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Abstract

Let T" denote a finite, connected, simple graph. For an edge e of T let n(e) denote
the number of girth cycles containing e. For a vertex v of I let {eq, e, ..., ex} be the
set of edges incident to v ordered such that n(e;) < n(es) < -+ < n(er). Then
(n(e1),n(e2),...,n(ex)) is called the signature of v. The graph I is said to be girth-
biregular if it is bipartite, and all of its vertices belonging to the same bipartition have the
same signature.
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Let I be a girth-biregular graph with girth g = 2d and signatures (a1, as, . .., ax, ) and
(b1, ba, ..., bg,), and assume without loss of generality that k; > k. Our first result is that
{ay,a9,... a5, } = {b1,ba,..., bk, }. Our next result is the upper bound aj, < M, where
M = (ky — 1)L9/4) (ky — 1)[9/41. We describe the graphs attaining equality. For d = 3
or d > 4 even they are incidence graphs of Steiner systems and generalized polygons,
respectively. Finally, we show that when d is even and ax, = M — ¢ for some non-negative
integer € < ko — 1, then € = 0. Similar result is valid ford = 3, & < 1 and ko [k1.

Keywords: Girth cycle, girth-biregular graph, Steiner system, generalized polygons.
Math. Subj. Class. (2020): 05C35, 51E20

1 Introduction

In extremal graph theory one often considers problems of the following type: we fix some
graph parameter or some graph property and want to deduce the extremal number of another
parameter (in many cases the number of points or edges). Typical questions are Turan type
problems, see e.g. the survey of Fiiredi and Simonovits [7]. The problem considered in
our paper is motivated by the cage problem (and the degree/diameter problem), see [4, 12].
The cage problem was extended recently by several authors to bipartite graphs which are
biregular in the sense that vertices in the same bipartition set have the same degree, see
Jajcay, Ramos-Rivera and their coauthors [1, 6].

The paper by Jajcay, Kiss and Miklavi¢ [8] defined a new type of regularity: a graph
is called edge-girth regular if the number of cycles of length g (the girth) containing an
edge is independent of the edge. This definition was weakened by Poto¢nik and Vidali
[14] and in [9] it was extended to a stability theorem. One can introduce the signature
(a1, ...ax) of a point as the ordered sequence of the number of girth cycles containing the
edges emanating from the point (see Definition 2.1). A graph is called girth-regular if all
of its points have the same signature. For such graphs with valency k£ > 3, it was shown
in [14] that a, < (k — 1)%9, where d = |g/2]. In [9], the upper bound was improved
for g = 2d in the sense that it is either (k — 1)2¢ or at most (k — 1)2¢ — (k — 1). In the
former case the graph has to be the incidence graph of a thick generalized d-gon of order
(k— 1,k —1). In particular, we must have d = 2, 3, 4, 6.

The aim of the present paper is to extend some of the results of [9] to the bipartite
biregular case. If the valencies in the bipartition classes are k; > ko > 2, then we prove that
the maximum number of girth-cycles containg an edge is at most M = (k; — 1)19/4) (ky —
1) [9/41 see Theorem 2.6. For g = 4, we show that when the graph is girth regular and the
largest element of the signature of a point is equal to M — ¢, with e < ks — 1, then e = 0,
and the graph is the complete bipartite graph K, x,. In Section 3, we prove an analogous
result for g = 2d > 8, d even, relating the € = 0 case to incidence graphs of a finite thick
generalized d-gon, see Theorem 3.4(vi). For ¢ = 2d, d odd, we have partial results. In
particular, similarly to the results of [I, 6], when g = 6, we could find a connection of
ar, = M and block designs. For particular k; and ko, the connection is with affine planes,
see Corollary 6.3.

E-mail addresses: gyorgy.kiss @ttk elte.hu (Gydrgy Kiss), stefko.miklavic@upr.si (Stefko Miklavig),
tamas.szonyi @ttk.elte.hu (Tamds SzGnyi)
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2 Definitions and basic properties

In this section we collect basic notation and terminology. First, for the sake of complete-
ness, we recall some definitions from design theory and finite geometries. In the second
subsection we define girth-biregular graphs and present some simple, important properties
of them.

2.1 Block designs, Steiner systems, generalized polygons

Here we give only the most necessary definitions. A detailed introduction to block de-
signs and Steiner systems we refer the reader to [2] and [3], while the concepts from finite
geometries we use can be found for example in [10] and [11].

Definition 2.1. Let v > k > ¢t > 2 and A > 1 be integers. A t-(v,k,\) design is
a collection of k-subsets (blocks) of a v-set S (points) such that every t-subset of S is
contained in exactly A of the blocks.

A t-(v,k,1) design is called a Steiner system. In particular, the blocks of a Steiner
system with ¢ = 2 are often called lines.

A parallelism of a design is a partition of its blocks into classes Cy,Cs, . .., C, with
the property that any point belongs to a unique block of each class. A design is called
resolvable, if it has a parallelism.

Let (P, L,1) be a connected, finite point-line incidence geometry. The elements of P
and £ are called points and lines, respectively, I C (P x L)U(L xP) is a symmetric relation,
called incidence. A chain of length h is a sequence xg 211 ...I1x, where x; € P U L.
The distance of the elements v and v, denoted by d(u, v), is the length of the shortest chain
joining them.

Definition 2.2. Let n > 1 be a positive integer. The incidence geometry G = (P, £, 1) is
called a thick generalized n-gon if it satisfies the following axioms.

e d(z,y) <nVz,ye PUL.

» If d(x,y) = k < n, then there is a unique chain of length k joining = and y.

e VerePULIyePULsuchthatd(z,y) =n.

* V2 € P U L there exist at least three elements y; € P U L such that d(z, y;) = 1.

For any finite thick generalized n-gon G there exist integers s,¢ > 2 such that every
line is incident with exactly s+ 1 points and every point is incident with exactly ¢ + 1 lines.
The pair (s, t) is called the order of G.

In particular, for n = 3, the generalized 3-gons are the finite projective planes, for
n = 4, the generalized 4-gons are the finite generalized quadrangles (GQ-s for short). The
GQ-s have an alternative definition:

Definition 2.3. Let s > 1 and ¢ > 1 be positive integers. A thick generalized quadrangle
of order (s,t) is a point-line incidence structure which satisfies the following axioms:

* every line is incident with exactly s 4 1 points;

e every point is incident with exactly ¢ + 1 lines;
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* there exists a non-incident point-line pair;

« for every point P and every line ¢ not incident with P, there is exactly one line
through P which intersects £.

2.2 Girth-biregular graphs

Let T" denote a finite, connected, simple graph with vertex set V- = V(I") and edge set
E = E(T'). Let d denote the minimal path-length distance function of I" and let D =
max{d(v,w) | v,w € V} denote the diameter of I'. For v € V and an integer i we let
[i(v) ={w € V| d(v,w) = i}. We abbreviate I'(v) = I'; (v) and observe that T';(v) = ()
whenever i < 0 ori > D. For an edge uv of T', let D’ (u,v) = T';(u) N T;(v).

We say that I is biregular with valencies k1, ko (k € Z), whenever I is bipartite with
bipartition sets A, B, and |I'(v)| = k1 (|T'(v)| = ko, respectively) for every v € A (v € B,
respectively). If I is not a tree, then the girth g of I is the length of a shortest cycle in I'.
If C is a cycle of I of girth length g, then we refer to C as a girth cycle of T'.

The incidence graph (also known as Levi graph) of a point-line incidence geometry is a
bipartite graph whose bipartition sets correspond to the set of points and lines, respectively,
and there is an edge between two vertices if and only if the corresponding point is incident
with the corresponding line.

