory of Cartesian graphs products and their isometric subgraphs.
The absence of convex cycles longer than 4, for example, characterizes semi-median graphs
[3]. Such long convex cycles furthermore play a role e.g. in Euler-type inequalities for
partial cubes [31].

It appears natural, hence, to investigate whether there is a connection between the cycle
space and the (geodetic) convexity space of a graph G = (V, E). Note that the cycle
space is defined on the edge set, while the convexity space is defined on the vertex set.
Intuitively, this connection is made possible by the fact that induced elementary cycles in
G are characterized by either their vertex sets or their edge sets.

Definition 1.1. A convex cycle basis of a graph G is a cycle basis that consists of convex
elementary cycles.

We briefly consider a generalized definition of convex cycle bases relaxing the require-
ment for elementary basis cycles in the final section.

Cycle bases with special properties have been investigated in much detail in the liter-
ature. Examples include minimum cycle bases [2, 17, 19, 29, 44], (strictly) fundamental
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cycle bases [20, 32, 38], or (quasi) robust cycle bases [26, 40]. Here, we consider convex
cycle bases. We show that convex cycle bases are not related to other types of cycle bases,
we introduce a polynomial-time algorithm to compute a convex cycle basis for an arbi-
trary input graph, and we construct a class of graphs with convex cycles bases by means of
Cartesian products that in particular includes partial cubes.

2 Geodetic convexity and characterization of convex cycles

For a graph G we denote the vertex set and edge set of G by V(G) and E(G), respectively.
Similarly, we write C(G) for the cycle space of G. An edge that joins vertices x and y is
denoted by the unordered pair {x,y}. The lengths |P| and |C| of a path P and a cycle C
in G, respectively, is the number of their edges. For simplicity, we will refer to a path with
end vertices u and v as wv-path. The distance distg (u, v) between two vertices u and v of
G is the length of a shortest uv-path. It is well known that this distance forms a metric on
V. The set of all shortest uv-paths will be denoted by P¢[u, v]. The cardinality of this set,
i.e., the number of shortest uv-paths, will be denoted by S, = |Pg[u, v]|. A modification
of Dijkstra’s algorithm computing both the distance matrix of GG and the matrix S is given
in the appendix.

A subgraph H of G is isometric if disty(u,v) = distg(u,v) holds for all u,v €
V(H). We say that H is a (geodetically) convex subgraph of G if for all u,v € V(H),
all shortest uv-paths P € Pglu,v] are contained in H. In the following, convex will
always mean geodetically convex. The empty subgraph will be considered as convex. The
intersection of convex subgraphs of G is again a convex subgraph of G [42].

Since H is an isometric subgraph of G if and only if H contains at least one P &€
Pg|u, v] for every pair u,v € V(H), we see that convex implies isometric. Furthermore,
if H is an isometric subgraph of G, it is in particular an induced subgraph of GG. Finally,
the connectedness of GG implies that all its isometric subgraphs are connected.

Our first result characterizes elementary convex cycles.

Lemma 2.1. Let C be an elementary cycle of G.

If|C| is odd, then C'is convex if and only if for every edge e = {x,y} in C there is a unique
vertex z in C such that distg(z, z) = distg(y, 2) = (|C| —1)/2 and S, = S, = 1.

If |C| is even, then C' is convex if and only if for every edge ¢ = {x,y} in C there is a
unique edge h = {u,v} in C such that (i) distg(zr,u) = diste(y,v) = |C|/2 — 1, (ii)
distg(x,v) = distg(y, u) = |C|/2, (iii) Sgu = Syv = 1, and (iv) Sgy = Syu = 2.

Proof. Suppose C'is convex. Consider two vertices p and g in C with distg(p, ¢) < |C|/2.
If C' is convex, then the unique shortest path between p and ¢ must run along C, so that
Spq = 1. Clearly, this condition characterizes convex cycles provided C'is odd.

The situation is more complicated for even cycles. Let us first suppose that C' is con-
vex and fix an arbitrary edge {x,y}. In an even elementary cycle there is a unique edge
h = {u,v} satisfying (i) disto(x,u) = diste(y,v) = |C|/2 — 1, (i) diste(z,v) =
diste(y, u) = |C|/2. Isometry of C' implies that properties (i) and (ii) are satisfied. The
argument of the preceding paragraph shows that (iii) holds. For x, the only point in C at dis-
tance |C|/2 is v. Thus there are two paths P’ and P” in C of length distg(z,v) = |C|/2.
By the convexity of C, these paths are contained in C' (so that C = P’ U P"") and must be
the only shortest paths connecting x and v; hence consequently S;, = 2. An analogous
argument shows that Sy, = 2.
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In order to prove the converse, consider an even elementary cycle C satisfying (i)
through (iv). Again we fix an arbitrary edge {x,y} of C. Since C is even, there is a
unique antipodal point v of z and a unique antipodal point v of y with diste(x,v) =
diste(y, u) = |C|/2. We claim that {u, v} is the required edge. If this were not the case,
then there would be some other edge with both endpoints closer to « along C' than v that
satisfies condition (ii). This is impossible, however, since for such a vertex v' we would
have |C|/2 = distg(z,v") < diste(z,v") < diste(z,v) = |C]/2. We easily check that
diste(z,u) = |C|/2—1 and diste(y, v) = |C|/2 — 1. By property (i), therefore, the paths
from z to u and from y to v along C' are shortest paths in G. Furthermore, the two paths
from x to v along C' via either u or y are also shortest paths in G by property (ii). Thus
diste(z, q) = distg(x, ¢) for all vertices ¢ in C. Repeating this argument for all = in C
shows that C' is isometric. By property (iii), the shortest path from x to « is unique. Since
all sub-paths of shortest paths are again shortest path, this is also true for all vertices g in C
along the shortest path from x to u. The same is true for all ¢ in C' along the unique shortest
path from v to y. By property (iv), finally, there are exactly two shortest paths from z to v.
We have already seen that two of these run along either half of the cycle C. The same is
true for the two paths connecting y with w. Thus all shortest path connecting a vertex ¢ in
C' with either x or y are contained in C. Repeating the argument for all edges {z,y} in C
shows that C' is convex. O

A direct consequence of Lemma 2.1 is that a cycle C in G can be efficiently tested
for convexity provided both the distance matrix and the matrix S containing the number of
shortest paths have been pre-computed: it suffices to verify, in constant time, the conditions
of the lemma for each antipodal pair of edges or pair of edge and vertex, respectively. The
test thus requires O(|C|) time provided that C' is given as ordered list of its vertices.

As a simple corollary of Lemma 2.1 we have

Corollary 2.2. Let C be an elementary convex cycle of G. Then, for every e = {z,y} € C
there is a vertex z in C such that C = P'UP" U{x,y}, P’ € Pg[z, 2], and P" € Pgly, z].

A closely related, but much weaker, condition appears in the theory of minimal cycles
bases [22]:

Definition 2.3. A cycle C' is edge-short if it contains an edge e = {x,y} and a vertex z
such that C = Cyy . := {z,y} U P,, U P, where P, and P, are shortest paths.

Corollary 2.4. If C is an elementary convex cycle of G then it is edge-short.

3 Convex cycle bases

Corollary 2.2 sets the stage for enumerating all elementary convex cycles in a graph. The
following result establishes an upper bound and provides a polynomial time algorithm for
this purpose.

Theorem 3.1. Any graph G = (V, E) contains at most |E||V| elementary convex cycles.
These can be constructed and listed in O(|E||V|?) time.

Proof. Every pair of an edge e = {x,y} and a vertex z specifies at most one elementary
convex cycle in the following way: If distq (, 2) = distg(y, 2) and S, = Sy, = 1 we set
Ce. := P, U Py, U{x,y}. If distg(z, 2) = distg(y, 2) + 1, Sz = 2 and S, = 1, then



M. Hellmuth J. Leydold and P. F. Stadler: Convex cycle bases 127

we choose a neighbor u of z such that distg(z, u) = distg(y, 2), Sue = 1 and S,y = 2,
and set C, = Py, U {u,2} U Py, U {z,y}. Note that the choice of  is unique if C' is
convex. The selection of these |E| |V | candidates thus requires O(|E| |V |?) time.

In order to efficiently retrieve each candidate cycle in O(|C|) time given {z,y} and
z we need the to know the predecessor 7y, of u on the shortest path from s to u. Note
that this information is needed only if S5, = 1. The modified Dijkstra algorithm in the
Appendix computes this array without changing the asymptotic complexity of the shortest
path algorithm. Since each candidate cycle can then be checked for convexity in O(|C)
time, the total effort to extract all elementary convex cycles is in O(| E||V|?). O

This algorithm outlined in the proof of Theorem 3.1 can be regarded as a variant of
Vismara’s construction of prototypes of candidates for relevant cycles [44]. The fact that
the number of elementary convex cycles in G is bounded by |V||E| immediately implies
that a convex cycle basis can also be found in polynomial time:

Corollary 3.2. For each graph G = (V, E) it can be decided whether G has a convex
cycle basis, and if so, a convex cycle bases can be constructed, in O(|E|? |V | u(G)?) time.

Proof. Since the cycles of a graph form a matroid, the canonical greedy algorithm can be
applied to find a maximum set of linearly independent elementary convex cycles, see e.g.
[21]. G has a convex cycle basis if and only if this set has size u(G) = |E| — |[V| + 1.
For each of the at most |V| | E| candidate cycles, this requires a test of linear independence
with a partial basis that is not larger than pu(G) = |E| — |V| + 1, i.e., O(|E|). Apply-
ing Gaussian elimination for this purpose, the total effort is bounded by O(|E||V|?) +
OB |VIu(G)?) = OB [VIu(G)?) time. o

There are graphs that do not have a convex cycle basis. The complete bipartite graph
K> 3 is the simplest counter example (see Fig. 1). None of its three cycles (all have length
4) is convex.

Figure 1: None of the cycles in K> 3 is convex.

4 Relation of convex cycle bases to other types of cycle bases

Although we have an efficient algorithm to test whether a graph has a convex cycle basis,
it will be interesting to characterize the class of graphs that admit convex cycle bases.
However, we first investigate the relation between convex cycle bases and other types of
cycle bases.

A procedure analogous to Corollary 3.2 was introduced in [22] for the purpose of re-
trieving minimal cycle bases from a candidate set of edge-short cycles. One would expect,
therefore, that convex cycle bases and minimal cycles bases are closely related.
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Convex cycle bases of a graph need not have the same length. Consider the graph that
is obtained from the cube (5 where one edge is contracted. Then the four quadrangles and
two triangles are convex and five of these form a convex cycle basis. Thus convex bases
contain either exactly one or two triangles and thus may have different lengths.

The length ¢(B) of a cycle basis B is the sum of the lengths of its generalized cycles:
UB) = > cenlCl. A minimum cycle basis M is a cycle basis with minimum length.
The generalized cycles in M are chord-less cycles (see [22]). Hence, we may consider
elementary cycles instead of generalized cycles in the remaining part of this section. For
the sake of completeness we note that a minimum cycle basis is a cycle basis in which the
longest cycle has the minimum possible length [10].

The set R of relevant cycles of a graph is the union of its minimum cycle bases [41, 44].
In analogy to convex cycle bases one may want to consider isometric cycle bases, i.e., cycle
bases consisting of isometric cycles.

Lemma 4.1. All relevant cycles of a graph are isometric. Thus every minimal cycle basis
is an isometric cycle basis.

Proof. We start from Lemma 2 of [44]: If P is a subpath of a relevant cycle C' such that
|P| < £|C|, then P is a shortest path. It follows that every relevant cycle is isometric, and
hence every minimal cycle basis of G consists of elementary isometric cycles. O

Theorem 4.2. If G has a uniquely defined minimal cycle basis, then this minimal cycle
basis is convex.

Proof. Assume that G has a unique minimal cycle basis 5. By Lemma 4.1 the cycles of
B are necessarily isometric. Now suppose that C' € B is not convex. Then there exist
two vertices u,v € C and (at least) three edge disjoint uv-paths P, P’ and P” such that
|P| > |P'| = |P"”| and C = P U P’. Hence there are two cycles C; = P U P” and
Cy = P'U P” with |C| = |Cy] > |Cs|. By construction C, Cy, and C5 are linearly
dependent and thus one of C; or Cy cannot be represented as sum of cycles in B\ {C'}.
Hence we get a new cycle basis B’ = (B \ {C}) U {C’} where C’ is either Cy or Co. In
either case we find ¢(B’) < ¢(B) a contradiction to our assumption that B is the unique
minimal cycle basis. O

As a consequence, we can conclude that Halin graphs that are not necklaces [43] and
outerplanar graphs [35] have a convex cycle basis.

The converse of Theorem 4.2 is not true, however, as Figure 2 shows. This graph has
a convex cycle basis but its minimal cycle basis is not uniquely defined. Even worse, none
of its minimal cycle bases is convex.

A cycle basis B = {C1,...,C\q)} of G is called fundamental [20, 46] if there is an
ordering 7 such that for 2 < k < u(G):

k—1
Ce \ | U Criy | #90. .1
j=1

Fundamental cycle bases are obtained from ear decomposition, suggesting that there could
be a relation between convex and fundamental cycles bases. Champetier’s graph [4], how-
ever, has a cycle basis consisting entirely of triangles, which obviously is convex. On the
other hand, this basis is not fundamental [1]. Conversely, fundamental cycle bases need not
be convex, as shown, e.g., by the planar basis of K> 3.
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Figure 2: The cyclomatic number of the graph is 7. All minimal cycle bases consist of
the two triangles, all quadrangles that do not contain the upper dashed edge and two of the
three quadrangles that contain the upper dashed edge (which also includes the outer cycle).
However, two of these three quadrangles that contain the upper dashed edge are not convex.
Hence none of the minimal cycle bases is a convex cycle basis.

On the other hand there is a unique convex cycle basis that consists of all triangles, all
quadrangles that do not contain the upper dashed edge, the outer quadrangle and the cycle
of length 5 at the bottom.

S Convexity in subgraphs and intersections

This section contains some auxiliary results which we will need for our investigation of
isometric subgraphs in Section 6 below.

Lemma 5.1. Let M be an isometric (convex) subgraph of G and F C M be a subgraph
of M. Then F is isometric (convex) in M if and only if it is isometric (convex) in G.

Proof. If F is an isometric subgraph of G, then for each pair of vertices u,v € V(F), F
contains a shortest uv-path. Since F' C M, this path is also a shortest uv-path in M and
hence F' is isometric in M. If F is a convex subgraph of G, then it contains all shortest
uv-paths which are also shortest paths in M and thus F'is convex in M.

Now assume that F’ is not isometric in G. Then there exist two distinct vertices u, v €
V(F) C V(M) such that there are shortest uv-paths P in G with |P| < distp(u,v). At
least one of these paths must be contained in M since M is an isometric subgraph of G.
Thus F' cannot be an isometric subgraph of M, either. If F' is not convex in G then there
exist two distinct vertices u,v € V(F) C V(M) such that there is at least one shortest
uv-path P which is not contained in F'. Since M is convex, P must be contained in M and
thus F' cannot be convex in M, either. ]

Lemma 5.2. Let M be an isometric subgraph of G and F be a convex subgraph of G.
Then '\ M is convex in M.

Proof. For each pair of vertices z,y € V(F) N V(M), F contains all shortest zy-path in
G. Since M is an isometric subgraph of GG it must contain at least one of these and thus the
proposition follows. O

Lemma 5.3. Assume that G has a convex cycle basis. Let M be a convex subgraph of G
that has a convex cycle basis By;. Then By can be extended to a convex cycle basis Bg of

G.
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Proof. By Lemma 5.1 the cycles in 3, are convex subgraphs of GG. By assumption there
exists a convex cycle basis By, of G. By the Austauschsatz we can replace appropriate
cycles in B, by the cycles in B);. Thus we obtain a convex cycle basis Bg of G which
such that B;; C Bg as claimed. O

Figure 3 shows that the converse of this lemma is not true in general: a convex subgraph
of a graph that has a convex cycle basis need not necessarily have a convex cycle basis.

Figure 3: The cyclomatic number of this graph is |E| — |V|+1 =16 — 9+ 1 = 8. The
three triangles and the five quadrangles that do not entirely consist of dashed edges form a
convex cycle basis. The subgraph that consists of the dashed edges is convex but does not
have a convex cycle basis (see Fig. 1).

6 Isometric subgraphs of Cartesian products

In this section, we will be concerned with the Cartesian product GLIH and its isometric and
convex subgraphs. The Cartesian product has vertex set V(GOH) = V(G) x V(H); two
vertices (xq, xr) and (yg, yu) are adjacent in GOH if {z¢,yc} € E(G) and g = yg,
or {xg,yn} € E(H) and ¢ = y¢. For detailed information about product graphs we
refer the interested reader to [18, 24].

For the Cartesian product GOIH the subgraph G induced by all vertices (z,v) with
x € V(G) and a fixed vertex v € V(H) is called a layer of G (or G-layer) in GOH.
The projection 7g: GOH — G is the usual weak homomorphism defined as (x,y) €
V(GOH) — x € V(G). Note that edges in G-layers are mapped into edges in G and
edges in H-layers are mapped into vertices in G.

There is a close relationship between (geodetic) convexity and Cartesian products, see
[7] for a general result. The fundamental result for this purpose is the distance lemma.

Proposition 6.1 (Distance Lemma, [23]). Let v = (zg,zn) and y = (yg,yn) be arbi-
trary vertices of the Cartesian product GOH. Then

disteop (z,y) = diste(zq, ya) + distg (2, yu) -
Moreover, if P is a shortest xy-path in GOH, then g (P) is a shortest xgyg-path in G.

It seems natural that convexity properties of products also hold for layers and projec-
tions.

Lemma 6.2 ([24]). The layers G¥ and H" are convex subgraphs of the Cartesian product
GUOH. Moreover, if F is an isometric (convex) subgraph of GOH, then for all v € V (H)
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and w € V(G) the following holds: F NG and F N H™ are isometric (convex) subgraphs
of F, G¥ and H", respectively.

Corollary 6.3. Let M be an isometric subgraph of GOH. If (xg,xp) and (ya,ym) are
two vertices in M with xg = yq, then there exists a shortest x gy-path in M N H*G.
Moreover, all shortest (xc,xm)(ya, yu )-paths in M are contained in H*S.

Another consequence of the distance lemma is the following auxiliary result.

Lemma 6.4. Letr P be a shortest xy-path in GOH. Then wg(P) is a path with |rg(P)| =
distg(za,ya) = > yem [P NG|, where the last term is the total number of edges of P in
G-layers. The result holds analogously for g (P).

Proof. If (w,zy) and (w, yg ) are two distinct points of P, then by Corollary 6.3 all short-
est xyyp-paths are contained in layer . Consequently, there cannot be two distinct
edges e; and ez in G with mg(e1) = mg(ez2) that belong to P since otherwise P also
must contain two shortest paths in different H-layers that connect corresponding vertices
of these edges, that is, P would contain a cycle. Hence all vertices of 7w (P) have degree
2 except its end vertices which have degree 1 (or 0 in the case where m¢(P) is a single
vertex). Thus wg(P) is path of length |7q(P)| = distg(vg,yg) = D,y [P NGV, as
claimed. O

Lemma 6.5. For every isometric (convex) subgraph F of GOH, ng(F) is an isometric
(convex) subgraph of G.

Proof. Let x = (xg,zy) and y = (yg,yn) be two vertices in F. If F' is isometric in
GOH, then there exists a shortest xy-path P in F. By the distance lemma, 7 (P) is a
shortest x¢yc-path in G and contained in 7w (F'). Thus 7w (F') is an isometric subgraph of
G. Now if g (F') is not convex in G, then there exists a shortest Gy -path Pg in G that
is not contained in 7w (F'). Let Py be a shortest z yyp-path in H. Then P = PgO{ap} U
Pr{yc} is a shortest zy-path as its length is |P| = distg(zq, yg) + distg(x g, yg) =
distgoy (z, y). However, by construction P cannot be contained in F' and hence F' is not
convex in GOH. Consequently, if F' is convex in GOH, then 7w (F') is convex in G, as
claimed. O

On the other hand convexity and isometry properties of factors are also propagated to
their Cartesian product. The following result is well-known and holds for more general
notions of convexity.

Lemma 6.6 ([7]). If F and M are convex subgraphs of G and H, respectively, then FTIM
is a convex subgraph of GLH.

The last lemma also holds for isometric subgraphs.

Lemma 6.7. If F' and M are isometric subgraphs of G and H, respectively, then FOM is
an isometric subgraph of GUH.

Proof. Immediate corollary of the distance lemma. O

We now want to extend convex cycle bases of two graphs G and H to a cycle basis
of their Cartesian product GLJH. Let Tz and Ty denote spanning trees of G and H,
respectively. Let

Bo={edf:e€ E(G), feTyg}tU{eOf:e€Tq, f € E(H)} . 6.1)
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Then for fixed vertices v € V(H) and w € V(G) and respective cycle basis Bg and By
{CV: CeBsgtU{C":CeBy}UBn (6.2)
is a cycle basis of GLH [25].

Theorem 6.8. Let G and H be two graphs that have convex cycle bases Bg and By,
respectively. Then their Cartesian product GUH has a convex cycle basis that can be
constructed using Eq. (6.2).

Proof. Notice that all quadrangles in B are convex subgraphs in GOOH. By Lemma 5.1
C" is a convex cycle in GLJH. Thus we get a convex cycle basis of GLJH by means of
basis (6.2) when both B¢ and By are convex cycle basis. O

Remark 6.9. An analogous statement for the strong product (see [18]) is not true, as the
strong product of an elementary cycle and an edge Ko shows.

We have seen in Figure 3 that a convex subgraph of a graph that has a convex cycle
basis does not necessarily have a convex cycle basis. However, a more restrictive property
appears to propagate under the formation of Cartesian products: we consider the class of
graphs for which every convex subgraph has a convex cycles basis.

Theorem 6.10. Let G be a graph that has a convex cycle basis. Then every isometric
subgraph M of GOKy with ng(M) = G has a convex cycle basis.

For the proof of this theorem we need some intermediate results.

Lemma 6.11. Let C be an isometric elementary cycle in GLH. Then one of the following
holds:

(1) 7q(C) = Ky, i.e., a single vertex, or
(2) 7a(C) =2 Ky, i.e., a single edge, or
(3) 7 (C) is an isometric elementary cycle in G.

Proof. Notice that ¢ (C) = U, ey (i) 7c(C N GY). Letz = (zg,zm) and y = (Yo, yu)
be two vertices in C with ¢ = yg and z gy # yg. Analogously to the proof of Lemma 6.4
no vertex v in ¢ (C') can have degree greater than 2. Now if C' C H" for some w € V(G),
then 7 (C) = {w} = K, i.e., case (1). If there is a vertex x where 7w (x) has degree 1,
then there exist two distinct vertices u, v € V(H) such that 7¢(C' N G*) and 7 (C N GY)
have a common edge e. However, this only can happen if 7¢(C) = {e} & Ka, i.e., for
case (2). Otherwise, there would be two vertices 3’ and y”’ in C so that 7 (y') = ma(y”) is
adjacent to m¢ () with vertex degree larger than 1 in the projection, contradicting isometry
of C. If we have neither case (1) nor case (2), then all vertices of 7o (C') have degree 2
and hence 7 (C) is an elementary cycle which is isometric in G by Lemma 6.5, i.e., case
3). O

Now let C be an elementary cycle in G and M be an isometric subgraph of GO K. Let
Z(C, M) denote the set of elementary cycles C' C M that are convex in M and satisfy
7 (C') = C. We set Z(C, M) = 0 if no such cycle exists.
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Lemma 6.12. Let M be an isometric subgraph of GOKy and let C € G be a convex
elementary cycle with C C wg(M). Then Z(C, M) is non-empty.

Proof. First notice that CLOK is a convex subgraph of GOK, by Lemma 6.6. M' =
M N (COKSy) is isometric in COK> by Lemma 5.1 and convex in M by Lemma 5.2.
Let M' and M? denote the respective intersections of M’ with the two Ky-layers of
COK,. If M' = C (or M? =2 C) then M' (M?) is a convex elementary cycle in COK,
by Lemma 6.2, and thus also in M’ by Lemma 5.2. Otherwise, both M' and M? are
paths of length [M?| < 1|C| for i = 1,2, since M’ is isometric. As mc(M') = C,
mo(M?1) U me(M?) = C. Consequently, as M’ is isometric, M’ is an elementary cy-
cle that is trivially convex in M’. In all cases Z(C, M’) is non-empty. Since Lemma 5.1
implies that Z(C, M') C Z(C, M), the proposition follows. O

Remark 6.13. The arguments in the proof of Lemma 6.12 together with the distance
lemma also show that the elements of Z(C, M) form the set of all shortest cycles C’ in
M with the property 7 (C") = C.

Proof of Theorem 6.10. Let Bg be a convex cycles basis of G. Let B be as in (6.1) and
define Bz be a set of cycles that contains exactly one cycle C’ € Z(C, M) for each C €
B¢. By Lemma 6.12 all these sets Z(C, M) are non-empty. Clearly, the cycles in BoUBz
are linearly independent and thus form a cycle basis of GL1K5. Now let By, be the set
of all cycles in B U Bz that are contained in M. By construction all cycles in 3, are
convex subgraphs of M and Bz C Bj;. Thus it remains to show that |Bas| = p(M).
Let ¢ and My, denote the numbers of edges in (GO K>) \ M that lie in G-layers and
K-layers, respectively. Let 7 be the number of vertices in (GOK>) \ M. Since (M) =
G and M is an isometric subgraph of GOK> we find that myg, = 7. Thus pu(M) =
(IB(GOKs)| - me — ) — (IV(GOK)| ) + 1 = [B(GOK)| — |V(GOK,)| +
1 —mg = u(GOK3) — mg. On the other hand, there are exactly mq cycles in By that
are not contained in M and hence |By| = p(GOK3) — mg = p(M), i.e., By is a cycle
basis of M. This finishes the proof of the theorem. O

We easily can generalize Theorem 6.10 to arbitrary isometric subgraphs of GL K.

Theorem 6.14. Let G be a graph such that every isometric subgraph has a convex cycle
basis. Then every isometric subgraph of GLK also has a convex cycle basis.

Proof. Let H be an isometric subgraph of GOK,. By Lemma 6.5, G’ = 7 (H) is an
isometric embedding into G and thus has a convex cycle basis by our assumptions. Hence
by Theorem 6.10 every isometric subgraph M of G'OK, C GOK> has a convex cycle
basis. O

Theorem 6.14 has quite strong implications. A d-dimensional hypercube is the d-fold
product of K5 by itself, Q4 = O, Ky. Partial cubes are isometric subgraphs of (4 and
form a very rich graph class that contains hypercubes, trees, median graphs, tope graphs
of oriented matroids, benzenoid graphs, tiled partial cubes, netlike partial cubes, and flip
graphs of point sets that have no empty pentagons; see [30, 31] and references therein. As
K has a convex cycle basis (namely () we immediately obtain the following results by a
recursive application of Theorem 6.14.

Theorem 6.15. Partial cubes have a convex cycle basis.
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Theorem 6.16. Let G be a graph such that every isometric subgraph has a convex cycle
basis and let Q) be any partial cube. Then every isometric subgraph of GLIQ has a convex
cycle basis.

Proof. Let G be as claimed. Theorem 6.14 implies that every isometric subgraph of
GOK,O---0OKy = GOQ,, has a convex cycle basis. Lemma 6.7 implies that GCIQ is an
isometric subgraph of GLIQ,,. Moreover, Lemma 5.1 implies that every isometric subgraph
of GJQ is an isometric subgraph of GLJQ),, and thus, has a convex cycles basis. O

Figure 4 shows that the class covered by Theorem 6.16 is much larger than the class
of partial cubes. Recall that partial cubes are characterized by the so-called Djokovié-
Winkler-Relation ©: Two edges e = {u, v} and f = {z, y} are in relation O, (ef) € ©, if
dist(u, ) + dist(v, y) # dist(u,y) + dist(v, x). A graph is a partial cube if and only if it
is bipartite and the relation © is an equivalence relation [47].

el €3

Figure 4: Observe that (e1e2) € © and (ege3) € O, but (erez) ¢ ©. Thus O is not an
equivalence relation. Therefore, this bipartite graph is not a partial cube. However, it has a
convex cycle base consisting of the three planar faces.

It seems natural that Theorem 6.16 should remain true also for a more general type of
Cartesian products. We state this as

Conjecture 6.17. Let Gy and G2 be graphs such that each of their isometric subgraphs
have convex cycle bases. Then every isometric subgraph of G\10G4 has a convex cycle
basis.

A further step towards a proof of this conjecture is given by the following special case:

Theorem 6.18. Let G be a graph such that every isometric subgraph has a convex cycle
basis and let C,, be an elementary cycle. Then every isometric subgraph of GOC,, has a
convex cycle basis.

Notice that this theorem is an immediate corollary of Theorem 6.16 if n is even since
cycles of even length are partial cubes [30, 45]. The proof of the general case is present
after Lemma 6.19 below. For this purpose we first have to introduce a graph operation for
the case when C' is a cycle of odd length. So assume that C' = Cs_; for some integer
k > 2. First fix three vertices u, v, w € V(C) with {u, v}, {v,w} € E(Cs,_1). Create a
new cycle C" =2 Cyy, by splitting vertex v, that is, replace v by two vertices v’ and v and
the edges {u, v}, {v, w} by three edges {u,v'}, {v',v"}, {v", w}.

This splitting operation can be generalized to subgraphs F' of GLIC. In essence,
we replace ' N GY by (F' N GY)0K,. In more detail, we introduce the graph opera-
tions YT and its converse Y* as follows: For a fixed vertex v € C, and any subgraph
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F C GOC, we obtain the subgraph Y(F) C GOC’ by splitting all vertices (z,v) € F
with z € G in the following way: Replace vertex (x,v) by (z,v’) and (z,v"), and replace
the edges {(z,u), (z,v)}, {(x,v), (z,w)}, and {(z, v), (y,v)}, when present, by the cor-
responding edges {(z, u), (z, )}, {(.0"), (&,v")}, {(z,0"), (2, w)}, {(w,0"), (30}
and {(z,v"), (y,v")}. Conversely, for a subgraph F’ C BUOC’ we obtain the subgraph
T*(F') C GOC by contracting all edges {(z,v’), (x,v"”)} € E(GOC") and remove pos-
sible double edges. This construction in particular has the property that Y (GOC) = GOC’
and T*(GOC") = GOC.

Lemma 6.19. Let C = Coi_1 be an elementary cycle of odd length 2k — 1. If P is a
shortest xy-path in GOC, then Y (P) contains a shortest x'y'-path P' in GOC' where ©’
and y' are vertices in Y (x) and Y (y), resp.

Proof. Let ¢ = (xg,z¢c) and y = (yg,yc) be two vertices in GOC and let 2/ =
(x4, ) and v’ = (yi, Yoo ) be two vertices in Y'(x) and Y (y), resp. Let P’ be a shortest
x'y’-path in Y (P). We have to show that P’ is also a shortest z’y’-path in GOC’. Ob-
serve that Lemma 6.4 implies that |7 (P)| = |7¢(P’)| and |7 (P)| = |7c: (P')| — 6(P')
where 6(P’) = 1 if m¢/(P’) contains edge {v’,v"”} and 6(P’) = 0 otherwise. More-
over, distc(zc,yc) < k — 1 and dister (xf, yi) < k. Now suppose that P’ is not
a shortest a’y’-path in GOC’. Then there exists a 'y’ -path P” that is strictly shorter
than P’, that is, |mc/(P")] < |me(P')] < k. As P is a shortest zy-path we have
7 (T*(P")] = [re(T*(P')] = [re(P)] < k1. Again |no(X* (P"))]| = [mes (P")|—
d(P"). Consequently 7w (P') must contain edge {v’, v} while m¢/ (P’) must not. There-
fore 1o (P") Nwer (P') 22 C'. However |mer (P")| + |mer (P)| < k+ k =2k = |C’|, a
contradiction. This completes the proof. O

Proof of Theorem 6.18. Let C be an odd cycle. Thus C” is even and hence a partial cube.
Lemma 6.19 implies that T(M) is an isometric subgraph of GOC’ if M is an isometric
subgraph in GOC. 1In this case, Y (M) has a convex cycle basis B’. Now consider a
convex cycle D' € B'. Lemma 6.11 implies that Y*(D’) is either an elementary cycle or
YT*(D') is a single edge in layer G*. The latter happens if and only if D’ contains edges
{(z,v"), (z,v")} and {(y,v"), (y,v")}. In this case D’ must be a convex quadrangle. There
are |[E(M N G?)| quadrangles of this type, and they form an linearly independent set Q of
convex cycles. Thus we can assume, w.l.0.g., that they all are contained in /3. Lemma 6.19
implies that Y*(D’) is a convex subgraph of M. Thus let

B:={Y*(D")|D’ € B and Y*(D') is an elementary cycle} .

The cycles in B are linearly independent: Consider any linear combination of the form
> AiY*(D;) = 0. It follows that there is a corresponding linear combination ) |, \; D; =
> ;&Qj, where Q; € Q is a quadrangle that is contracted to 0 by T*. Since B’ is linearly
independent by assumption, all £; and \; must be 0, however.

It remains to show that |B| = u(M). Observe that Y (M) contains the subgraph in-
duced by vertices (z,v’) and (z,v") if (v,z) € V(M) for some = € G. Otherwise
T (M) contains none of these two vertices. Thus we find for the cyclomatic number
w(M) = p(Y(M)) — |E(M N G?)|. On the other hand |B| = |B'| — |E(M N GY)| =
w(Y(M)) — |[E(M NG")| = u(M). This completes the proof. O
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7 Convex Eulerian graphs that are not cycles

Convex cycles need not be elementary, even though they are necessarily connected when G
is connected. Furthermore, the elementary cycles whose union forms convex Eulerian sub-
graph need not be convex themselves. An example is the K5 4, which can be decomposed
into two elementary but not convex squares. In fact, the sum of convex cycles typically is
not convex:

Lemma 7.1. Let Cy and C5 be two convex cycles in G. If Cy & Cs is 2-connected, then
C1 ® Cy is not convex.

Proof. 1If C; @ Cs5 is 2-connected, then it contains at least two distinct vertices u,v €
V(Cy) NV(Cy). Since Cy N Cy is also convex, it contains the set of all shortest wv-path
which cannot be empty as u # v. Consequently, C; & Cy = (C1 U Cs) \ (C1 N Cs) cannot
contain any of these shortest path and is thus not convex. O

If Cy @ C5 is convex for two convex cycles Cy and Cs, then Cy & Cy = C1 U Cs and
connected (but not 2-connected). Thus V(C1) N V(C2) consists of a single vertex. Notice,
however, that even then C; @ C5 need not be convex.

One may ask, therefore, whether the cycle space of a graph that does not have a convex
cycle basis nevertheless may have a basis consisting of convex Eulerian subgraphs. The
example in Figure 5 shows that this is indeed possible.

Figure 5: The 6 triangles and the whole graph are all convex cycles and form a cycle basis.
However, there is no convex cycle basis according to Definition 1.1: none of the elementary
cycle that pass through the square node is convex.
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Appendix A: Modified Dijkstra Algorithm

A shortest path algorithm that keeps track of the multiplicity of shortest paths and keeps
some backtracing information is required as a pre-processing step in the computation of
convex cycle bases. We use a modified version of Dijkstra’s approach [12]. Let ¢(z,y)
denote the length of the edge {z,y} in G, d,,, = distg(z,y) is the length and S, is the
number of shortest paths in between = and y, 7y, is the predecessor of x along the unique
shortest path from s to x, and 75, = () otherwise. Q denotes a priority queue sorted by d;
for fixed s.
Input: G = (V, E,{) / an edge-weighted graph */
Output: Matrices [Syy], [day], and [m4,].

1: forall s € V do

/+ Modified Dijkstra algorithm =/
for allv € V do
dsv = 00, Ssv =05 sy = @
dss = 0; Sss =075 =5
Q<+ V;
while (Q # @) do
u ;= vertex with smallest d,,.
if (ds, = 00) then
break /+ G not connected */
remove u from @
for all neighbors v € @ N N (u) of u do
t:=dgy + £(u,v)
if (ds, = t) then
Ssv = Ssu + 1; w5, = B /% more than one shortest path +/
if (ds, > t) then
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17: dsy =1, S0 =17y = 1

The algorithm runs in O(|V|(|E| 4+ |V'|log|V])) when the min-priority queue () is
implemented by means of a Fibonacci heap [16]. The modifications do not change the
asymptotic complexity of the algorithm.
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Abstract

We give some insight into Tutte’s definition of internally and externally active edges
for spanning forests. Namely we prove, that every edge subset can be constructed from the
edges of exactly one spanning forest by deleting a unique subset of the internally active
edges and adding a unique subset of the externally active edges.

