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ABSTRACT

This paperreportson spatial-statisticabnalysesfor simulatedrandompackingsof sphereswith random
diameters. The simulation methodsare the force-biasedalgorithm and the Jodreg/-Tory sedimentation
algorithm. The spheraediametersaretakenasconstanbr following a bimodalor lognormaldistribution.
Standardcharacteristic®f spatialstatisticsare usedto describethesepackingsstatistically namelyvolume
fraction, pair correlationfunction of the systemof spherecentresand sphericalcontactdistribution function
of the set-theoretiunionof all spheresFurthermorethe coordinatiomnumbersareanalysed.

Keywords: contactdistribution, coordinationnumber pair correlationfunction, simulation,spherepacking,

volumefraction.

INTRODUCTION

Randompackingsof sphereswith constantand
random diametersplay an important role in mary
branches of physics and engineering. Simulated
packingssene asmodelsfor realpackingsof particles,
e.g. in thecontext of particlesciencewhere,however,
the assumptiorthat the particlesare spheress often
a simplification. Also mary porous media can be
representedspackedarrangementsf spheres.

In these and other cases,the characteristicsof
the simulated packings should be at least similar
to those of the real structuresinvestigated. This
concernsprimarily mean value characteristicssuch
as porosity and mean coordination humber and,
additionally functions such as coordinationnumber
distribution, pair correlation function and spherical
contactdistribution function.

There is a wide variety of sphere packing
algorithms.This paperusegheforce-biasedlgorithm
(Moscinskietal., 1989;MoscinskiandBargiet, 1991),
and the Jodre/-Tory sedimentatioralgorithm (Jodry
and Tory, 1979). The first algorithm starts with a
very denseconfigurationof large sphereswhich can
even overlap. It reducesstepwisethe diametersand
moves the spheresin order to reduce the degree
of overlappings.The secondalgorithm simulatesthe
successie packingof a containerwith spheregalling
in the gravitationalfield. A spherewith threecontacts
with earlier pacled spheresis consideredas being
in its final position. While the first algorithmis able
to producevery densenearly isotropic packings,the
secondone yields loose packingsof volume fraction
\,, = 0.58in the caseof equalsphereswhich shov

a light gradientin vertical direction. Other known
packing algorithmsuse the discreteelementmethod
(StroerenandStroeren,2000).

For the physicist,engineemndstatisticiarthenthe
guestionariseswhich of thesealgorithmsto choose.
The decisionshouldbe basedon statisticalproperties
of thepackingsproducedi.e. assaidabove,themodel
characteristicsshould be as close as possibleto the
empirical counterpartsand the diameterdistributions
should be identical. Therefore, this paper presents
resultsof thetwo algorithmsfor someinterestingcases
of diametedistributionsandpackingdensities.

Fig. 1. A simulatedsphee pading with a lognormal
diameterdistribution and volumefraction\4,=0.70.
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Fig. 2. A simulated sphee pading with bimodal
diameter distribution with diametes 1 and 10 and
W,=0.80.

POROSITY

First the most important parameterof sphere
packingsis considered,packing density or volume
fraction \|, of the spaceoccupiedby the spheres
for two important cases,lognormal and two-point
distributions. The caseof a two-point distribution is
of particularinterestsincein the literaturejust such
packingswerestudiedexperimentallyfor real spheres
(Sohnand Moreland, 1968; Yu and Standish,1987).
Here one diameteris assumedo be 1 and the other
is k. The probabilitiesof occurrenceof thesevalues
are p, = p and p, = 1— p. Fig. 3 shows porosity
n =1-\, asa function of k and v for packings
obtainedby the sedimentatiomlgorithm,where

p

V= prka-p) @

It is interestingto comparetheseresultswith the
empiricalresults which arealsoshovnin Fig. 3.

