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Abstract. This contribution is to prove that in the Kaluza-Klein like theories the vielbeins
and the spin connection fields — as used in the spin-charge-family theory — lead in d =
(3 + 1) space to equivalent vector (and scalar) gauge fields. The authors demonstrate this
equivalence in spaces with the symmetry: g« = nNu«pe, for any scalar function e of the
coordinates x*.

Povzetek. Prispevek dokazuje na posebnem primeru izometri¢nih prostorov, da vodijo
v teorijah Kaluza-Kleinovega tipa vektorski sveZnji in spinske povezave (uporabljene v
teoriji spinov-nabojev-druzin) v prostoru z d = (3 + 1) do ekvivalentnih vektorskih (in
skalarnih) umeritvenih polj. Avtorja demonstrirata enakovrednost obeh pristopov za pros-
tore s simetrijo: gug = M«p €, Kjer je e poljubna skalarna funkcija koordinat x*.

14.1 Introduction

This contribution is to demonstrate that in spaces with the symmetry of metric
tensor gup = Nu«pe, Where 143 is the diagonal matrix and e any scalar function
of the coordinates, both procedures - the ordinary Kaluza-Klein procedure with
vielbeins and the procedure with the spin connections used in the spin-charge-family
theory - lead in d = (3 + 1) to the same gauge vector and scalar fields.

In the starting action of the spin-charge-family theory[1-3] fermions interact
with the vielbeins f*, and the two kinds of the spin-connection fields - wqu« and
®abo - the gauge fields of S9° = L(y*y® —y°y?) and 5P = L(y°9® —9°y9),
respectively.

1 -
A = J dix E 5 (Wy*poad) + h.c. +

J d% E (aR+ &R), (14.1)

here Poa = 1:O(apOoc + ziE {poc)Efaa}—r pOoc~ = Px — %Sabwaboc - 1jgaba)ab(xr R =
1j {ftx[afﬁb] (waboc‘ﬁ_wcaoc waB )}+h.C., R = 12 {foc[afﬁb] ((I)aboc,ﬁ_a’caoc (chﬁ )}+
h.c.. The action introduces two kinds of the Clifford algebra objects, y* and ¥¢,

vy =20 =34, 9% (14.2)
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f* 4 are vielbeins inverted to e“ ,, Latin letters (a, b, ..) denote flat indices, Greek let-
ters («, 3, ..) are Einstein indices, (m,n,..) and (u, v, ..) denote the corresponding
indices in (0, 1, 2, 3), (s, t,..) and (o, T, ..) denote corresponding indices in d > 5:

e Py =08, e f%, =8¢, (14.3)

E = det(e®y). The action A offers the explanation for all the properties of the
observed fermions and their families and of the observed vector gauge fields, the
scalar higgs and the Yukawa couplings.

The spin connection fields and the vielbeins are related fields, and if there are
no spinor (fermion) sources both kinds of the spin connection fields are expressible
with the vielbeins. In Ref. [2] (Eq. (C9)) the expressions related the spin connection
fields of both kinds with the vielbeins and the spinor sources are presented.

We prove in this contribution that in the spaces with the maximal number of
the Killing vectors [4] (p. 333-340) and no spinor sources either the vielbeins or the
spin connections can be used in Kaluza-Klein theories [5] to derive all the vector
and scalar gauge fields. We present below the relation among the w b« fields and
the vielbeins with no sources present, which is relevant for our discussions ([2],

Eq. (C9)).

1
Wap© = ﬁ{eecx Op (Ef“[afﬁb]) —C€ax Op (Ef(x[bfﬁe])

— epoadp (EF¥IEFP 1))
1

1 1
T ed0p (Ef*qffy;) — zsgfedaaB (Ef*aff o))}, (14.4)

(The expression for the spin connection fields carrying family quantum numbers
is in the case that there are no spinor sources identical with the right hand side
of Eq. 14.4.) One notices that if there are no spinor sources, carrying the spinor
quantum numbers S®?, then w g1 is completely determined by the vielbeins (and
S0 is Wapc)-

14.2 Proof that spin connections and vielbeins lead to the same
vector gauge fieldsind = (3 + 1)

We discuss relations between spin connections and vielbeins when there are no
spinor sources present in order to prove that both ways, either using the vielbeins
or using the spin connection, lead to equivalent vector gauge fields.

