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Preface

The beautiful environment of Lake Bled and the cosy Villa Plemely have once
again proven to be the stimuli that brightened up the atmosphere at this year’s
Mini-Workshop on Effective Quark-Quark Interaction. In spite of its title, the
Workshop was general enough to include confrontations of meson-exchange and
gluon-exchange forces, to question the need for three-body forces, as well as to
discuss the restoration of chiral symmetry, deconfinement, and diquark cluster-
ing. We were eager to hear about the new experimental evidence of tetraquarks
and pentaquarks, and latest results which will help us understand the nucleon
and A form-factors and, to a large extent, the importance of relativity.

The series of Mini-Workshops at Bled which started in 1987, has established its
peculiar character of friendly yet critical exchange of ideas. The scope of these
small-scale meetings therefore remains to confront people working on closely re-
lated problems in hadronic physics, and to engage participants in comprehensive
discussions without the time constraints of “official” meetings. This format and
spirit of the Workshop has by now become traditional, and we are pleased to see
that our guests invariably enjoy it. The Proceedings, initially published only in
a web-edition, have also evolved into a full-fledged serial publication. We issue
this booklet to help you better remember the flavour of the discussions, the im-
pressive results, some credible and some less credible conclusions, and to help
you see which gaps you would like to fill at the next Mini-Workshop.

Ljubljana, November 2003 B. Golli
M. Rosina
S. Sirca
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IN PHYSICS I! Effective q-q Interaction (p.1)
VoL. 4, No. 1 Bled, Slovenia, July 7-14, 2003

Point-Form and Instant-Form Calculations of
Electromagnetic Form Factors*

K. Berger

Institut fiir Theoretische Physik, Universitit Graz, Universitdtsplatz 5, A-8010 Graz,
Austria

1 Introduction

In the nonperturbative regime of quantum chromodynamics (QCD), low-energy
phenomena of hadrons are suitably described by constituent quark models
(CQMs). These models incorporate relativity and the relevant properties of QCD
such as, e.g., the spontaneous breaking of chiral symmetry (SBxS), which can
be considered as being responsible for the appearance of (nearly) massless Gold-
stone bosons and constituent quarks. The latter can be viewed as relativistic quasi-
particles with a dynamically generated mass, and - together with the Goldstone
bosons - they represent the new degrees of freedom at low energies [11].

Based on this observation the Graz group constructed the so-called Gold-
stone-boson-exchange (GBE) CQM [9]. The three-quark Hamiltonian of this mo-
del consists of a relativistic kinetic-energy operator, a linear confinement potential
and a hyperfine interaction derived from GBE.

The GBE CQM turned out to be rather successful in describing the spectra
of all light and strange baryons in a unified framework [8], thereby resolving
some long-standing problems in baryon spectroscopy, such as the level ordering
of positive- and negative-parity nucleon excitations.

Beyond spectroscopy, the validity of any CQM has to be tested with regard
to other observables, e.g., the electroweak nucleon structure. Up till now the GBE
CQM has been found to be very adequate for the description of electromagnetic
and axial form factors of the nucleons [17,6,10], baryon electric radii and magnetic
moments [4,5]. The direct predictions obtained in the point-form approach to rel-
ativistic quantum mechanics agree surprisingly well with phenomenology in all
cases where experimental data exist. Furthermore the GBE CQM has been suc-
cessfully applied in studies of tetraquarks, pentaquarks [15], the N-N interaction
[3] as well as mesonic resonance decays [14].

The performance of the GBE CQM with respect to the covariant description
of the electroweak nucleon structure along the point form is critically discussed
by Robert Wagenbrunn in his contribution to this Workshop [16]. Here we con-
centrate on a comparison of the point-form approach to the one along the instant
form. We shortly outline the differences in the two formulations and provide a

* This work was supported by the Austrian Science Fund, project no. P14806-TPH.



2 K. Berger

quantitative comparison of the corresponding results for a two-body toy model
and for the realistic case of the nucleons (using the wave functions of the GBE
CQM).

2 Formalisms of the Calculation of Form Factors

In order to reach a reasonable description of the three-quark system, relativistic
effects have to be properly taken into account. The demand of Lorentz covari-
ance can be satisfied in the framework of Poincaré-invariant quantum mechanics.
Among the several possibilities already outlined by Dirac [7], we consider in the
first instance the point-form approach [12].

2.1 Point Form

The point form is characterized by the property that the interactions are con-
tained only in the generators of the space-time translations, namely, the four-
momentum operator P*. The fundamental operator equations — known as the
point-form equations — are written in terms of the four-momentum operator as

[PH,P¥] =0 (1)
UAPHUL! = (ATHEPY, )

with UA a unitary operator representing the Lorentz transformation A. Since
the Lorentz boost transformations and the spatial rotations remain purely kine-
matic, the theory is manifestly covariant. Starting out from the free mass opera-

tor Mgree = 4/ PfiooPiree,u the interaction can be introduced into the theory via the
Bakamjian-Thomas construction [2] defining the full mass operator by

M = V PuP, = Mfree + Mint~ (3)

The interacting mass operator My is obtained by replacing the free Hamiltonian
Hree by the full Hamiltonian H = Hgee + Hint, where Hint is the quark-quark
potential. Then the four-momentum operator takes the following form

PH = P!

free

+ Ph =MVH = (Mfree + ]vlin’t)\/lvL (4)

int —

with V* the free four-velocity operator. The eigenstates ¥ and eigenvalues Mg of
the system can be obtained by solving the eigenvalue equation of the full mass
operator

MY = MzV. ®)

Velocity States The free three-body states (as simultaneous eigenstates of the
operators P}, Mgee, and Hiree)

free”

[p101;P202;P303) (6)
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of three spin-% particles with masses m;, four-momenta p;, and z-projections o}
of the spins (with i = 1,2,3) can be constructed as direct products of single-
particle states just as in nonrelativistic quantum mechanics. The Lorentz transfor-
mations of these states

UA\mm;szz;psﬁs) =

H D2, o, Rw (pi, A)lI(Ap1)01; (Ap2)o%; (Aps)os) )

involve three different Wigner rotations Rw (pi,A) = B~'(Api)AB(pi). Here,
B(pi) is a canonical (i.e. rotationless) spin boost.

For the calculation of the invariant form factors it is convenient to introduce
so-called velocity states defined by

v, ki kzuz; k3usz) = Up(y) ki kapz; kaps)

Z HDGIM [Rw (ki, B(W))llp101;p202;p303), (8)

01,02,03 i=1

where [k 15 k2p2; k3ps) are three-body states satisfying the constraint ) _; ki = 0.
The action of general Lorentz transformations on these velocity states is given by

Unvi ks ko ksps) = UaUg ks ko pzs ksps)
= Ug(Av) URW\k1 Hiskapz; kaps)

= Z HD (Rw)IAV; (Rwki)uy; (Rwkz)ug; (Rwks)ps).

FH U—z Flg,l 1

©)

It is significant that each individual quark momentum in the velocity states is
rotated by the same Wigner rotation Ry = B~!(Av)AB(v). This fact allows the
treatment of spin and orbital angular momentum in the same way as in non-
relativistic quantum mechanics. The individual-particle momenta p; and k; are
related by p; = B(v)k; with }_; ki = 0. It should be noted that Velocity states are
simultaneous eigenstates of the (interaction-free) operators M., V¥, and P,
respectively.

In detail we write the baryon eigenstates [V) in any arbitrary frame P = Mgv

free”

as
‘\y> = ‘V, MB) ]v Z)) (10)

from where it is evident that they are simultaneous eigenstates of the full mass
operator M, the linear-momentum operator P", the total-angular-momentum op-
erator J?, and its z-component J,. Evidently they are also eigenstates of the four-
velocity operator V*.

Matrix Elements of Invariant Form Factors In order to calculate the electro-
magnetic form factors one has to evaluate the matrix elements of the current
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operator J*(x) sandwiched between eigenstates of the four-momentum oper-
ator P*. Using a generalized Wigner-Eckart theorem one can decompose these
current matrix elements into Clebsch-Gordan coefficients times reduced matrix
elements [12]. The latter can be identified with the invariant form factors. In the
standard Breit frame the initial and final four-momenta of the system are given
by Pin = Mg(cosh %, 0, 0, —sinh %) and P¢ = Mg (cosh %, 0, 0, sinh %), respec-
tively. The invariant momentum transfer along the z-axis can be written as

q? = —Q? = (Pt — Pin)? = —4M3 (sinh %)2. (11)

In the (standard) Breit frame the invariant form factor is given by

2\/MEMpFE, 5 (Q%) = (v/(st), Mg, ]', £ T (0)v(st), Mg, ], £).  (12)

Here X', ¥ are the invariant spin-projection labels and [v(st), Mg, ], Z) the baryon
eigenstates; in our case v(st) is the nucleon velocity. In the elastic case (M| = Mg)
the invariant form factors in the Breit frame can be expressed in terms of the
electric (Gg) and magnetic (Gnm) Sachs form factors of the nucleon

F0 — Gebyix (13)
. Q o
FZIZ = lmGMXl‘:,(O— X Z)X): (14)

with s the nucleon Pauli spinor.

PFSA Current For the practical calculation of the nucleon form factors defined
in Eq. (12) one has to use a suitable representation of the nucleon eigenstates in
the Hilbert space. For this purpose we employ the velocity states introduced in
Eq. (8). As a result the current matrix elements are then expressed in terms of
the individual quark coordinates. The corresponding integrals cannot be solved,
however, for any general three-body current operator. At this point one has to
make some simplification.

Here we assume the electromagnetic current to be a single-particle operator
Jh,(x), i.e. the virtual photon interacts only with one single quark and the other
two are spectators. Therefore this is called point-form spectator approximation
(PFSA). It can also be seen as a relativistic impulse approximation but specifically
in point form. It is characterized by the fact that the momentum q? = (Ps — Pin)?
transferred to the nucleon is different from the momentum transfer §? felt by the
struck constituent quark:

a2 = (p! —pi)? = (B (st)k! — Bu(st)]ki)” = Q2 # g2, (15)

In PFSA the matrix element of the single-particle current operator can then be
expressed as

(p101,P202, 50317}, (0)lp1071,p202,p303) = 2E22E;
x 8%(p2' —P2) 8% (P3 ' — P3)8os0,001 0, (P10711*(0)P107) (16)
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with By = {/pi?2 + miz. For the quark current j* we take the standard form for
the electromagnetic current operator of a pointlike Dirac particle with charge e;

(p{o{li*(0)lpioi) = e ulpy, o)y ulpi, 01) . (17)
The invariant form factors of the nucleon in PFSA can then be calculated by solv-
ing the multiple integrals
Fi s (Q%) =3 J dk;dk,dksdk;dk;dk) 8(ky + k2 + k3) 8(kj + k) + k3)

x83[kj — B! (Vout)B(Vin) k2] 83 [k — B! (Vout) B(Vin ) k3]
x ¥, (K, Ky Ky ut, wy, 13) $s (ki ko, k3w, 12, 13)

wiw; ! 1/2 * '
X [R k )Bvu ]
| @ 2wt Pty Rvlier, Blvou))

X{p1A1[i*(0)[pi1A1)D 7\1u [Rw (k1,B(vin))]
xD /%, Rw (k2, B~ (Vout)B(vin)]

><D‘/2 [Rw(ka, B~ (Vour)B(vin))] - (18)

Here, vi, and v,y are the initial and final four-velocities in the Breit frame, defined
by the nucleon total momentum as MgVvin = Pin and Mpvey: = P, respectively,
with Mp the nucleon mass. The center-of-momentum wave function V{5 (with
Z the nucleon total spin projection) depends on the individual intrinsic quark
momenta k; and on the spin projections ;. The electric form factor G of the
nucleon is given by the zero-component Fi;3, whereas the magnetic form factor
Gm can be obtained either from the FE,:Z] or the F;,:ZZ components in Eq. (18). Due
to current conservation, F;,:; must vanish.

