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Abstract

The paper describes some probabilistic and combinatorial aspects of the nonlinear
Fourier transform associated with the AKNS-ZS problems. We show that the volumes
of a family of polytopes that appear in a power expansion of the nonlinear Fourier trans-
form are distributed according to the beta probability distribution. We establish this result
by studying an Euler-type discretization of the nonlinear Fourier transform. This approach
leads to the combinatorial problem of finding the number of alternating ordered partitions
of an integer into a fixed number of distinct parts. We find the explicit formula for these
numbers and show that they are essentially distributed according to a novel discretization
of the beta distribution for a suitable choice of the shape parameters. We also find the
generating functions of the numbers of alternating sums. These functions are expressed in
terms of the our discrete nonlinear Fourier transform.
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1 Introduction

As announced in the title, this paper investigates relations between three topics from differ-
ent parts of mathematics: probability distributions, combinatorics and the theory of nonlin-
ear partial differential equations, more concretely, the nonlinear Fourier transform. Despite
the apparent heterogeneity of the topics, the relations between them are rather natural.
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The construction and the study of various versions of the nonlinear Fourier transform
stem from the theory of integrable nonlinear partial differential equations. The most fa-
mous examples of such equations include the Korteweg-de Vries, nonlinear Schrodinger,
and sine-Gordon equations, Heisenberg ferromagnet model, Toda lattices and many oth-
ers. The role of the nonlinear Fourier transform in the theory of integrable equations
is roughly analogous to the role of the linear Fourier transform and, more generally, the
Sturm-Liouville expansions in the theory of linear partial differential equations.

The transformation F used in this text can be thought of as a non-linearization of the
usual Fourier transformation. Let u: [0,1] — R be a function. The nonlinear Fourier
transform F of u that we shall consider in this paper is of the form

o) =1+ (_paly )+ > Adul),

where F is the linear Fourier transform (Fourier series) and u +— Ag[u] are the suitable
matrix-valued nonlinear operators.

The beta distribution is one of the oldest and most important probability distributions
with a broad spectrum of applications in different areas of probability and statistics, par-
ticularly in Bayesian statistical inference. It has been recently mentioned in virtually every
book on machine learning and related topics. The beta distribution Beta(z; a, b) with shape
parameters a and b is given by the probability density function

pp(x;a,b) = (1 —2)° xelo,1].

B(a+1,b+1)

In this paper, we shall establish a link between the nonlinear Fourier transform and the
beta distribution. Let u.(x) = u be a constant function. The transformation F is related to
a two-parameter family of polytopes Dy (\), where d € N and A € [0, 1], given by

~

d
Dd()\) = {(l‘l,mg, ce ,de); 1 > T1 > T ... > Td > 0, Z(—l)i_lxi = /\}
i=1

and their projections Dg4(A) in the hyperplane {(x1,22,...,24-1),0)} C R?. For the
nonlinear Fourier transform F[u.](n) of the constant function u. = u on [0, 1], we have

f[uc](n)zugud /0 Vol(Da(\) (6_2(:“" 62Tgm) . (_01 é) d).

This formula is proved in Proposition 2.1 on page 7. We shall see that for every fixed dy,
the volumes of the family {Dgy, (\); A € [0, 1]} are given by the formula for the probability
density function of the beta distribution. Theorem 4.3 on page 16 gives the formula

dd ).
Vol(Da(N)) = ~ {pﬁ(A’g 12“) d even (1.1)

Cod! s\ L 4EL) dodd.

The probabilistic contents of the above formula will be described below.
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The statement and the proof of Theorem 4.3 are obtained by considering a suitable
discretization Fy of the nonlinear Fourier transform F . In the expression for Fy[u.], the
role of the volumes of the polytopes Dg()\) is assumed by the numbers

AQN(L,d) = #{(I1, 1z, ..., lg) €N; Iy —lo+ 15— ...+ (=14 V1, = L},

where N —1 > 1; > ly > ... > 13 > 0. So, AQn(L,d) is the number of ordered
alternating partitions of L into d distinct parts not grater than N — 1.

The central result of the paper is the explicit formula for the numbers AQ (L, d). It is
given in Theorem 3.3 on page 10. We show that

AQnN(L,d) {(LEJ)(A[;JL) ; d even )
N s = 2 i 2 |
(léJ)(NLgLJ 1) ; d odd.

The relationship between the numbers AQ (L, d) and the nonlinear Fourier transform is
best described by the fact that the generating functions for the numbers AQy (L, d) are
in a natural way expressed in terms of the discrete nonlinear Fourier transform Fp. This
is proved in Proposition 3.2 on page 9. We actually get separate generating functions for
odd and for even values of d. Understanding the structure of the numbers AQ (L, d) was
important in the construction of the inverse of JFy in our recent paper [ 14].

