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INTRODUCTION

Electrical and electromechanical converters (EEMCs) are devices that convert energy from
one form to another. Types of conversion: electrical to electrical, electrical to mechanical,
mechanical to electrical. The conversion is time-limited or unlimited.

Electrical machines are also considered as EEMCs. In these, the energy conversion is always
mediated by a magnetic field.

Examples of energy conversions

Electrical — electrical R are losses.

P
u,, | u,, I
101—@—20 2 TRANSFORMER
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o % RECTIFIER
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o—— INV ——o INVERTER
v
P
P .
U, I Uy, |
v h CON 20 1 (DIRECT)
f, f, CONVERTER
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Electrical - mechanical
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Pm PeI
U, I
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M, 2, ﬁ/ GENERATOR
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P
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Magnetic field

The transfer of power or energy in electrical machines is carried out by a magnetic field or
magnetic flux. The basic quantities (marked with an asterisk) and derived quantities are used

for notation.
Basic quantities:

*B = % magnetic flux density



* @ = H B-dA magnetic flux
A
B P .
*H =— magnetic field intensity
U
B -
* = m permeability
Derived quantities:
¥ =2 &N, :Hé-d,& coil flux or magnetic linkage
A
L :% inductance
Fn = (JS I:II dl magnetomotive force (MMF) — excitation
K
D . .. F .
== magnetic conductivity (permeance) or R, = ;?“ resistance (reluctance)
m

pole pole

Examples for the main and leakage mag. fields -
winding shoe

couon N

3 [P
_I_ VW\I yoke
i @02
®, ; ; @Gl
winding 1 e ol Wi
winding 2 }Qm

iron core




Basic magnetic field laws
1) Law of current flow (Ampere's law)

(JSH,-dfszj-dA: IN=@ (J isthe current density.)
K A

discretization H, - H,; dl =1,

D Hil=IN

2) Flux preservation law

®=qbB-dA=0
!
Bk

discretization B — B;; dA— A,

Flux tube

Y BA=0 &=BA
3) Material law

B=f(B)=poH +B, = soH + pioH = uH
B, is the magnetic polarization or intrinsic flux density, and x the magnetic susceptibility.

M= po e = o (1+K)

Magnetic curve (B-H curve)
The B-H curve is shown in the left Figure for soft iron and a permanent magnet and for the

corresponding permeabilities in the right Figure. For a magnetic circuit, the following applies

without saturation: g4, -0 ; Hg, >0 in saturation: sy, —>

IN IN

Bee < By (B =B —saturation) By =y, — Bee>Byy Bs = 1y ——
) O+l



A H ‘
B soft iron soft iron
Bsat p ermanent magﬂet
permanent magnet
Mol — -
H g Baat B
Flux preservation law — application — @5 = @, Bre, Hre: Are

Law of current flow — application:

T%::x
@ =) Hl=IN , [}

o ° x| IN
| = 2 (if H=H is the peak value) BS"jS'AS I i
TN : A—
|
Magnetization characteristic Fe

The magnetization characteristic gives the dependence for a magnetic circuit consisting of

an air gap and an iron core. The air gap characteristic (AGC) is the tangent to the curve.

'y

B @ (%’ mag. characteristic

RS
Change of measure: B =f(®)

sat

Ordinate: @5 = BSAS — @5 :f(@sum)
O=0,,=0;+06

I, Abscissa: @ =1 N — B=A1(l,)

& Ok @



To calculate the magnetic circuit: from E — @ — B; on part i; from B; will be:

B
O, =25, O, =Hpl: (Hg, — from B-H curve)

[§

Ho
[ :@sum_> | :@sum @zgsum:\/zluN:\/zl N A
10 N u \/EN Rm Rm n m
2
inductance of the coil L:L:N_@:N_: N2Am and Am=i=ﬂ—A
V21, V21, R, R, |

Excitation of windings

Magnetic field of a concentric (cylindrical) winding

a) Example of a transformer

The individual windings are spatially close. The excitation is concentrated. The main flux
connecting the windings is generated in the iron core. If the Fe core does not have an air gap,
it will:

IFe

o—0and pp, > R, =
/uFeAFe

-0, L,—>x L,—0.

(&)

L., is the magnetizing (main) inductance and L the leakage inductance.

b) Example of salient poles for rotating machines

In rotating machines, the individual windings are separated by an air gap "6" or equivalent
(enlarged) air gap o, to take account of the effect of the machine's slotted openings.

© = I N, magnetic excitation by direct current of a single pole coil with N, turns.

If the current oscillates, i =+/21 cos(wt) = I cos(wt) , @ will also oscillate.



rotor L ‘ E 777777
| Com,
| |,
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! +21 - N +21
4 N
!+I/ @()\() +l
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b) |, X |
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Magnetic field of a distributed winding ‘ A | B
ot P T L
a) DC power supply ‘ +21
The left Figure (below) shows the coil \+,I - \ +|
excitation (MMF) curve for the developed i@ ® \ R R
c) ‘ ‘
rotor perimeter: @, = N, _ A ‘ ‘
2 0 |




. . N A 4 IN
N, are the number of turns of the coil. For p pole pairsare N, =— and &, =——.
p m2p
e Sainiied Eatatnts ~ J itk Rl . b1 O
e e [ N ST TN
i :/ //_:____ﬁ\\ | i 7Ci 1 ,//___\ ™ \: i Y N\
| N 7 |
Yvvtehhig il l A /B NN
B T OO —— O
N S I N NN 2. x=0 A
\\\____:___’/ ____"_____ i ////// \ /
Fundamental component < P
of sinus excitation T
C _— A . Dn rmn
The space distribution of the MMF of the coil is: 6, = @, cos((x/ 7)), if 7, = o= and
P P

x =0 is in the coil symmetry axis. Introducing the angle 9 = (x/z ) is 6, = é)cl cosd.

For two coils displaced by an angle in adjacent slots of a rotating electromechanical converter,

the fundamental harmonic component of the MMF is: @, =0, + Oy, -

In general, for a distributed winding, @, = 4 I2—N f, ., if f, isthe
T Zp

winding factor, i.e. the ratio of the geometric to the arithmetic sum O
C.

of the MMF of two or more coils: f, = =

For a uniformly distributed winding of a large number of coils, the MMF equation is a straight

line: 6, =06,

max

% for 0<x<17,/2.(Valid to the right dotted Figure (b) on page 7.)
P

b) AC power supply i= J21 cos(mwt)

MMF 6(x,t) = @1 cos @ cos(wt) — b(x,t)= @ (Inthe air gap, bc )



—————————————

3) i =~/21 cos(at)
. 2)
0(x,t) = O, cos 3 cos(wt) = ?(cos(&z —ot)+cos(J+wt)) or for boc @

A

b(x,t) = % (cos(9—wt) +cos(9+wt))

b(x,t) = b, (x,t) + b, (x,t)
direction of motion —> <«
The amplitude of a positive (direct) or negative (inverse) wave travels at the speed

obtained from the condition for the value of the argument:

X T
9Fwt=00r —nFot=0 > x=twt-—L2,

Tp T
2
AL S NP Y L B
dt T P T
From the condition v=Dnn=+2fz, =+2f % the expression is given: [n=+ f
p P

This is the basic equation for the rotational speed of a rotating magnetic field in an electrical

rotating machine.

60f 3000
P p

I+

A more practical equation for f =50 Hz is: n=+ (min*1 =rot./ min) .
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The magnetic field of a distributed three-phase winding or of three single-phase windings
displaced in space by a mechanical angle o, = o / p=(2n/3)/ p=120"/p.

developed air gap space phasor diagram time vector diagram

The Figure applies to the MMF of a two-pole machine which causes a magnetomotive field in

the air gap with phase current phasors according to the time diagrams for @t =0" and 60°.

Using the angle ¢ and the corresponding space and time phase shift, i.e., 120", we get:

phase "a" % (cos(9 - mt) +cos($+wt)) =h,, +by,,
phase "b" % (cos((8—120°) —(wt—120°))+cos((9—120°) +(a)t—120°))) =By + By
phase "c" % (cos((&—240°)—(a)t—240°))+cos((8—240°) +(a)t—240°))) =Dy, + by -
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The sum of the positive field waves is: b, =h,, +b,, +b,, = g B, cos(9— wt) . The sum of the
negative field waves is: b, =b,, +b,, +b,, =0, because the phasors of the negative wave of the
magnetic field of the second and third phases are displaced by 240" and 120" respectively. In

general, for a symmetrical m-phase system by, = % Bl cos(3— wt), if the field amplitude of each

s ) . N f . N f
phase is: Bl=ﬂ°—@1 or MMF @1=i w21 and for m-phases @1m=m AN,
S T 2p 2 2p

21.

Induced voltage

a) Induced voltage of a conductor (bar) due to motion in a magnetic field

e, = (UxB)-I =—(Bx0)-I
e, =v-B-l1 for B Lo
From dA=I1ldx=-lds =—lvdt (because dx =—ds)

~ uBldt BdA  dg
WE prove: eb= at =— at :_E.

b) Induced loop voltage due to a time-varying magnetic field

Induction law in integral form (Faraday's law):

@D
Il
~o
—l
D.lQ_

L

E, is the electromotive force (EMF).
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Example of a transformer:

dg dg

& gt 2 2 4t ]
AR =

&_ Ny Ky = Ny (voltage ratio) 1
e2 N2 N2 \ ¢
The general law of induction, if v =f(x,t): T:ez ;:;j> N,

o—\/i

e=_ AV _ [V OvOx) [0V OV o ¢ ——

dt ot oOx dt ot OX

transformer voltage + rotating or moving voltage.

For two windings with mutual inductance Ly, , there will be: w =L;, i, and

dy di, . du,
e=———=— —+I1, —= |=€ +€..
[Lﬂ.Z dt n dt t T

Forces in a magnetic field

T

Force on the current conductor (Lorenz force) [

F=Q-(xB)=q]l - (txB)=1-(ixB)=(i xB)-I,

because i =vq, will be aforce F =i-B-I.

g, is the line charge.

Motor: F acts in the direction of ¥ or €2, .

Generator: F acts against the direction of & or £,,.



Force on the iron core
Energy in the air gap:

i | + szchS@S and for @; = O A, iszzg@BzAB.
B,
I _OWy 105 1 o toAs dly
=g dx 2 °dx 2 ° 12 dx
B4
F
T fl,  For A= Mohs ong dly =—dx is force:
% : : 8
A By
Ay ' 1 ﬂo@iszAé
F=r —5—.
2
O, : : 2 2
For By = HoZs , We get the expression for the force on the iron core: F =% Bs A =% B
Ho 0

)
Examples of applications: switches, relays, magnets, and step motors.

Energy and power transmission

Electrical - mechanical
Fei Stationary operation:

L.
EMC ( I:)el - I:)I = I:)m
M, £ EMC — electromechanical converter (motor)

o ””

Electrical — electrical
TR Stationary operation:

R P
LD hae

l R TR — transformer
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Example of a lossless linear electromechanical converter

N: Accepted electrical power
Z P, =ei=vBli
e e F. 0 Mechanical power output
L P,=Fv=iBlv
|
Arrows system
i P=ui
P >0 consumer (motor)
ul P, H P < 0 producer (generator)

Torque
There are several ways to calculate the torque.

1) From electrical power P, =ei=P, =M, ; 2, =2an=v/r (mechanical angular or
circular speed) we get shaft torque:

b
0

m

2) From induced voltage

a) From the induced voltage due to motion, we get: ei =vBli=viBl = vF£ =M -> M

v
r r

€ €

M, =iBlr=Fr (e — electromagnetic torque)

We need to know the magnetic field distribution (in the air gap).
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b) The absolute value of the transformer induced voltage gives:

e=|- dv : ei= d—wl =M.
dt dt
de,, 1da : :
= =—— £ — mechanical angular velocit
nTTq pdt (2, g y)
o= pa, (., is the mechanical or "space" angel, « — electrical angel)

ei dl// pdt . dy ( o odg . j
M, =— 11— M. =piN— is valid for v = Ng.
T dt da Tda TP v =Ng

We need to know the magnetic field distribution (in the air gap).

3.) From the magnetic field energy ( dv:j/‘;'(e'dj

M :Fr:dwmmr:mMMd
¢ dx da

(fordx=rda)

The force acts in the direction of increasing the mutual magnetic linkage, or increasing the
magnetic conductivity, or decreasing the magnetic resistance.

From the equation for energy, for a single excitation winding:

M, 192 1 pedh r M, _ 1,99 1 p20Ry
2 da 2 da 2 da 2 da

In the equations, we consider @ =@ A, or @ =®R,, .

For two or more windings, the energy is expressed better in terms of inductances:

M =5 20“'1 —|§dﬁ +|1|20“'12

¢ Yda 2 % da da

L, and L, are the self-inductances and L;, the mutual inductance of the two windings.



Losses and efficiency

1) Winding losses: a) joule losses, b) eddy current losses due to skin-effect
P, = I°R or additional losses
R=R.+R,y

2) Losses in the Fe core: a) hysteresis, b) eddy-current
P-. = Py, + Proe =k,  B*me, +k, 2Bm,,,

where the exponent for hysteresis losses is x=1,6+2,8.

3) Mechanical losses in rotating machines

Efficiency
nzﬁz Pn—P —1— izl_ ﬂ
P P P R

Heating and cooling

Heat transfer

1. The propagation of heat — the heat flux — in a solid bodly is:
D =4(5-9) A — specific thermal conductivity [%J

thermal conductivity A, = % A —surface (m?), d — body thickness (m)

2. Thermal transmittance by convection

D, =A% -%)=a.A($-9%) «, —convection coefficient (ZLKJ
me-

16
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For air, the approximate equation is: ¢, ~6,5+0,05(4 —,) . For natural convection, the
convection coefficient for the temperature rise 40+50 K is «, = (8,5 +9) W/(m?-K).

3) Radiative thermal transmittance
O =A (G -%) =, A(G-%)
«a, (radiation coefficient) is a function of temperature, temperature difference and material type.
1
a, =C/(0, -6 —
r 1( w a ) A9
O, is the absolute wall temperature and @, the absolute ambient temperature,

C, = £C, is the radiative constant of the surface of a body, ¢ is the absorption ratio (& <1)
, 1.e., the ratio of the received (absorbed) to the irradiated radiant energy.

W

-8
C,=5,67-10° ——

black-body radiation constant
m

AS=9 -8, =9,-8, the temperature difference between the wall and the ambient

For the temperature rise (40+50) K, calculate the radiation coefficient ¢, ~5+0,033(% —%,),
ie., a, = (6,3 +6,65) W/(m*-K).

EEMC heating

Electrical and electromechanical converters are inhomogeneous bodies, but they are treated
as homogeneous bodies. In the time differential dt, thermal energy Rdt is released, some
of which is stored (temperature rise — first term on the right-hand side of the equation), some
of which is dissipated to the surroundings by convection and radiation (second term on the
right-hand side).

PRdt=mcd(A9)+aAASdt
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mc

The solution for the time differential is: dt = P A d(A9).
L _AZ
At

In the equation A, =«aA is the thermal conductivity, the coefficient of conductivity
a = a, +«a, and the specific heat ¢ (W-s/(kg-K)).

. P .
Time t=— ° In(—'—AS]JrC Time constant:
A\ 4
. mc .
Fort=01is A9=AY, or0. T = (a few minutes to a few hours)
a

t
Equation for heating A9 = ﬂ—AS l-e T |[+AS
At 0 0

The equation applies to heating at constant losses and constant cooling conditions.

A

P P .. .
A S o =j|=a_lA, ifitis Ag, =0, it will be: A éﬂ/ Ao
t

t
A9:A9max(l—e TJ.

EEMC cooling
AGy =AS

max !

R =0
t

AG=A8 e T g

In general, the time constant T is larger for dimensionally larger EEMC (higher mass m).

For forced cooling it will be T smaller because it increases « (the heat transfer coefficient).
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TRANSFORMER

Introduction
A transformer is a static power transmission device that converts an AC voltage and current
system by electromagnetic induction into another voltage and current system, usually of
different magnitudes and the same frequency.
Primary Secondary
Single-phase system — single-phase system
or two-phase system
Three-phase system — three-phase system
or six-phase system
or twelve-phase system
In general: m, phase system — m, phase system (m, =m, or m, #m,)
The most elementary design of a single-phase transformer has two coils (windings):
1) a primary power supply coil,
2) a secondary coil for the power output.
The two windings are usually separated galvanically.
Example: N, =5turns, N, =2 turns

Current i, »> 6, =1,N; — ¢, (6 magnetic lines or density lines)

i, =0 > 6,=i,N, =0



]
o

primary secondary
N winding winding
1
Flux linkage of the primary winding:
W, = [3><§+2><ﬂ]¢l = 41@ (ideal y; =54¢,)
6 6 3
and of the secondary winding
4 1, .
v, =[2x5)¢1 =144 (ideal y, =243).
4 2
Common flux: ¢, ==d=—-¢ ) 1
5 6 1 Primary flux: ¢ =@, + 9, :§¢51 +§¢,
Leakage flux: ¢, =—¢ ==4
6 3
1
Vo =¥ com2 =1§¢1

2 1 1
Y1 =¥eom1 T Vo :(5X§j ¢ +(3X§j ¢ :4§¢1

20

Only the common flux ¢, is involved in the transformation process. The importance of the

leakage flux, which is not involved in the transformation process, will be explained later.
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The ideal transformer: v, =y, =0.
The permeability of the medium (core) around which the winding is wound, x — oo,

h, Ny —> 0, i, > 0.

Operation mode

Assume R, =R, =0

Primary winding — imposed voltage u,. Secondary winding open.
The grid voltage u, drives a current through the primary winding:

h—> 6 —>d -y

The magnetic linkage y; must be such that equilibrium is created:

ulz_elz_{_dl//ljz dy, _ d(‘/]coml""//csl) _

dt dt dt =~ (Ceoms *+€1)-

At the same time, an induced voltage appears in the secondary winding with N, turns:

_(_d'//sk2) _ dl//skz —u
- - Y2

—e, =
2 dt dt

The primary leakage flux ¢_,, or magnetic linkage y,, creates an inductive voltage drop
across the primary winding:

d . : .
—€,, = st and do not participate in the transformation process.
dt

Transformer design

A two-coil transformer without an iron core (air transformer) has a large leakage flux ¢_, and
¢, asmall common flux ¢.,,, = ¢ —4.,.
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Therefore, a core of ferromagnetic material, i.e., an oriented transformer sheet, is used to
guide the flux (g = 4000--40000, maximum).
Design of single-phase transformer cores
There is a core (column) type and a shell type.

In the core type, the winding is mounted on one or two columns connected by a yoke (Figures
a and b). The same applies to the cutting ribbon core (Figure c).

In the shell type (Figure d), the flux in the yoke is half that in the column (half the cross
section of the yoke — the lower the height of the transformer).

SR

Energy transmission and

voltage adjustment
transmission — U, (high)

distribution —» U, (low)

|C
prat
|
;

phase rotation
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Electrical circuits

Z, K,

Measurement technique
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current
converter

N

K, —current ratio

Single-phase transformer with iron core
Direction arrows
They are adapted as follows:

Both coils (windings) are wound clockwise.

N
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m2:6

|
N

impedance adjustment

K, — voltage ratio

|

voltage
converter
U

U =1
) KU

The direction of the voltage drops across winding 1 is positive and so is the current. Since
the magnetization of both windings are in the same direction, this determines the direction
of the current in winding 2, and also the voltage drop across winding 2.
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The positive direction also applies to the magnetic coupling through the coils (y), or the
magnetic flux in the core (¢,,,,). The positive current in the coils generates positive ampere-
turns for the integration path in the direction of the arrow through the coils.

Operation of an ideal transformer

The properties of the materials used are:

1) permeability of the magnetic circle g, =,

2) the electrical conductivity of the magnetic circuit y, =0,

3) the permeability of air z,;, =0,

4) electrical conductivity of the conductors y,,, ==,

5) the magnetic circuit has no air gaps oy, =0 .

For a loop (winding) with ohmic resistance R and voltage drop Ri, the voltage equation is:

u:Ri—ezRi+d—.
d

~I<

Since R=0, it applies to windings 1 and 2:
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dy, 1 2
U, =— =—,
1 =6 at
dy, u qlip &b u
uzz—ezzw. 1Cng >l¢ ¢T§ ;NZT 2
=N
Magnetic linkage of the two windings: * * 1
W, =Ny¢

This is true for an ideal transformer, because all the flux in the positive direction of the
arrows passes through windings 1 and 2. It is therefore ¢ =@, =@, =¢ -

side 1 side 2 In the absence of eddy currents, ampere-turns
i | ST operate along the integration path
o—— | O
<__{'/> |1N1 D . .
u =D ] u
' l §j>l izNzTgﬁ._; i, ? LNy and i;No.
+ | —e—o0

P — fee = — Y IN=6=0

integration path iN. +i-N. =0
1Np T 12N =

For the sinusoidal form of the primary applied voltage U, (rigid grid) and the magnetic
linkage (¥ =¥e!“') the complex notation of the ideal transformer equations is introduced:

. ¥ D
U,=—E =jo Tzlzjw N1ﬁ1

. ¥ D
U,=-E,=]o _TZZZJWNZ _2’

The first two equations give the voltage ratio:

ﬂ ej(¢u17¢u2) — & )
UZ NZ
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U,
u-—y;, —

L for
U , N ) ¢u1 ¢u2

The voltage U, or U, dictates the magnitude (amplitude) and phase position of the flux.