2.2 Instant Form

In the instant form the interactions are contained in the three generators of the
canonical Lorentz boosts K and in the zero-component of the four-momentum
operator, namely the Hamiltonian H. The spatial components P of the linear mo-
mentum as well as of the angular momentum operator J remain kinematic. This
implies simple addition rules for spins and orbital angular momenta. In contrast
to the point form, the boost transformation of observables from one inertial frame
to another is complicated due to the interaction-dependence of the boosts.
Again, the interaction is introduced via the Bakamjian-Thomas construction
like in Eq. (3). Then the Hamiltonian H and the boost generators K are given by

H= \/MZ + Pfree - \/( Miree + Mint) + Pfree (19)
Prree X j
K= —Z {H) Xc‘free} - W (20)

where X free and j free are free auxiliary operators (for details see [13]).
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Momentum States In instant form, it is most convenient to use momentum
eigenstates (instead of the velocity states in point form). In any arbitrary frame
with momentum P they are given by the Lorentz transformation

3
[P, ki Hi) = Z H DO'i Wi [RW(ki» B(Pfree/Mfree))] |pi(7i)' (21)

01,02,03 i=1

Here, the relation between the individual momenta p; and k; is given by p; =
B(Pfree/ Miree )i, Where Mgee = Y, wj is the eigenvalue of the free mass operator

Miree With wi = \/ki2 + miz. Note that in instant form P = Pg.. The momentum

states |P, ki pi) are simultaneous eigenstates of the free four-momentum operator
Pt . and of the free mass operator Mee.
Now we write the baryon eigenstates [V) in any arbitrary frame P as

W) =1IP,J, I). (22)

Here it is emphasized that they are eigenstates of the four-momentum operator
PH. Evidently, they are also eigenstates of the mass operator M and the four-
velocity operator V¥; the latter, however, is no longer the free velocity (as in the
point form) but interaction-dependent.

Matrix Elements of Invariant Form Factors Using the notation of the states as in
Eq. (22) the invariant form factors in the Breit frame (cf. Eq. (12)) are given by

2\/MEMgFE 5 (Q%) = (Pr, ], Z/ITH(0)IPin, ], £). (23)

where the initial and final momenta Pi, and P are again related by Eq. (11).

IFSA Current For the calculation of the electromagnetic form factors already
defined in Eq. (23) we insert the completeness relation for the momentum states to
rewrite the current matrix elements in the Breit frame in terms of the elementary
degrees of freedom.

Now we make an analogous simplifying assumption about the current as
before in the point form in order to arrive at a single-particle operator. In partic-
ular, we replace the current operator by J}},(x), meaning that one quark is struck
by the virtual photon, whereas the other two are spectators. This is called the
instant-form spectator approximation (IFSA). In instant form, however, the spa-
tial components of the momentum transfer q on the nucleon coincide with the
momentum § transferred to the struck quark

q=Pi—Pin=p{—pi=4. (24)

This relation, which is evidently different from the one in point form, is a conse-
quence of the fact that in instant form the spatial components of the momentum
operator are interaction-free, while the boost operators do contain interactions.
Using the fact that for the spectator quarks i = 2, 3 the initial and final momenta
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are equal, p; = p{, one can derive a relation between the internal four-momenta
ki and k{ before and after the photon interaction

k‘ll = B (Pflree/Mflree ) -1 B (Pfree/Mfree ) ki . (25)

Assuming pointlike Dirac particles, the single-particle current takes the standard
form of Egs. (16) and (17). Finally, the IFSA expression for the invariant electro-
magnetic form factors in the Breit frame is

F, . (Q%) = 3Jdk1 dkydksdk)dkydkl 8(ky + ko +k3)8(ky '+ ko' + k3 ')

Pflree Piree
B(—)k
Mie My

free

PI
x &3 [ké — B (e )B(—Pfree )kz] 53 [k§ — B (e

Mflree Mfree
XIL‘Z' k] )k'Z)k'3v H] ) HZ) H3 le(k1 )kZ)kS) K1, K2, HS)

Pfree Piree Mree Ef free Ilw /2 * ! ! '
D,.", [Rwl(k:,B(P M
\/MI M MfreeEfree | | wy) ZE' AT [Rw( 1 ( free/ free))]

p])\ |J”\P17\1) )\{i] [RW(klyB(Pfree/Mfree))]
xD /% [Rw(k2, B! (Phoe/Miree)B(Piree/Mree) )]

xDZ/jM [Rw (K3, B~ (Plree/Miree) B(Piree/Mirce))] - (26)

Here, Efee = /P2 + 7\/lfree is the free energy. As before, the electric form factor G¢

of the nucleon is given by the zero-component F”,:S and the magnetic form factor
G either by F&7) or Fi772

3 Results

In this chapter we present the comparison of the point-form and instant-form
calculations of the electromagnetic form factors for a two-body toy model and for
a realistic three-body system, namely, the case of the nucleon in the relativistic
CQM with GBE hyperfine interactions. Always a single-particle approximation
to the full current operator is used, i.e. the results are obtained for the PFSA and
IFSA.

3.1 Two-Body System

For the comparison in case of a two-body system we first considered the Wick-
Cutkosky model, i.e. a system of two spinless particles interacting via the ex-
change of a scalar massless boson. The same case has been studied before by A.
Amghar et al. [1], and we have essentially recovered the same results. For both
the scalar and vector form factors the IFSA and PFSA results are quite similar for
low momentum transfers, while they become very distinct at higher momentum
transfers.

As anext case we have examined a two—body system with spin. In particular,
we have calculated a system of two spin-1 particles with the same type of mutual
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interaction as in the Wick-Cutkosky model (exchange of a scalar massless boson).
Here one has four form factors, one for total spin S = 0 and three for S = 1. In
Fig. 3.1 below we only show the electric and magnetic form factors for S = 1,
Ge(Q?) and Gm(Q?), respectively. We demonstrate the behavior of the IFSA and
PFSA results and give a comparison to the predictions in nonrelativistic impulse
approximation (NRIA) for a certain weak coupling strength characterized by the
value M /m = 1.784 for the ratio of the total to the constituent mass. It is evident
that at low momentum transfers the IFSA and PFSA results are rather similar.
The differences grow towards higher momentum transfers. The PFSA results are
always lower than the ones of the IFSA; the latter are practically intermediate to
the NRIA results. Qualitatively these characteristics are found for all form fac-
tors, also the ones not shown here. The discrepancies even grow if the coupling
strength is increased.

o Ll )
100,01 0.1 1 10 1c

Fig.1. Electric and magnetic form factors for a two-body system of spin-1 particles with
total spin S = 1 calculated in PFSA (solid line), IFSA (dashed-dotted line), and in NRIA
(dashed line).

3.2 Three-Body System

Here we consider the same comparison as above but for the case of the nucleon
with a realistic wave function and all spins properly included. In Fig. 3.2 we re-
peat the PFSA results as obtained before with the GBE CQM [17,6,10] and contrast
them to the analogous predictions in IFSA and to the NRIA results. It is immedi-
ately evident that the IFSA is always very distinct from the PFSA, even at rather
small momentum transfers. In IFSA the momentum dependence of the form fac-
tors is nowhere matching the one demanded by the experimental data. Not even
the electromagnetic observables at Q? = 0, namely the electric radii and mag-
netic moments, can be reproduced in a reasonable manner. In fact, the IFSA is
quite similar to the NRIA, at least in case of the electric form factors.

In view of the present comparison it appears even the more remarkable that
the PFSA results incidentally agree with the experimental data in all aspects in-
vestigated so far (electromagnetic and axial nucleon form factors, electric radii
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and magnetic moments of the proton, the neutron and other light and strange
baryons [17,6,10,4,5]). Note that we are here dealing with direct predictions of the
CQM with no additional parameters introduced in the calculation of the form fac-
tors. In order to bring the IFSA results closer to the experimental data one would

have to include further ingredients like, e.g., quark form factors.
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Fig. 2. Electric (upper) and magnetic (lower) form factors of the proton (left) and neutron
(right) calculated in PFSA (solid line), IFSA (dashed-dotted line), and in NRIA (dashed
line) for the case of the GBE CQM.

4 Conclusion and Outlook

We have made a consistent comparison of the spectator approximation for the
electromagnetic current operator in the point and instant forms. The differences
of the PFSA and IFSA results for the form factors are demonstrated for two-
and three-body bound states of spin-1 particles. In all cases big discrepancies
are found between the PFSA and IFSA results. Regarding the nucleon form fac-
tors, the PFSA predictions of the relativistic GBE CQM are remarkably close to
the experimental data up to momentum transfers of Q2 ~ 1 GeV2. The analogous
IFSA results fail in all respects.
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In the context of the present comparison a number of intriguing questions
arise. For instance, one must ask what is effectively included (from possible many-
body currents) in the spectator approximation in either approach. It is clear that
the PFSA current corresponds to a many-body current in instant form and vice
versa. Furthermore, each formulation has its own deficiencies. The PFSA current
(a-priori) does not strictly fulfill current conservation, even though the violation
has been found to be small [16]. Current conservation is also violated in the IFSA.
In addition, the IFSA results are frame-dependent — contrary to the PFSA results,
which are manifestly covariant. One has to consider this as a serious drawback of
the IFSA. One may change the predictions arbitrarily by moving from one frame
to another. Specifically, the results are different in the Breit and laboratory frames.