The next “folklore” statement gives an important correspondence between generalized
polygons and biregular graphs. The proof can be found for example in [ |, Lemma 1.3.6],
or in [10, Chapter 12].

Theorem 2.4. A finite thick generalized n-gon G exists if and only if there exists a con-
nected bipartite biregular graph U of diameter n and girth 2n, such that each vertex has
degree at least three. In this case T is the incidence graph of G.

The following definition is a central definition of this paper.

Definition 2.5. Let I" be a graph and let u,v be adjacent vertices of I'. For the edge
e = uwv of T let n(e) = n(uv) denote the number of girth cycles containing e. For a
vertex w of T let {e,eq,..., ek(w)} be the set of edges incident to w ordered such that
n(e1) < nlez) < --- < nepw)). Then (n(er),n(ez),...,n(ex,)) is called the signature
of w. The bipartite graph G is said to be girth-biregular if all of its vertices belonging to
the same bipartition have the same signature.

Observe that girth-biregular graphs are also biregular. The following straightforward
observation will be used through the rest of the paper frequently without explicitly referring
to it (see also [ 14, Subsection 2.2] and Figure 1).

Proposition 2.6. Let I' be a biregular graph with valencies k1, ko and girth 2d, d > 2.
Let uwv be an edge of T, such that the valency of u is k1 and valency of v is ko. Let
D} = D;. (u,v). Then the following hold.

(i) If z,y are vertices of T with d(x,y) < d — 1, then there is a unique path of length
d(z,y) between x and y.

(i) D! = 0 for every integer i.

(iii) For1 <i < d—1andforz € D§+1 (resp. z € D!™Y), we have that |T'(2)N D™t =
L(resp. |T(z) N Di_;|=1).
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(iv) For 0 < i < d—2and for z € D, we have that |T'(z) N D’+2| =k —1ifiis
even, and |T'(z) N Dﬁ__%\ = ko — 1 ifiis odd.
(v) For 0 < i < d—2andforz € D", we have that |T'(z) N DiT}| = ko — Lifiis
even, and |T'(2) N DIT)| = ky — 1 ifi is odd.
(vi) For 0 < i <d — 1 we have that
D | = (ky — 1)/?(kg — 1)¥/2 if i is even,
a (ky — 1)0HD/2(ky — 1)0=D/2 ifj s odd.
DIt = (k1 — 1)/2(kg — 1)¥/2 if i is even,
’ (ky — 1)0=D/2(ky — 1)HD/2 if i s odd.

(vii) There are exactly n(uv) edges between DY and D2,
d d—1

R . B .k_ d-1\ k- d d+1
vekil 1k,1 1 = T 1Dd-2 k-1 1@ Dd+ .........

Figure 1: A biregular graph with valencies k1, ko and girth 2d, d odd. The numbers near
the bubble representing the set D; represent the number of neighbours that each vertex of
D} has in the neighbouring bubble.

3 Some properties of girth-biregular graphs

In this section we continue to study girth-biregular graphs. We prove several results about
these graphs that are interesting on their own, and that will also be useful in the rest of
the paper. Keeping in mind Proposition 2.6, one can calculate the number of girth cycles
containing two fixed edges.

Lemma 3.1. Let I be a girth-biregular graph with valencies ki > ko and girth g = 2d.
Let ujus and vive be two edges of I'. Without loss of generality we may assume that
d(uy,v1) = min{d(u;,v;): 1 < 4,j < 2}. Let m = d(uy,v1) + 1, and let ¢ denote the
number of girth cycles containing both uiug and v1ve. Thenc =0ifm > d+1andc < 1
if m = d. Moreover, if m < d — 1, then

(ky — 1) m)/Q(k — 1)(d=m)/2, if m and d are of the same parity,

(ky — 1)(d=1=m)/2(ky — 1)(dH1=m)/2 if i s even and d is odd,

(ky — 1)d=1=m)/2(ky — 1)(d+1=m)/2 it is odd, d is even and valency of vy is ks,
(ky — 1)(d+1= "’)/Q(kg —1)ld-1= m)/2 if m is odd, d is even and valency of vy is k.

1)(
(
c< 1
1)(
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Proof. The statement is obvious if m > d+ 1. If m = d, then d — 1 = d(u1,v1) <
d(ug,v2), so there exists a girth cycle containing both ujus and vivg if and only if
d(ug,v2) =d — 1, hence ¢ < 1.

Suppose that m < d — 1. Let D; = D;(Ul,UQ) and observe that v; € D™ vy €
D7, 1. Note that there is a unique path of length m — 1 between vy and u;. Let F' =
Dj::g‘l(vg, v1) and note that by Proposition 2.6(iii) we have that F' C Dg_l. Let us

denote the valency of v by k and let k' be the other valency of T'. Then

= (k — 1)[(d=m=1)/2] (g _ 1)L(d=m=1)/2]
[F|l=(k-1) (K =1) )

and there is a unique path of length d — m — 1 between vo and any element of F' because
the girth of I" is 2d. Now the number of girth cycles containing both u;us and vy vs equals
to the number of edges between F' and Dg_l. Observe that this number is the same as the
number of (d — m)-arcs (va, 21, ..., f,r) where f € F and 7 € D3~ *. Observe also that
the valency of f is k if d — m — 1 is even and it is k" if d — m — 1 is odd. Therefore, we
have that ¢ < |F|(k — 1) ifd —m — 1lis even, and ¢ < |F|(k' — 1) if d — m — 1 is odd.
Now we distinguish four cases. If d and m are of the same parity, then d — m — 1 is odd,
and so

c< |F|(k/ _ 1) _ (k _ 1)(d—’m)/2(k/ _ 1)(d—m)/2 _ (kl _ 1)(d—7n)/2(k,2 _ 1)(d—7n)/2.

If d is odd and m is even, then deg(us) # deg(vs), so we may assume deg(ve) = ko
(otherwise we interchange the roles of edges ujuy and vyv2). Hence

¢ < [F|(k = 1) = [Fl(ks — 1) = (ky — 1)@m= D/2(y — 1)(d=m+0)/2,
Finally, if d is even and m is odd, then
e <|F|(k—1) = (k= 1)@ —pamm=rz,

and this gives the third and fourth estimates of the statement according as k& = k; or
k= ks. O

Proposition 3.2. Let I be a girth-biregular graph with bipartition A, B and valencies k1 >
ko. Let us denote the signature of vertices from A by (a1, as, . . ., ax, ) and the signature of
vertices from B by (by,ba, ..., bg,). Then {a1,aq,...,ak, } = {b1,b2,... bk, }.

Proof. As T is bipartite, each edge e of I is incident with one vertex from A and with
one vertex from B. It thus follows that n(e) € {ai,az,...,ax, } if and only if n(e) €
{bl, by, ..., bk2}~ This shows that {a17a27 . ,akl} = {bl, bo,. .., bk2} O]

Proposition 3.3. Let I be a girth-biregular graph with bipartition A, B and valencies ky >
k. Let us denote the signature of vertices from A by (a1, as, ..., ax, ) and the signature of
vertices from B by (by1,ba, ..., by,). Picka € {a1,aa,...,ak, } = {b1,b2,..., by, }. Let
a4 (ap, respectively) denote the number of appearences of a in the signature (ay,az, . . .,
ak,) ((b1,ba, ..., by,), respectively). Then koas = kiap.