) N o N o N o N,
s T T 2n n/2
— =t —=Q, + = 4,44 = — =4.111
q)d) (oul 2 ¢u2 2 ¢61 2 ¢62 2 E \/_ \/_ ]
E, = % =4,44f N QD is the RMS value of the induced voltage in the primary and
&

E, = N,—=4,44f N,@ in the secondary winding.
V2
The phasor diagram shows the position U,, E; and @. The third equation gives the current ratio

K,:

I N I N
S=-—t o K===—2 for g,=¢;-n
15 N, l, N,

The current phasor diagram is shown in the middle Figure for an example N, >N, .

The right Figure shows the ampere-turns for which: I;N, =—I,N,.

LN

I,N
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No-load of an ideal transformer

U, =U i (grid voltage) WY
A L_Jz
1,=0
!2=_E2=&u1=_&E1=jWN22 - >
N, N, V2 - @
After 1, =0 follows from I;N, +1,N, =0 — [, =0.
vyE
A phasor diagram is shown for the example N, >N, . v E:
Load of an ideal transformer
A
1 2 U, = U,

QL:QZ ZL:

I
U, -2
I

Two current phasors appear on the secondary side of the diagram, whose phase position is
shown in the example Figure: Z, =R_+jX,.

According to the power flow theorem:

Re(U,_1,) >0 and Re(U,1,) < 0.

The magnitude and phase position of the voltage and flux are unaffected by the loading of
the ideal transformer.
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Valid: U, =-E, Ny U, Ny E, = ja)Nz—Q .
N, N, J2
I . e _ N,
From the equilibrium condition I,N, +1,N, =$=O follow: I, :—N—ll_z.

At p, =0 or R, =0 any deviation from the value ® =0 would cause the flux and induced
voltage to increase beyond all limits (@, =@ /R).

The following Figure shows a complete phasor diagram with the imposed voltage on the
primary side U, and the load Z, =R, +j X, on the secondary side.

Energy balance:
1

A

* N N, «
P =Re(U,l,)=-Re| —tU,—21, |=
1 (_1_1) [Nz =2 N1 _ZJ

=—Re(U,l;)=-P,=Re(U, 1) =P,

@
YE, In an ideal transformer, power is transmitted without losses,
Ve only the voltage level changes according to the turn ratio:
I, =]
- N U
Nl KU

Transformed (reduced) quantities

. N N i
It is not transparent for N—l >> 1 or N—l << 1 the phasor diagram.
2 2

Therefore, transformed quantities are introduced for voltage and current. For voltage it is:

N " _ .
U, = N—l U, = K U, . For the current, it is from the equal excitation condition:

2

A A N
05 =\21N, =21,N, =6, — u=;f42=Kﬂz=§?4T

1 U



The power must also remain the same and valid:

N N L
U,l, :N—1U2N—2I2 =U,l, — apparent power S, =S, and therefore itis P, =P,.
2 1

For an ideal transformer, the following equations now apply:

U,=U, =U;
lejw%ZJWNl%, p =17 =27 =L
L=1
U, =jot L2 jo NN, 2 _jon, L
N2 \/5 N2 2 \/E

The difference of the two equations gives: U, -U’, =0.

IS

For magnetic flux linkage:

N
Wé:N—lwzzKU% - ¥, -¥,=0.
2

From the equation for the ampere-turns I;N; +1,N, =0, thesumof I, +1', =0 .

Under load, it is possible to write:

, 2
U =y and 1 =2) 5z =2 Mz gz
N, N, ' N,
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The above Figure shows the corresponding phasor diagram of an ideal transformer with

transformed quantities of the secondary side to the primary side.

Real transformer operation

Because:
L gy #0 > G Hey - dl =321,N; ++/21,N, %0,
K



. hysteresis loop — hysteresis losses in the iron P, ,

. B=f(H) (non-linear dependence between B and H ) — higher harmonic components,

2

3

4. v, 20 — eddy current — eddy current losses in the iron P, ,

5. w, = 1y #0 — leakage magnetic linkage (¥, -¥, =¥, >0),

6. y, #o0 — ohmic resistance of the conductors — voltage drops (R;l; and R,1,) —
joule losses in the windings Pe, = Rj1f +R,17,

7. ¥_ — eddy current in the massive conductors —

additional eddy current losses P ,

8. ohmic and leakage reactance voltage drops — U, —L_J'2 =0.

General equations

The crosses and dots indicate the direction of the eddy current | .

The following equations apply:

1 2

/f_.__.\_':_._—.\l U =R, +—— 1 dy’l,

o—xl.> [N (}I_X_ o) = \/* d
Ull <$>lllNl Téﬂ'r; TUZ 1 d¥
XI\Q e e v e el \/_ dt

[ U S —

X X X X X X @
LN+ LN, + 1 ==—=
J2

In order to facilitate the treatment of a real transformer and given the specific operating
condition, the transformer is treated as:

a) a current-ideal voltage-real transformer,

b) a voltage-ideal current-real transformer.
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Operation of a current-ideal voltage-real transformer

A real transformer is current-ideal for:

Hee =0 and g, =0,
Hair = Ho =0 and y # 0.

No excitation is required to magnetize iron, and therefore
As a result of the leakage, the U, —Q'Z #0.

General equations describe the state of a current-ideal real transformer with transformed
quantities (if the ¥ = @el®!):

U, =R, +jo=L,

Nz

U, =R, +jos2

V2
1, +15 =0.

The equal loss condition gives: 1,°R} = 1ZR, —

!

2
— Rg:[I—ZJ R, = KGR, , because the third equation implies 1’, = —1,.
2

The voltage difference from the first two equations is:

U,-U', =R +R)L, +jo (¥, -¥5)/V2=U, +U,.

The U, =(R; +Rj)1;, =RI, part (ohmic voltage drop) is in phase with the current.
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The U, =jo(¥,-¥))/ J2 part (inductive voltage drop) overtakes the leakage magnetic
linkage by 90°.

Since I =—l’2 , the ampere-turns in the core column are opposed, and the difference in
magnetic linkage ¥, — ¥, is present only in the space between the windings. In the Figure,
each winding is shown with only one thin turn wound around the core in the same direction
(usually the direction of the right-hand screw).

column axis

AKXk

(%]
: ool |
e |ul| | L
S
o

N2 Nl

instantaneous direction of leakage flux

The winding always has a finite thickness. Therefore, the leakage in the cross-section has
the shape of a trapezoid. The leakage linkage is written with the total inductance:

v, -¥, = L0|_l\/§ and, hence, voltage drops U, -U', =U  +U _=(R+jX_)I;.

This equation corresponds to the following phasor diagram, where U, is the imposed voltage
andtheload Z, =R +jX,.

U, -U’, is the hypotenuse of a rectangular — Kappa triangle.
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Energy balance U, XL = jo,-%5) /2

If thereis I, =—1' and U, =U", , it will be:
P =Re(U,11)=Re(U' LT + (R + RYL L ) - -

_ 2 2
=P + Ryl +R,15,

R=P +Fy-

The received power is used for the power at the
consumer and the losses in the transformer winding.

In a short-circuit current-ideal and voltage-real
transformer at the imposed grid voltage

U, =Ug4e and U, =0 will be:
U, =U, +U, = (R+X,)1;.

o Y] .
Short-circuit current: 1, =-1", =Z——1, Z,.=R+jX,, / N\ U, =Rl

!
Esc 15

(R=Ry=R;+R}), (X=X, =X,4+X,).

9

Operation of a voltage-ideal current-real transformer

A real transformer is voltage-ideal for:

Uu,-u’,=0 on condition
i =0, 7. =20 (no voltage drops or losses P,)
Hre # O, 7re 20 (needs magnetizing current and has losses P, )

Because z,;, =0 will be: ¥, =N,@ and ¥, =N,®.
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Voltage equations: U = le—f
dg
u, =N, —

2 2 dt

For a voltage of cosine (sine) form u; :Ulcos (ot +¢,;) to be applied, the flux must also
be of sine (cosine) form:

B le cos(wt + ¢, —m/2)

¢ = dsin(ot+p,) .

wN;

Magnetization phenomena in operation on a rigid grid

The magnetic curve of the core material B=f(H) with the dimensions of the core and the

definitions of @:J‘J‘E-d,& and @:gSI:I, -dl' gives us the magnetization characteristic
A K

@ =1(®) of the magnetic circuit.

@:¢H|'dﬂ
B
K

Ty

(@:J.Aé-d,&

The sinusoidal voltage determines the sinusoidal flux with phase shift 90°. Taking into
account the non-linear magnetization characteristic (hysteresis loop) @ =f(®) results in
excitation ampere-turns that are not sinusoidal in shape.
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o

i [ XY
@ e o,
- D

Noat

Pn

According to Fourier, a function @ =f(t) has odd-order components (v=3,5,7,.....) in
addition to the fundamental harmonic component (v =1). @, overtakes the flux @ by an
angle of ¢, . Between @ and @1 a non-linear dependence applies.

@

Losses in the core

They are divided into hysteresis losses (due to the alternating magnetization) and eddy
current losses (due to the eddy current in the core lamellae).

Hysteresis losses

t+T t+T

Pren =% j Odo=f j © do =f(f,®). Approximately valid P, o f &2,
t t
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Eddy current losses
In a short-circuit loop (core lamella) the equation applies:

- . Q.
0=R,1.—E.. Becauseitis E, =—ja)ﬁ, it will be:

& 2
R R, /2
The eddy current contributes to the ampere-turns on the integration path through the

magnetic core (N, =1):

@, = (13N, +1,N, + |_e)\/E - Orsic
Combining @, and 1, gives A—ﬁle
=1 »
the total (fictitious) ampere-turns: f | é )
Ee
Ousic :Ql_ﬁle = \/511N1+\/§|_2N2- B
Eddy current losses in the core
é ) 2
Fee e'e (Reﬁ] e 2Re ( )
massive core laminated core
=
£
s
= insulation

@, R, E, @/n, nR,, E./n
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The eddy current losses in the massive core are: P-., = E_l,, if the current is

Fee e'e’

do 1 d(@ 1 ldo 1
l,=————and |, =- ( /“)—=——2——.
dt R, dt nRs, n? dt Ry

For an n-times laminated core thickness d , there are eddy current losses:
Preen) =n%;—g=% — Preeny =f(n—12j=f(d2) .
Total magnetization losses in the core:
P, = Pepy + Peoe = f(f, D).
The losses in the iron core are given as specific losses per kilogram of mass for a given
thickness of steel:
Pe. =k, FB* +k, f2B* (W/Kg).
The exponent for hysteresis losses x ~1,6+2,8 and depends on the value of B .

Electrical steel manufacturers give the losses as curves pg, =f(B) for f =50 Hz, or at
magnetic flux densitiesof 1 Tand 1,5 T.

The specific losses for any one B, are calculated using the equation:

oo (Be)
pFex~pFe B '

Example of a curve B=f(H) with losses data

The curve for the magnetic flux density is given as a function of the magnetic field intensity
in two different scales, marked | and Il. Steel sheet thickness d = 0,35 mm. The value for
H can be given in RMS values and measured, e.g., at 50 Hz, (AC curve), or in peak values
when magnetizing with a direct current (DC curve).
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B (T)
1 I
? T
18 p—— |
L] ] I
16 — — |
1’4 / ///
12
Lo/
p=13 W/kg |
I d =0,35mm ]
0,6 I
0,4 I
I 500 1000 1500 2000
I 5000 10000 15000 20000 > H (A/ m)

No-load current
The no-load current iy, is calculated from @, which contains higher harmonic components.

oy = a _l (fundamental harmonic of
I\

1 1
the no-load current)

i =((91—iv)+93+95+...+ev)/ N,

ho =ho1 +hozthost - t+hoy

Fourier analysis gives the amplitude of

. I
the currents I,,, and, hence, 1o, =&

1OV_$'
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The common no-load current will be:

10—\/|101+|103+|105+ +|10v :

If the higher harmonic components are neglected, only the fundamental frequency
magnitudes remain. Therefore, a complex notation of the equations is used.

U, =-E = jo2t = joN, 2

S RN

sz_

. ¥ . D
E,=jo=2=joN,—=
Ey,=] > Jo N, 5

Using transformed values, it is valid:

and follows U, -U’, =0 > ¥, - ¥, =0 (no leakage magnetic fields).

The equation of equilibrium of ampere-turns:

0
[N, +1,N, ==2 1
=11 " Z2'V2 /—2 —-e
and with transformed values

1 Ql _ Qlfic

Lrte = B1)- B

The deviation from ideal conditions is represented by the ampere-turns @, required for
excitation and reverse action |, in the core.

~ |, (the higher harmonic components are neglected).

No-load voltage-ideal current-real transformer

1, =0 — the voltage on the primary side is equal to the grid voltage.
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\/§U1 A Q

U’
U,=U_, —@="J=L 1 =Y,
=1~ =grid = jo Nl
, O..
Uy, =Uy, Iy === Ossic
\/E Nl Lo
P10 I_lOW
The energy balance: | ”
210p (%
Po = IDmag = Pre = Pren + Free
Po = Re(U,15,
Ro =U;ljp Cos gy VE-E

Load of a voltage-ideal current-real transformer

U,, Z, = load impedance

U _ Y N Uy
Z Z Ny Z,

Even under load, the imposed (applied) voltage U, dictates the magnitude and phase of the
flux @ = xEL_J1 I (joN;). So the @4 stays the same as in no-load.

Qlfic

2

Load with I, = I,N, => I, = I;N; +1,N, =
Oy > @—>E —>U,;+E =0

By introducing transformed secondary values on the primary side, it is valid:

l.+1". = Qlfic
1712~

1 \/EN = L+15=14.
1

Every change 1, causes a change 1,, so that I,, = const.
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Energy balance
P =Re(U,17)=Re(U 1] +U;15) = P + Py = P+ Pre

The accepted power P, covers the power of the consumer and the losses in the iron, but not
the losses in the transformer windings.

Analytical treatment
General equations for stationary operation

The derivation will be carried out for linear transformer theory, where:

Ug, =const, — no hysteresis loop and y, =0 — hence P, =0
Mo = Lo =const.  and y, = const.

The linear theory implies linear relationships B @
between the flux linkage and the currents.

¥, = LN21, + L, 21,
¥,= L21\/§ll +1, ‘/Elz
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It is also true that L, = L,,. Now write the two voltage equations:

U =R+ ja)& =Ryl + X 1+ JXp5 15,

V2
- ZZ - -
U, =R 1, + Ja’ﬁ =Ry 15+ )X 1y + X, 15
By introducing transformed quantities for winding 2 with already known relationships

Xip =X =KyXp, X;=K{X, and  R;=K{R,

itis: U, =R, 1, + ja)% =Ryl + X 1+ X515

U, =Ryl +joo2 =Ryl + X3y + X310}

J2

The difference of the two voltage equations gives the deviation from the ideal situation.

U,-U% =R L, —Ry 15 +jo (¥, —¥5) 12

Transformer equivalent circuit

A transformer with two electrically isolated windings, i.e., isolated circuits, is converted into
a circuit with electrically coupled circuits. This is achieved by adding the first voltage
equation +jX/, 1, and the second equation £jX,1% , and combining the individual terms in
a meaningful way.

U, =R+ (X = X)L+ X1 (L +15) =Ry by + j(Xy = X{,) 1 —E;
L_le =Ry, + (X = Xo) 5 + X5 (L +15) =Ry 1", + j(X5 = X315 —EY

The following circuit corresponds to these two equations.
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U, -Us

R,  J(Xi=Xp) (X3 —X3) R;

Deviation from voltage-ideal transformer — voltage drop U, —U’, across longitudinal
links, deviation from current-ideal transformer — magnetizing current lu:ll+l_’2
flowing across the transverse link.

Further, (X,;—X;,) is the total leakage reactance between the two windings (no-load
winding of side 2) for windings 1 and 2 on the same column, and, analogously, (X, —X5,)
is the total leakage reactance (no-load winding of side 1). If the two windings are separated,
then: X, -X{, =X, and X;—-X;, =X.,. Taking into account the losses in the iron
Po=P. (Io=1,+1%), the equivalent resistance for the losses in the iron R, is added in
the equivalent circuit in parallel to the magnetizing (main) reactance X;, = X, .

Now it is possible to draw a complete
phasor diagram of a loaded transformer
with impedance Z, =R, +jX .




Approximate situation
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If the transformer is excluded from the observation during no-load and at low loads, it will

be I,+1, =0 — I', =—1, and the difference of the voltage equations:

U,-U5% =R +R), + j((xl — X)) +(X;5 - Xél))l_la

U,-U5 =(R+jX)];.

The equation U, —U’, is illustrated by a i
simplified equivalent circuit. U, L Uy

Transformer tests

They are carried out at no-load and in a permanent short-circuit. They are used to
determine the actual operating conditions of the transformer.

No-load test

Foran I,=0 — I, =1, << 1y — transformer is the voltage-ideal. The measurements

will give:

Uu E_N

1) nominal voltage ratio K, =—~= —=— and
2 EZ NZ

2) the no-load characteristic.

The sinusoidal voltage U, is said to dictate the sinusoidal flux, because U, + E; =0,

S P= ‘/—Z_ﬁl generated by O, = \/§I10N1-
o Ny
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Therefore, due to E, U, =f(®), & =f(®) and Oy, =f(l,), the no-load characteristic
U, =f(l,,) is similar to the magnetizing characteristic or the magnetic curve, if the air gap
can be neglected.

® ik © =

l1on lio

oy

3) Iron losses

Since |, << I, the losses in the primary winding are negligible (1, =0,01+ 0,021).
Measurement: P, = P, (at U =U, ) gives the magnetization losses. From the losses it is
possible to calculate the equivalent resistance Re,, I, , from I still I, and X;, = X,.

Short circuit test

The switching scheme measures the current 1, and the power R

s at the variable voltage
at the transformer terminals.

) 3 ‘ g short-circuit

The measurements give:
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1) the short-circuit voltage at which the rated current flows through the transformer
windings.
Relative value for the short-circuit voltage:

ug, = % or Ug = %100.
N N

In the short circuit, the hypotenuse of the Kappa triangle U, =U,; and the
U, =U,cose,. and U =U_,sing,..
Permanent short-circuit current

I, =L;—N, if Z, =R*+X2.

SC

Relative value of the permanent short-circuit current

i _Ii_U_N_U_N_i | _i|
sc - - ok sc— % 'N
I N Zsc I N Usc usc usc

Relative value for the ohmic and inductive voltage drop:

RI R U . .
r=—N=— =r where =M =27 —is the rated impedance.
UN ZN IN

*

RlIy _R Il%l Peun * i i indi
= = = pgyn (relative losses in the windings), and
u N U N I N SN

_ XGIN _ XGII%I _Q

Also applies uy =r =

us =X, =N = g (the relative reactive power of the leakage field).
u N U N I N SN

2) Losses in the windings

From the short-circuit equivalent circuit it can be seen that the induced voltage is
approximately half of the applied voltage:
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s¢ U,E.
1 1
) ~EQ1 5 =54 R Uin = Eao
R Xy —Xip) | (X5 = X5) R
1
g El ~ EU]_

IlOSC I10N

In a short circuit, when the voltage U, = (4+16 %)U, is reduced by I, = 1,5 and

IZSC = I2N for: Qsc << @N - Bsc << BN - I:)Fesc ~0; PW = (Plsc)|1=|N ® PCuN =
=I5 (R, +R5) (rated losses in the windings).

A wattmeter shall be used to measure the total short-circuit losses in the windings, i.e., joule
losses and eddy current losses in the case of massive conductors.

Since @, z7N — 1,0 — X, ~o a simple short-circuit equivalent circuit is valid,

drawn for approximate conditions (p. 44). The short-circuit impedance can also be obtained
from Uy, and I:

) U ,
;sc = Rsc +stc ===, (Rsc = R1+ RZ and xsc ~ Xc)

—SC

Transformer operation on a rigid grid
For a rigid grid: U, = const.

U, or U, is a function of the size and type (character) of the load Z, , as shown in the
Figures below.
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RI,

jxcll

— 288 ¢
a) b) c)

Kappa diagram
For the Kappa diagram it is not derived from U, = const., but 1, =const., U’, =f(¢,), and,
here, the position of the Kappa triangle is unchanged. From the equation

U;-U" = (R+]JX,)1, express Us:

U =—(R+jX,)1,+Y,;.

ohmic — inductive ohmic — capacitive

load

In the complex plane, draw:
1) =(R+JX,)1y, L _
2) circles of radius U, for different

l,, eq., lI,=1, and 1,=0 on the -
starting line.

For any phase angle ¢, is

obtained AU respectively U’,.



External characteristic U, =f(l,)

A . .
U, ____ ohmic - capacitive

UZN

. load
——  ohmic

T~ ohmic - inductive

-

0 14 2/4 314 4/4 xly

The Kappa diagram gives for arbitrary values of current 1,,e.9. 1, /1, =1/4,1/2...

and ¢, = const., external (load) characteristics U, =f(l,) at U, =const.

Energy balance, losses and transformer efficiency

Energy balance - power flow diagram

ﬂ input power

3!
T ——  Prag —Magnetizing losses
Y
——> P, —conductors winding losses
(joule losses)
A .
N i P,qq —additonal losses
P2

ﬂ output power
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Losses
Total losses are:
B =P +Py, +Pyq-
The additional losses are divided into: those in the iron — voltage-dependent — which are
captured in the no-load losses Ry, and those in the conductors — load-current-dependent —

(eddy-current losses in massive conductors in higher-power transformers), and are captured
in the short-circuit losses P,.

For any load, i.e., y=1/1, the losses are:

2
| | S
R =Pn+Pa| | =Pty Py fory=—=—,
IN IN SN
where S is the apparent transformer power.
Introduce relative losses:
. P PySy PwnS N
= SN Ten Sz Bouy ey,
S Sy S Sy S y
At a given load (a given current | <1y), for pi*f

Y= Yo the total losses (p;) are the lowest
(Pon ! Y =Py Y) and the efficiency is the 015 |
highest.

