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0  INTRODUCTION

Despite the fact that the Eulerian grid-based approach 
is commonly used for fluid flow simulations, new 
Lagrangian particle-based techniques have recently 
been developed and applied. One of the most widely 
used particle-based approaches to solving fluid 
motion equations is smoothed particle hydrodynamics 
(SPH). The SPH method was developed by Gingold & 
Monaghan [1] and Lucy [2] for solving astrophysical 
problems. The method has been modified to simulate 
the dynamics of solids [3] and [4], liquids [5] and 
[6], explosions [7] etc. Although in SPH water can be 
considered incompressible [8], a weakly compressible 
approach is mostly used.

In this study we employed the Tis Isat model, 
developed at the University of Ljubljana. Tis Isat 
is a typical weakly compressible SPH model that 
introduces a non-discrete boundary condition with 
friction into the SPH method [9]. It has been verified 
against two benchmark cases [10] and [11]. The results 
were in a good agreement with the measurements and 
the results of other available models, while behaviour 
at the boundaries was better [12], [13] and [9]. The Tis 
Isat model was also verified on a real case study [14] 
and the results of the Tis Isat model were compared 
to measurements and results of a mesh-based model 
[15].

Probably one of the biggest challenges in the 
development of the SPH method is reducing the 
computational time. SPH models are usually coupled 
with other, computationally less demanding models. 
So far, different coupling approaches have been 

proposed: a) coupling the SPH model with mesh 
methods [16], b) coupling SPH models of different 
resolutions [17]to [21] and c) coupling SPH models of 
different dimensionalities [22].

In this work we propose a 2-D/3-D coupling 
approach in order to significantly reduce the 
computational time. The coupled 2-D/3-D model can 
be used in all cases where flow transits from a 2-D 
to a 3-D state and vice versa. As a good example of 
such transient flow we simulated two channels, one 
with an expansion (channel A) and the other with a 
contraction and an expansion (channel B).

1  METHOD

1.1  SPH Method

Smoothed particle hydrodynamics is a meshless 
particle-based computational method for simulating 
fluid flows. The interpolating kernel function solves 
Eq. (1) for any quantity A in an arbitrary point ri:

 A r A r W r r dri i( ) ≈ ( ) −( )∫ .  (1)

In discrete form, it can be described as:

 A r
m
AW r ri

j

j
j j ij( ) = −( )∑ ρ

,  (2)

where mj is the mass of the particle j, ρj is its density 
and Aj the value of the quantity A of the particle j. 
Many forms of smoothing kernels W are known. In 
this research the following form was used:
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Eq. (3) was proposed by Monaghan and Lattanzio 
[23], where q = l/h (h is the smoothing length and 
l is the distance between the particles) and w is the 
normalization factor (w = 7πh2/10 for 2-D simulations 
and w = πh3 for 3-D simulations). 

The general equations of fluid motion, the 
dynamic equation (Eq. (4)) and the equation of state 
(Eq. (5)) were derived by integration by parts, where 
gradients are replaced by kernel derivatives:
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where:
 v v vij i j= − ,  (6)

 r r rij i j= − ,  (7)

vi is the velocity of particle i, ri is the position of 
particle i, pi is the pressure of particle i, υ' is the 
quotient between kinematic viscosity υ and the 
average density of particles i and j, eij is a directional 
vector, Wij' is a derivative of W with respect to l 
(distance between particles i and j) and g is the gravity 
acceleration. 

The treatment of boundary conditions is one 
of the most demanding parts of the SPH method. 
In particle methods, wall boundaries are usually 
converted into particles [24]. The Tis Isat treats solid 
boundaries differently; the integration approaches are 
described in Petkovšek et al. [9]. Furthermore, two 
eddy viscosity coefficients were defined in the Tis Isat 
model, as described in [9] and [13]: one is used for 
the wall-particle (bvis) and another for the particle-
particle interactions (avis). The turbulent viscosity 
between particles is then calculated as:

 υa aavis d v l= ⋅ 2 ,  (8)

and the turbulent viscosity between the wall and 
particles is calculated as:

 υb b
bvis d v l= ⋅ 2 ,  (9)

where d is the size of the particle, v is the velocity of 
the particle, la is the distance between particles and lb 
is the distance between the boundary and the particle. 