Proof. Let us count the number of edges of I that are contained in exactly a girth cycles.
On the one hand, this number is equal to | A|a 4, and on the other hand it is equal to | Bla .
Recall also that | A|k; = | B|ka. The claim follows. O
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Let I" be a girth-biregular graph with bipartition A, B and valencies k; > k. Let us de-

note the signature of vertices from A by (a1, as, . .., ag, ) and signature of vertices from B
by (b1,ba,...,bk,). Let us comment on the case k1 = ks. It follows from Proposition 3.3
that in this case we have a4 = ap for every a € {a1,a9,...,ar,} = {b1,b2,... bk, }.

Therefore, I' is in fact girth-regular graph. As girth regular graphs were studied in details
in [9] and [14], we will assume k; > ko for the rest of this paper.

Observe also that connected biregular graphs with valencies k1, ke = 1 are just the
star graphs, which contain no cycles at all (and are therefore girth-biregular with signatures
(0,0,...,0) and (0)).

Let I" be a girth-biregular graph with bipartition A, B and valencies k; > ko = 2.
Then for any vertex w € B there are two edges, say ujw and usw through w, hence a
cycle contains wjw if and only if it contains usw. In particular, n(ujw) = n(ugw) which
implies by = by. Now, define the graph I in the following way: V(I'") = A and there is
an edge between vertices u and v if and only if d(u,v) = 2 in . Then I" is an edge-girth-
regular graph with valency k. These graphs were studied in [8]. Therefore, in the rest of
this paper we also assume k1 > ko > 2.

The following theorem is a generalization of the result of Potoc¢nik and Vidali [14,
Theorem 1.3].

Theorem 3.4. Let I be a girth-biregular graph with bipartition A, B, valencies k1 > ko >
2 and girth 2d. Let us denote the signature of vertices from A by (a1, az,. .. ,ay, ) and the
signature of vertices from B by (by, by, ... by,). Let M = (ky — 1)9/*(ky — 1)/ if d is
even, and M = (ky — 1)9=2/4(ky — 1)9+2/4 if d is odd. Then ay,, = by, < M.

When the upper bound is attained, ay, = by, = M, the following (i)-(vii) hold.

(i) For every edge uv of T with u € A and n(uv) = M we have DI (u,v) = 0 for
1> d.

(il) The signature of each vertex of T is (M, M, ..., M), hence n(e) = M forall e €
E(I).

(iii) Every path on d + 2 vertices of T, starting in a vertex that is contained in A, is
contained in a unique girth cycle;

(iv) If d is even and uv is an edge of T with u € A, then D}, (u,v) = 0 fori > d.

(v) if d is odd and wv is an edge of T with u € A, then D3 (u,v) # 0 and Di | = ()
fori>d+1.

(vi) if d is even, then T is the incidence graph of a generalized d-gon of order
(kl - 17k2 - ]-)7

(vii) if d = 3, then T is the incidence graph of a 2 — (k1ka — k1 + 1, ko, 1)-design.

Proof. Pick adjacent vertices u € A,v € B such that n(uv) = ag, = bg,.
We prove the upper bound on ag, in the case when d is odd. The proof for the
case when d is even is similar. By Proposition 2.6(vi) we have that |[D%_,(u,v)| =

(ky —1)@=D/2(jy — 1)(@=1/2 As D (u,v) C B and as every vertex from D% | (u,v)
has exactly one neighbour in Dg:;(u, v), it follows that every vertex from
D4 | (u,v) has at most ks — 1 neighbours in Dgfl(u,v). Therefore, there are at most
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(k1 — 1)14=1/2(ky — 1)(d+1/2 edges between D%, (u,v) and D3~ *(u,v). The result
now follows from Proposition 2.6(vii).

Now, suppose that ax, = M.
(i): By Proposition 2.6(vii), there are M edges between D% | (u,v) and D3~ *(u,v). Re-
call that by Proposition 2.6(iii), every vertex from D%_, (u,v) has exactly one neighbour
in D4~1(u,v). It follows that every vertex from D% | (u,v) has all other neighbours in
D37, and so DI (u,v) = (). Consequently, D™ (u,v) = () for every i > d.
(ii): Let w € D?(u,v) be any vertex. Then we have that

D4 (v, w) = D3 (u,v) U (Dg_; (u,v) \ DY_F(w,v)),
and, as D4 (u, v) = () by (i) above, also
Dgfl(v,w) = Dgfl(u,v).

By Proposition 2.6(iv), the number of edges between Dg:f(u, v) and Dgfl (u,v) is equal
to |D3=3(u,v)|(ky — 1) if d is odd, and to [DI"F(u,v)|(ky — 1) if d is even. As every
vertex from D¢ | (u, v) has exactly one neighbour in D1 (u,v) and as D4 (u, v) = 0,
the number of edges between (DJ_ (u,v) \ DI~ (w, v)) and D37 (u,v) is equal to

(I1D3_1 (u,v)| = |DI=3(w,v)|) (k2 — 1) if d is odd,

and to
(|Dg_1(u,v)| - |Dg:f(w,v)\) (k1 — 1) if d is even.

Observe that by Proposition 2.6(vi) we have that [D9~2(u,v)| = |D3"%(w,v)], and so
Proposition 2.6(vii) and the above comments imply that n(vw) = (kg — 1)|D4_ (u,v)|if
dis odd and n(vw) = (k1 —1)|D%_, (u,v)|if d is even. Finally, Proposition 2.6(vi) implies
that n(vw) = M. Hence the signature of v is (M, M, ..., M), so the girth-biregularity of
T implies that n(e) = M foralle € E(T).

(iii): Pick any path zgz1 . .. 2441 with zg € A and consider the sets D;- (z9,x1). It follows
from Proposition 2.6 that z; € D} _; for 1 < ¢ < d. Recall that n(zoz1) = M by (ii)
above, and so Dg‘“(xo, z1) = 0 by (i) above. It follows that x4y1 € Dg_l. The result
now follows from Proposition 2.6(iii).

(iv): Recall that by (ii) above we have n(uv) = M, and so there are exactly M edges
between Dgfl (u,v) and D3_, (u,v). Recall also that by Proposition 2.6(iii), every vertex
from D4~ (u,v) has exactly one neighbour in D42 (u,v). It follows that every vertex
from D% (u, v) has all other neighbours in D?_,, and so D4 +1(u,v) = (. Consequently,
Dj 1 (u,v) = ) for every i > d.

(v): By Proposition 2.6(vi) we have [ D3~ (u, v)| = (k1 —1)@1/2(ky—1)(4=D/2_ As ver-
tices of D97'(u,v) have valency ki, there are therefore ki(k; — 1)(4=1/2
(ky — 1)(4=1)/2 edges going out of D4 ' (u,v). As n(uv) = M by (ii) above, M =
(k1 —1)(@=D/2(ky — 1)(4+1)/2 of these edges are between D4~ (u,v) and D%_, (u,v). By
Proposition 2.6(iii), (k1 — 1)@~ /2 (kg — 1)(@=1)/2 of these edges are between D} * (u, v)
and D43 (u,v). It follows that there are exactly (k1 — ko) (k1 — 1)@ 1)/2(ky — 1)(d=1/2
edges between D4~ *(u,v) and D4, (u,v). As ki > ko > 3, this number is nonzero,
implying that DY | (u,v) # 0.
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Assume now that Dfﬁ_%(u, v) # (. Pick w € Dgi; (u,v) and let uzqz2 ... zqw be
arbitrary path between u and w such that x; € Df i forl <4 < d. Note that this path
is not contained in a girth cycle of I', contradicting (iii) above. Therefore Dji% (u,v) =0
and consequently D!, (u,v) = () forevery i > d + 1.