0,10 |

0,05 {

Efficiency

o P P-P
It is defined as: 7=—2 or n=-—"L,
R R
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For P,=y Sy cosg and P, =P, + P, = ySy cosg+ Py + y*Pyy it will be:

P Sy COS
2 _ Y oy €059 > — n="7(y, cose).
Py Sycosg+Py + Y Py

77:

Example: S, =20 kVA, y=1, cosp=1,0— 1=0,97
cosp =0,8 > 1 =0,963

Current transformer

It operates at an imposed current I, which is supposed to be constant. Of course, it is not
possible to assume that the current in a circuit will remain unchanged if a current transformer
IS connected to it in series. It is subject to the same laws as a voltage transformer, i.e., the
same equivalent circuit and the same phasor diagram.

R I(Xi=Xpp)  J(Xz = Xip)

Re  1h=—

IN
-~

Ideal current transformer

: N , ,
Valid: I;N; +1,N, =0 — I_Z:——ll_lz—L or I, +1,=0 - 1, =—1,
N2 KI

The load current 1, =—1, causes a voltage drop across the complex resistance Z, of the
two-terminal U, =Z, I, =-Z, I, =U,.

The voltage drops across a current transformer feed back to the circuit.
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As it is considered to be the voltage of an ideal transformer U, =K U, and Z', =K{Z,,
itwill be: U, = KU, =Ky (-Z 1,) =Ky Z Kyl =KZ 1, =2 1.
U, is the voltage on the primary side, and, at the same time, the voltage drops across the

transformer. Therefore, the impedance Z, must be small relative to the impedance of circuit
1, which determines the current 1, .

Phasor diagram of a loaded ideal current transformer

U,

VE,

Analytical treatment of a real transformer

From the voltage drop across the secondary winding (p. 42)
U, =Ry 1, + Xy 11+ X, 15

forU,=-Z,1,=—(R_+jX_)l, isthe current:

o Xy l,; I, o, and are no longer displaced by 180" .

I
T R+ Xp+Z T

Voltage drops across the primary winding:

|121111-

- 5 i X2
glzalu_lﬂxu-lﬂxlzlz:(R“JX”WZ;J
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The complex resistance Z, is, according to the alternative circuit in the Figure, the resistance
between the input terminals on the primary side of the current transformer.

Since U, =f(l,) willbe I, =0, U; =0 and U, =0. Therefore, the current transformer is not

used as a voltage source, but for measurements.

Measuring current transformer

For a real transformer, it is:
! !

Deviations from the ideal conditions result in ratio error and angle error.

l;i. .................. IS

. Al
Ratio error: €. = I—lOO (%)
1

Angle error: £ — in degrees or minutes

To minimize these two errors, the current transformer operates in the linear part of the
magnetization characteristic (B =0,08+1 T).
Accuracy class (0,1 - 0,2 - 0,51 — 3 — 5) defines both errors,

e.g., theclassl — e =+1% and £ =+1"=+60".

Since the ratio error changes as the load increases above the nominal value, the overcurrent

number is also a known quantity.
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The overcurrent number is that multiple of the rated current at which the ratio error reaches

the value —10 %.

Danger of open secondary terminals
1 0 4 —
Itsnormal: 1;+15 =14y

ForZ, =0 —>1,=0, I,=1,> &,=x® — B,=xB and
P =k(By/ B)2 =X’Pr,y — core heating. Due to @, = x® — E,, = XE, (increase of

voltage at the terminals). Therefore, after the load is removed, the secondary terminals must
be short circuited.
Three-phase transformation

The three-phase system is the most widespread in the world. One reason for this is that the
power in a symmetrical three-phase system does not have an AC share, as is the case in a
single-phase system for example. The three-phase system also makes it possible to take
advantage of the phenomenon of rotating magnetic fields in rotating machines.

Three-phase voltage transformers connect individual three-phase systems of different
voltage levels.

Options: a) three single-phase transformers b) three-phase transformer

Basic winding connections
There are three typical connections: a) star Y
b)delta D

C)zigzag Z
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For star and zigzag connection 21 =0, if the winding

has no zero conductor. In a delta connection, the phase z

and line currents can be asymmetrical.
A B C

Phase shift
This occurs between the primary and secondary actual or imagined value of a phase voltage.
The phase shift is: nx30" electric (n=0+12). Typical shiftsare: n=0, 5, 6, 11.

It is given as the phase lag of the lower voltage phasor against the higher voltage phasor. The
phase shift is identical to the displacement of the hour hands by whole hours.

Vector group 12

0
Example of marking: Dy5 =5 4

Dy5

Capital letter:
— delta connection of the primary side;
lowercase letter:

— star connection on the secondary side;
Number:

— phase shift (5x30° =150°).

The direction of the secondary phase voltage (U, ) 6
is equal to the direction of the primary line voltage (U ,g) between phase A and phase B.
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The Dy5 vector group can be changed to Dy11, and vice versa, by cyclic permutation of the
two terminals on the primary side and the next two terminals on the secondary side.

The Yy0 vector group can be changed to Yy6, and vice versa. This is done by swapping the
starts and ends of the windings that are connected to the neutral terminal of the star on the
primary or secondary side.
Example of use: generator transformer Dy5

distribution transformer Yy0, Yd5

local grid Dy5, Yz5

Types of cores
Three-phase shell transformer Ua ]
It is obtained by adding three
single-phase transformers.
UB
Y
UC
A

The yoke of a shell transformer has half the cross-section of the column if the winding on
the middle column is wound in the opposite direction to the outermost two, or the winding
connection sequence on the middle column (phase) is reversed.

Valid @, =@, 12+ Dg /2 or D /12+Dg 2.
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Three-phase core transformer

It is made up of three single-phase transformers and is technically usable as an asymmetrical
design (Figure c).

symmetrical
B 3-level
core
B
djmed
A ‘II. C A ¢ A B C
a) b) lrea =lres =Irec C)

It has two magnetic nodes in which the condition @, + @5 +@. =0.

The Figures show the flux waveform for @, =@, and @ =0.

=
:

zero conductors on the primary and secondary sides.

b) In the Yyn connection with a zero conductor only

B
Asymmetrical load
. o | | |
a) There are no problems in the YNyn connection with -Al -BT -CT
on the secondary side, asymmetry occurs. %
b

Worst case: pure single-phase load.
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Because itis @, +Pg+ @ =0 and | @4 |=|@g|=|@|, shall be |@,|=|@g| =|Oc|.

With asymmetrical loading, the balance of ampere-turns on the columns will be:

LN, + 1N, =1L N, "
- lB:__a 2
0 +1gN;=1,N, 3 l,=—(g+l)=—=1I
1 LW BTl 32
0 +IcN;=1,N; _)I_ngl,a

LN, + (g +1g+1c)N, =31,N, =30, /2, because it is

inthestar 1, +15+ 1. =0. In-phase excitation

1. N, 1

1 !
Ouir =\/Elle :é\/élaNz -1, :gl_aN_Zzgl_a
1

o,

air

— @, - E,;, > U,y (additional) — zero shift

AA

=air

¢) Inthe Yzn connection with no zero conductor on the primary
side there is no problem (only two phases are loaded).

d) There is also no problem in the Dyn connection, because

the load current on the primary side flows only in one phase.
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Autotransformer

If the two windings of a normal transformer are combined, part of the winding will be
common to both voltage sides.

Common — parallel winding — difference (differential) currents
Series winding — load current of primary or secondary

Use — to save material (iron and conductors). This saving is maximum for the case of
Ky =1. In the three-phase version, the Y connection is used.

p — parallel
(common) winding

s — series winding

For an ideal single-phase autotransformer (connection a): I,N,—I,N, =0 —

No and Js-Y2=Ui _No

s u U N,

The transformer's inherent or typical power, i.e., the power for which the transformer is built,
is: Sy =U,1, =U I =, -U,)I, or for connection b) S, = (U, -U,)I,.

Passing power: S, =U,l; =U,l,

The equation for the typical power is: S, =U,I, (1—%] =S 1—%}. (S¢ <Spas)
2 2

The reverse would be true for the connection b): S, =U, I, (1—&] = Spa{ —&]
Ul



60
INDUCTION MACHINE

An induction machine (IM) has some similarities with a transformer.

° V1

stator Primary winding - on the stator

Secondary winding - on the rotor
rotor
cagebar  Thereis an air gap & between them.
cage ring

Number of phases on the stator m,
shaft

Number of phases on the rotor m,
(m, >m,)

The stator currents induce rotating ampere-turns, which excite a rotating flux that induces a
voltage in both windings. The frequency of the induced voltage in the stator f,=f .
Frequency of induced voltage in the rotor f, < f; or f. > f.. The rotor at standstill operation
is equivalent to a short-circuit of the transformer; the rotor winding is short-circuited.

The resultant rotating magnetic field and currents in the short-circuited rotor winding
produce a force that rotates the rotor. The rotating magnetic field rotates with synchronous
speed ng, the rotor with speed n 2 ng — hence asynchronously.

Description of construction
Stator — laminated sheet, with slots in which the m, phase winding is located.

Rotor — laminated sheet with slots.



We distinguish between:

a) a wound rotor

b) a rotor with a short-circuit squirrel cage

e

C) massive iron rotor

The stator and rotor can also be cylindrical or disc-shaped.

Induction machine windings
Three-phase belt windings: are single, double, and combined layer windings.

Single-layer winding: perimeter I’

diameter winding (z, = 7p) distribution

>

7o =7 _ 3

61
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Each phase has a belt: «,, = % = % =60" and there are g slots in it.

For Q slots on the perimeter of the machine: Q, =Q/(2p) the number of slots per pole, and
2p =2 the number of slots per pole and phase. The pole-arc is Q =18 slots, or the width of
the coil expressed by the number of slots. The voltages of the individual bars (or conductors) of
the slots (or their phasors) are offset from each other by an electrical angle

a=pag = p% and form a slot star.

Three-phase single-layer winding: calculation of the data for 2p =2 and Q =18 slots.

The number of slots per pole is Q, = Zg = ? =9, the number of slots per pole and phase
p

q= % 9 3, the electrical angle between the slots « = p@ =1. 360 _ 20°.
m 3 Q 18
Epis Eor Epo i
£ Eis potential
=b17

circle

1) Distribution factor

D E 2rsin(qa) sin(q aj
f, = geom. 2 2

. ZEb ) q2rsin(gj qsin(gj

arit.
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sin(q;‘j_ sin(3-10°)_ 05
qsin(oz‘j B 35in(10°) ©3-0,17365

For our example, the distribution factor: f, =

Diameter winding: the width of the Y, coils expressed in the number of slots Y, =Q, =9.
Next, determine the winding pitch. The latter is defined as the expression:
pitch=1-(1+Yy), i.e., for the slots from the initial (first) slot onwards. The pitch is:
1-(1+Yy) =1-(1+9) = =1-10, i.e., from the first to the tenth slot.

The start of the first phase is marked U1 and the end U2. In the Figure we see that the start
of the second phase is in slot 7, which is shifted by 6-20" =120" (electrical) with respect to
slot 1, and analogously, the start of the third phase is in slot 13 by 12-20° = 240". The phase
shifts correspond to the condition for the generation of a circular rotating field. The direction
of the current in the slots of the first phase changes twice. This corresponds to two poles.
The same argument also applies to the three phases taken together. The directions of the
currents in the Figure correspond to the position of the timeline ot =60°, when the currents
of the first and second phases are positive and of half amplitude, and the current of the third
phase is negative and maximum.
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In the case of twice as many poles (2p = 4), the number of slots is also twice as large, i.e., Q =36.

The number of slots/ pole is Q, = 36/4 =9, the diameter width of the coils Y, =Q, =9, the
number of slot/ pole/ phase q = 3, the electrical angle between the slot

360° _, 360",

Q 36
Thus, practically all the data are the same as for the two poles on 18 slots. The winding pitch
(of the coils) will also be the same 1—(1+Y,)=1-(1+9)=1-10. According to the Figure
below (drawn for the first phase only), it can be seen that the group of the first three coils
and the other three coils are connected in series, i.e., the end in the 12th slot with the beginning
of the second group of coils in the 19th slot. The 19th slot is shifted with respect to the 1st slot by
360" (electrical).

%\%\

8 9 10 1112 1314 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36

| NN v |
ul U2

2) Pitch factor

In practice, it proves useful to shorten the winding, i.e., to shorten the pitch (fractional pitch
winding), thereby shortening the end winding connecting the individual slots. This also saves
on material (copper). In the end winding, which are outside the slots of the stator pack (in
the air), no voltage is induced due to the weak field.

Only a two-layer winding can be shortened by x slots (x>1— 7, <7, or Y, <Q,) so that the
width of the coils is Y, =Q, —X. A two-layer winding has two coils in the slots with half the
number of turns. Therefore, there are twice as many coils as in a single-layer winding.
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Example for a two-layer winding: Q =12, 2p=2, m=3, q=2, « =30", Q,=12/2=6,
Yo =Q, =6 and the winding pitch 1-(1+Y,) =1-(1+6) =1-7.

a) Diameter pitch 1-7

| | ]
i 1 273 4 6 ‘ 7 8 9 10 11 14
o o (0 © |
i o ‘ o ‘
i T =7p ‘ ‘
Turn (loop) voltage E, =E,; —E,-. 2 ‘

b) Shorted pitch 1-6 (Yo =Q, -1=6-1=5)

617 8 9 10112
|
\
|
|

|0 O
0

- P

Turn voltage E, =E,; —E.

D> E 2Ebsin(;%nJ y

T

pitch factor: f, = &0 = P J_gin| fe & |=sin| 2 1
> E, 2E, r, 2

arit.

winding factor: f, =f, f,  (f, <1
Example: Q =24, 2p=4, m=3, q=2, a=30" (electricangle), Y, =Q, =24/4=6



|

|‘ ]
11 12\13 14 15 16 17 18\19 20 2122 23 24|
| 'i

|

W01 102 201 202
a) Single-layer winding: pitch 1—7, drawn for the first phase

Yoy

|
\13 14 15 16 17 1819 20 21 22

S

b) Single-layer winding: pitch 1—7 (The directions of the currents are drawn for ot =60".)
| | | | |

18\19 20 21 22 23 24\
|

U1 U2
¢) Two-layer winding with shortened pitch: pitch 1—6, drawn for the first phase.




Operation mode
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a) Rotor winding — open (transformer no-load)

—0

m I
m
stator )\
s

rotor H H

B,

A

. . E
The reduction factor or voltage ratio is: K, = E—S =

b) Rotor winding — short-circuit

Amplitude of the stator MMF caused by the

magnetization current:

~  mg 4N f
O, = —s ws o)
T2 2p "

generates a rotating (main) flux

b, =2BA =281
T T

2/ w is the factor of mean value for a
sinusoidal magnetic field.
The rotating flux induces voltages:

E, =4,44f N, f,. @, ,

E, =4,44f N, f, D,

frequencies f = f, = f,. When the rotor is at
a standstill, E,, = E, is the induced voltage of
the open terminals of the (wound) rotor.

N, s
N, f

r rowr

The amplitude of the rotor's rotational MMF is: &, I AN fr J21,.

2T 2p



Due to the equilibrium condition, U, = —E, to remain the same @, as at no-load, the
current in the stator winding must increase from 1, to I.
O;+0, =0,
L+l =1

—m

Due to the compensation of the ampere-turns:

@"_ﬂﬂNs_fws\/Euzér_

" 2= 2p
Current ratio
K =M N _m 1
I, m N,f m, K
r s Vs 'ws S U Qr
Rotating machine operation
The notion of a slip s (- ;)
n n.—n stator
s=—t =3 —>n=ns(1—s)=i(1—s) — at rest
s s P rotor
. . — rotat
1) n=0-+n, induction motor (s=1+0), (riav)es

. . Qr ( - Urel)
2) n=n, ++oo induction generator (S=0+-o0),

3) n=0-+—o0 brake, the rotor rotates against the rotating magnetic field (s =1++w).
Slip is the difference between the synchronous speed of the MMF n, and the rotor speed n.

Frequencies of the induced voltages:

synchronous speed of the rotating magnetic field v, = Dz
rotor speed v=D=znn

relative speed v, =v, —v=Dn(n,—n)=Dznn, =Dxnns=uv,s
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ey, = Bly, (induced stator voltage — in the bar or conductor)
ey, = Blu, =Blus=eys (induced rotor voltage — in the bar)
f=f,=pn (frequency of the induced stator voltage)
f,=pn, =pns=sf =sf (frequency of the induced rotor voltage)
Xy =2nf L, =2nsf L, =sXg, (change of the mutual reactance)

Force and torque of a short-circuit rotor winding
The occurrence of a force on a short-circuited rotor winding (squirrel cage):
rotating magnetic field of the airgap B, > E, =E, —> |, .

A force is acting on a single bar (cage) in a rotating magnetic field on a current-carrying
conductor according to Lorenz's law:
By
Fo=1,—1,

b rb \/E
where 1, is the current in each rotor bar, and | is the length of the conductor.
In the equation for force, we have to account for the RMS value of the fundamental harmonic
of the flux density. Considering the equation for the frequency in the rotor, the equation for
the induced voltage in each rotor baris z, =1 (halfturn N, =z, /2=1/2):
By _sor B
J2. p 2
The winding factor of each rotor bar is taken into account f,, =1, @,, = (2/ ) élrpl and pole
pitch 7, =D=n/(2p)=r=n/ p. Express B, =f(E,) and the equation for the force takes a new
form:

F = pErIrb: Erlrb =Er|rb
° sor SO Sy

Er=Erb=sESb=52ﬂ:fNr le’ I.
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where @ is the electrical angular frequency, «, the angular frequency of the stator MMF
(o, =w) and Q2 .=,/ p=2nf,/p is the mechanical synchronous angular velocity.

The force is applied to each bar of the rotor with radius r =D/2. For the Q, bars in the
rotor, we obtain the final expression for the torque from the internal power (P, ):

MoQF @l _MEly mEl PR

int
s s s Q

ms

if 1, M Iy, = i3 I, - (Transforming multiphase bar current to a three-phase rotor current.)
mS mS

In the case of a squirrel cage, the number of phases m, is equal to the number of slots in the
rotor Q,, or equal to the number of bars (Q, =m,). The equation for the torque fails when
s=0.(Fors=0—E =0,1,=0 andget 0/0.)

Analytical treatment

Voltage equations:

U _R +chs S+Ja)(Ns Ws)\_/m R I +JXGS —S ES
L_Jr :Rr|_r+jsx I +JSCO(Nr wr \/_ I_r+jsxcr|_r_SEr
D, = Qﬁmej‘/’O generate the resulting ampere-turns: @, =0, +0, .
The magnetic flux density is given by: stator
by [ 1 1 1
bes (X,1) = Bes COS( (% / 7,)n— 0t — 0, ). c’>‘e‘ d S Ores

rotor

A

For ue, — oo, an equivalent (smooth) air gap is considered: B = =2 O,

&[5
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For x, =0, i.e., in the winding symmetry of phase "a", the resulting MMF is given by:

05 = O, COS (@t + @y )+ 6, cos (ot + ¢, ).

_2 2

4
7,1B - —
Dres = T Tp

@

3 1
m Ilg-_ 5 2_p ((stws)l_s""(Nrfwr)l_r)\/E

Now insert the equation for the main flux on the left-hand side of the two equations for the
stator and rotor voltages on the previous page, and they take the following form:

+J0)(Nf )2 |1u0§4(NSfWSI Nrfwrl_r),

Lls:Rsls_FJX s Tws )~ Tp 5 2 2p Ls 2p

GSS

Qr = err +jsxcrlr +j56!)(Nr fwr) 2 pI % g i (N;;WS I—S N;’ ;Wr —rj'

By introducing magnetic or air gap reactance

sza)l—m:a)E I’uo g 4 (NS fWS)

7, are the rearranged voltage equations:
T 2T 2p

2
. . N, f . N, f
Qr=err+JsXGrI_r+JsXmﬁl_s+JsXm[N'f"‘”j 1.

S "WS S "WS

The stator's own reactance is introduced: X, =X_ + X,

. N, f X
In the voltage equations, the term X, —/—*=— =X
N fws KU

S

= X, is equal to the mutual or

magnetizing reactance between the stator and the rotor: X, = X K, = X/

sr

2
Introduce the rotor's own reactance: X, = X_, + X, Ny fur =Xg +X—’; =Xo +&.
N fiys K Ky

S
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L_Js = Rsls + jxsl_s + jxsrl_r

U, =R, +5X, L +jsX, 1,

s lS

The result is two basic voltage equations: {

Induction machine equivalent circuit

1) By introducing reduced values and for the same number of phases, m, =m, is:

Q,r ZQer I_’ :i_l” Rr’:RrKLZJ’ Xér:Xchlzj and XslrzxerU =Xm'

r
U

2) Add the first equation for voltage +jX and the second equation £jX/ I’

L
Sr=s Is=r-

3) The equation for the rotor voltage is divided by the slip to give:
Us = (R +IX)Ls + X (s +17)

U' Is=(Ri/s+Xg )l + X, (L +17),

where jX, (I,+1})=E,=E' . These equations are matched by an equivalent circuit.

Rg Xos X5 R/ /s
L L * L L

E— -

=S

' . 1
s L+l l X ' U,/s

|

For a squirrel cage rotor winding U, =0, respectively U/ =0, the equivalent circuit applies:

Rs X Xy Ri/s
I I * I I




Approximate situation

a) No-load run
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The assumption (R, + jX,,) 1, =0 gives an expression for U.:

U

S

U= XpUs+10)=iXpln = 1y =

b) Load

The voltage drop due to magnetizing current is neglected, I, =-1}

and U’ /s=0 are taken.