Keywords: Spanning forests, edge subsets, Tutte polynomial.
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1 Introduction

The Tutte polynomial originally defined by a sum over spanning forests using (the number
of) internally and externally active edges [12], can also be given as a sum over edge subsets
[14, Equation (9.6.2)]. We show how both representations, as sum over spanning forests
and as sum over edge subsets, are directly connected to each other.

Namely we prove, that every edge subset can be constructed from the edges of exactly
one spanning forest by deleting a unique subset of the internally active edges and adding a
unique subset of the externally active edges.

While seeking a generalization to matroids we observed that the statement is already
given by Bjorner [4, Proposition 7.3.6]. It seems that this result is not well known in
graph theory. Hence we state it explicitly in the special case of graphs and verify it graph-
theoretically.

We apply this in some direct proofs for the equivalence of different representations
of the Tutte polynomial, the chromatic polynomial, the reliability polynomial and the
weighted graph polynomial.

Definition 1.1. A graph G = (V, E) is an ordered pair of a set V, the vertex set, and a
multiset F, the edge set, such that the elements of the edge set are one- and two-element
subsets of the vertex set, e € (‘1/) U (‘2/) foralle € E.
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For a graph G = (V, E), we denote the number of connected components of G by k(G)
and refer to G with the edge e € E deleted and with the edge f € (%) U (%) added by
G_. and G ¢, respectively.

Definition 1.2. Let G = (V, E) be a graph and A C E an edge subset of G. A graph
G(A) = (V, A) is a spanning subgraph of G. A tree T = (V, A) is a spanning tree of G. A
forest F' = (V, A) is a spanning forest of G, if k(G) = k(F'). The set of spanning trees and
the set of spanning forests of the graph G are denoted by T (G) and F (&), respectively.

While the term “spanning tree” is unambiguous, the term “spanning forest” is not,
because not every spanning subgraph, which is a forest, is a “spanning forest”. A spanning
forest is the union of spanning trees of each connected component.

In the following we consider graphs G = (V, E') with a linear order < on the edge
set E. This linear order can be represented by a bijection : E — {1,...,|E|} for all
e, f € E with

e < f < Ble) <B(f) (1.1

Definition 1.3 (Section 3 in [12]). Let G = (V, E) be a graph with a linear order < on the
edge set £ and ' = (V, A) € F(G) a spanning forest of G. An edge e € A is internally
active in F with respect to G and <, if there exists no edge f € E'\ A, such thate < f and
F_eiy € F(G). We denote the set of internally active edges and the number of internally
active edges of F with respect to G and < by F;(F, G, <) and i(F, G, <), respectively.

An edge e in the spanning forest F' is internally active, if it is the maximal edge of
all edges in the cut crossed by itself (connecting the vertices in the connected components
arising by deleting e from F'). In other words, the edge e can not be replaced by a greater
edge (not in the spanning forest), such that F' remains a spanning forest.

Definition 1.4 (Section 3 in [12]). Let G = (V, E) be a graph with a linear order < on
the edge set E and F = (V, A) € F(G) a spanning forest of G. Anedge f € E\ Ais
externally active in F' with respect to G and <, if there exists no edge e € A, such that
f <eand F_.yy € F(G). We denote the set of externally active edges and the number
of externally active edges of F' with respect to G and < by E.(F, G, <) and e(F, G, <),
respectively.

An edge f not in the spanning forest is externally active, if it is the maximal edge of all
edges in the cycle closed by itself. In other words, there is no greater edge (in the spanning
forest), which can be replaced by f, such that F’ remains a spanning forest.

Definition 1.5 (Section 3 in [12]). Let G = (V, E) be a graph with a linear order < on the
edge set /. The Tutte polynomial is defined as

T(Gzy) = Y a'FO<yhe<), (1.2)
FeF(Q)

The primal usage of “a linear order on the edge set” seems to be by Whitney [18,
Section 7]. Internally and externally active edges were probably first defined by Tutte
[12, Section 3] to state the Tutte polynomial. This polynomial was originally introduced
under the name “dichromate” for connected graphs [12, Equation (13)] and extended to
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disconnected graphs by the multiplicativity with respect to components [12, Equation (18)].
It was shown, that the value of the polynomial is independent of the linear order on the edge
set [12, page 85-88]. For some background to the definition of internally and externally
active edges and the Tutte polynomial we refer to [1, 9, 15]. For surveys on the Tutte
polynomial and its applications we refer to [5, 7, 11].

2 Main theorem

The spanning forests and their internally and externally active edges can be used to generate
all edge subsets. We use the disjoint union |JJ, the union of pairwise disjoint sets, in the
statement of this main theorem below to indicate its bijectivity.

Theorem 2.1. Let G = (V, E) be a graph with a linear order < on the edge set E. Then

U U {Ap\A)uAd = {41 =2 @
F=(V,A;)eF(G) A;CE;(F,G,<) ACE
ACE.(F,G,<) N

Proof. We prove that the function m: {(Af, 4;,Ac) | F = (V,Ay) € F(G),A; C
Ei(F,G,<),A. C E.(F,G,<)} — 2F with m((Ay, 4;,A.)) = (A \ A;) U A, isa
bijection.

First, we show that the function m is injective by an indirect proof. Assume it is not,
that means there are two different triples A' = (A}, A}, Al) and A* = (A}, A7, A?), such
that m(A!) = m(A4?%) = A.

If A # A? then A} # A%, because otherwise A} = A7\ A = A7\ A = A} and
Al = A\ AL = A\ A% = A? and the triples would not be different.

As A} and Afc are the edges of different spanning forests, there is an edge g €
A} \ Afc. Furthermore, for any choice of g, there is an edge h € A?c \ AL, such that
(v, A})_ﬁh, (v, A?-)_;Hg € F(G). (There is at least one edge in the path connecting
the incident vertices of g in (V, A%), which is in the cut crossed by g in (V, A}). These
conditions ensure that we can “compare” the edges g and h, because g is in the cycle closed
by adding h to A} and, equivalently, in the cut crossed by h in A2, and vice versa.)

We distinguish whether g (g € A} but g ¢ A%)and i (h ¢ A} buth € A})arein A or
not:

e Case I: g € A, h € A: We have a contradiction by

-—geA=geA2=h<y,
-heA=>heAl=g<h.

e Case2: g € A h ¢ A: We have a contradiction by

-—geA=geA2=h<y,
-h¢ A=>heA?=g<h.

e Case3: g ¢ A h € A: We have a contradiction by

-g¢A=>gecAl=h<y,
-heA=>heAl=g<h
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e Case4: g ¢ A h ¢ A: We have a contradiction by

-g¢A=ge Al =>h<y,
-h¢ A=>heA?=g<h

Consequently there are no such triples A' and A2, hence the function m is injective.

Second, we show that the function m is surjective by proving that for each edge set A C
E there is a spanning forest F' € F(G) and a triple (A, A;, Ae) with F = (V, Af), A; C
E;(F,G,<),A. C E.(F,G,<)suchthat m((Ays, 4;, Ac)) = A.

We arrange the edges of A and £\ A in a sequence ey, .. ., €g|, such that the edges of
A appear before the edges of E'\ A, that the edges of A are increasing, and that the edges
of E '\ A are decreasing, both with respect to <.

We start with the edgeless graph on the vertex set V' and successively add the edges of
E as they appear in the sequence to the graph, if the graph remains cycle-free. That means
GY = (V,0) and fori € {1,...,|E|} we have

Gi {Gf,_el if Gf[el is a forest,
G~ if G'7.! is not a forest.

Thus, GIPl = F = (V, A;) € F(G) is a spanning forest of G

An edge, which is in A but not in Ay, is not added to G*, meaning that it would close a
cycle consisting of earlier added and thus lesser edges of A, hence this edge is an externally
active edge (maximal edge of the cycles closed by itself), A\ Ay = A. C E.(F,G,<).

An edge, which is not in A but in A¢, is added to G, meaning that it is the first and
thus greatest edges of '\ A crossing the according cut and hence this edge is an internally
active edge (maximal edge of the cut crossed by itself), Ay \ A = A; C E;(F,G, <).

Consequently, for each edge subset A C FE there is a spanning forest F' € F(G)
and an according triple (A, A;, A.) with (A; \ A;) U A, = A, hence the function m is
surjective. [

Corollary 2.2. Let G = (V, E) be a graph with a linear order < on the edge set E, A C E
an edge subset of G and f(G, A) a function mapping in a commutative semigroup. Then

) Yo HGA) =Y H(G.A). 22)

F=(V,A;)EF(G) A=(A;\A;)UA, ACE
A;CE;(F,G,<)
A.CE.(F,G,<)

Proof. The equation follows directly from Theorem 2.1. O

Corollary 2.3 (Theorem 3 in [7]). Let G = (V, E) be a graph with a linear order < on the
edge set E. Then

Z 9i(F,G,<)+e(F,G,<) _ olE| 2.3)
FeF(G)

Proof. The equation follows directly from Corollary 2.2 with f(G, A) = 1. O
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To apply Theorem 2.1, the following lemma stating some kind of independence of the
internally and externally active edges of a given spanning forest seems useful: Deleting
an internally active edge splits a connected component, which can not be reconnected by
adding externally active edges. Adding an externally active edge connects vertices already
connected by a path, which can not be destroyed by deleting internally active edges.

Lemma 24. Let G = (V, E) be a graph with a linear order < on the edge set E and
F € F(G) a spanning forest of G. Forall e € E;(F,G,<) and f € E.(F,G, <) it holds

k(F) = k(Fys) > k(F_oys) = k(F_.) = k(F) — 1. (2.4)

Proof. The first part, k(F) = k(F.f) > k(F_.) = k(F) — 1, follows directly from the
definition of a spanning forest. The idea to prove the rest, k(F_.+f) = k(F_.), is already
used in the case distinction in the proof of Theorem 2.1: The edge f can not reconnect the
connected components arising from the deletion of e, because otherwise each of the two
edges must be greater than the other. O

3 Applications of the main theorem

As an application of Theorem 2.1 we prove the equivalence of representations using sums
over spanning forests/trees (spanning forest/tree representation) and sums over edge sub-
sets (edge subset representation) for the Tutte polynomial, the chromatic polynomial, the
reliability polynomial and (a derivation of) the weighted graph polynomial.

3.1 Edge subset representation of the Tutte polynomial

The edge subset representation of the Tutte polynomial was first given by Tutte stating the
relation to the dichromatic polynomial [13, Equation (21)]. In this article, the dichromatic
polynomial is defined by an edge subset representation and it is shown, that it satisfies re-
currence relations [13, Equations (18) - (20)] analogous to the recurrence relations satisfied
by the Tutte polynomial [12, Equations (18) - (20)].

Theorem 3.1 (Equation (9.6.2) in [14]). Let G = (V, E) be a graph with a linear order <
on the edge set E. The Tutte polynomial has the edge subset representation
T(G,x,y) = Z (z — 1)k(G<A>)—k'(G)(y _ 1)\A\—|V|+k(G(A))_ (3.1)
ACE

Proof. First, we expand the definition of the Tutte polynomial (Definition 1.5) using the
binomial theorem:

T(G,.’L‘,y) = Z l‘i(F’G’<)ye(F7Gv<)
FeF(G)
- Z (x — 1+ )IEECI(y 1 4 1) EFGC<)
FEF(G)

Y Y @yl

FeF(G) A;CE;(F,G,<)
A.CE.(F,G,<)

Second, we represent for each spanning forest F' the number of internally and externally
active edges in terms of the graph G and the spanning subgraph G(A) = (V, A) with
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A= (Af\ A;) U A, using Lemma 2.4: If G(A) has more connected components than the
graph G, each “additional” connected component results from deleting an internally active
edge, i.e., |4;| = k(G(A)) —k(G). If G(A) is not a forest, each “additional” edge (closing
a cycle) results from adding an externally active edge, i.e., |[A.| = |[A] — |V| + k(G(A)).
Thus we have

T(G,z,y) = Z Z (z — 1)1l (y — 1)l 4l

F=(V,A;)EF(G) A=(As\A;)UA.
A;CE;(F.G,<)
AcCE.(F,G,<)

> T (o= DHOANRE) (y _ 1)lAI-IVIHRGA),

F=(V,A;)EF(G) A=(A;\A;)UA,
A;CE;(F,G,<)
A.CE.(F,G,<)

Finally, the statement follows by Corollary 2.2:

T(G,z,y) = Z (z — 1)FEAD=R(G) () _ 1) [AI=IVIFR(GA)) O
ACE

3.2 Spanning forest representation of the chromatic polynomial

Definition 3.2 ([3]). Let G = (V, E) be a graph. The chromatic polynomial x(G, x) is the
number of proper (vertex) colorings of G' with at most x colors.

The spanning forest representation of the chromatic polynomial can be easily derived
from its relation to the Tutte polynomial, which follows from the recurrence relations both
polynomials satisfy. But the direct proof points out more clearly why internally and exter-
nally active edges make different contributions to the chromatic polynomial.

Theorem 3.3 (Theorem 14.1 in [2]). Let G = (V, E) be a graph with a linear order < on
the edge set EX. The chromatic polynomial has the spanning forest representation

X(Ga) = (=)VI(=a)HD N (1) ), (32)
FEF(G)
e(F,G,<)=0

Proof. We start with the representation of the chromatic polynomial as sum over edge
subsets [17, Section 2] and apply Corollary 2.2:

X(G,z) = Z xk(G<A>)(_1)\A\
ACE

- 3 GGyl

F=(V,Ap)eF(G) A=(Af\A;)UA,
A;CE;(F,G,<)
AcCE(F,G,<)

First, we analyze the contribution of the externally active edges A. C E.(F,G, <)
to the term 2*(G(4)(—1)I4l: Each externally active edge f € E.(F,G, <) contributes
(independently) the factor —1 if f € A, (the number of connected components is not
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influenced), and the factor 1 otherwise:

x(G,z) = Z Z FM(GAUAD) (1)l a"UA.|

F=(V,A))EF(G) Al=Ap\A;
A;CE;(F,G,<)
AcCE(F,G,<)

— Z Z ZFGAD) (1)l (—1)lAe]

F=(V,A;)eF(G) A'=A\A;
A;CE;(F,G,<)
ACE(F,G,<)

- 3 S @l Syl

F=(V,A;)EF(G) A'=A;\A, A.CE.(F,G,<)
A;CE;(F,G,<)
= Z Z xk(G<A’>)(_1)\A’\(1 _ 1)e(F,G,<)

F=(V,A;)eF(G) A'=Af\A;
A;CE;(F,G,<)

= Z Z xk(G<A’))(_1)\A’\.
F=(V,A;)EF(G) A'=Af\A,
e(F,G,<)=0 A;CE;(F,G,<)

Second, we analyze the contribution of the internally active edges A; C F;(F, G, <)
to the term x*(@(A)(—1)I4l; Each internally active edge e € E;(F,G, <) contributes
(independently) the factor —z if e € A, (the number of connected components is increased
by 1), and the factor 1 otherwise:

x(G,x) = Z Z ZFGANAD) (1)l A7\Al
F:(V,Af)Gf(G)AigEi(F,G,<)
e(F,G,<)=0
= Z Z xk(G<Af>)xlAi|(_1)|Af\(_l)lAil
F=(V,Ay)EF(G) A;CE;(F,G,<)
e(F,G,<)=0
- Z xk(G)(_l)\Vl—k(G) Z (_x)lAil
FeF(G) A;CE;(F,G,<)
e(F,G,<)=0
= (=)VI(=2)*© Z (1 - 2)iFG), 0
FEF(G)
e(F,G,<)=0

The proof above also “includes” the Broken-cycle Theorem [18, Section 7], [6, Theo-
rem 2.3.1]: The edge subsets not including any broken cycle are exactly the edge subsets
resulting from spanning forests having no externally active edges by deleting a subset of
internally active edges. Hence the Broken-cycle Theorem can be stated as

x(Go)= Y > MO (33)
F=(V,Af)eF(G) A/:Af\Ai
e(F,G,<)=0 A,CE;(F,G,<)

Z Z x|V\*\A/\(_1)|A/|' (3.4)

F=(V,A;)EF(G) A'=Af\A;
e(F’G’<):0 AigEi(FvG»<)
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The connection between the spanning forest representation and the Broken-cycle The-
orem is also given in [1].

3.3 Spanning tree representation of the reliability polynomial

The set of connected spanning subgraphs of a connected graph can be enumerated from
the spanning trees by only adding externally active edges. We apply this insight to obtain a
spanning tree representation of the reliability polynomial.

For a statement S, let [S] equal 1, if S is true, and 0 otherwise [8].

Lemma 3.4 (Section 5, Item (19) in [16]). Let G = (V, E) be a graph with a linear order
< on the edge set E. The generating function (in the indeterminant y) for the number of
connected spanning subgraphs S(G,y) has the spanning tree representation

S(Gy) = Y [K(G(A)) = 1]y (3.5)
ACE
=yVIT > 14y e, (3.6)
TeT(G)

Proof. We start by applying Corollary 2.2:

S(G.y) = ) [K(G(A)) = 1)y
ACE

The spanning subgraph G(A) is connected only if the graph G is connected, that means
the spanning forests are spanning trees with |V'| — 1 edges, and if no (internally active) edge
is deleted from the spanning tree. It follows:

T=(V,A)ET(G) A=A,UA,
A.CE.(T,G,<)

Z Z y\AtlylAel

T=(V,A)ET(G) AcCE(T,G,<)

Z y\AzI Z ylAel

T=(V,A)€T(G) A.CE.(T,G,<)
_ y\V|—1 Z (1 + y)e(T,G,<)' |
TET(G)

The probability, that all vertices of a graph are connected, if all edges of the graph are
independently available with a probability p, is a polynomial in p, the reliability polynomial
R(G,p) 17, 16].

Definition 3.5. Let G = (V, F) be a graph. The reliability polynomial is defined as

R(G,p) = ) [K(G(A) = 1] plI(1 = p) P, 3.7
ACE
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Theorem 3.6 (Section 5, Item (15) in [16]). Let G = (V, E) be a graph with a linear
order < on the edge set E. The reliability polynomial R(G,p) has the spanning tree
representation

_ _ 1
R(G,p)= (1 _p)\E\ WVi+1plvi-1 Z q 77)8(T7G’<), (3.8)
TET(G) p

Proof. We rewrite the definition of the reliability polynomial using S(G, y):

R(G,p) = Z [k(G(A)) = 1]pl4l(1 — p)E\AI

ACE

— (1-p)Fls (G 1”)

From this the statement follows directly by Lemma 3.4. 0

3.4 Spanning forest representation of a derivation of the weighted graph polynomial

For the graph polynomials above it was possible to derive a spanning forest/tree repre-
sentation that depends only on the number of internally and externally active edges, inde-
pendently of the corresponding edge sets. Obviously, this is not possible for every graph
polynomial, also not for those having an edge subset representation.

The graph polynomial U’(G, Z,y), a derivation of the weighted graph polynomial
U(G,Z,y) [10], is an example where only the contribution of the externally active edges
can be summed up.

Definition 3.7. Let G = (V, E) be a graph and # = (1, ..., 2y|). The graph polynomial
U'(G,z,y) is defined as

V]

U'(G,z,y) = Y JJaf My, (3.9)

ACE i=1
where k;(G) denotes the number of connected components including exactly ¢ vertices.

Theorem 3.8. Let G = (V, E) be a graph with a linear order < on the edge set E and
T = (x1,...,2v|). The (derivation of the) weighted graph polynomial U'(G,Z,y) has
the spanning forest representation

V]

U(G,z,y) = > > Hm DylAl(1 4 4)e(FG<) - (3.10)

F=(V,A;)EF(G) A=Ap\A; i=1
A;CE;(F,G,<)

where k;(G) denotes the number of connected components including exactly i vertices.
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Proof. We start by applying Corollary 2.2 and then sum up the contribution of the exter-
nally active edges (as in the proofs above):

V]
_ ki (G(A
U'(G,T,y) = Z sz (& ))y\A|
ACE i=1
V]
_ 3 S ey
F=(V,A;)EF(G) A=(A;\A;)UA, i=1
A;CE;(F,G,<)
A.CE.(F,G,<)
v ki (G(A
= Z Z H%( ( >)y|A|(1+y)e(F,G7<). ]
F=(V,A;)EF(G) A=Ap\4; i=1
AigEi(F7G7<)
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Abstract

The revised Szeged index is a molecular structure descriptor equal to the sum of prod-
ucts [n,,(e) + no(e)/2] x [n,(e) + no(e)/2] over all edges e = uv of the molecular graph
G, where ng(e) is the number of vertices equidistant from v and v, n,,(e) is the number
of vertices whose distance to vertex u is smaller than the distance to vertex v and n,(e) is
defined analogously. In this paper, new formula for computing this molecular descriptor is
presented by which it is possible to reprove most of results given in [M. Aouchiche and P.
Hansen, On a conjecture about the Szeged index, European J. Combin. 31 (2010), 1662—
1666]. We also present an edge version of this graph invariant. At the end of the paper an
open question is presented.

Keywords: Szeged index, edge Szeged index, revised Szeged index, edge revised Szeged index.
Math. Subj. Class.: 05C12

1 Introduction

We first describe some notations which will be kept throughout. Let G be a simple graph
with vertex set V(@) and edge set E(G). If e = uv € E(G) then d(u,v) stands for the
distance between v and v in G. A topological index is a graph invariant applicable in
chemistry. A topological index Y is called distanced-based, if  is related to the distance
function d(—, —). The first use of a distance-based topological index occurred in the year
1947 in a seminal paper by an American chemist Harold Wiener [14].

Suppose G is a connected graph and e = uv € E(G). The quantities ng(e), n,(e)
and n, (e) are defined to be the number of vertices equidistant from « and v, the number of
vertices whose distance to vertex v is smaller than the distance to vertex v and the number
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of vertices closer to v than u, respectively. Similarly, the quantities mg(e), m,(e) and
m,(e) are defined to be the number of edges equidistant from v and v, the number of
edges whose distance to vertex « is smaller than the distance to vertex v and the number of
edges closer to v than u, respectively. Here, for an edge e = zy and vertex u, the distance
between e and u is defined as dg (e, u) = Min{dg(x,u),dc(y,u)}.

The Szeged, edge Szeged, edge-vertex Szeged, vertex-edge Szeged, revised Szeged
and edge revised Szeged indices of G are defined as follows:

Sz(G) = Z [ny(€) X ny(e)],
Sz.(G) = Z [ma(e) X my(e)],
Szen(G) = 1/2 Z [ma(€) X ny(e) + my(e) X ny(e)],
E=UvV
Szpe(G) = 1/2 Z [ma(€) X ny(e) + my(e) x ny(e)],
E=UvV
S2(G) = Y [(nule) +no(e)/2) x (nu(e) +no(e)/2)],
S22(G) = Y [(mu(e) +mole)/2) x (my(e) +mo(e)/2))-

It is worth mentioning here that the Szeged index was introduced by Ivan Gutman [4]
and the name Szeged index was given in [5]. For the mathematical properties of this topo-
logical index we refer to [3, 9, 10]. The concept of edge Szeged index was introduced
in [6] and mathematical properties of this graph invariant are studied in [2, 7, 8]. The
revised Szeged index was introduced by Milan Randi¢ [13] as a modification of the clas-
sical Wiener index. Nowadays the scientists prefer the name revised Szeged index for this
distance-based topological index. The interested readers can consult [1, 11, 12, 15] for
mathematical properties of this new topological index.

Throughout this section graph means finite simple connected graph. The notation is
standard and can be taken from the standard books on graph theory.

2 Main results

In this section, we first present a new formula for computing revised Szeged index of
graphs. Then apply this new formula to reprove all results given by Aouchiche and Hansen
[1]. We also present an edge version of the revised Szeged index and extend the results
given in the mentioned article to this new graph invariant. We begin by an example.

Example 2.1. Suppose G; = K,,, G2 = C,, and G3 = W,, denote the complete, cycle and
wheel graphs of order n, and G4 = K,, ;, is the complete bipartite graph with partitions of
size m and n, respectively. Then,

oIfe:uveE(Gl)thenmu:mU:anandmO:%

Sz.(G1) = 7"("_1)2("_2)2 and Sz5(Gy) = 7"3(22_1)3.

e Suppose e = ww is an arbitrary edge of Go. If n = 2k + 1, then m,, = m, = k
and so mg = 1. Therefore, Sz.(Ga) = (2k + 1)k* = 201 D and Sz *(Ge) =

. Therefore,

n®
4
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If n = 2k then m,, = m,, = k — 1 and so mo = 2. This implies that Sz.(G3) =
nk—1)2? = "(" 2 and Sz¥(Gy) = n

o Consider the n—vertex wheel graph G3, n > 5. If e = ww is an edge of G5 such
that the vertex v is the center of Gz, then m,, = 3, m, = 2n — 7 and mg = 3. If
both of u and v are not the center of G3, then m, = 3, m, = 3 and mg = 2n — 8.
Therefore Sz.(G3) = (n — 1)(4n — 5) and Sz} (G3) = (n — 1)(n? + 5n — 73/4).

e Suppose G4y = K, 4, ¢+ y = n, is the complete bipartite graph containing an
arbitrary edge e = wv, where deg(u) = x and deg(v) = y. Then we have m, =
x—1,m, =y—1,mg = xyfxfy+2. This implies that Sz.(G4) = zy(z—1)(y—1)
and Sz} (Gq) = 2 (2%y? — 2 — y* + 2ay).

Theorem 2.2. Let G be an n-vertex and m-edge graph. Then

mn2

Sz*(G) = 2

1 9 9 1

E=UuUv

Proof. Since n,(e) + ny(e) = n — ng(e) we have:

Sz G) = >

[(n + 5+ )]

n 1
= Z Ny My + ?O(nu +ny) + 4n3]

e=uv -

= 3 e+ g (0 (1)) )+ (0 (4 )

e=uv - 2
- 1 ,
= Z nunv"’_*(nu'i_n'u)_ 7(nu+nv)
e=uv - 2 2
n? 1
+ - (nu + ny) + Z(nu + nv)z}

2

- ¥ {nun + ”Z —~ %(ni +no+ 2(%)(%))}

1 |
= iSz(G) + mf ~ 1 e:w[ni + n?).
proving the result. O

The next Corollary is already known result that stated and proven in [1].
Corollary 2.3. 52(G) < 52*(G) < =2,

Proof. Since ny, +ny < n, (ny +ny)? <n? S0, Y _ [y +1y]* < mn? and therefore
mn? LS [natny)? =1t LS 2 4+n2] - 1S2(G) > 0. Now, Theorem 2.2
implies that Sz(G) < Sz*(G), the left hand side of inequality. The right hand side is a
direct consequence of Theorem 2.2 and the following inequality:

%SZ(G)—EZ[2 :_*Z _nv 70~

e=uv e=uv
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By a similar argument as Theorem 2.2, one can prove:
Theorem 2.4. Let G be an n-vertex and m-edge graph. Then

31 1
§21(G) = T = 1 D [md +m2) + 552(G).

E=Uuv

Corollary 2.5. Sz.(G) < Sz} (G) < mT.
Proof. The proof is similar to the proof of Corollary 2.3 and so omitted. O
Suppose G is a connected graph and u is a vertex of G. Define
D(u,G) = Z [de(u, z)].
zeV(QG)

The graph G is called distance-balanced (or transmission-regular according to [1]) if for
every u,v € V(G), D(u,G) = D(v,G). Similarly for a vertex u and an edge e = zy
define De(u, G) = 3 cp(q)lda (e, u). A graph G is called edge-distance-balanced if for
every vertices u, v € V(G), D (u, G) = d.(v,G).

Theorem 2.6. Suppose u and v are vertices of a connected graph G. Then m, = m,, if
and only if D (u, G) = d.(v,G).

Proof. Let e = uv be an arbitrary edge of G. We partition the edge set of GG into three parts
as follows:

e M (u) is the set of all edges that are closer to w than v.
e M(v) is the set of all edges that are closer to v than w.

e M (o) is the set of all edges that are equidistant from v and v.

Suppose m.,(€) = | M (u)|, my(e) = |M(v)| and mg(e) = |M(0)|. Then we have :

De(u,G) = Y dgle,u)

e€E(G)

= Z dG(€7 u) + Z dG(ea U) + Z dG(€7 U)
e€M(u) eeM(v) e€M(0)

= Z da(e,u) + Z (14 dg(e,v)) Z dg(e,u)
e€M(u) e€eM(v) e€M(0)

= ZdGeu+m” ZdGev Zd(;eu
e€M(u) e€M(v) e€M(0)

A similar argument shows that

D.(v,G) = ZdGeu—l—mu ZdGev ngev

e€M(u) e€M(v) e€eM(0)
But D.(u,G) — D¢(v,G) = my(e) — my(e) and so my(e) = my(e) if and only if
D.(u,G) = D.(v,G). This complete our argument. O
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Corollary 2.7. If Sz.(G) = "713 then G is an edge-distance-balanced graph.

Proof. 1f 5z,(G) = ™ then by Corollary 2.5, Sz;(G) = . Thus

Z (M, —my)? = 0.

weE(G) w€EE(G)

1 1 s a1
isze(G)_i Z [mu+mv]:_4

1 -
Therefore m,, = m,. Now Theorem 2.6 implies that G is an edge-distanced-balanced
graph. O

In the end of this paper, we compute an exact formula for the edge revised Szeged index
of Cartesian product of graphs. To do this, we assume that G and H are connected graphs
with vertex sets V(G) = {u1, ua,...,u,} and V(H) = {v1,ve,...,vs}. We also assume
that |[E(G)| = e; and |E(H)| = ez. Then by definition V(G x H) = V(G) x V(H) and
we have:

E(G x H) = {(u,v)(a,b) | [u=a,vb e E(H)] or [ua € E(G),v = b|}.

Cleatly, |[E(G x H)| = |V(G)||E(H)|+ |V(H)||E(G)|. To compute the edge revised
Szeged index of G x H we partition the edge set of this graph into the following parts:
Am = A(um, 2)(um,y) |zy € E(H)}; 1 <m <,
B = {(a,v)(bv;) [abe E(G)}; 1<t <s.

Theorem 2.8. (See [15, Lemmas 2 and 3]). With above notations we have:
(a) If e = (Um, Vj)(Um, vq) € Ay,) then

My, 0,)(€) =V
m(uwuvq)(e) |V
(b) If e = (u;,v¢)(up, vy) € By then

)|mv] (vjvg) + ‘E(G”nvg‘ (vjvg) = My, (H) + €1My; (H),
G)lmo, (v09) + | E(G)|no, (vjvg) = rmey, (H) + exny, (H).

(G

( a
)

m(uiﬂ’t)(e) = |V(H)|mu1 (uiup) + ‘E(H”nuz (ulup) = Smu7(G) + eany, (G)ﬂ

M(uy,00)(€) = |V (H)|mu, (uivy) + [E(H)|ny, (uig) = smay, (G) + e2nq, (G).

Theorem 2.9. With notation of Theorem 2.8, the edge revised Szeged index of Cartesian
product of G and H can be computed as follows:

1 1 1
Sz (Gx H) = §TBSZG(H) + 121820, (H) + 27”6152( )+ 47’@2(7’@2 + se1)?
1
2 3 }: 2 2
- r elszve(H) - Zr [mm(H) +my(H)]

1 1
- zre% Z [n2(H) + nj(H)] + ngsze(G) + 5%€382, (@)
zy€EE(H)

+ fsezSz( )+ isel(sel—i-reg)Q—sQeQSzve(G)
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Proof. Let e = (U, )(Um,Y) € Am. Then mo(e) =req + sex — r(mg(H) + my(H))
—e1(na(H) +ny(H)). Set,

A = [mmm,x)(e) - m(;(e)} x |:m(um’y)(e) + m‘;(e)} ,

WO(B)] '

mo(e)] X [m(b,m)(e)"F 2

2

B = [m(aﬂ,t) (6) +

Then we have:
A = Srme(HYmy(H) + sexr(ng (Hymy(H) + ny (H)m(H))

e (Hny (H) 4 1 (rea + se1)? = Sexr(na (H)me (H) + ny (H)ym, (H)

==

P A () — TG H) 0l ().

Thus,

S [+ 4] [t + 229)]

(Um, @) (Um,Y)EAm

1 1
= 1/21"QSze(H) +e1rSze(H) + ie%Sz(H) + 162(7"62 + 561)2

_ elrSzm(H)—irQ S 2 (H) + m2(H)) @1
zy€F(H)
1
Li Y i+ ndm)
zy€EE(H)

Using a similar argument for the edge ¢ = (a, v;)(b, v;) € By, we have:

B = \mu(e)+ mOQ(e)] [mwt)(e) + m(;(e)]
= M (G, (G) + a5 [na(GYmy(G) + ma(G)ma(G)]
£ An@m(G) + flser +rex)? — ersna(GYma(G) + mo(Gymu(G)]
M) @) — (A [C) +rR(E)].
So,

Z |:m(a,vt)(e) + m02(e)] [m(b,vt)(e) n m02(6>}

(a,v¢)(b,vt)EBy

1 1 1
= §szSze(G) + 28526, (G) + QegSz(G) + 161(861 + reg)?
1
—  €25852,(G) — 152 Z [(m2(G) +mi(G)] (2.2)
abe E(G)

1
1% > G +ni6)].
abeE(G)
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Now multiplying Eq. (2.1) by r and Eq. (2.2) by s and summation of these values, the
formula given in the theorem will be obtained. O

3 Conclusions

Some of mathematicians recently focus on the revised Szeged index of graphs. In this pa-
per a new formula for computing this topological index is presented by which it is possible
to reprove some earlier results. We also investigate an edge version of this interesting topo-
logical index. We proved that the edge version of this graph invariant is more complicated
than its vertex version. In the case of vertex version, it is easy to find an exact formula for
the Cartesian product of graphs but in the edge version it is too difficult.

In Theorem 2.6 and Corollary 2.7, it is proved that Sz.(G) = ng implies that G is an
edge-balanced-distance graph. We end the paper with the following open question:

Question: Characterize graphs G such that Sz, (G) = m3 /4.
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Abstract

In this paper we study Petersen-colorings and strong Petersen-colorings on some well
known families of snarks, e.g. Blanusa snarks, Goldberg snarks and flower snarks. In
particular, it is shown that flower snarks have a Petersen-coloring but they do not have a
strong Petersen-coloring. Furthermore it is proved that possible minimum counterexamples
to Jaeger’s Petersen-coloring conjecture do not contain a specific subdivision of K3 3.

Keywords: Petersen colorings, strong Petersen colorings, snarks
Math. Subj. Class.: 05C15, 05C21, 05C70

1 Introduction

We study finite graphs G with vertex set V(G) and edge set E(G). If we distinguish an
initial and a terminal end for every edge e, then we obtain a directed graph. For S C V(G),
the set of edges with initial end in S and terminal end in V(G) — S is denoted by w(;(9).
We write wg (S) = wl (V(G) = S) and we (S) = wg (S)Uwg (). If S consists of a single
vertex v we also write wg (v) instead of wg ({v}). Subsets of E(G) of the form w¢ (S) for
S C V(Q) are called cocycles of G. If R C E(G), then G[R] denotes the graph with
vertex set V(G) and edge set R.

Given graphs G and H, we say that f : E(G) — E(H) is a H-coloring of G if it
is a proper edge-coloring and for every v € V(G) there exists a v € V(H) such that
flwg(v)) C wp(v'). That is, adjacent edges in G are mapped to adjacent edges in H. If
H is the Petersen graph, we say that G has a Petersen-coloring.

E-mail addresses: jonas.hagglund @math.umu.se (Jonas Hiagglund), eckhard.steffen @uni-paderborn.de
(Eckhard Steffen)
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Jaeger [6] studied nowhere-zero flow problems on graphs where the set of flow values
are certain subsets of some Abelian group. He showed that a number of problems in graph
theory such as the cycle double cover conjecture [9, 12] and Fulkerson’s conjecture [2]
(i.e. that every bridgeless cubic graph has six perfect matchings such that every edge is in
precisely two of them) can be formulated in terms of such flows. He posed the following
conjecture which would imply both previously mentioned conjectures, and many others,
see [8].