(vi): Observe that (i), (ii) and (iv) above implies that the diameter of I" is d. As k; > ko >
3, Theorem 2.4 implies that I' is the incidence graph of a generalized d-gon.

(vii): Finally, suppose that d = 3. We call the vertices in A points and the the vertices in B
lines and we use the geometric terminology. We claim that there is a unique line through
any pair of distinct points. As the girth of I is 6, there is at most one line through any pair
of points. Pick now distinct points ,y € A. Pick an arbitrary line z through x. It follows
from (i) and (v) above, that either y € D?(z, 2) or y € D3(x,z2). If y € D?(x, 2) , then z
is the unique line through x and y. If however y € D3(z, z), then, by Proposition 2.6(iii),
there is a unique line w € DJ(z, z) which is adjacent to both x and y in I". Therefore, in
this case w is the unique line through x and y. 0

In the rest of this paper we use the following notation.

Notation 3.5. Let I" be a girth-biregular graph with bipartition A, B, valencies k; >
ko > 3, girth ¢ = 2d, signatures (a1,as,...,ax,) and (by,bo, ..., by,). Let M =
(ky —1)9/%(ky — 1)9/* if d is even, and M = (k; — 1)~ 2/4(ky — 1)(0+2/4 if d is odd
and suppose that ag, = M — ¢ for some ¢ < ky — 1. Let uv be an edge withu € A,v € B
and n(uwv) = ay,, and let D} = D’ (u, v). Note that D} = {) for every i and that there are
no edges between Df_l and D!, for1<i<d-1.

For every 7 € D4 | (s € DI7", respectively) we let h(r) = |T'(r) N DI (h(s) =
T(s) N DY, |, respectively). Let {r1,72,...,7m} € D3_, be the set of vertices of DY_,,
for which the value of the function h is positive, that is, the set of vertices of Dg_l, that

have a neighbour in D!, Choose the indices in such a way that h(r;) < h(r;) fori < j.

Similarly, let {s1, $2,...,8,} C ng be the set of vertices of Dgfl, for which the value
of the function h is positive. Again, choose the indices in such a way that h(s;) < h(s;)
fori < j. We also sety = h(ry,), 0 = h(s,), p = h(r1) and v = h(sy).

Proposition 3.6. Suppose that g = 2d with d even. With reference to Notation 3.5, we have
m

Z h(r) = Zh(n-) = Z h(s) = Zh(sz) =ec. 3.1

reDd_, i=1 sepi—t i=1

Proof. The first and the third of the above equalities are clear. We now prove that
Yo h(si) = e. The proof that Y ;" h(r;) = e is similar. Let £ denote the set
of edges, that have one endpoint in Dg_l, and the other endpoint in D4 ,1- Note that
& =>"", h(s;), and so it is enough to prove || = . As d is even, it follows from Propo-
sition 2.6(vi) that [D3™1 = (ky — 1)%?(ky — 1)(4=2/2. As DI™! C B, there are total
(ky —1)%2(ky —1)(@=2)/2k, edges, having one endpoint in Dj_l. By Proposition 2.6(iii),
(k1 — 1)%2 (kg — 1)(@=2)/2 of these edges have the other endpoint in D42, Since a), =
M — ¢, it follows from Proposition 2.6(vii) that there are (k; — 1)%/2(ky — 1)%/% — ¢ edges
between Dg_l and D?_,. Combining these observations, we get the desired result. O

Lemma 3.7. Suppose that g = 2d with d even. With reference to Notation 3.5, we have
m>aoandn > 7.
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Proof. Set T'(u) \ {v} = {u1,ua,...,uk,—1} and I'(v) \ {u} = {v1,v9,...,0k,—1}.
Moreover, for 1 <i < k; —1 (1 <i < ko — 1, respectively) set U; = I'y—_o(u;) N ng
(V; = Ty—a(vy) N Dfil_l, respectively). Note that as girth of T" is 2d, the sets U; (V,
respectively) are pairwise disjoint, and |U;| = |Vi| = (ky — 1)(@72)/2(ky — 1)(d=2)/2,
Moreover, each r € D4 _| (s € Dgfl, respectively) could have at most one neighbour in

U, (V;, respectively) for each i. It is now clear that if s € DZ{I*l has no neighbours in V;
for some 1 < i < ko — 1, then there is at least one vertex € V; with h(r) > 1. It follows
m > o. Similarly we show that n > ~. O

Equation (3.1) and Lemma 3.7 obviously imply the following inequalities:

po <um<e, vy<wvn<e. 3.2)
If v < o, then observe also that it follows from the above comments that
p? < py < po < pm <e,

while if ¢ < ~ then

Vzgyagyvgyngs.

This shows that if v < o then u < /¢, while if ¢ < 7 then v < /e.

First, we give a lower bound on a; using the vertex u.

Lemma 3.8. With reference to Notation 3.5 we have that

> (k1 — 1)@ 2D/2(ky — 1)@= 2 max{(ky — 1 —0) (k1 — 1), (k1 =1 =) (ka — 1)} —&.
(3.3)

Proof. We prove that a; > (k; — 1)%2(ky — 1)(4=2/2(ky — 1 — ¢) — &. The proof of
ay > (k1 — 1)@=2/2(ky — 1)%2(k; — 1 — ~) — ¢ is similar.

Recall that n(uv) = aj, and that D} = D%(u,v). Let s # v be a neighbour of u such
that n(us) = a;. Abbreviate K = D% ' NTy_o(s). For s’ € K abbreviate L(s') =
D¢ | NT(s'). Note that as girth of T is 2d, we have that sets L(s’) are pairwise disjoint,
and so by (3.1) we have that

2. 2 )

s’eK r'eL(s")

Pick 7’ € L(s') and observe that for each 7 € (I'(r') N (D3 " U D43)) \ {s'}, there is a
unique girth cycle containing the arc us and the 2-arc s'7/r. Note that
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|K| = (ky — 1)(@=2/2(ky — 1)(4=2)/2 and so, by (3.1), we have

a; = n(us) Z Z (ky —1—h(r"))

s’eK r'eL(s")

> Z (Br—=1)= > >

s’eK r'eL(s s’eK r'eL(s")
> (k1 —1) Z(kz—l—h(S’))—E
s'eK
> (k1—1) Y (k2—1-0)—¢
s'eK
= (k1 —D(ky — 1)/ 2(ky — 1) 42D/ 2(hy —1—0) — ¢
= (k1 = D)2 (kyg — 1) 2D/2(ky =1 —0) —e. O

4 Thecaseg =4

In this section we consider the case ¢ = 4. Throughout this section we will use Nota-
tion 3.5. Recall that m (n, respectively) denotes the number of vertices of fofl (Dg_l,
respectively), for which the value of the function A is positive.

Lemma 4.1. Assume that g =4 ande > 1. Pick1 <i<n,1<j<m,w e (s;)N D§
and w € T'(r;) N D3. Then the following (i) — (iv) holds.

(i) There are at most (h(s;) — 1)(k1 — 1) girth cycles of the form (w, s;,x,y,w) such
that x € T'(s;) N D3.

(ii) There are at most € girth cycles of the form (w, s;,z,y,w) such that x € D? and
y & Ds.

(ili) There are at most (h(r;) — 1)(ke — 1) girth cycles of the form (W, r;,x,y, W) such
that v € T'(rj) N D3.

(iv) There are at most € girth cycles of the form (w,rj, z,y, W) such that x € D} and
y ¢ Di.

Proof. (i): Note that there are h(s;) — 1 choices for z, and for each such choice there are
at most k1 — 1 choices for y. The result follows.