The voltage equations take the form:
Ug=—(Rs + X)), + X, (L +17),
0=(R;/s+]X )1, +iX (s +17).

Subtract the two equations to get:

U, =—((Ry+R; /8)+ (X oy + X515

X

r

L ietXp)  ReRS
—
= mm
<—
URENNE] TS

This equation corresponds to the simplified equivalent circuit above. For the slip s=1, the
simplification applies: R, = R, + R} and X, = X, = X+ X_..

Operating an induction machine on a rigid grid

The rotor winding is short-circuited (U, =0).

The second basic voltage equation gives:

L (R, +]sX,)=—]sX divided by slip "s"

Sl’lS'
| = _jxsr
R Is+jX, T

I, and inserted into the first voltage equation
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2
Qszusz(Rs'ijs"FLJls =;s|_s .

R, /s+jX,
. - U, U,
Calculate the current in the stator winding: I = - = 2
= R+ X+ S
R, /s+]X,
U
The no-load current for s=0: |, =——— .
Ry +J X
. - U U
In an ideal short circuit, the current for s=+o0: | = - = S
. X2 R, +]jo X
R+ X [1-——2
XX,

Stator current curve of IM

. . U, ,
For an approximate situation: |, = ~ -1, =1

, U

|__ S
T R(+RIs+jX,

, Where X, is the leakage reactance (X ~ X+ X..)

for ideal short-circuit i.e., common leakage of the stator and rotor.

The stator current is now: I = _US + Y, - :
IXew Ry+Rp/s+jX

We look at the characteristic values of the current for s=0, 1 and +co.

For R, +R; /s — 0, the current is purely inductive.

: : . . U
The second term in the equation for stator current represents a circle of diameter: 1, = —

chi.

The circle is a graphical process, and is obtained by inversion of the complex quantities.
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I circle S
S=0T A RS+?r+jXGi
U P/
line T
’ . S :1 RF
Ry +—+ jX ;i Py ~7Ys
Po'O ci
' A S =+
R [s=1 a, |-y, * XZ U,
- RS = 400 P(D v ci
+] 0 4’_1_
| Ys
=
« XGI »le Xci .

!

R - —— R A
PyP, =ctga, I =X—ZUS and PP/ =ctgeyl, —PyPL = Xr u, ,ifitis

2

R +R!
ctga, =—— and ctgey :L.
Xcsi oi
Now move the circle from the coordinate origin for the magnitude of the magnetizing current
1, =-jU,/ X, tothe right to obtain the current curve 1, =f(s).

A

US

\
s = Loroue \
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Taking into account the losses in the iron, the friction and windage losses, the no-load current

has a watt component 1,,.

Energy balance
Power flow diagram
R =Foys+Pe +F (PFe = PFes)

P, (air gap power)

P,=P. +Pw+P (Pe =0, f, >0) P

P =P, the power delivered or mechanical n
power at the motor shaft. Input stator power is:

I:)1=I:)(:us'+'|:)Fe'+'|:)Cur"—F)fw'i_F)'

Power calculation for the m-phase stator (m, = 3)

Input electrical power delivered to the stator:

Joule losses in the stator winding:

Power delivered to the rotor:
Joule losses in the rotor winding:

Output mechanical power (P, = P) at the shaft:

Motor torque

At "n" rotor rotations 2, =2nn=2nn,(1-s)=.42,

Al

stator
P - PCus+PFe
5
Vo 4 —» P, +P
1 Cur fw
L rotor
shaft
stator

R =mU I cos o,

P

_ 2
Cus — msls Rs

!
oy 2R Po
ST S S

127
I:)Cur:msl_rRr:mrlrer
12p! 1
P=P,—P., =mI’R|=-1]|=
S

AERLIED

ms
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PP MmIR 1-s P
Q. Q. (1-s) 2.(1-s) s Q

ms

= Wilg

M = M; is valid only if the friction and windage losses are P;, =0 and Mg, =0, respectively.
Operating areas on the circle diagram

Depending on the points on the circle, the following areas of operation are obtained for
different slip values:

a) rotor lagging behind the rotating field s =0 to 1, ** motor area " (n=n,+0);
b) the rotor rotates against the rotating field s =1 t0 +oo, * brakingarea™ (n=0+-);

c) the rotor rotates faster than the rotating field s = 0to —co, ** generator area' (n=n ++o0).

Torque

The torque M =1f(s) is obtained graphically (from a circle diagram) or analytically.

a) Torque waveform M =f(s) for the slip area s=0+2

M

M

S

s=0 s, s=1 s=2 s

The labels in Figure M =1f(s) have the following meanings:
M, is the breakdown,
M; is the starting (pull-up) torque,

M, is the initial braking torque.
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b) Analytical derivation from power P,

m IrZR! U
M=t T T for 1/ = S (p. 74) is obtained:
Qms “Qmss \/(Rs + er /3)2 + X;
M — mU? Ry /s _mu¢ 1

Q. (R.+R./sP+X2 Q. (RR+X2)s/R'+R./s+2R_
S S r o1 S S Gl T T S

The maximum (breakdown) torque is obtained from the condition:
oM o R, o
—— =0, which gives a value for s, =+ ~ =t if (Ry < X;), and
0s JRE+XE X
S ol
- mU¢ 1 3 U¢

M, = N s
2-Qms Rs +1[R§ + X;i 2-Qms Xoi

Effect of changing R, and X_; on the torque curve

a) Increase R, (R;)

M 4 — R, increase

Riw) > Ri@ > R, (R,) (Ri@)  (Riw)

A
As R, increases, the point s, |
Iy
moves along the circle towards My |
higher values of the slip. It is \ ‘ Y o
| S|
even possible that s, >1. \‘ﬁ Mg
| IMS
Y ! A Y -
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b) Change X = X+ X_,
Xoia > Xgi > Xoip

, (Xsib)
! (Xci)
(Xoia)

The Kloss equation
It represents the ratio ——, which is obtained from the equation for M and M, respectively:
b

M 21+s, R, /R})
M, s/s,+s,/s+2s,R /R

If R, =R} and s, << 1, itis obtained for R, — 0.

: 2
The Kloss ratio: = :
M, s/s,+s,/s
. ' 3 UZ
where the breakdown slip is s, * — and M, ~ s,
oi 2Qms Xcsi
M  2s . .
=—=Kk;s (equation of a line).

For s — 0, applicable s/s, << s, /s and —
b b
M _2% _ kzé (hyperbola).

For s —»1, applicable s/s, >> s, /s and —
b
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Starting an induction motor

Induction motor starting is the process that takes a certain amount of time for the rotor to reach
speed from n=0 to n. Ideally: ratio M, / M, isas large as possible and I / I, as small as possible.

a) Starting the motor with a starter

During start-up, apply additional stator
ohmic resistors via the slip rings
(applies only to the wound rotor).

R,+R, >R, +R > rotor ) i I
>R.+R >R
starter
M 4
| A M N
d 3
c
A
b 21
a i ]
4 A R
1 1 Msmin Msmax
I N Ismin Ismax M N M N
Y Y Y, Y y -
s=0 s=1 S s=0 s=1 S
n=n, n=0

Maximum permissible starting current 1 .. <

Minimum permissible starting current 1 ;. ~ Iy

b) Starting the motor with the switch Y /A

In a star connection, the voltage across the winding is: U, =U I3 = U,.



The current in the terminals for a star
connection compared to a delta
connection is:

s - LA

Iy =

Display current (and torque) curves
by switching from Y in A

N —turns

81

N —turns

1 - .
y — — The winding voltage isU /3>
—
51 ~N ]
M N L D /N — BY:i.
Mo 4 \ switching Y in A J3 J3
2,5/ 3] M //}i | Starting torque
29 " | B, 14
154 2==—T Iy ! My =kByl, =k—-& =&
i 3 3
100 N V38
0,57 M A\ M
! l \‘:IILN v N= MYZEMA
n=0 Ny N n 3

c) Start-up transformer (autotransformer)

. U I 1
Ratio K, =—">1 and K, =—L=K—£1, stator phase current of the motor 1, = K1,

1x S U

grid (line) current 1, =K, I,
Special versions of squirrel cages

a) Double cage
Above is the starting cage (index "sc™).

The lower one is the operating cage (index "oc").

=Kl and M, =K?ZM .
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Do > Dyoe = Koo > Xoser Xor =S XK y(ss) (58— standstill)

osc’? or

b) Deep slots

We take advantage of the impact of the ejection current.

The height or depth of the slot h is increased by the ] |
inclination of the slot.

Shapes of torque curves of different rotor ;1
winding designs:

a) double cage,

b) deep slots,

c) normal cage,

d) wound rotor.

Options for changing the rotation speed s=1 < s=0
n=0 —» N =ng

n :ns(l—s):i(l—s)
p

1) by changing the frequency,
2) by changing the number of pole pairs,
3) by changing the slip.
1) Frequency-changing
From U =k f @ it applies: UTZ L;—X = k@ =const. (Applies up to the value U, <U,.)

X
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2) Pole pairs (poles) changing
a) With multiple windings for different numbers of poles

b) Dahlander connection ratio by 2:1. Thisusesa A/YY or Y/YY circuit combination. The
first connection is used mostly, the second only to drive the fans.

910 11 12, 9 10 11 12
TREMTT oy 1y 1
(N | [l ‘ [N | [l i
. |
o |
v U 2V v
Directions of currents for 2p =4. Directions of currents for 2p =2.

Circuit illustration for connection
T
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3) Slip-changing (for a motor with slip rings)
. P, . : : . .
Since M =—°-is M = const. for P, = const. and with the resistance R, in the rotor is:
ms
2 Rr -m ”’3 Rt + Radd g = Rt + Ragd

PSZmSIrN_— X R’ N -
SN X r

With higher slip, the losses P, = Ps, in the rotor circuit increase. This is not economical.
It is more economical to use a cascade, i.e., a rectifier — inverter (U,, f,, U_ are variable)
or converter cascades (U,, f, are variable, U_ = const.) in the rotor circuit.

S

Changing the torque

The torque is proportional to the power of the air gap or the power at the resistor according
to the equivalent circuit R/ /s:

M :i|;2&=i|r2&,
Q. s 2. S
. I
where the rotor current 1, is reduced to the stator I/ =1K, =K—r and R;=KjR,

U
(form,=m,).
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Introduce a voltage drop across the rotor at the replacement resistor R, /s (Eg, =1,R, /s).The
rotor current I, or 1| is opposite to the stator current, and therefore the voltage drop

Ex =1, R} /s is of opposite magnitude to the induced voltage due to the rotation magnetic
field E,, =E, =FE/.

3 , ., 3
M :_pERrIr:_pERrIr
(0] (4]

In an induction motor, torque variation (control) is achieved by varying the voltage Eg,, i.e.,
by varying the current I, . (The phase angle between Eg, and I, is zero.) For this purpose,
we modify the usual equivalent circuit. The stator and rotor leakage reactance are expressed
as the difference of the own and mutual reactance between the stator and rotor. The
transformation constant « (in the circuit) can be chosen to be any value except zero. For the
case a =K, i.e., equal to the ratio of the effective stator and rotor turns, we obtain again
the usual equivalent circuit.

Rs j(xs_axsr) j(azxr_axsr)
Lo L
U —Y a az&
=s 0.’_ R
jaXg S

From the condition X, -aX, =0 we obtain: a=Xg/X,, ie., the transformation
constant at which the leakage reactance in the rotor circuit of the equivalent circuit vanishes.

The new rotor current is now 1/ « -times the actual (three-phase) rotor current (1,), and the
new rotor voltage is « -times the original rotor voltage (voltage drop Eg,) across the
resistance. This new voltage (voltage drop Eg, ) is applied to the terminals of the new
magnetic (main) reactance and is, thus, related directly to the flux of the rotor, which causes
the voltage Ex, (Eg, =aEg,).
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By taking the product of o X, = Xfr / X, , we obtain a new equivalent circuit.

2
Ry X,

L
o

This equivalent circuit is reformulated by introducing a transient machine parameter. This is
defined as the stator leakage reactance of the whole machine, and given by equation:

2 2 2 2
g ox, X 1 X KE) Ly (1 X8 ) ox
X X X, K X X!

r sNr

The asterisk index does not mean relative, but means the changed stator reactance. Similarly,
an asterisk indicates the changed magnetizing reactance:

_Xg K§ _ Xq

X =aX, =—L = .
" TOX, K OX]
. X, K2 R 2 R . -
Considering that: a=-—_"—0 = X”j K, and az—r=x—”;x—r, we obtain a finitely
c KG o X¢ s X/° s

transformed equivalent circuit in which all quantities are transformed to the stator.
Ry Xgs

L L : -

LA 1y lsM = )(I% R'r

S JXr; EEI‘ XIZ X?
r

|

The stator current is thus divided into two (mutually orthogonal) current components,
namely the reactive component of the current I =1 siny (lgy =(Ky/a)l,, i.e., the
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excitation current) and the working component of the current I, = I, cosy ; this represents

the torque. The working component may also be marked I .

Varying the torque with the current 1, and I,

The induced voltage, or the stator-reduced voltage drop E;, Rels g
across the rotor substitution resistance «°R, /s, is equal to the
time variation of the rotor magnetic linkage:

E;r = _JC‘)Z:/\/— = _jXr;ls‘P .
Reduced values can also be omitted from the equation, and it is:
ERr = _ja)y_/r /\/E .

According to a redesigned circuit, the reactive component of

|

the excitation current 1, is given by equation:

| — E;r - _ aERr - _ ERr
LISV o - - - .
X JaXy ol

m

From the last equation, the induced voltage is Eg, = ol . | =—al
2r T T %Ism

Product Ll in the induced voltage equation Eg,
represents a rotor magnetic linkage ¥, =Ll (RMS value because the current is not

multiplied by \/5), and the reduced value of thisis: ¥ =a ¥, =al lg =L, ly.

The torque component of the current 1, is obtained directly from the circuit as the expression:
I
IsM =||_SM|= -+ - Ir :alsM'
(24
The final equation for the torque of the machine, if the expression for the voltage Eg, and

the current |, (without the negative sign) is substituted in, reads:
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3p N
M =E(a)|‘sr IST)(GISM) :3paLsr|s‘P|sM :3p Lmls‘PlsM'

The equation represents an expression that is a function of the two components of the current.
The basic equation for the torque takes the form (with ¥, =L Il and Iy, =1, cosy):

M =3p¥, l,cosy =3p¥, ly,,
I.e. the product of the rotor magnetic linkage and the working component of the stator current.
Given an equivalent circuit, we obtain the working component of the stator current I, :

aERr — ESERr - _ Xr SERr __iSERr )

"&R.Js a R, Xy R Ly R

-sM —

Combining the last equation with the previous equation for Eg, gives the relationship
between the two stator current components |, and |, :

L
I = JR_:SCOLS‘P'
This connection is due to the fact that the voltages on the new magnetizing (mutual)
reactance and on the replacement (fictitious) rotor resistance are the same. The slip angular
frequency is also determined by the two current components. Rearranging the last equation
gives the expression for the slip angular frequency:

!
SC{)=&ISM _&ISM _llsM

) .
Lr IS‘P Lr IS‘P Z-r Is‘P

7, =L, /R, is the electrical time constant of the change in all rotor quantities. When both
components of the current are selected (in stationary machine operation — motor), only one
value of the slip in this equation gives us the corresponding rotor magnetic linkage ¥, and
torque M .



Induction generator

Operating on a rigid grid

—0

induction driving

generator E n machine

89

The grid provides the reactive power (Qg, =3Uq I sing =3U |,) and the driving machine
provides the working power. An IM works as a generator if it is a slip s =(0+-1) . Then the
load drives the rotor faster than the speed of the rotating magnetic field and the generator
emits electrical power. For the slip s < -1, the machine works in the generator braking area

and does not emit any power.

Single-phase induction motor
They are building up to 2,2 kW .

It has a main winding (usually occupying 2/3
of the stator slots) and an auxiliary winding, the
axis of which is shifted by 90 (electrical) degrees
with respect to the axis of the main winding
(usually occupying the remaining 1/3 of the
stator slots).

main
winding (MW)

———

axis MW

auxiliary
winding (AW)

y‘ axis AW
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a) Operating mode if only the main winding is connected.

The sinusoidal voltage U, dictates the sinusoidal flux @, . The fundamental harmonic
component of the magnetic flux density is a function of the local distribution in stator
coordinates, or the circumferential angle :( X /Tp)n in the air gap, and time:

MW 5090

by = (x,t) = B, cos 9, cos(wt) =

= %(cos(sS —ot)+cos(4 +ot)).

In the rotor coordinate system, the fundamental harmonic component of the field for

& =9 +p2,t=3 + p(2nn)t, taking into account n=n,(1—s) = i(1—s) and
P

G =8 +2npnt=94 +2npn(1-9)t=3 +w(1-9)t, is:

b, =f(x,,t) :%cos(&*r —Swt)-ﬁ-%COS(Sr +(2-s)wt).
In the rotor, the induced voltage of frequency sf and (2-5s)f, i.e., the induced voltage is
obtained of the positive and negative components of the field. At s=1 the two rotating
magnetic fields are equal and develop the same torque. Such a motor therefore does not start
by itself.

M
Mp
\: .
s=0 ——— 571 M s=2 s
Mn
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b) Start

An auxiliary phase — winding (AW) is required to start the motor. The current in the auxiliary
phase has to be shifted in time and an asymmetric (elliptical rotating magnetic field) is
obtained. The capacitor gives the largest displacement.

U

-~ Torque ratio:

1) Z=R  M,/M,=1+13

2) Z=jX, M,/My~0,3
3a) Z=jXo M,/My=16=21
3b) Z=jX. M,/My~05

3a) starting capacitor,

b) operating capacitor,
) combination 3a) + 3b).

Switch "Sw" switches off the start capacitor by n~0,75n;.

Phasor diagram drawn for example 3b)

In this case, we have two-phase asymmetrical
excitations @, # @,,.

Ue >Ug
cosp =1

The capacitor motor rotates from the auxiliary to the
main phase. To reverse the direction of rotation, the
terminals, i.e., the start (s) and end (e) of the auxiliary or
main phase, must be reversed.

L_JSS (AW)
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Torque curves for starting with auxiliary winding for cases 3a), 3b) and 3c)

MA MA

Shaded poles motor

These types of motors are built for low power (a few tens of watts). A short-circuit turn (ring)
is mounted on part of the pole shoe.

shaded pole turn

rotor with
short-circuit
squirrel cage

single-phase
concentric
winding

The main flux @, is divided into a part
going directly into the rotor @,, and a
shaded part @, passing through the short-
circuit ring. The latter is time delayed
towards @., and smaller. An elliptical
rotating magnetic field is created. Due to the
delay (@, relative to @,;) the rotor will
always rotate from the unshaded to the
shaded part. To reverse the direction of
rotation, the rotor must be reversed
(reassembled).
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SYNCHRONOUS MACHINE

Description of construction

There are two designs, a machine with salient poles on the rotor, and a machine with non-
salient poles or a machine with a cylindrical rotor. For both designs, the primary winding is
on the rotor and the secondary winding is on the stator. The stator is identical to the IM stator.

For the salient poles, the air gap is ¢ =f(x), non-salient pole & = konst.

o V1

stator

cylindrical
rotor

salient
poles

g-axis g-axis

wi

longitudinal — $longitudinal —
d-axis d-axis

For the salient poles, the airgap "o™" in "d" and "q" axis is different (magnetic conductivity
Ay # Ay). The excitation — field winding is wound concentric on the salient pole body, but
belt (usually spread over 2/3 of the circumference) at a cylindrical rotor.

Operation mode

The rotor is supplied with a DC excitation current I, or I, . To generate the excitation rotating
ampere-turns (magnetomotive force — MMF) of the @, rotate it by n, = f / p rotation. For
a cylindrical rotor it is:

transverse —
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@" =£ Nf fo

f

(P
n2pf

The salient pole winding factor f,; =1, turns/pole N¢, =N /(2p) and o _4 Nyl -
T

No-load
O — B; = ”"5—@“’ = B, magnetic flux density of the fundamental harmonic component or
e
- - n 2 A 2 A
the mean value of the main air gap flux @, =—B,A; =—B7,|
T T

(7, is the pole pitch, | the length of the stack, &, the equivalent air gap of the machine).
p e

At no-load, the current in the stator winding or armature winding is equal to I, =1, =1=0.
The main flux induces a no-load voltage in the stator winding which, when excited by
I, = ¢, is equal to the grid voltage:

U=4,44fNf D, .
Dy, =Dy = Dy, is the flux of the salient pole due to the field winding concentrically wound
around the salient pole body, or arranged on a cylindrical rotor.
Load

When loaded, the stator current | generates stator ampere-turns @, in the three-phase
winding (reaction or armature ampere-turns):

6, =24 Nts 5y
2m 2p
Together with the field ampere-turns @; (of the cylindrical rotor), the resultant ampere-turns are:
Ores =0: +0,.
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The ampere-turns of the reaction are converted to the excitation side of the machine from the

condition of equality of the reduced and original ampere-turns with the current ratio K, .
@fa:f Nt fur l, =6, = Ifa:E NS—fWS\/?I:K,\/?I and applies to

T 2p 2 Nf fo

resultant excitation: g =1 +1¢, .

The effect of the armature reaction is captured in the magnetizing reactance of the machine

X, <1/ 8, (p. 104), because the armature reaction acts through the air gap on the excitation

side of the synchronous machine.

