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Abstract

Weighted Hosoya polynomials have been developed by Diudea, in ref. Studia Univ. “Babes-Bolyai”, 2002, 47,
131-139. Among various weighting schemes, those polynomials obtained by using Diudea’s Shell matrix operator are
far more interesting. We present here the Shell-Distance and Shell-Degree-Distance polynomials and close formulas to
calculate them and derived Cluj-Tehran CT index in the family of square tiled tori T(4,4)S[5,n]. Applications of the pro-

posed descriptors are also presented.
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1. Introduction

Let G(V,E) be a connected molecular graph,' without
directed and multiple edges and without loops, the vertex
and edge-sets of which being represented by V(G) and
E(G), respectively. Define the k™ layer/shell of vertices v
lying at distance k with respect to the reference vertex i as:*

G(i)y ={v| veV(G); dy =k} (1)

The collection of all its layers defines the partition
of G with respect to i:

G(i) = {G(i); ; k €[0,],...ecc;]} )

with ecc, being the eccentricity of i (i.e., the largest distan-
ce from i to the other vertices in G).

On the above notions, we define the entries in a la-
yer matrix (of a vertex property) LM as:*™

[LM],, = 3 p, 3)
v, =k
The zero column is just the column of vertex proper-
ties [LM], , = p;- Any atomic/vertex property can be consi-
dered as p,.

The information can be taken from any square ma-
trix M (called here the info matrix) as row sum RS, column
sum CS or diagonal entries given by the Walk matrix, as
developed by TOPOCLUTJ software package.®

The Layer matrix LM is a collection of the above
defined entries:

LM = {[LM]; ;:i € V(G); k €[0,1,..d(G)] | (4)

with d(G) being the diameter of the graph or the largest di-
stance in G.

Similarly, we can define the entries in a shell matrix
ShM:2#

[ShM],, = > [M], (5)

| =k

where M is any square topological matrix. Any operation,
(other than summation) over the square matrix entries
[M]f,w can be used, thus Sh being a true matrix operator.

The shell matrix will collect the above defined entries:
ShM ={[ShM],,:i €V (G); k €[0.1,...d(G)] } (6)

The zero column [ShM]i,O collects the diagonal en-
tries in the info matrix M.
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2. LM Polynomials

Define a distance-based polynomial as: ’

P(x)=3, p(G,k)-x" )
with p(G,k) being sets of local contributions (of extent k)
to the global (molecular) property P(G) = U p(G,k) and
summation running up to d(G). The polynomial coeftfi-
cients are calculable from the above defined layer/shell
matrices, as the half sums on columns.

Some single number descriptors (i.e., topological in-
dices TIs) can be calculated by evaluating the polynomial
k derivatives (usually in x = 1):

kory —

Pt(1)=3 k' p(G.k) ®)

In case: p(v) = 1 (i.e., the vertex counting), LM =
LC, (i.e., layer matrix of counting), p(G,k) denotes the
number of pair vertices separated by distance k in G, and
the classical Hosoya H(x) polynomial is recovered.® The
index calculated as the polynomial first derivative is the
well-known Wiener index,’ W.

W(G)=P'(LC,1) 9

The hyper-Wiener index WW, patterned by Ran-
di¢,'? is calculated from P'(1) and P’(1) derivatives as:

WW(G)=P'(LC,1)+(1/2)P"(LC,1) (10)

Figure 1 illustrates the P(L.C,x) polynomial.

Table 1. Polynomial P(ShD,x) and corresponding CT index in G,.

6 ik |1 2 3 4

‘ 1 1 2 2 1

5 2 § 2 3 W@
N /4\ 3 3 3 0 0
1 3 5 4 9 2 9 0
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7 6 1 2 2 1

7 I 2 3 @

G, cs |12 14 12 4

Figure 1. The graph G, and its Hosoya polynomial P(LC,x) = 6x +
7x* + 6x° + 2% P(LC,1) = W =46

tion is focused on Shell-Distance and Shell-Degree-Di-
stance polynomials, respectively.

3. 1. Shell-Distance Polynomial

Define the Shell-Distance polynomial”!! as

P(ShD,x)=>" p(G.k)-x* (11)
where p(G,k) are calculated as the column half sums in the
matrix ShD (Table 1). The polynomial defined on ShD
matrix has the coefficients already multiplied by the (to-
pological) distance and clearly P(ShD,1) = W(G), the
well-known Wiener index.