Conjecture 1.1 (Petersen Coloring Conjecture [6]). Every bridgeless cubic graph has a
Petersen-coloring.

In [5] an even more specific notion is introduced. Associate to G a directed graph dG
with vertex set V(dG) = V(G) U E(G), and to every edge e = xy in G correspond two
directed edges e, and e, with initial end e and terminal ends x and y, respectively. We say
ez is opposite to e, and vice versa. Let G and G’ be two graphs. A mapping ¢ from E(dG)
to E(dG") is compatible, if for any two opposite edges e; and e3 in dG, ¢(e1) and p(ez)
are opposite edges in dG’.

For a cubic graph G the set of triples of edges of dG of the form wyg(v) is denoted
by T+ (dG), where v is a trivalent vertex in dG. T~ (dG) is the set of triples of the form
{e1, €5, €5 } where {e1,e2,e3} € TT(dG) and e; is opposite to e;.

Let G and G’ be two cubic graphs. A dG’-coloring of dG is a compatible mapping
7 from E(dG) to E(dG") which maps every triple of 7* (dG) to a triple of T (dG") U
T~ (dG"). For the particular case when dG has a dG’-coloring and G is the Petersen graph,
we say that G is strongly Petersen-colorable.

Clearly, strongly Petersen-colorable graphs satisfy the Petersen-coloring conjecture and
hence Fulkerson’s and the cycle double cover conjecture as well. Jaeger [5] noticed that
moreover these graphs also satisfy Tutte’s 5-flow- and the orientable cycle double cover
conjecture.

All these conjectures are trivially true for 3-edge-colorable cubic graphs. Hence we
focus on bridgeless cubic graphs, which are not 3-edge-colorable; so called snarks. Snarks
are of major interest in graph theory since they are potential counterexamples to many
hard conjectures. Brinkmann et al. [1] generated all snarks with at most 36 vertices and
they disproved a couple of conjectures concerning these graphs. The paper also gives
an overview on conjectures which are related to snarks. In [11] it is shown that cubic
graphs with high cyclic connectivity have a nowhere-zero 5-flow. This result can also be
considered as a first approximation to a conjecture of Jaeger and Swart [7] who conjectured
that every cyclically 7-edge connected cubic graph has a nowhere-zero 4-flow.

The paper is organized as follows. The next section delivers Jaeger’s characterizations
of Petersen-colorable and strongly Petersen-colorable graphs, [5]. We show that type 1
Blanusa snarks have a strong Petersen-coloring while flower snarks do not have such a
coloring. We study the structure of a minimum counterexample to the Petersen-coloring
conjecture and finally we show that the flower-, the Goldberg-, and all Blanusa snarks have
a Petersen-coloring.

2 Normal 5-edge-colorings

Let G be a cubic graph and ¢ : E(G) — {1,2,3,4,5} be a proper 5-edge-coloring. An
edge e = xy in G is poor if |p(w(z))Up(w(y))| = 3 and itis rich if |p(w(x))Ud(w(y))| =
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5. If every edge in G is either rich or poor, then ¢ is a normal 5-edge-coloring. Jaeger
characterizes Petersen-colorable and strongly Petersen-colorable graphs in terms of normal
5-edge-colorings.

Theorem 2.1. [5] A cubic graph is Petersen-colorable if and only if it has a normal 5-
edge-coloring.

Theorem 2.2. [5] A cubic graph is strongly Petersen-colorable if and only if it has a
normal 5-edge-coloring, and the set of poor edges forms a cocycle.

If ¢ is a normal 5-edge-coloring of a graph G, such that the set of poor edges forms a
cocycle, then we call ¢ a strong normal 5-edge-coloring. Jaeger [5] stated that cubic graphs
with strong normal 5-edge-coloring do not contain a triangle (cf. Proposition 4.1).

3 Strong Petersen-colorings
3.1 Blanusa snarks

The generalized Blanusa snarks were introduced by Watkins in [13]. Let A be the graph
formed by removing two adjacent vertices from the Petersen graph. The generalized
Blanusa snarks of type 1 are formed by joining n copies of the graph A as depicted in
Figure 1 and one copy of the graph Ps.

€
€ .fnfl 0

f2

€n 1 f[]

Figure 1: The generalized Blanusa snark of type 1.

Theorem 3.1. Every generalized Blanusa snark of type 1 with an odd number of A-blocks
is strongly Petersen-colorable.

Proof. Let Ga,—1 be a Blanusa snark of type 1 formed by blocks Ay, ..., Aspy1, P2 and
let ¢ be the coloring of the even respectively odd blocks as shown in Figure 2. Then
it is easy to see that ¢ is a normal edge-coloring where the set of poor edges is the set
U{w(V(4;))}3" and hence a cocycle. It now follows from Theorem 2.2 that Ga,, 1 is
strongly Petersen-colorable. O

3.2 Flower snarks

In this section we will show that flower snarks do not have a strong Petersen-coloring.

Let G be a graph which has a normal 5-edge-coloring. We first study possible partitions
of the edge set of Cg (the cycle of length 6) into rich and poor edges. We denote the set of
rich edges with R.
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Figure 2: A normal edge-coloring ¢ of a generalized Blanusa snark of type 1 where the
only poor edges are the diagonal edges between the blocks Ay, ..., Agpyq.

Lemma 3.2. Let G be a cubic graph that has a strong normal 5-edge-coloring. If Cg is
a subgraph of G, then the connected components of Cs|E(Cg) N R] are either Cg or two
paths of length 2 or two isolated edges and two isolated vertices or six isolated vertices.

Proof. Let G be a cubic graph that has a strong normal 5-edge-coloring ¢, and that con-
tains Cg as a subgraph. Then the set of poor edges forms a cocycle by Theorem 2.2 and
therefore, it partitions V' (G) into two sets S and S’ such that the following two conditions
are satisfied:

Cl: If e = vw is a poor edge, then v € S if and only if w € 5.

C2: If e = vw is arich edge, then either v,w € Sorv,w & S.

Taken into account these two conditions, it is easy to see that the following claim is
true.

Claim 3.3. The number of rich (poor) edges in Cyg is even.

fa
€4 =)
65 64
T
Figure 3: Cg

Let the edges of Cg be labeled as indicated in Figure 3.

Claim 3.4. The rich edges do not induce a path of length 4.



J. Higglund and E. Steffen: Petersen-colorings and some families of snarks 165

Proof. Assume that eq, eq, e3, e4 are rich. W.l.o.g. we may assume that ¢(e;) = 1,
o(f1) = 2, ¢(es) = 3, &(f2) = 4, ¢(e2) = 5. Then ¢(f3), d(es), ¢(fa), d(es) # 5.

Hence 5 € {¢(f5), #(es)}. But on the other hand {&(es), d(f5)} = {1,3} or = {2,3}, a
contradiction.

Claim 3.5. The rich edges do not induce a path of length 3 and an isolated edge in Cs.

Proof. Assume that eq, eo, e3, e5 are rich. W.l.o.g. we may assume that ¢(e;) = 1,
o(f1) = 2, ¢(es) = 3, ¢(f2) = 4, ¢(e2) = 5. This implies, that {¢(ea), ¢(f1)} = {1,4}
and {¢(eq), ¢(f5)} = {4,5}; hence ¢p(eq) = 4. Thus ¢(f5) =5 = ¢(f4), a contradiction.

Claim 3.6. The rich edges do not induce precisely one path of length 2 in Cg.

Proof. Assume that eq, eo are rich. W.Lo.g. we may assume that ¢p(e1) = 1, ¢(f1) =
2, ¢(es) = 3, ¢(f2) = 4, ¢(e2) = 5. This implies that 3 € {¢(f5),p(es)} and
5 € {p(eq),d(f4)}. On the other hand we have that {¢(es5), ¢(eg), ¢(fs)} = {1,2,3}
and hence 5 € {¢(eq), d(f5)}. But then ¢(es) = 3, ¢(fs) = 5 and therefore 5 €
{&(es), d(f5)}, a contradiction. O

For the further study we will go a little bit more into the details of possible (strong)
normal 5-edge-colorings.

Lemma 3.7. Let G be a cubic graph that has a normal 5-edge-coloring ¢. If Cg is a
subgraph of G and all its edges are rich, then E(Cy) is partitioned into three color classes,
say ¢~ 1(1), 71(2), ¢71(3), such that e;, e;13 € (i), fori =1,2,3.

Proof. Clearly, at least three colors appear at the edges of Cg since for otherwise there are
two edges of the same color with distance 1, contradicting the fact that all edges are rich.
If more than three colors appear at the edges of Cg, then there is a path of length 4,
say e1, s, €3, e4, whose edges are colored pairwise differently, say ¢(e;) = i. W.lo.g.
we may assume that ¢(fy) = 4 and ¢(f3) = 5. Thus ¢(fs) = 1, and since all edges
are rich, it follows that {¢(es5), o(f5)} = {2,5}, {¢p(es),d(f1)} = {3,5}, and hence

{d(es), d(fs)} = {1,3} and {¢(e5), ¢(fs)} = {2,4}, a contradiction. It is easy to see
that a coloring as stated in the claim exists. O

Lemma 3.8. Let G be a cubic graph that contains Cg as a subgraph and ¢ be a strong
normal 5-edge-coloring. If precisely two edges of Cg are rich, then they receive the same
color.

Proof. 1t follows from Lemma 3.2 that there are two non-isomorphic distributions of the
rich edges.

1) The distance between the rich edges in Cj is 2. Assume that e, e4 are rich. W.l.o.g.
we may assume that ¢(e1) = 1, ¢(f1) = 2, ¢(es) = 3, ¢(f2) = 4, Pp(e2) = 5. Assume to
the contrary ¢(e4) # 1.

Case 1: ¢(e5) = 1. Then it follows that ¢(f3) = 1 and ¢(f4) = 1, contradicting the
fact that e4 is rich.

Case 2: ¢(e5) # 1,1i.e. ¢(es) = 2, and hence ¢(fs) = ¢(fs) = 1 and ¢(eq) = 3. But
3 & {¢(e2), ¢(f3)}, a contradiction.

2) The distance between the rich edges in Cg is 1. Assume that ey, e3 are rich. W.l.o.g.
we may assume that ¢p(e1) = 1, ¢(f1) = 2, ¢(es) = 3, ¢(f2) = 4, ¢(e2) = 5. Assume
to the contrary ¢(es) # 1. Then ¢(e3) = 4 and hence 4 € {¢(e5), #(f5)}, and therefore
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in any case 4 € {6(cs), 6(fe). b(cq)}. But on the other hand {@(es), 6(/s), dles)} =

{1, 2, 3}, a contradiction. O
fi
. . s
- C N
fa
Q
0 Jo e
Q
fs
0 '
€ “ i

Figure 4: C§
Let C¢ be the graph of Figure 4 without the edges f1, fs, f1, fs. Our objective is to

reduce the number of non-isomorphic partitions of the edge set of C§ into rich and poor
edges to the five partitions shown in Figure 5.

HRHAIIBIIRH

Figure 5: Five types of non-isormorphic partitions of E(C¢) into rich and poor edges. (The
rich edges are bold.)

Lemma 3.9. Let G be a cubic graph that has a strong normal 5-edge-coloring. If C§ is a
subgraph of G and E,, E, is a partition of the edges of E(C§) into poor and rich edges,
then this partition is isomorphic to one of the types in Figure 5.

Proof. The result follows by case checking along the number r of rich edges in C§. Let the
edges of Cf be labeled as in Figure 4. It contains three Cg - with edge sets {e1, e2,...,¢es},
{e1, f2, fo, [5,€5,€6}, and {ea, €3, €4, f5, fo, fo} - which share pairwise a path of length
3.
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r = 0: We obtain a partition of type A of Figure 5.

r = 1: Then there is a Cs with an odd number of rich edges, contradicting Lemma 3.2.

r = 2: By Lemma 3.2 any of the three C§ has either no rich edge or two rich edges,
which induce two isolated edges. Now it is easy to see that type B of Figure 5 is the only
solution (up to isomorphism).

r = 3: By Lemma 3.2 any of the three Cg has two rich edges, which induce two isolated
edges. It is easy to see that types C' and D are the only possible solutions.

r = 4: The matching number of C§ is 4. If » = 4 and the four rich edges induce a
matching, then there is a Cs that contains an odd number of rich edges, a contradiction.
Thus, by Lemma 3.2, we can assume that there is a Cg such that the rich edges induce two
paths of length 2. The only realizable partition is of type E of Figure 5 (up to isomorphism).

5 <r < 8: Itis easy to see that Lemma 3.2 can not be satisfied for all three Cy of C§.

r = 9: In this case, we obtain a contradiction to Lemma 3.7. O

The following lemma easily follows from Lemma 3.8.

Lemma 3.10. Let G be a cubic graph that has a strong normal 5-edge-coloring. If C¢ is a
subgraph of G and the edges of E(C{) are partitioned into poor and rich edges as shown
in Figure 5 B, C or D, then the three rich edges receive the same color.

The flower snarks are invented by Isaacs [4]. They are cyclically 6-edge connected and
have girth 6, if k¥ > 3. For k > 1, the flower snark Jogy; has vertex set V(Jogy1) =
{ai,bi,ciydili = 0,1,...,2k} and edge set E(Jat1) = {bia;, bici, bidi; aiaiy1; cidiya;
dici11|i = 0,1..., 2k} (indices are added modulo 2k + 1).

Theorem 3.11. Forevery k > 1, the flower snark Joy, 11 is not strongly Petersen-colorable.

o sf? “\i/ ,{ "\{

Figure 6: Substructure of Joj 1

Proof. We show that the flower snarks do not have a strong normal 5-edge-coloring. Then
the result follows with Theorem 2.2. Assume to the contrary that J5; 1 has a strong normal
5-edge-coloring ¢. Let Cf be the graph as indicated in Figure 4. The flower snark Joj11
can be considered as the union of 2k + 1 copies Dy, . .., Doy of C§, where D; and D,
share precisely the subgraph which is induced by one vertex of degree 3 and its neighbors
(indices are added modulo 2k + 1); see Figure 6. By Lemma 3.9, the five partitions of the
edges of (g shown in Figure 5 are the only non-isomorphic types of possible partitions of
the edges of C¢ into rich and poor edges.

1) There is ¢ € {0...2k} such that D; is of type E. Since D; shares with D; 1 a
vertex of degree 3 with its three incident edges, it follows that D, is of type E as well.
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Hence all D; are of type E and therefore all edges of the inner cycle of length 2k + 1 are
poor, contradicting our assumption, that Jox1 has a strong normal 5-edge-coloring. Thus
all D; are not of type F.

2) There is ¢ € {0...2k} such that D; is of type D. Then D, can be of any other
type different from £. We may assume that the edge b;c¢; is rich. Hence ¢;_1d; and a;_1a;
are rich, too. All the other edges of D; are poor. If D, ; is of type C or D, then it follows,
that two different rich edges, one of D; and one of D;; are adjacent. By Lemma 3.10,
they all have the same color, contradicting the fact that ¢ is a coloring. Thus D, is of type
B. On the other hand, D;_1 shares with D, the vertex b; _; of degree 3 which is incident to
three poor edges. As above, it follows that D; 1 cannot be of type D; thus it is of type A.
Since the number of the D; is odd it follows that the types A, B, C' and D cannot combined
to get a coloring of Jaj 1. Thus all D; are not of type D.

3) Thereisi € {0...2k} such that D; is of type A. Since D; shares with D, a vertex
of degree 3 with its three incident edges, it follows that D;, 1 is of type A as well. Not all
D can be of type A since then Joy1 has no rich edges and therefore it is 3-edge-colorable,
a contradiction. Thus all D; are of type B or C.

4) There is i € {0...2k} such that D; is of type B or C. It follows that D;;4 is of
type B or C. It turns out, that in any case the two rich edges which are adjacent to the
trivalent vertices b; and b, are of the form b;c;, b;11d;41 or b;d;, b;11¢;41. This implies
that eventually two edges b;c; and b;d; are rich, contradicting the fact that every D; is of
type B or C.

Since the five types of Figure 5 are the only possible strong normal 5-edge-colorings of
C¢ and no combination of them yields a strong normal 5-edge-coloring of Jay 4 1, it follows
with Theorem 2.2 that Jaj4; has no strong Petersen-coloring. O

4 Structure of a possible minimum counterexample to the Petersen-
coloring conjecture

Jaeger [6] showed that a possible minimum counterexample to the Petersen-coloring con-
jecture must be cyclically 4-edge connected snark.

If G contains a triangle, then let G~ be the graph obtained from G by contracting the
triangle to a single vertex. Clearly, every normal 5-edge-coloring of G~ can be extended to
one of G. On the hand, if a cubic graph G has a normal 5-edge-coloring then this coloring
can be extended to any graph which is obtained from G by expanding a vertex to a triangle.
The following proposition is a reformulation of Proposition 15 in [5].

Lemma 4.1. Let ¢ be a normal 5-edge-coloring of a bridgeless cubic graph G. If there is
an edge e which is contained in a triangle, then e is poor.

Proof. Let e = vivs, €3 = vav3, €3 = v3v1 be the edges of a triangle 7" in G and let
fi be the edge which is incident to v; and not an edge of T". Assume that e; is rich, then
|p(w(v1))) U p(w(vz))| = b and hence ey, €2, e3, f1, f2 and f3 have to receive pairwise
different colors; contradicting the fact that ¢ is a 5-edge-coloring. O

Consider K3 3 with partition sets {u, v, w} and {v1,v2,v3}. Let K3 3 be the graph ob-
tained from K5 3 by subdividing the edges uv; and wv; by vertices u; and w;, respectively.
Graph K3 5 is shown in Figure 7.



J. Higglund and E. Steffen: Petersen-colorings and some families of snarks 169

Figure 7: K3 5

It is easy to see that the statements of this section are also true if we consider Fulkerson-
colorings (i.e. a cover with six perfect matchings such that every edge is contained in pre-
cisely two of them) instead of Petersen-colorings.

Theorem 4.2. If G is a minimum counterexample to the Petersen-coloring conjecture (or
to the Fulkerson conjecture), then it does not contain K3 5 as a subgraph.

Proof. Let ¢ be a normal 5-edge-coloring of G, and assume that K3 5 is a subgraph of G.
Remove the vertices u and w and add edges w;w;, for i = 1,2, 3, to obtain a cubic graph
G'. Since G is cyclically 4-edge connected it follows that G’ is bridgeless. Thus G’ has a
normal 5-edge-coloring ¢’ by induction hypothesis. Since u;, v;, w; span a triangle in G’
(i =1,2,3), it follows by Lemma 4.1 that edge u;w; receives the same color as vv;. Thus
¢’ is extendable to a normal 5-edge-coloring of G, a contradiction. The statement follows
with Theorem 2.1. The proof for the Fulkerson conjecture is similar. O

This also yields a method to generated cubic graphs with normal 5-edge-colorings from
smaller ones (with normal 5-edge-coloring). Let v be a vertex of a cubic graph with normal
5-edge-coloring ¢, and let wy, wo, w3 be the neighbors of v. Expand w; to a triangles T;
with vertex set {w; 1,w; 2, w; 3} such that v, w; ; are incident, to obtain a graph G. Then
¢ can be extended to a normal 5-edge-coloring ¢; on G;. By Lemma 4.1 it follows that
1 (vw; 1) = ¢1(w;2w; 3). Hence edges w; 2w; 3 can be removed and two vertices can
be added so that we obtain a K3 5 as a subgraph and a normal 5-edge-coloring of the new
graph.

We will use this fact, to prove Conjecture 1.1 for flower snarks.

5 Petersen-colorings for some families of snarks

5.1 Flower snarks

If a cubic graph G contains a K3 5 and we reduce it to a smaller graph G’ as in the proof of
Theorem 4.2, then G’ contains three triangles. If we contract these three triangles to single
vertices we obtain a new cubic graph G* that has 8 vertices less than G. Let us say that G
is K3 5-reducible to G*. Theorem 4.2 can be reformulated as follows:
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Theorem 5.1. Let G be a cubic graph that is K3 s-reducible to a graph H. If H has a
Petersen-coloring, then G has a Petersen-coloring.

The following lemma is a simple consequence of Lemma 4.2 of [10].
Lemma 5.2. For k > 1, the flower snark Jog 3 is K§‘73-reducible to Jopy1-

Since J3 can be reduced to the Petersen graph by contracting the triangle to a single
vertex, Theorem 5.1 and Lemma 5.2 imply the following theorem.

Theorem 5.3. Forall k > 1, the flower snark Jaj1 has a Petersen-coloring.

5.2 Goldberg snarks

Let k£ > 5 be a odd integer. The Goldberg snark [3] G, is formed from k copies By, . .., B
of the graph B in Figure 8 and the edges {a;a;1, ¢;bi+1, e;d;i+1} foreachi € {1,2,... k}
where indices are added modulo k.

Y

a
b c
d e
p—y p—y

Figure 8: A block B in the Goldberg snark.

Theorem 5.4. Every Goldberg snark Gy, where k > 5 is odd, has a Petersen-coloring.

Proof. Let G, be a Goldberg snark. Then G, can be constructed from one 3-block (see
Figure 10) and % 2-blocks (see Figure 9). Using the normal 5-edge-colorings provided
in Figure 9 and 10 it is easy to see that it will give a normal 5-edge-coloring of Gy. O

5.3 Blanusa snarks

Let G be a Blanusa snark of type 1 as defined in Section 3.1. If we color the blocks
Aj,...,A._7asinfigure 11 and A, and C as in figure 12 and 13, it is easy to see that we
have a normal edge coloring of all such graphs.

The generalized Blanusa snarks of type 2 are formed by joining 7 copies of A and one
copy of Cs (see Figure 14). Once again it is straightforward to see that all such graphs has
normal edges colorings by coloring Ay, ..., A,_o as in Figure 11, A,_; as in Figure 13
and finally C» as in Figure 14.

From this we get the following theorem.

Theorem 5.5. All generalized Blanusa snarks of type I and 2 have Petersen-colorings.
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Figure 11: Block A; in the generalized Blanusa snark.
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b, 2 1 5

a, 4 5
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3 1
4 5
5 2 4
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Figure 14: Block () in the generalized Blanusa snark.
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Abstract

Highly symmetric figures, such as regular polytopes, can serve as a scaffolding on
which spatial (ny) point-line configurations can be built. We give several constructions
using this method in dimension 3 and 4. We also explore possible constructions of point-
line configurations obtained as Cartesian products of smaller ones. Using suitable powers
of well-chosen configurations, we obtain infinite series of (ny) configurations for which
both n and k are arbitrarily large. We also combine the method of polytopal scaffolding
and the method of powers to construct further examples. Finally, we formulate an incidence
statement concerning a (1004) configuration in 3-space derived from the product of two
complete pentalaterals; it is posed as a conjecture.

Keywords: Spatial configuration, Platonic solid, regular 4-polytope, product of configurations, inci-
dence statement.

Math. Subj. Class.: 51A20, 51A45, 51E30, 52B15

1 Introduction

By a (pq, ni;) configuration we mean a set consisting of p points and n lines such that & of
the points lie on each line and g of the lines pass through each point [7, 16, 19, 21]. If,
in particular, p = n, then ¢ = k; in this case the notation (ny) is used, and we speak of a
balanced configuration [16]. We consider configurations embedded either in Euclidean or
projective spaces.

In the last decades, there has been a revival of interest in point-line configurations;
the developments and results are summarized in the quite recent research monograph by
Branko Griinbaum [16]. This book deals predominantly with planar configurations. How-
ever, as the author notices in the Postscript, a “...seemingly safe guess is that there will be
interest in higher-dimensional analogues of the material described in this book™.
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In fact, the theory was and has not been restricted to planar configurations. Research in
higher dimensions go back to Cayley, Cremona, Veronese and others [4, 7, 10, 16]. One of
the most well known spatial configurations is Reye’s (124, 163) configuration in projective
3-space [19, 25]. Its construction is based on the ordinary cube; the cube serves, so to say,
as a “scaffolding”: once the configuration has been built, the underlying cube is deleted.
Moreover, the configuration inherits its symmetry (at least, in this case, in a combinatorial
sense).

We apply the same building principle in several of our constructions. For an underly-
ing polytope, we choose a regular polytope in dimension 3 or 4. In all but one of these
cases, the geometric symmetry group of the configuration will be the same as that of the
underlying polytope. We note that the term geometric symmetry group, or briefly, symmetry
group, is meant in the usual sense; i.e., it denotes the group of isometries of the ambient
(Euclidean) space that map the configuration onto itself. The combinatorial counterpart of
this notion is the group of automorphisms, i.e., the group of incidence-preserving permuta-
tions of points and lines (both among themselves); Coxeter simply calls it the group of the
configuration [7]. (The distinction between these two types of groups will play some role
in Section 5.)

In Section 4 we apply the notion of a product, which can be considered as the Cartesian
product of configurations. Using this tool, we construct two infinite series and a finite class
of (ny) configurations which are powers of smaller configurations. In this way very high
n and k values can be attained (and so can the dimension of the space spanned by these
configurations). We think this may be interesting for future research; for, as it is emphasized
just recently, little is known in general on the existence of such large configurations [3].

‘We summarize our results in the following theorem.

Theorem 1.1. There exist (ny) configurations which form the following classes:

1. infinite series of type
(18(t+1)3), (36(t+1)3) and (90(t+1)3), (t=1,2,...);

they have the symmetry group of a regular tetrahedron, cube and dodecahedron,
respectively, and each spans the Euclidean space E3;

((21@;1)'“)% L (k=2,3,...);

they span the projective space P?*;

2. infinite series of type

3. infinite series of type
(((21@)2’6*2(% + 1)k)2k) , (k=2,3,...);
they span the projective space P?*;
4. finite class of types
(2403), (7683) and (288003),
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with the symmetry group of a regular 4-simplex, a regular 4-cube, or a regular 120-
cell, respectively; each spans the Euclidean space E*;

5. finite class of types
(144004) C ES

(5832200¢) C E°
(33177600005) C E!2

((243-10),)) c BV

((218 .312. 56)12>

each full-dimensional in the given Euclidean space;

E18

N

)

6. sporadic examples of type
(1803), (604), (5404) and (7804),

with the symmetry group of a regular dodecahedron, all of them spanning the Eu-
clidean space E3.

In Sections 2—4 below, we construct all these configurations, and thus their existence is
proved; the formula numbers of them at the location where they are actually constructed
are as follows: 1: (3.8); 2: (4.1); 3: (4.2); 4: (3.14); 5: (4.5); 6: (3.10), (2.1), (2.2) and (2.3).

In each case, an essential part of the constructive proof is to exclude unintended inci-
dences (i.e., incidences that do not belong to the given configuration, cf. [16], Section 2.6).
We emphasize that this possibility has been checked in each case. However, in all but one
case this part of the proof was omitted, to save space (the one exception is the case of type
(2.2), where the problem has been indicated in Remark 2.2).

In stating our results, we avoid using the term “d-dimensional” for a configuration that
we construct in some space of dimension d. The reason is that the dimension of a configu-
ration C is defined as the largest dimension of the space that is spanned by C (see p. 24 and
Section 5.6 in [16]). Thus, we can only state that each configuration in our theorem above
spans the given space (sometimes we also say, equivalently, that the configuration is full-
dimensional in the given space). Investigating the actual dimension of our configurations
is beyond the scope of this paper.

We think that the symmetry group is an essential property of our configurations realized
in some Euclidean space. Although we did not investigate, we believe that several of these
configurations have the maximal symmetry which is possible in the given space. (We
note that e.g. for convex polytopes a question like this is far from trivial [12, 17].) It
would also be interesting to know that for d’ < d, whether there is a configuration in
E? whose symmetry group is a subgroup of the orthogonal group of E? and which is not
symmetrically realizable in E<’. We consider these and other related questions as a possible
subject of future study.

Finally, in Section 5 we present an incidence conjecture. It is suggested by one of the
new configurations that we found. This is a (1004) configuration in projective 3-space
consisting of four quintuples of complete pentalaterals (thus there are altogether 400 in-
cidences, 100 for each quintuple). Informally, the conjecture states that the incidences
belonging to three quintuples of the complete pentalaterals imply the remaining 100 inci-
dences.
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2 First examples of spatial configurations

Before presenting our more detailed constructions, we remark that there are spatial point-
line configurations which need little or no construction. They are there in the zoo of geo-
metric figures which have been known for a long time; one just has to realize them. The
first configuration presented here is just such an example. It is a nice

(604) @1

configuration, provided by a polyhedron called the great icosidodecahedron. The lines of
the configuration are spanned by the edges, and half of its points are the vertices of this
polyhedron.

(@ (b)

Figure 1: The icosidodecahedron (a), and the great icosidodecahedron (b).

The great icosidodecahedron is one of the 53 non-regular non-convex uniform polyhe-
dra [8, 18, 22] (we note that a polyhedron is called uniform if its faces are regular polygons
and its symmetry group is transitive on its vertices). It also occurs in [6], given by its
5/2

3
star-polygons, see [6]) as faces. The number of these faces is 20 and 12, respectively. Its
name refers to its close relationship with its convex hull, the icosidodecahedron (one of the
Archimedean solids). In particular, its 30 vertices coincide with those of the icosidodeca-
hedron.

The mutual position of its two pentagram faces in non-parallel planes is of two kinds
(just like that of the faces of the regular dodecahedron): the angle between them is either
arctan 2, or m — arctan2. The angle between the planes of two such faces sharing a
common vertex is the acute angle. In addition to its vertices, the edges of a pentagram have
five other intersection points (these points can be called “internal vertices” if, instead of a
pentagram, we speak of a—complete—pentalateral, cf. Section 5 below). These “internal
vertices” of the pentagrams do not belong to the vertex set of the polyhedron (and, in strict
sense, not even to that of the pentagram). But two pentagrams in planes with obtuse angle
between them share such an “internal vertex”. Taking into account these latter points as

Coxeter’s symbol }; this indicates that it has triangles and pentagrams (i.e. {5/2}
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i

- Y/

Figure 2: The (60,4) configuration associated with the great icosidodecahedron.

well, we have a system consisting of 12 x 5 = 60 edges, and 30+30 points, the latter all
tetravalent. Replacing the edges by the lines that are spanned by them, we obtain directly
the configuration (2.1). The symmetry properties of the underlying polyhedron imply that
this configuration has two orbits of points and a single orbit of lines. This relatively high
degree of symmetry makes it particularly interesting.

The same configuration is also provided by two other types of polyhedra in the same

natural way. Namely, both the great icosihemidodecahedron {10/ 3} and the great do-

3
10/3
5/2
of the great icosidodecahedron; and, the other 30 points of the configuration are provided
likewise. With the details omitted, we just remark that all three types of these polyhedra
can be derived from the regular dodecahedron.

We note that a much more simple example can be obtained from the ordinary cube, in
the following way. Let the points be the 8 vertices of the cube, the 6 centres of the faces
of the cube and the centre of the cube. As lines, choose the 12 diagonals of the faces of
the cube, plus the 3 lines between the centres of two opposite faces of the cube. Thus we
obtain a (153) configuration.

decahemidodecahedron has a system of vertices and edges coinciding with that

Our next two examples require some more steps of construction. We start from two
planar configurations. The first is a (254) configuration, due to Jiirgen Bokowski ([15],
Figure 4; see also [16], Figure 3.3.13). The other is closely related to this and is due to
Branko Griinbaum ([15], Figure 9). These configurations are shown in our Figure 3.
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SO

(a) Jiirgen Bokowski’s (254) (b) Branko Griinbaum’s (354)

Figure 3: Two planar configurations.

Put 12 copies of the (25,) configuration onto the faces of a regular dodecahedron so
that the vertices of the pentagonal “frame” of the configuration coincide with the midpoints
of edges of the dodecahedron. Then delete the edges of the dodecahedron and all the
external edges of the 12 pentagonal frames. Thus we obtained a system, which is not a
configuration; however, for each of its lines there are precisely four points incident with it.
A system like this deserves to be the subject of a new definition.

Definition 2.1. A set consisting of p points and n lines is called a semiconfiguration if
either of the following conditions hold:

(1) each point is incident with precisely g lines; or
(2) each line is incident with precisely k points.
The type of a semiconfiguration is denoted by (p,, n.) or (p«, ny), respectively.

If one wants to specify which version is actually used, one may call it a P-semiconfiguration
or an L-semiconfiguration; thus, the abbreviation refers to the fact that the incidences are
uniformly distributed among the points or the lines, respectively. Clearly, a system is a
configuration if and only if it is both P-semiconfiguration and L-semiconfiguration.

Using this notion, we see that the system we obtained in the present step is an L-
semiconfiguration of type (270,,240,4). It contains a class of 120 trivalent points, a class
of 120 tetravalent points, and a class of 30 tetravalent points. These classes are distin-
guished by the position of their points; in fact, they are transitivity classes with respect
to the symmetry group of the dodecahedron. To obtain a balanced configuration, take a
second, concentric and homothetic copy of this semiconfiguration; thus we have an “outer
shell” and an “inner shell” of points. Finally, connect the trivalent points of these shells by
radial lines. Thus we have 60 new lines, all incident with four points. At the same time, the
2 x 120 trivalent points turned into tetravalent. Hence we obtained a configuration of type

(5404). (2.2)
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It has 6 orbits of points and 7 orbits of lines. It is shown in Figure 4. Although this figure,
due to the large number of its elements, is necessarily somewhat crowded, the two shells
can be distinguished; the radial lines are indicated by orange colour.

Remark 2.2. The relative size of the outer and the inner shell must be chosen carefully in
order to avoid unintended incidences. Clearly, there are infinitely many choices.

Using the (354) configuration, and proceeding analogously, we obtain a
(7804) (2.3)

configuration. It has 8 orbits of points and 13 orbits of lines.

We note that one may find several analogous cases on the basis of our examples (2.2)
and (2.3). For example, a geometrically different but completely analogous (540,4) config-
uration can be obtained by starting from another planar (25,) configuration that is shown
in [2], Figure 4a. Furthermore, starting from the same planar configurations P with pen-
tagonal symmetry as above, one can also obtain geometrically different examples if one
chooses other points of P to tack onto the edges of the dodecahedron’s face, and delete the
appropriate lines (the radial lines will also be different in these cases).

The full icosahedral symmetry can also be reduced so as to obtain a chiral configuration
in this construction as well. One just has to replace the starting planar configuration by
a suitable chiral one. What is more, even movable spatial examples can be obtained in

Figure 4: A (5404) configuration.
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this way, too; see a beautiful construction in [1] for movable planar (n4) configurations
(the example with 10-fold rotational symmetry given there in Figure 4 may be a possible
candidate to this purpose). We do not pursue this idea here.

3 Classes of configurations based on regular polytopes

First we construct three infinite series of balanced configurations, so that we make use of
the structure and symmetry properties of Platonic solids. (We note that these series have
already been mentioned in [13], p. 327).

In what follows, TP denotes a Platonic solid whose 1-skeleton is a trivalent graph, i.e.
TP is a tetrahedron, cube, or dodecahedron. It is well known that the Petrie polygon of
these polytopes is a (regular, skew) quadrangle, hexagon, or decagon, respectively. (We
recall that the Petrie polygon of a regular 3-polytope is a skew polygon such that any
two consecutive edges, but no three, belong to a face of the polytope [6].) Given a Petrie
polygon, consider for each of its vertices the third edge emanating from it but not belonging
the to Petrie polygon. Take a point on each of these edges such that it subdivides, but not
bisects, the edge in an arbitrary but fixed ratio; moreover, it is closer to the endpoint of the
edge belonging to the Petrie polygon than to the other endpoint. Connect these points by
straight line segments in the cylic order induced by the Petrie polygon. What is obtained
is again a regular skew polygon, clearly having the same number of edges as the Petrie
polygon we started from. We shall call it a P-polygon. The vertices of a P-polygon,
together with the lines spanned by their edges, form a (p2) configuration, where p is 4,
6 or 10 according as TP is the tetrahedron, the cube or the dodecahedron, respectively.
Clearly, the number of Petrie polygons and P-polygons is the same in a given TP, that is
3, 4 or 6, respectively. It follows that taking the disjoint union of all these P-polygons
(more precisely, the corresponding (p2) configurations), one obtains a (non-connected)
configuration whose type is

(125), (245) or (60y). 3.1)

We call this configuration a P-system (see Figure 5).