Let the space manifest the rotational symmetry, determined by the infinitesi-
mal coordinate transformations of the kind

xM=x" X =x S (M) B (xT) = x% —1e5 (xM) Mg X, (14.5)

where MSt =SSt 15t [t = xSpt —x'p®, S5 concern internal degrees of freedom
of boson and fermion fields, {Mst, Ms't'}_ = i(nst'Mts' 4qts"Mst’ —qpss"Mmtt’ —
ntt'Mss’). From Eq. (14.5) then follows that

—1i Mst x% = Egt = Xg fct — Xt fcs y (146)
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and correspondingly My = EJ;ps. One derives, when taking into account the
last relation and the commutation relations among generators of the infinitesimal
rotations, the relation

ESiPoEs i Po — B PobsiPo = —iMst Bfgr + Mes Eger —Mss/ B — M g )Po -
(14.7)

Let the corresponding background field (gop = e« €%) be

5™, €My =0 S O
ea = (es: e(rscr > y fYa= (O :?LLS fcrn:) ’ (14.8)

so that the background field in d = (3 + 1) is flat. From e®,f*, = 8} = 0 it follows

S

ety =0 e ofm. (14.9)

This leads to
Jap = (T]mn + fGTnaneSO'es"r _meesTeSO'> . (1410)

T s s
—f n€t€so €7 gCst

One can check properties of £, 8] under general coordinate transformations

IRy IH (V) v /0 — /0 (4T o oxP ax®
x'*=x H(X )/X =X (X ) (90([3 — Ox'* Ox'B szs)

oxY ox’°
Fomel = S (14.11)

Let us introduce the field Qst,, (xV) as follows

1
fom = ~3 EJ (xT) Q%' (xY). (14.12)
From Egs. (14.11,14.12) follow the transformation properties of Q®',,, under the

coordinate transformations of Eq. (14.5)
7EUSt 6O Qstm = 7E05t{ — &st,m + iz(SSS/ Qs’tm - EtS/ Qs’sm)} . (1413)

If we look for the transformation properties of the superpositions of the fields
Qg¢m, which are the gauge fields of let say T with the commutation relations
{TAYL B} = 18§ fAURTAR where T = CA MSY, under the coordinate trans-
formations of Eq. (14.5), one finds for the corresponding superposition of the fields
Qg¢m the transformation properties

8o AN = €M+ IFATRAN eAK, (14.14)
Let us use the expression for f°,, from Eq. (14.12) in Eq. (14.4) to see the relation
among Wsim and . One finds

1
Wstm = E{fcm [etO'aT(EfTS) — €50 aT(Eth)]

+esaa’c[E(fcmf’rt - mefUt)] - etGaT[E(fcrmes - mest)]}(1415)
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For Q¢tm = Qsim(x™) (as assumed above) and for f°; = 67 (which requires
es, = f18%) it follows for any f

Wstm = Qstm- (14:16)

Statement: Let the space with s > 5 have the symmetry allowing the infinitesimal
transformations of the kind

xM=x" x'T=x—1 Z eM(xM) cai ™M X9, (14.17)
then the vielbein f°,, in Eq. (14.8) manifest in d = (3 + 1) the vector gauge fields
AAi

m
o =1) T ANXT, (14.18)
A

where
,_[.A‘L _ § CAlst Mst ,
Ai

{TAi’ TBj}i — ifAlk Ak SAB ,
= —AC TRAC
T =T "Pe=%XT "1Po
AN =D Mgt xT, (14.19)
st

while w®t,;, is determined in Eq. (14.15).
We shall prove this statement in the case, when the space SO(7, 1) breaks into
SO(3,1) x SU(2) x SU(2). One finds for the two SU(2) generators
,.E'l _ % (M58 _ M67) M57 + MGS) M56 _ M78)
1
T =5 (M + MY M — M8, M°¢ 4+ M%), (14.20)
and for the corresponding gauge fields

1

71

Ay = 2 (Ws8a — We7ay W57q + Wesay W56a — W78a)

=5 1

Ay = 7 (Ws8a + We7ay W57 — Wesay W56a + W78a) - (14.21)

One derives (Ref. [2], Eq. (11))

=1 =lo ~lo T
T =T ‘po_:"[' TX pO’)
=2 =20 =20 T
T = T po_:"[ TX pO')