1.2  Computation of Water Depth

The SPH method is particle-based and therefore 
the accuracy of the computed water depth depends 
on the particle size d. The real water level can be 
located anywhere between the computed value ±d/2 
and therefore the particle size should be as small as 
possible. The Tis Isat model calculates water depth 
hdep using the equation:
 h d Wdep = ∑2 ,  (10)

for 2-D simulations and
 h d Wdep = ∑3 ,  (11)

for 3-D simulations, as described in [13], where W is 
the smoothing kernel and d is the particle size. Eqs. 
(10) and (11) are used to calculate water depth at any 
chosen point. Particles within a 2h distance from the 
observed point in the horizontal plane influence the 
water depth at the observed point (red/darker particles, 
Figs. 1a and b). The influences of the smoothing 
kernel (Fig. 1c) for any particle within the 2h distance 
from the observed point are calculated using Eq. (3). 
As seen from Fig. 1c, particles closer to the observed 
point have a greater impact on water depth. The graph 
curve shows the value of the smoothing kernel for a 
chosen particle and its influence on water depth.

1.3  2-D/3-D coupling

For simulating flow in complex channels, such as 
a channel with a contraction and/or an expansion 
(Fig. 5), 3-D models should be applied. While flow 
phenomena near contractions or expansions cannot 
be satisfactorily described with any width-averaged 
2-D model, such channels usually consist of relatively 
long straight sections, where width-average modelling 
is sufficient. In such cases, using the extremely time 
consuming fully 3-D SPH modelling is not necessary 
over the entire channel. The key idea of this research 
was to combine the 2-D and 3-D Tis Isat models 
and use them simultaneously in order to save on 
computational time. 

Both versions of the model can be coupled in 
two ways: a) coupling a 2-D model upstream with a 
3-D model downstream and b) coupling a 3-D model 
upstream with a 2-D model downstream.

When water flows into an expansion, a 2-D 
model is used in the narrow part of the channel. Near 
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Fig. 1.  Calculation of water depth with the 2-D Tis Isat model: 
a) ground plane of the channel with the observation point,  

b) longitudinal profile of the channel with the observation point,  
c) smoothing kernel influence (Eq. (3)).

Fig. 2.  a) 2-D/3-D and b) 3-D/2-D coupling

Fig. 3.  A surge wave is formed by reflexion from the contracted 
section, travelling in the upstream direction; this phenomenon 

usually occurs in channels with a contraction, such as channel B; 
the arrow denotes flow direction [11]

Fig. 4.  Flow area shortly downstream of the expansion with locally 
supercritical flow, which terminates with an oblique hydraulic jump; 

this phenomenon usually occurs in channels with an expansion, 
such as channel A; the arrow denotes flow direction [11].
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boundary condition was prescribed where particles 
can freely leave the computational domain. However, 
this solution is not entirely general, as there can be 
cases where the flow at the expansion is not critical 
during the whole computational time. For example, if 
there is an obstacle downstream from the expansion, 
the flow will be critical in the first moments and later 
a surge wave can propagate upstream even into the 
narrow part of the channel.  

In such cases the methodology should be 
complemented. One of the possible solutions would 
be to make an iterative procedure between the 
first section upstream of the 2-D/3-D limit and the 
first section downstream, calculating each region 
alternatively with the 2-D and the 3-D model and 
iteratively approaching the solution. We plan to 
complement the model in this manner. We are aware, 
however, that with such a procedure the computational 
time will probably increase significantly.

In the case of contraction/expansion (channel 
B, Fig. 5b), the 2-D model was used in the part of 
the channel above the contraction. However, in this 
particular case the coupling procedure began sooner 
(9 m downstream from the dam), as the hydraulic 
phenomenon occurring upstream from the contraction 
(described in detail in the following section) is much 
better simulated using a 3-D model.