—e—
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(a) The whole system. (b) Edge crossing of two P-polygons.

Figure 5: The P-system (245) in the cube.
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We emphasize that when constructing the P-system, the same ratio is used in the defi-
nition of each P-polygon. Thus it follows from the construction that the P-system inherits
the (geometric) symmetry of TP, i.e. it has the same symmetry group. Moreover, note that
both its points and its lines form a single transitivity class.

Looking at this configuration more closely, we find that it can be extended to form a
non-balanced but connected configuration. For, observe that each edge e of TP belongs to
precisely two distinct Petrie polygons. Moreover, these Petrie polygons are mirror images
of each other with respect to the mirror plane of TP containing the edge e. It follows
that the edges of the corresponding P-polygons cross each other in the vicinity of e in a
point lying in that mirror plane. Furthermore, this point also lies in the mirror plane that is
perpendicular to the former plane and bisects e. This amounts to saying that this point is
on the line connecting the centre of TP with the midpoint of e. (For an example of such a
crossing point in the cube, see Figure 5b, where it is indicated by red colour).

The number of these crossing points equals the number of the edges of TP. Hence,
adding them to the P-system, we obtain a new configuration, which we shall call a P-
configuration. Its type is

(18,125), (362,243) or (90, 603). (3.2)

The special position of the crossing points provides the possibility of a further extension of
this configuration, as follows. Shrink the 1-skeleton of the original TP until the midpoints
of its edges coincide with the crossing points, and add it to the configuration. Then, remove
the vertices of this skeleton, and replace each of its edges by the line spanned by it. The
new structure that is obtained is a subfiguration.

A subfiguration (py,ny) is defined as a set of points and lines with incidences as in
the definition of configurations, but with the difference that each of the p points is incident
with at most g of the n lines, and each line is incident with at most % of the points [16]. If
we want to emphasize that the number of the missing incidences is s (in comparison to a
(pq, mu) configuration), we say that it is an #s-subfiguration. (We note that in the converse
case the notion of a superfiguration has also been introduced, in a similar way, in [16]).

Thus, the subfiguration that is obtained is of type

(183)7, (363)" or (903)", (3.3)

with s equal to 24, 48 or 120, respectively. (Here the superscript refers to the missing
incidences; we use this notation to avoid confusion with a configuration of type (ny).) One
half of the missing incidences of this subfiguration belong to the one subsystem, and the
other half of them belongs to the other subsystem, of which it is composed. For example,
in the cubic case there are 24 missing incidences because the points of the P-system are
of valency two, instead of three; and there are 24 other missing incidences, since all the
8 vertices of the cube skeleton (which are of valency three, and have been removed) are
missing. We shall call these two kinds of defective points type A and type B, respectively.
Likewise, the corresponding subsystems will be referred to as type A and B, respectively.
Due to the equal number of the defective points of the two types in the two subsystems,
this subfiguration can serve as a repetitive unit; hence we shall call it an R-unit. The rep-
etition is meant in the following way. Take a copy of an R-unit R, and shrink it so as to
obtain a homothetic copy Rq, such that the points of type A of R» fit onto the correspond-
ing lines in the subsystem of type B of R;; then take the union R; U R,. Using Figure 5a,
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in the cubic case this can simply be conceived as if the brown lines belonged to R; and the
green lines belonged to Rs.

Observe that the new figure obtained in this way is again an #s-subfiguration such that
s remains the same; for, half of the defects both in R; and Rs have been repaired, but the
other half in both of them remained. At the same time, both the number of points and lines
have been doubled.

The operation that we applied here is not simply a disjoint union; for, new incidences
occured, and (in our particular case) the result is a connected structure. Thus we think it
is appropriate to fix these properties in a separate definition. As that will refer not only to
configurations, first we give a common name for all the four related types of structures used
in this paper: we shall call such a structure an X-figuration, where “X-" may mean either

113 LEINT3

con”, “semicon”, “sub” or “super”.

Definition 3.1. By the incidence sum' of X-figurations F; and F, we mean the X-figuration
F which is the disjoint union of /7 and F», together with a specified set I C Py x Lo U
P2 x L4 of incident point-line pairs, where P; denotes the point set and £; denotes the line
set of F;, for ¢ = 1,2. We denote it by F; &1 Fo.

Note that /7 and F2 may form distinct incidence sums depending on the set /; we do not
consider here such cases; on the other hand, if the set [ is fixed and is clear from the context
(as in our present case), it can be omitted from the operation symbol.

Accordingly, in the present step of our construction we obtained the subfiguration of
the form Ry @ R,. Furthermore, it is clearly seen that the process by which we obtained
Ry & R, from R; can be repeated arbitrary many times. Thus, let A be a shrinking factor
defined by the equality Ry = AR;, and set R = R;. Then, starting with R, we obtain after
t — 1 steps the subfiguration

t
P rN'R, (34)
i=1

which is still an #s-subfiguration with s = 24,48 or 120, and is of type

((18t)3)~, ((36t)3)” or ((90t)3)~, (3.5)

respectively.

Finally, we have to extend this subfiguration, so as to obtain a configuration. First we
construct a unit which, when added, closes the structure “outside”. This construction also
is analogous for each of the three types of TP; we explain it in the case of the tetrahedron.
Start from the 1-skeleton of a regular tetrahedron, and take the midpoints of its edges. Add
these points to the structure, so that one obtains a spatial graph with 10 vertices and 12
edges, such that four vertices are trivalent and six vertices are bivalent. For each bivalent
vertex, take a line connecting it to the centre of the tetrahedron, and shift the vertex along
this line outwards, each to the same extent; simultaneously, the edges incident to these
vertices are stretched, and remain straight line segments. Although any ratio would serve
our purpose, we note that if the distance of these shifted vertices from the centre is twice
that of the original, then the angle between any two adjacent edges is arccos(—1/3). This is
the famous “tetrahedral bond angle” in organic chemistry, and the figure that we obtained is
precisely the carbon skeleton of a hydrocarbon molecule called adamantane?, well known

I'The present (improved) version of this definition was proposed by TomaZz Pisanski.
2The name refers to the fact that this is a repetitive unit of the diamond crystal lattice.
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to chemists. This skeleton is shown in Figure 6 (by courtesy of H. Ramezani, from [24]). A
related figure can be obtained from the 1-skeleton of either kind of TP in an analogous way;
so we shall call each of them an adamantane skeleton. (Note that they have the symmetry
of the type of TP from which it has been derived).

Figure 6: The adamantane skeleton.

We extend the adamantane skeleton in the following way. Take the 1-skeleton of a TP
of suitable size and position (and of the corresponding type) such that the midpoints of
its edges coincide with the bivalent vertices of the adamantane skeleton. Form the union
of these figures, then replace each of its edges by the line spanned by it. We obtain a
P-semiconfiguration of type

(145,18,), (283,36,) or (703,90,). (3.6)

This semiconfiguration will serve as a closure unit so as to close our construction “out-
side”. In fact, observe that it has defective lines, i.e., lines that are incident with two points,
instead of three (the lines corresponding to the original half-edges of TP). The number of
these lines is 12, 24 or 60, respectively, and this is the same as the number of the miss-
ing incidences. On the other hand, it is half of the number of missing incidences of our
subfiguration (3.4) (these latter come from points of type A). Furthermore, by taking a
copy of a suitable size of this closure unit, one can form the incidence sum of it with the
subfiguration (3.4). The result is a semiconfiguration of type

(18t 4+ 14)3, (18(t +1))+),  ((36t + 28)3, (36(t + 1))..)

or ((90t +70)3, (90(t +1)).). (3.7)

The very last step of our construction is to close our system “inside”. This is very sim-
ple, since 4, 8 or 20 points are missing from the smallest R-unit of the subfiguration (3.4)
(points of type B, each representing three incidences). These are nothing else than the
vertices of a tetrahedron, cube or dodecahedron, respectively. We just add these points
to the system, and our construction is ready, resulting in three infinite series of balanced
configurations, whose type is

(18(t+1)3), (36(t+1)3) and (90(t+1)3), (t=1,2,...). (3.8)
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Figure 7: A (723) configuration: the cubic case with t = 1 of (3.8).

We note that the latter “closure units”, consisting merely of points (but with fixed mu-
tual position), can also be conceived as semiconfigurations. Denoting them by C7, and
those in (3.6) by Cp, we see that our configurations of type (3.8) can be described (and in
fact, have been constructed) in the following form:

t
Co & (@ AHR) ® 0, (3.9)

i=1

where the middle term is the subfiguration (3.4).

We emphasize that throughout the construction, the original symmetry of the TP we
started from is preserved. Thus the (geometric) symmetry group of all of the configurations
which we obtained here is equal to that of the corresponding Platonic solid.

Our next construction provides a sporadic example. In this construction we apply some
structural elements that have already been constructed above.

Start from the compound of five tetrahedra, which can be obtained by inscribing these
tetrahedra in a regular dodecahedron [6] (see Figure 8). This is made possible by the prop-
erty that the set of vertices of the dodecahedron can be partitioned into five quadruples
such that within a quadruple, the vertices are at a distance 3 from each other (regarded in
the graph of the dodecahedron). The same compound also determines a partition of the set
of edges of the dodecahedron into five sextuples in the following way. Consider a com-
pound inscribed in a dodecahedron of a fixed size. Apply a dilation to this compound. It
is chosen so that the following condition holds. Let ABC'D be any path of length 3 in the
graph of the dodecahedron, and let M be the midpoint of the corresponding tetrahedron
edge AD in the compound. Then the dilate M’ of M coincides with the midpoint of the
edge BC of the dodecahedron. Thus, each sextuple of the dodecahedron edges corresponds
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Figure 8: The compound of five tetrahedra inscribed in a dodecahedron.

to the set of edges of a tetrahedron in the compound. A consequence is that one can in-
scribe a (tetrahedral) adamantane skeleton in each sextuple of the edge-midpoints of the
dodecahedron so that the bivalent vertices of the adamantane skeleton coincide with these
edge-midpoints. In such an inscribed adamantane skeleton, we inscribe a P-configuration
(3.2) constructed previously in this section, in the sense that the points of the latter fit onto
the edges of former; moreover, this is performed so that the original local tetrahedral sym-
metry is preserved. Then we add a tetrahedron skeleton to this structure, so that the mid-
points of the tetrahedron edges coincide with the “crossing points” of the P-configuration
(cf. Figure 5b). Replace each edge by the corresponding line; thus, taking into account all
the points, lines and incidences, we obtained a (32,, 303) semiconfiguration inscribed in a
sextuple of edges of the dodecahedron.

By inscribing altogether five copies of this semiconfiguration into the 1-skeleton of the
dodecahedron in the same way (and replacing its 30 edges by lines), a configuration of type

(1803) (3.10)

is obtained (it is mentioned in [13], too). The symmetry group of the compound of tetrahe-
dra which we started from is the rotation group 7" of the tetrahedron; thus this compound
is a chiral figure, i.e. it has no mirror symmetry. Our new configuration inherited this sym-
metry group, so it is a chiral configuration. Its set of points decomposes into 6 orbits, while
there are 4 orbits of lines. These latter orbits are indicated with different colours in Fig-
ure 9. Note, in addition, that the structure of this configuration is closely related to those
described above in this section. In fact, the orbits correspond to those of the tetrahedral
case of (3.8), with ¢ = 1. The only difference is that the outermost tetrahedral orbit is
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replaced by a dodecahedral orbit, and the others are multiplied by five.

Our last class constructed here is based on certain regular 4-polytopes. We start from
a TP that we used above. Take a P-system inscribed in it (that is, inscribed in the sense
that the points of the configuration lie on the edges of TP). Then take a smaller homothetic
copy of TP in concentric position, and also inscribe a P-system in this copy. The smaller
P-system is chosen so that it is not the homothetic copy of the larger one, but each triple of
their vertices in the vicinity of a vertex of the TP (determining it) is relatively at a smaller
distance from that vertex, than the triple of vertices of the larger P-system is from the
corresponding vertex of the larger TP.

If the two P-systems were homothetic copies of each other (with respect to their com-
mon centre), then the lines connecting their corresponding points would meet all in a com-
mon point (in fact, in the centre). However, due to our particular choice, these lines meet
now in threes, forming altogether 4, 8 or 20 points of intersection (depending on the type of
TP). This is a consequence of the threefold rotational symmetries of TP. Thus for each such
triples of lines in the vicinity of a given vertex v of TP there is a point of intersection which
lies on the axis of rotation connecting v with the centre, and this point also is located in the
vicinity of v. We shall not use these points later, they just served to explain the location of
the connecting lines. On the contrary, we need the connecting lines in the following, so we
shall call them c-lines. Another condition for the c-lines is that they are not perpendicular
to the edges of TP (this can also be ensured by a suitable choice of the P-systems).

Figure 9: A (1803) configuration derived from the compound of five tetrahedra.
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The two copies of the P-system, together with the c-lines, form a configuration whose
type is
(245,362), (483,722) or (1203,1802) (3.11)
(see (3.1) above in this section for the type of the P-system).
By adding the crossing points of the lines of the P-systems, discussed in the first con-
struction of this section, one obtains an s-subfiguration of type

(363), (723) or (1803)" (3.12)

with s = 24,48 or 120, respectively (note that the missing incidences are equally dis-
tributed between the points and the lines).

Let now P be a regular 4-polytope whose facets are of type TP. Thus P is a regular 4-
simplex, a regular 4-cube, or a regular 120-cell. It has 5, 8, or 120 facets, respectively [6].
We put a copy of the subfiguration (3.12) in each of the facets of P, so that each of the
points of such a subfiguration is in the interior of the facet, and the whole system preserves
the original symmetry of P. This results in a (non-connected) subfiguration of type

(1805)~, (5763)" or (216003)", (3.13)

respectively. We convert it to a connected structure as follows.

Consider a facet F' of P, and a c-line connecting two points of the P-systems whithin
F'. Clearly, this c-line intersects the edge of F', which is in the vicinity of these points
(since it is within the local mirror plane of the facet lying on that edge). There are three
facets of P meeting in a common edge; thus the point of intersection of the c-lines is triva-
lent. There are two such points on each edge of P. Thus, by adding all these points to our
structure (3.13), the number of (trivalent) points increases by 20, 64 or 2400, respectively.

Note that with this completion the number of the missing incidences has been halved.
The other half is supplied as follows. Take the 1-skeleton of TP, and put a pair of its copies
in each facet of P. The size and location of these copies is such that for each of them there
is a P-system in (3.13) in which the crossing points coincide with the midpoints of the
edges in TP. Finally, replace each of the edges by the line spanned by it. In this way we
supplied not only the rest of the missing incidences, but completed the structure by 40, 128
or 4800 points, and by 60, 192 or 7200 lines, respectively. As a result, we obtained three
new balanced configurations in E# whose type is

(2403), (7683) and (288003). (3.14)

Note that in each step of the construction the original symmetry was preserved, thus the
symmetry group of these configurations is equal to that of the regular 4-polytope we started
from. In each of these three configurations of type (ns) the number n is twice the order
of the corresponding symmetry group. Furthermore, in all three cases, there are 7 orbits of
points and 5 orbits of lines.

4 Cartesian product of point-line configurations

We explore here the following notion.

Definition 4.1. Let C; be a (pg, my) configuration in an Euclidean space E; and C; be
an (rs, ng) configuration in an Euclidean space Eo. Observe that these two configurations
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have the same number & of points on each line. The Cartesian product of C; and C, is the
((pr)(g+5)» (pn+7m)y) configuration C1 x Cy in Ey x 5 whose point set is the Cartesian
product of the point sets of C; and Co and where there is a line incident to two points
(z1,22) and (y1,y2) if and only if either z; = y; and there is a line incident to xo and ys
in Cy, or 2 = Y and there is a line incident to z; and y; in C;.

We emphasize that the incidence degree of the lines of the two configurations C; and
Cs have to coincide. Therefore, in terms of abstract algebra, this product is merely a partial
operation on the set of configurations (it is not defined for any pair of configurations). This
shows that, when applied to configurations, the analogy of this kind of product with the
classical Cartesian product of other objects (like polytopes, graphs, etc.) is not complete, in
strict sense. On the other hand, one observes that if the incidence degrees differ, then this
product can still be defined, and it results in a semiconfiguration (see Definition 2.1). Fur-
thermore, the definition of the product can also be extended to semiconfigurations. Thus,
the larger set of semiconfigurations will be closed under this product, and the partial oper-
ation extends to a total operation. Hence using the term Cartesian product is still justified,
in this sense.

A consequence of the definition that if both C; and C is full-dimensional in E; resp., in
E,, then C; x C5 is also full-dimensional in [E; x Eo. We note, however, that one cannot say
that in the product the dimensions of C; and C, are added (see the remark on the dimension
of a configuration in the Introduction). Thus, we do not think that our definition of product
would automatically imply the additivity of dimension of configurations.

We remark that our motivating example is the spatial version of the Gray configuration
consisting of 27 points and 27 lines. Actually, it provided the intuitive idea for the definition
above, see Figure 10. We note that the (273) Gray configuration can in fact be decomposed
into the product of three (31, 13) configurations; however, to visualize the intuitive idea
we think the decomposition given in Figure 10 is better. More generally, the ((k*))
generalized Gray configuration is the kth power of the (kq,1j) configuration. (For the
Gray configuration and the generalized Gray configuration, see [23]).

273 (925 63) (31, 13)
Gray configuration

Figure 10: The Gray configuration as a product.

Accordingly, we formulated the definition above in the context of Euclidean geome-
try. However, an analogous construction also works in projective spaces, which can be
described as follows. First recall that a d-dimensional (real) projective space P? can be
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defined as the set of one-dimensional (linear) subspaces of R%*!. Given P? in this way,
let {e1,..., €k, €k+1,---,€E4+1} be a basis in the corresponding vector space R4, Now
we have a projective space P given as the set of one-dimensional subspaces of the vector
space spanned by the basis {ej,...,ex,ert1}, and a projective space P?~* determined
analogously by the basis {ex;1,...,e441}. In this case we say that P¢ is decomposed to
the direct sum of the spaces P¥ and P?~*. More generally, let P* and P! be two projective
spaces. If there are projective isomorphisms P* = Pk and P! = P! such that P* and P!
form a direct sum decomposition of a space P**!, then P**! is said to be the direct sum
of the spaces P¥ and P. It is not hard to see that this definition determines a unique bijec-
tion from the Cartesian product P* x P! to P**!; thus the points in P**! can uniquely be
represented by pairs (P, Q) with P € P*, Q € P'.

Now given the configurations C; and Cs, embedded in P; and Ps, respectively, both
full-dimensional, the point set of their product consists of pairs (P, P») with P, € Py,
P, € Py; furthermore, two points (P;, P») and (Q1, Q2) are connected by a line in the
product if and only if either P; = )1 and P, and )5 are connected in Co, or P = ()5 and
P; and @); are connected in C;. Clearly the product configuration is full-dimensional in the
direct sum of P; and Ps, and its type is determined by the types of C; and Cs in the same
way as before.

It is clear that the product of a configuration with itself can be repeated, i.e. it can be
raised to a power; given a configuration of a suitable type, this may provide a balanced
configuration (as we have seen above in the case of generalized Gray configurations). In
what follows we give some classes of such examples.

EXAMPLES: CLASS 1.

Consider n lines in the projective plane P? in general position, i.e. such that no more
than two of them intersect in one point. Together with all their points of intersection, they
form a configuration ((3)2, T, _1), which we call a complete n-lateral. (We note that it
has already appeared in this context in [21], see p. 85, Satz 21.)

Taking (2k+1)-laterals (k = 2, 3, . .. ), we have the following infinite series of balanced
configurations obtained as powers:

complete 5-lateral: ~ (102,54)2 = (1004) c pt
complete 7-lateral:  (212,76)% = (92614) c PS
complete 9-lateral: (362, 9g)* (16796165) C P8
complete 11-lateral:  (55,1119)° = (50328437559) C P

The general element of this series can be given as

<<2k;1>2,(2k+1)2k>k: ((%;1)’7% , (4.1)

and is full-dimensional in the projective space P2*.

EXAMPLES: CLASS 2.

Again, let k = 2,3, ..., and start from the simple configuration ((2k);, 12;) consisting
of 2k points and a single projective line. Raise it to the power 2k — 2 so as to obtain a
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configuration of type

((@R72)5 4 (R @k = 2)),,)

Then form the product of this configuration with the complete (2% + 1)-lateral. The result
is a balanced configuration of type

(((2k)2’°*2(2k + 1)k)2k> : 42)

which spans the projective space P?*.
We note that in this series the number of points grows faster than in the former one. For
comparison, we give the type of the first four members:

(1604), (272166), (9437 184g), ((5.5-109)10).

EXAMPLES: CLASS 3.

The method of scaffolding polytopes and raising to powers can also be combined to
obtain balanced configurations. Here we construct in this way a finite class of examples in
Euclidean space.

We start from the well-known Archimedean solid, the rhombicosidodecahedron [9] (see
Figure 11). It can obtained from the regular dodecahedron by truncation [5, 11]; thus it is
bounded by 12 pentagons, 20 triangles and 30 squares, originating from the faces, vertices
and edges of the dodecahedron, respectively. Its 60 vertices can be given in the following
form:

(£1,£1,£7%)°, (7, £2r,£73)°, (0,£(2+7),£72)°, 4.3)

where the superscript denotes that all cyclic permutations of the coordinates are to be taken,
and 7 denotes the golden mean: 7 = % (1 +5 )

Figure 11: The rhombicosidodecahedron with a regular pentalateral.
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Figure 12: The (3602, 6012) configuration based on the rhombicosidodecahedron.

We use the thombicosidodecahedron (briefly, RID) as a scaffolding to construct a class
of configurations whose types are as follows:

(1202,604); (1802,606); (2402,60s); (3002,6010); (3602,6012).  (4.4)

Observe that in the boundary complex of the RID, the link (we use this term following
e.g. [26], p. 237) of a pentagonal face forms a regular decagon. Connecting by straight lines
the vertices of this decagon that are pairwise at a distance 3 from each other, one obtains
a (102, 54) configuration, which is a regular complete pentalateral (see the definition of a
complete n-lateral in our examples of Class 1; now we are in [E3, and this figure is regular
in Euclidean sense, i.e. its symmetry group is the dihedral group Ds). Figure 11 shows
which one of the two possible positions of such a pentalateral is chosen (it can also be
seen that five of its points are inside the RID). Clearly there are altogether 12 such regular
pentalaterals, and they form a single orbit under the action of the symmetry group of the
RID (this group is obviously the full icosahedral group I ). Hence we obtain a system of 60
lines, which together with the vertices of the pentalaterals form a (1202, 604) configuration
(see the first type of (4.4)).

It turns out, however, that there are altogether 360 intersection points of these 60 lines,
so that the whole set of points and lines forms a (3602, 6012) configuration (the last type
of (4.4)). This can be explained using the symmetry properties of the regular dodecahedron
or, equivalently, of the RID. First, recall that a regular dodecahedron has altogether 15
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mirror planes. For each edge of the dodecahedron, there are precisely three mirror planes
in special position: one lies on it, one is its perpendicular bisector and one is parallel to it.
The others intersect it obliquely. The 60 lines are parallel in pairs to the 30 edges of the
dodecahedron (and, none of them lie on a mirror plane). Hence, for each of these lines, too,
there are precisely 12 mirror planes in oblique position. Because these planes are mirror
planes, their intersections with the lines provide points in which precisely two of the 60
lines meet. This is equivalent to the fact that on a given line no two of the 12 intersection
points coincide. For, the coincidence means that more than two planes (not perpendicular
to each other) meet in such a point, which implies that more than two lines meet in that
point. But such multiple intersection does not occur here; this can be visually checked in a
model constructed by a dynamic geometry software®. Figure 12 shows a screenshot of this
model.

(a) The convex hull of point class (1)  (b) The convex hull of point class (2)

A

(c) The convex hull of point class (5)  (d) The convex hull of point class (6)

Figure 13: Supporting polytopes for the (3602, 6012) configuration.

The 360 points can be partitioned into 6 classes with respect to their distance from
the origin, each containing 60 points; they also form orbits under the action of the group
I1,. Because of this latter property, the convex hull of each of them is a vertex-transitive
polytope (in fact, in each case it is combinatorially equivalent to an Archimedean solid,
see Figure 13). In this way these polytopes form a nested sequence, and are particularly
suitable for visualizing the structure of our (3602, 6012) configuration. Hence we call them

3Euler 3D developed by Tamds Petrd.
http://www.mozaik.info.hu/Homepage/Mozaportal/MPeuler3d.php
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supporting polytopes of this configuration. In Figure 13 they are shown in the order of
growing size. The convex hull of class (3) is just the RID we started from; and class
(4) is a homothetic copy of class (2) (actually, 7 times larger), so we did not repeat the
corresponding polytope in the figure. Note that these six polytopes fall by two into three
combinatorial types.

Observe that these 6 classes of points can be switched in and out independently of each
other; hence, all but last of the five types in list (4.4) above can be realized as more than
one geometrically distinct configuration. (Among them, isomorphism may occur; we did
not investigate this possibility.) By raising them to a suitable power, one obtains balanced
configurations of the following types:

. 2= (144004) C ES
% = (58322006) C E?
4 = (33177600005) C E!2 4.5)

10 15
(243-10°),,) CE
3600, 6012)° = ((218 312, 56)12) C E8

(1205, 60,
(1805, 60
e (2405, 605
(
(

~— — ~—
ot

w
S
S
V)
o
S
=
(=]
S~—
I

Due to the geometric differences we mentioned just above, a number of geometrically
distinct cases occur here as well. For example, even for the (14 400)4 configuration, this
amounts to 125 geometrically distinct cases (possibly not all combinatorially distinct).

5 Anincidence conjecture

Recall our definition of a complete n-lateral in the preceding section (examples of Class 1).
For the case n = 5 we use the term complete pentalateral. The points of this configuration
we shall also call vertices. The following properties of complete pentalaterals are well
known (cf. [21], pp. 85-86, Satz 21 and Aufgabe 3b).

Proposition 5.1. There is a unique complete pentalateral in the projective plane P? up to
combinatorial equivalence. It decomposes P? into one pentagonal, five quadrangular and
five triangular regions.

We shall call the vertices of the complete pentalateral belonging to the pentagonal re-
gion internal vertices, while the other external vertices. The existence and uniqueness of
the pentagon guarantees that such a distinction is indeed possible:

Proposition 5.2. The partition of the set of vertices of the complete pentalateral to internal
and external vertices is well-defined.

The structure of the tiling of P2 just described is shown in Figure 14. Figure 14a
also illustrates that the group of a complete pentalateral is isomorphic to Ds, i.e. to the
symmetry group of a regular pentagon (the latter in Euclidean sense). Recall that the group
of a configuration is defined as the group of the permutations (both the points and lines
among themselves) preserving incidences [7].

We have seen that squaring a complete pentalateral results in a configuration (1004)
in projective 4-space (cf. Class 1 in the preceding section). This configuration can nicely
be visualized by projecting it into three dimensions and restricting ourselves to Euclidean
space. To this end, a useful tool is the Schlegel diagram [14, 26] . In fact, there are 10 copies
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(@ (b)

Figure 14: The decomposition of the projective plane by a complete pentalateral, in two
versions, with the pentagonal region shaded. The internal and external vertices are indi-
cated by black and white vertices, respectively.

of the complete pentalateral in the configuration (1004) such that they can be inscribed in
the 10 pentagonal 2-faces of the Cartesian product of two pentagons, which is a 4-polytope.
The Schlegel diagram of this latter polytope is depicted in Figure 15, while the image of
the (1004) configuration is shown in Figure 16.

Figure 15: Schlegel diagram of the Cartesian product of two pentagons.

The following conjecture is motivated by the three-dimensional image of the (1004)

configuration. We will denote a complete pentalateral determined by lines I1,...,[5 by
P(ly,...,l5).
Conjecture 5.3. Let be given in the projective space P 25 lines, a;j (i,j = 1,...,5) such

that they form five complete pentalaterals:
A1 :P(all,...,a15), ey A5 = P(a51,...,a55).

Assume that the following conditions hold:
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Figure 16: Twenty pentalaterals in E3: a (1004) configuration.

1. the external vertices of the pentalaterals A; form the external vertices of complete
pentalaterals B; = P (b, ..., bs;), as follows:

@ij N @i g2 = bij Nbiya j;

2. the internal vertices of the pentalaterals A; form the external vertices of complete
pentalaterals C; = P(cij,. .., cs;), as follows:

@ij N Qi1 = Cij N Ciya,j

(indexing is meant modulo 5).
Then there is a quintuple of complete pentalaterals D; such that their vertices coincide
with the internal vertices of the pentalaterals B; and Cj, as follows:

bij N bi+17j = dij N di,j+2 and Cij n Cit1,5 = dij N d1'7j+1.

In some particular cases this conjecture is known to be true. In these cases the penta-
laterals are embedded in Euclidean 3-space, every A; is in distinct and pairwise parallel
planes (these planes can simply be conceived as “horizontal planes”), while every B; and
C; are in planes perpendicular to the former ones (thus they can be conceived as being in
“vertical position”). In addition, every D; is in “horizontal” planes, too. The cases are as
follows:

Case A.

The pentagons determined by the A;s and D;s are all regular (in Euclidean sense), and
they have a common axis of rotation (of order five). In this case the conditions of the
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conjecture can easily be satisfied by suitably scaling the A;s and by suitably chosen shapes
and sizes of the Bjs. Just this case is shown in our Figure 16 above. Here the lines of
the pentalaterals A;, B;, C; and D;, are distinguished by black, blue, red and green colour,
respectively. Observe that each of these colour classes represents 100 incidences. Thus, our
conjecture can also be formulated that the incidences belonging to any three of the colour
classes imply the remaining 100 incidences.

Case B.

All the pentalaterals A; are homothetic copies of a pentalateral Ay. Furthermore, the ex-
ternal vertices of Ag (hence those of all the A;s) are inscribed in a circle. This case is
visualized in an interactive model made using Mathematica [20]. In this model it is possi-
ble to move the external vertices of Ag (and simultaneously, all the corresponding vertices
of the A;s) along a circle, while all the incidences required by the conjecture are preserved.

These cases provide some support for the conjecture. We remark that any projective
transformation preserves the conjecture. We also remark that Case A also illustrates the
fact that the automorphism group of this configuration is larger than or isomorphic to the
group D5 x D5 x Cy. Here the first factor corresponds to the group of the pentalaterals
A; and D;, the second factor to that of the pentalaterals B; and C';, while the last term is
responsible for interchanging the “horizontal” and “vertical” quintuples of pentalaterals.

More generally, one expects that given a configuration C with group G, the group of its
pth power is larger than or isomorphic to the semi-direct product G” x S, where the first
term is a direct power of G, and the second term is the symmetric group of degree p.
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1 Introduction

Albertson and Collins [1] introduced the distinguishing number D(G) of a graph G as the
least cardinal d such that G has a labeling with d labels which is only preserved by the
trivial automorphism.

This seminal concept spawned many papers on finite and infinite graphs. We are mainly
interested in infinite, locally finite, connected graphs of polynomial growth, see [8], [15],
[13], and in graphs of higher cardinality, see [9], [11]. In particular, there is one conjecture
on which we focus our attention, the Infinite Motion Conjecture of Tom Tucker.

Before stating it, we introduce the notation m(¢) for the number of elements moved by
an automorphism ¢, and call m(¢) the motion of ¢. In other words, m(¢) is the size of the
set of vertices which are not fixed by ¢, that is, the size of its support, supp(¢).

The Infinite Motion Conjecture of Tom Tucker. Ler G be an infinite, locally finite,
connected graph. If every nontrivial automorphism of G has infinite motion, then the dis-
tinguishing number D(G) of G is either 1 or 2.

For the origin of the conjecture and partial results compare [13]. The conjecture is true
if Aut(G) is countable, hence we concentrate on graphs with uncountable group.

The validity of the conjecture for graphs with countable group follows from either one
of two different results in [10]. One of them replaces the requirement of infinite motion
by a lower and upper bound on the size of the automorphism group. It asserts that every
infinite, locally finite, connected graph G whose automorphism group is infinite, but strictly
smaller than 2%¢, has countable group, infinite motion, and distinguishing number 2. For
a precise formulation see Theorem 4.1. The proof is not easy and follows from results of
either Halin [6], Trofimov [14], or Evans [3].

The other one relaxes the condition of local finiteness and requires that the group is at
most countable. It asserts that countably infinite, connected graphs with finite or countably
infinite group and infinite motion are 2-distinguishable, no matter whether they are locally
finite or not, see Theorem 4.2. The proof is short and elementary.

For uncountable connected graphs with countable motion the Infinite Motion Conjec-
ture need not be true. We turn to this case in Section 4, suggest a version of the conjecture
for uncountable connected graphs, and prove its validity under a bound on the size of the
automorphism group.

2 Preliminaries

Throughout this paper the symbol N denotes the set {1,2,3,...} of positive integers,
whereas the symbol N refers to the set {0, 1,2, 3, ...} of non-negative integers.

Let G be a graph with vertex set V(G). Let X be a set. An X-labeling | of G is a
mapping [ : V(G) — X. For us X will mostly be the set {black, white}. In this case, we
speak of a 2-coloring of G.

Let [ be an X-labeling of G. Consider an automorphism ¢ € Aut(G). If, for every
v € V(G), I(¢(v)) = I(v), we say that [ is preserved by ¢. If this is not the case, we say
that [ breaks ¢. An X-labeling [ of G is called distinguishing if it is only preserved by the
trivial automorphism. The distinguishing number D(G) of G is the least cardinal d such
that there exists a distinguishing X -labeling of G with | X| = d.

Given a group A equipped with a homomorphism ¢ : A — Aut(G), we say that A acts
on G. Moreover, we say that A acts nontrivially on G if there is an a € A such that ¢(a)
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moves at least one vertex of G. By abuse of language we write a(v) instead of ¢(a)(v) and
say that an X -labeling [ of G is preserved by a € A if it is preserved by ¢(a) € Aut(G).

The ball with center vy € V(G) and radius r is the set of all vertices v € V(G) with
de(vo,v) < r and is denoted by BS (r), whereas S¢ (r) stands for the set of all vertices
v € V(G) with dg(vg,v) = r. We call it the sphere with center vy € V(G) and radius r.
If G is clear from the context, we just write B, () and Sy, (r) respectively. For terms not
defined here we refer to [7].

Although our graphs are infinite, as long as they are locally finite, all balls and spheres
of finite radius are finite. The number of vertices in BS:; (r) is a monotonically increasing
function of r, because

|BG (r)| =>_|SS ()| and |SS ()] >1.

1=0

Nonetheless, the growth of |Bgf} (r)‘ depends very much on G, and it is helpful to define
the growth rate of a graph.

We say that an infinite, locally finite, connected graph G has polynomial growth if there
is a vertex vgp € V(G) and a polynomial p such that

Vr € Ny: |B§)(r)’ < p(r).

It is easy to see that this implies that all functions |B§ (7')| are bounded by polynomials of
the same degree as p, independent of the choice of v € V(G). In this context it should be
clear what we mean by linear and quadratic growth. Observe that the two-sided infinite
path has linear growth, and that the growth of the grid of integers in the plane is quadratic.

We say that G has exponential growth if there is a constant ¢ > 1 such that

VreNyp: |B1,G0(7‘)| >

Notice that homogeneous trees of degree d > 2, that is, infinite trees where every vertex
has the same degree d, have exponential growth. For the distinguishability of such trees
and tree-like graphs, see [16] and [9].

We are mainly interested is the distinguishability of infinite, locally finite, connected
graphs of polynomial growth. For us, the following lemma will be helpful.

Lemma 2.1. Let A be a finite group acting on a graph G. If a coloring of G breaks some
element of A, then it breaks at least half of the elements of A.

Proof. The elements of A that preserve a given coloring form a subgroup. If some element
of A is broken, then this subgroup is proper and thus, by Lagrange’s theorem, cannot
contain more than half of the elements of A. O

If the action is nontrivial, then we can always find a coloring that breaks at least one
element. Hence, we have the following result.

Lemma 2.2. Let G be a graph. If A is a finite group acting nontrivially on G, then there
exists a 2-coloring of G that breaks at least half of the elements of A.