A .
For @, =@, =const. (U =const.) d-axis
- - Y
we need to change the excitation that ‘ AR
, 5 ) / N\
WI” @res = @fo Or @f > @fO . fdmax de // 8
v v 2 0 v\\
n, - pole field, ©; i -
e

Y
A

armature reaction
field, ©,

A d-axis

At no-load, the amplitude of the main flux @, , lies in the d-axis of the pole, while, under
load, the flux is displaced with respect to the d-axis of the pole. Its position then depends on
the size and character of the load, i.e., the size and direction of the armature reaction.

The magnetizing characteristic is a non-linear curve in saturation and only in the initial
(unsaturated) part is it linear and the fluxes can be summed geometrically.
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For a linear theory (g, =const.), itis:
stator @, > @, =D, 21 > D,
rotor  @; > @, = cﬁpej‘/’O i > @,
>,

—d pl?
result. @, =D, =D, |

Qm — d)meJ(l’res — Qp +Qa — @pe]% + @ael%
@, is the phase position of the pole flux for ot =0, ¢, the phase
position of the current and ¢, the phase position of the main flux.
Machine operation on a rigid grid (U = const., f = const.)

Three-phase machine (m = 3)

a) Induced voltages

—0

L ;
| Eo =—jo (N st)—T;
N,, Ry, X with angle @y = @ —m/2
and with flux components @, and @,
lf:i N, Re E,=E,+E,.

For R, =0 and X =0 itisvalid —-E, =U, or by the components of the pole wheel voltage
Ug, and the armature reaction voltage U, .

LiEp = _Ep and U, =-E

a

U;=Ug+U,, Ug ol /V2 and U, x|



2 .
b) Synchronization to the grid
An excited synchronous machine (generator) with ;556 lus
n, revolutions is connected to the grid via the
switch (Sw) if Ug, =U-U, =0. Therefore, L :::\:__"_EErB_cBﬁEJcEJr_o
| =0,ie,atU,=U and Ug, =U.. o ™

An excited synchronous machine is therefore synchronized to the grid in an unloaded state.

The two conditions for synchronization are: U=U;=Ug
Ullu,=u
1) Us:UEp=U and Pus = Pup = Pu» R =
D, =2
2) o, = (grid), n=n =1 o
p p EO :Ep

Taking on the load

1) Reactive load acceptance at R, =0 and X_, =0

2) Working load acceptance at R, =0 and X_ =0

It starts from synchronism | = 0. Under load, if the voltage drop is neglected U, =U , the
flux will be @ =const. =@, +@,.

1) Reactive load acceptance

To change the reactive power input to a machine (generator or motor), change I; with
respect to the no-load value (I;,) (assume here that B =0, because is R, =0 and R; =0).
The size of the excitation can be I > I or I <lg.



98

a) Synchronized b) Over-excitation ) Sub-excitation
AU b
Ty
A A F'y
Ll LiEp Q LiEp Ll AQ
“QEp
| ¢, @
d_'a_XI_S> 1 —P > _;>—;p _i
CDm = QDO “m Qa “m
D, > D D, <Dy
Eo v Eo ¥ Eo v
a) b) c)

b) I is capacitive for the grid, inductive for the machine.
c¢) | isinductive for the grid, capacitive for the machine.

2) Taking on the workload

This is based on the assumption that ¢ =l¢y, @y =@y and Ug, =Ug,y,; force the
generator to take up the power by connecting a mechanical load (the motor), or by connecting
Z, to the generator terminals. Let's leave it that |; =const.

a) Synchronous motor

Mechanical load, M, =M, <0, causing the rotor to lag behind the rotating magnetic field
@,, . Therefore, the flux @, lags behind the original position @,, =@, and is —E, #U .
The voltage difference U —U ., drives a current | and this causes a reaction @, or flux
@, . The condition for the resultant magnetic field applies:

D +D, =D, ZA_
Jo (N f,)
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Space Figure and phasor
diagram of motor MMF

(2p=2)

Phasor diagrams

1) Synchronized machine 2) Loaded machine
I =0, n=n, | >0, load angle 6 <0
L_J“ L_JEp
daxis
Qm = on
EO v

When a load is applied, a load angle & occurs. The load angle ¢ is the angle between the rotor

d-axis (flux @) and the resultant rotating field (flux @, ). The synchronous motor draws
operating power from the grid (I >0, 6 <0) and develops a torque +M:

M =iusl cos ¢ . For number of phases m=3, €, =&, o, = (grid) will be:
p

=3P

M =ZEN, f,, @, |cosp=cy,d,|cosp (CM ﬁNS fwsj, (=0, -p).

S

SIS



3) Stability limit 6, = _g

In stationary operation:

M+M, =0. (M_ =M —load)

The M of the motor will be maximum at o, :—g.

At || >|6,|, the machine falls out of synchronism.

b) Synchronous generator

If the driving machine M, >0 accelerates the rotor (pole
wheel), @, overtakes with respect to position @, .

This makes a difference U -U ¢,

which caused the current | > ©, —> @,.

The following condition applies:

_ Ny, L
Cjo(Ng )

The current increases by enough to keep

D, +2,=2,

it in stationary operation:
-M+M,=0.
The current has a negative watt component.
-M =c¢,, @,,1 cosp

Supplying mechanical power to the shaft — delivered electrical power to the grid (load angle
0>0).
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Phasor diagrams

1) Synchronized machine 2) Loaded machine
A / - -
| e oA | Y
// Ye \\\\ 6’6’;\;
d-axis ! p\ -
L —— = \
Qm :on \ Qa
\
\\ D, !
EO v \\ _|
- .. T \\
3) Stability limit 5, =+E \

Before the load angle corresponding to a given
load (angle ') is established, the pole wheel, @,
and o oscillate around position &, — mechanical
oscillation. That is why it needs to be throttled. This
is achieved by a short-circuit cage at the rotor poles.

n<n, induction motor
n>n, induction generator

The cage is also used to start the motor.
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Analytical treatment

For stationary operation, it is n=n,=f/p (s'). The derivation is performed for non-
salient poles. For the salient poles, we need to take into account Ay = A, . The magnetizing

characteristic of a synchronous machine is linear (x4, = const.).
. . . D
Stator voltage equation: U =U =R.1 + joL | + jo (N fws)—T;1

a) @, complex value of rotational (main) flux

Resulting ampere tums (@, = @, + @, ) inthe air gap @, — B, — D,

In stator coordinates, the main flux: ¢,, = @mcos(Ss — @t =@y ). In symmetry of the un-

shortened coil (%, =0 or & =(x/7,)m=0) the main flux is equal @,, = &,,e!% |
The main flux consists of the flux of the pole wheel and the flux of the armature reaction.

b) @, pole wheel flux

MMF 6;(4.) = 6; cos(, ) causes a magnetic flux density in T
the air gap b; (9 ) = B, cos  , written in rotor coordinates S AN
XS
(8 =0 /7,)m) T 0 -
. ) X,
or pole wheel flux @, = @' | |
and this voltage U g, =Ug,e/ %" A

AX . . . -

9, =—2n is the rotor displacement of wt=0 with respect to the armature winding
T
p

symmetry (phase "a").

In stator coordinates, the excitation is 6; = 6; cos( %, —wt—g,, +7/2).
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The change in coordinates of the rotor rotating with the n, revolutions is obtained from the
following operations:
X, =X —AX =X, —vt —AX,.

. . f z :
Let's insert an expression for v =r2,,  =Dnn=2pr, —= - » and derive:

p T
T
Xr:xs——pa)t—Ax0 xi, [30=(pup—£:(pu+5—zj
i 7, 2 2
o T
Sr:SS—wt—¢up+§. (30+§=g0up=(pu+5j

We usually take the voltage position ¢, =0 (190 +g = 5} ,and it will be: U, = UEpej5.
The induced voltage is calculated using the well-known equation: Ug, = 4,44 f N, f,, cﬁp .

c) @, armature reaction flux

This flux is caused by load currents i,, i, and i.. In phase "a", the moment value of the
current is i, = \/EIa cos(mt +¢;) or complex I, =1= 1e),
In the stator coordinate system:
0, () = @a cos (9, — ot — ;) , which causes a magnetic flux density in the air gap
b, = B, cos(J, —wt—,) .
In a rotary coordinate system, it will be:
0,(%)=0,c08(4 +(p+5-n/2)), ifitis p=p, — .

The position of the ampere-turns of the armature reaction 6, is f(¢,0), i.e., a function of
the phase angle and the load angle of the machine.
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Machine with cylindrical rotor

The excitation and reaction of the armature create a resultant excitation in the machine's air
gap (B, =0 +0,).For x, =0, i.e., in the coil symmetry of phase "a", there is a resultant
excitation:

Ores = @res cos(at + (ores) .

The resultant excitation creates a resultant magnetic flux density in the air gap:

b(x) =Dy (%) +b, (%) -
The amplitude of the magnetic flux density of the fundamental harmonic component in the
air gap (B, =B; =B,,) is calculated from equation 81 = ? @res and the peak-mean value

e
2
1M

of the pole flux @, = % B,7,|. The complex flux value is: @, = n

=Tres "
e

The stator voltage equation will now be given by the equations for excitation amplitude éf
and armature reaction 6, :

U, =RI+jX I +jo(N f )<

S WS)

|ﬂﬂ Ny fur |_fei(¢>up—n/2) 3Ns fwsl
a\ 2p 2 2 2p

e

If the magnetizing (main) reactance is X, =olL, =0 —1

same as for the induction machine p. 71), will be:

2 Nefye |y o
NS fWS \/E

Ne fe X

: 2 :
Expression X, m3 N, T, = ?m = Xaa 1S the mutual reactance between the stator and the rotor.
|

J(§0up -n/2)

Uy =R+ [Xo L+ X, = X,

The stator voltage equation takes the following form when the order of the last two terms is
reversed:
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le io
—er
V2
Introduce synchronous reactance X, = X,, + X, ( X,, = K, X ) and the voltage of the pole
wheel Ug, = Xl /N2, to give the final form of the stator voltage equation:

Us = R+ IX o L+ JX L+ Xy

L_JZL_JS = Rsl+jxd|_+L_JEp'

To this equation, we fit the equivalent circuit of a synchronous machine with a cylindrical
rotor.

Pole wheel voltage U, =—E, = I; and its position ¢,, = ¢, +5.

Asitis R, << X, , take R, =0 and get a phasor diagram of a generator or motor with a

cylindrical rotor.

. L : X U
Synchronous reactance is usually given in the relative terms: X, = Z—d and Zy = I—Nf

N Nf

Xy =0,8+2,5

Machine with salient poles

The longitudinal or d-axis and transverse or g-axis are distinguished. X4 = X, and X4 > X, .
Xd = Xcss + Xad and Xad = ﬂadxm
Xgq=Xos+Xyq and Xg = Lo X

B and B, are the pole shape factors in the d and g-axes.
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uqu axis

The voltage equation applies:
U=R1+jXglg+jXqlqg+Upg,.

Machine phasor diagram with salient poles

Valid for R, =0.

To draw a phasor diagram, the following must be given:

U, Ug, and | or

U, 1, Xy, X, and load angle &'

Permanent short circuit (U = 0)
For R, =0 will:

0=jXglg+iXqlg+Ug,.

The two components of the short-circuit current are:

Xqly=0—1,=0 and
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Xelg+Ug =0 L =lg=——"—=]—"

U
The effective value of the permanent short-circuit current is: I, = X—Ep

d
The value X, is determined from the measurements:

a) of the no-load U, =U no load voltage,

b) of the short-circuit I, short circuit current.

Xg=—t=== —
short-circuit current

Ug U ( no-load voltage
Ik Ik

] at the same excitation.

Operating an unsaturated machine on a rigid grid

Derive the equations for a machine with salient poles.

j%p j(Pup

I=14+1,, ly=-jlye and 1,=1,¢

Pp =0, +0 for Ry=0 and ¢, =0 will be ¢, =0 and obtained from the previous
voltage equation:

U = Xglge! +jX, 18" +Uge”. Multiply the equation by e .
The real part of the equation:

u
Ucoss = Xyly +Ug —> Iy =200 “ep
Xy X

The imaginary part of the equation:

_Using = Xgly - 1, =——ono
X
q
This is put in the initial current equation 1 =1, +1,, and the solution for the armature current

IS:
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U .
[=j== j YU oid coss— L el sings.
X, X, X,

.. 1, . ‘5 .. 1, . ‘5
Taking into account cos S = E(eM +e71%) and jsins = E(ejﬁ —e71%) calculate the current:

—je U(1 L) U1 1
T Xy 20X, Xy 2\ Xy X, )

For a cylindrical rotor X, = X, :

Torque:
P

_ _ - - _@ :
M_Q - P Re(gl_)andfor m; 3,_Qms_pweget.

ms

m=PP 3pR(UI) 3Py, for U=U.
w w w

Using the equation for the current, we derive:

2
M= 3p sm5+U— i—i sin2o
w Xd 2 Xq X4

synchronous reactance (reluctance)
torque torque

For a cylindrical (turbo) rotor X, = X, and only synchronous torque is obtained:

uu
M=—3P e s M =f(l,5).
o Xy

The maximum (breakdown) torque in both motor and generator operation is for a machine
with salient poles at angle |5,_| =|8,,| <= /2 and for a cylindrical rotor |5,_|=|S,.|=n/2.



Torque Figures:

salient poles |5 | <g

motor 4
M () "
uu b
_3_p _Epsin5
w Xd 3pU2
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- - n
cylindrical rotor |85 |=—
A
motor M
|
. M) /|
= sin(20) :
q M
! %o -
Fp- | o
|
|
|
generator generator

M
motor :1,5
|
11,0 M,
el T
% |0,5\ \ Oy = >
T | g5
%:_E @5q\\ I//
5 ‘*l
|
|
generator

Static stability

For a given torque, the smaller the excitation
current, the greater the load angle & . If the
excitation current is too low (dashed curve),
the motor falls out of synchronism or out of
step. We are talking about static stability.

The machine is able to take the load if it is loaded slowly. The limit of stability is determined
by the breakdown torque. For a machine with a cylindrical rotor, the following applies:
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3p U 3
w d w
gives the ratio for the relative -
breakdown torque My 50
My .
15
My |: UEpN 1,0

My| Xglycose 05

Ug, =f(X4, cosg), i.e., the voltage 08 4 %
drops across X, (X41) and cose.
- - Mb
It is for various cosgp: —=="1(X,).
MN

For stable operation, e.g., for a motor loaded with M, , the following applies:
M=-M, >0.

) _ AM :(d—M) AS
The increased load will be dM /d& <0. ds Js, A
_ _ AM |M
For small changes in angle &, a linear M) /TNAS
L
relationship holds at the point of operation : :
| T
M =1). BN
dM T /e
AM =(—j AS, 2 |
ds Js, |

if the operating angle &, is before the load change.

Varying the torque of a synchronous motor

A synchronous motor's torque is varied (controlled) by the armature voltage, or by excitation.
In frequency inverter operation, the motor is varied simultaneously in voltage and frequency
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and thus in speed (U =0+U,, f=0-+xfy, X isa multiple of fy). If the torque is varied
by excitation, only the load angle is varied. With permanent magnet excitation, the excitation
cannot be corrected directly, but indirectly by varying the angle of the stator current.

Referring to the phasor diagram in Figure a) for a motor with a cylindrical rotor, we can
introduce the internal angle y, i.e., the angle between the pole wheel voltage U, and the
armature current 1 :

7/:5+¢):¢up_¢}l'
The equation for the synchronous torque of the machine can be rearranged:

uu .
M :—3—p—Epsin6:3—pUEpl cosy =cy @1 cosy,
o Xy 10,

where |-U sin 5| = 1 X4sin(90-») = 1 X4 cosy and Ug, = &N, f, @, IN2.

The torque is at its maximum when y =0, i.e., in the case of ¢ =—-6. Then the armature
current is in phase with the pole wheel voltage.

iXgl

b)
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In the case of larger synchronous motors this is not very favorable, because the current lags
behind the grid voltage (Figure a). In the case of larger motors, we usually want the current
to overtake the grid voltage (reactive power generation). In this case, the angle is
y =40° + 60" and the current overtakes the voltage (Figure b).

Stationary operation of a cylindrical rotor motor in a d-g model
The armature current can be decomposed into two components (d, q):

lg=1Isiny and 1, =1cosy.

The angle y is the space angle between the g-axis, where the voltage U, is located, and
the stator current. In conventional theory, y is the (time) phase angle. The Figure shows a
phasor diagram of a synchronous machine with a cylindrical rotor in d, g components.

The voltage of a pole wheel can also be expressed as a "voltage drop™:
- - - Zd
Ug, = 1Xuals = Jo Lyl = ja)ﬁ.

Xaa = X [ K, 1s the mutual reactance between the armature winding with index "a" and
the excitation winding in the d-axis, i.e., the magnetizing (main) reactance of the motor
(stator) divided by the current ratio (p. 104); and ‘Pd = L,ls the value of the magnetic
leakage in the d-axis of the rotor. Pole wheel voltage Ug, =f(f, I¢).

The equation for the synchronous torque can be transformed into the form:

3p 3p @l ls
M=—Uglcosy=— —3L"1,=3p%,l,.
W Ep e . \/E q PTy q
It can be seen that only the "q" component of the stator current, which is perpendicular to
the excitation axis and in phase with the voltage U, contributes to the torque. In permanent
magnet excitation (¥4 = const.), the torque varies only with the "g" component of the stator



current, the "d" component of the stator current (in the axis of
excitation) affects only the excitation (armature reaction), but
also, indirectly, the magnitude of the torque. Therefore, if we
want to vary the torque, we need to control the stator current in
amplitude and phase. The stator current is increased by the
voltage across the armature terminals, but this is only possible
up to the nominal value. If the frequency f increases beyond the
nominal value f,, the input reactance of the machine also
increases, and, therefore, at constant voltage, as the frequency
increases, the armature current 1(1,) decreases, and so does the
torque. The situation is similar to the magnetic field weakening
in an induction motor.

Current characteristics for a cylindrical rotor

For the armature current of a cylindrical rotor,
the equation (p. 108) applies:

Ug.el’
l=—ji+jEp—
Xd Xd

The stator current characteristics | as a function

113

motor

of angle & (circles in the complex plane) are 4
obtained for U, = const. (l; =const.) and load
angle & = const. The domain in which the motor
or generator operates is the operating diagram.
It covers only a part of the full-field domain.

generator

-

-

stability limits

over-excitation sub-excitation
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Approximate treatment of a saturated machine

The superposition of magnetic field components in the air gap is no longer valid:
B # B¢ + B, . Synchronous reactance is important for stationary operation (X, = X+ X,,),
the main proportion of which is determined by the equivalent air gap 5, (X,, =f(1/5,)).
The size of ¢, is affected by saturation. In saturation, there is no longer any proportionality
between the current and the magnetic field of the air gap. We will consider saturation for a
machine operating at no-load and short-circuit roughly.

No-load and short-circuit

No-load: I; =1¢ and 1 =0 or I; =1 and | =0 for the air gap characteristic (AGC).

A

P
V2

No-load characteristic (NLC): U =E, =f(l;)

U= EO :a)(Ns fws)

measured at n = const.

Short circuit: Egy, < E,

D, <D, due to armature reaction

Short circuit characteristic (SCC): I, =f(l;)

The excitation current | is important. It is that excitation current at which, in a three-phase
permanent short circuit, the armature current will be equal to the rated current (I, =1).

The value of the unsaturated synchronous reactance is considered by IEC Standard 60034-4

to be the ratio of the no-load voltage U =Ug, to the short-circuit current I;:

U . I
X4 =—2 with the same excitation (I; = I;) .
kd



. . X X4l Uyl | |
The relative value of the synchronous reactance is: Xy = =% =48 = —NN _ N _ fk
ZN U N IKSUN Ik5 Iﬁi

As a measure of armature reversibility, the IEC gives the ratio of the excitation current 1,

. R . I
to 1., defined as the short-circuit ratio of the saturated machine K, =-2.
fk

A large ratio means that a larger short-circuit current 1, is required to compensate for the
field of the excitation current 1, (i.e., a small influence of the armature reaction).

a) Method for determining the excitation current of a saturated machine

For a given load at terminal voltage U and current |, I, and the load angle & must be
determined.
Mathematically, it is: I;,,e'% = Ifej(%”_n/z) +1,,01% . (I = K;¥21, p. 95)

For R, =0, we obtain the voltage equation:
Ly
V2

Valid: U = jX 1 —E, (bottom Figure) or: U —jX

A

. . D
U=joL,l+jo(Nf,) and with E; =—jo(N, fWS)T;e“"rez :

=—E, (Figure p. 116).

osl

Graphical method for determining the excitation current for a cylindrical machine at a given
load | and voltage U

EA NLC

%

|

I fres I f
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From the known no-load characteristic (NLC), we determine I, for E,. We also need to
know I, to obtain I and the load angle & or direction Ug,.

b) Internal characteristics

U =f(l¢) for I =const., cosp=0 (¢ =—-n/2) (overexcited machine)

For g =p=—-n/2 and ¢, =, + =0 valid I &%= = (I, -1 )e

A
Ey U Eo =f(lt)
S i R — T 4 Xpl
U I 727
=4 fa /,
| //
| U=f()
V4 o =-n/2
) E — Xo-sl /{/ I = konst
Iel¥ a
- ——% — A >
I_ I fresej(pres I faewI I fa I fres I f If
- i cosp=0
e 4

A triangle with sides X and I, travels along the NLC for | =const. and we get
U =1(l;). Inashort circuit, U =0 and Ey = X I . As the excitation increases from I, to
I+ » the leakage between the poles in the rotor increases and the voltage across the terminals
will be lower. We are talking about Potier reactance X, > X, so the actual curve U (l;)
will be lower — the dashed line in the Figure.

os !

c) American diagram (ASA)

The ASA diagram is used to determine 1, at Uy, I and at any cos¢. For the design we
need the no-load characteristic (NLC) and the short-circuit characteristic (SCC), 1, at Uy,
In, cosg=0(ind.) and X, (Potier reactance).
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Determination of the Potier reactance:

From SCC (I =f(l;)) = Iy for I =1 . The distance 0B corresponds to lg, cosg =0(ind.).
Subtract from point A 1, = AF. At point F, draw a parallel to the tangent to the NLC, and

obtain the relative Potier reactance Xy = HG . NLC and SCC are drawn in relative units.