Results (1.1) and (1.2) can be recast into probabilistic terms. Let our sample space
consist of all strictly decreasing d-tuples of integers

AR(N) ={(l1,la,.. ., 10); N—=1>13 >1y>...,143>0)},
Let all the samples (11, ls, . .., lq) be equally probable and let
Xas[N,d]: AP(N) - N

be the random variable which assigns to a randomly chosen point in A2 (N) the alternating
sum,
Xas[N,d)(l, 1o, ... lg) =l — o+ 15 — ...+ (=) Vi,

We want to compute the probability P(X as[N,d] = L) of the event that a randomly
chosen d-tuple has the alternating sum equal to L. We shall show that

(ngz\),(h@f) d even
AS[N,d|(L) = P(Xas[N.d] = L) = (ME}J%N@LII) (13)
2 e Bl 7 g odd.

The random variable X 4 ¢ is distributed according to the probability mass function AS[N, d]
defined by the right hand side of the above formula.

The question arises: Does this distribution have a sensible limit as N goes to infinity?
One possibility is to proceed as follows. Let A € [0, 1] be arbitrary. Let us choose a
sequence { Ly} nven such that Ly < N and limy oo Ly /N = A. We shall see that

lim P(XAs[N,d} :LN)NZ

pﬂ()\;g,%le); d even (1.4)
N-vo0 ps(\ HE, HL) 5 d odd, '
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where pg(A; a, b) is the beta distribution with shape parameters a and b.
Let our sample space now be the ordered simplex A; C R? of the dimension d, given
by

Ag={(z1,22,...,2q); 1>x1 >29...> x4 >0},
and let all the samples (x1,x2, ..., xq) be equally probable. This means that we assigned
on A, the uniform distribution v: Ay — R given by v(z1,29,...,24) = dl. Let the

random variable X,4[d] defined on A, be given by
Xosld] (1,22, ..., 0q) =21 — 2o + T3 — ... + (71)<d’1)xd.
Formula (1.4) shows that the cumulative probability distribution
Fasld): [0,1] — R, A — Fys[d)(\)

of the random variable X, is given by

A .d
Fosld)() = P(Xas[d) < 2) = {HZ EZ il ) 4 g odd
0 )2 0 T2 ’ ’

This result can be recast in geometric terms. Taking into account that the d-dimensional
volume of the simplex A is equal to % , we see from the above that the (d—1)-dimensional
volume of the polytope D4()) is indeed given by formula (1.1) explained in Theorem 4.3.

The equality (1.4) suggests a natural generalisation of the probability mass function of
X as[N, d]. It can be defined by

Pz = L) ‘(3)15 ; A
a+b+1

where L € {1,2,..., N} and are integers such that a + b < N. In Proposition 4.2 we
show that

1

. Ly
1 P — N: . = —-——
im Pn( ,a,b) pa(A;a,b) Blati o+ D)

a b

N—00 N A(A__U.

So, the probability mass function Py (a, b) is a natural discretization of the continuous beta

distribution for arbitrary values of shape parameters. But, at the moment, a convincing
combinatorial or geometric description of Py (a, b) remains a task for the future.

Above, we have described a way how the beta distribution emerges as an appropriate
limit from a discrete and finite probability distribution. This result is reminiscent to the
relation between the Pélya-Eggenberger urn and the beta distribution. PSlya-Eggenberger
urn is an urn model with replacement and is tenable - one can draw the balls from the urn
infinitely many times. The limit of the quotient WT, where W, is the number of white balls
drawn in n draws, is given by

W, A Wy, B
ti P2 <) = [ pals =2 20) du,
0

n—00 n

where Wy and By are the initial numbers of white and black balls in the urn and s is the
number of the balls added to the urn after drawing and returning a ball of the same colour.
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Let s = 1. After a finite number n of draws, the probability of W,, = w and B,, = b is

equal to
(Wor) (501)

(n+7’o - 1) ’

To—1

PW, =w,B, =b) = 1.5)
where 79 = Wy + By. The proofs can be found in the comprehensive treatment of Pdlya
urn models [9] by H. M. Mahmoud. The values in the (1.5) are related by w + b = Wy +
By +n = 719 + n. Our formula (1.3) could therefore be tentatively understood as an
outcome of Pdlya-Eggenberger process after roughly NV + d steps. But the number of steps
in constructing an alternating sum Iy —lo+. . .+(—1)%"1l; is d. That d is indeed the correct
number of steps in our process will become even clearer in the proofs of Theorem 3.3 and
Corollary 3.4. These proofs are different from the usual proof of formula (1.5). While
the number of steps in the limit of the Pélya-Eggenberger process is infinite, the number
of steps in our process remains d even after performing the limit. This comes naturally
from the source of our construction which is the nonlinear Fourier transform. The core
of our limiting construction is the replacement of the alternating sum of integers: first, by
alternating sums of rational numbers and then, in the limit, by the alternating sum of real
numbers. This also leads to the geometric expression of our results in terms of the volumes
of the polytopes D4()\), mentioned above.