The proof of Lemma 2.2 is based on the fact that A is a group. But a very similar result
holds for any finite family of nontrivial automorphisms, as the following lemma shows.
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Lemma 2.3. Let G be a finite graph. If A is a finite set equipped with a mapping ¢ : A —
Aut(G) \ {id}, then there exists a 2-coloring of G that breaks ¢(a) for at least half of the
elements of A.

Proof. Let V(G) = {v1,v9,...,0,}. Forevery k € {1,2,...,n}, let Ay be the set of
all a € A with supp(¢(a)) C {vy,ve,...,v5}. We show by induction that the assertion
holds for all Ay, and, in particular, for A. Because A; is the empty set, the assertion is true
for A;. Suppose it is true for Ax_1. Then we can choose a 2-coloring of G that breaks
¢(a) for at least half of the elements of Aj_;. This remains true, even when we change the
color of vy. Notice that, for every a € Ay \ Ax—1, ¢(a) either maps vy, into a white vertex
in {v1,ve,...,vx_1} orinto a black vertex in {v1, va, ..., vk_1}. Depending on which of
the two alternatives occurs more often, we color v black or white such that this 2-coloring
also breaks ¢(a) for at least half of the elements of Ay, \ Ax_1 and, hence, for at least half
of the elements of Aj. O

If every nontrivial automorphism of a graph G has infinite motion, we say that G has
infinite motion. For such graphs the following result from [10] will be of importance.

Lemma 2.4. Let G be an infinite, locally finite, connected graph with infinite motion. If
an automorphism ¢ € Aut(G) fixes a vertex vo € V(G) and moves at least one vertex in
Suo (K), then, for every i > k, it moves at least one vertex in S, (i).

3 Graphs of nonlinear growth

In [10], it was shown that infinite, locally finite, connected graphs with infinite motion and
linear growth have countable automorphism group, and therefore distinguishing number
either 1 or 2.

If the growth rate of such graphs becomes nonlinear, then the automorphism group can
become uncountable. This holds, even if the growth rate becomes only slightly nonlinear.

Theorem 3.1. Let € > 0. Then there exists an infinite, locally finite, connected graph
G with uncountable automorphism group, infinite motion, and nonlinear growth function
g : Ng — Nq such that, for sufficiently large n € Ny, g(n) is bounded from above by n' ™.

Proof. We construct G from T3, that is, the tree in which every vertex has degree 3. First,
choose an arbitrary vertex vy € V(T3). Our strategy is to replace the edges of T3 by paths
such that, for sufficiently large n € Ny, g(n) = | BS (n)| < n'*e.

For every i € Ny, there are 3 - 2 edges from S73 (i) to S (i + 1). If we replace them
by paths of the same length, then the cardinality of the balls Bgf} (n) grows linearly with
slope 3 - 2 from S73 (i) to ST3 (i 4 1).

Observe that, given any affine linear function h : Ny — Ny, there is a number n;, € N
such that, for all n > ny, h(n) < nite. In particular, we may consider the functions
hi : Ng — N defined by h;(x) = 3 - 2% - 2 + 1, and choose numbers n; € N such that, for
every n > n;, hi(n) < ntte,

As illustrated in Figure 1, for every i € Np, we replace the edges from SUTS* (i) to
Sg:f‘ (i + 1) by paths of length n; . For every ¢ € N and every vertex v € V(G) on such a
path from S73 (i) to ST (i + 1), we have dg (v, v9) > n; and, hence,

g(da(v,v9)) < 3- 20 de(v,v9) + 1 = hi(dg(v,v9)) < dg(v, UO)H'E )
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Figure 1: Replacing the egdes of T35 by paths.

So, for every n > ny, g(n) is bounded from above by n'*¢. Every automorphism of T3
that fixes vy induces an automorphism of G. It is easy to see that this correspondence is
bijective. Thus, Aut(G) is uncountable. Furthermore, G inherits infinite motion from 7.
Since Aut(G) is uncountable, the result of [10] mentioned at the beginning of Section 3
implies that G cannot have linear growth. O

Though we cannot assume that the automorphism groups of our graphs are countable,
we prove that infinite, locally finite, connected graphs with infinite motion and nonlinear,
but moderate, growth are still 2-distinguishable, that is, they have distinguishing number
either 1 or 2.

Our construction of a suitable coloring consists of several steps. In Lemma 3.2 we color
a part of the vertices in order to break all automorphisms that move a distinguished vertex
vg. In Lemma 3.3 we show how to color some of the remaining vertices in order to break
more automorphisms. Iteration of this procedure yields a distinguishing coloring, as shown
in Theorem 3.4.

Lemma 3.2. Let G be an infinite, locally finite, connected graph with infinite motion and
vo € V(G). Then, for every k € N, one can 2-color all vertices in B,,(k + 3) and
Svo(Mk + 4), A € N, such that, no matter how one colors the remaining vertices, all
automorphisms that move vy are broken.

Proof. If k = 1, then we color vy black and all v € V(G) \ {vo} white, whence all
automorphisms that move vy are broken. So, let & > 2. First, we color all vertices in
Suo(0), Sy, (1), and Sy, (k + 2) black and the remaining vertices in B,,(k + 3) white.
Moreover, we color all vertices in S, (Ak +4), A € N, black and claim that, no matter how
we color the remaining vertices, vy is the only black vertex that has only black neighbors
and only white vertices at distance r € {2,3,...,k + 1}, see Figure 2.

It clearly follows from this claim that this coloring breaks every automorphism that
moves vg. It only remains to verify the claim.

Consider a vertex v € V(G) \ {vo}. If v is not in Sy, (1), then it is easy to see that v
cannot have the aforementioned properties. So, let v be in S, (1) and assume it has only
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Figure 2: Breaking all automorphisms that move vy.

black neighbors and only white vertices at distance 2. Then it cannot be neighbor to any
vertex in Sy, (2), but must be neighbor to all vertices in B, (1) except itself. Therefore, the
transposition of the vertices v and vy is a nontrivial automorphism of G with finite support.
Since G has infinite motion, this is not possible. O

Lemma 3.3. Let G be an infinite, locally finite, connected graph with infinite motion and
vo € V(G). Moreover, let € > 0. Then there exists a k € N such that, for every m € N
and for every n € N that is sufficiently large and fulfills

n

S < ),
[Suo(m)] < (1+¢)logyn

3.1

one can 2-color all vertices in S,,(m + 1),S,,(m + 2),...,8Sy,(n), but not those in
Svo(Mk + 4), X € N, such that all automorphisms that fix vy and act nontrivially on
By, (m) are broken.

The coloring and the meaning of the variables m, n, and k is illustrated by Figure 3.

Proof. First, choose a k € N that is larger than 1 + 1. Then

k—1 1
_— . 3.2
k >1+5 (3:2)
Let m € N. By (3.2), there is an ng € N such that
k—1 1
Yn>ng: (n— —>n-——41. 3.3
n>mng: (n—m) 2 >n 1+€—|— (3.3)

Let n € N be sufficiently large, that is, n > ng, and assume it fulfills (3.1). Then, the
number of spheres Sy, (m+1), Sy, (m+2),...,S,,(n) that are not of the type S,,, (Ak+4),

A € N, is at least
k-1 1
L(n—m)- JZ{n-E+1J> °. 3.4)
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Figure 3: Breaking all automorphisms that fix vy and act nontrivially on B, (m).

Our goal is to 2-color the vertices in these spheres in order to break all automorphisms
that fix v and act nontrivially on B,,, (m).

Let Aut(G, vg) be the group of all automorphisms that fix vg. Every ¢ € Aut(G, vo)
induces a permutation ¢|B,,(n) of the vertices in B,,(n). These permutations form a
group A. If o and 7 are different elements of A, then o7~ € A acts nontrivially on
By, (n). By Lemma 2.4, it also does so on S, (n), which means that o and 7 do not agree
on Sy, (n). Therefore, the cardinality of A is at most |S,,(n)|!, for which the following
rough estimate suffices for our purposes:

-1

Suo (m)]—1 n TFeyloga
Sl < 180, (101 < (i)

(3.5)
< n‘(1+s)'io‘g27f1 — 2((1+a)710g7 n_l) logy < 2ﬁ71 )

It is clear that, if an element o € A that acts nontrivially on B, (m) is broken by a suitable
2-coloring of some spheres in B,,,(n), then all ¢ € Aut(G,vg) with ¢|B,,(n) = o are
broken at once. So it suffices to break all o € A that act nontrivially on B,,(m) by a
suitable 2-coloring of some spheres in B,,,(n) in order to ensure that all ¢ € Aut(G, vp)
that act nontrivially on B,,,(m) are broken.

Before doing this, let us remark that any element o € A that acts nontrivially on the
ball B,,(m), also acts nontrivially on every sphere S,,(m + 1),...,S,,(n). This is a
consequence of Lemma 2.4, and implies that we can break o by breaking the action of o
on any one of the spheres Sy, (m + 1),..., Sy, (n).

Now, consider the subset S C A of all elements that act nontrivially on B, (m). As
already remarked, every o € S acts nontrivially on every sphere S,,(m + 1),...,S,,(n).
Hence, we can apply Lemma 2.3 to break at least half of the elements of S by a suitable
coloring of Sy, (m + 1). What remains unbroken is a subset S’ C S of cardinality at most
|S]/2. Now, we proceed to the next sphere. We can break at least half of the elements of
S’ by a suitable coloring of S, (m + 2). What still remains unbroken, is a subset S” C S
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of cardinality at most |S|/4.

Iterating the procedure, but avoiding spheres of the type S, (Ak + 4), A € N, we end
up with the empty subset & C S after at most log, | S| +1 < log, [A[ +1 < {7 steps, see
(3.5). This is less than the number of spheres not of the type S, (Ak + 4), A € N, between
Syo(m + 1) and Sy, (n), see (3.4). Thus, we remain within the ball B,,,(n). Hence, all
s € S and, therefore, all ¢ € Aut(G,vp) that act nontrivially on B,, (m) are broken, and
we are done. O

Theorem 3.4. Let G be an infinite, locally finite, connected graph with infinite motion and
vg € V(G). Moreover, let € > 0. If there exist infinitely many n € N such that

n

< -
‘Svo(n)‘ — (1—|—6)10g2n’

(3.6)

then the distinguishing number D(G) of G is either 1 or 2.

Proof. Consider the £ € N provided by Lemma 3.3. First, we use Lemma 3.2 to 2-color
all vertices in By, (k + 3) and in S,, (Ak + 4), A € N, such that, no matter how we color
the remaining vertices, all automorphisms that move v, are broken.

Let m; = k + 3. Among all n € N that satisfy (3.6) we choose a number n; € N
that is larger than m; and sufficiently large to apply Lemma 3.3. Hence, we can 2-color all
vertices in Sy, (m1 + 1), Sy, (M1 + 2), ..., Sy (n1), except those in S, (Ak +4), A € N,
such that all automorphisms that fix vy and act nontrivially on B, (m) are broken. Next,
let my = n4 and choose an no € N to apply Lemma 3.3 again. Iteration of this procedure
yields a 2-coloring of G.

If an automorphism ¢ € Aut(G) \ {id} moves vy, then it is broken by our coloring.
If it fixes vg, consider a vertex v with ¢(v) # v. Since G is connected and m; < mg <
ms < ..., thereis an ¢ € N such that v is contained in B,,, (m;). Hence, ¢ acts nontrivially
on B,,(m;) and is again broken by our coloring. O

Corollary 3.5. Let G be an infinite, locally finite, connected graph with infinite motion and
vo € V(G). Moreover, let € > 0. If there exist infinitely many n € N such that

2

n
| By, (n)] <

~ (2+¢)logyn’ 37

then the distinguishing number D(G) of G is either 1 or 2. In particular, the Infinite Motion
Conjecture holds for all graphs of growth o(n?/ logy n).

Proof. Let n; < nmy < ng < ... be an infinite sequence of numbers that fulfill (3.7).
Notice that, for every k € N,

g

. 2 ng
i ng )
E > E . .
— (1+5)logyi > (2+¢)loggng — Buo ()| > i—1 B0 ) G

Since

2k 7 nkQ
li — = .
K00 ((Z (1+ Z)log2i> (2+5)log2nk> o (39)

i=1
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we infer that

n i
I 5, = oo, 1
kggoz <(1+§)10g2i |S°(Z)|> > (3.10)

and that, for infinitely many ¢ € N,
7

Sp ()| < ————.
[, ()] (1+5)logyi

(3.11)

Hence, we can apply Theorem 3.4 to show that the distinguishing number D(G) of G is
either 1 or 2. O

A result similar to Theorem 3.4 can also be obtained for graphs with countably many
ends', none of which grows too fast. Readers not familiar with the notion of ends may
safely skip the rest of this section, as the result is not used elsewhere in the paper.

Theorem 3.6. Let G be an infinite, locally finite, connected graph with countably many
ends and infinite motion. Moreover, let vy € V(G) and e > 0. For an end w of G let S, (n)
be the set of vertices in Sy, (n) that lie in the same connected component of G\ B, (n—1)
as w. If, for every end w, there are infinitely many n € N such that

|52 (n)| < u

—_ 12
=S T (3.12)

then the distinguishing number D(G) of G is either 1 or 2.

Proof. Basically the proof consists of three steps. First we color part of the vertex set in
order to break all automorphisms that move vg. In the second step we break all automor-
phisms in Aut(G, vg) that do not fix all ends of the graph by coloring some other vertices.
Finally, we color the remaining vertices to break the rest of the automorphisms.

In order to break all automorphisms that move vy we apply Lemma 3.2, just as in the
proof of Theorem 3.4. The only difference is that we choose k twice as large as proposed
by Lemma 3.3, because we would like to color some additional spheres in the second step
of the proof before applying an argument similar to that in Lemma 3.3.

For the second step consider the spheres .S, (2’\7“16 +4), A € N. We wish to color
those spheres such that every automorphism that fixes vy and preserves the coloring also
fixes every end of G.

It is not hard to see that the sets S;"O (%kz—%), wanendof G, A € N, carry the follow-
ing tree structure. Consider vy, the root, which is connected by an edge to S;;’D (%k + 4) for
each end w. For every end w of G and every A € N, draw an edge from S (2’\7“1:: +4)to
5% (222 | + 4). To see that this is indeed a tree just notice that if $%7 (n) = S%2(n), then,
for every m < n, S$*(m) = S¥2(m). So there cannot be any circles. By construction,
this tree structure is infinite, locally finite, and does not have any endpoints.

Next, notice that every automorphism ¢ € Aut(G, vg) that does not fix all ends also
acts as an automorphism on this tree structure. By [16], the distinguishing number of
infinite, locally finite trees without endpoints is at most 2. Therefore it is possible to 2-
color the sets S;j’o (%k +4),wanendof G, A € N, such that every such automorphism

'Ends were first introduced by Freudenthal [4] in a topological setting, but here the definition of Halin [5] is
more appropriate. For an accessible introduction to ends of infinite graphs see [2].
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is broken. It is also worth noting that so far we did not use the countability of the end space
of G, nor did we use the growth condition on the ends.

Let us turn to the third step of the proof. So far we have colored the ball B, (k+3) and
the spheres S, (%k +4), A > 2, in a way that color preserving automorphisms fix v and
move every S; (n) into itself. Consider such an automorphism ¢, which acts nontrivially
on G. If we remove the fixed points of ¢ from G, then the infinite motion of G implies that
the resulting graph has only infinite components. Hence, there is a ray in G’ which contains
no fixed point of ¢. The image of this ray must lie in the same end w. Thus, there is an
index ng, such that, for every n > ng, ¢ acts nontrivially on S; (n).

Let (w;)ien be an enumeration of the ends of G. Choose a function f: N — N such
that, for every i € N, f~1(i) is infinite. Assume that all spheres up to S, (m) have been
colored in the first ¢ — 1 steps. In the i-th step we would like to color some more spheres in
order to continue breaking all automorphisms in Aut(G, vp) that act nontrivially on each
of the spheres Sfof @ (n), n > m. This can be done by exactly the same argument as the
one used in the proof of Lemma 3.3.

As we already mentioned, every automorphism that was not broken in the first two steps
acts by nontrivially on the rays of some end. Since, in the procedure described above, every
end is considered infinitely often, it is clear that every such automorphism will eventually
be broken. This completes the proof. O

4 Graphs with higher cardinality

If a graph G has trivial automorphism group, then G is obviously 1-distinguishable, that
is, D(G) = 1. From now on we assume that our graphs G have nontrivial automorphism
group. In this case, the motion m(G) of G is defined as

m(G) = ¢€Aurtr%g1)\{id} m(¢p). 4.1)

As already mentioned, the Infinite Motion Conjecture does not hold for graphs of higher
cardinality. An example is the Cartesian product G = K, [J K,;; of two complete graphs

on infinitely many vertices n and m with 2" < m. By [9], G has motion n, but D(G) > n.

The question arises whether one can adapt the Infinite Motion Conjecture to graphs of
higher cardinality. The starting point is [12, Theorem 1]. It asserts that a finite graph G is
2-distinguishable if m(G) > 2log, |Aut(G)|. However, a second look at the proof shows
that the inequality sign can be replaced by >. For details see Section 5. For finite graphs
we thus infer that

m(G) > 2log, |Aut(G)| implies D(G) = 2, 4.2)
which can also be written in the form
Aut(G)| < 2" implies D(G) = 2.
Notice that 275 = 2m(C) jf m(G) is infinite. We are thus tempted to conjecture for

graphs G with infinite motion that |[Aut(G)| < 2™(%) implies D(G) = 2. We formulate
this conjecture as the

Motion Conjecture. Let G be a connected graph with infinite motion m(G) and
|Aut(G)| < 2™ Then D(G) = 2.



J. Cuno et al.: Distinguishing graphs with infinite motion and nonlinear growth 211

How does this compare with the Infinite Motion Conjecture? It asserts that the distin-
guishing number of a locally finite, connected graph G is 2 if m(G) is infinite. Since locally
finite graphs are countable, the condition that m(G) is infinite is equivalent to m(G) = 8.
Furthermore, for countable graphs we have

|Aut(G)| < Rgo = 2%,

Hence, for countable graphs, and thus also for locally finite, connected graphs with infinite
motion, the inequality of the Motion Conjecture is automatically satisfied, which means
that the Infinite Motion Conjecture is a special case of the Motion Conjecture.

Now, let us focus on the two results from [10] that imply the validity of the Infinite
Motion Conjecture for graphs with countable group.

Theorem 4.1. Let G be a locally finite, connected graph that satisfies g < |Aut(G)| <
280, Then |Aut(G)| = Rg, m(G) = N, and D(G) = 2.

Notice that the only thing that is required here, besides local finiteness and connected-
ness, is an upper and a lower bound on the size of Aut(G). And it turns out, that Aut(G)
is countable, even without the continuum hypothesis. Even infinite motion and D(G) = 2
are consequences of this restriction on the size of the automorphism group.

Theorem 4.2. Let G be a countably infinite, connected graph that satisfies the conditions
|[Aut(G)| < m(G) and m(G) = Xg. Then D(G) = 2.

Here, without local finiteness, one cannot drop the assumption of infinite motion. If
we assume that Aut(G) has smaller cardinality than the continuum, then we can ensure
2-distinguishability if the continuum hypothesis holds, but we do not know whether this is
really necessary.

Corollary 4.3. Let G be a countably infinite, connected graph with infinite motion. If the
continuum hypothesis holds, and if |Aut(G)| < 2™, then D(G) = 2.

The next theorem shows that Theorem 4.2 also holds for graphs of higher cardinality
and uncountable motion.

Theorem 4.4. Let G be a connected graph with uncountable motion. Then |Aut(G)| <
m(G) implies D(G) = 2.

Proof. Setn = |Aut(G)|, and let ¢ be the smallest ordinal number whose underlying set
has cardinality n. Furthermore, choose a well ordering < of A = Aut(G) \ {id} of order
type (, and let g be the smallest element with respect to <. Then the cardinality of the set
of all elements of A between o and any other & € A is smaller than n < m(G).

Now we color all vertices of G white and use transfinite induction to break all automor-
phisms by coloring selected vertices black.

INDUCTION BASE By the assumptions of the theorem, there exists a vertex vg that is
not fixed by ag. We color it black. This coloring breaks «.

INDUCTION STEP Let 8 € A. Suppose we have already broken all & < 3 by pairs of
distinct vertices (vq, a(vy)), Where vy, is black and (v, ) white. Clearly, the cardinality
of the set R of all (vy, a(vy)), @ < S, is less than m(G) > n. By assumption, 5 moves at
least m(G) vertices. Since there are still n vertices not in R, there must be a pair of vertices
(vg, B(vg)) that does not meet R. We color vg black. This coloring breaks 5. O
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Corollary 4.5. Let G be a connected graph with uncountable motion. If the general con-
tinuum hypothesis holds, and if |Aut(G)| < 2™(%), then D(G) = 2.

Proof. Under the assumption of the general continuum hypothesis 2™(%) is the successor of
m(G). Hence |Aut(G)| < m(G), and the assertion of the corollary follows from Theorem
4.4. O

5 The Motion Lemma of Russell and Sundaram

In order to show that a finite graph G is 2-distinguishable if m(G) > 2log, |Aut(G)|,
Russell and Sundaram [12] first defined the cycle norm of an automorphism ¢. If

¢ = (Ullvlg...vlll)('l)Ql...U2l2)...(vk1 ~--'Uklk)7

then the cycle norm c(¢) of ¢ is

k

c(¢) =Y (li—1).

i=1

The cycle norm c¢(¢) is related to graph distinguishability as follows: Let G be randomly
2-colored by independently assigning each vertex a color uniformly from {black, white}.
Then the probability that every cycle of ¢ is monochromatic is 2~ (®), In this case, ¢
preserves the coloring so chosen.
Further, they define the cycle norm ¢(G) of a graph G as
(&) = peAUON {id) o(@)-

We now reprove Theorem 2 of [12] with > instead of >. Because c(¢) > m(¢)/2 and
thus ¢(G) > m(G)/2 we infer from Theorem 5.1 below that G is 2-distinguishable if
m(G) > 2log, |Aut(G)|. We propose to call this result “Motion Lemma of Russell and
Sundaram”. Actually, the only difference from the original proof is the insertion of the
middle term in (5.2).

Theorem 5.1. Let G be a finite graph, and ¢(G)logd > log|Aut(G)|. Then G is d-
distinguishable, that is, D(G) < d.

Proof. Let x be a random d-coloring of G, the probability distribution being given by
selecting the color of each vertex independently and uniformly in the set {1,...,d}. For a
fixed automorphism ¢ € Aut(G) \ {id} consider the probability that the random coloring
X is preserved by ¢:

1 c(¢) 1 c(G)
Probvo s o) =xl = (3) <(3) 6.
Collecting these events yields the inequality
Pr,[3¢ € Aut(@) \ {id} Vo : x(6(v)) = x(v)] < (|Aut(G)] - 1) (3)°7 .
< [Aut(@)] (3)79.

By hypothesis the last term is at most 1. Thus there exists a coloring x such that, for every
¢ € Aut(G) \ {id}, there is a v for which x(¢(v)) # x(v), as desired. O
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Abstract

Let S be a subset of the cyclic group Z,. The cyclic Haar graph H(Z,, S) is the
bipartite graph with color classes Z" and Z,,, and edges {z ",y }, where z,y € Z,, and
y —x € S. In this paper we give sufficient and necessary conditions for the isomorphism
of two connected cyclic Haar graphs of valency 4.

Keywords: Graph isomorphism, cyclic Haar graph, 4-BCI-group.
Math. Subj. Class.: 20B25, 05C25, 05C60

1 Introduction

Let S be a subset of a finite group G. The Haar graph H(G, S) is the bipartite graph with
color classes identified with G and written as G* and G, and the edges are {zT,y~},
where z,y € G and yx~! € S. Haar graphs were introduced for abelian groups by
Hladnik, Marusi¢ and Pisanski [6], and were redefined under the name bi-Cayley graphs
in [17]. A Haar graph H (G, S) is called cyclic if G is a cyclic group. In this paper we
consider the problem of giving sufficient and necessary conditions for the isomorphism
of two cyclic Haar graphs. This is a natural continuation of the isomorphism problem of
circulant digraphs which has been solved by Muzychuk [12]. It appears in the context of
circulant matrices under the name bipartite Adam problem [16], and also in the context of
cyclic configurations [2, 6].

The symbol Z,, denotes the additive group of the ring Z/nZ of residue classes modulo
n, and Z denotes the multiplicative group of units in Z/nZ. Two Haar graphs H(Z,,, S)
and H(Z,,T) are called affinely equivalent, written as H(Z,,,S) Z.g H(Z,,T), if S
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can be mapped to 1" by an affine transformation, i.e., a.S + b = T for some a € Z} and
b € Z,. It is an easy exercise to show that two affinely equivalent cyclic Haar graphs
are isomorphic as usual graphs. The converse implication is not true in general, and this
makes the following definition interesting (see [17]): we say that a subset .S C Z,, is a BCI-
subset if foreach T C G, H(Z,,,S) = H(Z,,T) if and only if H(Z,,, S) =g H(Z,,T).
Wiedemann and Zieve proved in [16, Theorem 1.1] that any subset S of Z,, is a BCI-subset
if | S| < 3 (a special case was proved earlier in [3]). However, this is not true if | S| > 4 (see
[6, 16]), hence the first nontrivial case of the isomorphism problem occurs when |S| = 4.
In this paper we settle this case by proving the following theorem:

Theorem 1.1. Two connected Haar graphs H(Z,,,S) and H(Z,,,T) with |S| = |T| = 4
are isomorphic if and only if there exist a1, ay € Z}, and by, by € Zy, such that

(1) a1S+ by =T;or

(2) a1S + by = {0,u,v,v +m} and asT + be = {0, u + m,v,v + m}, where n = 2m,
Zp = (u,v), 2 | u,2u | mand u/2 #Z v+ m/(2u)(mod m/u).

Remark 1.2. A group G is called an m-BCI-group if every subset S of G with |S| < m
is a BCI-subset (see [7, 17]). In this context [16, Theorem 1.1] can be rephrased as Z,, is a
3-BCI-group for any number n; and Theorem 1.1 says that Z,, is not a 4-BCI-group if and
only if n is divisible by 8. This refines [16, Theorem 7.2] in which it is proved that, if Z,,
contains a non-BCl-subset of size k, k € {4, 5}, then n has a prime divisor less or equal to
2k(k —1).

Our approach towards Theorem 1.1 is group theoretical, we adopt the ideas of [1, 11].
In short terms the initial problem is transformed to a problem about the automorphism
group of the graphs in question. Theorem 1.1 is proven in two steps: first it is settled
for graphs H(Z,,, S) with S satisfying additional conditions (see Theorem 3.1); then it is
shown that, if S is not a BCI-subset, then it is affinely equivalent to a set satisfying the
conditions of Theorem 3.1 (see Theorem 4.1).

We conclude the introduction with the following modification of Theorem 1.1:

Theorem 1.3. Two connected Haar graphs H(Z,,,S) and H(Z,,,T) with |S| = |T| = 4
are isomorphic if and only if there exist a1, ay € Z}, and by, by € Zy, such that

(1) a1S+by =T, or

(2) a1S + by = {0,u,v,v +m} and asT + be = {0, u + m,v,v + m}, where n = 2m,
Ly = (u,v), 2| u, 2u | m.

Proof. In view of Theorem 1.1 it is sufficient to prove that H(Z,,, S) = H(Z,,T) if
a1S + by = {0,u,v,v +m} and asT + by = {0,u + m,v,v + m},

where n = 2m, Z,, = (u,v), 2 | u, 2u | m and u/2 = v + m/(2u)(mod m/u). In fact,

we are going to show below that there exist a € Z} and b € Z,, such that

a-{0,u,v,v+m}+b={0,u+m,v,v+m}.

Then (ay 'aa;) - S + a;y *(aby +b — by) = T, and so H(Z,,S) = H(Z,,T).
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Let us consider the following system of congruences:
ux = —u + m(mod n) and vx = —u + v(mod n). (1.1)

By the first congruence, using also that 2u | m, x may be written in the form = =
(n/u)y — 1 + m/u. Plugging this in the second one, we obtain (vn/u)y = 2v — u —
vm/u(mod n), which has an integer solution in y exactly when ged(vn/u,n) | (20 —u —
vm/u). Then ged(vn/u,n) = n/uged(u,v), and since Z,, = (u,v), n/u and ged(u, v)
are coprime. Since ged(u, v) is clearly a divisor of 2v — u — vm /u, a solution in y exists if
and only if n/u | (2v—u—vm/u),ie., u = 2v—vm/u(mod 2m/u) (recall that n = 2m).
On the other hand, one of the initial assumptions is /2 = v+ m/(2u)(mod m/u), and so
u = 2v + m/u(mod 2m/u). We conclude that (1.1) has an integer solution if —vm/u =
m/u(mod 2m/u). Now, the latter congruence holds because of the conditions 2 | u,
2 | n, and Z,, = (u,v). Let a be a solution of (1.1). It follows from the above argument
that gcd(a, m/u) = 1. Notice that, since 2u | m, 2 1 a. Let d = ged(a,u). By (1.1),
av = —u + v(mod n), implying that d | v, and so d = 1. We see that ged(a, 2m) = 1,
i.e., a € Z},. Choosing b = u + m, we finally getby (1.1),a-0+b=u+m,au+b =0,
av+b=wv+m,and a(v +m) + b = v, as required. O

Theorem 1.3 becomes especially interesting when we compare it with the solution of
the isomorphism problem of trivalent circulant digraphs. In fact, the same conditions can
be derived from Muzychuk’s general algorithm presented in [12]: two connected Cayley
digraphs Cay(Zy,, S) and Cay(Z,,T) with |S| = |T| = 3 are isomorphic if and only if
there exist a1, az € Z}, such that

e a;S=T;or

e a1S = {u,v,v+m} and axT = {u + m,v,v + m}, where n = 2m, Z,, = {(u,v),
2| u, and 2u | m.

The natural question arises whether this phenomenon holds also for graphs of larger valen-
cies.

2 A Babai type theorem

In this paper every group, graph and digraph is finite. For a (di)graph I, the symbols V (T"),
E(T) and Aut(T") denote the set of its vertices, (directed) edges and the full group of its
automorphisms, respectively. Regarding terminology and notation in permutation group
theory we follow [5].

Let S be a subset of a group G. The Cayley digraph Cay (G, S) is the digraph with ver-
tex set G, and its directed edges are (z,y), where x,y € G and yx~! € S. Two digraphs
Cay(G, S) and Cay(G,T) are called Cayley isomorphic, written as Cay(G,S) Zcay
Cay(G,T), if T = S¥ for some group automorphism ¢ € Aut(G). It is clear that such
an automorphism induces an isomorphism between Cay(G, S) and Cay(G,T), and thus
Cayley isomorphic digraphs are isomorphic as usual digraphs. It is also well-known that
the converse implication is not true, and this makes sense for the following definition (see
[1]): a subset S C G is a Cl-subset if for each T C G, Cay(G, S) = Cay(G,T) if and
only if Cay(G, S) Zcay Cay(G,T). The following equivalence was proved by Babai [1,
3.1 Lemma].

Theorem 2.1. The following are equivalent for every Cayley digraph Cay(G, S).
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(1) S is a Cl-subset.

(2) Every two regular subgroups of Aut(Cay(G,S)) isomorphic to G are conjugate in
Aut(Cay(G, 9)).

Theorem 2.1 essentially says that the CI-property of a given subset .S depends entirely on
the automorphism group Aut(Cay (G, S)). In this section we prove analogous results for
cyclic Haar graphs.

LetV = V(H(Z,,S)) be the vertex set of the Haar Graph H(Z,,, S). Throughout this
paper c and d denote the permutations of V defined by

—z)” ife=+,

—x)t  ife=—, 1

c:xer—>(x+1)€andd:x5r—>{En
n

where © € Z,, ande € {+, —}. It follows immediately that both ¢ and d are automorphisms
of any Haar graph H(Z,, S). Denote by C the group generated by ¢, and by D the group
generated by c and d. The group D acts regularly on V, and D is isomorphic to Ds,,. Thus
H(Z,,S) is isomorphic to a Cayley graph over D, and so Theorem 2.1 can be applied.
The following corollary is obtained.

Corollary 2.2. The implication (1) < (2) holds for every Haar graph H (Z,,, S).
(1) S is a BCI-subset.

(2) Every two regular subgroups of Aut(H(Z,,S)) isomorphic to D are conjugate in
Aut( H(Z,, S)).

However, we do not have equivalence in Corollary 2.2 as it is shown in the following
example.

Example 2.3. Let I' = H(Z0,{0,1,3,4}). Using the computer package MAGMA [4]
we compute that " is edge-transitive and its automorphism group Aut(I") = Doy X Zy.
Furthermore, Aut(T") contains a regular subgroup X which is isomorphic to Dyg but X #
Dy, hence (2) in Corollary 2.2 does not hold.

On the other hand, we find that for every subset T C Zjo with 0 € T and |T| = 4,
the corresponding Haar graph H(Zj9,T) = T exactly when H(Z1,T) . I'. Thus
{0,1, 3,4} is a BCI-subset, so (1) in Corollary 2.2 holds. O

Example 2.3 shows that the isomorphism problem of cyclic Haar graphs is not a partic-
ular case of the isomorphism problem of Cayley graphs over dihedral groups. We remark
that the latter problem is still unsolved, for partial solutions, see [1, 13, 14]. Nonetheless,
the idea of Babai works well if instead of the regular subgroup D we consider its index 2
cyclic subgroup C'.

We say that a permutation group G < Sym(Z; UZ; ) is bicyclic if G is a cyclic group
which has two orbits: Z;} and Z_ . By a bicyclic group of a Haar graph T = H(Z,,, S) we
simply mean a bicyclic subgroup X < Aut(T'). Obviously, C is a bicyclic group of any
cyclic Haar graph, and being so it will be referred to as the canonical bicyclic group.

Let Iso(I") denote the set of all isomorphisms from I" to any other Haar graph H(Z,,,
T),1ie.,

Iso(T) = {f € Sym(V) : I/ = H(Z,, T) for some T C Z,,}.
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And let Ciso (T") denote the isomorphism class of cyclic Haar graphs which contains T, i.e.,

Ciso(T) = {I' : f € Iso(I")}.

Lemma 2.4. LetT' = H(Z,, S) be a connected Haar graph and f be in Sym(V'). Then
f €Iso(T) ifand only if fCf~" is a bicyclic group of T.

Proof. Let f € Iso(T). Then fC = < Aut(T"). Clearly, fC f~! is a cyclic group. Since
the sets Z; and Z,, are the color classes of the connected bipartite graph T', f preserves
these color classes, implying that Orb(fCf~1, V) = {Z},Z. }. The group fCf~lisa
bicyclic group of T'.

Conversely, suppose that fC f ! is a bicyclic group of I'. Then C' = f~1(fCf~1)f <
Aut(T'7). Because that Orb(fCf~', V) = {ZF, 7}, the graph I'/ is connected and
bipartite with color classes Z} and Z;. We conclude that I'f = H(Z,,T) for some
T C Zyp,so f € Iso(T"). The lemma is proved. O

Lemma 2.4 shows that the normalizer Ngyy,(v)(C) C Iso(H(Zy,,S)). The group
Ngym(v)(C) is known to consist of the following permutations:

(re+s)t  ife=+, (re+s)”  ife =+,
st LT > st L XS 2.2
Prat {(rert) ife =—, Yris.t (re+t)t  ife=—, 2

where r € Z} and s,t € Z,. Note that, two Haar graphs H(Z,,, S) and H(Z,,T) are
from the same orbit under Ngym(v)(C) exactly when H(Zy,S) =.g H(Z,,T). Let
Cag(T) denote the affine equivalence class of cyclic Haar graphs which contains the graph
I'= H(Zy,S),ie., Cag(T') = {T'? : © € Ngym(v)(C)}. Itis clear that the isomorphism
class Ciso(T") splits into affine equivalence classes:

Ciso(T) = Cagg(T1) U - -+ UCag(T)".

Our next goal is to describe the above decomposition with the aid of bicyclic groups.
Let X be a bicyclic group of a connected graph I' = H(Z,,,S). Then g~ Xg is also a
bicyclic group for every g € Aut(T"), hence the full set of bicyclic groups of T is the union
of Aut(T")-conjugacy classes. We say that a subset E C Iso(T") is a bicyclic base of T if
the subgroups ECE~1, € € =, form a complete set of representatives of the corresponding
conjugacy classes. Thus every bicyclic group X can be expressed as

X = g€C(g€)~! for a unique £ € Zand g € Aut(T).