(ii): Asz € D? and y € D3, it follows that y € D3. It follows from Proposition 3.6 that
there are at most ¢ choices for the edge zy. For each such edge zy there is clearly at most
one girth cycle containing also the edge ws;. The result follows.

(iii), (iv): Similar to the proofs of (i) and (ii) above. O

Lemma 4.2. Assume that g =4 andec > 1. Then m > 2 and n > 2.

Proof. We prove that n > 2. The proof that m > 2 is similar. Suppose on the contrary
that n = 1. Note that in this case 0 = v = ¢, vy = 1, m = ¢ and h(r;) = 1 for
1 < i < m. Let w be the unique neighbour of r; in D3. Let t = |['(w) N D?| and note
that £ < m = . Note that the girth cycles containing the edge r;w are exactly the cycles
of form (w, 71,2, y,w), where x € {v} U (D3 \ {s1}) and y € (['(w) N D?) \ {r1}.
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Therefore, n(riw) < (k1 —1)(t —1) < (k—1)(e — 1). Since v = 1 and 0 = ¢, we have
by Lemma 3.8 that

a; > max{(kg —-1- 6)(1€1 — 1), (kl — 2)(]{}2 — 1)} —€> (k‘1 — 2)(k2 — 1) — &,

and so
(k1 —2)(ka — 1) —e < a; <n(rw) < (kg —1)(e—1).

It follows that k1 ks — 2ks + 1 < k&, and so

1 2ky 1
ke —24+ — <ky— —+ —<e<ky—1,
2 + =T + Ty = € < k2
contradicting the fact that € is an integer. O

We now give an upper bound for a;.

Lemma 4.3. Assume that g = 4ande > 1. Let & = h(sp—1) and 8 = h(ry—1). Then
g <(a=1)k—-1)+e+(ba—a)e—a—oc+1). 4.1)

and
ar <(B-1)(ka=1)+e+ (k1 = B)(e—=B—v+1). 4.2)

Proof. We prove inequality (4.1). The proof of inequality (4.2) is similar. Let {w1, ..., ws}
=T(sp_1) N D3. We estimate n(s,,_1w1). To do this we split the girth cycles (w1, 85,1,
x,y,wy) into two types depending on the vertex . We say that the girth cycle is of type 1
if v € {wa,...,ws}, and of type 2 if z € {u} U D?. By Lemma 4.1(i) there are at most
(a—1)(k1 — 1) girth cycles of type 1. To estimate the number of girth cycles of type 2, we
further split these girth cycles into two subfamilies depending on the vertex y. Let us say
that the girth cycle (wy, $,—1,2,y, w1) with x € {u} U D? is of type 2a if y € D3, and of
type 2bif y € D3.

If the girth cycle is of type 2b, then x € D?, and so by Lemma 4.1(ii) there are at most
€ such girth cycles. To estimate the number of girth cycles of type 2a, observe that s,,_;
has ky — o neighbours in {u} U D?, and that w; has at most ¢ — « — o + 1 neighbours in
D3\ {851} This shows that the number of girth cycles of type 2a is at most (ko — o) (e —
a—o+1). Asa; < n(sp—1w1), the result follows. O

Lemma 4.4. Assume that g =4 ande > 1. Thene = ko — 2 and ko — 1 > 2k /3.
Proof. Asin Lemma 4.3, let « = h(s,_1). Then, by Lemmas 3.8 and 4.3, we get that
(k1 = 1)(ka—1)—0o(k1—1)—e<(a—1)(k1 —1)+e+ (ks —a)(e —a—o+1).
Rearranging the above inequality we find this is equivalent to
(ki =Dk —1) < (k1 —ka—1+a)a+o—1)+elks —a+2). 4.3)
Taking into account that o + o < ¢ and that a > 1, inequality (4.3) implies that

(kl—l)(kg—l)g(k1+1)5—k1+1+k:2—a§(k1+1)5—k1+k27
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and so
— — — -1
e > (]{11 1)(]{12 1) + k1 — ko ey — 3ko .
ki +1 k1+1

As k1 > ko, the above inequality yields

4.4)

3k — 1
L —ky -3+

> ko —
ce k1 +1 ki +1

> ko — 3.

Recall that € < ko — 1 by assumption, and so € = ky — 2 as claimed. Plugging ¢ = ko — 2
into (4.4) we easily get that ko — 1 > 2k, /3. O

Theorem 4.5. Assume that g = 4. Then ¢ = 0 and U is the complete bipartite graph
Kk17k52'

Proof. Suppose on the contrary that € > 1. Recall that ¢ = k3 — 2. As in Lemma 4.3, let
B = h(rm—1). Then, by Lemmas 3.8 and 4.3, we get that

(ki =D(k2 = 1) =y(ka =) —e < (B-1)(k2 —1) +e+ (k1 = B)e =B -7+ 1).

Rearranging the terms of the above inequality we get
(k1 = 1) (ke —1) <e(by —B+2)+ (B+y—1)(ka— k1 +5-1).  (45)
If 3 = 1, then inequality (4.5) together with ¢ = ky — 2 yields ky — 1 < v(ko — k). But
this is a contradiction as k; > ko > 0.
If ko — k1 + 8 — 1 < 0, then inequality (4.5) together with e = ko — 2 and 8 > 2 yields
(k1 = 1)(k2 — 1) < (k2 — 2)(k1 — B+ 2) < (k2 — 2)ky,
implying k1 < ko — 1, a contradiction.
Therefore, we have that ko — k1 + 5 —1 > 0and 8 > 2. Recall that 5 + v < e = ko — 2,
and so inequality (4.5) gives us
(kl—l)(kg—l) S E(kl—ﬁ+2)+(8—1)(/€2—]€1+ﬁ—1) = (/ﬂg—?)(k2+1)—]€2+k1—5+1.
It follows that 2 < 5 < k% — ko — 2+ 2ky — k1ko, or
Ei(ky —2) < k2 — ky — 4.

As k1 > ko + 1 this yields —2 < —4, a contradiction. This shows that € = 0 as claimed. It
is now easy to see that I' is isomorphic to the complete bipartite graph Ky, .. O
5 The case g = 2d > 8, where d is even

In this section we study girth-biregular graphs with girth g = 2d > 8, d even. Throughout
this section we will use Notation 3.5. Assume that g = 2d > 8. For every z € D? we

define
Bz)= > k).

reD?_ MTg_2(2)



14 Ars Math. Contemp. 23 (2023) #P4.01

Note that for z € D? we have [D4_ | NTy_s(z)| = (k1 — 1)@2)/2(ky — 1)(4=2)/2 and
that for 2,2’ € D? (z # 2'), the sets D4 | NT4_2(2) and D¢ | N Ty_o(2") are disjoint
as the girth of T" is 2d. Therefore,

> B)= ) hr)=ce. (5.1)

2€D? reDd_|

In particular, 3(z) < e. Recall also that for an edge e of I' we denoted by n(e) the number
of girth cycles passing through e.

Lemma 5.1. Assume that g = 2d > 8 and ¢ > 1. Then
al > (kl — l)d/z(kg — l)d/2 - k‘QE.

Proof. Abbreviate £ = (ky — 1)(4=2)/2(ky — 1)(4=2)/2, Pick z € D? with n(vz) = ay
and let w1, ws, ..., w, be the vertices of Dj_l NT4_2(2). For 1 < j < ¢ consider the
2d-cycles of the form (v, z, ..., w;, b,r,7’,...) withb € Dj_l, where (v, z, ..., w;) is the
unique path from v to w; of length d — 1. Observe that for fixed w; and r, there is only one
such cycle (recall that as g > 8, w; and 7 have a unique common neighbour), and that for
fixed w; and b, we could choose 7 in ks — 1 — h(b) different ways. Therefore,

M-

ay; = n(vz) >

S (k= 1-h(b))

Lber (w;)nD4™?

jzi: k2—1i: > h(b)

beT (w;)NDI™! J=1per(w;)NDI™!

