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Abstract

The eccentric connectivity index (ECI) is a distance based molecular structure descriptor that was recently used for mat-
hematical modeling of biological activities of diverse nature. The ECI has been shown to give a high degree of predic-
tability compare to Wiener index with regard to diuretic activity and anti-inflammatory activity. The prediction accuracy
rate of ECI is better than the Zagreb indices in case of anticonvulsant activity. Titania nanotubular materials are of high
interest metal oxide substances due to their widespread technological applications. The numerous studies on the use of
this material also require theoretical studies on the other properties of such materials. Recently, the Zagreb indices we-
re studied of an infinite class of titania (TiO,) nanotubes [32]. In this paper, we study the eccentric connectivity index of

these nanotubes.
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1. Introduction

Cheminformatics is a new subject which is a combi-
nation of chemistry, mathematics and information scien-
ce. It studies quantitative structure activity relationships
(QSAR) and structure property relationships (QSPR) that
are used to predict the biological activities and properties
of chemical compounds. In the QSAR/QSPR study,
physicochemical properties and topological indices are
used to predict biological activity of the chemical com-
pounds.

A topological index is a numerical descriptor of the
molecular structure based on certain topological features
of the corresponding molecular graph. Topological indi-
ces are graph invariant and are a convenient means of
translating chemical constitution into numerical values
which can be used for correlation with physical properties
in QSPR/QSAR studies.' Topological indices are also
used as a measure of structural similarity or diversity and
thus they may give a measure of the diversity of chemical
databases. There are two major classes of topological in-
dices such as distance based topological indices and de-
gree based topological indices. Among these classes, di-
stance based topological indices are of great importance
and play a vital role in chemical graph theory and particu-
larly in chemistry.

A graph G with vertex set V(G) and edge set E(G) is
connected if there exists a path between any pair of verti-
ces in G. The degree of a vertex u € Vis the number of ed-
ges incident to u and denoted by deg(u). For two vertices
u, v of a graph G their distance d (u, v) is defined as the
length of any shortest path connecting « and v in G. For a
given vertex u of G its eccentricity €(u) is the largest di-
stance between u and any vertex v of G.

Sharma et al.” introduced a distance based topologi-
cal index, the eccentric connectivity index (ECI) &¢(G)
of G, defined as

§6) = ) deg(v)e(v) 0
VEV(G)

It is reported in*® that ECI provides excellent corre-
lations with regard to both physical and biological proper-
ties. The eccentric connectivity index is successfully used
for mathematical models of biological activities of diverse
nature. The simplicity amalgamated with high correlating
ability of this index can easily be exploited in
QSPR/QSAR studies.”!'! The prediction accuracy rate of
ECl is better than the Wiener index with regard to diuretic
activity'? and anti-inflammatory activity.”> Compare to
Zagreb indices, the ECI has been shown to give a high de-
gree of predictability in case of anticonvulsant activity.'*
Recently, the eccentric connectivity index was studied for
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15-19 and for various classes of

certain nanotubes
graphs.?*?

The titanium nanotubular materials, called titania by
a generic name, are of high interest metal oxide substan-
ces due to their widespread applications in production of
catalytic, gas-sensing and corrosionresistance materials.”
As a well-known semiconductor with numerous technolo-
gical applications, Titania (7i0,) nanotubes are compre-
hensively studied in materials science.” The 7i0, nanotu-
bes were systematically synthesized using different met-
hods® and carefully studied as prospective technological
materials. Theoretical studies on the stability and electro-
nic characteristics of titania nanostructures have extensi-
vely been studied.’®® The numerous studies on the use of
titania in technological applications also required theoreti-
cal studies on stability and other properties of such struc-
tures. !

Recently, M. A. Malik et al.** studied the Zagreb in-
dices of an infinite class of 7i0, nanotubes. In this paper,
we study eccentric connectivity index of these nanotubes.

2. Main Results

The molecular graph of titania nanotubes 7i0,[m,n]
is presented in Figure 1, where m denotes the number of
octagons in a row and n denotes the number of octagons in
a column of the titania nanotube.

Top view

LA OAHOATHATIOLK

Across view

Figure 1: The molecular graph of 7iO,[m,n] nanotube.

The molecular graph of 7iO,[m,n] nanotube has
2n+2 rows and m columns. For each i row and j co-
lumn, we label the vertices of 7iO,[m,n] nanotube by Uy

v, » X; and y; as shown in Figure 2.
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Figure 2: The labeled vertices of 7iO,[m,n] nanotube.

In the molecular graph, G, of TiO, nanotubes, we
can see that 2<deg(v)< 5. So, we have the vertex partitions
as follows.