Remark 2.5. Our definition of a bicyclic base copies in a sense the definition of a cyclic
base introduced by Muzychuk [11, Definition, page 591].

Theorem 2.6. LetT" = H(Z,,S) be a connected Haar graph with a bicyclic base E. Then
Ciso(r) = UgeECaﬁ (F5>
Proof. 1t follows immediately that,

Ciso(T) 2 | Carr(T). 2.3)

¢es

"Here we mean that Ciso(I') = Cog (1) U -++ U Cagr(Tk) and Cogr(Ts) N Cagr(Tj) = 0 for every
i, €{1,...,k}, i #j.
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We prove that equality holds in (2.3). Pick ¥ € Ciso(T'). Then ¥ = TI'/ for some f €
Iso(T). By Lemma 2.4, fC f~! is a bicyclic group of T, hence

fCFH=g€C(ge)™", € € B, € Aut(D).

Thus f~g¢ = h, where h € Ngym(v)(C). Then

S =1/ =roh = (ré)"
This shows that 3 € Cog(T'¢), and so
Ciso(r) g U Caff(]-—‘g)'
EEE

In view of (2.3) the two sides are equal.
Moreover, if Cog(I'$1) N Cogr(T'€2) # 0 for &,& € Z, then 'St = T'2" for some
h € Ngym(v)(C). Hence fghffl = g for some g € Aut(I'), and so

GO = g7 6hCh e g = g1 (606 )g.

The bicyclic subgroups 51051_1 and 52052_1 are conjugate in Aut(T"), hence & = &
follows from the definition of the bicyclic base =. We obtain that Cag (151 ) N Cogr (T'52) = ()
whenever £1,& € E, & # &, and 50 Ciso(T) = Uéeacaﬂ‘(FE). The theorem is proved.

O

As a direct consequence of Theorem 2.6 we obtain the following corollary, analog of
Theorem 2.1.

Corollary 2.7. The following are equivalent for every connected Haar graph H(Z,,, S).
(1) S is a BCI-subset.
(2) Any two bicyclic groups of H(Zy,, S) are conjugate in Aut(H(Z,, S)).

In our last proposition we connect the BCI-property with the CI-property. For a® € V,
in what follows Aut(H (Z,,, S)).- denotes the vertex stabilizer of a® in Aut(H (Z,, S)).

Proposition 2.8. Suppose that T = H(Z,,S) is a connected Haar graph such that for
some a € Ly, Aut(T)g+ = Aut(T'),-. Then the following are equivalent.

(1) S is a BCI-subset.
(2) S—a={s—a:seS}isaCl-subset.

Proof. For sake of simplicity we put A = Aut(I') and G = Aut(I') 5+, i.e., the setwise
stabilizer of the color class Z;" in Aut(T"). Obviously, X < G for every bicyclic group
X of T'. Since A = G x (d) and d normalizes C, it follows that the conjugacy class of
subgroups of A containing C'is equal to the conjugacy class of subgroups of G containing
C. Using this and Theorem 2.6, we obtain that S is a BCI-subset if and only if every
bicyclic group is conjugate to C' in G.
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Let W = {0%,a”} and consider the setwise stabilizer Ayyy. Since Agr = A,-,
Ag+ < A{W}. By [5, Theorem 1.5A], the orbit of 0T under A{W} is a block of im-
primitivity (for short a block) for A. Denote this block by A and the induced system of
blocks by d (i.e., d = {A9 : g € G}). Consider the element g = dc® from D. We see that g
switches 0F and a~, hence Ay = Ag+(g). Therefore, A = (0F)Atw) = (0F)A0+(9) =
(07){9 = W, and so

§={{z",(z+a) }:2€Z,}.

Define the mapping ¢ : 6 — Z,, by ¢ : {z™, (z + a)~} = x, x € Z,. Now, an action
of A on Z,, can be defined by letting g € A act as

—1
9 =x% 9% x€l,.

For g € A we write g for the image of ¢ under the corresponding permutation representa-
tion, and for a subgroup X < A welet X = {Z : z € X}. In this action of A the subgroup
G < A is faithful. Also notice that, a subgroup X < G is a bicyclic group of I if and only
if X is a regular cyclic subgroup of G. In particular, for the canonical bicyclic group C,
C = (Zy,)right, Where (Zy,)rigns denotes the group generated by the affine transformation
r—=x+1,x €7y,

Pick g € G and (z,2 + s — a) € Zy,, X Z,, where s € S. Then g maps the directed
edge (z, (x + s)7) to a directed edge (y*, (y + q) ™) for some y € Z,, and ¢ € S. Since
§ is a system of blocks for G, g maps (z + s — a)™ to (y + ¢ — a)*, and so g maps the
pair (z,z + s — a) to the pair (y,y + ¢ — a). We have just proved that g leaves the set
{(z,z+s—a):x €Ly s €S} setwise fixed. As the latter set is the set of all directed
edges of the digraph Cay(Z,,,S — a), G < Aut(Cay(Z,,S — a)). For an automorphism
h of Cay(Z,, S — a), define the permutation g of V' by

() * ife =+,
HE A S €Ly, € €{+,—}.
o {<<xa)h+a> te=—, " t+ -

The reader is invited to check that the above permutation g is an automorphism of I". It is
clear that g € G and g = h; we conclude that G = Aut(Cay(Z,, S — a)).
Now, the proposition follows along the following equivalences:

(1) <= Every bicyclic group of I is conjugate to C' in G
<= Every regular cyclic subgroup of G is conjugate to C'in G
= (2).

The last equivalence is Theorem 2.1. O

Remark 2.9. Let us remark that the equality Aut(I')g+ = Aut(I'),- does not hold in
general. For example, take I' as the incidence graph of the projective space PG(d, q)
where d > 2 and q is a prime power (i.e., I' is the bipartite graph whose color classes
are identified by the set of points and the set of hyperplanes, respectively, and the edges
are defined by the incidence relation of the space). It is well-known that PG(d, ¢) admits
a cyclic group of automorphisms (called a Singer subgroup) acting regularly on both the
points and the hyperplanes. This shows that I" is isomorphic to a cyclic Haar graph, and
we may identify the set of points with Z.", and the set of hyperplanes with Z, , where

n
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n = (¢ —1)/(q — 1). The automorphism group Aut(T") = PTL(d + 1,¢) x Zs; and as
PT'L(d + 1, q) acts inequivalently on the points and the hyperplanes, Aut(T")y+ cannot be
equal to Aut(T"),- for any a € Z,,.

3 Haar graphs H(Zs,,, {0, u,v,v + m})

In this section we prove Theorem 1.1 for Haar graphs H(Z,,, S) satisfying certain addi-
tional conditions.

Theorem 3.1. Let n = 2m and S = {0, u,v,v + m} such that

(a) Z,, = (u,v);

(b) 1 <u<m,u|m;

(c) Auwt(H(Zy, S))o+ leaves the set {0~ ,u~ } setwise fixed.

Then H(Z,,S) = H(Z,,T) if and only if there exist a € Z., and b € Z,, such that

(1) aT +b=S;or

(2) aT +b={0,u+m,v,v+m},and 2 | u, 2u | m,u/2 £ v+ m/(2u)(mod m/u).

By (b) of Theorem 3.1 we have 2u < m. We prove the extremal case, when 2u = m,
separately. Notice that, in this case the conditions in (2) of Theorem 3.1 that 2 | u, 2u | m
and u/2 # v + m/(2u)(mod m/u) can be replaced by one condition: u = 2(mod 4).

Lemma 3.2. Let S be the set defined in Theorem 3.1. If 2u = m, then H(Z,,S) =
H(Zy,T) if and only if there exist a € Z}, and b € Z,, such that

(1) aT +b=S;or
(2) aT +b={0,u+m,v,v+m} and u = 2(mod 4).

Proof. Let d = ged(n,v). Because of (u,v) = Z, we have that ged(u,v,n) = 1, ie.,
ged(n/4,v) = 1, and this gives that d € {1,2,4}. Note that, if d # 1, then necessarily
21 u. Let us write v = v;d, where ged(vy,n) = 1. Let v * denote the inverse of v, in the
group Z . Then the following hold in Z,, (here we use that u = n/4):

vitv=d, vy (v+m)=d+m and v; u € {u,3u}.

We conclude that S is affinely equivalent to one of the sets S;(d), ¢ € {1,2} and d €
{1,2,4}, where

S1(d) ={0,u,d,d + 2u} or So(d) = {0, 3u,d,d + 2u}.
The lemma follows from the following claims:
() H(Zn,51(1)) = H(Zn, S5(1))-
(i) H(Zy,S1(1)) Zug H(Zp, S1(d)) for d € {2,4};
(i) H(Zy,S1(d)) Zug H(Zy, S2(d)) < d € {2,4} or (d =1 and u # 2(mod 4));
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Figure 1: Haar graphs H(Z,, S1(1)) and H(Z,, S2(1)).

(1): Define the mapping f : V — V by

PP x° ifz6{O,l,....u—1}U{2u,....3u—1},
(x 4+ 2u)® otherwise.

We leave for the reader to verify that f is in fact an isomorphism from H(Z,, S1(1)) to
H(Z,,S>(1)) (compare the graphs in Figure 1; here the white vertices represent the color
class Z;, while the black ones represent the color class Z,, ).

(ii): Since d € {2,4}, u is an odd number. For d € {2,4} define r4 € Z as follows:

)2+u iqul(mod4),r _J44u  ifu=3(mod 4),
2T 124 3u if u = 3(mod 4), YT 4+ 3u if u = 1(mod 4).

It can be directly checked that 1451 (1) +u = S1(d), so H(Zp, S1(1)) Zag H(Zy, S1(d))
ford € {2,4}.

(iii): If wis odd, then (2u+1)S;(d) = S2(d), hence H(Zy,, S1(d)) Zag H(Zy, S2(d)).
Since w is odd whenever d € {2,4}, we are left with the case that d = 1 and u is even.
If also u = 0(mod 4), then (u + 1)S1(1) + 3u = S2(1), and again H(Z,, S1(1)) Zag
H(Z,, 55(1).

Suppose that d = 1 and « = 2(mod 4). We finish the proof by showing that in this case
H(Zy,51(1)) 2ag H(Zp, S2(1)). Suppose that, there is an affine transformation ¢ : « —
rz+s,r € 2 and s € Z,,, which maps the set S (1) to S;(2). Then 1¥ — (1+2u)¥ = 2u
in Z,,. This implies that {1, 1 + 2u}¥ = {1,1 + 2u} and {0,u}¥ = {0, 3u}, and hence

r+se{l,1+42u}and r{0,u} + s = {0, 3u}.

A direct analysis shows that the above equations cannot hold if v = 2(mod 4). Thus
H(Zy,,51(1)) Pagg H(Zy,, S2(1)), this completes the proof of (iii). O

Now, we turn to the case when 2u # m. Recall that the canonical bicyclic group C'
is generated by the permutation ¢ defined in (1). For a divisor £ | n, C* will denote the
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Figure 2: The Haar graph H(Z,,, S)

subgroup of C' generated by c. It will be convenient to denote by &, the partition of V" into
the orbits of C¥, i.e., 6, = Orb(C[ , V). Furthermore, we set 7,, ; for the homomorphism
MNn,e : Loy, — Zy defined by 1’]”75(1) =1.

Observe that, if d; is, in addition, a system of blocks for the group A = Aut(H(Z,,
S)), then an action of A can be defined on H(Zg, 1, ¢(S)) by letting g € A act as for
x € Zg and fore, e’ € {+,—},

(%)Y = ye/ — {z:E A= ngé(x)}g {z 1z € 77nZ y)} 3.1

We denote by A(s,) the corresponding kernel, and by g°¢ the image of an element g € G.
Note that, if X is a bicyclic group of H(Z,, S), then X% = {x% : x € X} is a bicyclic
group of H (Zg¢, nn¢(5)).

Let S = {0,u,v,v + m} be the subset of Z,, defined in Theorem 3.1. Let § be the
partition of V' defined by

§={XUX¥Y00: X eOrb(C"V)}, (3.2)
where 1 o is defined in (2.2). We write 6 = {V;, ..., V,_1}, where
Vi = {(iv+ju)*, (iv+ju)” : j €{0,1,...,(n/u) — 1}}.

A part of H(Z,,, S) is drawn in Figure 2 using the partition 6. White and black colors
represent again the color classes Z;7 and Z,, , respectively. Fori € {0,1,...,u — 1}, lete;
be the involution of V' defined by

N (x+m)s ifa® eV,
i o otherwise.

It is clear that each e; € Aut(H (Zy,S)), and also that e;e; = eje; forall ¢, j € {0,1,...,
u—1} Let E = (eg,e1,...,ey—1). Thus E < Aut(H(Z,,S)) and E = ZY. For a subset
I'C{0,1,...,u— 1} letes be the element in £ defined by e; = [[;.; e:

The following lemma about imprimitivity systems of blocks (systems of blocks for
short) will be used throughout the paper.
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Lemma 3.3. Let ' = H(Z,, R) be a Haar graph and suppose that R. C R such that the
point stabilizer Aut(T)q+ fixes setwise R, and let d = |(R. — R.)|, where R, — R, =
{r1 —rqa : r1,79 € Ry}. Then the partition 7 of V defined by

T={XUX¥r—: X € Orb(C™V)}, wherer € R.,
is a system of blocks for Aut(T").?
Proof. For short we set A = Aut(T"). Since R, is fixed setwise by Ag+, we may write

R.=R1U---URy,

where R is an Ag+-orbit for every i € {1,2,...,k}. Choose an arc (0", ;") of I' where
we fix an element r; € R; forevery ¢ € {1,...,k}. We claim that, the orbital graph of A
containing (0,7, ) is self-paired, and in fact it is equal to the Haar graph H (Z,,, R;) (for

a definition of an orbital graph, see [5]). -
~ Define A as the color preserving subgroup of A. Then A = A x (1)_1 ). Also,
A = Ay+C, as C is transitive on Z,}. Then the orbit of the arc (0", ;) under A is

(0+7r;)A =

7 )A0+C<w—1,o,o> _ {(0+ /7) '7"' c R.}CW/—LO,O)
( 1) 7) i 7h € Ry, j € Ly } V100
(g, ri)T) i1, € Riyj € Ln} U
(=) (=j =) ) iri € Riyj € L},
G (G +ri) ") € Riyj € Zp} U
( Y, iT) vl € Ri,j € Ly},

(0*
{6+
{G* G+
{((=4)"
{

{((G+ri

which is clearly equal to the set of arcs of H(Z,,, R;). The claim is proved.

Since H(Zy, R;) is an orbital graph, A < Aut(H(Z,, R;)). Combining this with
H(Zy,R.) = U*_ H(Zy, R;), we have that A < Aut(H(Zy,, R.). Let ¥ be the con-
nected component of H(Z,, R,) which contains 0T. Obviously, the set W of vertices
contained in X is a block for A. It is easy to verify that W = X U X¥1.~~" where X is the
orbit of 0 under C™/¢. The lemma follows. O

Lemma 3.4. Let S be the set defined in Theorem 3.1. If 2u # m, then the stabilizer
Aut(H(Zy, S))o+ is given as follows.

(1) If u # 2v(mod m/u), then Aut(H (Zn, S))o+ = Eg+.

(2) If u = 2v(mod m/u), then Aut(H (Z,,S))o+ = Eog+ X F for a subgroup F <
Aut(H(Zn, S))o+, | F| = 2.

Proof. For short we setI' = H(Z,,,S) and A = Aut(I"). Consider the partition § defined
in (3.2). Applying Lemma 3.3 with R = S, R, = {0,u} and » = 0, we obtain that § is
a system of blocks for A. The quotient graph I'/¢ is a u-circuit if u > 2 and a 2-path if
u = 2. Let g € Ay+. Then g fixes the directed edge (Vp, V1) of I'/4, hence it must fix all
sets V;. Thus Ag+ < A(s), where A s) is the kernel of the action of A on 4.

Consider the action of Ag+ on V4. The corresponding kernel is Ay, the pointwise
stabilizer of V) in A, and the corresponding image is a subgroup of Aut(T'[Vj]), where

2Notice that, 7 does not depend of the choice of the element r € R.
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I'[Vo] is the subgraph of I" induced by V. Using that 2u # m, we show next that Ay, =
Eo+. Ttis clear that Agy,y > Eop+. We are going to prove that A(y,) < Ey+ also holds.
Let g € A(y,). Then for a suitable element e € (e1), the product ge fixes pointwise V; and
fix the vertex v~ from block V; (see Figure 2). Thus ge acts on V; as the identity or the
unique reflection of the circuit I'[V;] that fixes v~ . If this action is not the identity, then ge
switches v* and (v +n — u)™, and so it must switch (v + u)~ and (v +n — u)~. On
the other hand, since (v + u)~ is connected to u™ € Vj, it follows that (v + u)~ can only
be mapped to (v +u + m)~,and so (v+n —u)” = (v+ u+ m)~, contradicting that
2u # m. We conclude that ge acts as the identity also on V3. Continuing in this way, we
find that ge’ is the identity with a suitable choice of ¢’ € Fy+, hence g = ¢’
The equality A(y,) = Ey+ together with Aut(T'[Vp]) = Dy, imply that [Ag+ : Eg+| <
2. Moreover, |Ag+ : Fg+| = 2 holds exactly when Ag+ contains an involution g for which
g : 07 + u. In the latter case Ag+ = Fg+ X (g) as g centralizes E (to see this, observe
that g is in the kernel A s, and acts on every block V; as an element of Dy, /,, whereas
E acts on V; as the center Z(D,,,/,).) We settle the lemma by proving the following
equivalence :
Ao+ = Eg+ X Zy <= u = 2v(mod m/u). (3.3)

Suppose first that Ag+ = Eg+ x (g), where g € Ag+ and g : 0~ < u~. By (c) of
Theorem 3.1, {v~, (v +m)~ }*o+ = {v~, (v+m)~}. Applying Lemma 3.3 with R = S,
R, = {v,v+m} and r = v, we obtain that the set B = {0t,m*,v™, (v +m) }isa
block for A. The induced graph I'[ B] is a 4-circuit (again, see Figure 2). Denote by Ay py
the setwise stabilizer of B in A, and by A?B} the permutation group of B induced by

Apy. As T[B] is a 4-cireuit, Az, < Ds. This gives that {0, m™} is a block for Afy,,
and therefore it is also a block for A. We conclude that 6,,, = {X : X € Orb(C™,V)}
is a system of blocks for A. Consider the action of A on H(Zy,, Mn,m(S)) defined in
(3.1). Then E < Ags,.), while g ¢ Ags,.). This implies that g% is an automorphism of
H(Zn, . (S)) which normalizes its canonical bicyclic group. This means that g% =
©r.s¢ for some 7 € Z%, and s,t € Zy,. Using that g°= : 0% — 0% and 0~ — 7, (u) ™,
we find that s = 0 and ¢ = 7, (), and so

Aém = <D6ma <)07‘,0,7771,7,1 (u)> (34)
AISO, gém : n"7m(u)_ = 0_ and 77717771(1])_ = 77717771(1])_) hence Tnn,m(u) = _nn,m(u)
and 71y, (V) = Mp,m(v — ) hold in Z,,. From these r = —1(mod m/u) and rv =

v — u(mod m/u), i.e., u = 2v(mod m/u). The implication “="in (3.3) is now proved.

Suppose next that u = 2v(mod m/u). Define the permutation g of V' by

g:(iv+ju)gw{(?v_(?+‘7:)u>+ ) %f&‘:‘h
(iv—(i+j—1)u) ife =—,
where i € {0,1,...,u — 1} and j € {0,1,...,n/u — 1}. We complete the proof by
verifying that g € Ag+. Since 0t Y = 0% and g : 0~ <» w™, this will imply that Ay =
Eo+ x (g). Thus part “<=” of (3.3) is also proved.

Choose an arbitrary vertex w € Z;} such that w = (v + ju)*,i € {0,1,...,u — 1}
and j € {0,1,...,n/u — 1}, and suppose for the moment that ¢ < u — 1. Then w has the
following neighbors:

(iv + ju) ", (v + (G + Du) ™, (( + Do+ 5u) 7, (G + Do+ (5 +m/u)u) ",
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where v +1 € {0,1,...,u — 1},and j + 1 and j + m/u are from {0,1,... ,n/u — 1}.
Thus these vertices are mapped by g to

(v—(+j—Du)", (w—(+H)u) ", (E+1)v—_(>i+75)u)", (((+D)v—(Gi+j+m/u)u)".

A direct check shows that these are just the neighbors of w9 = (iv — (i + j)u)™. Let
i = u — 1. Then the neighbors of w are:

(iv + ju) ™, (iv + (G + Du) ™, (G +0)u) ™, (G + v+ m/u)u)”,

where j + v and j + v + m/u are from {0, ...,n/u — 1}. Then these vertices are mapped
by g to

(lv—(i+j—1u)",(v—>G+Hu) ", (—G+v—Du)", (-G +v+m/u—1)u)".

The first two are clearly connected with w9 = (iv — (i + j)u)™; whereas the rest two are
connected with w? if and only if the following equality holds in Z,,:

{iv—(i+jutv,iv—(i+jutv+m}={-G+v—Du,—([+v+m/u—1)u}.

Using that v = u — 1, this reduces to {—(u — v)u, —(u — v)u + m} = {—vu, —vu +
m}. Finally, observe that this equality holds if (v — v)u = vu(mod m), and the latter
congruence follows from the initial assumption that © = 2v(mod m/u). O

Lemma 3.5. Let S be the set defined in Theorem 3.1. If 2u # m, then for the normalizer
NAut(H(Zn,S))(C) of Cin Aut(H(Zn, S)),

272 if2 | wand (u # 2v(mod m/u) or
| Aut(H(Zy, S)) : Naws((z,,5)(C)| = u/2 = v(mod m/u)),

2u=l  otherwise.
(3.5)

Proof. For short we set A = Aut(H(Z,,S)) and N = N4(C). Since A = DAy+ and
D<N,N=D(NN Ag ). The cases (1) and (2) in Lemma 3.4 are considered separately.

CASE 1. u # 2v(mod m/u).

In this case, from Lemma 3.4, Ag+ = Ey+, hence |A| = 2%n. Let g € N N AJ. Since
g € Eg+, it follows quickly that g = 14 or 2 | w and g = ejes - - - €,,—1. Combining this
with N = D(N N G{) we find that [N| = 4n if 2 | u, and |[N| = 2n if 2 { u. Formula
(3.5) follows.

CASE 2. u = 2v(mod m/u).

From Lemma 3.4, Ag+ = Ey+ x F for a subgroup F' < Ay+, |F| = 2, hence |A| =
2utly 1t follows from the proof of Lemma 3.4 that, there exists » € Z}, such that the
following hold:

Tnn,m(u) = _nn,m(u) and rnn,m(v) = 77n,m<v - u)
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Let s € Z; such that 1, ,,(s) = r. Then
su € {—u,—u+m}and sv € {v—u,v —u+m}. (3.6)

Suppose that 2 t u. Then we get as before that N N Ey+ is trivial. Notice also that,
u = 2v + m/u(mod n/u), which follows from the assumption that v = 2v(mod m/u)
and that 2 { u. Thus 2  m and 2 | (u + m), implying that in (3.6) we have su = —u. We
obtain that , , 0 € N N (Ag+ \ Ep+),and so |[N N Ag+| = 2.

Suppose next that 2 | . Then |N N Ey+| = 2. It is easily seen that [N N Ap+| = 4 if
and only if there exists r € Z;, such that ru = —u and rv = v — u hold in Z,,. Consider
the following system of linear congruences:

zu = u(mod n), xv = v — u(mod n). 3.7)

From the first congruence we can write x in the form x = yn/u — 1. Substitute this into
the second congruence. We obtain that yvn/u = 2v — u(mod n). This has a solution if
and only if gcd(vn/u,n) | (2v — u). Suppose that gcd(v, n) # 1. Using that (u,v) = Z,
and that 2 | u, we obtain that ged(v, m/u) # 1. However, then from the assumption that
u = 2v(mod m/u) it follows that also ged(v, u) # 1, which contradicts that {(u, v) = Z,.
Hence ged(v,n) = 1, ged(vn/u,n) = n/u, and so (3.7) has a solution if and only if u =
2v(mod n/u), or equivalently, u/2 = v(mod m/u) (recall that 2 | w and « | m). It is not
hard to show that any solution to (3.7) is necessarily prime to n, hence is in Z,. The above
arguments can be summarized as follows: |N| = 8nif 2 | v and u/2 = v(mod m/u), and
|N| = 4n otherwise. This is consistent with (3.5). The lemma is proved.

Lemma 3.6. Letr € Z},r # 1 and s € Z,, such that the permutation ;¢ s is of order
2. Then the group (D, @, ¢ s) contains a bicyclic subgroup different from C' if and only if
8|n,r=n/2+1,and s =0o0rs=n/2.

Proof. Suppose that (D, ¢, ) contains a bicyclic subgroup X such that X # C. Then
X is generated by a permutation in the form ¢, o . Since 7 , = idy, r* = 1in Zy,
and we calculate that (c’¢, o 5)* sends 2T to (x + r(r + 1)i) * for every z € Z,. That
Z} is an orbit of X is equivalent to the condition that ged(n,r + 1) = 2. Using this and
that 7> — 1 = (r — 1)(r + 1) = 0(mod n), we find that n/2 divides r — 1, sor = 1 or
r =n/2+ 1. Since r # 1, we have thatr = n/2 + 1 and 8 | n. Then (¢, ,5)? sends 2~
to (x + (n/2 +2)s) ~. Since (¢r0.5)? = idy, we obtain that s = 0 or s = n/2.

On the other hand, it can be directly checked that, if 8 | n, » = n/2 + 1 and s €
{0,n/2}, then the permutation cyp, ¢ s generates a bicyclic subgroup of (D, ¢, o s). Obvi-
ously, this bicyclic subgroup cannot be C'. The lemma is proved. [

Everything is prepared to prove the main result of the section.

Proof of Theorem 3.1. The case that 2u = m is settled already in Lemma 3.2, hence
let 2u # m. We consider the action of A = Aut(H(Z,,S)) on the system of blocks
0, defined in (3.1). We claim that the corresponding image A% has a unique bicyclic
subgroup (which is, of course, C‘;m).

This is easy to see if Ag+ = Ey+, because in this case A’ = (DAgy)om = Do,

Let Ag+ # Eg+. Then Ag+ = Ey+ x F for some subgroup F, |F| = 2. By (3.4),
A% = (D% 00 (). Also, 7 = —1(mod m/u), hence r # 1 in Zy,. By Lemma
3.5, A% contains more than one bicyclic subgroup if and only if 8 | m, r = m/2 + 1 and
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Mn,m (u) € {0,m/2}. In the latter case v € {m,m/2}, which is impossible as u < m/2.
Hence A% contains indeed a unique bicyclic subgroup.

We calculate next the number of bicyclic groups of H(Z,,,S); we denote this number
by B. In fact, we are going to derive the following formula:

u—2 1
. {2 if 2 | wand 21 (m/u), (3.8)

2u=l  otherwise.

Let g € G such that (g) is a bicyclic group of H(Z,,, S). Since G = D Ay+, g can be
written as ¢ = zy with x € D and y € Ay+. Since (g) is a bicyclic group, g fixes the
color classes setwise, implying that z € C. The image (g)°™ is also a bicyclic subgroup
of A% hence by the previous paragraph, (g)°~ = C°=. Now, since x € C, y°~ € C°n,
from which y°» = ids, . We conclude that z = ¢! € C for some i € {1,...,n — 1} with
ged(i,m) = 1,and y € Ey+, and soy = ey forasubset I C {1,...,u — 1}. Obviously,
the product ¢(n)B calculates the number of elements g € G such that (g) is a bicyclic
group of H(Z,,S), where ¢ denotes the Euler’s totient function. Therefore, ¢(n)B is
equal to the number of elements in the form c'ey thati € {1,...,n — 1},ged(i,m) = 1,
I C{l,...,u—1},and (ce) is a bicyclic group of H(Z,, S).

Let us pick c'er withi € {1,...,n —1},ged(i,m) = 1,and I C {1,...,u — 1}. Itis
easily seen that e;c’ = cley,;, where I +i = {x + i : x € I}, here the addition is taken
modulo «. Using this and induction on w, it follows that

(Ciel)u — CUie[€I+i el (u—1)i-
Since ged(i,m) = 1 and u | m, ged(i,u) = 1, from which
erersi ery(u_1yi = (eoer - - ey_1)l = ™l

Thus (c'e;)* = ¢35 D, This and ged(i,u) = 1 show that (c'e;) is a semiregular
group. Therefore, (c'e;) is a bicyclic group if and only if c’e; is of order n, or equivalently,

.oom 2m
ged (z + 2], 7) — 1. 3.9)

Notice that, since ged(i,m) = 1, the greatest common divisor above is always equal to 1
or 2. Suppose at first that 2 | (m /). Then 2 | m and 7 is odd. Hence (3.9) always holds.
We obtain that the number of elements in A which generate a bicyclic group is ¢(n)2% 1,
and so B = 2“1 as claimed in (3.8). Suppose next that 2 { (m/u). Now, if 2 | u, then
2 | m, hence 2 1 ¢, and so (3.9) holds if and only if |I] is even. We deduce from this that
B = 2¥2, as claimed in (3.8). Finally, if 2 1 u, then 2 4 m, and in this case (3.9) holds if
and only if gcd(é,n) = 1 and |I] is even, or ged(¢,n) = 2 and |I] is odd. We calculate that
B = 2%~ and this completes the proof of (3.8).

Let = be a bicyclic base of H(Z,,, S). By (3.5) and (3.8) we obtain that, |=| > 1 if and
only if
|A: Na(C)|=2""2and B =2""".

This happens exactly when

(2] wand (u # 2v(mod m/u) or u/2 = v(mod m/u)) ) and (2 { u or 2u | m).
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After some simplification,
Z] >1 < 2| u, 2u|mandu/2# v+ m/(2u)(mod m/u).

Suppose that |=| > 1. Then A contains exactly 2"~ bicyclic subgroups, 2" =2 of which
are conjugate to C'. These 2"~ ! subgroups are enumerated as: (ces), I C {1,...,u — 1}.
Fori € {1,...,u — 2}, e;ce; = ceyq;i+1)- We can conclude that the bicyclic subgroups
split into two conjugacy classes:

{{cer): T C{1,...,u—1},[I|iseven } and {{ce;) : I C {1,...,u—1},|I|isodd }.
In particular, |=| = 2. Choose £ from Sym(V") which satisfies
&t =cepand€: 07— 0T, 07— 0.

Then = can be chosen as = = {idy,£}. Also, {v=, (v +m)~} = {v=, (v +m)"},
and since (cep )" ™™ = ¢*, (u™)s = (07)()" "€ = (07)5"™" = (u + m)~. Thus
H(Zy,,S)¢ = H(Zy,{0,u+m,v,v+ m}). The theorem follows from Theorem 2.6. [

4 Proof of Theorem 1.1
Theorem 1.1 follows from Theorem 3.1 and the following theorem.

Theorem 4.1. Let H(Z,,,S) be a connected Haar graph such that |S| = 4 and S is not
a BCI-subset. Then n = 2m, and there exist a € Z, and b € Z,, such that aS + b =
{0, u,v,v + m} and the conditions (a)-(c) in Theorem 3.1 hold.

Before we prove Theorem 4.1 it is necessary to give three preparatory lemmas. For an
element ¢ € Z,,, we denote by |i| the order of i viewed as an element of the additive group
Z,,. Thus we have |i| = n/ ged(n, 7).

Lemma 4.2. If R = {i,n — i,j} is a generating subset of Z,, with |i| odd, then R is a
Cl-subset.

Proof. For short we set A = Aut(Cay(Z,,, R)) and denote by Ag the stabilizer of 0 € Z,
in A. Clearly, Ag leaves R setwise fixed. If Ag acts on R trivially, then A = Z,,, and the
lemma follows by Theorem 2.1. If Aj acts on R transitively, then Cay(Z,,, R) is edge-
transitive. This condition forces that R is a CI-subset (see [10, page 320]).

We are left with the case that R consists of two orbits under Ag. These orbits must be
{i,n — i} and {j}. Itis clear that Ay leaves the subgroups (i) and (j) fixed; moreover, the
latter set is fixed pointwise, and since |i| is odd, (i) consists of (|¢| — 1)/2 orbits under Ay,
each of length 2, and one orbit of length 1. We conclude that Z,, = (i) x (5), and also that A
is permutation isomorphic to the permutation direct product ((Z\il Jright X <7r>) X (Zyj))right-
For ¢ € {|i|,|7|}, (Z¢)right is generated by the affine transformation x +— x + 1, and 7 is
the affine transformation z — —x. We leave for the reader to verify that the above group
has a unique regular cyclic subgroup. The lemma follows by Theorem 2.1. O

Lemma 4.3. Letn = 2mand R = {i,n — i,j,j + m} be a subset of Z,, such that
(a) R generates L,

(b) |i| is odd;
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(c) the stabilizer Aut(Cay(Z,, R))o leaves the set {i,n — i} setwise fixed.
Then R is a Cl-subset.

Proof. For short we set A = Aut(Cay(Z,, R)). Let T be a subset of Z, such that
Cay(Z,, R) = Cay(Z,,T) and let f be an isomorphism from Cay(Z,,, R) to Cay(Z,,T)
such that f(0) = 0. Let us consider the subgraphs

Iy = Cay(Zy,{i,n —i}) and 'y = Cay(Z,, {j,j + m}).

By condition (c), the group A preserves both of these subgraphs, that is, A < Aut(T'y)
for ¢ € {1,2}. As f is an isomorphism between two Cayley graphs, f(Zy)rignhtf ™' <
A. Then f(Zn)rigntf™ ' < A < Aut(Ty), implying that f maps I'y to a Cayley graph
Cay(Z,,,T;) for both ¢ € {1,2}. Clearly, T = Ty U T5. It was proved by Sun [15]
(see also [10]) that every subset of Z,, of size 2 is a CI-set. Using this, it follows from
Cay(Zy,{i,n —i}) = Cay(Z,,T1) that Ty = a{i,n — i} for some a € Z}. Letting
t1 = ai, we have T} = {t1,n—t; } such that || = |t;|. In the same way, T5 = a'{j,j+m}
for some a’ € Z*, and letting to = a'j, we have Ty = {to,t2 + m} with |t2| = |j|. Since
f(0) =0, f maps {i,n —i}to Ty = {t1,n —t1} and {j,j + m} to To = {t2,t3 + m}.

We claim that the partition of Z,, into the cosets of (m) is a system of blocks for
Aut(T'), hence also for the group A < Aut(I'z). Let us put A = Aut(I'z). Then Ay
leaves the set 7' = {j, j +m} setwise fixed. Thus the setwise stabilizer fi{T} of the set T"in
4 can be written as A{T} = A{T} NA= A{T} N A(](Zn)right = A()(A{T} N (Zn)right) =
Ao(Muight). Here (Zy)righe is generated by the affine transformation z +— z + 1, and
Myight is the permutation @ +— x + m for every z € Z,,. Thus Ag(myign:) is a subgroup
of A which clearly contains Ay. By [5, Theorem 1.5A], the orbit of 0 under the group
A (m”vght> is a block for A. Now, the required statement follows as the latter orbit is equal
to 0A0<ml'ight> — ()(mm:ght> — <m>

Since the partition of Z,, into the cosets of (m) is a system of blocks for A, the iso-
morphism f induces an isomorphism from Cay(Z,, 1. m (R)) to Cay(Zy,, n,m(T)), we
denote this isomorphism by f. Note that, f(0) = 0 for the identity element 0 € Z,,.

The set 1, (R) satisfies the conditions (a)-(c) of Lemma 4.2, hence it is a CI-subset.
This means that f is equal to a permutation x + rz for some r € Z%,. Let s € Z* such
that 7,1, (s) = r. Then 9y, (51) = Mm(8)Mn,m(8) = Mn.m(t1), and so the following
holds in Z,,:

st =ty or st =t1 + m. “.1)

The order [¢1| = |i| is odd by (b), implying that |¢;| # |t1 + m/|, and so si = ¢; holds in
(4.1). We conclude that sR = T', so R is a Cl-subset. The lemma is proved. O

Lemma 4.4. Let n = 2m and S = {0, u,v,v + m} such that
(a) S generates Z,;

(b) 1 <u<mn,u|nbututm,

(¢) Aut(H(Zy, S))o+ leaves the set {0~ ,u~ } setwise fixed.