ASA diagram

Apply perpendicularly to I from the end of U the value of the voltage drop AU, = NEY nXp
(for the 'Y connection) and obtain the Potier voltage U ,. The projection of the voltage U , onto
the ordinate gives us, between the AGC and NLC characteristics, the value of the increase in
excitation due to saturation Al;. The ASA diagram for the total excitation current is:

rfN =(rf6 + rﬂ()+Aff.

A C
Ui IL < WL Y é)/ N
N N <
H______H 1 =f(I;) VBIyX, /Al
7. G A
,,,,,,, [y A U
10 FiV ! Pl &
AN U s
T !
I \ /IN .\
o \ e\
I \ \
| \ \
| ! /
I \ P e \
0 D B _ @ on
. I N v 1y 0 \
. [P =COSgon VIfS |fp ™ I;

Excitation systems for synchronous generators

We use DC self-exciting generators to excite small synchronous generators. For larger
synchronous machines, we use three-phase synchronous exciters or thyristor rectifiers (static
converters). The excitation power is about 1 % of Sy, .



L= regulator

1 three-phase synchronous generator
2 DC excitation generator

\ 4

regulator

2 transformer block
3 own-use transformer
4 foreign grid

5 excitation transformer

6 fully controlled thyristor rectifier

L»  regulator [-»-——1

2 three-phase synchronous exciter
3 fully controlled thyristor rectifier

4
2
O ©

°g

1@ Y4 ks
Pl

1

regulator

Y

5 half-controlled thyristor rectifier
6 auxiliary transformer
7 auxiliary rectifier

118
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Using permanent magnets for excitation

It is possible to choose between ceramic permanent magnets and permanent magnets made
of metal alloys. Ceramic permanent magnets are, e.g., barium or strontium ferrite. Among
the metal alloys, the most known are AINiCo magnets and rare earth-based alloys, e.g.,
samarium with cobalt, or, more recently, neodymium-iron-boron.

Magnetic hysteresis

In immaterial space, the magnetic flux density will be
B =,H . (4o =47-107 V-5/(A-m))

B varies in the ferromagnetic material.
B =H +B;,

where B; is the magnetic polarization (unit T or mT). The magnetic polarization is:
B, =xuH . K is magnetic susceptibility.

It follows: B = gy (1+x)H = 1,14, H , where the relative permeability is z =1+« .

In saturation, g, =1 will be and the course B(H) will be a straight line. The relative
permeability is given for a transformer or dynamo sheet. For permanent magnets the recoil
permeability is given x4, ~1+11. (Permeabilis is Latin for permeable.)

The magnetic polarization B; can also be expressed as a function of the magnetic field intensity H :
B,=B—H.

This is the intrinsic magnetic flux density, shown in the right Figure below. For good quality
permanent magnets, the point of remanent magnetic flux density is the same in both Figures
(B,) . (Remanere is Latin for remnant.)
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2. quadrant 1. quadrant

3. quadrant 4. quadrant

The characteristic points for both curves are:

H =0 — B, (remnant magnetic flux density)

B=0— H, (coercive magnetic field intensity) (Coercere is Latin for restraint.)
B, =0 — H (coercive magnetic field intensity polarization)

For excitation with permanent magnets, we use quadrant Il (I\V). This part of the hysteresis
curve is called the demagnetization curve. For excitation with permanent magnets, it is
essential that B, and H are as large as possible. What matters is the stored magnetic

energy, i.e., the product of (BH ).

(BH) = max. the value at the knee of the demagnetization curve.

Working line
The magnet is embedded in a magnetic circuit (soft iron), which usually has an air gap.

Ignoring leakage, it is:

@ =B, A, =B A
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Ignoring the MMF drop in iron, the
following is true:

O =—Hl, = Hyl

SOft magnetic e

m'm

and follows

|
Bs = 1oH; =_ﬂon|ﬂ-
3

The magnet's operating point will now be:

B = Bsi?ﬂonilﬂ
An An s
and angle of the working line

_ aQ™
a = arctg {i] =arctg (ﬂo ilﬂ} . der®
H An

m IS

A

The reaction of the armature moves the working
line from point P to point P'. This must not be
below the knee of the curve, otherwise the magnet

is demagnetized (weakened) irreversibly. A H H 0

Permanent magnet synchronous motors

They are characterized by their high economic importance, due to their higher efficiency
than induction motors. Synchronous motors of special designs are used in household and
technical applications. From an engineering point of view, the synchronous torque is of
particular importance.

Stators are built differently:

e an annular coil with claw-shaped poles,

e side coils with clawed or toothed poles,
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e individual coil poles,
¢ a normal three-phase stator — identical to the stator of an induction motor (larger units).
Permanent magnet motors are considered to have high synchronous torque, but they do not

start on their own.

Synchronous and reluctance torque

We will first establish the relationship between the synchronous torque and the magnet data,
assuming that the stator (2) in Figure a) generates excitation (®, with a sinusoidally

distributed magnetic field).

M breakdown

90° 180° &
b)

When moved by a (mechanical) angle ¢,, from the longitudinal direction, the electrical
excitation @, (sinusoidal in shape) will cause a change in the MMF in the permanent magnet
on the rotor (1) in Figure a). This results in a change in energy AW :

AW = % D5 O, cos(po,,)-

In the equation there is: @; =ByA; , &, =1 N and p is the number of pole pairs.

From what is written follows:
_|dW

1 )
= =p=@. O, sind
d§ p2 5 el
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and the maximum, i.e., the breakdown torque at an angle of 6 = pJ,, =90° (Figure b)

1
Ivlb = p§¢5@el'

For the stator, we use ordinary laminated soft iron. The magnet in the iron poles builds up an
opposing magnetic field and so the reluctance (adhesive) torque opposes the rotor twist.

The Figure on the right marks the reluctance torque I 3

M, with 1, the synchronous (electrical) torque M, m,,, - 2

resulting from the electrical supply to the stator with

2 and the resultant torque with 3. M, .

For the motor to start, it must be M, >M,. It is 5
generally accepted that M, = 3M,. 90° \/18;

The equation for the breakdown torque can also be written in another way:

1 1 o,
M,=p=@;0,=p= ;0 -2,

b p 2 3 el p 2 3 ~p @p

In the equation, the flux of the air gap @; is equal to the flux of the permanent magnet

(@5 = @,), if we ignore the dissipation in the rotor. The excitation of the permanent magnet

is ©,. For &, =B A,, 6,=H_1, the specific energy w, =B H,,/2 and the magnet

volume V,,, = A, |, the breakdown torque will be given by the energy:

My = pWV,, (00 /6,)

proportional to the magnet volume and dependent on the magnet quality, i.e., the stored
energy of the magnet. For this reason, synchronous servomotors today use mainly rare earth
magnets, e.g., neodymium-iron-boron (B, =1+1,21T and H_ =690+920 KA/m).
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Three-phase synchronous motors

Given a three-phase winding on the stator, the magnet rotates at a mechanical (synchronous)
angular velocity .. =@/ p and induces a pole wheel voltage

E, = 0N, @ /2.

S "WS

For small motors, the ohmic resistance of the stator winding must not be neglected, which is
shown in the phasor diagram (Figure a), i.e., in the Kappa triangle of voltage drops and in
the equivalent circuit (Figure b).

Xk R
[ ]
U
tan p =R, /X,

b)

For the synchronous (short-circuit) reactance in Figure b), an approximate equation applies:
X ~Ep /1.

Permanent magnet synchronous motors with salient poles on the stator

The permanent magnet synchronous motors are abbreviated in the English literature as
PMSMs (permanent magnet synchronous motors). The peculiarity of this type of motors is
that the armature winding is not distributed in the stator slots (Figure a) for a 4-pole PMSM
with distributed winding for the Q, =12, (g, =1), but concentrically mounted on the teeth
of the stator or, according to German literature, wound on the salient poles of the stator. It is
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considered that the adhesive torque can be reduced at zero flux if such motors have a number
of slots on the stator Q, = 2p. The number of slots on the stator is: Q, =2p+2k and the
factor k =+0,5, £1, +2... For all motors with stator pole windings, the number of slots per
pole and phase shall be g, <0,5. For example, in Figures b) and c¢): Q,=6 and 2p=4
(k =1). We have one coil per phase for a single-layer winding, and two coils per phase for
a two-layer (two-phase) winding. In general, there are many combinations for Q, and 2p:
3/2, 3/4, 6/4, 6/8, 9/8, 9/10, 9/12, 12/10, 12/14, 24/16, 24/22, ... 36/42, etc. The number of

periods of adhesive torque at zero flux is equal to the product between Q,/ p and 2p.

overlapping end winding end winding
end winding :

PMSMs motors have 2p poles. Thus, the stator winding for Q, = 2p has a relatively large
winding factor for the 2p period. In the case of Q, =6 and 2p =4, this factor for a con-
centrated winding with respect to the width of the coil is equal to sin(120° / 2) = J3/2=0,866.
With such a winding, a virtually sinusoidal induced voltage can be achieved in the stator phases.

These motors do not have a cage in the rotor, and cannot be connected directly to the AC
grid. They depend on a frequency-variable power supply with power electronics. Even if they
have a cage, stator excitation has very strong harmonic components due to Q, # 2p.

The field shape for the example of a motor with permanent magnets on the rotor surface
(Figure a) below with the "d" and "q" axes marked) and windings on the salient stator poles
for g, =0,5 is shown in Figure b).
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The arc of permanent magnets is usually equal to the arc of the stator slot width
7, =7, = D7/ Q, to reduce the adhesive torque.

b surface permanent magnets

electrically N\
non-conducting coat

(for high speed)
a)

Calculating torque

Assume that the magnetic coupling of the permanent magnets on the stator, with two coils per
phase, varies sinusoidally. The maximum magnetic linkage for two coils with N, turns will
be as follows:

P = 2N, x By A,,

where B;, is the magnetic flux density in the equivalent air gap (o, ) and the area A, of the
magnet in the direction of the air gap. The maximum magnetic linkage will occur in the d-
axis, i.e., the symmetry of the permanent magnets, while the g-axis is the symmetry between
the magnets (Figure a).

For a sinusoidal arrangement of magnetic linkage: ¥ () = ¥7p sing .
& is the electrical angle and is p-times the mechanical angle (4 = p$%,,).
B;. is given by the equation:

B I

N1 _m
de ~ .
1+k |1, +3,
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The factor k, =0,1+0,2 and takes into account the edge flux. I, is the thickness of the

magnet.

m

The torque in the case where the armature current is in phase with the induced pole wheel
voltage Ug, = a)‘ﬁp/x@ , i.e., in the case for 1, =0, where we have only the "g" component

of the current 1, =1, is calculated by the well-known equation:
M =3 i |
= p \/E .

In the case where the current is in phase with the induced voltage (14=0), the phasor
diagram in Figure a) is valid, in which we consider the synchronous inductance L, and the
stator resistance R,. In Figure b) 1, <0, the and reaction reduces the excitation.

Rsld ja)max led

F \

ja)max Ls lq

The synchronous inductance in this case is not only equal to the sum of the magnetizing L,,
and leakage inductances L, (i.e., Ly for classical machines), but also to the mutual inductance
between the adjacent phases L, = L, /3. In the case where the component of the current I
is in the opposite direction to the permanent magnet excitation (for control at higher rotor
speeds @y, > @y ), the phasor diagram in Figure b) applies.



COMMUTATOR MACHINE

Description of construction
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A commutating machine is an electrical machine with a commutator in the secondary. The

commutator assembly (collector — brushes) can be replaced by electronics. A DC or AC
machine can be distinguished depending on the voltage applied. The main components are:

a stator and rotor with a commutator.

Sketch of a two-pole DC machine

Operation mode

a) Generator

The stator consists of:
Y — a massive stator yoke,
ps — a pole with a pole shoe,
ew — an excitation winding.
The rotor consists of:

A — armature electrical steel
(dynamo sheet metal)

(1, 2 — armature winding),
C — commutator (collector),

B — stationary brushes.

The rotor coil is rotated in a DC magnetic field. A voltage is induced in each side of the
coil — the conductor (bar) according to equation:

eb=UBI.
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This is identical in shape to the magnetic field.

NF
Ry

0 90 180 270 360
360 0
Coil connected to two slip rings Magnetic field distribution of the
salient poles

€

- // \ /t=
Induced conductor voltage

The induced voltages in the two sides of the coil are oriented oppositely. The geometric sum
is twice. The voltage is alternating in time. Such a voltage is also obtained on the slip rings.

Induced coil voltage
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Instead of two slip rings, we take just one slip ring, which we cut, i.e., two lamellas. The
beginning of the coil is connected to one lamella and the end to the other.

A
N i p—
B "'.:

.“ .: ." .: a
e a)
-
b)
A B(+) a) Space and temporal Figure of an induced

coil voltage

b) Voltage on the brushes

A collector (commutator) is a mechanical rectifier. The induced voltage will always be in
the same direction (—) at terminal A, always (+) at terminal B. A single coil has a large
voltage ripple. Usually we have at least two (Figure) or more coils.

€ .
e the two coil voltages summed

e the voltage of the second coil
e the voltage of the first coil

. .
1 1
' !
.
i . \ SERVA £ A —~L .
min / \ / \ I \ / \
1 1 1 1 1 ] 1 1
1 1 1 \ 1 1 12 \
1 N7 7 7 A\ !
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b) Motor
.
uﬂu
v )
D [VERVERVER ™

a) Magnetic flux density

b) Torque

The rotor is connected to a voltage and a current | flow in it. A force is acting on a conductor
in a magnetic field of magnetic flux density B: F =IBI and a pair of forces on both sides of
the colil, creating a torque:

M-F2irP_rp.
2 2

Each motor can act as a generator, and vice versa. In a generator, there is also a force
opposing the force (torque) of the driving machine.

Voltage magnitudes:

generator U <E

motor E<U
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Commutator machine windings

These are usually two-layer windings. The number of coils is equal to the number of slots.

Coil design Arrangement of the coil in the slots

The start and end are connected to adjacent lamellas. Therefore, the number of lamellas K is
equal to the number of coils or the number of slots Q:

K=Q.

Vector star and induced voltage polygon

The induced voltage of the individual slots is represented by a vector (phasor). All the
conductors in a slot have an induced voltage of the same direction and magnitude. The
electrical angle in degrees between the slots will be:

w=p3_ 0,
Q ©

where the mechanical angle between the slots is g = %
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~A

6 4
v 5

If we connect the end of the first coil with the beginning of the second, etc., we get a polygon.
For Q =0, this is a circle. If we place the brushes at two diametral points of the circle
(commutator), the winding breaks into two parallel branches. The voltage across the brushes
will be equal to the diameter of the circle.

Example: Q=8, 2p=2, a =45 2 :
14 ) 4
8 1
45
3
5
8
6
:

Winding versions

Depending on the connection of the individual coils, we distinguish between lap and wave
windings (or hairpin winding).

Lap winding Wave winding



134

In a lap winding, the end of the previous coil is connected to the beginning of the next coil.
In a wave winding, we skip some adjacent coils. A winding, lap or wave, is always self-
connected or self-linkage.

For a lap winding, the width of the scroll (winding) is: Y =Y, -Y,.

For a wave winding, the width of the scroll (winding) is: Y =Y, +Y, # 2Q, = Q —>Y = Q+1 .
Y p
Y, is the width of the coils Y, < Q, = Zg : (Q, is the number of slots per pole.)
p
Y, is the connection width.
Example of a lap winding Example of a wave winding
Q=62p=2,Y,=Q,=3Y =1 Q=8,2p=2,Y1=Qp=4,Y=%=9

(6]

The pitch is 1- (1+Q,)=1-4, Y,=2.  Thepitchis 1-(1+Q,) =15, Y, =Y -Y,; =5.

6 1 [ 213415

In the pictures we can see that the commutator winding is closed in on itself. The thickly
drawn coils are short-circuited via the brushes.
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DC machine theory

Induced voltage

Current in the excitation winding: I; — &; =1;N; > B; > @,

neutral zone

A
B(x) Bs
Z'p '
No-load magnetic field image for No-load magnetic field distribution Figure
pole pitch for pole pitch
7 T p
A, % One pole flux: @, =1 j B(x) dx
// : 1 Qjm ’ // : 0
)= A _
Kavaa TN @, =b,IB;=7,IB
| R 17
l /I B % b, is the equivalent peripheral pole width.
b
= p;p g Flux is represented as the volume of a geo-
) - metric body (quad) with sides for the mean
neutral neutral = . .
zone zone value B, dimensions | and z,.

The mean value of the induced voltage in a conductor (bar):

E,=vBl=2pna@,,ifitisv=Dznn= 2ZIZ)n:Zprpn.
P
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A winding with " z " conductors (z =2N) connected in series and with " 2a " parallel branches,
where "a" is the number of parallel branches of half the armature (rotor), will have an
induced voltage:

7 = yA N
E=—E, =2p—n®_=4pn—@_=4pnN,D_,
2a " p2a m =P 2a ™ PR Na®rm

where N, = N/(2a) is the effective number of turns, i.e., the number of turns of the parallel
branch, and the product " pn" is the frequency of the induced voltage in the armature (rotor).

: : : . z
With the introduction of the design voltage constant c, = LLY

a
E=cno,=C.Q,,

. . . . : C
and Cg is the magnetic flux coefficient for calculating the induced voltage [CE = 2—e (ij f
T
@, =const., C is also constant. The voltage at the generator terminals is:
U=E-1,R, —AU,.

The voltage is smaller for the voltage drop across the armature resistance I,R, and for the
voltage drop across the commutator brushes AU, . The reverse is true for the motor:

U=E+I,R, +AU..
Torque

It is calculated from the mechanical power: B, =M, =EIl, =P, which is equal to the
internal power of the machine (if friction and windage losses can be neglected). This
statement is proved by the following derivation:

P =MQ, =FD2nn=2|—;NI§Irp4pn= Ia%n@m ~1,c,n®, =EI,,

C
M =22 Bl =0y @y 1, =Cul,
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where c,, =c,/(2n) is the design torque constant. The coefficient C,, (or C;) is the
magnetic flux coefficient for calculating the torque. Thus, C,, is the same in value as Cg
for the induced voltage if the torque of the rotor friction and ventilation losses can be
neglected. The unit of the coefficient is (N-m/A) for torque and (V-s/rad.) for induced
voltage. For servomotors is C¢ usually given at 1000 rpm. The coefficients for flux and
torque are also denoted by the letter K.

DC machines

a) generator b) motor

U>E
| | +0—m ———————————» 0 —
-}
RL
U=E-IR, E=U-IR,=¢c,n®,
U-IR
U=cnho,-IR, n= a
CeQm
P,=Ul=EIl-I°R, M; =cy@,,1 (Index "i"is intrinsic.)
Pm:EI=P|:PeI+PCu Pm:MIQm=EI:F)I
Pa=R-Fy Pn =P —Fey
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Armature reaction

In a loaded machine, a load current I, flows in the armature. 1, - ©®, — B, (the magnetic
field of the armature reaction). Together with the magnetic field of excitation, we obtain the
resulting magnetic field. The physical picture of the action changes. The whole phenomenon
and its consequences are called the armature reaction.

The magnetic field of a DC machine in and near an air gap:

a) no-load — excites the excitation winding,

b) unexcited machine — excites only the armature winding (armature reaction),

c) sum of a) and b).

The difference between a) and c) is twofold:

1. the magnetic field in the air gap is not distributed homogeneously,

2. the neutral zone is displaced by angle £ from the symmetry between the poles.

For generator operation, the spatial distribution of the no-load magnetic field is denoted by B,
the angular reaction magnetic field by B, and the resultant magnetic field by B. Due to
saturation, the increase in the MMF is not equal to the decrease and @,, will be smaller.
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The consequences of the armature reaction are as follows:
1. reduction of induced voltage E,

2. an increase in iron losses,

3. a shift of the neutral zone,

4. an increase in the inter-lamellar voltage.

1. Reduction of induced voltage due to armature reaction

a) Generator E oc @,,. The main flux @, falls due to the reaction of the armature, and,
hence, E.

b) Motor U =const. — E = const. (neglecting voltage drop). @, drops due to the armature
reaction and the revolution increase, so it remains E ~ const.

Graphical method for determining the effect of armature reaction

We start from the known no-load characteristic (NLC) E =f(l;) .
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A Distance KD = E at excitation &),

I, > 6, =N,l,

h clB g Resulting excitation:
St Oes =0y 10,12

a __ R
KB =AE E,=aH=E—¢,

E,=dG=E +¢

. . . e,=ab and e =cd

H F| |ID G le According to Simpson:

. & *E:Vsat o AE—E_ E—e2+46E+E+el=e2;el.

Graphical procedure to reduce the induced voltage:
The triangle with nodes a, b, K has surface S,
and the triangle with nodes K, c, d has surface S, .

We travel along the NLC from a point K to a point C, which is determined by the fact that
the area of the triangles with vertices a, h, C and C, g, d is (S{=S)). CF is the reduced
induced voltage by a distance KB due to the armature reaction. This voltage reduction is
due to a drop of the excitation V,,, = FD (sat — saturation). Therefore, we need to increase
the excitation due to the armature reaction when the load is applied by @,,, =V .