Of course, it is an urgent demand to clarify these problems. Obviously, the
adequacy of the spectator approximation can only be estimated in a reliable man-
ner if the contributions of two- and many-body currents are determined. It ap-
pears as an ambitious aim to construct these many-body currents in a consistent
manner and to complete the relativistic description of electromagnetic form fac-
tors.
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Light front field theory of quark matter at finite
temperature *

Michael Beyer

Fachbereich Physik, University of Rostock, D-18051 Rostock, Germany

Abstract. A light front field theory for finite temperature and density is currently being
developed. It will be used here to describe the transition region from quark matter to nu-
clear matter relevant in heavy ion collisions and in the early universe. The energy regime
addressed is extremely challenging, both theoretically and experimentally. This is because
of the confinement of quarks, the appearance of bound states and correlations, special rela-
tivity, and nonlinear phenomena that lead to a change of the vacuum structure of quantum
chromodynamics. In the region of the phase transition it eventually leads to a change of the
relevant degrees of freedom. We aim at describing this transition from quarks to hadronic
degrees of freedom in a unified microscopic approach.

1 Introduction

Lattice calculations of quantum chromodynamics (QCD) give firm evidence that
nuclear matter undergoes a phase transition to a plasma state at a certain temper-
ature T of about 170 to 180 MeV. Calculations have been performed at a chemical
potential p = 0. Recent results are for staggered fermions [1,2] and renormaliza-
tion group improved Wilson fermions [3]. The low density region reflects, e.g., the
scenario during the evolution of the early universe. To achieve information from
lattice calculations at small p several methods have recently been developed, i.e.,
multiparameter reweighting [4,5], Taylor expansion at p ~ 0 [6,7], imaginary
u [8-10]. The region of validity is approximately p < T [11]. Effective approaches
to QCD indicate an extremely rich phase diagram also for u > T [12]. Experimen-
tally the QCD phase diagram is accessible to heavy ion collisions. In particular
relativistic heavy ion collision at SPS/CERN and RHIC/BNL explore the region
where hadronic degrees of freedom are expected to be dissolved. Some results of
RHIC are now available that give hints of a non-hadronic state of matter [13].
On the other hand light-front quantization of QCD can provide a rigorous
alternative to lattice QCD [15]. Although the calculational challenge in real QCD
of 3+1 dimension seems large (as does lattice QCD) it starts also from the funda-
mental QCD. The light-front quantization of QCD has the particular advantage
that it is completely formulated in physical degrees of freedom. It has emerged as
a promising method for solving problems in the strong coupling regime. Light

* Based also on the invited talk presented at the 310th WE-Heraeus Seminar “Quarks in
Hadrons and Nuclei I1”, Rothenfels Castle, Oberwdlz (Austria) September 15-20, 2003
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front quantization makes it possible to investigate quantum field theory in a
Hamiltonian formulation [14]. This makes it well suited for its application to
systems of finite temperature (and density). The relevant field theory has to be
quantized on the light front as well, which is presently being developed [16-27].1
present the light-front field theory at finite temperatures and densities in the next
section. For the time being it is applied to the Nambu-Jona-Lasinio model (NJL)
model [28,29] that is a powerful tool to investigate the non-perturbative region of
QCD as it exhibits spontaneous breaking of chiral symmetry and the appearance
of Goldstone bosons in a transparent way. Finally, going a step further I shall give
the general in-medium light cone time ordered Green functions that allow us to
treat quark correlations that lead to hadronization.

2 Light front thermal field theory

The four-momentum operator P* on the light-front is given by (notation of Ref.
[15])
PH = J dwy THH(x), (1)

where TV (x) denotes the energy momentum tensor defined through the La-
grangian of the system and S, is the quantization surface. The Hamiltonian is
given by P~. To investigate a grand canonical ensemble we need the number op-
erator,

N =de+ i*(x), @)

where j¥(x) is the conserved current. These are the necessary ingredients to gen-
eralize the covariant partition operator at finite temperature [30-32] to the light-
front. The grand canonical partition operator on the light-front is given by

Zg =exp {J dwy [BTH(x) + oc]+(x)]} ) 3)

where & = p/T, with the Lorentz scalars temperature T and chemical potential p.
The velocity of the medium is given by the time-like vector u,u¥ = 1 [30], and
B+ = u./T. We choose the medium to be at rest, u¥ = (u=,u*,ut) =(1,1,0,0).
The grand partition operator then becomes

Zg=e T K= %(P*+P+)fuN (4)
with P* and N defined in (1) and (2). The density operator for a grand canonical
ensemble [33,34] in equilibrium follows

pg = (Tre ®/T)"T e K/, (5)

The corresponding Fermi distribution functions of particles f* = f and antiparti-
cles f~ are given by

-1
fE k' k) = [exp{% (%kon—l—%k“L:Fu)}—l—]] (6)
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and kg, = (k4 +m?)/k*. This fermionic distribution function (for particles) on
the light-front has first been given in [16]. The fermi function for the canonical
ensemble can be achieved by simply setting pu = 0. This then coincides with the
distribution function given recently in Ref. [21] (up to different metric conven-
tions).

The light-front time-ordered Green function for fermions is

iGup(x —y) =0(x" —y") (Ya(x)¥p(y)) —0(y" —x7) (Tg(y)¥«(x)). ()

We note here that the light-cone time-ordered Green function differs from the
Feynman propagator St in the front form by a contact term y*/2k ™ and therefore
coincides with the light-front propagator given previously in Ref. [35]. To evalu-
ate the ensemble average (...) = Tr(pg ...) of (7), we utilize the imaginary time
formalism [33,34]. We rotate the light-front time of the Green function to imagi-
nary value. Hence the k™ -integral is replaced by a sum of light-front Matsubara
frequencies w-, according to [16],

1. . L 1 1

ik —>1wn—§k +u:zkn—>§z, (8)
where wn = AT, A = 2n + 1 for fermions [A = 2n for bosons]. In the last step
we have performed an analytic continuation to the complex plane. For nonin-
teracting Dirac fields the (analytically continued) imaginary time Green function
becomes

= Ykon+m (k") Ykon +m 0(k*) ., —

_ _ (1
6k = e (T o e T ) ©)
Ykon +m O(—k*t) __  — YKon +m O(—k™T) -
z—kon +1ie  k* i k)—i—szgnfie k+ (1= (=k)),

where k = (k*, k). For equilibrium the imaginary time formalism and the real
time formalism are linked by the spectral function [33,34,26]. For u = 0 this prop-
agator coincides with that of [26], but differs from that of [21,25].

3 Spontaneous symmetry breaking and restoration

3.1 NJL model on the light-front

The Nambu-Jona-Lasinio (NJL) originally suggested in [28,29] has been reviewed
in Ref. [36] as a model of quantum chromo dynamics (QCD), where also a gener-
alization to finite temperature and finite chemical potential has been discussed.
Its generalization to the light-front including a proper description of spontaneous
symmetry breaking, which is not trivial, has been done in Ref. [37], which we use
here. The Lagrangian is given by

£ =0(iyd —mo)p + G ((h)? + (Diysmh)?) . (10)
In mean field approximation the gap equation is
4

m = mo — 2G(Ph) = mo + zmj % TrSe (k), (b
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where A = N¢N in Hartree and A = N¢N + 4 in Hartree-Fock approximation,
N¢ (N¢) is the number of colors (flavors). For the isolated case S¢(k) is the Feyn-
man propagator. Taking only the lowest order in 1/N expansion of the 1-body or
2-body operators the light front gap equation can be achieved by a k™ integration,
where in addition mg — ™ and G — G have to be renormalized to accommo-
date the expansion. For details see [37]. The propagator to be used in (11) is given
in (9). The gap equation becomes

m(T, u) = o +2G)\J m Am(Tw) (1 —fH(kt k) —f (kT k). (12)

’ 2k+(2m)3 ’ ’ ' '

To regularize (12) we require ko, + k™ < 2Q. As a consequence ki < k™ < kj
and

K2 <20kt — (k")?2 —m?, (13)

ki, =QF vVQ2-—m2 (14)

For the isolated case this regularization is fully equivalent to the Lepage-Brodsky
one and the three-momentum cut-off. For the in medium case this Q) regulariza-
tion leads to analytically the same expressions as given in [36] for the instanta-
neous case [27]. The calculation of the pion mass my, the pion decay constant f,
and the condensate value are also available on the light-front [37].

3.2 Results

The model parameters are adjusted to the isolated system. We use the Hartree
approximation, i.e. A = N:N¢ = 6. Parameter values are chosen to reproduce
the pion mass m, = 140 MeV, the decay constant f, = 93 MeV, and to give
a constituent quark mass of m = 336 MeV, i.e. G = 551 x 107° MeV, my =
5.67 MeV, and QO = 714 MeV. The parameters are reasonably close to the cases
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used in the review Ref. [36]. The difference between the bare mass Mo and the
constituent mass is due to the finite condensate, which is (fiu)'/3 = —247 MeV.

In hot and dense quark matter the surrounding medium leads to a change
of the constituent quark mass due to the quasiparticle nature of the quark. The
constituent mass as solution of (12) is plotted in Fig. 1 as a function of tempera-
ture and chemical potential. The fall-off is related to chiral symmetry restoration,
which would be complete for mo = 0. It is related to the QCD phase transition.
For T < 60 MeV the phase transition is first order, which is reflected by the steep
change of the constituent mass. To keep close contact with the 3M results we
have chosen for the Q in-medium regulator mass Q?(T, i) = /\%M +m?2(T, u) with
Asm = 630 MeV fixed for all T and p.

We define the phase transition to occur at a temperature at which m(T, p)
is half of the isolated constituent quark mass [38]. The phase diagram is shown
in Fig. 2. The line indicates the phase boundary separating the hadronic phase
from the quark gluon plasma phase. Results presented in this section are based
on an effective interaction in the qg channel. They have to be supplemented by
the medium dependence of f, and m, that are currently underway.

4 Few-particle correlations

We are now interested in the qq channel. Since we are going up to the three-
particle system, we presently approximate the spin structure. To solve the full
three-fermion problem on the light front even for the isolated case is quite a chal-
lenge. The spin structure is already rather complex, see e.g. [39]. Therefore the el-
ementary spins are averaged Try = 0 (in the medium) and hence, for the time be-
ing, we are only dealing with bose type particles however subject to Fermi-Dirac
statistics. Our main focus here is to see how such a three-particle system is dy-
namically influenced by a medium of finite temperature and density; ultimately,
how nucleons are formed in the hot and dense environment of a plasma of quarks
and gluons as the temperature and the density becomes smaller and how the rele-
vant degrees of freedom in the Fermi function change as the many-particle system
undergoes a change to hadronic degrees of freedom. To this end we need to for-
mulate suitable few-body equations that describe clusters of quarks in a medium.
In addition, because of the drastic mass change, see Fig. 1, these equations have to
be relativistic ones. The equations derived here are based on a systematic quan-
tum statistical framework formulated on the light front using a cluster expansion
for the Green functions. The formalism has been given elsewhere [16]. We repeat
here the basics to make a connection to the previous sections. The light-front time
ordered cluster Green function is defined by

iGap(x —y) =0(x" —y™") (Ax(x)Ag(u)) FO(U" —x") (Ap(y)Ax(x)). (15)

where all particles Ay (x) = Aq(xT,x) = Vo, (X, x1 )Wa, (x1,x2)Wa, (xT,x3) ...
are all taken at the same light front time x* and x = (x,x_ ). The upper (lower)
sign stands for fermion (boson) type clusters. Because of the global light-cone
time introduced, the dynamical equation for a cluster is equivalent to a Dyson
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equation with a complicated mass operator that contains an instantaneous part
and a memory (or retardation) part. For the time being we neglect the memory
term. This is equivalent to a mean field approximation for clusters leading to
Faddeev-type three-body equations.