Vi={veV(G)ldeg(v) =2}, V,={v€eV(G)|deg(v) =3}

2
Vo= (v € V()| deg®) = 8, V, = (v €V(O)ldegr) =5)

The cardinalities of all vertex partitions are presen-
ted in Table 1.

Table 1: The vertex partitions of the 7i0, nanotubes along with
their cardinalities.

Vertex partition Cardinality
V, 2mn + 4m
v, 2mn
v, 2m
\% 2mn

EN

In the following, we compute the exact formulas for
eccentric connectivity index of 7iO,[m,n] nanotubes.

Theorem 2.1 Let TiO,[m,n] be the graph of titania nano-

m=-2

tube, then for ﬁﬁ{ J we have

E(TiOy[m,n]) = 40m*n+32m* (3)

. -2
Proof. Consider G = TiO,[m,n]. When nﬁ{m, J,
the eccentricity of every vertex in every row is
2m. From Table 1, we have

E(G) = Z deg(v)e(v)
=(2mn+2m)(2)2m)+ (2m)(2)(2m)+ @

+(2mn) (3N 2m) + (2m)( A} 2Zm)+ (2mn)(5)(2m)

=40m*n +32m°.
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Theorem 2.2 Let TiO,[m,n] be the graph of titania nano-
tube, where m = 2p then for p even we have

160p°n+48pn+104p° +24p

28p° +48p°n+112pn° +128pn+64p° + 24p if

E(TiO,[m,n]) =
120p°n+68pn* +112pn+96p° +52p
120p°n+60pn® + 12pn+104p° + 24p

Proof. Consider G = TiO,[m,n]. With respect to the
eccentricity of vertices, we have the following cases.

Case 1. When p = 2n

In this case the eccentricity of the vertices u;, v, is
3p + 2n + 1 where i = 1,2n + 2. The eccentricity of each
vertex in the remaining 2n rows is 4p. Hence

EG)= Z deg(v)e(v)

velite)

if p=2n;
p-2
2

<n<p-landp#2n;
&)

if n= p—1andn is odd;

ifn> p—1and n is even.

Case 3. When n > p —1 and n is odd

In this case the eccentricity of vertices u i Vi is same
as the eccentricity of Ver.t1§es Uionr3ijf v(z,}+ 3-0) W.l}ere 1 =
1,2, -+, n + 1. The eccentricity of these vertices in i row is

given by
e(uy)=e(v;)=3p+2n+2-i
where i=1,2,---,n+1 (10)

=22p)2)3p+2n+D)+22p) DB p+2n+D)+(2p)20)3)N4p) +(2p)2n)5)4p)+2p(2n+2)(2)(4p) ©)

=160p°n+48pn+104p° + 24 p.

Case 2. when &> <n<p-1andp #2n

In this case the eccentricity of the vertices U Vi is
same as the eccentricity of vertices Uans3-ip V(2n+3-i) Whe-
rei=1,2, -, 2n—p+ 1. The eccentricity of these vertices
in i row is given by

e(u,)=¢e(v;)=3p+2n+2-i
(7N

where i=1,2,--,2n—p+1

The eccentricity of vertices u, v, in remaining 2p —
2n rows is 4p.

Also, the eccentricity (.)f. the vertices xjj, Yip Xist)p
Yiis)y 18 SamMe as the eccentricity of the vertices Xone3i)
Yeones-ip Xenvz—i Yane2-i)j Wh"jfe L= 1,2,. '-',.(271 - p)/2. The
eccentricity of these vertices in i row is given by

Also, the eccentricity of the vertices Xijp Vi X,
Yiis1; is same as the eccentrlclt)'/ of the vertices x,,, ;.
y(2n+3—i)jj )'C(Zn+2—i)j’ y(2n+2—i)j whf':re 2= 1,2', " (n+ 1)/2. The
eccentricity of these vertices in i row is given by

(i+1)j°

elx;)=e(y;)=3p+2n+2-2i

11
where i =1,2,---,(n+1)/2 (i

The shortest paths having maximal length in 7i-
0,[8,7] nanotube are shown in Figure 3.
Hence

§(G)= D deg(v)e(v)

vel (G)