There are other discretization of the beta distribution with useful properties. One pos-
sible approach was studied by A. Punzo in [|1]. But, as far as the author is aware, this
discretization does not come from some combinatorial source and is given by a very differ-
ent formula.

The plan of the paper is the following. In section 2, we recall the AKNS-ZS type
of the nonlinear Fourier transform and prepare the necessary formulas. We establish the
connection between F and the family of polytopes {D4(\)}. We also introduce the dis-
cretization F of F. In section 3, we describe and prove the main facts about our central
combinatorial problem: the evaluation of the numbers AQ (L, d), and the derivation of
the generating functions of the numbers AQ n (L, d) in terms of F . In section 4, we prove
proposition 4.2 and theorem 4.3 stated above. Section 5 contains graphs illustrating the re-
lation between the beta distribution and our discrete approximation. We conclude the paper
by mentioning some problems for further research.

2 Nonlinear Fourier transforms and its discretization

We review the definition of the nonlinear Fourier transform F which first appeared in the
work of M. J. Ablowitz, D. J. Kaup, A. C. Newell and H. Segur in [!] and [2] and more
or less simultaneously in the work of V. Zakharov and A. Shabat in [19]. They studied
and solved a certain class of integrable partial differential equations which are now called
AKNS-ZS equations. The acronym is also used to denote the nonlinear Fourier transform
which figures in the AKNS-ZS theory. In this section, we shall also introduce the Euler-
type discretization Fp of F.

2.1 Nonlinear Fourier transform of AKNS-ZS type

We shall consider the nonlinear Fourier transform F which appears in the study of the
periodic AKNS-ZS problems. To every well-behaved function u(x): [0,1] — C it as-
signs the doubly infinite sequence {F[u](n)}nez of SU(2) matrices, given by Flu|(n) =
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(=1)"®(x = 1,n), where ®(x, n) is the solution of the linear initial value problem
O, (z,n) = L(z,n) - ®(x,n), &0,n)=1I. (2.1)

The coefficient matrix L(xz,n) is given by

L(z,n) = < min_ () )

—u(xz) —mwin

As we mentioned in the Introduction, we will see that F is of the form
_ 0 Flu](n) -
Flul(n) =1+ <_ Fa(-n] 0 )T ; Aglu](n).

The amount of literature on various aspects of the inverse scattering method is truly vast, so
we shall only mention a few works in which the Fourier analysis aspect is more pronounced.
The foundational work was done by Gardner, Greene, Kruskal and Miura in [8] and [7].
The transform, used in this paper was first constructed by Ablowitz, Kaup, Newell and
Segur, in [1, 2], and simultaneously by Zakharov and Shabat in [19]. Nonlinear Fourier
transforms of functions, defined on R and R™, were studied by I. Gelfan’d, A. Fokas and
B. Pelloni in [5, 6, 10], and in their other works. A version of transformation, closely
related to the one studied in this paper is described by T. Tao and C. Thiele in [15]. Some
aspects of the transformation, defined above, were studied in my papers [12, 13] and [14].
Definition of F, given above is the one that is usually found in the texts which study
the integrable ANKS-ZS equations. We shall rather represent F in a different gauge. Let
G(z,n) = diag(e~ ™" e™") be the (diagonal) matrix of our gauge transformation. In
the new gauge ® is replaced by ®& = G - ® and ® is the solution of the initial-value

problem
®Y(z,n) = LY (z,2) - ®%(x,n), ®(0,n) =1I. (2.2)

The transformed coefficient matrix is then LY (z,n) = G- G~ (z,n) + G (x,n)- L(z,n)-
G~1(x,n). Its explicit expression is

0 e—QWinzu(m)
G _
L (Ier’) - <_e27rin:ru(l.) 0 . (23)
In the new gauge we set F¢[u](n) = ®“(z = 1,n). Since n € Z, the equation

®%(1,n) = G(1,n) - ®(1,n) gives Fu](n) = F[u](n). The solution to the problem
(2.2) can be given in the form of the Dyson series.