When the load changes:

| 2
~ a
Vsat ~VsatN [ | j .
aN
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2. Increase in iron losses due to the armature reaction

Due to the armature reaction (B; = const.), the losses in the iron, i.e., mainly in the rotor
teeth, increase by approximately (B, / Byo)?.

3. Neutral zone displacement due to the armature reaction

NZ NZ The voltage on the brushes is reduced due to the
displacement of the NZ. The commutating coil
comes under the influence of the main magnetic
field. A voltage is induced in it, which deteriorates
o/ > the commutation.

4. Increasing the voltage between the lamellas

Mean voltage between the lamellas of a commutator with "K' lamellas:

E=2PY
K

Ex =16-20V is permissible.

Due to the deformation of the magnetic field this increases E, and the sparking too.
Reducing the effects of an armature reaction can be achieved by:

a) moving the brushes,

b) a compensating winding.

Depending on the movement of the neutral zone, move the brushes at:
1. the motor in the opposite direction of rotation,

2. the generator in the direction of rotation.
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compensating
winding

essssess RRBEEEEES
&Q’Q’%@g%&%&&&

The armature reaction is removed by a compensating winding through which the load current
flows. The direction of magnetization shall be opposite to the direction of the armature reaction.

Voltage at the machine terminals

E 4
U

3

A =influence 6,
B =influence O
C=IR,+AU,

\

No-load: E=E,
Distance A represents the reduction
in voltage due to the movement of

the brushes out of the geometric
neutral zone.

Distance B illustrates the effect of
saturation.

Distance C illustrates the effect of the
voltage drops.
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Commutation

a e
lea 2\l ca 0 When a coil passes from one pole region through the
a) NZ to the other pole region, the direction of the
| induced voltage changes, and so does the direction
\ H of the current. This is commutation.
. j: At the time of the current change, the commutating
XK T; coil is short-circuited across the adjacent lamellas
) t=t and the brush (Figure b).
I C Iz Jr=»v, |f the current does not drop to zero at the moment
H| the number 2 lamella leaves the brush, a spark
| (electric arc) occurs. This maintains the short circuit
» ‘; until the change in current is complete.
t=T,
c)
A I a2 1=,
v
by

Linear commutation

The time T, waveform of the current during commutation is unknown (dashed line).

The branch current is considered to be |, =1/(2a), T,—the duration of the commutation;
and T, — time of constant current.

The time course of the current is given by Kirchhoff's laws.
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+1 k9 /
ca N /

Depending on the labels, the equation for the commutation time is:
b _b D,

T.= ,
i UVa Dc

Ue

where D, is the rotor diameter, D, the commutator diameter, b, the tangential width of the
brush, and "v," the corresponding speeds.

According to Kirchhoff's first law:

h=1g,—1,
=1, +1,

where "i" is the instantaneous value of the current, "i," and "i," are the input currents at
lamellas 1 and 2. In the loop, we neglect the resistance of the coil which commutates R, and

the resistance of the connection conductors R, .

The brush-to-commutator contact resistance R, is taken into account.

According to Kirchhoff's second law:
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According to the Figure, the contact resistance of the individual parts of the brush is
proportional to the areas between the brush and the lamella:

S T S T
R =Ry =Ry =, Ry =Ry - =Rpe "~ ,
CS]_ ct CSZ CT_t

c

where the surface of the brush S, =S, +S, or U R

t T —t lea  —
slzscT—, S, =S, — . N i

c c . t

|

The shape of the current in the commutating coil is:

i:Ica(l—ZTl]. . T .
C

The equation represents a straight line, and we call

this type of commutation linear.

Influence of self-induced voltage

i (by the influence of its

According to classical theory, the commutation self-inyced voltage)

process is the switching on and off of an

+1
inductive circuit, i.e., a commutating coil. Ca,,
_ i (linear > bt
According to Faraday's law: commutation) “la
y
do di
ec:_Nc o =— oC 44 ! TC .
dt dt - >

where @__ is the leakage flux of the commutating coil (with the N, turns) and L is its
leakage inductance.

Due to the self-induced voltage, the current lags behind the linear commutation. This degrades the
commutation (increasing arcing on the brushes, and thus radio interference in the surroundings).
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Ways to reduce the impact of self-induced voltage:

1. areduction in di/dt, i.e., a reduction in current and rotational speed,

2. reducing inductance L, by reducing N,

3. commutating auxiliary poles that induce a voltage in the opposite direction (e, ~€,).

These are used on larger machines.

Commutation auxiliary poles

PRy

main 1
field | / N 2

0 N [ 3

armature N \ 4
field | \

commutation

‘ pole field f 7
| VA

resulting
field

0N\

Place them in the neutral zone. The poles shall be narrow and shall correspond to the width
of the brush. The Figure is drawn for a generator. For the motor, the opposite direction of
rotation or the opposite arrangement of the commutation poles applies.

The load current flows through the windings of the commutator poles and compensates for
the effect of the armature reaction. Depending on the dimensioning of these poles, different
current curves are obtained:

1 and 2 sub-commutation, 4 and 5 optimal state and 6 and 7 over-commutation.



Commutation assembly

Classic Commutation Assembly

7 7

% %

7 . i

- | spring

. /+—— holder
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7 7

| [} — brush
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.

“ commutator

lamella

insulation
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This assembly includes the following parts:
commutator, brushes, and brush holders. The
picture shows a simple commutation assem-
bly used in small machines. The brushes and
brush holders are mounted in holders on the
stator and are stationary. The commutator is
mounted on the rotor shaft and rotates with it.

There are two different designs of commutators:

1. for small machines where the lamel

las are bonded with plastic,

2. for larger machines, we know the swallowtail version.

insulation

(plastic connector

]

a

commutator lamella

insulation

airiness

.

s

=

In addition to these designs, there is a
mounted radially and the brushes i
commutator for high-speed machines.

&

disc design for robotic motors, where the lamellas are
n the direction of the machine shaft, and a turbo
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Depending on the type of material and the manufacturing process, the brushes are divided
into: carbon, carbon-graphite, graphite, electro graphite, metal-graphite and resin-bonded
graphite. They must have certain properties, e.g., for carbon graphite: specific resistance
30+800 (uQ-m), current density 5+7 (A/cm?), peripheral speed up to 20 (m/s), voltage
drop across the brush pair ~ 2,8 V, pressure 21 (kPa).

Applications: small DC and universal motors

t
aé;; r

t

i e

;

1
m %1!—[’/
_ ‘i"/}i
|,i$ of
e ]
A

ko
K

Electronic commutation assembly

The dimensions of the brushes are tagged
according to the IEC recommendations:

txaxr, whereitis

t — tangential,

a — longitudinal (axial),
and r —radial dimension.

The connecting conductor to the brush
holder is made of (fine) copper braid. The
brush holders are of different designs. They
are usually radial, but skewed (reaction)
brush holders are also possible. The picture
shows the holders for universal motors.

The commutator-brush assembly replaces a stationary switch. The excitation is on the rotor
(permanent magnet) and the armature winding is on the stator. The English abbreviation for
these converters is a BLDC motor and stands for brushless (BL) DC motor.
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The sensors report the position of the rotor (magnet poles) and provide a signal to control
the electronic switches. The types of sensors are:

Hall elements, photo diodes, or photo transistors and inductive encoders.
The armature winding is: a single, two, three and four phase system.

Single and two phase — high torque pulsation system

The Figure shows a scheme of a three-phase system with constant polarity (unipolar). The
torque is f(5).

Hall element magnet

a) operating diagram
b) motor cross-section
c) torque

[—»
w

1
m
w

%
mv
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Types of DC machines

Types of excitations

Classical — electromagnet excitation, i.e., one or more excitation windings on the pole
shoes. Another option — permanent magnets.

Different machine properties are obtained, depending on the dependence of the excitation
on the physical quantities (I, U).

Depending on the connection, we distinguish:

1. foreign excitation,

2. parallel excitation,

3. serial excitation,

4. compound excitation.

Excitation by electromagnets is the first circuit. The second circuit is the winding of the

armature and any auxiliary poles and the compensating winding. Different types of machines
are distinguished according to the connection of the two circuits.

No-load characteristic (NLC)

A

This is a basic characteristic.

?, | E NLC
Eo E=f(®,) and @, =0/R, > E=f(O) or
@y, D, =1(0)
The magnetic resistance R, depends on the saturation.
(n = const.) For NLC we can change the measure for @_ = f(©),
because the excitation is
Iy O=IN; > @, =f(l;).




151

Excitation can be a function of voltage, armature current, or a combination of the two. The
characteristics of the machines depend on the type of excitation and the connection of the circuits.

External characteristic by the "'I'* line method
Generator — U =f(l) n = const.
Motor —> n=f(M) U =const.

It is a geometric representation of physical quantities at different drive states. The process is
not analytical, such as the circuit diagram of an induction machine or the current
characteristics of a synchronous machine, but graphical.

Example for a foreign excitation generator: the starting point is the no-load point P, (distance
P,A=E,) of the NLC, i.e., E=f(®). Distance: 0A = @, = I;,N; . Then draw:

g4 . NLC AB=AU =1IR, and BC=6,,, =V, = I, N;.
0
v p (1, =K, 1 and K, isthe current ratio of the
f i machine.)
O,os = O, — O, =0A-BC or
u() les = lto — l5a -

", As the load current | changes, AU and &, change

i . . -
AN ' and the extreme point C travels in the direction of the
C~_tIR, ls  abscissas and describes the "I" line. The distance

0 A ®  PC=U(l) isthe voltage of the generator terminals.

The "I" line thus represents a combination of the geometrical locations of the points of the
resultant ampere-turns, and the ohmic voltage drop of a DC machine as a function of the
change in load current; hence the name "I" line. Due to the non-linear influence of the

armature reaction (saturation), the "I" line is not really a straight line, but a curve.
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Generators for direct current
Generator with foreign excitation

We need two separate voltage sources.

P
N E A
IZ,' ] U 2 Eo
— T
c U
A F1 F2¢B
(F1) I; =const.
n = const.
I
| A f (F2)
IR, +AU, —
(A1) //\\ (A2) Y 0 I“,;—|>

\_/  ©®) B

When loaded with 1 is E<E,. E =f(l) is an internal characteristic. The distance ab is
due to the reduction in induced voltage due to the armature reaction. Taking into account
AU =bc = IR, + AU, we get U =f(l). The voltage dropsand at I, , thereis U =0, E = AU

A

/ For U =const. we obtain a control
=10 curve I =f(l). This takes into

account the influence of the armature
reaction and voltage drops.
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Parallel excitation generator

The excitation voltage is equal to the rotor voltage (U; =U) and I, =1+ I;. Itisalso called
self-exciting if there is remanent magnetism. E., —> I =E,,/R;, E is increased

gradually up to Po.

E A P
’Z Reer NLC 0
Ei
| &
AE
AE o BE
El
(E1) R
I l
|
a A (EZ)
o
A/ RN\AY) EremL"' _

\__/ B1) (B2) t i lo It

. : E
R; defines a line at an angle «, tana = R: .
f

The process is possible if Ry < Ry, (critical).

An instantaneous excitation current
raises the voltage difference.
dig;

AE =E; —igR; = L dt

The external characteristic is softer
than for a foreign-excited machine.
U; =U = const.
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Generator with series excitation
It is not used as a voltage source. U is highly variable with the current I.
It is usually a series winding combined with a parallel winding in compound generators,
where it compensates partly for the effect of the armature reaction.
DC motors
Each generator can work like a motor.

Only the direction of current at the rotor terminals is changed for the same direction of rotation.

Motor with foreign excitation
We are interested in the external characteristic n=f(M) and the current characteristic
I=f(M).

I =f(M) > M =1(l)

load characteristics
n=f(M) ->n=~(l)

P na
" IEI"_ ! o n(M)
/
A 1 F2 B
(F1)
If
|y 2) | (l\/\l )
A AN

Zv

\__/ (B (B2

i . 1 E
In stationary operation Nn = ——.
Ce @m
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For I =const., E will be such that E =U — IR, — AU holds, and will be:

S _1U-IR -AU,
Ce Qm .

For @, =const. is M =c¢,,®@,,1 and M o« | .

Due to the armature reaction @, decreases and the speed increases from a certain load, i.e.,
an unstable operating range. The unstable operating region occurs when the influence of the
voltage drops becomes less than the influence of the armature reaction (which varies with
the square of the armature current at higher load).

Parallel excitation motor

If the grid is sufficiently rigid, a parallel excitation motor has the same characteristics as a
foreign excitation motor.

P
N

'y
AE BE

(E1)
ol
I,y (E2)
I =
(A1) (A2) -
(81) (B2) M
Difference: gridcurrent I =1, +1; =1, =1-1;

The difference can be seen in the current characteristic 1 =f(M), because the current has an
initial value 1; = 1,, whereas in a foreign excitation motor it is zero.
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Series excitation motor

The series motor is considered to be @, o« |, and thus:

M =cy, @, | =q|2—>l=£\/ﬁ,
C

-t S
c, I UM’
P
N na
|
Aq D n(M)
(D1) I -\ o |
PY | Y02 |
(M) |
(Al AR\ (A2) M, M
\__/ (B (B2
In start-up (short-circuit) I =1, =1, M =M, and n=0.

For low loads (no-load): M — 0, n >«

Compound excitation motor

In most cases the series winding supports a parallel winding. The winding that has the greater
influence determines the shape of the characteristic. The motor has a harder characteristic
(curve a) if the parallel winding dominates, and a softer characteristic if the series winding
dominates (curve c).



P
N
\ A
AE DE
(E1) -
I l L}g (02)
y
S ) 11

(A1) f\\ (A2)

\__/ (B (B

Constructing characteristics
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Constructing the external characteristics of generators U(l)

Assume: the "I" line is a straight line, choose, e.g., | =(1/4 + 5/4)1.

a) Generator with foreign excitation

E T NLC

B -
(4141, a

UM
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Point B on the 'I' line is defined for the rated current, i.e., the armature current | = (4/4)1.

The magnitude of the voltage for a given load, e.g., | =1, is obtained from the relation:

u :EoXﬁ/mm-

b) Parallel generator

A P
E 0
C\,
NLC
&
B NS
SHE
9
&gfr
A 3
“I" line
- axy .
(49l o lto I

Direction of self-excitation (angle) & : sina =Pyl ,/P,0=E,/P,0 and U = E; xAC/P,

u()

Constructing motor rotational speed characteristics n(l)

A
NLC
E e
Py ARt
CH A _
g "ne/“ ‘ 4/41\R,
\ A A |
\ ‘B \IfaN
\\ 3
A 6/41
A
0 A ) I

n

No

-v

A
E !
Ny
0 @141, @l 6141,
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a) Foreign-excited and parallel motor

The characteristic designs n(l) for the foreign-excited and parallel motors are identical. The
revolutions for a given load, e.g., | =1,, are given by: n= no/@/E. From point E on
the curve n(l) is the unstable operating range.

b) Serial motor

EA NLC n!
PE/
P _1c
331y "I" line
gh
A
n
A NN Iy N I
0 Ifres A If 0 - E § ﬂ |

The rotations for an arbitrary load are obtained from the relation: n=n, A’ because NLC

is valid for ny.

Starting and changing the speed of the motors

Starting:n=0 — E=0 and IK:S—, My, =Cyly.

a

The current is reduced by adding an additional (starting) resistor, or by reducing U.
Changing the rotational speed of foreign-excited motors:

a, —2xn=S"tafe U KM _,  RMU_, M)
Cc Ce CeCy CeCu U My
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Options for varying the speed of foreign-excited engines:
1. armature voltage control U ,

2. magnetic field control @, =f(U;),

3. with additional resistance R,y -

~~ o N
Mt
‘ ‘ M (2n,)
| iz_ iz_ | U <Uy U=Uy
It =len It < ley
T 2 (2n)
If
I,y -
- 3 -QmO . Qm
Ce controlling field
e m—
armature voltage weakening

From 0 to ,,, vary U (I =const., @ =const., M =const.). We weaken the magnetic
field from 2., (U=U,) onwards. For @2 <0 (M_>M), we switch to generator

braking.

The speed control of the series engine is a particular problem. A change in U causes a change
in ;. Therefore, we vary the speed by applying a shunt to the excitation winding.

Non-stationary operation

Changes are possible after a transient phenomenon determined by the excitation time
constant T; = L; /R; and armature T, =L, /R, (T; = (5+20)T, ). This is electrical inertia.
Mechanical inertia is determined by the masses of the rotor and the load, or the total moment
of inertia J .
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Basic equations for non-stationary operation (drive)

. di

u=Rji,+e+L, ?j—': (induced voltage e =C. @)

do _ m-+mg (torque m=C,,i, ) For the motor m_<0.

dt
The familiar equations in stationary operation apply for i, =1I; and i, =1, is d/dt =0.

J

The following block scheme shows the physical picture of the effects of quantities in a
foreign excited machine.

0 T compare y
“F iE L d_'IZO
R, I, E=C.2, Scheme is valid for di, .
o
r—~ L T » Cy
|
! | 1492, M =Cyl,
| f d dt i_ ¥yt
U: —»{(1/R:}-— C - 0 » J— »O
|
i T
e O M,

Special DC machines

Most of them have only historical significance. One of the remaining is amplidyne, which
served as an exciter in synchronous generators.
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Amplidyne

It's a power amplifier. It has two pairs of brushes. The first — normal brushes (q-q) are short
circuited, and a rotor excitation greater than the fundamental excitation is obtained. The
consumer is connected to the second pair of brushes (d-d).

- Ud,l,dj'

Amplification is: Uyl ~100U,1, ~10000U,1, .

Because of the rotor (armature) reaction, it has a compensating winding (@, compensates
the flux of the armature reaction @").

AC commutator machines

Implementation — motors only

Only a single-phase commutator motor of small power remains.

Use — for household appliances and power hand tools. Also known as a universal motor.
Induced voltages of a single-phase commutator motor

U; (alternating) — @, (alternating) — E, (alternating)

E, isin phase with @, .
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A\

&) )

If N, =N/ (2a) =z/(4a) isthe number of effective turns of the armature, then the rotational
or motion voltage will be:

E, =2/2pnN,@,, .
The alternating magnetic field also results in a transformer voltage:

E,=—= fN,f,®,.

J2
- . 2r 2 . . .
The winding factor is given by f, = . (where r is the radius of the potential circle)
T T

and therefore the transformer voltage will also be E, = 242 f Nacﬁm. The space position of
the two can be seen in the Figures below.
For pn=1f ,will E =E,.

The voltage across the brushes in the
neutral zone is equal to E, =0.

The corresponding transformer voltage
is also induced in the excitation winding.
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Calculation of torque
For alternating i(t) and @(t) valid:
M (t) =cy @, (1) i(t).
Ifitis i(t) = Iv/2sin(wt), it will be @_(t) =D, sin(wt—¢'),
where ¢’ is the phase shift between the current and magnetic flux. Taking the trigonometric

transformation into account, we obtain:

I (cos@’—cos(2at—¢')).

M(t) =
[
The first component is the mean torque:

JEN— C N ,
M-~ ="M lcosy,

NG

around which the torque oscillates at double the frequency, the mean value of which is zero
over one period.

A @, at AC supplied voltage shall

M(t) be equal to the flux at the DC
! (t) NG i supplied voltage
NN/ v (Bo- =B
t That's why:
cos o'’
M_=M_
J2

From the equation for rotational voltage E,, we express @,,, and note that

N, = N/(2a)=1z/(4a) and the constant c,, = pz/(2ra). The torque value is then:
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E
M :Qr I cose’ and P=M2, =E lcose'.

m

Commutation of a single-phase commutator machine

Physically, the events during commutation are the same as in a DC machine. For the
commutation time: T, <<T =1/ f .

The current remains alternating after commutation. The problem is the transformation
voltage E,. This is greatest in the coil that commutates. It therefore worsens the commutation

v4l

i4

T\

SV

- - -

Single-phase commutator motor in series connection

The torque is maximum for cos¢’'=1 (¢p'=0), if | and @, are in phase, i.e., in series
connection.

Application example: small universal motors in household appliances or hand tools with
power 5+1000 W and up to 20000 rpm. The advantage is the high starting torque. It has no
compensating winding and no commutating poles. The name universal is used because it can
be connected to DC or AC voltages of the same peak value.

Current 1 =1, =1; —> &
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The excitation winding with N turns excite the main flux:

é:ﬁzmﬁ:wmﬁ:xflﬁ’
™ ONg N; N o N;

&, —E, and E,.

Equivalent scheme
Taking the equation for @, , it will be:

N
g 2PNy y ey
n f N; ng
where C is the constant of the unsaturated machine
P

E, is in phase with I, and is, therefore, E, =R'l . R"=cn/n; is the equivalent (fictitious)
resistance.

The result is a similar replacement circuit as for the rotor of an induction machine.

The equivalent resistance R’ also

I R=R+Ry X =](X;+X,) represents the internal mechanical power:

o——1{} _—

P.=1E =1°R".

U r'— B The current is through an equivalent
! circuit:
\i | = —u .
© = n .
R+c—+ X
n

S
For n=0, i.e., short-circuited, the following applies:
U

I, = —
“ JR? + X?
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Such a machine, like an induction machine, has a maximum current value at n=0, i.e., ata
standstill.
Phasor diagram
We draw it for two examples:
a) n=0 (short-circuited motor),

b) n=0 (any number of revolutions).

