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Abstract. In the sixties Ogievetskiif and Polubarinov proposed the concept of notoph, whose
helicity properties are complementary to those of photon. Later, Kalb and Ramond (and
others) developed this theoretical concept. And, at the present times it is widely accepted.
We analyze the quantum theory of antisymmetric tensor fields with taking into account
mass dimensions of notoph and photon. It appears to be possible to describe both photon
and notoph degrees of freedom on the basis of the modified Bargmann-Wigner formalism
for the symmetric second-rank spinor.

Next, we proceed to derive equations for the symmetric tensor of the second rank
on the basis of the Bargmann-Wigner formalism in a straightforward way. The symmetric
multispinor of the fourth rank is used. It is constructed out of the Dirac 4-spinors. Due
to serious problems with the interpretation of the results obtained on using the standard
procedure we generalize it, and we obtain the spin-2 relativistic equations, which are
consistent with the general relativity. The importance of the 4-vector field (and its gauge
part) is pointed out.

Thus, we present the full theory which contains the photon, the notoph (the Kalb-
Ramond field) and the graviton. The relations of this theory with the higher spin theories are
established. In fact, we deduced the gravitational field equations from relativistic quantum
mechanics. The relations of this theory with scalar-tensor theories of gravitation and f(R)
are discussed. We estimate possible interactions, fermion-notoph, graviton-notoph, photon-
notoph, and we conclude that they will be probably seen in experiments in the next few
years.

Povzetek. V Sestdesetih letih sta Ogievetskii in Polubarinov predlagala delec z lastnostmi,
komplementarnimi fotonu. Poimenovala sta ga notof. Lastnosti delca notof sta kasneje
Studirala in dopolnila tudi Kalb in Ramond ter drugi. Zdaj lastnosti tega delca studirajo
Stevilni teoretiki.

Avtor prispevka analizira kvantno teorijo antisimetri¢nih tenzorskih polj in dopusti,
da nosita foton in notof od ni¢ razli¢tno maso. Izkazalo se je, da nekoliko spremenjen
formalizem za simetri¢ne spinorje ranga 2 avtorjev Bargmanna-Wignerja opise tudi foton
in notof.

Uspe mu preprosta izpeljeva enacbe gibanja za simetri¢ni tenzor ranga 2 iz Bargmann-
Wignerjevega formalizma. Uporabi simetri¢ni multispinor ranga Stiri, ki ga izvede iz
Diracovih 8tiri spinorjev. Standardni postopek posplosi, ker so tezave z interpretacijo.
Posplositev ga pripelje do relativisti¢ne enacbe za spin 2, ki je skladna s splosno teorijo
relativnosti. Avtor poudari pomen polja 4-vektorjev (in njegovega umeritvenega dela).

Avtor predstavi celovito teorijo, ki vsebuje foton, notof (Kalb-Ramondovo polje) in
graviton. Osvetli relacijo te teorije s teorijami z vi§jimi spini. Iz relativisticne kvantne
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mehanike izpelje enacbe za gravitacijsko polje. Diskutira o povezavi te teorije s skalarno-
tenzorskimi in teorijami gravitacije f(R) , oceni interakcije med fermionom in notofom, med
gravitonom in notofom ter med fotonom in notofom ter napove, da bodo najbrz opazili te
interakcije pri poskusih v prihodnjih nekaj letih.

6.1 Introduction

In the series of the papers [1-5], cf. with Refs. [6-8], we tried to find connection
between the theory of the quantized antisymmetric tensor (AST) field of the second
rank (and that of the corresponding 4-vector field) with the 2(2s + 1) Weinberg-
Tucker-Hammer formalism [9,10].

Several previously published works [11-16], introduced the concept of the
notoph (the Kalb-Ramond field) which is constructed on the basis of the anti-
symmetric tensor “potentials”. It represents itself the non-trivial spin-0 field. The
well-known textbooks [17-20] did not discuss the problems, whether the massless
quantized AST field and the quantized 4-vector field are transverse or longitudi-
nal fields (in the sense if the helicity h = £1 or h = 0)? can the electromagnetic
potential be a 4-vector in a quantized theory? how should the massless limit be
taken? and many other fundamental problems of the physics of bosons. In my
opinion, the most rigorous works are refs. [22,9,23,21], but it is not easy to extract
corresponding answers even from them.

First of all, we note that 1) “...In natural units (c = & = 1) ... a lagrangian
density, since the action is dimensionless, has dimension of [energy]*”; 2) One can
always renormalize the lagrangian density and “one can obtain the same equations
of motion... by substituting L — (1/MN)L, where M is an arbitrary energy scale”,
cf. [2]; 3) the right physical dimension of the field strength tensor F*V is [energy]?;
“the transformation F*¥ — (1/2M)F*Y [which was regarded in Ref. [5]] ... requires
a more detailed study ... [because] the transformation above changes its physical
dimension: it is not a simple normalization transformation”. Furthermore, in the
first papers on the notoph [12-14]' the authors used the normalization of the
4-vector F* field” to [energy]? and, hence, the antisymmetric tensor “potentials”
AR, to [energy]'. We try to discuss these problems on the basis of the generalized
Bargmann-Wigner formalism [22]. Thus, the Proca and Maxwell formalisms are
generalized, see, e. g., Ref. [24].