T-X XTI <>

Fig.3. Equation for the two-body t-matrix Fig.4. Loop diagram corresponding to the
with zero range interaction. The crosses re- kernel of the integral equation (16).
fer to the Pauli-blocking factor.

For a simple zero range interaction the t matrix, Fig. 3, separates and is given
by the propagator t(M;), i.e.

t(My) = (iIA' —B(My)) . (16)

The expression for B(M;) is represented by the loop diagram of Fig. 4 and, in the
rest system of the two-body system P* = (M;, M, 0, ), given by

B(Mz) =—

: 2 o 2\ o 2
i ded kp 1T—f(x, k%) —f(1—x,k%) (17)

(2m)3 ) x(1T—x) M3 — M3, ‘

where M%O = (ki +m?)/x(1—x)and f = f~ given in (6) with x = k*/PJ where
P, = k7 + k». For a fermi system there are two important effects occurring due
to the blocking factors of (17). One is the dissociation limit (Mott effect) where
M2 (Ta, pa) = 2m(Tq4, pa). Above a certain temperature and density no bound
states can be formed. The second effect is related to the appearance of a bose
pole in the t matrix. This happens for M, (T, i) = 2p. and defines the critical
temperature below which the system becomes unstable and forms a new vacuum
consisting of Cooper pairs or a condensate. This is related to superconductivity
or superfluidity. In this case for M3 — M2,, we get

f(x, ki ‘ = (1 —x, k> - - 1
(Xa J_) Méz—”\/l%:‘luz ( X, J_) Mgz—?M%:‘lH—z 2» ( 8)

i.e. both nominator and denominator of (17) are zero.
The three-particle case is driven by the Fadeev-type in medium equation

I(x, k),

(19)
where we have introduced vertex functions I' and t(M;) given before, and an
invariant cut-off M3, < AZ. Here the mass of the virtual three-particle state (in
the rest system P* = (M3, M3,0, ) is

i dxd®k  1—F, k) —f(1 —x—y,(k+q)3)
42) = G M) | M3~ M3,

ki +m? _I_qf_—l—mz N (kK+q)f +m?

Mé; =
03 X y 1—x—y

) (20)
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which is the sum of the on-shell minus-components of the three particles. The
nucleon scale is introduced by setting M3 = 938 MeV. The isolated quark mass
used in these calculations is m = 386 MeV.

200 T T T T 200 T T T ]
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Fig.5. Nucleon dissociation region (shaded Fig.6. Phase diagram supplemented with

area due to different cut-offs). Solid line chi- critical temperature for color superconduc-

ral phase transition of Fig. 2. tivity. Different cut-offs: A = 4m (dot), A =
6m (dash), A = 8m (dash-dot).

Fig. 5 shows a shaded area that reflects the region where the transition from
baryons to quarks (or quark diquarks) occur. The area is defined by use of dif-
ferent regularization masses. The chiral phase transition given before is indicated
by the solid line. Fig. 6 shows the possible transition of quark matter to a super-
conducting phase.

5 Conclusion and Outlook

We have given a relativistic formulation of field theory at fininte tempeartues and
densities utilizing the light front form. The proper partition operator (and the sta-
tistical operator) have been given for the grand canonical ensemble. The special
case of a canonical ensemble is given for p = 0. The resulting Fermi function
depends on transverse and also on the k™ momentum components. The k* com-
ponents emerge in a natural way in a covariant approach. As an application we
have revisited the NJL low energy model of QCD. We reproduce the phenomenol-
ogy of the NJL model, in particular the gap-equation and the chiral phase tran-
sition. We have further given consistent relativistic three-quark equations valid
in a dense medium of finite temperature. We find that the dissociation transition
and the critical temperature for the color superconductivity agree qualitatively
with results expected from other sources. However, the latter results are by no
means final. We have shown that it is possible to write down meaningful consis-
tent equations to solve the relativistic in-medium problem on the light front. The
next steps would be to use the NJL model all through to give a consistent picture
for the qg and the qq channel. Further insight into this just emerging possibilities
of treating relativistic many-particle systems on the light front might be provided
by other theories, like 1+1 QCD, the Yukawa model, and finally real QCD.
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Abstract. I report on recent progress in our understanding of the bosonic sector of the
linear sigma model in the nonperturbative Gaussian wave functional approximation, ac-
complished in collaboration with I. Nakamura. We have proven a number of chiral Ward-
Takahashi identities, such as the Nambu-Goldstone theorem and axial current conserva-
tion in the Gaussian approximation to these models. The particle content of the models is
elucidated with particular emphasis on the question of multiple states in the scalar chan-
nel.

1 Introduction

One of the most persistent problems in hadron spectroscopy is that of the low-
lying scalar mesons: there are too many of them and they do not fit into the
flavour singlet + octet pattern. It is clear from the P-wave meson LS splitting that
the lightest scalars (fo(980) and a((980)) are too light to be qq states. The only
plausible alternative is that they are (qq )? states, either as (a) resonances/bound
states of two ordinary qg (pseudoscalar) mesons, or (b) related to “hidden-colour”
(qq)? states embedded in the ordinary two-meson continuum.

In this talk we concentrate on class (a) models. Even within this class a large
number of different strategies and models have been used, some of them non-
relativistic and nonchiral. As the masses of scalar mesons are at least twice those
of their “constituent” pseudoscalars, we believe that relativity and chiral sym-
metry are indispensable in this problem. Moreover, unitarity, causality and non-
perturbative nature of the approximation all seem to be a must in this problem
(similarity to the “bootstrap” program is not accidental).

Within the class of relativistic chiral models there are (at least) two options:
(i) linear, and (ii) nonlinear realization models. [There is also the older calcula-
tion of Tornqvist [1] that does not specify a Lagrangian.] In either approach it is
important to have a clear criterion for the differentiation between the underly-
ing (“bare”) qq states and the (“composite”) (qg )2 states with identical quantum
numbers, even if it is defined in some perhaps unusual limit. Models of type (ii)
have recently been constructed, most notably by the Syracuse, N.Y. and two Span-
ish groups [2—4]. These calculations display many interesting features, but suffer
from all the usual difficulties of nonlinear models, and a few that are specific to
the nonperturbative nature of their approximation.

7
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We shall take the route (i). As the scalar fields are the chiral partners of the
pseudoscalar mesons in a linearly realized chiral symmetry, it has long been sus-
pected that the scalar meson problem is related to linear realization of chiral sym-
metry. The open question is: how does one implement a consistent Lorentz invari-
ant, unitary, causal and chirally symmetric approximation to such models that
can also describe bound states? The very existence of such an approximation, let
alone its technical details, was not known until recently. A solution to this prob-
lem that has all the required properties was found in a little known variational
approach to QFT, called the Gaussian wave functional approximation, which also
happens to be an answer to the old meson “bootstrap” problem, albeit within
field theory. This solution “dresses” the underlying (“fundamental”) mesons with
“meson cloud”, which in turn changes their properties to such an extent that they
cannot be recognized as the original Nambu-Goldstone [NG] particles any more.
The NG particles become two-body bound states of the dressed mesons.

In the following we give a short introduction to this method and discuss
its implementation in the two-flavour linear sigma model of Gell-Mann—Levy
[5]. This model has been derived (“bosonized”) [6] from the NJL chiral quark
model which includes the QCD instanton-induced ‘t Hooft quark (self)interaction
[7], with all the free parameters/coupling constants determined. Thus the boson
fields correspond to (bare) qg bound states.

2 Basics of the Gaussian variational method

This variational method is based on the minimization of the ground state’s [g.s.]
energy density £, = £o(my, $1) (for infinite homogeneous systems) with respect
to the variational parameters m;, ¢;. The g.s. energy is evaluated with a Gaussian
Ansatz [8,9] for the g.s. wave functional [Vo), which, in a theory with N scalar
fields like the sigma model, is a function of 2N variational parameters (the fields’
masses and v.e.v.s) (myq, di),1 € (1,...,N), ie., [Wo) = [Wo(my, bi)),

Eo(mi, di) = (Wol H|Wo) (Wo [Wo) ',

in the Schroedinger representation of QFT. Similarly one can construct one-, two-,
..., n-body states and minimize their energies. Of course, only few-body states are
amenable to practical applications. The 2N vacuum energy minimization/statio-
narity equations

oo(me, () _ o (almu @)\ ., .
<W)min_o_< om; )min’ i=0,...3;

turn out to have a Feynman diagrammatic interpretation as (truncated) Schwinger-
Dyson [SD] equations for the one- and two-point Green functions [10], i.e. for the
equations determining the vacuum and single particle properties. (The truncation
in question is a consequence of the approximate nature of the Gaussian Ansatz,
and it implies elimination of the two-loop O(h?) diagrams from their respective
SD equations.) This should not have been a surprise as the minimized “vacuum”
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energy density £ (mi, di)min is (up to an additive constant) also the Gaussian
approximation effective potential

Vers (i) = Eo(my, $i)min — Eo(mi, ¢ = 0)

with all its usual properties, in particular its being the generating function of
the one-particle irreducible Green functions at vanishing external momenta. This
means that derivatives of the effective potential yield higher order Green func-
tions [11], the “only” problem being a positive identification of SD egs., i.e., of
Feynman diagrams from the corresponding analytic expressions. In other words,
there should be no ambiguity as to which Feynman diagrams enter the GA equa-
tions of motion. The practical significance of this fact will become clear only when
the GA is applied to linear sigma models.

3 Application to the linear X model

The linear sigma model of Gell-Mann and Levy is the simplest one so we shall
consider it first. It is an O(4) symmetric ¢ (pseudo)scalar field theory with the
Lagrangian

L= 0.0 - V(9?7 )

where

¢ = (bo, b1, P2, P3) = (0, 7),

is meson quartet consisting of an isoscalar scalar o and a pseudoscalar isotriplet
of pions 7t and V is the characteristic “Mexican hat” potential

1 A
VI9?) = —5u3” + 52 (07)°

We assume here that Ag and p3 are not only positive, but such that spontaneous
symmetry breakdown (SSB) occurs in the mean-field approximation [MFA] to be
introduced later. That leads to spontaneous breaking of the internal O(4) (chiral)
symmetry, and in the last parentheses we have written the explicit symmetry
breaking term. As the chiral symmetry breaking (xSB) term in the Lagrangian we
take

»C)(SB = _HxSB = £0. (2)

In the first perturbative (“Born”) approximation we have m, = 0 in the chiral
limit ¢ = 0, i.e., the Nambu-Goldstone (NG) theorem holds. The Born approxi-
mation 0 meson mass is not constrained by chiral symmetry, but rather its square
is proportional to the coupling constant Ay. It remains to be seen what happens to
this mass in higher approximations. We shall see that the nonperturbative Gaus-
sian approximation particle content of this model can differ from the one in per-
turbation theory, viz. from the simple O(4) multiplet, depending on the strength
of the coupling A¢. The GA equations in the linear sigma model of Gell-Mann—
Levy are shown in Figs. 1 and 2.
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Fig.1. Zero-particle, or “vacuum” (one-point) Green function Schwinger-Dyson equation.