The 1* derivative of this polynomial is then weigh-
ted by the squared distances in G. An index, called Cluj-

ShD D
iVk 1 2 3 4 RS 1 2 3 4 5 6 7 RS
1 1 4 6 4 16 0 1 2 3 4 2 3 15
2 3 4 3 0 11 1 0 1 2 3 1 2 10
3 3 6 0 0 10 2 1 0 1 2 2 1 9
4 2 4 6 0 13 3 2 1 0 1 3 2 12
5 1 2 6 8 18 4 3 2 1 0 4 3 17
6 1 4 6 4 16 2 1 2 3 4 0 3 15
7 1 4 9 0 15 3 2 1 2 3 3 0 14
cS 12 28 36 16 92 [ 15 10 9 12 17 15 14 92
P(x) 6x 14x? 18x* 8x*
P(1) 46 = w
P(1) 120
P'(1) 232
CT (ShD) 236
3. ShM Polynomials

The weighting in the Shell polynomials is perfor-
med by the aid of Diudea’s Shell matrix operator** and
the weight is just the property of info matrix M. Our atten-

Tehran'' CT(ShM) index (with specified M) is calculated
by relation

CT(ShM,G) = P'(ShM, 1)+ (1/2)P"(ShM,1) (12)
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The results, for G, are given at the bottom of Table 1.

3. 2. Shell-Degree-Distance Polynomials

The Cramer product of the diagonal matrix of vertex
degrees Deg with the Distance D matrix provides the ma-

trix of degree distances, denoted DegD.

Deg(G)=xD(G) = DegD(G)

13)

Table 2. Polynomial P(ShDegD,x) and corresponding CT index in G,.

The above Cramer product is equivalent (gives the
same half sum of entries) with the pair-wise (Hadamard)
product of the vectors “row sum” RS in the Adjacency A
and Distance D matrices, respectively12

RS(A)e RS(D)= RS(DegD) (14)
Next, applying the Shell operator, the matrix Sh-

DegD, of which column half sums are just the coefficients
of the corresponding Shell-polynomial, is obtained

ShDegD DegD
i\ k 1 2 3 4 RS 1 2 3 4 5 6 7 RS
1 1 4 6 4 15 0 1 2 3 4 2 3 15
2 9 12 9 0 30 3 0 3 6 9 3 6 30
3 9 18 0 0 27 6 3 0 3 6 6 3 27
4 4 8 12 0 24 6 4 2 0 2 6 4 24
5 1 2 6 8 17 4 3 2 1 0 4 3 17
6 1 4 6 4 15 2 1 2 3 4 0 3 15
7 2 4 9 0 14 3 2 1 2 3 3 0 14
CcS 26 52 48 16 142 CcS 24 14 12 18 28 24 22 142
P(x) 13x  26x*  24x* 8!
P(1) 71
P (1) 169
P(1) 292
CT (ShDegD) 315
Table 3. Matrix operations of the diagonal Degree Deg matrix
Deg x D = DegD D x Deg = DDeg
1 2 3 4 5 6 7 RS 1 2 3 4 5 6 7 RS
1 0 1 2 3 4 2 3 15 1 0 3 6 6 4 2 3 24
2 30 3 6 9 3 6 30 2 1 0 3 4 3 1 2 14
3 6 3 0 3 6 6 3 27 3 2 30 2 2 2 1 12
4 6 4 2 0 2 6 4 24 4 3 6 3 0 1 3 2 18
5 4 3 2 1 0 4 3 17 5 4 9 6 2 0 4 3 28
6 2 1 2 3 4 0 3 15 6 2 3 6 6 4 0 3 24
7 3 2 1 2 3 3 0 14 7 3 6 3 4 3 3 0 22
CS 24 4 12 18 28 24 22 142 CS 15 30 27 24 17 15 14 42
12SUM =71 12SUM =71
Sh(DegD) Sh(DDeg)
0 1 2 3 4 RS 0 1 2 3 4 RS
1 0 1 4 6 4 15 1 0 3 8 9 4 24
2 0 9 12 9 0 30 2 0 5 6 3 0 14
3 0 9 18 0 O 27 3 0 6 6 0 0 14
4 0 4 8 12 0 24 4 0 4 8 6 0 18
5 0 1 2 6 8 17 5 0 2 6 12 8 28
6 0 1 4 6 4 15 6 0 3 8 9 4 24
7 0 1 4 9 0 14 7 0 3 10 9 0 24
CS 0 26 52 48 16 142 CS 26 52 48 16 142
P(1) 13 26 24 8 71 P(1) 13 26 24 8 171
P’(1) 13 52 72 32 169 P(1) 13 52 72 32 169
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P(ShDegD,x) =" p(G.k)-x* (16)

An example is given in Table 2; at the bottom of tab-
le, CT index is given.