In the Sections 6.3 and 6.4 we consider the spin-2 equations. The general
scheme for derivation of higher-spin equations has been given in [22]. A field of
the rest mass m and the spin s > 1 is represented by a completely symmetric
multispinor of rank 2s. The particular cases s = 1 and s = 3 have been considered
in the textbooks, e. g., Ref. [17]. The spin-2 case can also be of some interest because
we can believe that the essential features of the gravitational field are obtained
from transverse components of the (2,0) & (0, 2) representation of the Lorentz
group. Nevertheless, questions of the redundant components of the higher-spin
relativistic equations are not yet understood in detail [25].

! It is also known as the longitudinal Kalb-Ramond field, but the consideration of Ogievet-
skif and Polubarinov permits to study the m — 0 procedure.
2Tt is well known that it is related to the third-rank antisymmetric field tensor.
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In the last Sections we discuss the questions of interactions.

6.2 Photon-Notoph Equations

For spin 1 we start from>

[YapPaPp + APaPo + BmAY =0, (6.1)
where p,, = —i0, and yp are the Barut-Muzinich-Williams covariantly - defined
6 x 6 matrices, ZuYuu = 0. The determinant of [y«gPuPp + APxPx + Bm?] is of

the 12th order in p,,. If we are interested in solutions with E2 —p? =m?,c =h =1,

they can be obtained on using the constraints in the above equation:
B B
1

A T A (62)

We may also have the tachyonic solutions, etc. The particular cases are:

e A =0,B =1 & we have the Weinberg's equation for s = 1 with 3 solutions
E = +4/p? + m?, 3 solutions E = —/p? + m?, 3 solutions E = +,/p? — m?
and 3 solutions E = —/p? — m?. Tachyonic solutions have been reformulated
in various ways, for instance, as the ones leading to the spontaneous symmetry
breaking, and to the non-zero quantum vacuum.

e A =1,B =2 & we have the Tucker-Hammer equation for s = 1. The solutions

are with E = +,/p? + m? only.

Thus, the addition of the Klein-Gordon equation to (6.1) may change the
physical content even on the free level.

What are the corresponding equations for the antisymmetric tensor field?
They can be the Proca equations in the massive case, and the Maxwell equations
in the massless case. We have shown in Refs. [1,2] that one can obtain four dif-
ferent equations for antisymmetric tensor fields from the Weinberg’s 2(2s + 1)—
component formalism. First of all, we note that ¥ is, in fact, bivector, E; = —iF4;,
Bi = %eiijjk,, or Ei = 7%€ijkiijkr Bi = 7“541, or their combinations. One can
separate the four cases:

o W — <E J_r Ig) , P = —1, where E; and B; are the components of the tensor.
o YU — <g ; 12) , P = +1, where E;, B; are the components of the tensor.
e YD — (D byt (1) E; and B; are the corresponding vector and axial-vector

components of the dual tensor F,.
o Y(IV) —y(I) where E; and B; are the components of the dual tensor F ..

3 In the classic works on this formalism the authors worked in the Euclidean metrics.
However, there is no any problem to write the equations and other formulas in the
pseudo-Euclidean metrics accustomed today; just change the sign of p.p,, and other
products.
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The mappings of the WTH equations are:

0a0uFliy — 0p0, FIL + AT”auauFﬁjé — gsz;é =0, (6.3)
00, Fy — a0, FY) — ATHauauF(;f? + gszg; -0, (6.4)
00, P18 — 050,10 — A 10,0, FIID 4 Bin2pil o

(6.5)
aocauf:fulf;/) B aBau?So\c/) + ATi]auauf:Eng/) - ngf:L(ng/) =0. (6.6)

In the Tucker-Hammer case (A = 1, B = 2) we can recover the Proca theory from
(6.3):
doduFup — 0p0uFua = M?Fup (6.7)

(Ay = ﬁa(xﬁw should be substituted in F,, = 0,A, — 0yA,, and the result is
multiplied by m?).

We also noted that the massless limit of this theory does not coincide with
the Maxwell theory in some cases, while it contains the latter as a particular case.
In [3,5,30] we showed that it is possible to define various massless limits for the
Duffin-Kemmer-Proca theory. Another one is the Ogievetskii-Polubarinov notoph
(which is also called the Kalb-Ramond field), Ref. [12] in the US literature. The
transverse components of the AST field can be removed from the corresponding
Lagrangian by means of the “new gauge transformation” A, — Ay + 0, Ay —
0y, with the vector gauge function A,,.