-} rofro -+ 0

Fig. 2. One-particle, or “gap” (two-point) Green function Schwinger-Dyson equation.

Note their (self-)consistency: the solution to one SD equation enters the def-
inition of the other, and vice versa. This is also an expected property of so-called
“bootstrap” solutions to field theory. Figures 1 and 2 lead to two coupled nonlin-
ear equations in two unknowns:

£

M? = v 2Aov? (3)
K2 = S+ hoh (o) — o(M)] @)
where
[ d*k 1
To(my) = IJ (2m)* [k2 — m?Z + ie] ®)

depending implicitly on the cutoff A, which is necessary for the regularization of
infinities in the integrals Ip(m;), and the bare coupling constant Ay. Due to the
relation between M? and Aof2, Eq. 3, M is proportional to v/Ag, meaning that a
change in M corresponds to a change in Ag at fixed v = fr = 93MeV.

The solutions M, p do not have the (naively) expected properties viz. the
(NG) pion field is not massless (u#0), even in the chiral limit, as first noted by
Kamefuchi and Umezawa in 1964 [12]. (We show the nonchiral solutions with
fixed pion decay constant in Fig. 3. Note that the boson loops tend to restore the
broken symmetry, unlike the fermion ones.)

This fact presented a serious problem for the GA for the following 30 years.
The solution to this problem, first proposed in 1994 [13], consists in construct-
ing two-body states which mix with the corresponding “elementary” one-body
(or Castillejo-Dalitz-Dyson, or CDD) states, and observing their properties, thus
finding a massless state among them with all the right NG boson properties, va-
lidity of the chiral Ward identities being just one of them. In other words, there
are massless bound states of two massive mesons in the GA, a provocative idea
at the time.
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Gap equation
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un(Gev)

Fig. 3. Solutions to the gap equation in the GML model: M, and p.

3.1 Chiral symmetry and the Gaussian approximation

Originally the Nambu-Goldstone boson problem was solved by direct construc-
tion of the Gaussian approximation two-body (SD) equation, a.k.a. the Bethe-
Salpeter (BS) equation (The same result, only at vanishing external momenta, can
be obtained by differentiating the effective potential.). In Ref. [13] we have shown
that the Nambu-Goldstone particles appear as poles in the two-particle propagator
i.e. they are bound states of the two distinct massive elementary excitations in
the theory. We specify the two-body dynamics in the theory in terms of the four-
point SD equation or, equivalently, of the Bethe-Salpeter equation, see Figs. 4 and
5. The appearance of massless NG bound states of two massive single-particle

G I4PT

Fig.4. Four-point Green function Schwinger-Dyson, or Bethe-Salpeter equation. The
square “box” represents the potential, whereas the round “blob” is the BS amplitude it-
self. All lines are meant as dressed fields, i.e. as double lines in Figs. 1 and 2.

states produced a certain amount of surprise and confusion, as it seems to imply
a doubling of states with identical (“flavour”) quantum numbers: in each flavour
channel, beside the massive one-body CDD state there is also a lighter two-body
state. At first sight this “bootstrap” mechanism would appear to explain the “su-
pernumerary” scalar states (f5(980), ao(980)), but on second inspection one can
see that it produces new problems in that it also implies particle doubling in
channels other than the scalar ones where supernumerary states have not been
found.
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Fig. 5. The potential (square “box”) entering the Bethe-Salpeter equation, as defined in the
RPA.

3.2 Real and fake particle doubling

The problem of (naive) supernumerary states (CDD poles) was resolved in Ref.
[11,14] by way of spectral analysis: the Kallen-Lehmann functions were calcu-
lated from the solutions to the BS equation in the GA and it was found that the
single-particle (CDD) poles disappear altogether from the spectra:

15 ‘
—— A, = 0.4GeV, M = 330 MeV el
——- A,=04GeV,M=400MeV -~
1.0
“
B
Q
0.5
0.0
0.0 0.2

Fig. 6. Pion channel Kallen-Lehmann spectral function for various values of M.

The remaining delta function in the 7t spectrum, Fig. 6, corresponds to the
dynamical state (solution to the BS equation) with the (pion) mass squared fixed
by the Dashen relation at ¢/v, which is always below the single-particle (CDD)
mass {. Similarly the peak in the o channel spectral function, Fig. 7, corresponds
to the dynamical state mass, which lies below the corresponding single particle
mass M, Ref. [10].

So, one may say that the influence of the two-particle continuum has pushed
the masses of the dynamical states below their single-particle values and below
the two-particle threshold, see Fig. 8, where the exact solutions to the BS equation
are shown together with the two-body thresholds. Note however, that there are
other solutions to the BS equation, see Fig. 9, at higher masses, which do not show
up in the spectral functions due to their even larger imaginary parts.
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m, (MeV)
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Fig. 8. Sigma mass as a function of M, and the position of the lowest threshold (M =2 p).

These solutions owe their existence to the large nonlinearities in the BS equa-
tion at very large masses/couplings. Yet, we must keep the possibility of such
solutions in mind, in case they move to lower masses for a different model La-

grangian.

Moreover, we have proven in Ref. [11] the identity of the Gaussian BS and
the N/D equations in the S-matrix theory, which fact immediately implies uni-
tarity and causality of their solutions. This translates into analytic properties of
the scattering amplitude which tell us what branch of the equations to solve and
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the solution’s physical interpretation. The solutions to the N/D equations are not
unique in general, however, the arbitrariness showing up in the form of so-called
Castillejo-Dalitz-Dyson (CDD) poles. The position of a CDD pole, and the coeffi-
cient multiplying it are arbitrary in the usual S-matrix, or N/D approach, but in
our approach they are completely determined by the Gaussian approximation to
the underlying o model.

740.0

540.0

M (MeV)

340.0 -

140.0
0.0

2000.0 4000.0 6000.0
m, (MeV)

Fig.9. Sigma mass as a function of M.

4 Conclusions

We have shown that the Gaussian Approximation is: (a) Lorentz and chirally in-
variant, (b) causal and unitary, and (c) selfconsistent and nonperturbative, i.e.,
it may describe mesons as bound states of other mesons. These are precisely the
properties demanded of a relativistic quantum theory in the so-called “bootstrap”
approach to hadronic particle physics of the 1960's, but with several profound
differences, viz. (1) a Lagrangian starting point based on a chiral quark model,
therefore with a definite number of CDD poles with well defined properties (the
bare Lagrangian free parameters are fixed by the quark model); (2) no arbitrari-
ness at all: the “subtraction constants”, in S-matrix language, i.e., “infinite parts”
of Feynman diagrams are known due to the renormalizability of the GA.

These results open new questions: for certain Lagrangians, such as the ‘t
Hooft and the SU(3) linear sigma models, the number of flavour channels (greatly)
exceeds the number of fields, i.e., there is no one-to-one correspondence between
the Lagrangian fields and the available flavour channels, thus opening the pos-
sibility of light bound states in channels without CDD poles (almost inevitably
these are exotic channels). We shall return to these issues in the future.
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Abstract. The nonlinear chiral quark meson U(3)xU(3) model is solved using the Tamm-
Dancoff inspired approximation (TDIA) which is described in our earlier paper [1]. The re-
sulting system of 15 coupled nonlinear differential equations self-consistently determines
all quark-meson coupling constants. Obtained solutions for quark and meson fields are
stable and physically acceptable. These approximate Heisenberg fields resulted from dy-
namics in which u, d and s quarks were treated on the same footing. They were used to
calculate SU(3) baryon octet magnetic moments and axial vector coupling constants. The
baryon state vectors containing valence quarks were used. The results strongly indicate
that simple state vectors and currents cannot adequately describe physical baryons.

1 Introduction

The Tamm-Dancoff inspired approximation (TDIA) [1] was applied some time
ago to the chiral quark meson model based on the SU(2) linear o-model [2,3]. The
results seemed to be comparable to those obtained using the hedgehog Ansétze
[4-7]. That is to some extent understandable as both methods lead to similarly
looking sets of equations for meson solitons (fields). All details of the TDIA are
described in ref. [1]. It is well known that the Tamm-Dancoff method [8] is a better
approximation than the perturbation theory. That feature it has in common with
the hedgehog based meson field solutions [5-7].

In ref. [1] the linear o-model was used as a transparent example for the appli-
cation of TDIA. However since 1996. evidence has been found for the existence
of the 0 meson [9-11]. It has been stated [10,11] that the linear o-model with
three flavors works much better than what was generally believed. In the linear
o-model one can treat both scalar and pseudoscalar nonets simultaneously. The
scalars are the chiral partners of 7, 1, etc. and the analysis strongly suggests that
they, like the pseudoscalars, are qq states [10,11]. Such theoretical conclusions
made TDIA approach quite attractive as in that approximation mesons (solitons)

* Talk delivered by D. Horvati¢
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naturally appear, in the lowest order as qq states. In TDIA one works in the
Heisenberg picture [12], expands field operators in the free field creation and an-
nihilation operators and then truncates the expansion. That leads automatically,
after truncations, to meson fields (soliton phases) which depend on bilinear com-
binations of quark/antiquark operators, i.e. to qq structures.

The chiral quark/meson U(3)xU(3) model under consideration has the fa-
miliar form which was used previously when the SU(2) model [5,6] was enlarged
by cranking involving intrinsic flavor space [7]. The system of nonlinear differ-
ential equations obtained here bears some similarity to the systems obtained by
using hedgehog ansitze [5-7]. It has been argued that the linear o-model [10,11]
and its close relative the quark-meson model [7] might capture the essential fea-
tures of QCD in the low energy region, while being easier to handle than the
complex exact quark-gluon theory. The TDIA treatment of the U(3)xU(3) quark-
gluon model thus might give some physical insights in the baryon structure.

Even with the bag formalism for quarks retained [1,13], thus using the static
spherical cavity approximation and with the modest symmetry breaking, the
lowest order TDIA leads to the coupled system of 15 nonlinear differential equa-
tions and 21 boundary conditions. That problem is completely solvable, as it will
be outlined below. The strengths of quark-meson couplings are self consistently
determined by the system. In principle the spherical cavity approximation for
quarks can be dropped. That would lead to somewhat larger system of equations.