=22p)2)3Bp+2n+D)+202p)HSEBp +2n+ 1)+

n+l
+2(2p)3)D (3p+2n+2-i)

e(x,)=¢e(y,)=3p+2n+2-2i il (12)
(8) +2(2;J)(5)Z(3p+ 2n+2-0i)+4(2p)2)
where i =1,2,---,(2n— p)/2 P
(m+1)/2
Z Bp+2n+2-2i)
The eccentricity of the vertices x;;, y; in the remai- =
ning (2p —2n + 2) rows is 4p. Hence =120p°n+68pn” +112pn+96p° +52p
§(G)= ) deg(v)e(v)
vl (G)
2n—-p+l
=22p)2)3p+2n+D)+22p)4)EBp+2n+1)+2(2p)3) Z GBp+2n+2-i)
2n-p+l s
+2(2p)5) Z Bp+2n+2-N+2p)2p-2n)3)4p)+(2p)2p-2n)5)4p) 9)

(2n-p)2

+4(2p)(2) Z Bp+2n+2-200+2p)2p-2n+2)2)4p)

=28p  +48p° n+112pn° +128pn+64p° +24p
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Figure 3: The shortest paths having maximal length in 7i0,[8,7]
nanotube.

Case 4. Whenn > p — 1 and n is even

In this case the eccentricity of vertices u,, v, is same
as we discussed in case 3. Also, the eccentricity of the ver-
tlce§ Xy Vi Xjiwpp Yiis1; 1S SAME S the eccentrlcn){ of the
VETUCES X5, 3 )5 Yianss-ijp Xons2-ijj> Yions2-i)j Vzhere = .1’2’
-+, n/2. The eccentricity of these vertices in i row is given
by

e(x;)=¢e(y;,)=3p+2n+2-2i

where i=1,2,--+,n/2

13)

The eccentricity of the vertices Xip Vi in the remai-
ning 2 rows is 4p. Hence

E(G)= Y deg(v)e(v)

vel ({7}

=22p)2)EBp+2n+D)+202p)N4)3p+2n+1)+

+2(2p)3)Y.(Bp+2n+2-i)

m+l (14)
+2(2p)(5)) (3p+2n+2-i)+4(2p)2)
2(3,0 +2n+2-20)+2(2p)(2)4p)
i=1
=120p°n+60pn” +T2pn+104p™ +24p
Theorem 2.3 Let TiO,[m,n] be the graph of titania nano-
tube, where m = 2p then for p odd we have

160p°n+128pn+192p* +32p

E(TiO,[m,n)) =
120p°n+60pn* +12pn+72p° +28p
120 p°n+60pn* +80pn+96p° +32p

Proof. Consider G = TiO,[m,n]. With respect to the
eccentricity of vertices, we have the following cases.

20p° +80p°n+80pn” +96 pn+80p* +28p if

Case 1. Whenp =2n-1

In this case the eccentricity of the vertices u,, v, is
same as the eccentr101.ty. of vertices u,,, w3 V(Z"/Z' i) -th-:-
re i = 1,2. The eccentricity of these vertices in i row is gi-
ven by

e(u,)=¢e(v,)=3p+2n+2-i wherei=12 (16)

The eccentricity of vertices U Vy; in remaining 2n
rows is 4p. Also, the eccentricity of the vertices x,, y,; is
same as the eccentricity of vertices x,,,, X5,,,;- The ec-
centricity of the vertices x,, y,; is given by

e(x1;) =e(y1j) =3p+2n+1 (17)
The eccentricity of the vertices Xis Y in the remai-

ning 2n rows is 4p. The shortest paths having maximal
length in 7i0,[14,4] nanotube are shown in Figure 4.

NN LT ONN TN TN TT=NN ST,
gt Qiniglo:Claid
” e ) \QI"."'
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-
<

< -I“\,I'\-
E’ ui':iiti“{ {7 "“{*}
< < <> <> <> <> <>
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Figure 4: The shortest paths having maximal length in 7i0,[14,4]
nanotube.

Hence
£(G)= 3 deg()e(v)

=22p)2)3Bp+2n+1)+22p)HGBp+2n+1)+
+202p)3)Bp+2m)+212p)5)3p +2n)

+(2p)(2n)3)4p)+(2p)2n)(S)(4p)+
+2(2p)2)Bp+2n+ D)+ (2p)2n)(2)(4 p)

(18)

=160p°n+128pn+192p> +32p

Case 2. when & <n<p-landp#2n—1

In this case the eccentricity of the vertices U Vy is
same as we discussed in Case 2 of Theorem 2.2. The ec-
centricity of the vertices Xyj> Yijs 1S same as
we discussed in Case 1.