The second (II) case is

000, Fup —0p0,Fua = [0,,0,, — m?IFsp . (6.8)
So, on the mass shell we have [0,,0,, — mZ]chﬁ =0, and, hence,
040, Fup —0p0,Fuq =0, (6.9)

which rather corresponds to the Maxwell-like case. However, if we calculate
dispersion relations for the second case, Eq. (6.9), it appears that the equation has
solutions even if m # 0.

Now we are interested in the parity-violating equations for antisymmetric
tensor fields. We investigate the most general mapping of the Weinberg-Tucker-
Hammer formulation to the antisymetric tensor field formulation too. Instead of
YUI=1V) we shall try to use now

. 5 5
YlA) = (E“B> Yy I Y gy, (6.10)

B +1iE 2 2
As a result, the equation for the AST fields is

1 A B

000, Fup — 00, Fua = E(auau)hﬁ +[— 5 (0,0,) + zmz]?o(B ) (6.11)
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B —iE

(A) _
Of course, ¥ (E _iB

) = —i¥A), and the equation is unchanged. The

different choice is

y(B) _ <EB+1'-?E> _ 1 +2’Y5\y(1) B 1 _2}/5‘{](11) ) (6.12)
Thus, one has
1 A B .=
0aOuFup —0p0uFua = E(auau)}:rxﬁ + [E(auau) - zm IFap - (6.13)
Of course, one can also use the dual tensor (E' = f%eijk?jk and B! = —iF,4;) and
obtain analogous equations:
. - 1 - A B
000, Fup — 00, Fua = i(auau)ﬁxﬁ + [—5(auau) + sz}Fmﬁ ,
(6.14)
- - 1 ~ A B
9a0uFup — 0p0uFua = 5 (0104 )Fap + (5 (0,01) — imz]F“B :
(6.15)

They are connected with (6.11,6.13) by the dual transformations.

The states corresponding to the new functions ¥(A), W(B) etc are not the parity
eigenstates. So, it is not surprising that we have Fys and its dual F4p in the same
equations. In total we have already eight equations.

One can also consider the most general case

yw) _ (aF4i + bFai + ceyjrFix + deijk?]‘k) . (6.16)

eFai + fFai + gegjiFix + heyiFix

So, we shall have dynamical equations for Fyps and F«p with additional parameters
a,b,c,d,... € C. We have a lot of antisymmetric tensor fields here. However,

e the covariant form preserves if there are some restrictions on the parameters,
only. Alternatively, we have some additional terms of 33 or V?;

e both F, and F,,, are present in the equations;

e under the definite choice of a,b,c, d... the equations can be reduced to the
above equations for the tensor A, and its dual:

= C3 Cyg ~
Huv =c1Fpy +coFpy + ieuvchF(xB + 7€uvoc[5Foc[3 ) (6.17)

e the parity properties of ¥(W) are very complicated.

Anther way of constructing the equations of high-spin particles has been
given in [22,17].* Bargmann and Wigner claimed explicitly that they constructed

* On can also obtain the s = 0 Kemmer equations on using the Bargmann-Wigner proce-
dure. One should use the antisymmetric second-rank multispinor in this case.
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(2s + 1) states.” Below we present the standard Bargmann-Wigner formalism for
the spin s = 1 (and turn to the standard pseudo-Euclidean metric):

[iy*0, —ml, 5 ¥py =0, (6.18)
[y, —m] s Yap =0, (6.19)

If one has
Yiap) = (V*R)apAu + (0" R)apFuv (6.20)

with®
io [© O 0—1
— olo _

R=e (o —@) 8_(1 0) (6.25)

in the spinorial representation of y-matrices, we obtain the Duffin-Kemmer-Proca
equations:

m

0Fap = 5 Au, (6.26)

2mF iy = 0 Ay — 0y A, . (6.27)

In order to obtain these equations one should add the equations (6.18,6.19) and
compare functional coefficients at the corresponding commutators, see Ref. [17].
After the corresponding re-normalization A,, — 2mA,, (or F*¥ — (1/2m)F*Y), we
obtain the standard textbook set:

0%Fou = M?A,, (6.28)
Fuv = 0,A, — 0 A, . (6.29)

It gives the equation (6.7) for the antisymmetric tensor field. Of course, one can
investigate other sets of equations with different normalization of the F,, and
A, fields. Are all these sets of equations equivalent? As we see, to answer this
question is not trivial. It was argued that the physical normalization is such that
in the massless limit the zero-momentum field functions should vanish in the
momentum representation (there are no massless particles at rest). Moreover, we
advocate the following approach: the massless limit can and must be taken in the
end of all calculations only, i. e., for physical quantities.