The structure of this model [1] is very transparent and all of its features are al-
ways discernible. One can see directly how the approximate baryon states, made
of valence quarks only [14,15], perform. In order to do that one calculates the ma-
trix elements of the (approximate) Heisenberg operators. As in TDIA the isospin
(and hypercharge) and spin are separably conserved, the solutions can be used to
calculate magnetic moments and axial-vector coupling constants for the baryon
octet. The results indicate the need for richer structure (s pairs etc. ) of baryon
state vectors [16] and for the inclusion of exchange current corrections [17]. The
inclusion of quark triplet in the dynamical scheme does not seem to be sufficient
by itself alone.

2 Model formalism

TDIA has been already described in some detail elsewhere [1]. Here we give some
particulars concerning the quark linear o-model and TDIA approximation. The
Lagrangian in which the linear o-model is embedded in the bag environment has
the well known form [1,6,18]

L= [:1[,@ + Lintds + [ﬁx + U(X)]@. (2.1)

Here all pieces but the symmetry-breaking one (Lsg), are U(3)xU(3) invari-
ant [3,7,11]i.e.
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» = 1(%“6@ — 3, yM)

Linge = %E(O}l +i7ta’}/5))\a'l])
1 (2.2)
Ly = 7 (0M0q0,0q + 0" 710, TTq)
1 1
U(x) = *EHZ(Gtzl + 7)) — 17\2(5%1 +75)? + Lsg.

Here (0¢, %, a=0,1,...,8) are (scalar, pseudoscalar) U(3) nonets. The symme-
try is broken in a minimal way by the vacuum expectation values of U(3) scalars
oand C

(ZmszK — mifn)

Lsp = m2f0+
SB /3 ¢
Ovac = fr=>0—0—1fx (2.3)
2 — T
Cvac = % = 0= lyac
That leaves pseudoscalar (scalar) masses in the corresponding U(3) nonets de-

generate.

The standard variational procedure leads to the coupled system which con-
tains equations of motion, linear boundary and derivative boundary conditions
involving quantum fields. However as system retains lot of symmetry in TDIA
this gets reduced to a smaller set of c-equations. Here we sketch TDIA procedure
and list nonlinear system of c-equations which will be solved numerically.

The ”driving” Ansétze are the ones for the quark fields. For the massless u
and d fields one uses:

¢ _ No fo f1,c (oF) go f’r ct
wf_\/4_n[<i(0?)go>x”b”'f+( ifo ) Xwdwr

fo = jo (wTOT), do =j1 (wTOT)
1

N3lwo) = g5 [1lee) + 1 (wo) — Zolculnwol]

= o (2.4)

The SU(3)-flavor symmetry is explicitly broken by assuming that s-quark has
amass mg # 0, with corresponding Ansatz

c _ Nm fm ftqct
¥ = 75 o on ) ( )uduf

E+ms. wmr /E wmr
fm— T ]O(
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N3 (wm) Ng = msjo(wm)jl(wm)RS' 2.5)

NZ =—20 T
m(wm) =3 + N2 (wm)Ng Ewnm

Here the indices c, f and p denote color, flavor and spin respectively.

Boundary conditions involving quark fields determine (by use of Ansdtze
(2.4) and (2.5)), the Ansétze for the meson fields. This matching then automati-
cally produces mesons “made out of quark pairs”, as suggested in the o-model
analysis [9-11]. One needs for pseudoscalar fields, for example:

mh =l ()bg! i) L+ ds g be IxhIxm +

m,d “m’,u m,d ~m/,u

+rf () (g by L —dsh L de xh(a®)xm (2.6)

m,d “m’,u

Both scalar (75, K, 15) and pseudoscalar (7, 07, 1 07 etc.) components of the
pseudoscalar mesons are induced by the boundary conditions. The scalar parts
formally correspond to physical “mesons” while the pseudoscalar ones are con-
nected with the solitons. The solitons contribute to the baryonic current matrix
elements. All that are just U(3)xU(3) generalizations of our earlier U(2) based
results [1]. For scalar fields, scalar and pseudoscalar contributions are reversed.
Everything is again driven by boundary conditions. which require the following

The system of g-equations is in TDIA transformed in a system of differential
c-equations. The operator equalities are expressed through Ansétze (2.4)-(2.6).
They are then sandwiched between suitable states. An example for that can be
found in ref. [1], equation (2.16).

One ends with the profile function and with some Pauli matrices and spinors.
In that way all the creation (annihilation) operators from Ansdtze can be con-
tracted and one ends with the system of 20 equations of motion, 8 linear bound-
ary conditions and 18 derivative boundary conditions.

3 The numerical procedure

The numerical procedure is analogous to the one used by ref. [1]. It relies on the
code COLSYS, the collocation system solver developed by Ascher, Christiansen
and Russel [19]. However, one should keep in mind that here one deals with
much larger system, which contains many novel features, and which streches
COLSYS to its upper bounds.

The parameters assume the following values

m, = 140 MeV, fr=92.6 MeV
mk = 494 MeV, fx = 113MeV (3.1)
ms = 125MeV, R=5GeV .

The parameters p and A from U(x) (2.2) were selected by the requirement
that all the profile functions appearing in (3.1), vanish at the infinity.
Using that requirement we have:
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p? =—1.29525-10"2 GeV?, A =9.95484.

The coupling constants gm (M=n, 7, ...) in (2.2) are connected with the linear
boundary conditions. This cannot be satisfied by an universal coupling constant
g which figures in (2.2) and one encounters, as it was found before [1], some
dynamical symmetry breaking. The U(3) x U(3) model determines all coupling
constants gy leading to the values, shown in Table 3.1.

Table 3.1. The quark-meson dimensionless coupling constants.

IM 9o 9m 9K 9n 9n’ Jap I« 9¢
10.74.07.84.0 3.1 1.5 3910.5

The model g, value is, interestingly, close to the estimated value in ref. [17].
The corresponding w values are

wo = 2.0; Wy = 2.28 (3.2)

In Fig. 3.1 the radial dependencies of 1% 2 (1) (¢p=7,, K;, 05, ao 5) are plotted. The
function corresponding to scalar fields (r?02, *aj ;) are much smaller than the
contributions associated with pseudoscalars (7, and K,,).

As one has solved the complex coupled system, which contains both non-
strange and strange profile functions, one can say that u, d, 7 etc. profile functions
"feel” the presence of the s-quark dynamics.

4 Results and Conclusions

Our model formalism in TDIA is used for the evaluation of the magnetic mo-
ments and the axial vector coupling constants of the nonstrange and strange
baryons.

The baryon magnetic moments are determined by quark u(?) and meson
uM) pieces. As the flavor SU(3) is broken only by m, # 0, the quark piece has

the contribution coming from the u, d quarks uéQ) and the contribution coming

from the s quark 1l The meson pieces depend on the pion soliton u™M and
the kaon soliton u&M). Their values are:
ul® =188,  ulQ =169 (4.1)
8 (oo}
pM = o7 J r2dr 72 () = 0.027, 4.2)
3 Rbag
8 oo
ulM = ?” J r2dr K2(r) = 0.020. 4.3)
Rbag

In Table 4.1 the model values are compared with experimental results.
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Table 4.1. Baryon magnetic moments.

Baryon 7o) Hm i Hexp Al %

p 1.886 0.027 1913 2793 46
n —1.257 —0.026 —1.284 —1.913 49
A —0.564 —0.020 —0.584 —0.613 8
3° 0.607 0.010 0.617 - -
5 5 A 1.089 0021 1.110 1.610 45
X~ —0.650 0.000 —0.650 —1.160 78
* 1.864 0.020 1.884 2458 31
°  —1.172 —0.020 —1.191 —1.250 5
- —0.543 0.000 —0.543 —0.651 20

™M

0]

[

Both quark Q and meson M phases were calculated in a model which in-
cludes s quarks. However the simplest “valence” proton state vectors were used.
The same “valence” approximation [14,15] was used for the other baryon state
vectors.

The s-quark admixture in the nonstrange baryon state vectors would pick up
additional contributions from quark and meson fields calculated in TDIA. That
would change both the theoretical expressions for the magnetic moments and
for the axial vector coupling constants. However, from the point of view of the
present work, that would require a substantial addition to the model.

A very similar conclusion follows from the investigation of the axial vector
coupling constants.

Table 4.2. Diagonal axial vector constants.

)

Constant g;QJ g;M ga Experiment Agin %

g3 1.110 0.184 1.294 1267 2
9% 0.666 0.111 0.777 0280 178
g% 0.666 0.111 0.777 0579 34

It seems reasonable to assume that the discrepancies are again caused by
the too poor structure of the proton state vectors. It is usually stated [16] that
s— quark admixture in the proton state vector must be important. However the
prediction for the isovector axial vector coupling constant g3 is very good. This
seems to be some general characteristic od the chiral models which are con-
structed to satisfactory reproduce gi='. Moreover the present nonlinear. nonper-
turbative approach seems to work somewhat better than some simple expansions
which might lead to too large g='.

As shown in Table 4.3 the calculated ga’s, for the semileptonic decays, seem
reasonable in two cases. All signs are correctly predicted, absolute magnitude of
the A-decay constant is 14% too large, X-decay constant is 53% too small and the
=~ -decay constant is 13% too large.
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Table 4.3. g in semileptonic decays.

Decay (ga)q (galm ga  exp. Agin %
A—p+e +ve —0.758 —0.059 —0.817 —0.718 14
I >n+e +ve 0206 0.016 0222 0340 53
=7 5 A+e +v.—0.253 —0.029 —0.282 —0.250 13

Here, as in Tables 4.1-4.2 the meson phase contribution is noticeably smaller
than the quark phase contributions. This might look as a support for the simple
quark models [14,15]. However our model which contains the spherical cavity as
an essential ingredient, might be biassed in that direction. Thus in the future one
should attempt to solve a model in which a quark bound state does not need a
bag.

In its present form this nonlinear self consistent model shows interesting fea-
tures. For example 7 and K contributions are considerably larger than the o and
ao contribution. One is tempted to conclude that this reflects the fact that in bary-
onic processes the presence of scalars was hard to detect. Generally speaking the
model offers the stable and physically acceptable [9-11] solutions.

In this model the complete problem with u, d and s quarks and two meson
nonets has been solved in TDIA. Quite complicated nonlinear operator dynamics
has been reduced to the highly nontrivial, but solvable, nonlinear system.