Irrespective CP (11) is performed “to the left” or “to
the right”, the Shell-polynomial is the same (Table 3).

The half sum of entries in the Deg x D or D x Deg
matrices is the well-known degree-distance DegD(G) in-
dex, defined by Dobrynin and Kochetova'?

DegD(G) =3 . Deg(v)D(v) (17)
where Deg(v) and D(v) are just RS(A(v)) and RS(D(v)),
see (13). This index is in fact the non-trivial part of the
Schultz index.'*?* Accordingly, this index can be calcula-
ted as the half sum of entries in the matrices A x D or D x
A (Table 4). Next, applying the Shell operator, we obtain
the matrices ShA x D/ShD x A which are different from
ShDeg x D / ShD x Deg, because of the non-zero diago-
nal of A x D/D x A, of which information is lost in the
further first derivative of the corresponding Shell-polyno-
mial. Even the P(1) values are the same and equal the de-
gree-distance index DegD(G), in the following we will
calculate only the polynomial P(ShDegD,x).

Another reason is that the entries in DegD matrix re-
present precisely the property defined by Dobrynin in

Table 4. Matrix operations involving AxD matrix

(14). This matrix can also be obtained by Diudea’s Walk
operator'>!® as

DegD(G) = W(A,1,D) (18)
where 1 stands for the square matrix of the pertinent order,
having all the non-diagonal entries 1 while the diagonal

entries zero.
The walk operator*>'>!* W(M,,M,,M,) is defined as

[W(M,,M,,M,)],, = RS(M,™"") [M,],; (19)

It works by Hadamard algebra and was extensively
exemplified in refs.'>!% (see also ref.” )

4. Shell Polynomials P(ShD,x) and
P(ShDegD,x) in T(4,4)S[S,n]

The above defined Shell-polynomials are calculated
for the series of square tiled nanotori T(4,4)S[5,n] (Figure
2). Because such graphs are vertex transitive, formulas are
given only for the vertex polynomial. At the end of each ca-
se, examples are given for the Cluj-Tehran CT index. To ob-
tain the global value of CT the value per vertex is to be mul-
tiplied by half the number of vertices in the torus: v = 5n.

AxD

DxA

—_
[\S]
w
~
o)
(@)
]

1 1 0 1 2 3 1 2 10 1 1 4 7 6 3 1 2 24
2 4 3 4 7 10 4 7 39 2 0 3 4 4 2 0 1 14
37 4 3 4 7 7 4 3 3 1 4 3 2 1 1 0 12
4 6 4 2 2 2 6 4 26 4 2 7 4 2 0 2 1 18
5 3 2 1 0 1 3 2 12 5 3 10 7 2 1 3 2 28
6 1 o0 1 2 3 1 2 10 6 1 4 7 6 3 1 2 24
7 2 1 0 1 2 2 1 9 7 2 7 4 4 2 2 1 2
24 14 12 18 28 24 22 142 10 39 36 26 12 10 9 142
1/2SUM =71 1/2SUM =71
Sh(A xD) Sh(D x A)
0 1 2 3 4 RS 0 1 2 3 4 RS
1 1 0 2 4 3 10 1 1 4 8 8 3 24
2 3 12 14 10 0 39 2 3 4 5 2 0 14
33 12 21 0 0 36 33 6 3 0 0 12
4 2 4 8 12 0 26 4 2 4 8 4 0 18
5. 1 0 1 4 6 12 5 1 2 7 12 6 28
6 1 0 2 4 3 10 6 1 4 8 8 3 24
7 1. 0 2 6 0 9 7 1 4 11 6 0 22
CS12 28 50 40 12 142 CS 12 28 50 40 12 142

P(1)614 25 20 6 71
P()14 50 60 24 148

P(1) 6 14 25 20 6 71
P’(1) 14 50 60 24 148
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Figure 2. Torus of the series T(4,4)S[5,n].