How can one obtain other equations following from the Weinberg-Tucker-
Hammer approach? The recipe for the third equation is simple: use, instead of
(o"YR)F,~, another symmetric matrix (y>o*VR)F,.

5 The Weinberg-Tucker-Hammer theory has essentially 2(2s + 1) components.
% The reflection operator R has the properties

R"=-R, RT=R=R", (6.21)
Ry R=(")T, (6:22)
ROYR=—(y")", (6.23)
RT¢"R=—(c"")". (6.24)



6 Notoph-Graviton-Photon Coupling 81

After taking into account the above observations let us repeat the procedure
of derivation of the Proca equations from the Bargmann-Wigner equations for a
symmetric second-rank spinor. However, we now use

Yiap) = (Y"R)ap(camAy +cfFy) + (UHVR)ap (CAm('YS)pBAp.V +erlppFuv),
(6.30)
with the same R and © as above. Matrices y* are again chosen in the Weyl (spino-
rial) representation, i.e., v> is assumed to be diagonal. Constants c; are some
numerical dimensionless coefficients. The properties of the reflection operator R
are necessary for the expansion (6.30) to be possible in such a form, i.e., in order to
have the Y*R, 0*VR and > 0"V R to be symmetric matrices.
The substitution of the above expansion into the Bargmann-Wigner equations,
Ref. [17], gives us the new Proca-like equations:

cam(d,Ay — 0vA) +cr(0,Fy — 0yF,) = icam?enpvA*P + 2merF(6.31)
cam?A, +cemF, =icame vapd AP + 2cFdVF,y . (6.32)

Inthecasecq =1,cF = 15 and c¢ = ca = 0 they are reduced to the ordinary Proca
equations.” In the general case we obtain dynamical equations which connect the
photon, the notoph and their potentials. The divergent (in m — 0) parts of field
functions and those of dynamical variables should be removed by correspond-
ing gauge (or Kalb-Ramond gauge) transformations. It is well known that the
notoph massless field is considered to be the pure longitudinal field after one
takes into account 9,,A"Y = 0. Apart from these dynamical equations we can
obtain a number of constraints by means of the subtraction of the equations of the
Bargmann-Wigner system (instead of the addition as for (6.31,6.32)). They read

mcq0rA, +cedtfy, =0, (6.33)
i

2cFeana“FﬁV =0, (6.34)

mca0%Aqy +

that suggests F*¥ ~ imA"Y and f* ~ mA", as in [12].
Thus, after the suitable choice of the dimensionless coefficients c; the La-
grangian density for the photon-notoph field can be proposed:

1 1

L= £Proce 4 LNOWOPR — — Fy PR — R Y
mz mz
A T ALARY (6.35)

The limit m — 0 may be taken for dynamical variables, in the end of calculations
only.

7 We still note that the division by m in the first equation is not the well-defined operation
in the case if someone is interested in the subsequent limiting procedure m — 0. Probably,
in order to avoid this obscure point one may wish to write the Dirac equations in the
form [(iy"*0d.)/m — I1P(x) = 0, which follows straightforwardly in the derivation of the
Dirac equation on the basis of the Ryder relation [7] and the Wigner rules for the boosts
of the field functions from the zero-momentum frame.
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Furthermore, it is logical to introduce the normalization scalar field ¢(x), and
consider the expansion:

Yiap) = (V" R)ap (@A) + (6" R)apFpv - (6.36)

Then, we arrive at the following set

2mF,y = (P(auAv —0vAL) + (au(P)Av - (av(P)Au) (6.37)
N m
0 Fuv = ?(@Au)) (638)

which in the case of the constant scalar field ¢ = 2m can also be reduced to the
system of the Proca equations. The additional constraints are

(4 @)A, + @(0*A,) =0, (6:39)

.Y =0. (6.40)

At the moment it is not yet obvious, how can we account for other equations

in the (1,0) @ (0, 1) representation, e.g. [7b], rigorously. For instance, one can wish

to seek the generalization of the Proca equations on the basis of the introduction

of two mass parameters m; and m;. But, when we apply the BW procedure to the

Dirac equations we cannot obtain new physical content. Another equation in the
(1/2,0) @ (0,1/2) representation was discussed in Ref. [26]. It has the form:

[iy* 9, — mi —y>m2] ¥(x) = 0. (6.41)

The Bargmann-Wigner procedure for this system of equations (which include the
7 matrix in the mass term) yields:

2myFYY 4+ 24mo Y = @(0RAY — 9VAH) + (3R @)AY — (Y @)AM, (6.42)
v m
0 Fuy = 5 (9AL), (6.43)

with the constraints

(0% ¢)A, + @(HA,) =0, (6.44)
~ im
0 Fuy = Tz((pAu). (6.45)

In general, we can now use the four different mass parameters in the equations

which are analogous to (6.18,6.19). However, the equality of mass factors® (mgI ) =
mgz) and mg) = méz)) is obtained as necessary conditions in the process of
calculations in the system of the Dirac-like equations.