All model dependent quantities, Tables 4.1-4.3 have acceptable orders of mag-
nitude. All relative signs for pu and ga are correctly predicted. The discrepan-
cies with the experimental magnitudes reflect the exploratory character of the
present TDIA solution. They might be connectable to the too simple description
of the baryon state vectors [16] and to the absence of the exchange current cor-
rections [17]. A future development of TDIA based solution might lead to better
predictions.
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Abstract. A nearest-neighbor analysis of baryon mass spectra reveals a striking autoclus-
tering of resonances to swarms of increasing sizes. Each cluster contains K binomials of
opposite parities whose spins range from 1/2 to K — 1/2 and a mono-parity state of the
highest spin K 4 1/2 in the swarm. The clusters with K =1, 3, and 5 are observed in both
the nucleon and the A excitations (up to the two nucleon states F17, H1 11 with respective
masses around 1700 MeV and 2200 MeV, and the three A states P31, P33, and D33 with
masses around 2500 MeV). Clusters with K even and non-zero are unoccupied so far. We
trace back above regularity pattern to internal nucleon and A structures dominated by a
quark-di-quark configuration and its respective rotational-vibrational excitations. Clus-
ters of the above type are appealing because upon boosting they transform (up to form
factors) as a Lorentz tensor of rank- K with Dirac components, i.e. as P, ...y, and thus
allow for a covariant description of resonances in flight.

1 Order in excited light-quark baryons

The structure of the nucleon spectrum is far from being settled despite its long
history. This situation relates to the fact that the first facility that measured nu-
cleon levels, the Los Alamos Meson Physics Facility (LAMPF) failed to find all
the states that were possible as excitations of three quarks. Later on, the Thomas
Jefferson National Accelerator Facility (TINAF) was designed to search (among
others) for those “missing resonances”. At present, all data have been collected
and are awaiting evaluation [1].

In a series of papers [2] I performed a near st neighbour analysis of data on
mass distribution of nucleon resonances reported in Ref. [3] and drew attention
to the not overlookable (by the unbiased eye) increase of state densities in a few
narrow mass bands and its exact replica in the A(1232) spectrum (see Fig. 1).

The first group of nearly degenerate resonances consists of two equal spin-

1 of opposite parities (one parity binomial) and a mono-parity spin- 3 state.

The second group starts with three parity binomials with spins ranging from %i
to %i, and terminates with a mono-parity spin—%+ resonance. Finally, the third
group begins with five parity binomials with spins ranging from %i to %i, and
terminates by a mono-parity spin %+ resonance (see Ref. [6] for the complete N
and A(1232) spectra). A comparison between the N and A(1232) spectra shows
that they are identical up to two unoccupied resonances on the nucleon side

(these are the counterparts of the F37 and Hz 17 states of the A excitations) and
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up to three unoccupied states on the A side (these are the counterparts of the
nucleon Piy, P13, and D3 states from the third group). The A(1600) resonance
which is most probably and independent hybrid state, is the only state that at
present seems to drop out of our systematics.

3 s s 8
EooS ~ Q
S . ° . o HiHo Mg
16
i o Y
u
. ® I
14 + 3 3
g
i N excitations
1.0 -
[
[ D
S
| | | |
A T ST S-S A LU
S o g 3
200§ & & § § 8§ &8
° 13 Sy
— . . . THTTIR
18 +
[ ]
- o« u
5 . 8 M
16 > 5
N
| g
A excitations
14
N
I 3
[ ]
| | | |

SR R S A - N AN L
Fig.1. Summary of the data on the nucleon and the A resonances. The breaking of the mass
degeneracy for each of the clusters at about 5% may in fact be an artifact of the data anal-

ysis, as has been suggested by Hohler [4]. The filled circles represent known resonances,
while the sole empty circle corresponds to a prediction. Figure taken from [5].

The existence of identical nucleon- and A crops of resonances raises the ques-
tion as to what extent are we facing here a new type of symmetry which was not
anticipated by any model or theory before. The next section devotes itself to an-
swering this question.
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2 Spectroscopy of autoclustering

2.1 Relevance of the quark-di-quark configuration

To the extent QCD prescribes baryons to be constituted of three quarks in a color
singlet state, one may feel encouraged to exploit for the description of baryonic
systems algebraic models developed for the purposes of triatomic molecules, a
path pursued by Refs. [7].

In the dynamical limit U(7) — U(3) x U(4) of the three quark system, two of
the quarks act as an independent entity, a di-quark (Dq), while the third quark (q)
acts as a spectator. The di-quark approximation [8] turned out to be rather con-
venient in particular in describing various properties of the ground state baryons
[9], [10].
The necessity for having a quark—di-quark configuration within the nucleon is
independently supported by arguments related to spin in QCD. In Refs. [11], and
[12] the notion of spin in QCD was re-visited in connection with the proton spin
puzzle. As it is well known, the spins of the valence quarks are by themselves
not sufficient to explain the spin-J of the nucleon. Rather, one needs to account
for the orbital angular momentum of the quarks (here denoted by Lgcp) and the
angular momentum carried by the gluons (so called field angular momentum,

Gocep):

1 1
— = -AX+L G
7 7 + Locp + Gocep

:Jd%[%ﬂ)yyyb + PpHx x (D)) +x x (E® x Ba)] )

In so doing one encounters the problem that neither Locp, nor Ggcp satisfy the
spin su(2) algebra. If at least (Locp + Gocp) is to do so,

[ (Lhen + Ghen) s (Lhen + Ghen) | =i (Lyen +Glen) » ()

then EY? has to be restricted to a chromo-electric charge, while BY¢ has to be a
chromo-magnetic dipole according to,

i iyl
9x' " ta Biai(.’)xxm
T3 ) -

mi
- T, @

Ei;a —

where x’t = x! — R'. The above color fields are the perturbative one-gluon ap-
proximation typical for a di-quark-quark structure. The di-quark and the quark
are in turn the sources of the color Coulomb field, and the color magnetic dipole
field. In terms of color and flavor degrees of freedom, the nucleon wave function
indeed has the required quark-di-quark form [p7) = & fuf dff —uidf 1w, [0).
A similar situation appears when looking for covariant QCD solutions in form of
a membrane with the three open ends being associated with the valence quarks.
When such a membrane stretches to a string, so that a linear action (so called
gonihedric string) can be used, one again encounters that very K-cluster degen-
eracies in the excitations spectra of the baryons, this time as a part of an infinite
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tower of states. The result was reported by Savvidy in Ref. [13]. Thus the covari-
ant spin-description provides an independent argument in favor of a dominant
quark-di-quark configuration in the structure of the nucleon, while search for co-
variant resonant QCD solutions leads once again to infinite K-cluster towers.
Within the context of the quark-di-quark (q-Dq) model, the ideas of the rovi-
bron model, known from the spectroscopy of diatomic molecules [14] acquires
importance as a tool for the description of the rotational-vibrational (rovibron)
excitations of the g—Dq system.

2.2 The quark rovibron

In the rovibron model (RVM) the relative q-Dq motion is described by means of
four types of boson creation operators s*, p{,pJ, and p*;. The operators s* and
pi in turn transform as rank-0, and rank-1 spherical tensors, i.e. the magnetic
quantum number m takes in turn the values m = 1, 0, and —1. In order to con-
struct boson-annihilation operators that also transform as spherical tensors, one
introduces the four operators s = s, and pm = (—1)™ p_m. Constructing rank-k
tensor product of any rank-k; and rank-k; tensors, say, Al and AX2 , is standard
and given by

AR @ARTE = ) (kimikymalkm) AN Ak (3)

miy,mz

Here, (k1mjk;mylkm) are the standard O(3) Clebsch-Gordan coefficients.

Now, the lowest states of the two-body system are identified with N boson
states and are characterized by the ket-vectors ns n, L m) (or, a linear combina-
tion of them) within a properly defined Fock space. The constant N = ng + n,
stands for the total number of s- and p bosons and plays the réle of a parameter of
the theory. In molecular physics, the parameter N is usually associated with the
number of molecular bound states. The group symmetry of the rovibron model
is well known to be U(4). The fifteen generators of the associated su(4) algebra
are determined as the following set of bilinears

Ao =58,  Aom =5"Pm,
Amo = P;g, Ammr = pjnﬁm’ . 4)
The u(4) algebra is then recovered by the following commutation relations
[AocﬁvAyé]f = 5[3on¢6 - 60(5Ay[3 . (5)

The operators associated with physical observables can then be expressed as com-
binations of the u(4) generators. To be specific, the three-dimensional angular
momentum takes the form

L =V2p" @3, . ©)
Further operators are (Dr,)- and (D},) defined as

Dm =" ®@5+s" 9], 7)
D! =ip* @3 -sTepll, (8)
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respectively. Here, D plays the réle of the electric dipole operator.
Finally, a quadrupole operator Q. can be constructed as

Qm =T ®p%, with m=-2 . +2. 9)

The u(4) algebra has the two algebras su(3), and so(4), as respective sub-algebras.
The so(4) sub-algebra of interest here, is constituted by the three components of
the angular momentum operator L., on the one side, and the three components
of the operator D], on the other side. The chain of reducing U(4) down to O(3)

u(4) o 0(4) > 0(3), (10)

corresponds to an exactly soluble RVM limit. The Hamiltonian of the RVM in this
case is constructed as a properly chosen function of the Casimir operators of the
algebras of the subgroups entering the chain. For example, in case one approaches
0O(3) via O(4), the Hamiltonian of a dynamical SO(4) symmetry can be cast into
the form [15]:

Hrvam = Ho — 1 (4C2 (s0(4)) + 1) 4 £2Ca(s0(4)). (11)

The Casimir operator C; (so(4)) is defined accordingly as
C2(so(4)) = % (L2+D'?) (12)

and has an eigenvalue of % (% + 1) . Here, the parameter set has been chosen as
Ho=Mnya +f1, f1=600MeV, fY=70MeV, f3=40MeV. (13)

Thus, the SO(4) dynamical symmetry limit of the RVM picture of baryon struc-
ture motivates existence of quasi-degenerate resonances gathering to crops in
both the nucleon- and A baryon spectra. The Hamiltonian that will fit masses
of the reported cluster states is exactly the one in Eq. (11).

In order to demonstrate how the RVM applies to baryon spectroscopy, let
us consider the case of g-Dq states associated with N = 5 and for the case of a
SO(4) dynamical symmetry. It is of common knowledge that the totally symmet-
ric irreps of the u(4) algebra with the Young scheme [N] contain the SO(4) irreps
(5, %) (here K plays the role of the four-dimensional angular momentum) with

K=N,N—2..1 or 0. (14)

Each one of the K- irreps contains SO(3) multiplets with three dimensional angu-
lar momentum
1=K,K-1,K-2,..,1,0. (15)

In applying the branching rules in Egs. (14), (15) to the case N = 5, one encounters
the series of levels

K=1: 1=0,1,

K=3: 1=0,1,23;

K=5: 1=0,1,2,3,45. (16)



42 M. Kirchbach

The parity carried by these levels is n(—1)! where 7 is the parity of the relevant
vacuum. In coupling now the angular momentum in Eq. (16) to the spin-4 of the
three quarks in the nucleon, the following sequence of states is obtained:

1T 1 3
K=1 nJ =373 ,§§
1" 173 3" 5t 5 77
K = ™ -2 2 02 L
3 T]] 2)2)2 ‘2’2’2‘2 )
L 17173735757 77797 11
K =5 Tl] 2 )z )z vz )z )z vz )z )z v7 . (17)

Therefore, rovibron states of half-integer spin transform according to (%, %) ®

[($,0) @ (0, 3)] representations of SO(4). The isospin structure is accounted for
pragmatically through attaching to the K—clusters an isospin spinor x! with I
taking the values I = % and I = 3 for the nucleon, and the A states, respectively.
As illustrated by Fig. 1, the above quantum numbers cover both the nucleon and
the A excitations.