G (z,n) =1 + Z/ L (xy,n) - L% (xg,n) - LY (x4,n) dT, 2.4)
d=17Aa(®)

where Aj(z) is the ordered simplex of dimension d with the edge length equal to x,

Ag(z) = {(z1,22,...,2q) E RG> 2y > 20 > ... > 24 > 0}

ewiwn 0 0 1
E(:L’,’I”L) - < 0 e—‘n’imn) ’ J = <_1 0> ’ (25)

Let us denote
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and let u(z) be real valued. Then we have LY(z,n) = wu(x) E(—2z,n) - J. Matrices
E(xz,n) and J do not commute. Instead, they obey the relation

E(z,n)-J=J-E(-xz,n). (2.6)

Recall that ﬁd()\) denotes the polytope given by

Da(\) = {(z1, 22, ... 7a) € Ag(1); > (-1 =},

j=1
and Dgy(\) is its projection on the hyperplane x4 = 0. These are the polytopes, mentioned
in the introduction. Denote

d—1
U(x1,x9,...,xq-1; ) = u(z1) - -~ u(xd,l)u((—l)d_l()\ — Z(—l)j_lacj))7

Jj=1

and let d) & be the measure on ﬁd()\) C RY, inherited from the Euclidean measure on R%.
Using (2.6) in the Dyson series and evaluating at x = 1 gives

0 d ;
F[u}(n)z[+;/Ad( () u(ws) - u(ea) B(~2(3 (-1 ;). n) - I d

(1) j=1

which, upon setting 21 — 25 + ... 4+ (—=1)4 124 = ), can be rewritten as

Da(N) Vd

oo .1
J— J— . PR d
= I+Z/0 E(—2\,n) ( Dd(}?\/){(scl,...,xd,l,)\) dx dxd,l)J d,

n):I+d§:_l/01E(—2/\,n) (/ u(n) u(es) - u(ag) dy) Ly

Inserting the constant function u.(z) = u we immediately get the following proposition.

Proposition 2.1. In the case where u.(x) = u is a constant function, we get

Flu)(n) =1 + i u? / 1 Vol(Dg(\)) E(=2A,n) - J%d. (2.7)

2.2 Euler-type discretization of F

Many authors studied various discretizations of transformations similar to J, but usually
acting on the functions defined on R or RT, see e.g. [16, 17, 18]. Important are the dis-
cretizations that preserve the integrability of the AKNS-ZS systems. These are constructed
in well known works of M. Ablowitz and J. Ladik and also L. Faddeev and A. Yu Volkov,
see [3, 4]. A discrete nonlinear Fourier transform, similar to the one studied below, was
considered by Tao and Thiele in [15]. In the author’s paper [14] an algorithm for evaluat-
ing the inverse of the nonlinear Fourier transform, defined below, is constructed. (In [14]
a nonlinear Fourier transform of distributions of the form u(x) = Zfl\f:l Uy, Oz, () is also
constructed, together with its inverse.)
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We have obtained the nonlinear Fourier transform from an initial value problem for
a particular first-order linear differential equation. An obvious approach to construct a
discretization is to replace the differential equation with a suitable difference equation. Let
4 = (ug,u1,...,un—1) € RY be a vector which plays a role of a function of a discrete
variable. Let the L-matrix be given by

0 e 2R
Lytk,n) = (—ehikﬁuk 0 ’
Definition 2.2. Let k,n € {0,1,..., N — 1}. Discrete nonlinear Fourier transform F [«]

of @ is defined by Fyli](n) = ®y(k = N — 1,n), where @ is the solution of the
difference initial value problem

On(k+1,n) — Dy (k,
N( nz N( n) :LN(k7n)'(I)N(k7n)a (I)N(O7n):I

N

Solving the above initial value problem and evaluating at £ = N — 1 gives
0

- 1
Fxlam) =TT (1+Lvkn),
N
and this can be expanded into

N
L 1
Fnlal(n) =1+ E Na g Ly(li,n) - Ln(la,n) -+ Ly(lg,n). (2.8)
d=1 N—=1>211>12>...>13>0

This expression is a discrete analogue of Dyson’s expansion (2.4).
Let us introduce the notation

N 0 677rilLAL,

where F is given by (2.5), and the subscript 0 refers to the use in the discretized context.
The coefficient matrix Ly can be written in the form

Ly(l,n) =w Es(—2l,n) - J,

mil 1
E(;(l,n):E(l,n):<e 0 ) L,ne{0,1,...,N -1}

with J defined in (2.5). By means of relation (2.6), we can collect all the copies of J in
(2.8) on the right. Let @, = (u, ..., u) be a constant vector. We get

N

N u _

Fulic)n) =1+ (5)" 3 E5(72(11712+...+(71)d 1ld),n)~Jd.
d=1 N—=1211>l2>...>14>0

If we denote L = I1 — Iy + ... + (—1)%" 14, we can finally write

Fuli)(n) =1+ z_: (%)d z_: Es(—2L,n) 3 J4 9
L=0

d=1 (11, la)EDEi5E (L)

where

d
DYR(L) ={(ln,...,la) ENL, N=1> 11> ... >1g >0, > (-1)'; = L}.
j=1

(2.10)
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3 Ordered alternating partitions with distinct parts

In this section we introduce the central combinatorial object of the paper, namely the num-
bers AQn (L, d). We establish the connection between the family { AQn (L, d)} and the
discrete nonlinear Fourier transform Fp. The transformation Fy yields the generating
functions for { AQ (L, d) } separately for even and odd values of d. The main result of the
section is the statement and proof of the explicit formula for the numbers AQ (L, d) and
the evaluation of the probability distribution of these numbers.