It is not surprisingthat the empirical porosities
areclearly smaller sincethe sedimentatioralgorithm
doesnot include ary compressiorand rearragement
step. For the force-biasedalgorithm a similar figure
is not presentedsinceit is possibleto find program
parametersvhichyield justthe empiricalvaluesgiven
in Fig. 3. In the lognormalcasetwo parameterplay
arole: u and g2, wherethe meanis given by m =
exp(u+ a?/2). It canbeobsenedthatvolumefraction
V|, dependonly little on the mean-alue parameteyu
but heavily on the varianceparametewo; \,, increases
with g.
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Fig. 3. Porosity versusrelative volumev of smaller
sphees. The curvesresult from simulationswith the
sedimentatioralgorithm, the points are experimental
datatakenfrom Sohnand Moreland(1968).Sizeratio

1:k: o, 0.5;m, ———0.39;e,—- —-0.29; %X, -+

0.25.

PAIR CORRELATION FUNCTION AND
SPHERICAL CONTACT DISTRIBUTION

The classicaldescriptorof spatialvariability with
respectto a homogeneoussystem of sphereswith
meannumberA of spheregpervolumeunitis the pair
correlationfunction g(r); (seeStoyan et al., 1995, p.
129). We have determinedy(r) statisticallyby means
of the methoddescribedn Stoyan and Stoyan (2001)
for mary of the simulatedpackings.
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Fig. 4. Pair correlation functionfor a denserandom
pading of spheeswith equaldiametes and\4,=0.65.

For the caseof packingsof spheresof constant
diameterobtainedby the force-biasedalgorithm the
resultis similar to the function shavn in Fig. 4.10 of
(Stoyan et al., 1995)if |, = 0.64, while in the case
of |, = 0.70 the higherorderis clearly expressedy
peaksmuchsharpelasthoseshowvn in Fig. 4. For two-
point distributionsthe numberof peakss smaller and
they resultonly from pairsof smallspheres.
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Fig. 5. Pair correlation function for the caseof a
lognormaldiameterdistribution and\4,=0.70.

Finally, Fig. 5 shavs the pair correlationfunction
in a typical lognormal case.The given mixture of
spheref differentdiameterdeadsto the effect that
this curve doesnot have ary striking peak;it looks
like the pair correlationfunction of a so-calledsoft-
corepoint process.
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Fig. 6. Sphericalcontactdistribution functions.
—— equal sphees, \{,=0.64; — — — equal sphees,
W,=0.70;----- lognormaldiametes.

The sphericalcontactdistribution function Hg(r)
is a descriptorfor spheresystemsof a quite different
nature;it describeshe sizeof the porespacebetween
the spheresHq(r) is the distribution function of the
randomdistancefrom a randomtestpoint in the pore
spaceo thenearesspheresurfacepoint (Stoyanetal.,
1995,p. 206).

Fig. 6 shavs Hg(r) for equalsphereswith \{, =
0.64 and 0.70 and for the lognormal case with
VW, = 0.70. The different porosities and diameter
distributions lead of course to different spherical
contactdistribution functions, but also the different
arrangemenof the sphereplaysarole.

COORDINATION NUMBER

A very importantfeatureof spherepackingsare
the contactsbetweenspheres.They determine,for
example thetopologicalconnectvity of the systemof
spheresrthetransferof forcesin mechanicalljoaded
systemf hardspheres.

In theliteraturetherearereportsonthedistribution
of the numberof contactsor coordinationnumberc
of a randomly chosensphereand its meant. It is
clearthatthesecharacteristicslependon the diameter
distribution aswell ason porosity For real packingsof
equalspheresin Bernaland Mason(1960)the value
of T = 6.4is givenfor a ‘randomclose’ packingand
T = 5.5for a‘loose’ randompacking,with |, = 0.62
and 0.60, respectiely. For packingsobtainedby the
sedimentationalgorithm valuesaroundtT = 6 were
obsened.

Fig. 7 shaws the histogramof contactnumbers
c for the case of equal spheresand force-biased
algorithm with \{, = 0.64 and 0.70. Clearly, in
the denser packing there are more contacts. The
samefigure also shows the empirical contactnumber
distribution for the caseof lognormaldiametersasin
Fig. 1.
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Fig. 7. Distribution of the numberof contactsof the
spheesin threepadings.

——equalsphees,\,, = 0.64;, — — — equal sphees,
W =070 ----- lognormaldiametes,\,, = 0.70.
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