2  CASE STUDY

In channels with expansion and/or contraction, two 
typical phenomena occur (shown in Figs. 3 and 4). 
The first is the reflection of a surge-wave from the 
constricted cross-section, which propagates in the 

Table 2.  Parameters of the numerical experiments

Parameter Abbreviation
Value

Case 1 Case 2 Case 3 Case 4

Particle size d
0.039 m

or
0.02 m

0.044 m 0.029 m 0.031 m

Number of 
particles
(t = 0 s)

np

Coupled 2-D/3-D 
model Tis Isat

8,350 2-D particles
or

33,403 2-D particles

9,252 2-D particles
+

46,326 3-D particles

10,968  
2-D particles

7,911 2-D particles 
+

37,773 3-D particles

Fully 3-D 
model Tis Isat

83,663 3-D particles
or

668,4873-D particles

129,710 
3-D particles

187,806 
3-D particles

116,969 
3-D particles

Coefficient used to 
calculate turbulent 
viscosity between 

the wall and 
particles

bvis

Coupled 2-D/3-D 
model Tis Isat

0.001
or

0.0011
0.001 0.001 0.0013

Fully 3-D 
model Tis Isat

0.004
or

0.0041
0.003 0.001 0.0015

the expansion the coupling procedure begins. When 
the 2-D simulation transits into a 3-D simulation, the 
particles at the distance cs dt above the expansion are 
taken into account (cs being the speed of sound and 
dt the time step). This is the distance at which the 
influence of any flow disruption travelling with the 
speed of sound fades in time step dt and therefore 
the smallest coupling length recommended in the Tis 
Isat model. In this area particles from the 2-D model 
are multiplied in rows across the channel width to be 
ready for the flow simulation using the 3-D model 
(Fig. 2a). Initially the particle velocities and pressures 
in the 3-D model are the same as at the last cross-
section of the 2-D model. In the following time step, 
all particle parameters are calculated using the general 
3-D equations for fluid motion (Eqs. (4) and (5)). This 
approach was used in channel A (Fig. 5a).

The same approach can be applied for coupling 
an upstream 3-D model with a downstream 2-D 
model. The particles from the 3-D model, located 
within |0.5 d| from the symmetry axis of the channel 
(d being the particle size) and within the distance cs dt 
above the expansion, are transformed into particles for 
the 2-D model, maintaining their parameters. Tis Isat 
moves the centres of these particles into the symmetry 
axis of the channel and the transformed particles are 
ready for the 2-D flow simulation using the 2-D Tis 
Isat model (Fig. 2b).

In the 2-D SPH model, solid boundaries are 
located at a distance ±d/2 from the centre of the 
channel and in the 3-D SPH model they are placed at 
the real distance from the symmetry axis. Critical flow 
occurs at the site of sudden expansion of the channel in 
all the experiments on the physical model [11]. Thus, 
at the downstream end of the 2-D SPH model an open 
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upstream direction (Fig. 3). This phenomenon occurs 
in channels with a contraction.

The second phenomenon occurs in channels with 
an expansion. Water depth changes rapidly from a 
high to a low stage. In the low-stage area the flow is 
supercritical and velocities are highly non-uniform. 
At the end of this area an oblique hydraulic jump is 
formed (Fig. 4).

Phenomena shown in Figs. 3 and 4 also occur in 
channels A and B. 

Simulations were performed in the two channels 
shown in Fig. 5. In both cases the width of the 
accumulation was 0.4 m and the channel slope was 
0.087%. The physical model and the 1-D finite 

difference (FD) model are described in more detail in 
[11] and [25].

Fig. 5.  a) Channel A with an expansion; and b) Channel B with a 
contraction and an expansion [11]

In both channels, simulations over dry and wet 
channel bed were performed. The four cases and the 
initial water depths are described in Table 1. Water 
depths in the accumulation were measured just above 
the dam and water depths in the channel just below it.