_ 1
T]O'T _ 2 ( STfUS _ eSchrS o eGTfU7 + 67Tf66,

e5Tf0'7 _ e7Tf0'5 + eGTfO'S _ eSTfUG,
eSTfGG _ eGTfGS _ e7Tf68 + eSTfU7))
= i
TZGT — 2 (eSTfGS _ eSTfUS 4 eGTfU7 _ €7Tf06,
e5Tf0'7 _ e7TfO'5 _ eGTfO'S + eSTf0'6)
e f00 — e o5 4 o7 f°8 — 8 £97), (14.22)
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The expressions for ., are correspondingly as follows
O =i (T A+ 2% A2 )" (14.23)

Expressing the two SU(2) gauge fields, A} and A2, with W as required in
Egs. (14.21), and then using for each w¢m the expression presented in Eq. (14.15),
in which f°,, is replaced by the relation in Eq. (14.23), while one takes for f°;
= 57, for any f, while then e®,, = —0]1"e® ;% ,, Eq. (14.9), it follows after a longer
but straightforward calculation that

A11n = “Aﬂn )
A 12
A2 = A2 (14.24)

One obtains this result of any component of AltandA2l,i = 1,2, 3 separately.
It is not difficult to generalize this poof to any isometry of the space with
s > 5 of any dimensional space, where then

o =—1) ANTAXT, (14.25)
A

Al wst,, which demonstrate

where f(ﬁ are the superposition of wst,,, At = ¢
the symmetry of the space with s > 5.

This completes the proof of the above statement.

14.3 Conclusions

We presented the proof, that in spaces without fermion sources either the vielbeins
or the spin connections lead in d = (3 + 1) to the equivalent vector gauge fields.
The proof offers indeed no surprise due to the fact that the spin connection fields
Wqbc are expressible with the vielbeins as presented in (Eq. (14.4). This is true also
for the scalar gauge fields, although not discussed in this contribution.

The proof is true for any f which is a scalar function of the coordinates
x%, 0 > 5. We have shown in Ref. [7,6] that for f = (1+ (22%) the symmetry of the

space with the coordinate x°, o = (5), (6), is a surface S?, with one point missing.

14.4 Appendix: Derivation of the equality /_\’Jn = A?n

We demonstrate for the particular case All equal to wsgq — we7q, Eq. (14.21), that
this A]! is equal to A}!, appearing in Eq. (14.23)

o =1) AT, (14.26)
A
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When using Eq. (14.15) for ALJ = Ws8q — We7q We end up with the expression
11 21 3 5 5 3
A = ZE{fUm[e o0 (Ef™7) — e 50, (EF™)]
—f9 (67 c0- (EfT®) — e® ;0 (EF7)]
+€° 0 [E(fmf™) — T 78] — €€ 0 [E(fO i f ™) — FT 7]

—e8 GO [E(fO ™) — T fO°] + €7 0 [E(fOn fT°) — mef"G]}.
(14.27)

We must insert for f°,,, the expression from Eq. (14.23). We obtain

11 S PRI
AN =53¢ AQ{T“"T,XT €350 (Ef™) — €750 (EF™®)
i

—e” 60 (Ef*) + €0 (EF™)]
+8506:/E(fT8THUT/ o fGSTHGT/) + esng/aT[E(ngfc”GT/ _ f0‘8T1iO‘T,)]
—EGGE(fT7THUT/ _ fc7T1iGT/) _ eGGXT/aT[E(fT7T1iGT/ _ f0‘7T1iO‘T/]]

—eB E(fO10, — £o5g1t0 ) _ 8 (g [E(FOr1I0,, — f95Ti0 )]
te JE(FTOqTi0, _ §96110 ) o7 7o [E(fT6ri0, — fO‘GTliO‘T/)]} )
(14.28)
We can write Eq. (14.28) in a compact way as follows

11 ; ;
moo_ 1 ol
Al — ~33% ZA taChy (14.29)
1
where C'" can be read off Eq. (14.28). Taking into account in Egs. (14.22, 14.28) that
fo = 569 and e®, = f65 we find that most of terms in C'" cancel each other. The

only term, which remains, originates in terms from coordinate derivatives, leading
to

C]] :O+Ef(T1]587T11677T]185 +T1176), (1430)

while we found that C'2 =0 = C'3.

Recognizing that C?* contribute to A}! nothing, we can conclude that A", =
A] 1 -

One easily see that to the expressions for AAt,,, only CA* contribute, while all
CBJ, B # A and j # i contribute nothing. This completes the proof that A*,,, =
A7, for all the gauge fields A, of the charges T4, Eq. (14.22).
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