J
(5.2)

Furthermore, observe that for a fixed w; we could choose b in (k1 — 1 — h(w,)) different
ways, and so

L L
Yo Y (k=)= (k=) Y (ki—1-h(w;)) = €(ki—1)(ka—1)— (k2= 1)B(2).
J=lbel (w;)nDG " J=1

Finally, the sets T'(w;) N D4~ and I'(w,) N D! are disjoint if j # ¢ (otherwise we would
get a cycle of length 2d — 2), and so

¢
22 hhys 3 b=
J=1ber(w;)ND4* beDI?
This, together with 5(z) < &, shows that
ay =n(vz) > Uky —1)(ky —1) — (ks —1)B(2) —e > (k1 — 1)¥2 (kg = 1)Y? —kye. O
Lemma 5.2. Assume that g = 2d > 8 and € > 1. Then

a; < (1{31 — 1)(d_2)/2(k2 — 1)(d_2)/2 (klE — k1 + 2).
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Proof. Let
d—1
D= U (Diy1 U D).
i=0
For vertices x,y € D, let dp(z,y) denote the distance between x and y in the subgraph
I'[D], that is, in the subgraph of T', that is induced by D. Observe that dp(z,y) < 2d — 1
forallz,y € D.

Pick avertex r € D4 | with h(r) > 1 and abbreviate a = h(r). Pickw € T'(r)n D4
and consider the set C of 2d-cycles (xg = w,x1 = 7,22, . .., T2q4—1,w) through wr. Note
that, as w ¢ D at most 2d — 2 edges of such a cycle have both endpoints in D. For
1 < ¢ < 2d — 1 let C; denote the subset of C' defined as follows. A cycle (zg = w,z1 =
T &9, ...,Taq—1,w) is an element of C; if and only if {z1,...,2;} C D and z;41 € A,
where the addition in subscripts is computed modulo 2d. For example, cycles in C; are
those 2d-cycles (xg = w,x1 = r,29,...,Z24—1,w) , for which zo &€ D, while cycles in
Cq—1 are those for which {z1,x2,...,224—1} C D. Note that the sets C; are pairwise
disjoint, and so

ap <n(wr) < |Cy| +|Co| + -+ |Cag-1].

Let us now estimate the above sum. To do this we introduce the following notation. For
i€{1,3,...,2d — 1} we define

ei= Y hb).

beD§ ™
dp(r,b)=i

Note that as I'[D] is bipartite with diameter at most 2d — 1, we have that
€1+éez+ - +e3q_1 =¢€.
We also define
k= |D(w) N (DG, \ {r})| = [T(w) N DG, | - 1.

Note that o + k < €.

Consider a 2d-cycle (zg = w,x1 = r,x9,...,224—1,w) € Cq. Observe that there
are o — 1 choices for x5. For each such choice of x5, there are, by Lemma 3.1, at most
(ky — 1)(@=2)/2(ky — 1)/2 girth cycles containing both edges wr and rzo. Therefore,

|C1] < (a0 —1)(ky —1)4=2/2(ky — 1)4/2,

Consider a 2d-cycle (zg = w,x1 = 7,Za,...,Toq-1,w) € Co UCy U -+ U Coq_s.
Assume that this cycle is an element of Cs; (1 < j < d-—1). Observe that in this
case we have that 75; € D%! and that dp(r, z2;) = 2j — 1 (otherwise there would be
a cycle of length less than 2d). Therefore, we could choose an edge 272,11 in €251
different ways. For each such choice of an edge w2;x2;,1, there are, by Lemma 3.1, at
most (k1 — 1)(@=2)/2(ky — 1)(4=2)/2 girth cycles containing edges wr and 229, 1, and
SO

|Co| + |Cal + -+ 4 |Cag—a| < (61 + 34 -+ c2q—3) (k1 — 1)4=2D/2(fy — 1)(d=2)/2
= e(ky — 1)@=/ (fy —1)@=2/2,
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Consider a 2d-cycle (xg = w,x1 = r,Z9,...,Z24—1,w) € C3UC5U--- U Coq_s. If
this cycle is an element of Co;41 (1 <j < d—2),thenitis easy to see that Tojt1 € Dg_l,
and 5o w242 € D31\ {w}. Therefore, there are at most ¢ — x — « choices for an edge
Z2j4+1%2;+2. For each such choice there are, by Lemma 3.1, at most (k1 — 1)(‘1’4)/2(/@ —
1){4=2)/2 girth cycles containing edges wr and x2;.4172;42, and so

|C5] + |C5| + -+ + [Cags| < (e =k —a)(ky — 1)\ D2 (ky — 1)1472)72,

Finally, consider a 2d-cycle (xg = w,z1 = r,x2,...,Z29—1,w) € Coq_1. Note that
we have at most k1 —a choices for a vertex x5. For each choice of vertices xo, x3,...,T;_1,
where 7 < d, we have at most k; — 1 choices for vertex z; if 7 is even, and k5 — 1 choices
for a; if i is odd. Therefore, there are at most (k; — a)(ky — 1)(4=2)/2(ky — 1)(d=2)/2
choices for vertices xs, x3,...,24. On the other hand, there are at most « choices for a
vertex xo4_1. For each such choice of vertices zs, x3, ..., x4 and 241, there is at most
one girth cycle containing the edges wr, rxs, 23, ... rq—124 and xo4_1w. Therefore,

1Coq1| < Kk — @) (ky — 1)@=2/2(ky — 1)(@=2/2,
To further estimate the sum |Cy| + |Ca| + - - - + |Caq—1|, we first note that
C1| + [Coai| < (ky — 1)@/ 2 (kg — 1) 72072
(@ = D)k = 1)k = 1) + K(ks = @)k = 1))
< (ky — 1)@=9/2(g, — 1)(d-2)/2
(@ = D)k = 1) + Kl = ) (1 = 1)
_ (kl )(d 4)/2<I€2 1)((1—2)/2
((a 1+ ) (k1 — 1)? — wla — 1) (ks — 1))
< (by = D2y — )220 = 14wk — 1)?
< (b — 1) (ky - 1)22(e 1),
while
[Col + 1G]+ -+ + [Caaa| < (k1 = D792 (ky = )22 (e(ky = 1) + (e — 5 — a))
< (b — 1)@/ 2(ky — 1)[D/2 (g(ky — 1) + 2 — 1)
= (ky — 1)@9/2(ky — 1)[@=2/2 (12 — 1),
Therefore,
a1 < n(wr) <|Ci|+[Ce|+ -+ |Caq—1|
< (ky — 1)@/ (ky — 1)=D/2 (e — k1—1) + kie — 1)

(
=(k1—1)(d 4/2(k2 1)d 2)/2(€(k +€_(k1_1) 1)
< (k1 — 1)@=D/2(ky — 1)(@=D/2 ((k2 + (ke — 1) — (k1 — 1)?)
< (k1 — 1)@=/ (ky — 1)=D/2 (g(k? (k= 1) — (k1 — 1)?)
= (k1 = 1)\ (ky — 1)1 2>/2(k15—k1+2)

The result follows. O
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Theorem 5.3. Assume that g = 2d > 8 and d is even. Then € = 0 and T is the incidence
graph of a finite thick generalized d-gon, hence either d = 4 or d = 8.