Fig. 6.  Wave front propagation for a) Case 1; b) Case 2; Case 3 
and d) Case 4

Fig. 7.  Water surface profile in channel axis at a) t = 15.5 s;  
b) t = 27 s and c) t = 45 s after the dam break for Case 1
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Fig. 8.  Axonometric view of the part of the channel with an expansion and water flow simulated with a) a fully 3-D model with larger particles 
(d = 0.039 m); b) a fully 3-D model with smaller particles (d = 0.02 m); c) a coupled 2-D/3-D model with larger particles (d = 0.39 m); and 

d) a coupled 2-D/3-D model with smaller particles (d = 0.02 m); Tis Isat model (t = 45 s) for Case 1 (pink and blue particles show areas with 
higher and lower water depths, respectively)

Table 1.  Case studies and initial parameters

Case Channel
Water depth in the 
accumulation just 

above the dam [cm]

Water depth in the 
channel just below 

the dam [cm]
Case 1 Channel A - 

dry channel bed
38.9 0.0

Case 2 Channel A- 
wet channel bed

43.7 7.0

Case 3 Channel B- 
dry channel bed

29.2 0.0

Case 4 Channel B- 
wet channel bed

30.7 5.8

Parameters used in the Tis Isat model are given in 
Table 2. The particles were 10 times smaller than the 
water depth in the accumulation. Good results were 
obtained using this particle size and the computational 

time was still acceptable. Case 1 was also simulated 
with smaller particles (d = 2 cm; 20 times smaller than 
the water depth in the accumulation). The number of 
particles in each simulation depends on the particle 
size and the model: with the 3-D model the number of 
particles is invariable, while in the coupled model, the 
number of particles varies throughout the simulation.

The following parameters were calibrated 
as described in [22]. The proposed value of the 
smoothing length ratio is between 1.0 and 2.0 [26] 
and the Tis Isat model has given good results for the 
value 1.0 [22]. The value of the coefficient used in the 
calculation of turbulent viscosity between particles 
avis was set to 0.01, which corresponds to the value 
proposed by Gesteira et al. [27]. The coefficient for 
calculating wall-particle turbulent viscosity was 
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calibrated by comparing the simulated results with the 
chosen parameter bvis to experimental measurements. 
Some differences between the used values bvis in 
the coupled 2-D/3-D and the fully 3-D model are to 
be expected. In the 2-D Tis Isat model the channel 
sidewalls are located next to the particles and this 
gives rise to greater friction between water particles 
and the wall in comparison with the 3-D model. For 
this reason lower values of the parameter bvis are 
needed in the coupled model. The best simulation 
results are presented herein.

Fig. 9.  Cross-sections at a) x = 32.22 m, b) x = 33.11 m and  
c) x = 34.00 m  at t = 45 s simulated with the 3-D and 2-D/3-D Tis 

Isat models with both larger and smaller particles for Case 1;  
the thickness of the slice is equal to the particle size, d

3  RESULTS AND DISCUSSION

The results of both models (coupled 2-D/3-D model 
and the fully 3-D model) were compared to the 
measurements. Although the 1-D mesh-based models 
give poorer results, the available 1-D FD model 
results are also shown [11]. Fig. 6 shows the wave-
front propagation for all cases.

3.1  Case 1

Fig. 7 shows a comparison of the measured and 
simulated data 15.5, 27 and 45 s after dam failure. 
Compared to measurements in the channel axis, 
neither of the SPH models gave significantly better 
results than the 1-D FD model. However, SPH models 
can better simulate the phenomenon that occurs 
shortly after the expansion (Fig. 4). In Case 1, all 
models are in good agreement with the measurements 
regarding the wave-front propagation (Fig. 6a). Fig. 8 
shows part of Channel A in axonometric view, and the 
water flow simulated with the coupled 2-D/3-D and 
the fully 3-D model with larger and smaller particle 
size at t = 45 s. Pink/lighter particles show the areas 
with higher water depth. Fig. 9 shows cross-sections 
at x = 32.22 m, x = 33.11 m and x = 34.00 m with 
the thickness of the slice d obtained from the coupled 
2-D/3-D (d = 0.039 m and d = 0.02 m) and the fully 
3-D (d = 0.039 m and d = 0.02 m) model at t = 45 s. 
These two figures show the ability of the 3-D Tis Isat 
model to simulate an area of supercritical flow and the 
oblique hydraulic jump that occurs after the expansion 
(Fig. 4). Both Figs. 8 and 9  show much better results 
using smaller particles.

3.2  Case 2

In Figs. 10 and 6b, the results of the simulations of the 
expanding flow over an initially wet channel bed are 
presented.