Then S is a BCI-subset.
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Proof. Let § be the partition of V' defined in (3.2). Applying Lemma 3.3 with R = S,
R, = {0,u} and = 0, we obtain that ¢ is a system of blocks for A = Aut(H(Z,,S)).
Thus the stabilizer Ay+ leaves the set V[ setwise fixed, and we may consider the action of
Ag+ on Vj. The subgraph of H(Z,,S) induced by the set V} is a circuit of length 2n/u,
thus A+ fixes also the vertex on this circuit antipodal to 0*. We find that this antipodal
vertex is (u/2 + m)~. Therefore, Ag+ = A(p4u/2)-, and thus S is a BCI-subset if and
only if S — u/2 + m is a CI-subset of Z,,, see Proposition 2.8. The latter set is

S—u/24+m={u/24m,—u/24+mv—u/2,v—u/2+m}.

Since u { m, u is even and the order |u/2 + m| is odd. Lemma 4.3 is applicable to the set
S —u/2+ m (choose i = u/2 +mand j = v — u/2), it gives us that S — u/2 + mis a
CI-subset. This completes the proof. O

Proof of Theorem 4.1. Let S be the subset of Z,, given in Theorem 4.1. We deal first with
the case when the canonical bicyclic group C is normal in A = Aut(H (Z,, 5)).

CASE 1. C < A.

By Theorem 2.6, there is a bicyclic group X of H(Z,,, S) such that X # C. Since C' <
A, X is generated by a permutation in the form c'¢,.o s, 7 € Z%, s € Zy,, and ord(¢p, 0. 5) >
2. The permutation ¢, ¢ s acts on both Z;} and Z,, as an affine transformation. This fact
together with the connectedness of H(Z,,, .S) imply that, ¢, ¢ s acts faithfully on S~. Thus
ord(pr0,5) < 4.

Suppose that ord(¢, o ) = 4. We may assume without loss of generality that S~ can
be obtained as S~ = { (07)¥ros : j € {0,1,2,3} }, and so S = {0, s, (r + 1)s, (% +
r+1)s}and (r® + 7% +r + 1)s = 0. Since H(Z,, S) is connected, ged(s,n) = 1, and
(r+1)(r*+1) = 0. We find that (c’¢,. 0 s)* sends 2t to (z+r(r+1)(r? + 1)i) * = 2.
Since X = <ci(pr70,s> is bicyclic, n = 4, and so H(Z,,S) = K, 4. This, however,
contradicts that C' < A.

Now, suppose that ord(¢;.0,s) = 3. If Ag+ is transitive on S, then it must be regular
[9, Theorem 4.3]. This implies that S~ splits into two orbits under Ay+ with length 1
and 3, respectively. Let s € S such that {s™} is an orbit under Ay+. Then Ayp+ = A,-,
and by Proposition 2.8, S — s is not a Cl-subset of Z,,. However, in this case the graph
Cay(Zy,, S — s) is edge-transitive, and thus S — a is a CI-subset (see [10, page 320]), which
is a contradiction.

Finally, suppose that ord(y,,s) = 2. If r = 1, then 2 | n and s = m, where n = 2m.
This implies that S~ is a union of two orbits of C™, we may write S = {0, m, s, s + m}.
The graph H(Z,, S) is then isomorphic to the lexicographical product C,,[K$] of an n-
circuit C,, with the graph K, see Figure 3. It is easily seen that then A+ is not faithful on
the set S, which is a contradiction.

Let 7 # 1. By Lemma 3.6, 8 | n,r = m + 1 and s € {0,m}, where n = 2m.
We consider only the case when s = 0 (the case when s = m can be treated in the same
manner). Then Z_; splits into the following orbits under ¢, ¢ 4:

{20)7}, {(2e+1)7,(2i+ 14+ m)"}, wherei € {0,1,...,m — 1}.

Since H(Zy, S) is connected and cannot be the union C"™-orbits (see above), S~ contains
one orbit under ¢, o s of length 2, and two orbits of length 1. Let S; denote the orbit of
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Figure 3: The lexicographical product C,[K§].

2s

2s

O

O
m 2s+m 2s+m

length 2 and let S = S\ Sy. Then we may write S; = {s,s + m}, and S = {s',s"},
where both s’ and s” are even. Let u = ged(s’ — s”,n). Then u is a divisor of n and
also 2 | u. There exist a € Z¥ such that a(s’ — s") = u(mod n). Choosing b = —as”
(all arithmetic is done in Z,,), we find that aSs + b = {u,0}. Now, letting v = as + b,
we get aS7 + b = {v,v + m}. We finish the proof of this case by showing that the set
R =aS +b={0,u,v,v + m} satisfies the conditions (a)-(c) of Theorem 3.1.

(a): As H(Zy,S) is connected, H(Zj,, R) is also connected. This implies that {u, v}
is a generating set of Z,,.

(¢): Since C <4 A, C < Aut(H(Z,, R)). To the contrary assume that the stabilizer
Aut(H(Zy, R))o+ does not leave {0, v~ } setwise fixed. Thus there exists some g € Ag+
which maps v~ into {0~,u~ }. Letting w; = (v™)% and wy = ((v+m)~)9, we find that
w1 — wy = m, and from this that u = m. However, then H(Z,,, R) = C,,[K§], which we
have already excluded above. Thus Aut(H (Z,,, R))o+ fixes setwise {0~, u "~ }.

(b): We have already showed (see previous paragraph) that w # m and 1 < w. Since S
is not a BCI-subset, R is also a not a BCI-subset. This also implies that u | by Lemma
4.4, and we conclude that 1 < v < m and u | m, as required.

CASE2. C 4 A.

Let Ag+ act transitively on S~. This gives that H(Z,,, S) is edge-transitive. Since C' 4
A, D 4 A, in other words, H(Z,,, S) is non-normal as a Cayley graph over the dihedral
group D. We apply [8, Theorem 1.2], and obtain that H(Z,, S) is either isomorphic to
K,[KS], or to one of 5 graphs of orders 10, 14, 26, 28 and 30, respectively. Suppose that
the former case holds. Then n = 2m, and we obtain quickly that S’ consists of two C"*-
orbits. Then S can be mapped by an affine transformation to a set {0, m, v, v + m}, where
(m,v) = Z,. Then v or v + m is a generating element of Z,,, and so .S can actually be
mapped by an affine transformation to {0, m, 1,1 + m}. Now, the same holds for any set
T with H(Z,,T) = H(Zy, S) = K,[K5], contradicting that .S is not a BCI-subset. In the
latter case, a direct computation by the computer package MAGMA [4] shows that none of
these graphs is possible (in fact, in each case the corresponding subset S is a BCI-subset).

The set S~ cannot split into two orbits under Ag+ of size 1 and 3, respectively (see the
argument above). We are left with the case that S = S; U S, |S1| = |S2|, and Ag+ leaves
both sets S; and S5 setwise fixed. For i € {1,2}, let n; = [(S; — S;)|, n1 < na, where
S,»—S,»z{a—b : a,bESi}.

We claim that n; = 2. To the contrary assume that n; > 2. We prove first that
C™/™ < A. Applying Lemma 3.3 with R = S, R, = S; and 7 = s, € S;, we obtain that
the partition

§={XUXV-u: X € Orh(C™™ V)},
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is a system of blocks for A. Let us consider the action of A sy (the kernel of A acting on §)
on the block of § which contains 0. Denote this block by A, and by A’ the block which
contains s~ for some s € Sy. Notice that, the subgraph of H(Z,,, S) induced by any block
of ¢ is a circuit of length 2n, and when deleting these circuits, the rest splits into pairwise
disjoint circuits of length 2ns. Let ¥ denote the unique (2n2)-circuit through s~. Now,
suppose that g € A5y which fixes A pointwise. If V/(X) N A = {07}, then g must fix the
edge {0",s7}, and so fixes also s7. If V/(X) N A # {07}, then |V(X) N A] = ng > 2.
This implies that g fixes every vertex on 3, in particular, also s~. The block A’ has at least
ny vertices having a neighbor in A, hence by the previous argument we find that all are
fixed by g. Since ny > 2, A’ is fixed pointwise by g. It follows, using the connectedness of
H(Zn,S), that g = idy, hence that A4 is faithful on A. Thus C™/™ is a characteristic
subgroup of A((;), and since A(,;) <A, cn/m g A,

Let G be the unique normal subgroup of A that fixes the color classes Z;" and Z,, . We
consider N = G N C4(C™™). Then C < N and N < A. Pick g € Ny+ such that g acts
non-trivially on S—. Since N centralizes C™/™1, ¢ fixes pointwise the orbit of 0 under
C™/™ | and hence also A. Then g fixes S~ pointwise, and so also A’. We conclude that
g% = idy, and that either N = C, or N = C x (g). The case N = C'is impossible because
C A A Let N =C x(g). Then (S;)? = S; (for both ¢ € {1,2}), hence S, is a union of
orbits of g. As g normalizes C and fixes 07, g = ¢, s. Recall that ord(g) = 2. If r # 1,
then by Lemma 3.6, either C is the unique cyclic subgroup of N, or 8 | n,r =n/2+ 1 and
s = 0ors = n/2. In the former case C is characteristic in N, and since N < A, C < A,
a contradiction. Therefore, we are left with the case that » = 1 (and so s = n/2), or 8 | n,
r=n/2+ 1and s = 0 or s = n/2. Then every orbit of g is of length 1 or 2, and if it is of
length 2, then is in the form {j, (j + m)¢} as we proved in Case 1. Since n; > 2, we see
that S;” must be fixed pointwise by g for both ¢ € {1,2}. This, however, contradicts that g
was assumed to act non-trivially on S7; and so n; = 2.

This means that 2 | n, say n = 2m, and the group generated by the set S — S; =
{z —y:xz,y € S1}isequal to {0,m}. Then we can write S; = {s,s + m}. It can be
proved as before that there exist a € Z;, and b € Z,, such that aS; + b = {0, u} for some
divisor u of n. Then, letting v = as + b, we get aS; +b = {v,v+m}. We finish the proof
of this case by showing that the set R = aS + b = {0, u, v, v + m} satisfies the conditions
(a)-(c) of Theorem 3.1.

(a): As H(Zy, S) is connected, H(Z,,, R) is also connected. This implies that {u, v}
is a generating set of Z,,.

(c): Since S; and Sy are left fixed setwise by A, Aut(H(Z,, R))o+ leaves the set
{07, u~} setwise fixed.

(b): If u = 1, then Aut(H(Zy,{0,u})) < Dyyp. But then C < A, which is a contra-
diction. We conclude that 1 < w, and by Lemma 4.4, u | m also holds, i.e., 1 < u < m
and u | m, as required. O
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Abstract

The Pancake graph is well known because of the open Pancake problem. It has the
structure that any [—cycle, 6 < I < n!, can be embedded in the Pancake graph P,,,n > 3.
Recently it was shown that there are exactly %‘ independent 6—cycles and n!(n — 3) distinct
7—cycles in the graph. In this paper we characterize all distinct 8—cycles by giving their

canonical forms as products of generating elements. It is shown that there are exactly

n!(n®+12n%—103n4176)
16

cycles contains %! of these.

distinct 8—cycles in P,,,n > 4. A maximal set of independent 8—

Keywords: Cayley graphs, Pancake graph, cycle embedding, small cycles.
Math. Subj. Class.: 05C15, 05C25, 05C38, 90B10

1 Introduction

The Pancake graph P, = (Sym,, PR),n > 2, is the Cayley graph on the symmetric
group Sym,, of permutations m = [m175 . .. 7,], where m; = (i) for any 1 < @ < n, with
the generating set PR = {r; € Sym,, : 2 < i < n} of all prefix—reversals r; reversing the
order of any substring [1,7],2 < ¢ < n, of a permutation 7 when multiplied on the right, i.e.
[T1 .. g1 -« - T = [Ty ... T1Tig1 - . . ™). Itis a connected vertex—transitive (n—1)-
regular graph of order n!. This graph is well known because of the combinatorial Pancake
problem which was posed in [4] as the problem of finding its diameter. The problem is still
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open. Some upper and lower bounds [5, 6] as well as exact values for 2 < n < 19 [1, 2]
are known. One of the main difficulties in solving this problem is the complicated cycle
structure of the Pancake graph. This graph is hamiltonian [11] and the following result is
also known.

Theorem 1.1. [7, 10] All cycles of length I, where 6 < | < nl, can be embedded in the
Pancake graph P,,,n > 3, but there are no cycles of length 3,4 or 5.

An explicit description of cycles is gradually being developed. The first results concern-

ing cycle characterization in the Pancake graph were obtained in [8] where the following
cycle representation via a product of generating elements was used. A sequence of prefix—
reversals Cy =74, ...7r;_,, where 2 < i; < n,and i; # 4,41 forany 0 < j <! — 1, such
that wry, ...r;,_, = m, where m € Sym,, is called a form of a cycle Cj of length l. A cycle
C; of length [ is also called an /—cycle, and a vertex of P, is identified with the permuta-
tion which corresponds to this vertex. It is evident that any [—cycle can be presented by
2l forms (not necessarily different) with respect to a vertex and a direction. The canonical
form Cy of an l-cycle is called a form with a lexicographically maximal sequence of in-
dices 7 . ..%;—1. By using this description, the results characterizing 6— and 7—cycles were
obtained in [8].
Theorem 1.2. [8] The Pancake graph P,,n > 3, has %’ independent 6—cycles of the
canonical form Cg = r3rorsrarsry and nl(n — 3) distinct T—cycles of the canonical form
C7 = rEre_1TpTp_17k—_oTkT2, where 4 < k < n. Each of the vertices of P, belongs to
exactly one 6—cycle and 7(n — 3) distinct T—cycles.

The main result of this paper is the following theorem.

Theorem 1.3. Each of vertices of P,,n > 4, belongs to N = n’+12n* _2103"+176 distinct
8—cycles of the following canonical forms:

Cgl:TijTiTkaTk—j+i7’i7“k—j+i7 2<i<jyj<k-1,4<k<n, (1.1
C§ = ThTho1T2Tho1 Tk T2 T3 T2, A<k<n, (12
C8 = T i Pl 1 T3 Th The—i The1 T 2<i<k—-2,4<k<n, (13)
C§=Tkrk—7:+1Tkrﬂkrk—irk—l?”i—h 3<i<k=2,5<k<n, (1.4)
ngrkrkq Ti—1Tk Tk—it1 Th—i Tk Ti, 3<i<k—-25<ks<n, (1.5)
OF = T Tkt Th Th—i Th—ie1 Tk T Tit 15 2<i<k=3,5<k<n, (L6
O = 1 Pl 1 TR T4 T The 1 TR T 2<i<j<k—-1,4<k<n, (17
088 =T4T3T4T3T4T3T4TS. (1.8)

There are two corollaries of Theorem 1.3, which will be proven in the final section of
this paper.

n!(n®+12n%—103n4176)

Corollary 1.4. There are 5 distinct 8—cycles in P,,n > 4.

Corollary 1.5. A maximal set of independent 8—cycles in P,,,n > 4, contains % of these.

The proof of Theorem 1.3 is based on the hierarchical (recursive) structure of the Pan-
cake graph which can be presented as follows. The graph P,,n > 3, is constructed
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from n copies of P,,_1(i),1 < ¢ < n, such that each P,_1(¢) has the vertex set V; =
{[my ... mn—14], where m, € {1,...,n}\{i} : 1 <k <n-—1}|Vi| = (n — 1)), and the
edge set By = {{[m1 ... mn_1d), [m1 .. Tp1d] 75} 0 2< 5 <n—1},|E| = ==
Any two copies P,_1(i), P,—1(j),% # j, are connected by (n — 2)! edges presented as
{[iﬂ'g e 7Tn,1j], [j’]’(’n,1 .. .ng}}, where [iﬂ—Q .. .7Tn,1j]7’n = [jﬂ'n,1 N 7T2’i]. Prefix—
reversals r;,2 < j < n — 1, define internal edges in all n copies P,_1(i),1 < i < n,
and the prefix-reversal r,, defines external edges between copies. Copies P,,_1(i), or just
P,,_1 when it is not important to specify the last element of permutations belonging to the
copy, are also called (n — 1)—copies.

Since P; = Cj and due to the hierarchical structure, P4 has four copies of Ps, each of
which obviously cannot contain 8—cycles. However, P, has 8—cycles consisting of paths
within copies of P5 together with external edges between these copies. In general, any
8—cycle of P,,n > 4, must consist of paths within subgraphs that are isomorphic to Py_1
for some 4 < k < n, joined by external edges between these subgraphs. Hence, all
8—cycles of P,,,n > 4, could be found recursively by considering 8—cycles within each
Py, 4 < k < n, consisting of vertices from some copies of Py_;. This approach is used
in the proof of Theorem 1.3. To get the main result, we also need some technical lemmas
concerning paths of length three between vertices of a given form. So, in the next section
we introduce additional notations and prove two small lemmas. In Section 3 we prove
Theorem 1.3 and its corollaries.

2 Technical lemmas

A segment [rr; ... ;] of a permutation ™ = [y ...7; ... 7; ... m,] consists of all elements
that lie between 7; and 7; inclusive. Any permutation can be written as a sequence of
singleton and multiple segments. We use characters from {p, ¢, s, ¢} to denote singletons
and characters from {«, 3,7, A, B, C} to denote multiple segments. If 7 = [«a/3], where
a = [mmy...m] and B = [miq1...7,], then 71| = [@B], where | is the number of
elements in a segment «, and @ is the inversion of a segment «. It is obvious that @ = a.
Note that we allow empty segments where this does not contradict the initial definitions.

An independent set D of vertices in a graph is called an efficient dominating set if each
vertex not in D is adjacent to exactly one vertex in D [3]. It is known [9] that D, =
{lprg...mp] sy € {1,...,n}\{p},2 < j < nh|Dpl = (-1, 1< p< n,are
efficient dominating sets in P,,,n > 3. Let us note that external edges of P, are incident to
vertices from different efficient dominating sets of P,,. The distance d = d(m, T) between
two vertices 7, 7 in P, is defined as the least number of prefix—reversals transforming
into 7, i.e. T, iy .. Ty =T

The next lemma gives a full list of paths of length three between two vertices of the
same efficient dominating set.

Lemma 2.1. Two permutations m,7 € D,,1 < p < n, are at distance three from each
other in P,,n > 3, if and only if:

1) either T = rjrirj, 2 < i < j < n, where 7 = [AB~|, 7 = [AB~);

2)or T =mriTiri—jy1, 2 < j < i< n, where m = [pAB~], T = [pBA®].

Proof. We consider 7 € D,, such that 7 = [pagfk|,m; = g. Let us find other vertices
from D,, being at the distance three from 7. Let 7' = 7r; = [gappk], where 7} = p,2 <

j < n. An application of a prefix-reversal r;,2 < i < n,i # j, to the permutation 7!
gives us two cases: either ¢ < j ors > j.
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1)Ifi < j then 72 = 7lr; = [aqarpBk], where 72 =p,a=aiazand || =i —1,
andthen 7 = 7%r; = [pas gazBk]. Hence 7 = T and we get T = [AB7], T = [ABY]
by setting A = pa, B = aaq, v = Bk. Note, that using r; is the only way to restore p to
the first position and thus to end at an element of D), after reaching 2.

2) If i > j then 2 = 7lr; = [BipagBek], where 2 41 = P B = PPz and
|31| =i — j,and then 7 = 7r;_;+1 = [pBragBak]. Hence 7 = mrjrir;i—j11 and we get
m = [pAB~7], T = [pBA~y] by setting A = aq, B = (1, 7 = (2k. Note, that using 7;_ ;1
is the only way to restore p to the first position and thus to end at an element of D,, after
reaching 72. O

The next lemma gives a description of paths of length three defined on internal edges
of the graph between vertices of given forms.

Lemma 2.2. Let permutations w and T be presented as:

1) = [y1AB| and T = [y1 AB~s), where |y1| = 1, |A| > 2. Then:
a) there exists a unique path of length three:
T = Tl |+ AT AT |+ Al 2.1)

provided that either |y1| > 2 and |A| > 2, or |11| = 1 and |A| >
b) there are two paths of length three:

T = Trarara, T = Trarars, (22)

provided that |y, = 1 and |A| = 2;

2) 7w = [y1AB~s) and T = [y1 BA~s), where |y1| = 0, |A| > > 1. Then:
a) there is a unique path of length three:
T = 7T7“‘,Y1|+2’r‘27'|71‘+2, (23)
provided that |y1| > 2, and |A| = |B| = 1;
b) there is a unique path of length three:
T = TT|n |+ Al | [+ A+ BI Tl |+ B> 2.4
provided that || = 1, and |A| # 1 or |B| # 1;
c) there are two paths of length three:
T = MTraTr3Ty = MIr3rars, 2.5)
provided that |v1| = |A| = |B| = 1;
d) there is a unique path of length three:
T :WT\A\T|A|+\B\T\BM (2.6)

provided that |v1| = 0 and |A| > 2, |B| > 2
There are no other paths of length three between m and T of these types.
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Proof. 1)If = [y ABvs] and 7 = [y; AB~3), then (2.1) is checked by a direct verifica-

TlviltlAl

tion: [y AByo] S [AF1Bya] B [AF1Brs] S [y, ABAs). Suppose that there
is one more path of length three. Then these two paths should form a 6—cycle. In part (a),
either |y1| > 2 and |A] > 2, or |y1| = 1 and |A] > 3, 50 7, |4|4] = 7sm for some m > 4,
but by Theorem 1.2, no 6—cycle includes r,, with m > 4 in its form. Therefore, the given
path is the only one in this case. In part (b), |y1] = 1 and |A| = 2, so m = 3 and the
condition of Theorem 1.2 holds, hence we obtain two distinct paths of stated forms (2.2).

2)Ifm = [y1ABys]) and T = [y1 BAvs), and |y1| > 2, |4| > 1, |B| > 1, then there is
the following path of length four between these vertices:

Tlvil+1Al

T =[nABy] 5 [AF1Bys) T l+I4141B] (Bry1 Avs) Tl

[71BA~] "yl [11BA7vs] = 7. 2.7

Suppose there is also a path of length three between m and 7. By Theorem 1.1, there
are no cycles of length 3 or 5, and hence no paths of lengths 3 and 4 exist between two
fixed vertices unless the paths are disjoint. This means that these two paths should form
a T—cycle, including the sequence 7, 4aTm-tatb"m+b7m, Where |[y1| = m, |A| = a and
|B| = b. By Theorem 1.2, this is possible only in the case when m = k — 2,k > 4, and
a = b = 1, which implies that a unique path of length three has the form r.,, o727, 2 that
corresponds to (2.3).

Putting |y1| = 1in (2.7), a path T = 77, |1 A|"|y1 |+ | A|+|B| |7 | +| B|» corresponding
to (2.4), is obtained. Taking |y1| = m, |A| = a and |B| = b, the obtained path is presented
as "mtaTm+at+bTm+b. Suppose that there is one more path of length three between 7 and
7. Then these two paths should form a 6—cycle. By Theorem 1.2, this is possible only in
the case when m = a = b = 1, which gives us the paths 7 = 7rorgre and 7 = 7ryrars,
corresponding to (2.5).

Putting |y1| = 0 in (2.7), a path 7 = 77| 4|7 4|+ |B|7|B|> corresponding to (2.6) with
|A| > 2, |B| > 2, is obtained. Suppose there is one more path of length three between
m and 7. Then these two paths should form a 6-cycle. By the conditions of Lemma,
|A| 4 |B| > 4, hence 7| 4|4|p| = Tm for some m > 4, but by Theorem 1.2, no 6—cycle
includes r,,, with m > 4 in its form. Therefore, the given path is the only one in this case.
If |A| = 1 or |B| = 1, then the path above is transformed into a 2—path or an edge. This
completes the proof of the lemma. O

3 Proof of Theorem 1.3

To find all 8—cycles passing through the same vertex in P,,n > 4, we use its hierarchical
structure by considering recursively 8—cycles within each copy Py, 4 < k < n, consisting
of vertices from copies of Pj_;. It is assumed that any copy of Pj_; has at least two
vertices, since each vertex has a unique external edge. We obtain canonical forms of 8-
cycles and count their numbers.

Case 1: an 8—cycle within P, has vertices from two copies of P,

Suppose that an 8—cycle is formed on vertices from copies P;_1(p) and Pi_1(s), 1 <
p # s < k. It was shown in [8] that if two vertices 7 and 7, belonging the same (k — 1)-
copy, are at the distance at most two, then their external neighbours 7 and 7 should belong
to distinct (k—1)—copies. Hence, an 8—cycle cannot occur in situations when its two (three)
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Pi_1(p) Pi_1(p)

P3

P2 P2

= [sBqap] [sBazqaip] |= = [sBqap] [sB2q0B1p] /

T1l= [pagpBs] [pa1qoz Bs) = m° T1l= [pagpBs] [pBrogBas)l=

Ti Ti

Tj

, < Ti Tiej+1
w52 = [qapfs] [aaqaip

T = [&EP‘BS] [BipagBas] = w5

Bs] = w53
P}Cfl(S)

case 1 case 2

Figure 1: (4 + 4)-situation.

vertices belong to one copy and six (five) vertices belong to another one. Therefore, such
an 8—cycle must have four vertices in each of the two copies.

(4 + 4)-situation. Suppose that four vertices of such an 8-cycle belong to a copy
Py._1(s), and other four vertices belong to a copy Pi_1(p). Herewith, four vertices of
Py._1(s) should form a path of length three whose endpoints should be adjacent to vertices
from Pj_1(p), which means both vertices should belong to the efficient dominating set
D,,. So, one vertex of P,_1(s) that is adjacent to a vertex of P;_1(p) must have the form
[pagBs]. By Lemma 2.1, it is not hard to see that this gives rise to two possible forms for
the remaining vertices of P_1(s). These are given in Figure 1, where || = j — 2 and so
|B] = k — j — 1. In the first case we also have & = aj s and |az| = ¢ — 1 > 1, while in
the second case we also have 81| =i —j > land |B2| =k —i — 1.

Denote y; = s83, A = qaz, B = a1, v2 = p, where |y1| = |B]| +1 > 1, |A| > 2,
|B| > 0, then in the first case 7P, 7Pt have the forms [y; AB7s] and [y; AB72]. By
Lemma 2.2 (case 1a), there is a unique path of length three between these permutations if
Il =18l+1=k—j>1land |[A] = |az] +1 =i >3, ork—j >2andi > 2,
and by Lemma 2.2 (case 1b), there are two distinct paths if k. — j = 1 and ¢+ = 2. Hence,
such an 8—cycle has the form C§ = ry_j 7Tk jrirkrTiriTE, With2 < i < j < k — 1,
4 < k < n, the canonical form of which corresponds to (1.1). The case of k — j = 1 and
1 = 2 by symmetry gives one additional form C’g = TE_1ToTp_1TET2T3T27, the canonical
form of which corresponds to (1.2).

Denote v, = 8032, A = 1, B = qa, 7o = p, where |y1| = |82 +1 > 1, |A| = 1] =
1,|B| = |a| +1 > 1, then in the second case we have P! = [y; ABs], 7P* = [y1 BAY2].
By Lemma 2.2 (case 2a), there is a unique path of length three between 7' and 7P4 if
lm|l=k—i>2,|Al=|f1|=i—j=1land |B|=|a|+1=j—1=1. Hence, j=2,
1 =3, and for k > 5 an 8—cycle has the form r_ 797,17, 7273727, cOrresponding again
to the canonical form (1.2).

By Lemma 2.2 (case 2b), there also exists a unique path of length three between 7P*
and 7P if |y | =k —i =1, |Al = |f1|=i—j =2 1,|B|=|a|+1=45—12> 1. This
means that ¢ = k— 1, and such an 8—cycle has the form Cg‘ = TRTk—jTh—1TTETk—jTk—1T7>
2 < j < k — 2, the canonical form of which corresponds to (1.3), if we set 7 = 4. So, there
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Py 1(q)
T4 = [sBpaq]

[pavsBq) A mis

Tk

[sBgap] = 7

Py_1(p)

Figure 2: (2 + 2 + 4)-situation.

is a unique path of length three under the conditions listed, unless |A| = |B| = 1 when by

Lemma 2.2 (case 2c) this path is not unique. So, k = 4,j = 2,7 = 3 and 8—cycles take

forms rorsreryrsrorsry and ryrorsryrsrarsry, corresponding to forms (1.2) and (1.1).
Thus, all 8—cycles occurring in the case of two copies are found.

Case 2: an 8—cycle within P, has vertices from three copies of Py _

Suppose an 8-cycle is formed on vertices from copies Py—1(p), Pr-1(q), Pr—1(s),
where 1 < p # q # s < k. There are following possible situations in this case.

(2 4+ 2 + 4)-situation. The distribution of vertices among the copies is presented by
Figure 2. Let m°* = [pagfs] where 7' = ¢ with |a| =i — 2, |8] = k —i — 1. Then
w2, Pt P2 9t and w9 are straightforward to define. Vertices 79 and 794 differ in the
order of segments s/ and pa, hence they have the forms [y; AB~2] and [y; BA~»], where
v1 is empty, A = s8, B = pa, o = gand |[A| = |8/ +1 > 1, |B| = |a| +1 > 1.
By Lemma 2.2 (case 2d), between 79' and 7% there exists a unique path of length three
provided that |A| = k — 4 > 2, |B| = i — 1 > 2, and no path of this length if |A| = 1
or |B| = 1. Thus, an 8—cycle has the form Cg = 747y _; 17kTi_17k_17k_iTkTi>» Where
3 <1< k—2,k > 5, the canonical form of which corresponds to (1.4).

(2 + 3 + 3)-situation. The distribution of vertices among the copies is presented by
Figure 3. Let 7°* = [pagfs], where |a| = ¢ — 2 and |3| = k — ¢ — 1. Then 72, 7P1
and 77 are straightforward to define. Since 773 and 79 are joined by an external edge,
7l® = q. Moreover, 7P! and 7P* should be joined by a path of length two that can be
obtained by two ways:

[BosBrqap] — qf1sBacip) = mP3,  where |Ba] # 0.
[azgBsaip] — [qaafsarp] = 775, where |as| # 0.

7Pt = [sBqap] — {

From the other side, 7% and 773 are joined by an external edge, hence 7{* = p, and there
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Pr1(p) Pia(q)

Figure 3: (2 + 3 + 3)-situation.

should be a path of length two between 79 and 79 such that:

[B25B1paq] — [pBrsBacg] = 79, where |G| # 0.
[@ipBsasq] = [pay fsasq] = 7Tq§7 where || # 0.

<t

Analysis of non—empty segments in these permutations shows that external edges occur
between: 75 and 79, if |as| = 0, || = 0; 775 and 7%, if [ay| = 0, |81] = 0; 7¥5 and
7% if |B] = 0. There is no external edge between 775 and 7% since they have the same
order of elements in the segment s/3s.

Since || = i — 2, |8| = k — i — 1, then using the edge between 775 and 79, where
laa| = 0, |81] = 0, we have |a] > 1, |f| > 1, and such an 8-cycle has the form
Cg = TRTk—iTk—it1TkTi—1Tk—17kTi, With 3 < ¢ < k — 2,5 < k < n, the canoni-

cal form of which corresponds to (1.5). Using the external edge between 75 and 7rq§,
where |a1| = 0, |B1] = 0, we have |a| > 1, |8| > 1, and such an 8-cycle has the form
TETk—1Ti—1TkTk—i+1Tk—iTkTi» Where 3 < ¢ < k — 2, the canonical form of which also
corresponds to the form (1.5). Finally, using the external edge between 773 and 79, where
|8l = 0,wehavei =k — 1, |a1| = j = 1, |aa| = kK — 3 — j > 1, so there is one more
8—cycle of the form C’g = TRTk—j—1Tk—j—2TkTj+1Tj4+2TkTk—1, Where 1 < j < k — 4,
5 < k < n, the canonical form of which corresponds to (1.6), if we put j = ¢ — 1.
Thus, all 8—cycles occurring in the case of three copies are found.

Case 3: an 8—cycle within P, has vertices from four copies of P;,_;

The distribution of vertices among the copies is presented by Figure 4. Let 77* =
[satBpyq], where || > 0, |B] = 0, || = 0. There are two cases.

1) Suppose that 7% is adjacent to 7%, and 792 is adjacent to 7**. Since there is only one
cycle edge within each copy, hence this edge is uniquely defined and all vertices’ labels are
straightforward to obtain (see Figure 4, case 1). Thus, we end up with 7?* = [satSB¢7yp],
P2 = [tasBqyp). If an 8—cycle does exist, then 7P, P2 should be incident to the same
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Pia(q)

= [satBpa)  (rsBpygly me [satBpyal  [pBrasyq= x

Tlal+]8+3 . Pi_1(p)

Figure 4: (2 + 2 + 2 + 2)-situation.

internal edge, and hence, there should exist a prefix—reversal transforming 7”* into 772,
namely, 7q|42. f we set || =i—2, || = j—i—1,|y| =k—j—1,where2 <i < j <k,
then such an 8—cycle is presented by the form 087 = TRTk—j 1Tk Tk k—j4+1TkTi, Where
2<i1<j<k—1,4 <k < n,the canonical form of which corresponds to (1.7).

2) Suppose that 77 is adjacent to 7°', and 7% is adjacent to 7P (see Figure 4, case
2), then we end up with 7%t = [sagyppBt], 72 = [pBgysat]. In this case, an internal edge
between vertices 7't and 7*2 does exist only if || = |3] = |y| = 0, which means that
k = 4 and such an 8—cycle takes the form (1.8).

Therefore, all canonical forms for 8—cycles in P,,n > 4, are obtained.

Now we count the total number N = Z?Zl N, ci of distinct 8—cycles passing through
a given vertex, where Ncé corresponds to the number of distinct 8—cycles described by the
canonical form C’g, 1 <7 < 8. Let us note that any canonical form of an [-cycle describes
l cycles (not necessarily distinct) for a given vertex. Among all canonical forms (1.1)—
(1.8), there is the only one, namely the form (1.5), which describes eight distinct 8—
cycles. In other cases, identical forms occur. For example, from the canonical form C§ =
r4T3T4T37T4T37T47T3 ONE Can get two forms, namely, r4r3Tar3rarsrars and 3141347374737 4
which are identical because they describe the same 8—cycle. Thus, the canonical form C§
gives the only 8-cycle, hence, Ncz = 1. In other cases, it can be shown in the same
manner (by taking into account identical forms) that the numbers N¢;, 1 < @ < 7, are

given as follows: Ngi = % Nez = 4(n = 3), Neg = (n —2)(n - 3),
Nes = Nes = 2(n—3)(n—4), Nog = 4(n — 3)(n— 4), Nz = =202y,

the total number is given by

N n® +12n% — 103n 4 176
= 5 7

which completes the proof of the theorem. O

3 2
The total number of distinct 8—cycles in P,,, n > 4, is given by ™ +12n 1g103n+176)

since there are n! vertices in the graph each of which belongs to N distinct 8—cycles. This
proves Corollary 1.4.
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A maximal set of independent 8—cycles in P,,n > 4, contains %I of these, since P,
has three independent 8—cycles, and there are ;’—i copies of P, each of which consists of
exactly three independent 8—cycles. This proves Corollary 1.5.
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Abstract

In this paper, we show that all fat Hoffman graphs with smallest eigenvalue at least
—1 — 7, where 7 is the golden ratio, can be described by a finite set of fat (—1 — 7)-irre-
ducible Hoffman graphs. In the terminology of Woo and Neumaier, we mean that every fat
Hoffman graph with smallest eigenvalue at least —1 — 7 is an #-line graph, where H is the
set of isomorphism classes of maximal fat (—1 — 7)-irreducible Hoffman graphs. It turns
out that there are 37 fat (—1 — 7)-irreducible Hoffman graphs, up to isomorphism.