Proof. Suppose first that ¢ is positive. By Lemma 5.1 and 5.2 we have
(kl - 1)d/2(k2 - 1)d/2 - ]{)28 S a1 < (k}l - 1)(d72)/2(1€2 - 1)(d72)/2 (k15 - kl + 2)
This implies
(1{31 - 1)(d_2)/2(k‘2 — 1)(d_2)/2(k‘1]{32 — ko — 1)
kQ + kl(kl — 1)(d72)/2(k2 — 1)(‘172)/2
(kl - 1)(d_2)/2(1€2 — 1)(d_2)/2(k1/€2 — ko — 1)
ki (1 + (ky — 1)(@=2)/2(ky — 1)(d-2)/2)

(ky — 1)4=2/2(fy — 1) @=2/2(2hy — kg — 1) — by (ko — 2)
key (14 (kg — 1)(@=272(ky — 1)(d-2)/2)

ko —1>¢e>

=ky — 2+

As ky (kg —2) < (ky — 1) (kg — 1) < (ky — 1)(@=2/2(ky — 1)(4=2/2(2k) — ky — 1), the
above inequality implies
ko—1>e>ky—2,

contradicting the fact that € is an integer. Therefore, € = 0. O

6 The case g = 2d, where d is odd

In this section we consider the case g = 2d with d odd, in particular the case g = 6 when
we provide a characterization of affine planes. Unfortunately, the method we applied in the
proof of Lemma 5.2 for giving an upper estimate on b; does not work for odd d, but we can
calculate the exact value of b; if ¢ = 1. Throughout this section we will use Notation 3.5.

Theorem 6.1. Assume that d is odd and suppose that ay, = by, = M — 1. Then by =
M—ky+landby=---=bp, =M — 1

Proof. Pick adjacent vertices u € A,v € B such that n(uv) = ap, = by, = M — 1. Let
D} denote D (u,v) and

-1
D= (D uD;).
i=0

For vertices x,y € D, let dp(x,y) denote the distance between x and y in the subgraph
T'[D], that is, in the subgraph of T', that is induced by D. Observe that dp(z,y) < 2d — 1
forallz,y € D.

By Proposition 2.6(vi) and (vi) we have that

M
ke — 1’

DI = DYy | = (k — D)2/ (ly — 1)/ —

and there are M — 1 edges between Dg‘l and Dgfr Hence all but one vertices in Dfllfl
have k; — 1 neighbours in Dg_l. Letp € D?_, denote the unique vertex which has only
k2 — 2 neighbours in D4 '.
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We claim that all but one vertices in D;ll*l have ks — 1 neighbours in Dg_l, too.
Let = be any vertex in Dg_l. Then for each vertex y € D? there is at most one vertex
z € D¢, NT(z) so that d(y, z) = d — 2, because otherwise a cycle of length 2(d — 1)
would appear. Thus

(z) N Dg_4| < |[Di| = k2 — 1.
This implies, by the pigeonhole principle, that there is a unique vertex r € Dfil*l which has
only ko — 2 neighbours in Dﬁ,l. Then r has one neighbour in Dg:f andithas ki1 — ko +1
neighbours outside D.
Now, let w be an arbitrary vertex in D? and let S = D¢_, \ D4~%(w,v). Then

DI (w,v) =Di2US8.
We now describe the set D4~ (w,v). Observe that
Dy (w,v) € DI U {1}, ©.1)

where p; is the unique neighbour of p outside D. There are two possibilities we have
to consider, namely either w is the unique vertex of D? for which dp(p,w) = d — 2,
or dp(p,w) = d. Let us first consider the case dp(p,w) = d — 2. Note that in this
case p; € Dg_l(w, v), so there is a unique vertex w; € Dj_l which is not contained in

D37 (w, v). Observe that every vertex from D%, which has ko — 1 neighbours in D¢ __,
is at distance d — 1 from w, and so wy = r. Therefore (6.1) implies

Dg~ (w,v) = (D~ \ {r}) U {p1}.

We now count the number of neighbours between D%~ *(w,v) and D?_, (w,v). Recall
that each vertex from Dg_l has a unique neighbour in Dg:f and that each vertex from
D371\ {r} has ks — 1 neighbours in D¢_,. Pick z € DI\ {r}. Asz € DI (w,v), x
has at least one neighbour in Dfilfl \S. On the other hand, if z has more than one neighbour
in Dg_l \ S, then this would imply a cycle of length 2(d — 1), a contradiction. Using the

above observations we now have
n(vw) = (|Dg" = 1) (k2 — 1)
= ((k1 — 1)@/ (ky — 1)@=D/2 1) (ky — 1)
=M—ky+1.

In the case when dp(p, w) = d — 2 we have that d(w,p1) = d + 1 (note that p is the
only neighbour of p; in D), and so by (6.1) we have Dgfl(m v) = Dgfl. Observe also
that |S| = |D4_,| — D33 (w,v)| = (k1 — 1) D/2(ky — 1)(4=3)/2(ky — 2). Similar
arguments as in the previous case now show that
n(vw) = DG~ + S| (k2 — 1) — 1

= (ky — 1)4D/2(ky — 1)[4=1/2 o (k) — 1)7D/2(y — 1)V 2(ky — 2) —1
=M -1.

This proves the statement. O
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Theorem 6.2. Assume that d is odd and ks does not divide k. If ax+1 = by = M — ¢ for
a non-negative integer ¢ < 1, thenc =0anday =--- =apy1 =by =---=by, = M.

Proof. We first assume € = 1 and derive a contradiction. If ¢ = 1, then it follows from
Theorem 6.1 that the signature of any vertex from Bis (M — ko +1, M —1,..., M —1).
Now Proposition 3.2 yields that the signature of any vertex from A is (M —ka+1,..., M —
ko+1,M—1,...,.M—1). Leta = M —ks+1 and let a4 and ap be as in Proposition 3.3.
Observe that ag = 1 and so we have ksa4 = k1 by Proposition 3.3. Hence k; is divisible
by ko, a contradiction. Therefore ¢ = 0 and the result now follows from Theorem 3.4. [

In particular, we consider the case k1 —1 = ko = kandd = 3. Then k1 ko —k1+1 = k2
and it is well-known that a 2— (k?, k, 1) design is a finite affine plane of order k. Combining
Theorems 3.4(vii) and 6.2 we get the following characterization.

Corollary 6.3. Assume that k1 —1 = ko = kand thatd = 3. Ifax41 = by, = M —c fora
non-negative integer € < 1, then ¢ = 0 and I is the incidence graph of a finite affine plane
of order k.

7 Examples

In this section we provide some examples where ay, is close to the upper bound given
in Theorem 3.4. In all cases, the signatures of the points are constants, hence each edge
is contained in the same number of girth cycles. So our examples are edge-girth-regular
graphs, too. Let us start with the g = 4 case.

Example 7.1. Let f; > fo > 1 and h > 2 be integers and consider the complete bipartite
graph IV = Ky, 1, 7,5, with bipartition A and B. Label the vertices so that

1 f2
A= U {uri,uz, ... unit, B= U {vij,v25, .. vt
i=1 j=1

Let I' denote a graph that is obtained from I" by deleting all edges of the form wg ;v ;,
where ¢ € {1,2,...,h},i € {1,2,...,fi}and j € {1,2,..., fo}. Then T is a bipartite
biregular graph with g = 4, ky = fo(h — 1) and kg = f1(h — 1).