Definition 3.1. Let
ARg={lila,.. ., la) ENEN =121 > 1> ... > 13 > 0}

be the discrete ordered simplex. Denote by AQn (L, d) the numbers which count the or-
dered alternating partitions of L € N into d distinct parts not greater than N — 1,

AQN(L,d) = t{(l1,la,...,la) EAR g3 i —la+1l3—...(-1)"y=L}. 3.
In other words, AQ (L, d) is the number of solutions of the equation
h—ly+l3—.. . +(-1)"1y=1L
where (I3, ly, . .., lq) is an element of the simplex Af ;.

The next proposition shows that Fx[u.](n) can, roughly speaking, be understood as
the discrete linear Fourier transform of the generating polynomial of the finite sequence
[AQu(L, )},

Let us denote by F.,[uc](n) the upper left entry and by Foqq[uc|(n) the upper right
entry of the 2 X 2 matrix Fy [uc](n).

Proposition 3.2. The power series expansion of Fy [u.] around w = 0 is given by

N N—-1
Fxlucl(n) =1+ 3(5)" Y AQn (L, d) Bs(~2L,n) - J*. (32)
d=1 L=0

Forevery L € {0,1,..., N — 1}, the generating polynomials of the numbers
{AQN(L, 2k) - Lo, X) and {AQn(L,2k — 1)}1@:1,..‘,[%J

are given by the equations

L5 N-1
(-1) (N)%AQN (L.2k) = Y ™% Foyfuc](n) (3.3)

k=1 n=0

el N-1
( 1)k+1(N)2k 1AQ L 2%k — 1 Z 6727”6\7 Fodd[uc](n)- (3.4)

>
Il
—
3
Il
=]
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Proof. Recall formula (2.9)

N-1 N—
Flie)(n) =1+ Z —2L,n) > Je.

d:1 L=0 (I1,-la)€DEi3e (L)

2\:

The last sum in the formula yields the constant matrix .J¢ multiplied by the integer
ﬁDfihf\;(L) The number AQ n (L, d) is by its definition the number of elements in Dd“C(L),
so we have

> J' = AQn(L,d) - J%

(11, la)€DSRE (L)

and

J2k=1 ( )k+1 J_<_(_1O)2k—1 (12)%1)’

and consider the diagonal and anti-diagonal parts of F separately. From 3.2, we get two
equations, one for each parity of k:

L5 N-1
Feulud(n) = Y (~DM(G)%* D2 7% - AQu (L, 2k)
k=1 L=0
5] .
Fodaluc](n) = (—1)FH ()t Z N AQN (L, 2k — 1).
k=1

Now, we perform the inverse discrete linear Fourier transforms on both of the above equa-
tions and get the expressions (3.3) and (3.4). O]

We now state and prove the explicit formula for the function AQ (L, d).

Theorem 3.3. Forany N € N,d < Nand L € {0,...,N — 1}, we have

O e
(g2 ) (V147 d odd.

AQN(L,d) = { (3.5

Above we use the definition of the binomial symbol for which (‘g) = 0 for negative a.

Proof. Let us define

d
AQn(L.d) =t{(l,... . la);N > 11 > ... > 14> 1, and D (~1)I7'l; = L}.

j=1
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al a2 a3 L b4 b3 b2 b1 N

Figure 1: Zigzag path interpretation of an element of ZE) N (L,d) withd = 8.

We claim that for AQ ~n(L,d) we have

AQu(L.d) = (fd_j) (NLS_JL>' G0

Suppose that d = 2k is even. Let us consider the partial sums of the alternating sum
AQn(Lyd) = (h —lo) + (s = 1a) + -+ (la1 — la) = L, 3.7
namely:

a; = (ll — 12)
ag = (I1 —l2) + (I3 — L)

ap—1=(l1 —lo)+ (I3 =la) + (Is = lg) + ...+ (la—3 — la—2).
Let us also introduce the integers b,,, given by

b= (N —1)
by = (N—l1)+(lg—l3)

bp=(N—l)+(a=13)+Ua—1I5)+ ...+ (la—2 —la—1)
From the above definitions we see that
li=N—-b;
lgm = (N — bm) — A
lom—1 = (N - bm) — Om—1-
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We shall now turn the situation around. Let
1<y <as<...,<ap_1<L-1 (3.8)
be an arbitrary ordered subset of {1,2,3..., L — 1} and let
0<B1<fa<...<BL<N-L-1 3.9)
be an arbitrary ordered subset of {0,1,2,..., N — L — 1}. Let us define