In fact, the results of this paper develop the old results of Ref. [12]. According
to [12, Eqs.(9,10)] we proceed in constructing the “potentials” for the notoph as

follows:®
Auwv(p) =N e (p)elP (p) — eV (pleld (p)] - (6.46)

8 Here, the superscripts (1) and (2) refers to the first and the second equations, respectively,
in the modified Bargmann-Wigner system.
° The notation is that of Ref. [12] here.
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We use explicit forms for the polarization vectors (e.g., Refs. [21] and [5, formu-
las(15a,b)]) boosted to the momentum p:

0 0
1 1 0 1 1
n - p _ RO 1) =

e"(0,+1) = 7| ,€"(0,0) ol € (0,—1) 7l (6.47)

0 1 0

and (pi = pi/Ipl, Y = Ep/m), Ref. [21, p.68] or Ref. [19, p.108],

e"(p,0) = L* ,(p)e”(0,0), (6.49)
L% s(p)=v, L' op)=L° i(p)=P:iV¥2—1, (6:49)
L' w(p) =0 + (v — 1)PiPx - (6.50)

N, the normalization factor, should be taken into account for possible analyses of
propagators and massless limits. After substitutions in the definition (6.46) one
obtains

0 —p2 P1 0
‘N2 PrP1 P2P3
awvpy = D[ P2 0 TR e | (65
m —p1—m-= Po+m 0 " pot+m
0  _p2ps Pips 0
Pot+m Pot+tm

i.e., it coincides with the longitudinal components of the antisymmetric tensor ob-
tained in Refs. [7a,Eqs.(2.14,2.17)] and [5, Egs.(17b,18b)] within the normalization
and different forms of the spin basis. The A, (p) potential reduces to zero in the
limiting case (m — 0) under appropriate choice of the normalization N = m%,
a > 1/2. If N = \/m this reduction of the non-transverse state occurs if a s = 1
particle moves along with the third axis OZ.1° It is also useful to compare Eq. (6.51)
with the formula (B2) in Ref. [8] in order to think about correct procedures for
taking the massless limits.

Next, the Tam-Happer experiments [27] on two laser beams interaction did
not find satisfactory explanation in the framework of the ordinary QED (at least,
their explanation is complicated by huge technical calculations). On the other hand,
in Ref. [28] a very interesting model has been proposed. It is based on gauging the
Dirac field on using the coordinate-dependent parameters o (x) in

D) = () = 0blx), Q=exp Bc*”ocw(x)} , (6.52)

and, thus, the second “photon” was introduced. The compensating 24-component
(in general) field B, v reduces to the 4-vector field as follows (the notation of [28]
is used here):

1
Bp,v?x = Zepv)\cac(x) . (653)

19 But, even in this case we cannot have a good behaviour of the 4-vector fields/potentials
in the massless limit in the instant form of the relativistic dynamics, cf. [8].
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As readily seen, after comparison of these formulas with those of Refs. [12-14], the
second photon is nothing more than the Ogievetskii-Polubarinov notoph within the
normalization. Parity properties are dependent not only on the explicit forms of the
momentum-space field functions of the (1/2,1/2) representation, but also on the
properties of corresponding creation/annihilation operators. Helicity properties
depend on the normalization.

6.3 The Standard Bargmann-Wigner Formalism Applied for
Spin 2

In this Section we use the commonly-accepted procedure for the derivation of
higher-spin equations [22]. We begin with the equations for the 4-rank symmetric
spinor:

[iy*o, —m] . Yorpys =0, (6.54)
"o, —mlge Yaprys =0, (6.55)
[Ly*0u —ml],, Yapys =0, (6.56)
[iy"0, —mlss Yapys =0. (6.57)

The massless limit (if one needs) should be taken in the end of all calculations.
We proceed expanding the field function in the set of symmetric matrices (as
in the spin-1 case, cf. Ref. [5]). In the beginning let us use the first two indices:!!

W{ocﬁ}yé = (YHR)KBW$5 + (O_uvR)chly;lg . (658)

We would like to write the corresponding equations for functions W and W in
the form:

2

o, kY =y, (6.59)
v

iy = o [y, —ovwly) (6.60)

Constraints (1/m)d, W55 = 0and (1/m)e"" auw;‘g = 0 can be regarded as the
consequence of Egs. (6.59,6.60).
Next, we present the vector-spinor and tensor-spinor functions as

Yiey = (Y RlysG ¥+ (0" R)ysFict (6.61)
WIS = (V*R)ys T *Y 4 (08 R)ysR MY, (6.62)

i. e., using the symmetric matrix coefficients in indices y and é. Hence, the total
function is

Yiapiysy = (YuR)ap (YR)ys G " + (YuR)ap (0°TR) s F 4
+ (GuvR)sz (VKR)véTK Y+ (quR)sz (UKTR)yéRKTHV y (6.63)