4.1.Case: n =5+ 10 m.
P(ShDI(i, T(4,4)S[5,5 + 10m]),x) = 4x + 163 +
+3 3[30++ 500k 1) +10r]- x5 4

k=1 r=0

+{24+40m)_x5[m—ll+8 + (]6+20ﬂ?)-,‘(5[‘"_”+9

3
P(ShDI(i,T(4,4)S[5,5+ 10m]), 1) = 220",
£ 925, + 2125 17
4
P"(ShDI(i,T(4,4)S[5,5+10m]),1) = 3125m .
12625m’  8775m"  6245m
’ £ f +368
4
CT(ShDI(i,T(4,4)S[5,5+10m))) = 3125m N

12625m°  8775m*>  6245m
+ + + +
3 2 3

368

Example:
CT(ShDI(i,T(4,4)5[5,5+10m])):
m(1;2;3) =8526; 48996; 165016

4. 2. Case: n =10 m.

P(ShDI(i,T(4,4)S[5,10m]) = 4x +16x" +30x" + 40x" +

33 [50(k — 1)+ 107] x40 +[45 -+ 45(m— 1)]- " +

k=2 r=0

[36 o 30(m zor ])] xSim—I]w g []4+ lO(m _ l)] _xilm—]H?

25m(50m* +36m+13)
3

P'(ShDI(i,T(4,4)S[5,10m]),1) =

P"(ShDI(i,T(4,4)S[5,10m]),1) =

_ 5m(1875m’ +1300m’ +615m +122)
6

CT(ShDI(i,T(4,4)S[5,10m])) =

_ 5m(1875m’ +2300m’ +1335m +382)
12

Example:

CT(ShDI(i,T(4,4)S[5,10m])):

m(2,3,4)=22710; 94640, 270870

Because in T(4,4)S[5,n] the vertices have all the de-
gree 4, all the above formulas must be multiplied by 4 to
get the corresponding degree-distance descriptors.

5. Modeling Octane Properties

To test the correlating ability of the descriptors deri-
ved from the degree-distance matrices (ShM,) and Shell-
polynomials we focused on the set of octanes, as one of
the benchmark-sets®® " in correlating studies by using to-

pological indices.

92
915 y=0,0032x+8,7105
' R?=0,9125
91
o
m
9,05
9
*
885
80 90 100 110 120 130 140 150

DegD

Figure 3. The plot of octanes BP (°C) vs DegD index

Among several physico-chemical properties, the
boiling point BP was best modeled, in monovariate re-
gression, by the index DegD (plotted in Figure 3) while in
trivariate model, by the other descriptors derived from the
Shell-polynomials, the Cluj-Tehran index included. Re-
mark the best monovariate model reported so far is only
0.78 for the BP of octanes.”® Other applications refer to
the discriminating studies in large databases comprising
molecular graphs: the super index CIN (Cluj-Nis), inclu-
ding descriptors derived from the Shell-polynomials, suc-
ceeded in solving a set of more than five thousands mole-
cules without degeneracy.'!
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6. Conclusions

Weighting a distance-based polynomial is easily ac-

hieved by using the Shell-matrix operator. This enables
one to calculate a variety of so-called Shell-polynomials.

In

this article we derived close formulas to calculate the

Shell-polynomial P(ShD,x) and P(ShDegD,x) in a family

of

square tiled tori. Applications of the proposed descrip-

tors demonstrated their utility.
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UteZene Hosoya polinome je razvil Diudea (v ref.: Studia Univ. “Babes-Bolyai”, 2002, 47, 131-139). Med raznolikimi
uteZitvenimi shemami so precej bolj zanimivi polinomi, dobljeni z uporabo Diudejevega operatorja matrike lupin (obo-
dov) grafa. Tu so predstavljeni polinomi obodnih razdalj in stopnje obodnih razdaj (Shell-Distance, Shell-Degree-Di-
stance) in izpeljane formule za njihov izracun ter za Cluj-Tehran CT indeks v druZini »kvadratno-razdeljenih« torusov
T(4,4)S[5,n]. Predstavljena je tudi uporaba predlaganih deskriptorjev.
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