Take any edge e = uy, ;vp, ; in I'. Then ¢4 # {9, and there are ((fo(h — 1) — 1)
(fi(h — 1) — 1) 3-arcs of I" which contain e. Let us now count how many of these 3-arcs
are not contained in a 4-cycle. Let A = vy jiuy, Ve, juer ;v be any 3-arc containing edge
e. Note that ¢/ # ¢; and ¢ # {5. Then A is not contained in a 4-cycle if and only if
vertices vy ;- and wugr ;- are not adjacent in I', which happens if and only if ¢/ = ¢, As
0" # ¢ and ¢ # {5, there are h — 2 choices for ¢’ = ¢, hence there are f; fo(h —2) 3-arcs
containing e, that are not contained in a 4-cycle. So the number of girth cycles through e
inTis ((fa(h—1) = 1) (fi(h —1) = 1) — f1fo(h —2). It follows that I" is girth-biregular
with

ap = - = Ak, :bl :"':bk2 :(klfl)(kgfl)fflfg(h72):Mfflfg(h72).

For g = 6 we follow the examples of the paper [1].
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Example 7.2. Take an affine plane of order ¢ and remove ¢ parallel classes. Consider
the incidence graph of this structure. The lines still have size ¢ and the points have degree
q+1—1,soitis a bipartite biregular graph with valencies ¢ and ¢+ 1 —¢. To count the girth
cycles containing the edge corresponding to an incident point-line pair (eg, Py ), we have to
choose a point Py # P; € ey, and aline ey # e; through Py and complete it to a girth cycle
(of length 6) by choosing a point Py # P» € e; and a line es joining P; and Ps. There are
q — 1 ways to choose P; and g — ¢ ways of choosing e;. For e5 we have to choose a line
different from ey, not parallel to eg, so we have (¢ — 1 — %) possibilities, since the point Py
will just be the unique point of eg N ey. So, in total there are M’ = (¢—1)(q—1i)(qg—1—1)
girth cycles through the edge (eg, Po).

In particular, when we have an affine plane of order ¢, its incidence graph is a bipartite
biregular graph with valencies ¢+ 1 and ¢, and we have M = (¢—1)?g girth cycles through
an edge. If there is an affine plane of order ¢ 4 1 as well, then removing % = 2 parallel
classes will also give us a bipartite biregular graph with valencies ¢+ 1 and ¢ and this graph
will have M’ = q(q — 1)(¢ — 2) = M — q(q — 1) girth cycles through every edge.

Another construction from the paper [ 1] is the following.

Example 7.3. Let us consider a Steiner system on v points and line size k. Delete a point
P* and all the lines through the deleted point. The incidence graph of the resulting structure
will be a bipartite biregular graph with valencies k and r— 1, again with r = (v—1)/(k—1).
One can more or less copy the argument in the previous example: using the same notation,
the point P; can be chosen in (k — 1) ways. Now consider the line e* in the original Steiner
system that joins P; and P*. If the line e; intersects e*, then we have (k — 2) choices for
P, and e, and there are (k —2) such lines in the original Steiner system. So, this case gives
(k —1)(k — 2)? girth cycles. There remain (r —2) — (k —2) = r — k lines through P, not
intersecting e*. If e; is one of them, then there are (k — 1) ways to extend it to a girth cycle.
This is (k — 1)?(r — k) possibility, so in total we have (k — 1)((k —2)? + (r — k)(k — 1))
girth cycles containing the edge (eq, Pp).

It is easy to extend Example 7.2 to resolvable Steiner systems.

Example 7.4. Consider a resolvable Steiner system and denote by v the number of points,
by r the degrees of points, where 7 = (v — 1)/(k — 1). In this case k divides v, and the
original design will have (k — 1)?(r — 1) girth cycles through any edge. If we remove
1 parallel classes of lines, then the incidence graph of the resulting structure will have
degrees k and r — ¢). For determining the number of girth cycles containing an edge start
from an incident point-line pair (Py, eg) as before. Take a point P; on eg and let U be the
set of points which are on the lines through P; that belong to the deleted parallel classes.
This implies that |[U| = i(k — 1). Letrj, j = 0,...,k — 1, be the number of lines
through Py which intersect U in exactly j points. Clearly, we have ;73 =r—1 and
>_;Jrj = U] = i(k —1). On a line ¢ through having j points in U, we can choose the
point P, of the girth cycle in (k — 1 — j) ways. This way we get in total

E
—

(k—1—=g)rj=(k-1r—-1)—i(k—-1)

I
<

J
girth cycles for a given choice of P;, so the total number of girth cycles will be
(k —1)2((r — 1) — 4). For small i this is close to our upper bound.
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In particular, we mention two examples arising from higher dimensional finite spaces.

1. Letn = 2m + 1. Remove the ¢™ + 1 elements of a line spread from PG(n, ¢) and
denote the correponding point-line incidence graph by I'. Then I' is a girth-biregular
bipartite graph with g = 6, k; = ¢*™ + --- + g and ko = ¢ + 1 and its signature is

ay=-=ap, =by = =bp, = (¢*" +--+q—2)=M— ¢

2. Let us remove the ¢"~! elements of a class of parallel lines from AG(n,q) and

denote the corresponding point-line incident graph by I'. Then I is a girth-biregular
bipartite graph with g = 6, k; = ¢" ' + - - - + ¢ and ko = ¢ and its signature is

ar=--=ap, =by=--=by, =(q-1)*¢" "+ +qg-2)=M—(¢-1)%

In both cases the magnitude of ¢ is only kf/ (n=1),
In the case g = 8 our examples come from incidence graphs of generalized quadrangles.
For a detailed descriptions of generalized quadrangles, their ovoids and spreads, we refer
the reader to the book of Payne and Thas [13].

Example 7.5. Let G’ = (P, L,I) be a generalized quadrangle of order (s, ¢) and I be the
Levi graph of G'.

Suppose that G’ admits a spread S (a set of st + 1 lines, no two of which intersect).
Delete the lines of S. Then the Levi graph I' of G = (P, £\ S, 1) is a bipartite graph with
bipartition |A| = (s + 1)(st + 1) and |B| = t(st + 1), valencies s + 1 and t and g = 8.
We claim that it is also girth-biregular with

1= =0g41 =by =---=b,=s2(t? =3t +2) =M — s*(t — 1).

Dually, if G’ admits an ovoid O (a set of st + 1 points, no two of which are collinear),
then the Levi graph T' of G = (P \ O, £, 1) is a girth-biregular graph with valencies s and
t+1,and

ap = =G =b = =b =t>(s* =35 +2) = M — t*(s — 1).

In G for any incident point-line pair (P, ¢) there are (¢ — 1)s points in P which are
collinear with P but are not incident with ¢, and there are s(¢ — 1) lines in which meet ¢ but
are not incident with P. Let R be one of these points and e be one of these lines. Then there
is a unique point-line pair (7', f) in G’ so that R1 f IT I e. Thus in I" there are s(t — 1)?
girth cycles through the edge which corresponds to the pair (P, £). For a fixed R there is a
unique element f € S through R. All the s other points on f determines a unique 8-cycle
which contains (P, ). No two elements of S intersect, hence there are (¢ — 1)s - s deleted
8-cycles. Thus in I the total number of girth cycles through the edge corresponding to
(P, 0)is

2t —1)% —s(t —1)s = s*(t* =3t +2) = s*(t — 1)(t — 2).

Among the known generalized quadrangles only a few admit a spread or an ovoid. In
particular, the classical generalized quadrangle Q(5, ¢) admits a spread. In this case I has
valencies ¢+ 1 and ¢2, and the number of girth cycles through every edge is ¢*(¢? —1)(¢* —
2) = M — ¢*(¢?> — 1). So the magnitude of ¢ is M?/3.
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