I The matrix R can be related to the CP operation in the (1/2,0) & (0, 1/2) representation.
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and the resulting tensor equations are:

2 v Y%

HaHTK W=—G, ", (6.64)

2 v %

HGHRKT” =—F..", (6.65)

1

T, "W =—I["G, V—-0"G, "], (6.66)
2m

R, = L [P"F .Y —0VF. "l . (6.67)
2m

The constraints are re-written to

1 1
—0,G, =0, —a.F
m H>Kk ) 53

1 1
aeCXBVHao‘TK Y = 0, EetxﬁvuaaRKTﬁv =0. (669)

|<’tLL =0, (6.68)

However, we need to make symmetrization over these two sets of indices {3}
and {y}. The total symmetry can be ensured if one contracts the function W4 g}(ys)
with antisymmetric matrices REL, (R""yv?)py and (R~ 'y°y*)p,, and equate all
these contractions to zero (similar to the s = 3/2 case considered in Ref. [17, p. 44].
We obtain additional constraints on the tensor field functions:

G, "*=0, Gru=0, GK“:%gK“GV v, (6.70)
Fot =Fut =0, €™Fe, =0, (6.71)
T =T =0, "™ T =0, 6.72)
FEOR =TT eNTAMF L+ Tor) =0, (6.73)
R =R, M =R =R, =R, =0, (6.74)
"B (gpRutva — 9prRvapux) =0 €“™YRyr 1y = 0. (6.75)

Thus, we encountered with the well-known difficulty of the theory of spin-2
particles in the Minkowski space. We explicitly showed that all field functions
become to be equal to zero. Such a situation cannot be considered as a satisfactory
one (because it does not give us any physical information), and it can be corrected
in several ways.!?

6.4 The Generalized Bargmann-Wigner Formalism for Spin 2

We shall modify the formalism in the spirit of Ref. [30]. The field function (6.58) is
now presented as

\y{oc(i}yé = X (YuR)zxﬁ‘y—t@ + “Z(GuvR)zxﬁ‘y;Lg + &3 ('YSO-LWR)OL[S{PHV (676)

Y8

12 The reader can compare our results of this Section with those of Ref. [29]. I became aware
about their consideration from Dr. D. V. Ahluwalia (personal communications, May 5,
1998). I consider their discussion of the standard formalism in the Sections I and II, as
insufficient.
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with
W= By R)ysGy M+ B2(0"R)ysFer + Ba(Y O R)ysFct,  (677)
YR = Ba(y*R)ye T, MY+ Bs(05™R)y R MY + Bo(y7 0" R) R H,(6.78)
YR, = B7(Y*R)ysTe ™Y + Bs(0""R)ysD o™ + Bo (v 0" "R)ysD . "(6.79)
Hence, the function W )ys) can be expressed as a sum of nine terms:
Yiapyys) = ®1B1(VuR)ap (Y*R)ys G M + a1 B2(VuR)ap (0" R)ysF H +
+ a1B3(VuR)ap (Y 0" R)ysF o™ + +02Ba(0pvR) ap (YR)ys T ™Y +
+ x2Bs5(0 wv R)« ( KTR)VERKTHV + OCZBG(O-LWR)“B (VSO—KTR)VBRKT

(
+ o3B7(Y 0 R)ap (YR)ys T ™Y + a3Bs(¥°0uvR)ap (05TR)y5D o MY
+ o3B9 (Y’ 0uvR)ap (Y 05 R)ys D MY (6.80)

The corresponding dynamical equations are given by'?

2 i T
“264 ——0+ T By 4 weuvaﬁav—rhaﬁ =& B1 GK H’ (681)
m m

2 . ~ ] ~
235 avRKTW n ixzPB6 eaﬁKTavaB,uv + %euvaﬁava’“B _

m m
o i =
_ %euV“BEASKTDAB“B = X1 BzFKTH‘F ]2[53 echKTF‘Xﬁ»N’ (682)

202B34T, Y +10€3f37€“[3wi<,af5 =

B gug Y_ovG, M),  (6.83)
m

202B5R MY + 13 B3PV D r ap + 102 BeEaprREPHY

X3[9
B €“BuV€A6KTD)\B

2
= “sz (0MF, ¥ — 0"Fo M) + 1";“‘153 Caprr(QMFEPY —QYF*BM) (6.84)
The essential constraints are:
a1 P1G* =0, a1B1G =0, (6.85)
2io BaFo, + ar B3e e =0, (6.86)
21 B3Focu + X7 f)ze KT w = 0 (6.87)
2i00B4TH o — a3B7€ BT rp =0, (6.88)
2107 TH o — 2Bae BT r =0, (6.89)