)\IZN—Bl
Aom = (N = Bp) —my, m=1,2,... k-1
Aom—1=(N = Bm) —m_1, m=2,3,....k

From (3.8) and (3.9) we see that
N>2XM>X>A3>...>A1>1

and
AM =X+ A3 — ...+ g1 > L+1.

Therefore there exists precisely one Ay such that
()\1—/\2+)\3—...+)\d_1)—>\d=L

From the construction we also see that Ay < \g_1.
We have shown that for every choice of a pair (3.8) and (3.9) of subsets of

{1,2,3...,L—1} and {0,1,2,...,N—L—1},

respectively, there exists precisely one solution {1, Aa,..., g} of the equation (3.7).
Since the number of such pairs is equal to

L-1\(N-L\ (L-1\(N-L

VAN AN VAN LIV
our proposition is proved for even d. The proof for odd d is only a slight variation of the
above and we shall omit it.
Proof by induction. Our formula can be proved by induction on N. For N = 2, formula

(3.6) can be checked by hand. If we divide the alternating sums from AQ ~(L,d) into
those, for which [; = N and those for which [; < N, we get the recursion relation

AQn(L,d) = AQy_1(L,d) + AQy_y(N — L,d — 1).

By the induction hypothesis, the above equation becomes
— L—-1\/N-L-1 N-L-1\/L-1
ot = (o)) (" gy ) + () 1)
N 15 2] EIRVANES

B (LL_D (NLS_JL>’
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and this proves (3.6). The second equality above comes from the recurrence relation of the
Pascal triangle.
Finally, we observe that

AQnN(L,d) = ZZ)N(L, d), fordeven, and AQn(L,d)= Z@N(L—i-l, d), fordodd.
These relations, together with formula (3.6), prove the proposition. O
Two of the central results of this paper are corollaries of the above theorem.
Corollary 3.4. Let the random variable
XasN,d]: A7 (N) — R

defined on the discrete ordered simplex

AP(N)Y ={(l1,la,...,1q); N=1>11>1ly>...>13>0}
be given by

Xas[N,d](li, 1oy la) =l — o+ 13 — ...+ (=1)@7 D,

Then its probability mass function is

L—1 -
(L%Qq%f) ; d even
P(XAS[N> d] = L) = ( i£1<32N7L71>
LA £ d odd.
(a) ’

Proof. The number of the favourable events is given by Theorem 3.3, proved above. To
evaluate the number of all outcomes it helps to consider Figure 1. We see that the number
of all outcomes is equal to the number of the subsets which are composed of all the integer
points a;, all the points b; and the point L. These are precisely all the subsets with d
elements in the set {1, 2, ..., N'}. Their number is of course (]C\l[ ) This proves our corollary.

O

Inserting the formula (3.5) in the expressions (3.3) and (3.4) yields the following corol-
lary:

Corollary 3.5. The power series of Fn[uc|(n) around uw = 0 is given by

w|2

J

Fuludm) =1+ k_l(‘”k(;)%JEG (V) Eena

2
n

+
L

*]

(-1 () NZ (1) Bt

k=0
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4 Beta distribution and polytopes D (\)

In this section we prove our second theorem which is the expression of the volumes of
polytopes D4()) in terms of the probability density function of the beta distribution. We
obtain this result by taking a suitable limit of the probability mass functions of the random
variables X 4 5[V, d].

4.1 Discretization of beta distribution

The subset ﬁng\f(L), given by (2.10) of the discrete ordered simplex
AYR ={(l1,la, ..., la) e NU{ODEN =121 >l > ... > 1g > 0}

with the edge of size N is given by one equation. The size AQn (L, d) of lA)ddeSVC(L) is
therefore of the order N9~ 1.

Lemma 4.1. Let A be a real number in [0

1] and let { L} nen be a sequence of positive

integers such that Ly < N and limy _ o LWN = \. Then we have
. AQn(Ly,d) ps(N 4,9 41);  d even
ngn — V= A; (21+12 d+1y . g odd @D
> (a) ps( )5 d odd.
where .
Aa,b) = ———— X1 = \)?
pe(Xiab) = prg M=)

is the probability density function of the beta distribution Beta(\; a, b).