Xon+2), X2n+2)j

ifp=2n-1,
p—1

<n<p-landp#2n-1;
(15)
ifn>p—1andn is odd;

ifn= p—1and n is even,
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Also, the eccentricity of the vertices X, ., Vi1
Xir2). Yis2) 1S same as the eccentricity of the vertices
Xonszip Yanez-ijp Xene i, Yone 1y Where i =12, -, 2n—p
— 1)/2. The eccentricity of these vertices in (i + 1)™ row is
given by

(X, )= €WV, ) =3p+2n+1-2i
' (19)
where i=1,2,---,(2n-p-1)/2

The eccentricity of the vertices X Yy in the remai-
ning (2p — 2n + 2) rows is 4p. Hence

£(G)= ) deg(v)e(v)

vel (()

The eccentricity of the remaining vertices is same as
we discussed in case 3.
Hence
£(G)= Q. deg(m)s(v)
vel (@)
=22p)2)3p+2n+ )+ 22pN4)3Bp+2n+1)+
mn+l

+aszm§]3p+2n+2—n

mel

=22p)N2)3p+2n+ )+ 2(2p)4)3p+2n+1)+2(2p)3) Z Bp+2n+2-i)

2m-p+l

+2(2p)5)D Bp+2n+2-i)+2(2p)2) (24)
(Bp+2n+)+ 4(2;}}(2]2{3;) +2n+1-2i)
=]
=120p°n+60pn* +80pn+96p° +32p
2n-p+l
(20)

+2(2p)5) Z Gp+2n+2=-N+2p)2p=2n)3)4p)+(2p)N2p=2n)5)4p)

(2m=p-
+22p)2)3p+2n+1)+4(2p)2) Y.
=]

=20p" +80p°n+80pn* +96 pn+80p° +28p

Case 3. When n > p — 1 and n is odd

In this case the eccentricity of the vertices u_, v

. sy X
[/ eV
Vij> X2ns2) X2ns2); 18 same as we discussed in Case 2. Also,
the eccentricity of tbe_ Vertices X, s Vi Xz, Viisay 19
same as the eccentricity of the vertices X, ., ;. Y242
Xyt 0y, Yonse1-iy Where i = 1.2, - (n — 1)/2. The eccen-

tricity of these vertices in (i + 1)™ row is given by
e(x,)=¢(y,,)=3p+2n+1-2i

where i=1,2,---,(n=1)/2 @D

Hence

E(G)= ). deg(v)e(v)

vel (G)

=22p)2)3Bp+2n+1)+202p)4)Bp+2n+1)+ 2(2;:)(3)2[3,0 +2n+2-1)

i+l

_(Sp +2n+1=-20+2p2p-2n+2)2)(4p)

3. Conclusion

The eccentric connectivity index provides excellent
prediction accuracy rate compare to other indices in cer-
tain biological activities of diverse nature such as diuretic
activity, anticonvulsant activity and anti-inflammatory ac-
tivity. In this sense, this index is very useful in
QSPR/QSAR studies. In this paper, we study eccentric
connectivity index of an infinite class of TiO, nanotubes.
By using this index, we can find mathematical models of
certain biological activities for this material. With the help
of these models, we can predict about certain biological
activities for this material.

n+l

(22)

(n=1)/2

+2(2p)(5)Y (3p+2n+2-i)+2(2p)2)3Bp+2n+1)+4(2p)(2) Y (3p+2n+1-2i)

=2

=120p°n+60pn” + R2pn+T12p" +28p

Case 4. When n > n -1 and n is even.

In this case the eccentricity of the vertices x, ;).
Yty Xiv2y, Y2y 18 Same as the eccentricity of the vertices
Xowez-ip Yonsa-ip Xner-ij Yonei-yy Where i - 1.2, o, nf2.
The eccentricity of these vertices in (i + 1)™ row is given
by

e(x,)=¢(y,,)=3p+2n+1-2i

(23)
where i=1,2,---,n/2
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Med molekulske strukturne deskriptorje spada tudi »eccentric connectivity« indeks (ECI), ki je bil pred kratkim uporab-
ljen za matemati¢no modeliranje raznovrstnih bioloskih aktivnosti. V primerjavi z Wienerjevim indeksom, daje ECI vi-
soko stopnjo predvidljivosti v primeru diureti¢ne in protivnetne aktivnosti. Stopnja natan¢nosti napovedi indeksa ECI je
boljsa od zagebskega indeksa v primeru antikonvulzivne aktivnosti. Med kovinskimi oksidi predstavljajo nanocevke Ti-
O, material, ki ima veliko tehnoloSko uporabnost. Stevilne $tudije tega materiala zahtevajo tudi teoreti¢ne $tudije njego-
vih lastnosti. Nedavno je bil za nanocevke TiO, dolocen zagrebski indeks, v tem prispevku pa preucujemo indeks ECL.
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