3 All indices in this formula are already pure vectorial and have nothing to do with
previous notation. The coefficients «; and (3; may, in general, carry some dimension.
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{eMVKT WZBGﬁKT,HV + o3 [38]5,“’”\, + ZazﬁsRHVuv + 2“3B9DHVHV =0,

(6.90)
{ehvKT [0(2[35RKT,LW + (X3B9DKT,HV] + 2062[-)’6§HV“V + 203 BS]SFWHV = O>(6.91)

2o BsRy MY + 2iasBoD g M + caBee g RM ., + a3Bse¥ g DM, =0,
(6.92)

200 Bo M — 210 BT, M + o B3 e, + a3B7e MM 1 = 0, (6.93)
2o B3P, — 2iaa BT, M+ o o€ M e, + 02 Bae M T 1 = 0, (6.94)

a1 B1(2GY o — gt (G* ) —200B5(2RM + 2R M+ gt (RMY,)
+ 203Bo (2D + 2D M + g DMY,)
+ 210‘368(€Ko¢uV6KAHv - €KTH7\]5KT,M.(X) -

— 210 Bs(e 0 VR 1y — €M Ryr o) =0, (6.95)

203B5(2DM, + 2D N + ¢* (DMY,,) — 20aB6(2RM, + 2R M +
+ 00 GRMYL) + 210 Bole (YDA L, — €D e o) —

— 2l Bs (e VR, — €5 Rer ua) =0, (6.96)

B,A A, A AB
o1 B2 (F¥PA — QPR PR ghocFam ghBy
_0(2[34(]'?\»06[3_2]'[3»7\0&_’_‘[” lwég?\B'_TH ul397\0<)+

+ %O(] [33(€KTO([3FKT}\ + Ze}mocBFKuu + 2€HK(XBF)\ K,u) .

- %ogﬁy(e‘”“ﬁf)‘ Ly + 26T g gerRaBT Ay 0, (6.97)
They are the results of contractions of the field function (6.80) with six
antisymmetric matrices, as above. Furthermore, one should recover the rela-
tions (6.70-6.75) in the particular case when a3 = B3 = B¢ = P9 = 0 and
xp=0=PB1=P2=Ps=Ps=P7r=Ps=1.

As a discussion, we note that in such a framework we have physical content
because only certain combinations of field functions can be equal to zero. In
general, the fields F", o™, Te ™Y, Te ™Y, and Ree™, R, D™, D™ can
correspond to different physical states and the equations above describe couplings
one state with another.
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Furthermore, from the set of equations (6.81-6.84) one obtains the second-order
equation for the symmetric traceless tensor of the second rank (a; # 0, 31 # 0):

1
505046, Y= 0,076, M =G, . (6.98)

After the contraction in indices k and p this equation is reduced to

9.G* , =Fa, (6.99)
1 x

i. e, to the equations connecting the analogue of the energy-momentum tensor
and the analogue of the 4-vector potential (the additional notoph field as opposed
to the Logunov theory?). As we showed in our recent work [30] the longitudinal
potential may have importance in the construction of electromagnetism (see also
the works on the notoph and notivarg concept [31]). Moreover, according to the
Weinberg theorem [9] for massless particles it is the gauge part of the 4-vector
potential ~ 9,x, which is the physical field. The case, when the longitudinal
potential is equated to zero, can be considered as a particular case only. This
case may be relevant to some physical situation but hardly to be considered as a
basis for unification. Further investigations may provide additional foundations
to “surprising” similarities of gravitational and electromagnetic equations in the
low-velocity limit, Refs. [32-34,36].

6.5 Interactions with Fermions

The possibility of terms as o - [A x A*] appears to be related to the matters of chiral
interactions [38,39]. As we are now convinced, the Dirac field operator can be
always presented as a superposition of the self- and anti-self charge conjugate field
operators (cf. Ref. [37]). The anti-self charge conjugate part can give the self charge
conjugate part after multiplying by the v° matrix, and vice versa. We derived!*

[iy* D}, — mhp§ =0, (6.102)

orlS

[iy"Dy—mpps =0. (6.104)

!4 The anti-self charge conjugate field function 1> can also be used. The equation has then
the form:

y"Dj + mips = 0. (6.101)

15 The self charge conjugate field function {1 also can be used. The equation has the form:

[iy"Dy + mlp =0. (6.103)

As readily seen, in the cases of alternative choices we have opposite charges in the terms
of the type 0 - [A X A*] and in the mass terms.
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Both equations lead to the terms of interaction such as o - [A x A*] provided that
the 4-vector potential is considered as a complex function(al). In fact, from (6.102)
we have:

io"Vux1 —md; =0, (6.105)

ié”Vﬁcp] —mxi = 0. (6106)
And, from (6.104) we have

0" Vix2 —md2 =0, (6.107)

Vb, —mye =0. (6.108)

The meanings of o* and &* are obvious from the definition of y matrices. The
derivatives are defined:

D, =0, —iey’Cy +eBy,, V,=209,—1ieA,, (6.109)

and A, = C, + iB,.. Thus, relations with the magnetic monopoles can also be
established.