Fig. 10 shows the water surface profile in the 
channel axis at t = 16.5 s and 35 s after the dam’s 
collapse. SPH models showed good agreement 
with the measurements during the expanding flow 
immediately after the expansion (Figs. 10 and 6b). 

3.3  Case 3

Figs. 11 and 6c show the significantly more complex 
flow in Channel B over an initially dry channel bed.

Fig. 11 shows the water surface profile 20, 30 
and 58 s after the dam failure. Good results were 
obtained only before the contraction with all models. 
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Fig. 10.  Water surface profile in the channel axis at a) t = 16.5 s 
and b) t = 35 s (bottom) after the dam break for Case 2

Fig. 11.  Water surface profile in the channel axis at a) t = 20 s,  
b) t = 30 s and c) t = 58 s (bottom) after the dam break for Case 3

Fig. 12.  Water surface profile in the channel axis at a) t = 19.5 s, 
b) t = 26.5 s and c) t = 40 s after the dam break for Case 4

The 1-D FD model shows good results after the 
expansion, while the water level calculated by the 
coupled 2-D/3-D SPH model is too low and the level 
calculated by the fully 3-D SPH is too high. The wave 

front propagation is simulated well with all the models 
(Fig. 6c). 

3.4  Case 4

The last simulation was dedicated to the flow in 
Channel B over an initially wet channel bed. 

Water surface 19.5 s after the dam failure is 
shown in Fig. 12a. All models show good results. 
Fig. 12b shows the water surface 26.5 s after the 
dam’s collapse. In comparison to measurements, 
satisfactory results were achieved using SPH models. 
A comparison of the measured data and simulated 
water depth 40 s after the dam break is shown in Fig. 
12c. Both SPH models show the phenomena above 
the contraction and below the expansion very well. 
The wave front propagation is simulated well with all 
the models (Fig. 6d).

4  DISCUSSION

The results obtained by the SPH models can be 
divided into two groups: in the first three cases the 
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results of the SPH simulations are aproximately 
as good as the results of the 1-D FD model. SPH 
models are able to accurately reproduce the hydraulic 
phenomena which occur before the contraction and 
after the expansion. Case 4, on the other hand, shows 
very good results. The agreement of the water levels 
with the measurements was much better than in other 
cases. 

Therefore, all four cases show that SPH 
simulations are suitable for this type of simulations. We 
also demonstrated that complex local hydrodynamic 
phenomena, such as the reflected wave propagation 
upstream from the contraction (Fig. 3)  and the area of 
supercritical flow and non-uniform velocities ending 
in an oblique hydraulic jump after the expansion 
(Figs. 4 and 8) can easily be simulated with the SPH 
method. Furthermore, as the SPH method is not based 
on a computational grid, it can be used to effectively 
describe complex geometries and can therefore be 
used in highly complex computational domains.

The main disadvantage of the SPH method is 
its high cost with regard to computational time. SPH 
models give more accurate results using a larger 
number of particles, which strongly increases the 
computational cost of simulations, as a search for all 
neighboring particles must be performed at each time 
step. Therefore, the development of new techniques 
for reducing computational time is very important in 
SPH.  

All simulations were performed on a quad-core 
processor. Details regarding the processor used and 
the required computational times are shown in Table 
3. Case 1 was simulated with larger and smaller 
particles. By using an aproximately 2-fold smaller 

particle size, computational time was increased 20-
fold. By using the coupled SPH model in comparison 
to the fully 3-D SPH model, computational time was 
significantly reduced in all cases (Table 3).

A further decrease in computational time could 
be achieved in Channels A and B since it is possible 
to use the 2-D SPH model again in the downstream 
expansion part of both channels, when the flow again 
becomes regular and width-averaged. 

5  CONCLUSIONS

The simulations presented in this work were performed 
with a coupled 2-D/3-D and a fully 3-D SPH model. It 
was shown that the coupled 2-D/3-D SPH model is as 
good as the fully 3-D SPH model. Both SPH models 
can simulate the hydraulic phenomena occurring 
before the contraction and after the expansion. The 
most important advantage of using the 2-D/3-D 
coupling technique is the significant decrease in the 
computational time with no decrease in the accuracy 
of the results. 
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