IR
"} U U
j1x
L L E=IR=Ic"
nS
X
IR f
o 1= i1X |4
ka =
a) b)

o U
For n=0 itisalso E, =0, and so I=Ik=z—.
k

For n=0, E, will be in phase with 1(®,,) for | <1, and cos¢ > cos g, . The power factor
cosgy ~0,95.
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COMPLEX CALCULATION

The time-sine quantity of magnitude "v", whose waveform is shown in the Figure, can be
expressed as a function of time t or as a function of the argument @t as follows:

v=0cos(wt+g,).

The amplitude © represents the maximum value of a vA
sinusoidal quantity. The proportionality factor before ‘:0 / )
time in the argument of the cosine function is the 4%\/ d
electric angular frequency . During the period T, the ’ T R
argument increases by the value of the angle 2x. From -
the condition wt =2n we get: 9 /\
Y >
coz%z 2nf . 7y \/ ot
21

Frequency is defined in the equation as: f :% .

The phase angle ¢, gives the negative displacement of the maximum of the cosine quantity
from the origin of the time coordinate. The cosine function is taken to use complex calculus.

Using the Euler notation e’ = cos x + jsin x, the complex equation can be expressed as:
v=Re(0el")) = Re(p evel").
There are now three equal quantities in the equation: the amplitude 0, the phase factor e/

and the frequency factor e/ . Of interest are the amplitude and the phase position, which,
together, represent a complex quantity:

The corresponding instantaneous value of the complex quantity is given by the following
basic equation using the previous equation:

v= Re(g ej“’t).

The Figure on the right shows a complex

quantity v as a phasor in the complex plane.

Mathematical operations of complex quantities
Multiplying a sine quantity by a constant
For multiplication of a complex quantity, the equation:

v = Re(g1 ej“’t) —av= Re(az_) ej“’t).
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From it we get v, =auv, respectively
l’}lej‘/’vl — al’)ej(ﬂv )

We can see that multiplying a complex quantity by a
constant, changes its amplitude and preserves its phase
position. Multiplication by a constant is illustrated in
the Figure on the right.

Adding two sinusoidal quantities

This is an example of the law of nodes or the law of the loop. Using the basic equation, we
derive

V= RE(l_) ej”t)= U +U, = Re(z_)1 el yp, el ) - Re((z_)1 +l_;2)ej‘”t) itis:

V=010,
With the introduction of real and imaginary +it .
U=V v
parts, it applies: e
- v Im(QZ)
Re(v) +jIm(v = Re(v,) + Re(v,) + U2 -2
Im(v,)
‘|‘j(|m(Ql) n |m(l_)2)) . Im(v,) Y |m=(91)
Re(v,) *
The Figure shows the phasors in the complex DA

Re(v)  Re(v,)
plane, which are summed geometrically

(vectorially).
Differentiating a sinusoidal quantity by time

This is the case for the law of induction. Using the basic equation, we derive:

v'= Re(Q' ej”t)z (;—lt) = Re(%(y el )j = Re(ja)z_)ej‘"t)

and it is

v'=jou.
Differentiating by time in the domain of instantaneous values means, in the complex domain,
multiplying by j@. Taking into account j:e""2 and

U’ej("v — a)oej(¢v+n/2)
we get the ratio between the amplitudes = 0’ = w0
and phase angles = ¢, =¢,+n/2.

The differentiated quantity overtakes the original quantity by 90°.
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Corresponding to the derivative equation, draw a
phasor diagram of the derivative v’ and the
original quantity v.

Time integration of a sine quantity
Such a use case occurs in a voltage — current coupling on a capacitor such as:
u=(1/C).[idt.

The basic equation gives:
i i 1 .
— Jot) _ _ jot _ L Aot
vl—Re(z_)le )—Ivdt—Re(Ige dt)—Re(ije j and it is

U, = ! v
Integrating over time in the domain of instantaneous values means, in a complex domain,
dividing by jw. For 1/ j=e 72 the equation can also be represented as:

et = L i)

! w
The following is the relationship between the amplitudes =

+]
ﬁlzlﬁ and phase angles = ¢, =¢, —/2. v
a v
The integrated quantity lags the original quantity by 90°. Plot the Lt
corresponding equations on the phasor diagram of the integrated 91=j—wl_)

quantity v, and the original quantity v.

The feasibility of a computational operation in the complex domain fails in the case of
multiplication of two sinusoidal quantities corresponding to the expression, as required in the
case of determining the instantaneous power value.

The cause of the failure is conditional on the term:
Re(z_)l ej”t) Re(g2 ej“’t);t Re(y1 elty, ej“’t).

To determine the instantaneous value, we need to consider the individual instantaneous
values.

Calculation of power

Calculating single-phase power in complex calculus

The power flowing into the terminals of the converter at the applied voltage
u=+2U sin(wt +¢,) and current i = J21 sin(wt + ¢,) is calculated using the equation:

p=ui=Ulcos(p, —¢)—-Ulcosot+ ¢, + @)



171

The power oscillates at twice the frequency of the voltage or current around the mean value
P=Ulcose

and is known as the working (watt) power. The phase angle between voltage and current is
P=P, ¢ ut

The time waveform of power when the p

current and voltage are sinusoidal

. - 'y .

quantltl_es of t_he same frequency is 3 %. \ V \/ =
shown in the Figure for the case where wt
the current lags voltage.

Without taking into account the phase shift of the current with respect to the voltage, we
obtain an expression for the total or apparent power:

S=Ul.

%
=

In addition to the total or apparent power, there is, quite formally, the reactive power, which is
calculated as:

Q=Ulsing.
It is not possible to determine the instantaneous power value from the complex voltage and

current, but the power components can be determined. Complex power S is introduced by
multiplying the complex voltage by the conjugate complex current. This is the case:

S=U1 =Ulel@*algmi@ta) _yjelln-a) —yicosp+jUlsing=P+jQ.

It is necessary to emphasize that this complex power is a complex quantity of a different kind,
and behind it is not subject to the basic equation.

Calculation of three-phase working power for different winding connections

The three-phase (symmetrical) winding is connected in a delta or star connection. A zigzag or
broken star is also used in transformers. In all three cases, the equation for the working power
applies:

P=3Ug, 1, cosg,
where U, and I, are the phase quantities, i.e., the RMS values of the voltages and currents in the
winding.

According to the Figure for a three-phase winding connected in a delta circuit, the currents in the
terminals (lines) are considered to be the difference of two adjacent phase currents, depending
ahe sequence of the phases. Therefore, the equations for the currents in the supply lines apply:

Lpa=14a—1sc=21,,c0s30° :I_AA\/év Ig=1lp—1sa :lAB\/§ and lc=1,c— 14 :l_Ac\/g-



172

I_ph =lxc= I_/\/g
The equations apply to a symmetrical system where the currents in the individual phases are
equal to each other: 1, =|1,a|=|Lag|=|1sc| respectively 1, =1 /3.

In a delta connection, U,, =U gives the equation for the working power in a three-phase
system, expressed in terms of the effective magnitudes at the terminals: P = J3UI COS @

U=Upg B

In a symmetrical star or zigzag connection, the relationship for the voltages is:
U =Upg =Ugc =Uga =2U,;, €0s30° =U;+/3 or Uy, =U /+/3.
The currents in a star or zigzag connection are the same in the windings as in the supply (1, =1).
Taking the values for the phase quantities gives the equation for the working power:
P=3Ulcose.
We find that the working power in a three-phase system can also be calculated from the input (line)
quantities using the same equation, i.e., independently of the type of winding connection.

Calculation of losses for different winding connections

Assume a symmetrical three-phase winding, connected in a delta, star or zigzag connection.
The resistances are given between the supply terminals R, = R,g = Rgc = R4 and the current
in the supply terminals | =1, =15 = 1. The winding losses are calculated using the equation
Pey =3I§thh, I.e., from the phase quantities. For a delta circuit, the phase currents are
assumed to be given by the preceding derivations: I, =1 /3.

The phase resistance is obtained from the resistance between the terminals with respect to the

parallel connection of one phase and the two series connected resistances of the adjacent
phases according to the equation:
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1 1 + L3 — R :gRAB and the losses for a delta connection are

h
Rae Rum 2Ry, 2R, P

|
3
For a star or zigzag, 1, =1 and R, =R,g/2=R;/2 apply, and we calculate the losses using
equation:

2
P, =315R;, =3( j gRAB =1,51°R,5 =1,51°R,.

R,
Pey =315 Ry, = |2?—1,5|2Rt.

The same equation (independent of the connection) is used to calculate the winding losses as a
function of the input quantities.

The power losses in a three-phase winding in the complex region are calculated by
multiplying the complex current (in the terminals) by the conjugate complex current value.
That is:

Pou =15 Re(117)R,.

The law of induction in complex calculus

The induced voltage in the turn is governed by Faraday's law of electromagnetic induction:

_dg
? dt

As a rule of thumb, the magnetic field (or flux) is usually given as the "maximum", i.e., the
peak value of the time sine function:

¢ = el
Considering the differentiation — derivative equation, we derive:
e=—jog.

Flux multiplied by —j, means that the induced voltage lags the flux by an angle of 90°. The
effective value of the induced voltage of one turn (the turn voltage) will thus be:

E b2t h 4™ 2 g aatd-11122 11129

— @& = , .
N J— J’ J2 T/2 At
The induced voltage is equal to twice the change in flux over the half-period (T / 2).
In the equation 1,11=(n/2)/~/2=(1/(2/m))-(L/~/2) is the form factor for alternating

quantities of the sinusoidal shape. The ratio of the mean value to the peak value is 2/, v/2
the ratio of the peak value to the RMS value. (Note: @ is the peak mean flux.)
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Calculating the mean and RMS value of an alternating quantity

To calculate the mean value of an alternating quantity of sinusoidal shape (amplitude) for half
the period (Figure), the equation is used:

EIY sinxdx = —Y( cosx)|; ==
0

;I

A~

=<
Ve

<]
I

0 2 T\ X=ot
T

=<
Ve
AN

< ~ sinus quantity
\ [
y=Ysinx

To calculate the RMS value of a sinusoidal quantity from the peak value, use the following
derivation:

Y = \/ﬁ(\f sin x)%dx = \/%I\fz(l—cos(ZX))dx \f\/z—ln(x—%sin(Zx)J

0

T A

Y

o 2
To add the RMS values of the sine magnitudes of the fundamental and higher order
frequencies, we follow the rule:

Y = (2 4Y2 Y24 Y2

In electromechanical converters, the order v (usually) contains only odd (unpaired) higher
harmonic components (v =1, 3, 5, ....0), because the quantities are (usually) symmetrical
with respect to the y-axis. Higher harmonic components occur, e.g., in the magnetizing
current of an electromechanical converter as a result of saturation.

Note: To calculate the RMS value of the induced voltage, you would have to write the mean
value of the flux (which is in fact the peak mean value) in the equation for the induced voltage
in the form @ = (2/ 1)@ . We do not write it this way, but omit the sign for the mean, and
write only the sign for the amplitude or peak value of the flux amplitude. It is essential to
emphasize the peak flux value, which is important for calculating the correct value of the
magnetic flux density, and, hence, the excitation required.

It is also a rule that alternating electrical quantities (voltage, current, etc.) are given as RMS
values, and magnetic quantities (flux, magnetic flux density, etc.) are given as peak or peak-
mean values.
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FOURIER ANALYSIS

Examples for excitation curves

In rotating electromechanical converters, a given periodic excitation curve 8 =f(x) must be
replaced by a period 27, = 2n of exactly or approximately the trigonometric sum:

s, (X)= %ao +@, COS X+ @, COS(2X) +...+a, CoS(vX)
+b, sinx+b, sin(2x) +...+b, sin(vx) .

The best approximation of s,(x) to the curve f(x) is to choose for the coefficients a, and b,
(v=0,1, 2, ...) the Fourier coefficients of the given function:

1 2n
a0=2—n£f(x)dx,
1211
a, :—Jf(x) cos(vx) dx,
T 0

2n
b, =+ [ f(x)sin(vx)dx.
T 0

In the case of rotating electromechanical converters, the function f(x) is odd, i.e. f(—x)=—f(x)
(type Il symmetry), and, in addition, symmetrical with respect to the x-axis f(x+m) =—f(x)

(type 111 symmetry), so this is a type IV symmetry. In this case, a, =b,, =0and
/2
b, =2 j f(x) sin(vx) dx.
T 0
(v=2k+1) anditis k=0, 1, 2, .... We see that only sinusoidal unpaired higher harmonic
components are obtained.

In the following examples we will learn about some of the most typical excitation curve
functions and their mathematical solutions. Figure a) shows the most typical excitation curve
of a single coil with excitation amplitude y=A for 0<x< .

Ya y
Y A
A N A /
' v -

0 i 27
a) 7 b)

xy
o

The evolution of the function into a trigonometric series for the first seven higher harmonic
components is as follows:
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y= 4 A(sin x+lsin(3x) +lsin(5x) +lsin(7x) +j :
T 3 5 7

For an infinite number of coils, uniformly distributed around the circumference of the machine,
with the excitation amplitude of y = A for —n/2 < x <=/ 2 in Figure b), we obtain the solution:

8 . 1 . 1 . 1 .
=—A| sin X——=sin(3x) + =sin(5x) ——=-sin(7x) *... |.
ynz( 32()52()72()J

In the case that a winding with an infinite number of coils is distributed over only part of the
circumference of the converter and y = A for ¢ <x<m—¢ (Figure c), the solution is:

y _4A (sin gsin x+3i23in(3g) sin(3x)+5izsin(55) sin(5x)+...).
T &

y Ya
Y Y —
I A / A
Y \
0 e |\ 2n 0 2n
c) d ~

xy
a
<y

A
k.
A
A
A

Normally, the winding is only distributed over 2/3 of the circumference of the machine
(¢ =n/3), giving the equation the form:

y = @A(sin x—S%sin(Sx) +7izsin(7x)$...j .
T

All unpaired harmonic components divisible by three are dropped.

The last example in Figure d) shows the excitation of a coil for salient poles, where the pole width
is narrower than the pole pitch and y=A is by ¢ <x<m—¢. The solution is given by the
equation:

y= 4 A(cos gsin x+ %005(35) sin(3x) + %003(55) sin(5x) +.. j .
T

If the pole width is 2n/3 and & =n/6 (usually the pole width is slightly larger), the equation
takes the form:

y = & A(sin x—lsin(Sx) —lsin(7x) .T.j
T 5 7

Example for transformer no-load current

The shape of the no-load current of a real transformer is shown in Figure a) (next page). Since
the current is a periodic function of time with period T, the value on the abscissa axis is x =t .
The magnetizing current is symmetrical in shape with respect to the x-axis and asymmetrical
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with respect to the y-axis. The function is odd because it is f(—x)=—1f(x), i.e. symmetry of
the second kind and at the same time itis f(x+T /2)=—1f(X), i.e., symmetry of the third kind.

For this form of current, only unpaired higher harmonic components (v = 2k +1) are obtained
for k=0, 1, 2, .... For respectively k=0 or v =1, i.e. for the harmonic component of the
fundamental frequency, the transformer has the sine and cosine components of the current.
One of the two components, the larger one, is the magnetizing current (the reactive
component) and the other, the smaller one, is the losses in the iron (the working component).
For all other higher harmonic components, according to the Figure, only the sinusoidal
harmonic components are obtained, i.e. the magnetizing current of the higher harmonic
components. For the case of a shift of the x coordinate system, only the cosine higher
harmonic components are obtained, while the fundamental harmonic component of the

current always has a sine and a cosine term.

A

I A Ip A
n

&N
N

>
INGES
N |-

a) b)

If the effect of hysteresis loop losses and eddy current in the iron core can be neglected, the
no-load current picture of a transformer normally operating in saturation, i.e. at the knee of
the magnetic curve, is perfectly symmetrical. Such a simplified form of the current is shown
in Figure b). The current is symmetrical with respect to the x and y axes, i.e. a type IV
symmetry. For the magnetizing current in Figure b), we obtain only the cosine or only the sine
of the fundamental component and the unpaired higher harmonic components of the
transformer magnetizing current.
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LIST OF VARIABLES

a number of parallel branches p. 136; a (m) longitudinal dimension of brushes p. 148

A (m?) area or cross-section p. 2

b (T =V-.s/m*=N/ (A~m)) instantaneous value of the magnetic flux density p. 8

b (m) [11] width code p. 7 or pole arc (width) p. 135

B (T =V.s/m?= N/(A-m)) magnetic flux density p. 3

C (J/(kg-K) specific heat p. 18; ¢ design constant p. 99; ¢ (2) motor constant p. 166

C (W/(mZ-K“)) radiant constant p. 17; C (N-m/Aor V-s/rad) coefficient p. 136;
C (F=A-s/V) capacitance p. 170

d mathematical operator of the derivative of a function (differential) p. 3; d (m) thickness p. 16
D (m) diameter (stator bores) p. 8; delta winding connection p. 54

e (V) induced voltage p. 11; e ~ 2.71828 number of p. 18; e (%) ratio error p. 53

E (V/m) electric field intensity p. 11; E (V) induced voltage p. 15

f (Hz=s") frequency p. 1; f ratio — winding factor p. 8 and p. 65

F (A) magnetomotive force p. 3; F (N) force (in magnetic field) p. 12

H (A/m) magnetic field intensity p. 3

i (A) instantaneous value (of current) p. 6

I (A) RMS current p. 1; DC value p. 93

el™2 phase shift in the complex plane p. 25

J (A/mz) or (A/mm?) current density p. 4; J (kg-mz) Moment of inertia p. 161

k factor p. 127; constant p. 136
K ratio (transformation ratio) p. 12; constant p. 99;
K number of commutator lamellas p. 132; K (N-m/A =V-s)) coefficient p. 137

I (m) length p. 3, longitudinal (axial) length (machine package) p. 67
L (H=Q-s) inductance p. 3

m number of phases of AC machine winding p. 1; m (kg) mass p. 16
M (N-m) torque (force torque) p. 2

n(s?) or (min™) speed p. 2;

N number of turns p. 4

p number of pole pairs p. 8
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P (W) working or loss power p. 1
g (A-s/m) line charge p. 12; q relative reactive power p 46;
g number of slots per pole and phase p. 62
Q (A-s) charge p. 12; Q number of slots p. 62; Q (V- A) reactive power p. 46
r relative resistance p. 46; r (m) radius p. 14 or radial dimension of brushes p. 148
R (H‘l = (Q-s)‘l) magnetic resistance p. 3; R (€2) ohmic resistance p. 16
s slip (induction machine) p. 68
S (V-A) apparent power p. 50; S (mz) area or cross-section p. 145
t (s) time p. 8; t (m) tangential dimension of brushes p. 148
T (s) repeat period p. 9, time constant p. 18
u (V) voltage p. 14; u relative voltage p. 46
U (V) RMS voltage value p. 1
v (m/s) speedp. 9
V (m®) volume p. 127; VV (A) drop of excitation p. 140

w (J/m?) specific magnetic energy p. 127

W (J) energy p. 13

x (M) coordinate (abscissa) p. 7; x relative value of reactance p. 46
X (Q) inductive resistance — reactance p. 32

y actual to nominal value ratio factor p. 50

Y three-phase star winding connection p.54; Y width of winding coils p. 63
z number of conductors (coils) p. 136
Z (Q) impedance (complex resistance) p. 40; Z three-phase zigzag winding connection p.54;

« (rad.) electrical or mechanical angle p. 8

a (W/ (m2~K)) coefficient (heat) p. 16, « transformation constant p. 85

S pole form factor p. 105, S (rad) electrical or mechanical angle p. 138

7 (S-m/mm?) specific electrical conductivity p 30; y (rad.) phase angle p. 87
o (rad.) wheel or pole angle p. 99

o (m) air gap p. 6; 5, (m) equivalent air gap p. 7

A mathematical sign of the difference p. 17; delta winding connection p. 81

& absorption ratio (heat) p. 17

n efficiency p. 2
& (rad.) electric space angle p. 8; 9 ("C) temperature p. 16
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6 (A) instantaneous value of the magnetic voltage (excitation) p.8

@ (A) magnetic voltage (excitation) p. 4; @ (K) absolute temperature p. 17
x magnetic susceptibility p. 4

A (W/(m-K)) specific thermal conductivity p. 16

A(H= Q-s) magnetic conductivity p. 3; A (W/K) thermal conductivity p. 16
u relative permeability p. 4; u, =4-7-107 (V-s/(A-m)) vacuum permeability
v spatial order of higher harmonic components p. 38

& (degrees or minutes) angle error p. 53

=3.1415926 Ludolf's number p. 7

o field leakage factor p. 86

Y~ mathematical sum operator p. 4

7 (m) arc on the perimeter of the machine p. 7; = (s) time constant p. 88

@ (rad.) phase angle or angle of displacement p. 25

¢ (Wb =V -s) magnetic flux (instantaneous value) — flux p. 11

@ (Wb =V -s) magnetic flux — flux p. 2; @, (W) heat flow p. 16
w (V-s) magnetic linkage (instantaneous value) p. 12

¥ (V-s) magnetic linkage (RMS value) p. 3

o (rad./s) or (s™) electrical angular frequency (circular speed) p. 8

€ (rad./s) ali (s™*) mechanical angular velocity (circular velocity) p. 2

Greek alphabet

a, A alpha t, 1 iota p, P rho

p., B beta K, K kappa o,¢,2 sigma
v, I’ gamma A, A lambda r, T tau

0, 4 delta u, M  mu v, I’ upsilon
e, E epsilon v, N nu o, ¢, @ phi
4 zeta E, 5 Xi x, X chi

n, H eta o, O omicron v,V psi

4, 0, ® theta w, I pi w, 0 omega

Abbreviations

AC alternating current, DC direct current, IM induction machine, MMF magnetomotive force,
MMF magnetomotive field, EMF electromotive force, NZ neutral zone, RMS root mean square
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