Keywords: Hoffman graph, line graph, graph eigenvalue, special graph.
Math. Subj. Class.: 05C50, 05C75

1 Introduction

P. J. Cameron, J. M. Goethals, J. J. Seidel, and E. E. Shult [1] characterized graphs whose
adjacency matrices have smallest eigenvalue at least —2 by using root systems. Their re-
sults revealed that graphs with smallest eigenvalue at least —2 are generalized line graphs,
except a finite number of graphs represented by the root system Eg. Another characteri-
zation for generalized line graphs were given by D. Cvetkovi¢, M. Doob, and S. Simi¢ [3]
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by determinig minimal forbidden subgraphs (see also [4]). Note that graphs with smallest
eigenvalue greater than —2 were studied by A. J. Hoffman [5].

Hoffman [6] also studied graphs whose adjacency matrices have smallest eigenvalue at
least —1 — /2 by using a technique of adding cliques to graphs. R. Woo and A. Neumaier
[12] formulated Hoffman’s idea by introducing the notion of Hoffman graphs. A Hoff-
man graph is a simple graph with a distinguished independent set of vertices, called fat
vertices, which can be considered as cliques of size infinity in a sense (see Definition 2.1,
and also [8, Corollary 2.15]). To deal with graphs with bounded smallest eigenvalue, Woo
and Neumaier introduced a generalization of line graphs by considering decompositions of
Hoffman graphs. They gave a characterization of graphs with smallest eigenvalue at least
—1 — /2 in terms of Hoffman graphs by classifying fat indecomposable Hoffman graphs
with smallest eigenvalue at least —1 — /2. This led them to prove a theorem which states
that every graph with smallest eigenvalue at least —1 — /2 and sufficiently large minimum
degree is a subgraph of a Hoffman graph admitting a decomposition into subgraphs iso-
morphic to only four Hoffman graphs. In the terminology of [12], this means that every
graph with smallest eigenvalue at least —1 — /2 and sufficiently large minimum degree
is an H-line graph, where H is the set of four isomorphism classes of Hoffman graphs.
For further studies on graphs with smallest eigenvalue at least —1 — /2, see the papers by
T. Taniguchi [10, 11] and by H. Yu [13].

Recently, H. J. Jang, J. Koolen, A. Munemasa, and T. Taniguchi [8] made the first step
to classify the fat indecomposable Hoffman graphs with smallest eigenvalue —3. However,
it seems that there are so many such Hoffman graphs. A key to solve this problem is the
notion of special graphs introduced by Woo and Neumaier. A special graph is an edge-
signed graph defined for each Hoffman graph. Although non-isomorphic Hoffman graphs
may have isomorphic special graphs, it is not difficult to recover all the Hoffman graphs
with a given special graph in some cases.

In this paper, we introduce irreducibility of Hoffman graphs and classify fat (—1 — 7)-
irreducible Hoffman graphs, where 7 := 1+‘[ is the golden ratio. This is a somewhat more
restricted class of Hoffman graphs than those considered in [8], and there are only 37 such
Hoffman graphs. As a consequence, every fat Hoffman graph with smallest eigenvalue at
least —1 — 7 is a subgraph of a Hoffman graph admitting a decomposition into subgraphs
isomorphic to only 18 Hoffman graphs. In the terminology of [12], this means that every
fat Hoffman graph with smallest eigenvalue at least —1 — 7 is an H{-line graph, where H is
the set of 18 isomorphism classes of maximal fat (—1 — 7)-irreducible Hoffman graphs.

2 Preliminaries
2.1 Hoffman graphs and eigenvalues

Definition 2.1. A Hoffman graph $) is a pair (H, p) of a graph H and a vertex labeling
w: V(H) — {slim, fat} satisfying the following conditions: (i) every vertex with label
fat is adjacent to at least one vertex with label slim; (ii) the vertices with label fat are
pairwise non-adjacent.

Let V(9) := V(H), V($) := p~'(slim), VI (9) := p~!(fat), and E($H) =
E(H). We call a vertex in V*($)) a slim vertex, and a vertex in V/ () a fat vertex of $.
We represent a Hoffman graph ) also by the triple (V*($), V7 (), E($)).

For a vertex « of a Hoffman graph §), we define N };( ) (resp. N¢ (7)) to be the set of
fat (resp. slim) neighbors of z in §). The set of all neighbors of z is denoted by N (z), that
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is, Ny (2) := N{ () U N ().

A Hoffman graph $) is said to be far if every slim vertex of §) has a fat neighbor. A
Hoffman graph is said to be slim if it has no fat vertex.

Two Hoffman graphs $ = (H, p) and ' = (H', ') are said to be isomorphic if there
exists an isomorphism from H to H’ which preserves the labeling.

A Hoffman graph $ = (H', i) is called an induced Hoffman subgraph (or simply a
subgraph) of another Hoffman graph ) = (H, ) if H' is an induced subgraph of H and
u(x) = p/(z) holds for any vertex x of §’.

The subgraph of a Hoffman graph $) induced by V*($)) is called the slim subgraph of
9.

Definition 2.2. For a Hoffman graph $), let A be its adjacency matrix,

As C
4= (et )
in a labeling in which the fat vertices come last. The eigenvalues of $) are the eigenvalues

of the real symmetric matrix B(§)) := A, — CCT. We denote by Apin () the smallest
eigenvalue of B($)).

Remark 2.3. An ordinary graph H without vertex labeling can be regarded as a slim
Hoffman graph §). Then the matrix B($)) coincides with the ordinary adjacency matrix
of the graph H. Thus the eigenvalues of H as a slim Hoffman graph are the same as the
eigenvalues of H as an ordinary graph in the usual sense.

Example 2.4. Let 1, 911, and $H111 be the Hoffman graphs defined by

Ve($r) = {ui}, Vi) ={h}, E(91) = {{v1, fi}},
Ve (H1) = {v}, VIi®n) ={f, 2}, E®n) = {{v1, i}, {v1, f2}},
VE(Hm) = {v1,v2}, VI/(®m) = {f}, E®m) = {{v1, i}, {v2, f1}}

(see Figure 1). Note that Apin(91) = —1 and Apin (H11) = Amin (H111) = —2.

2] i N

Figure 1: The Hoffman graphs $1, 11, and 11

Lemma 2.5 ([12, Lemma 3.4]). The diagonal entry B($))z. of the matrix B($)) is equal
to —\Ng (x)|, and the off-diagonal entry B($)) 4,y is equal to Ay, — |N£(x) N N}; (m)]-

Lemma 2.6 ([12, Corollary 3.3]). If & is an induced Hoffman subgraph of a Hoffman
graph 9, then Amin(®) > Amin () holds. In particular, if T is the slim subgraph of 9,
then >\min(r) Z /\Irlin(~6)~
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2.2 Decompositions of Hoffman graphs

Definition 2.7. A decomposition of a Hoffman graph $) is a family {$°}? ; of Hoffman
subgraphs of $) satisfying the following conditions:

@) V(9) =U V(®):
(i) V*(H)NV(H)) = 0if i # j;
(i) ifz € V*(9?),y € VI(9), and {z,y} € E(H), theny € V(H);

(iv) ifz € V5(H7), y € V*($7), and i # j, then [N (z) N N{(y)| < 1, and [N (2) N
Né(y)\ = lif and only if {z,y} € E($).

If a Hoffman graph §) has a decomposition {§3°}" ;, then we write § = #JI"_, H°.

Example 2.8. The (slim) complete graph I, is precisely the slim subgraph of the Hoffman
graph § = )", $° where each §)’ is isomorphic to 1, sharing the unique fat vertex.

Ordinary line graphs are precisely the slim subgraphs of Hoffman graphs $ = ;- ; e,
where each $? is isomorphic to ;.

The (slim) cocktail party graph CP(n) = K, 2 is precisely the slim subgraph of the
Hoffman graph § = )", $° where each $)’ is isomorphic to 1, sharing the unique fat
vertex.

Generalized line graphs are precisely the slim subgraphs of Hoffman graphs § =
¥, %, where each " is isomorphic to Hi1 or Hirr (see [12]).

Definition 2.9. A Hoffman graph $) is said to be decomposable if §) has a decomposition
{9}, with n > 2. We say ) is indecomposable if §) is not decomposable.

Example 2.10. A disconnected Hoffman graph is decomposable.

Definition 2.11. Let o be a negative real number and let §) be a Hoffman graph with
Amin () > «a. The Hoffman graph §) is said to be a-reducible if there exists a Hoffman
graph $)’ containing $) as an induced Hoffman subgraph such that there is a decomposition
{92, of § with Apin(H?) > aand VE(H) NV3(H) # 0 (i = 1,2). We say 9 is
a-irreducible if A\pin($)) > « and §) is not a-reducible. A Hoffman graph §) is said to be
reducible if $) is Apin ($)-reducible. We say § is irreducible if §) is not reducible.

Lemma 2.12 ([8, Lemma 2.12]). Ifa Hoffman graph $) has a decomposition {$)*}?_,, then
Amin(9) = min{\pnin (99 | 1 < i < n}. In particular, an irreducible Hoffman graph is
indecomposable.

Example 2.13. For a non-negative integer ¢, let & ; be the connected Hoffman graph
having exactly one slim vertex and ¢ fat vertices, i.e.,

R = (V5(R1,0), VI(R14), E(Ray)) = ({0} { 1o b o, fi} i =1, 8)).
Then &, ; is irreducible and A\pin (R1,1) = —¢.

Example 2.14. By Example 2.13, the Hoffman graphs ;1 (= £; 1) and 911 (= £ 2) are
irreducible. The Hoffman graph 1 is also irreducible.
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Example 2.15. Let $1v be the Hoffman graph defined by
Ve (Hry) = {v, 02}, VI (Hry) = {f1, f2} and
E®rv) = {{v1,v2}, {v1, f1}, {v2, fo}}.

The Hoffman graph )1y is indecomposable but reducible. Indeed, it is clear that $yy is
indecomposable. Let $)' be the Hoffman graph obtained from ;v by adding a new fat
vertex f3 and two edges {v1, f3} and {vz, f3}. The Hoffman graph £’ is the sum of two
copies of $1, where the newly added fat vertex is shared by both copies, that is, £’ is
decomposable. Furthermore, Apin (911) = Amin ($1v) = —2. Hence 91y is reducible.

Proposition 2.16. Let G be a slim graph with at least two vertices. If G has maximum
degree k, then G is (—k)-reducible.

Proof. Let GG be a slim graph with maximum degree k. We define a Hoffman graph $j by
adding a fat vertex for each edge e of G and joining it to the two end vertices of e. Note
that G is the slim subgraph of §). For each slim vertex x € V*(§)), let $* be the Hoffman
subgraph of §) induced by {z} U N é(m) Then $” is isomorphic to the Hoffman graph
£1,deg(z) defined in Example 2.13, and we can check that §) = Lﬂxe\/s(f)) $H*. Since
the maximum degree of G is k, Apnin(9*) = —degg(xz) > —k. Thus G is (—k)-re-
ducible. O

Definition 2.17. Let H be a family of isomorphism classes of Hoffman graphs. An H-line
graph is an induced Hoffman subgraph of a Hoffman graph which has a decomposition
{$%}7_, such that the isomorphism class of $° belongs to H foralli = 1,...,n.

2.3 The special graphs of Hoffman graphs

Definition 2.18. An edge-signed graph S is a pair (S, sgn) of a graph S and a map sgn :
E(S) — {+,-}. Let V(S) := V(S), ET(S) := sgn " !(+), and E~(S) := sgn~1(-).
Each element in ET(S) (resp. E~(S)) is called a (+)-edge (resp. a (—)-edge) of S. We
represent an edge-signed graph S also by the triple (V(S), ET(S), E~(S)).

An edge-signed graph &’ = (S, sgn’) is called an induced edge-signed subgraph of an
edge-signed graph S = (.9, sgn) if S’ is an induced subgraph of .S and sgn(e) = sgn’(e)
holds for any edge e of 5.

Two edge-signed graphs S and S’ are said to be isomorphic if there exists a bijection
¢ :V(S) — V(&) such that {u,v} € ET(S) if and only if {¢(u),p(v)} € E(S’) and
that {u,v} € E~(S) if and only if {¢(u), d(v)} € E~(S").

An edge-sined graph S is said to be connected (resp. disconnected) if the graph (V' (S),
ET(S)U E~(8)) is connected (resp. disconnected).

Example 2.19. A connected edge-signed graph with at most two vertices is isomorphic to
one of the edge-signed graphs S; 1, Sz,1, and Sa 2, where

0
{

V(S21) = {orvah, E*(So) = {{on, 021}, B (S21) =0,
V(SQ)Q):{U]_,’UQ}, E+(82)2) , E_(8272): {’Ul,’l)g}}.

(see Figure 2 in which we draw an edge-signed graph by depicting (+)-edges as full lines
and (—)-edges as dashed lines).

V(S1,1) = {v1}, E*(S11) E=(S11) =0,
{
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®
[ ) [ )
Si1 Sa.1 S22

Figure 2: The connected edge-signed graphs with at most two vertices

Definition 2.20. The special graph of a Hoffman graph §) is the edge-signed graph
S(H) = (V(S(9)), E*(S(%)), E~(S(%)))
where V(S(9)) := V*(9) and
ET(8(9)) = {{u,v} | u,v € VE(H),u # v, {u,v} € E(ﬁ),N%;(u) N N%:(v) =0},
E-(8(®)) := {{u,v} |u,v € V), u #v,{u,v} ¢ E(ﬁ),Nﬁ(u) N Nﬁ(v) # (0}.
Lemma 2.21 ([8, Lemma 3.4]). A Hoffiman graph $) is indecomposable if and only if its
special graph S(8)) is connected.
Definition 2.22. For an edge-signed graph S, we define its signed adjacency matrix M (S)
by
1 if {u,v} € ET(S),
(M(S))uu = -1 if{u,'[}} € E_(S)7
0 otherwise.
We denote by Apyin (S) the smallest eigenvalue of M(S).
We remark that P. J. Cameron, J. J. Seidel, and S. V. Tsaranov studied the eigenvalues
of edge-signed graphs in [2].
Lemma 2.23. If S’ is an induced edge-signed subgraph of an edge-signed graph S, then
)\min(sl) Z Amln(‘g)
Proof. Since M (S’) is a principal submatrix of M (S), the lemma holds. O

Lemma 2.24. Let § be a Hoffman graph in which any two distinct slim vertices have at
most one common fat neighbor. Then

M(S8(9)) = B(®) + D(9),
where D(8)) is the diagonal matrix defined by D(8)) 3o := |N}; ()| for x € V3 (9).
Proof. This follows immediately from the definitions and Lemma 2.5. O

Lemma 2.25. If $) is a fat Hoffman graph with smallest eigenvalue greater than —3, then
)\mln(s(f))) Z Amin (57)) + 1.

Proof. 1If some two distinct slim vertices of §) have two common fat neighbors, then £
contains an induced subgraph with smallest eigenvalue at most —3. This contradicts the
assumption by Lemma 2.6. Thus the hypothesis of Lemma 2.24 is satisfied. Since §) is
fat, the smallest eigenvalue of M (S(9)) = B($) + D(9) is at least Apin () + 1 by [7,
Corollary 4.3.3], proving the desired inequality. O



A. Munemasa et al.: Fat Hoffman graphs with smallest eigenvalue at least —1 — T 253

3 Main Results

3.1 The edge-signed graphs with smallest eigenvalue at least —7

Definition 3.1. Let p, ¢, and r be non-negative integers withp +¢q < r. Let V,, V,, and V.
be mutually disjoint sets such that |V;| = ¢ where i € {p,q,r}. Let U, and U, be subsets
of V. satisfying |U,| = p, |U,| = ¢, and U, NU, = 0. Let Q,, , , be the edge-signed graph
defined by

V(QP#Z,T) = Vp U V:z U V’I‘7
EH(Qpar) = {0} |0 Upv e Vb Uf{n,'} | 0,0 € Vyw £ 0'),
E (Qpqgr) = {{u,v}|uelUjveV,}

(see Figure 3 for an illustration).

Figure 3: Q326

Lemma 3.2. For any non-negative integers p, g, and r withp+q < 7, Amin(Qp.g.r) > —T.

Proof. Let
0 0 1 0
0 0 0 —I
M@Qrrar) =11 o j_1
0 —I J J—-1
Multiplying
I 0 zI O
0 I 0 —af
0 0 I 0
0 0 O 1
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from the left to 21 — M (Q, , 2,), we find

_ oy |@ eI (2P -1
|2I — M(Qyr2r)| = (—1) o (24— DI +aJ
— (2 — 1) I I
=(x" 4z —1) a] (2®+x— 1) —aJ

=@ +x—-1D"(2* + 2z — 1) —22J]
=@ +r-1D""2? = 2r -1z —1).

In particular, we obtain Apin(Qy r2,) = —7. Since p < r and ¢ < r, Q,, 2, has an
induced edge-signed subgraph isomorphic to Q,, ,,. By Lemma 2.23, Ain(Qpq,r) >
)\min(Qr,r,Qr) = —-T. O

Example 3.3. Let 77 and 75 be the edge-signed triangles having exactly one (+)-edge
and exactly two (+)-edges, respectively, i.e., V(T1) = V(Tz) = {v1,ve,v3}, ET(T1) =
E~(T3) = {{v1,v2}},and E~(T1) = E*(T3) = {{v1,v3}, {v2,v3}} (see Figure 4).

For €1,€2,€3 € {1, —1} and 6 € {O, :|:1}, let 81(61, €9, 63), 82(61, €9, 5), 53(61, €2, 5),
and Sy (€1, €2) be the edge-signed graphs in Figure 5, where an edge with label 1 (resp. —1)
represents a (+)-edge (resp. a (—)-edge) and an edge with label 0 represents a non-adjacent
pair.

It can be checked that each of the edge-signed graphs T3, Si(e€1, €2, €3), Sa(e1, €2,9),
Ss(€e1,€2,0), S4(€1, €2) has the smallest eigenvalue less than —7.

.
S e
o .

o .
B »
o .
o .
B .
o .

——o
T Tz

Figure 4: The edge-signed triangles 77 and 7

Theorem 3.4. Let S be a connected edge-signed graph with Apin(S) > —7. Assume that
S does not contain an induced edge-signed subgraph isomorphic to Ty. Then either S is
isomorphic to Qp, 4 » for some non-negative integers p,q,r with p + q < r, or S has at
most 6 vertices and is isomorphic to one of the 15 edge-signed graphs in Figure 6.

Proof. By using computer [14], we checked that the theorem holds when |V (S)| < 7. We
prove the assertion by induction on |V'(S)|. Assume that the assertion holds for [V (S)| = n
(> 7). Suppose that |V (S)| = n + 1. It follows from Problem 6(a) in Section 6 of [9] that
there exists a vertex v which is not a cut vertex of S. Then & — v is connected, where S —v
is the edge-signed subgraph induced by V(S) \ {v}. Since Amin (S —v) > Amin(S) > —7,
the inductive hypothesis implies that S — v is isomorphic to Q,, , , for some p, ¢, with
p+q+r = n. Thus S is the edge-signed graph obtained from Q, ,, by adding the
vertex v and signed edges between v and some vertices in @, , .. Note that r > 4 since
n=p+q+r>Tandp+q<r.
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1)
€ € €
(&}

(2]
Si(e1, €2, €3) Sa(e1, €2,9)
€ 6

€ [}

Ss(e1, €2,9) Sa(e1, €2)

Figure 5: Edge-signed graphs with smallest eigenvalue less than —7

We claim that either v is adjacent to only one vertex of V., or to all the vertices of V..
Note that S cannot contain any of the edge-signed graphs Tz, Si (€1, €2, €3), Sa(€1, €2,0),
S3(€1,€2,0), S4(€1, €2) in Example 3.3. If v is adjacent to none of the vertices of V., then
S contains Sy(€1, €2) as an induced edge-signed subgraph, a contradiction. If the number
of neighbors of v in V. is at least 2 and less than r, then S contains Ss(e1, €2,0) as an
induced edge-signed subgraph, a contradiction. Thus the claim holds.

Now, if v is adjacent to only one vertex of V., then the unique neighbor of v in V,. is in
Vi \ (Up U Uy). Indeed, otherwise we would find Sy (€1, €2, ) as an induced edge-signed
subgraph, a contradiction. Also, v is adjacent to none of the vertices of V, U V since oth-
erwise we would find S (€1, €2, €3) as an induced edge-signed subgraph, a contradiction.
Thus S is isomorphic to Q,41,q,r OF Op g41,r-

Suppose that v is adjacent to all the vertices of V,.. Since V. is a clique consisting of
(4)-edges only, the assumption implies that v is incident with at most one (—)-edge to V..
If there is a vertex of V. joined to v by a (—)-edge, then we find 72 as an induced edge-
signed subgraph, a contradiction. Thus all the edges from v to V. are (+)-edges. Now v
is adjacent to none of the vertices of V,, U V since otherwise we would find S3(e1, €2, 0)
as an induced edge-signed subgraph, a contradiction. Thus S is isomorphic to Q) ¢ r41.
Hence the theorem holds.

Lemma 3.5. The smallest eigenvalues of the signed adjacency matrices of the edge-signed
graphs in Figure 6 are given as follows:

V3

Q

~1.414213  if S € {S3.1,844},

dan(S) = 4 T~ -LB61553 ifS € {Si5, 855 S50}
1+t ~-1601679  ifS =83,

-7 —1.618034 otherwise,
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S31 S Su2 84,3

S5 Ss.1 Ss.3 Ss.4
Se.1 Se,2 Se,3

)

Figure 6: The 15 connected edge-signed graphs with smallest eigenvalue at least —7 not
containing 77, other than Q,, , . where p, ¢,  are some non-negative integers with p+¢q < r

where t is the smallest zero of the polynomial x> — 6x + 2.
Proof. This can be checked by a direct calculation. O

Remark 3.6. Among edge-signed graphs in Figure 6, the maximal ones with respect to
taking induced edge-signed graphs are Sy 1, S5,2, S5.3, S5.6. S6.1> S6,2, S6,3-

3.2 The special graphs of fat (—1 — 7)-irreducible Hoffman graphs

Lemma 3.7. Let ) be a Hoffman graph with smallest eigenvalue at least —1 — 7. Then
every slim vertex of $) has at most two fat neighbors.

Proof. If a slim vertex v of $ has at least 3 fat neighbors, then §) contains an induced
Hoffman subgraph isomorphic to the Hoffman graph £; 3 (see Example 2.13). By Lemma
2.6, we have Apin () < Amin(R1,3) = —3, which is a contradiction to Apin () > —1 —
T. O]

Lemma 3.8. Let S be a connected edge-signed graph with three vertices. Let D be a 3 X 3
diagonal matrix with diagonal entries 1 or 2 such that at least one of the diagonal entries
is 2. Then M(S) — D has the smallest eigenvalue less than —1 — 7.

Proof. This can be checked by a direct calculation. O
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Lemma 3.9. Let § be a fat indecomposable Hoffiman graph with smallest eigenvalue at
least —1 — 7. If some slim vertex of $) has at least two fat neighbors, then the special graph
S(9) of § is isomorphic to Qo 0.1, ©1,0,1, or Qo.1,1-

Proof. In view of Lemma 2.6, it suffices to show that every fat indecomposable Hoffman
graph with three slim vertices, in which some slim vertex has two fat neighbors, has the
smallest eigenvalue less than —1 — 7.

Let ) be such a Hoffman graph. Then S($)) is connected by Lemma 2.21 and B($)) =
M(S8($)) — D for some diagonal matrix D with diagonal entries 1 or 2 such that at least
one of the diagonal entries is 2. Then we have a contradiction by Lemma 3.8. 0

Example 3.10. Let $Hxv1 and $Hxv1r be the Hoffman graphs in Figure 7. The special graphs

of Hxyr and Hxyrr are Q1 o1 and Qg 1 1, respectively, and Apin (HxvI) = Amin(HDxvir) =
—1-—r.

Hxvi Hxvi

Figure 7: Fat indecomposable Hoffman graphs

Lemma 3.11. Let $ be a Hoffman graph in which every slim vertex has at most one fat
neighbor. Then the special graph S(9) of $) does not contain an induced edge-signed
subgraph isomorphic to T;.

Proof. Suppose that the special graph S()) of $) contains T; = ({v1, v2,v3}, {{v1,v2}},
{{v1,v3}, {v2,v3}}) as an induced edge-signed subgraph. Since vj is incident to a (—)-
edge, v3 must have a fat neighbor. Since every slim vertex of ) has at most one fat neighbor,
vs has a unique fat neighbor f. Then f is adjacent to v; and v. This is a contradiction to
{U17U2} S E+(’T1) ]

Lemma 3.12. Let $ be a Hoffinan graph in which every slim vertex has exactly one fat
neighbor. If the special graph S($) of $ is isomorphic to Qp 4., for some non-nega-
tive integers p, q,r, then $) is an induced Hoffman subgraph of a Hoffman graph $' with
V() = V*(9) which has a decomposition {$'}"_, such that $* is isomorphic to Hxvr1,
HxviL or i foralli =1,...,r. In particular, if v > 2, then $) is (—1 — 7T)-reducible.

Proof. By the assumption, V*($)) = V(S($)) is partitioned into V, UV, UV, as Definition
3.1. Consider the Hoffman graph $) defined by V*(§) := V*(§), V(&) := V/(H) U
{f*}, and E(®’) := E®) U {{v, f*} | v € V,.}, where f* is a new fat vertex. Note
that § is an induced Hoffman subgraph of £’ with V*($)) = V*($’). Then $’ has a
decomposition {$°}7_; with ! 2 Hxyy for 1 < i < p, H = Hxypforp <i < p+q,
and $° = Hy forp+ ¢ < i < p+ g + r (see Examples 2.4 and 3.10). Since r > 2 and
each of the Hoffman graphs $° has the smallest eigenvalue at least —1 — 7, it follows that
$is (—1 — 7)-reducible. O
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Theorem 3.13. Let $) be a fat indecomposable Hoffman graph with smallest eigenvalue at
least —1 — 7. Then the following hold:

(i) If some slim vertex of $ has at least two fat neighbors, then the special graph S($))
of 9 is isomorphic to Qo 0.1, Q1.0,1, or Qo,1.1-

(ii) If every slim vertex of $) has exactly one fat neighbor, then the special graph S($))
of ) is isomorphic to Q,, , » for some non-negative integers p, q,r withp+q < r or
one of the 15 edge-signed graphs in Figure 6.

Proof. The statement (i) follows from Lemma 3.9. We show (ii). Suppose that every slim
vertex of §) has exactly one fat neighbor. By Lemma 2.21, S§(£)) is connected, and by
Lemma 2.25, S($)) has smallest eigenvalue at least —7. Moreover, by Lemma 3.11, S($)
does not contain an induced edge-signed subgraph isomorphic to 7;. Now Theorem 3.4
implies that S(£)) is isomorphic Q,, 4 or one of the 15 edge-signed graphs in Figure 6. [J

Corollary 3.14. Ler $) be a fat (—1 — 7)-irreducible Hoffman graph. Then the special
graph S(9) of $ is isomorphic to Q0,0,1, 21,0,1, Qo,1,1, or one of the 15 edge-signed
graphs in Figure 6.

Proof. Since $) is (—1 — 7)-irreducible, $ is indecomposable. If some slim vertex of £
has at least two fat neighbors, then the statement holds by Theorem 3.13 (i). Suppose
that every slim vertex of $) has exactly one fat neighbor. By Theorem 3.13 (ii), S(£)) is
isomorphic to @, , » for some non-negative integers p, g, r, or one of the 15 edge-signed
graphs in Figure 6. Since ) is (—1 — 7)-irreducible, the former case occurs only for r = 1
by Lemma 3.12. Hence the corollary holds. O

3.3 The classification of fat Hoffman graphs with smallest eigenvalue atleast —1 — T

DS el

1 1 2
4.4 Nis Nis

Figure 8: The fat (—1 — 7)-irreducible Hoffman graphs with 3 or 4 slim vertices

Lemma 3.15. Let $) be a fat indecomposable Hoffman graph with smallest eigenvalue at
least —1 — 7. If the number of slim vertices of ) is at most two, then $) is isomorphic to
one of N1, H11, Hur Nrv, HNxvi, and Hxvir.
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1 2
55 955

Figure 9: The fat (—1 — 7)-irreducible Hoffman graphs with 5 slim vertices
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3

1 2 3
556,3 ‘66,3 ”66.,3

Figure 10: The fat (—1 — 7)-irreducible Hoffman graphs with 6 slim vertices
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Proof. Straightforward. O

Lemma 3.16. Let ) be a fat (—1 — 7)-irreducible Hoffman graph. If S($) is isomorphic
to S; ; in Figure 6, then §) is isomorphic to ﬁﬁj for some k in Figures 8, 9, and 10.

Proof. By Lemma 3.9, every slim vertex has exactly one fat neighbor. It is then straight-
forward to establish the lemma. 0

Theorem 3.17. Let §) be a fat (—1 — 7)-irreducible Hoffman graph. Then $) is isomorphic
to one of H1, H11, N1, DxvL Dxvii, and the 32 Hoffman graphs given in Figures 8, 9, and
10.

Proof. By Corollary 3.14, the special graph S($)) of § is isomorphic to Qo 01, 91,01,
Qo,1,1, or one of the 15 edge-signed graphs in Figure 6. If the number of slim vertices of £
is at most two, then the statement holds by Lemma 3.15 and Example 2.15. If the number
of slim vertices of §) is at least three, then the statement holds by Lemma 3.16. O

Theorem 3.18. Let H be the set of isomorphism classes of the maximal members of the
37 fat (—1 — 7)-irreducible Hoffman graphs given in Theorem 3.17, with respect to taking
induced Hoffman subgraphs. More precisely, H is the set of isomorphism classes of Hxv1,
HXVIL 53}171, 3342173, 33%72, 33%73, 53%76, and the 11 Hoffman graphs in Figure 10. Then every
fat Hoffman graph with smallest eigenvalue at least —1 — T is an H-line graph.

Proof. 1t suffices to show that every fat indecomposable Hoffman graph $) with smallest
eigenvalue at least —1 — 7 is an H-line graph. First suppose that some slim vertex of
$ has two fat neighbors. Then by Lemma 3.9, §) has at most two slim vertices, and by
Lemma 3.15, $ is isomorphic to one of 91, Hr1, N1, NDiv, Hxvi, and Hxvyyr. Since
H1 and $Hyr are induced Hoffman subgraphs of $xvi, and Hyr is an induced Hoffman
subgraph of $Hxv11, they are H-line graphs. Note that v is also an H{-line graph since
Example 2.15 shows that v is an induced Hoffman subgraph of a Hoffman graph having
a decomposition into two induced Hoffman subgraphs isomorphic to $;. Thus the result
holds in this case.

Next suppose that every slim vertex of $) has exactly one fat neighbor. Then by The-
orem 3.13 (ii), S($)) is isomorphic to Q,, 4, for some non-negative integers p, ¢, with
p + g < r or one of the 15 edge-signed graphs in Figure 6. In the former case, §) is an
‘H-line graph by Lemma 3.12. In the latter case, Lemma 3.16 implies that §) is an #-line
graph since H contains all the maximal members of the isomorphism classes of Hoffman
graphs .V)f e O
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In memory of our dear colleague, member
of the advisory board of our journal, and a
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special emphasis on areas related to the
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per does not fall within the scope of this
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to some more appropriate journal. For papers that pass the initial screening, two referees
will be assigned. At least one of them will be tasked to judge the mathematical content of
the contribution. If for one reason or another the refereeing process for a particular paper
requires more time than would allow the issue to be completed on schedule, that paper may
be transferred to a regular issue of our journal.

We are seeking high-quality research articles or substantial surveys of significant topics
of mathematical chemistry. The deadline for submission of papers is 31st December 2014.
The special issue will be published by the end of 2015.

Patrick Fowler, Sheffield, UK
TomaZ Pisanski, Ljubljana and Koper, SI

Guest Editors
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ANNOUNCEMENT

PhD Fellowship (‘‘Young Researcher” position)
at the University of Primorska, Slovenia

The University of Primorska announces three ‘“Young researcher” positions under the su-
pervision of

e Dragan Marusic (Algebra and Discrete Mathematics);

o Stefko Miklavi¢ (Algebra and Discrete Mathematics);

e Enes Pasali¢ (Cryptography).
Applicants should have a BSc or equivalent training (by September 2014). Applicants for
“Young researcher” positions in mathematics are expected to enroll in the PhD program at
UP FAMNIT.

The positions are for 3 and 1/2 years and include a tuition fee waiver. The holder is
expected to complete his/hers PhD training in 4 years.

The deadline for applications will be in June 2014 (the exact date yet to be confirmed).
Applicants should send a letter of interest with CV and two recommendation letters to:

“Young Researcher position”
University of Primorska, UP IAM
Muzejski trg 2
6000 Koper
Slovenia

The application should also be sent by e-mail to the address olga.kaliada@upr. si.

For any additional information please contact Olga Kaliada at
Phone: +386 5 611 7599)
Fax: +386 5 611 7592

Email: olga.kaliada@Qupr.si

Photos: Miha Perosa
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Symmetries of Graphs and Networks (SYGN 1V)

and 2014 PhD Summer School in Discrete Mathematics
Rogla, Slovenia, June 29 — July 5, 2014

http://www.famnit.upr.si/sl/konference

INVITED SPEAKERS AT SYGN IV WORKSHOP:
Marston Conder (University of Auckland, New Zealand),
Shaofei Du (Capital Normal University, China),
Yan Quan Feng (Beijing Jiaotong University, China),
Michael Giudici (University of Western Australia, Australia),
Isabel Hubard (IMATE-UNAM, Mexico),
Gyorgy Kiss (Eotvos Lorand University, Hungary),
Jin Ho Kwak (POSTECH, South Korea),
Young Soo Kwon (Yeungnam University, South Korea),
Cai-Heng Li (University of Western Australia, Australia)
Luis Martinez Fernandez (University of the Basque Country, Spain),
Joy Morris (University of Lethbridge, Canada),
Tamas Szonyi (Eotvos Lorand University, Hungary),
Paul Terwilliger (University of Wisconsin-Madison, USA),
Steve Wilson (Northern Arizona University, USA),
Dave Witte Morris (University of Lethbridge, Canada).

SUMMER SCHOOL PROGRAMME: Aimed at bringing PhD students to several open prob-
lems in the active research areas, four minicourses (6 hour of lectures each) will be given
on the following topics:
— Construction techniques for graph embeddings (Mark Ellingham, Vanderbilt Univer-
sity, USA),
— Combinatorial designs (Mariusz Meszka, AGH University of Science and Technol-
ogy, Poland),
— Some topics in the theory of finite groups (PrimoZz Moravec, University of Ljubljana,
Slovenia),
— Symmetric key cryptography and its relation to graph theory (Enes Pasalic, Univer-
sity of Primorska, Slovenia).
In addition to lectures, time will also be devoted to workshop sessions and students presen-
tations.

VENUE: Both events will take place at Rogla, a highland in the north-eastern part of
Slovenija, located 130 km by road from Slovenian capital Ljubljana. At around 1500m
above sea level, the beautiful natural scenery of Rogla provides pleasant climate conditions
and stimulating working environment.

ORGANIZED BY University of Primorska, UP IAM and UP FAMNIT, in collaboration with
Centre for Discrete Mathematics UL PeF.

SCIENTIFIC COMMITTEE: K. Kutnar, A. Malni&, D. Marusig, S. Miklavi¢, P. §parl.
ORGANIZING COMMITTEE: I. Antonci¢, A. Hujdurovié, B. Frelih, B. Kuzman.
Sponsored by Slovenian National Research Agency (ARRS) and Ministry of Education,
Science and Sport (MIZS).

For more information, visit our website or email your inquiry to sygn@upr.si.
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First Announcement

8th Slovenian International Conference on Graph Theory

Organized by
IMFM — Institute of Mathematics, Physics and Mechanics
in collaboration with

UL FMF — University of Ljubljana, Faculty of Mathematics and Physics
UL Pef — University of Ljubljana, Faculty of Education
UM FNM — University of Maribor, Faculty of Natural Sciences and
Mathematics
UP FAMNIT — University of Primorska, Faculty of Mathematics, Natural
Sciences and Information Technologies

Important dates

Duration: June 21 — 27, 2015

Conference venue

The conference will take place in Kranjska Gora, Slovenia

Additional information

Latest information on the conference
will be available at the conference web page

kgl5.imfm.si
Inquiries about the conference should be addressed by e-mail to

kranjska.gora2015@gmail.com

Scientific committee

Sandi Klavzar ¢ Dragan Marusic¢ « Bojan Mohar ¢ Tomaz Pisanski
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