(From the above system we extract the terms as +eloto) AiA;‘, which lead to
the discussed terms [38,39].1¢ Furthermore, one can come to the same conclusions
not applying to the constraints on the creation/annihilation operators (which we
have previously chosen for clarity and simplicity in Ref. [39]). It is possible to
work with self/anti-self charge conjugate fields and the Majorana anzatzen. Thus,
in the considered cases it is the y° transformation which distinguishes various
field configurations (helicity, self/anti-self charge conjugate properties etc) in the
coordinate representation.

6.6 Boson Interactions

The most general relativistic-invariant Lagrangian for the symmetric 2nd-rank
tensor is

L£=—0a1(0%Gan)(0pGPY) — a2(94GP)(0%Gpa)

— 03(0%GPM) (03 Gan) + M?Gup G*P. (6.110)

It leads to the equation
(0207 +m?] G + (07 + a3)0™ (94, G *V) = 0. (6.111)
In the case &, =1 > 0 and o1 + &3 = —1 it coincides with Eq. (6.98). There is no

any problem to obtain the dynamical invariants for the fields of the spin 2 from
the above Lagrangian. The mass dimension of G*" is [energy]’.

1T am grateful to Prof. S. Esposito for the e-mail communications (1997-98) on the alterna-
tive proof of the considered interaction. We would like to note that the terms of the type
0 - [A x A*] can be reduced to (0 - V)V, where V is the scalar potential.
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We now present possible relativistic interactions of the symemtric 2nd-rank
tensor. They should be the following ones:

LT ~ GuyFHFY, (6.112)
LB~ (%G )FY, (6.113)
L3~ Guv(0"FY). (6.114)

The term ~ (0,G%, )F* vanishes due to the constraint of tracelessness. Obviously,
these interactions cannot be obtained from the free Lagrangian (6.110) just by the
covariantization of the derivative 9,, — 9,, + gF,.

It is also interesting to note that thanks to the possible terms

V(F) = B (FuF¥) + B2 (FuFH) (FyFY) (6.115)

we can give the mass to the Gop component of the spin-2 field. This is due to the
possibility of the Higgs spontaneous symmetry breaking [40]

v+ 0ox(x)
F(x) = 3; , (6.116)
g
with v being the vacuum expectation value, V2 = (FuF*) = —B1/2B2 > 0. Other

degrees of freedom of the 4-vector field are removed since they can be interpreted
as the Goldstone bosons. It was stated that “for any continuous symmetry which
does not preserve the ground state, there is a massless degree of freedom which de-
couples at low energies. This mode is called the Goldstone (or Nambu-Goldstone)
particle for the symmetry”. As usual, the Higgs mechanism and the Goldstone
modes should be important in giving masses to the three vector bosons.!” As one
can easily see, this expression does not permit an arbitrary phase for F*, which is
possible only if the 4-vector would be the complex one.

Next, due to the Lagrangian interaction of fermions with notoph are of the
order e? since the beginning (as opposed to the interaction with the 4-vector
potential A,,), it is more difficult to observe it. However, as far as I know the
theoretical precision calculus in QED (the Landé factor, the anomalous magnetic
moment, the hyperfine splittings in positronium and muonium, and the decay rate
of 0-Ps and p-Ps) are about the order corresponding to the 4th-5th loops, where
the difference may appear with the experiments [41,42].

71t is interesting to note the following statement (given without references in
wikipedia.org): “In general, the phonon is effectively the Nambu-Goldstone boson for
spontaneously broken Galilean/Lorentz symmetry. However, in contrast to the case of
internal symmetry breaking, when spacetime symmetries are broken, the order parameter
need not be a scalar field, but may be a tensor field, and the corresponding independent
massless modes may now be fewer than the number of spontaneously broken generators,
because the Goldstone modes may now be linearly dependent among themselves: e.g.,
the Goldstone modes for some generators might be expressed as gradients of Goldstone
modes for other broken generators.”
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6.7 Conclusions

We considered the Bargmann-Wigner formalism to derive the equations for the
AST field and for the symmetric tensor of the 2nd rank. We introduced additional
scalar normalization field in the Bargmann-Wigner formalism in order to take
into account possible physical significance of the Ogievetskii-Polubarinov—Kalb-
Ramond modes. We introduced the additional symmetric matrix in the Bargmann-
Wigner expansion (y®c*VR) in order to take into account the dual fields. The
consideration is similar to Ref. [43].

Furthermore, we discussed the interactions of notoph, photon and graviton
(and, probably, notivarg'®). For instance, the interaction notoph-graviton may
give the mass to spin-2 particles in the way which is similar to the spontaneous-
symmetry-breaking Higgs formalism.
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