Proof. We shall prove the formula only for even d. The proof for odd d is essentially
the same. Consider first the numerator of the quotient under the limit. For d = 2m,

formula (3.5) gives
Ly—-—1\/N-L
m—1 m

This expression can be expanded into

m—1

AQn(Ly,d) = T Dim H Ly =1 =k JJ((N=Ly)=k). (42
k=0
Consider the first product above. It is a polynomial of degree m — 1 in the variable (Ly —
1)=(N LWN — 1). Expanding this polynomial gives
m—2
Ly 1 Ly _1 LN s
Ni _ m v - m —“IN\ym
( +ZN DF - n(k) = (N7 = D"+ O(N—)
k=1
For large N we can replace LTN by A. Taking into account also the second product, (4.2)
gives

AQn (L, d) = m(w% qymlg R1> ((N NLN) + Rg)
~(m —11)!m! (e G = S ) @3
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where
1 1
R1=R3= O(W) and Ry = O((N)\)mfl)
For the denominator (Ij ) we have
N 1 Nd 1
(d>d!(N(N1)m(N(d1)))d!+(9(N(d_2)). 4.4)

Becaused — 1 =m + (m — 1) and limpy o0 LTN = A formulas (4.3) and (4.4) yield

!
lim AQNngN’ Dy ymoaym,
NS00 (d) (m —1)Im!

d! _ 1
(m—-1)I'm! — B(m,m+1)’

The definition of the Euler beta function for positive integers gives
and this proves formula (4.1) for even d.

The above calculation suggests the definition of a discrete version Betay (a, b) of beta
distribution for arbitrary choice of the shape parameters. Let a, b and N be integers. Let
the probability mass function of Betay (a, b) be defined by

L—1\(N—L
Pyx(L;a,b) = %(b)
(a+b+1)
for L € {1,2,...,N}.
Proposition 4.2. Let )\ be an arbitrary real number in the unit interval [0,1] and let

{Ln}nNen be a sequence, such that Ly < N and limy_, o LWN =\ Then

L 1
lim Py(=Y,a,b)N = pg(A;a,b) =

- hya _1\b
N-c0 N Bla+1,b+1) AMA-1D

Proof. The proof is an obvious adaptation of the proof of Lemma 4.1. We only have to
replace the particular values m — 1 and m of the shape parameters by an arbitrary pair a
and b of positive integers. Then the same calculations as those performed in the proof of
Lemma 4.1 yield the proof of the proposition. O

4.2 Volumes of polytopes D ()
Recall formula (2.7):

Flue(n) = I+ di;ud /0 Vol(Da(V) (6_2?” _e;}m) : (Ol é)d dA.

We have the following theorem.
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Theorem 4.3. For every dimension d, the volumes of polytopes D 4(\) are essentially dis-
tributed according to the beta distribution with the shape parameters (‘217 §+1),ifdis

even, and (M, @) if d is odd. More concretely, we have the following expression:
d_ d
Vol(Dy(\)) 1 B(%,1%+1) A27H1 = N2 :pg(A;%,ngl); d even “s)
AN = a1 a1 )
A | gtz AT (1=0)F =ps(h 4, 45); dodd,

where pg(X; a,b) is the probability density function of the distribution with shape parame-
ters a and b.

Proof. Recall the set Dd“C(L), given by (2.10). Rescaling it by the factor 1/N gives the
set

lh 1 N
Ndisc 1 2

—) = —_ = =) — > =
Da™ ) {(N’N ’N)’ N>

=
|
2\&

d
Z )My =L}

which contains the same number of points as ﬁgifvc(L) but lies in the polytope ﬁd(%)
Let D37*¢(£) denote the orthogonal projection of Dd”C( ) on the hyperplane

{(x1,...,24-1,0)} C R

The number §D%7¢( £ ) of points in D3'*¢( &)
de( ). The value Nd T ﬁDd“’C( L) is approximately equal to the volume Vol(Dy(%))
of the projection Dy(%) of Dd( ) on the hyperplane z4 = 0 in R, So, on the one hand,
the number §D4*¢(£ ) is equal to AQ n (L, d), while on the other, the value ﬁDd“°( N)
is an approximation of Vol(Dg(L)). Let now {Ay}nen be a sequence of rationals £
converging to A € [0, 1]. We have

is clearly equal to the number of points in

1
Jim 7 AQN(N Ly, d) = Vol(Da(X).

In the proof of Lemma 4.1 we have seen that

N Nd 1
(d) = 9 §am)

SO
() _ N
N = o T gam)
Therefore
]\}lm Nd 1AQN(NLNad): 11 wz\]
N S

This equality, together with Lemma 4.1, proves our theorem. O
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5 Quantitative comparisons

In this section we shall investigate by experimental means the comparison between the
probability density function of Beta(l; a, b) distribution and its approximations, given by
the probability mass functions Py (l;a,b). For the sake of brevity we shall concentrate
on the shape parameters (a,b) = (m — 1,m) which appear in connection with the non-
linear Fourier transform. It is now clear that absolute value of the difference ps(l; a,b) —
Py (l;a,b) decreases for every | = LWN as IV increases. But the quality of the approx-
imation also depends crucially on the choice of the shape parameters. We shall see that,
roughly speaking, the value |ps(l; a,b) — Py (l; a,b)| at a fixed N, increases with increasing
of a + b. Explicit formula for this difference can be deduced from formulas (4.1) and (4.2),
but it is quite complicated. The images will provide a better illustration of the relations
between pg(l;a,b) and Py (1;a,b).
The two images in Figure 2 show the comparison between pg(I; 21, 22) and Py (I; 21, 22)

for N = 200 and N = 1000.

0.2 0.4 06 0.8 1.0 0.2 0.4 06 08 10

(a) N =200, a = 21, b = 22 (b) N = 1000, a = 21, b = 22

Figure 2: Comparison of graphs.

Figure 3 shows that for any choice of the shape parameters the difference Py (I; a,b) —
pa(l;a,b)) has three local extrema. For the cases, related to the number of alternating
partitions of integers where ¢ = b — 1 or a = b, the maximum is located roughly at the
center of the interval [0, 1].

0.2
0.6

0.4
0.1

0.2

o.é\_ 0.4° 0.6 /o.e 1.0
1Y K

-02 . 4
. N v/

WV

(a) N =200,a =21,b=22 (b) N =1000,a =21,b =22

Figure 3: The shape of the difference.
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The two images in Figure 4 illustrate the dependence of the difference ps(l;a,b) —
Px (I; a,b) on the size of the shape parameters. Again we consider (a,b) = (a,a+ 1). We
see, that at a fixed IV the difference increases with increasing of the shape parameter a.

(a) N = 100’ a € [3’ 20] (b) N = 1000, a < [3, 20]

Figure 4: Dependence of the difference on the size of the shape parameter.

Even if the shape parameters a and b are very different, the corresponding graphs are of
similar shapes to the above. The only difference is that, in case where the shape parameters
a and b are significantly different the peaks of the graphs are shifted away from the center.
This is clear from the following fact. Suppose that a is considerably larger than b. Then
the left zero of limit function ps(I;a,b) = mla(l — 1) is of higher degree than
the right one. The function is therefore flatter and closer to zero in the vicinity of 0 and
the peak of the graph is pushed towards the right. Qualitatively the shape of the difference

does not change.

6 Conclusions and outlook

In the paper we arrived at the construction of a discrete probability distribution with proba-
bility mass function Py(l;a,b) which converges to the probability density function
pa(l;a,b) as N — oo. The result is precisely stated in Proposition 4.2. Crucial in the
construction is the connection of Py (I; a,a) and Py (l;a — 1, a) to the following combina-
torial problem: find the number AQ (L, d) of alternating ordered partitions of the positive
integer L < N into d distinct parts, not greater than N — 1. The number AQ (L, d) can
also be represented by the number of the zig-zag paths, drawn in Figure (1). This combina-
torial problem naturally appeared in the context of the discretization F of the nonlinear
Fourier transform F, described in Section 2. The essential connection between the num-
bers AQn (L, d) and Fy is given by Proposition 3.2 where we show that the inverse linear
Fourier transform of the entries of F yields the generating polynomials of the numbers
AQ(L.d).

The formula for distribution Py (I;a, b) can also be interpreted as the distribution de-
scribing the Pélya-Eggenberger urn, but this interpretation is different from ours. We have
the connection of Py (I; a, b) to the combinatorial problem and the nonlinear Fourier trans-
form only for the shape parameters of the form (a,b) = (a,a) or (a,b) = (a — 1,a).
The natural question arises: can we find a combinatorial problem whose relation with
Pn(l;a,b) for an arbitrary choice of a and b would be analogous to the relation be-
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tween Py (l;a — 1,a) and Py (l;a,a) and the problem of alternating ordered partitions
AQnN(L,d)? Does there exist a meaningful generalisation F, ; of the nonlinear Fourier
transform F, whose relation with pg(z; a,b) would be analogous to the relation between
F and pg(x;a,a) and pg(z;a — 1, a), described in theorem 4.3. These are the natural
problems for further investigation, based on this paper. Finding answers to these questions
would importantly improve understanding the nonlinear Fourier transform and its structure.

In this paper, we considered the nonlinear Fourier transform F|[u] evaluated on the
simplest of functions, namely, the constant function 4 = c. An obvious direction of further
research is to try to extend the approach used in this paper, to the context, where F|u] is
evaluated on some more interesting class of functions u.
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