The states in Eq. (17) are degenerate and the dynamical symmetry is O(4).
The above considerations apply to the rest frame. In order to describe clusters
in flight one needs to subject the O(4) degenerate resonance states to a Lorentz
boost.

The most efficient way to achieve this task is not to boost the spin by spin
but rather the K multiplet as a whole, which takes one (up to form factors) to the
K Lorentz tensors with Dirac spinor components, {., . -

2.3 Observed and unoccupied clusters within the rovibron model

The comparison of the states in Eq. (17) with the reported ones in Fig. 1 shows
that the predicted sets are in agreement with the characteristics of the non-strange
baryon excitations with masses below ~ 2500 MeV, provided, the parity n of the
vacuum changes from scalar (n = 1) for the K = 1, to pseudoscalar (n = —1)
for the K = 3,5 clusters. A pseudoscalar “vacuum” can be modeled in terms of
an excited composite di-quark carrying an internal angular momentum L = 1~
and maximal spin S = 1. In one of the possibilities the total spin of such a sys-
tem can be [L — S| = 07. To explain the properties of the ground state, one has
to consider separately even N values, such as, say, N’ = 4. In that case another
branch of excitations, with K = 4, 2, and 0 will emerge. The K = 0 value char-
acterizes the ground state, K = 2 corresponds to (1,1) ® [(%, O) @ (O, %)], while
K = 4 corresponds to (2,2) ® [(%, O) @ (O, %)] These are the multiplets that we
will associate with the “missing” resonances predicted by the rovibron model. In
this manner, reported and “missing” resonances fall apart and populate distinct
U(4)- and SO(4) representations. In making observed and “missing” resonances
distinguishable, reasons for their absence or, presence in the spectra are easier to
be searched for. In accordance with Ref. [16] we here will treat the N = 4 states to
be all of natural parities and identify them with the nucleon (K = 0), the natural
parity K = 2, and the natural parity K = 4—clusters. We shall refer to the lat-
ter as ‘missing” rovibron clusters. In Table I we list the masses of the K—clusters
concluded from Egs. (11), and (13).
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Table 1. Predicted mass distribution of observed (obs), and missing (miss) rovibron clus-
ters (in MeV) according to Egs. (9,11). The sign of n in Eq. (15) determines natural-
(n = +1), or, unnatural (1 = —1) parity states. The experimental mass averages of the
resonances from a given K—cluster have been labeled by “exp”.

K'signn NObs NEXP AObS AESXP Nmiss Amiss

0 + 939 939 1232 1232

1+ 1441 1498 1712 1690

2+ 1612 1846
3 — 1764 1689 1944 1922

4  + 1935 2048
5

— 2135 2102 2165 2276

In Ref. [15] we presented the four dimensional Racah algebra that allows
to calculate transition probabilities for electromagnetic de-excitations of the rovi-
bron levels. The interested reader is invited to consult the quoted article for de-
tails. Here I restrict myself to reporting the following two results: (i) All reso-
nances from a K- mode have same widths. (ii) As compared to the natural parity
K =1 states, the electromagnetic de-excitations of the unnatural parity K = 3 and
K = 5 rovibron states appear strongly suppressed. To illustrate our predictions I
compiled in Table 2 below data on experimentally observed total widths of res-
onances belonging to K = 3, and K = 5. The suppression of the electromagnetic

Table 2. Reported widths of resonance clusters

K Resonance width [in GeV]

3 N (151650 0.15
3 N(1551710 0.10
3 N (2751720 0.15
3 N (3251700 0.15
3 N (51675 0.15
3 N(3;71680) 0.13
5 N (271900 0.50
5 N (3752000 0.49

de—excitation modes of unnatural parity states to the nucleon (of natural parity)
is shown in Table 3. It is due to the vanishing overlap between the scalar di-quark
in the latter case, and the pseudo-scalar one, in the former. Non-vanishing widths
can signal small admixtures from natural parity states of same spins belonging to
even K number states from the “missing” resonances. For example, the significant
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Table 3. Reported helicity amplitudes of resonances.

K parity of the spin-0 di-quark Resonance A'; AZ% [103GeV ™ 2]
3 — N (1751710 9422

3 - N (27;1720) 18+ 30 —19£20
3 - N (3751700) —18+ 30 —2+24
3 — N (32751675 19+8 1549
3 — N (3;%1680) —15+6 133+ 12
1 + N (£751520) 249 166 +5

value of A% for N (%+; 1 680) from K = 3 may appear as an effect of mixing with
2

the N (%+; 1612) state from the natural parity “missing” cluster with K = 2. This
gives one the idea to use helicity amplitudes to extract “missing” states.

"barbed" states

(espinons)
st R
o
K=2
J
{ { {
1/2 3/2 5/2

Fig. 2. K-excitation mode of a quark-diquark string: barbed states (espinons).

The above considerations show that a K-mode of an excited quark-di-quark
string (be the diquark scalar, or, pseudoscalar) represents an independent entity
(particle?) in its own rights which deserves its own name. To me the different spin
facets of the K—cluster pointing into different “parity directions” as displayed in
Fig. 2 look like barbs. That’s why I suggest to refer to the K-clusters as barbed
states to emphasize the aspect of alternating parity. Barbs could also be associated
with thorns (Spanish, espino), and espinons could be another sound name for K-
clusters.
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3 Conclusions

Beyond pointing onto the phenomenon of an evident autoclustering in the spec-
tra of the light quark baryons, it was argued that the swarms of resonances can
be (i) explained as a consequence of rotational-vibrational modes of an excited
quark-di-quark configuration, be the di-quark scalar, or, pseudoscalar, when at
rest, and (ii) described covariantly in terms of ., .. .., when in flight.
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Abstract. The dimension 2 gluon condensate (A$A®*) = (A?) may have a significant ef-
fect on quark-gluon interactions. Enhancement of these interactions at intermediate (Q 2.
0.5 GeV?) spacelike transferred momenta is needed in phenomenological Dyson-Schwinger
studies, but until recently has not been explained in terms of possible QCD condensates.
We have recently proposed that taking into account the dimension 2 gluon condensate
(A?) leads to a phenomenologically successful enhancement of the quark-gluon interac-
tion.

1 Introduction

Dyson-Schwinger (DS) equations provide a prominent approach to physics of
strong interactions. To reproduce the hadronic phenomenology well, the Dyson-
Schwinger approach in the rainbow-ladder approximation must employ an ef-
fective interaction between quarks which is fairly strong at intermediate (—p? =
Q% ~ 0.5 GeV?) spacelike transferred momenta p. We have recently proposed
[1] that such an interaction may originate from the dimension 2 gluon conden-
sate (A?) which has recently attracted much attention [2-6] among theorists and
lattice QCD. We also showed [1] that the resulting effective running coupling
leads to the sufficiently strong dynamical chiral symmetry breaking and success-
ful phenomenology at least in the light sector of pseudoscalar mesons. In the
present paper, we give a more detailed presentation of the parameter dependence
of these results.

2 DS approach and its effective interaction

DS approach to hadrons and their quark-gluon substructure [7-9] has strong and
clear connections with QCD. Besides being covariant, this approach is chirally
well-behaved and nonperturbative. This has been crucial, especially in the light-
quark sector of QCD, for successful descriptions of bound states achieved by phe-
nomenological DS studies (e.g., see recent reviews [8,9] and references therein),
where one can treat soundly [10] even the processes influenced by axial anomaly

* Talk delivered by Dubravko Klabucar
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which is really remarkable for a bound-state approach. In the process of solving
DS equations, one in essence derives a constituent quark model which turns out
to be successful over a very wide range of masses. Its chief virtue is that it incor-
porates the correct chiral symmetry behavior through the gap equation for the
full, dynamically dressed quark propagator S, and the Bethe-Salpeter (BS) equa-
tion for the bound states of the dynamically dressed quarks (and antiquarks).
That is, the constituent quarks arise through dressing resulting from dynamical
chiral symmetry breaking (DxSB) in the (“gap”) DS equation for the full quark
propagators, while the light qg pseudoscalar solutions of the BS equation (in a
consistent approximation) are (almost massless) quasi-Goldstone bosons of DxSB.
Generation of DxSB is well-understood [7,8,11-13] in the rainbow-ladder approx-
imation (RLA). Thus, phenomenological DS studies have mostly been relying on
RLA and using Ansiitze of the form
: 2 ab A¢ AP v

Klk) = o (—k7) Dy (Ko — 7" ® —-v 1

for interactions between quarks. In this equation, D45 (k)o is the free gluon prop-
agator, while e (Q?) is an effective running coupling which may incorporate (if
only by parametrization) various effects, such as the dressing of the full gluon
propagator or the dressing of the full quark-gluon vertex.

What is important to get a successful hadronic phenomenology, especially
in the light-quark sector (q = u,d,s), is that DxSB is sufficiently strong. This
means that the gap DS equation should yield dressed quark propagator solutions
resulting in the dressed-quark mass function M (p?) whose values at low —p?
are of the order of typical constituent mass values, namely several hundred MeV,
even in the chiral limit.

Indeed, the issue of the origin of the interaction (1), or, equivalently, e (Q?)
which would enable successful phenomenology is crucial for the DS studies. The
form of «. is only partially known from the fact that at large spacelike momenta
it must reduce to apert(Q?), the well-known running coupling of perturbative

QCD. However, for momenta Q% < 1 GeV?, where non-perturbative QCD ap-
plies, the interactions are still not known; therefore, in phenomenological DS

studies, xe(Q?) must be modeled for Q2 < 1 GeV? - e.g., see Refs. [14,11-13,7—
9]. There, one can see that phenomenologically most successful of those mod-
eled interactions have a rather large bump at the intermediate momenta, around
Q? ~ 0.5 GeV?2. For example, in Fig. 1 compare o Q?) used by Jain and Munczek
(JM) [11] and by Maris, Roberts and Tandy (MRT) [12,13,8,9]. In any case, success-
ful DS phenomenology requires that this modeled part of the interaction (1) be
fairly strong. That is, regardless of details of the interaction, its integrated strength
in the infrared must be fairly high to achieve acceptable description of hadrons,
notably mass spectra and DxSB [8,9].

Theoretical explanations on what could be the origin of so strong nonper-
turbative part of the phenomenologically required interaction are obviously very
much needed, either from the ab initio studies of sets of DS equations for Green’s
functions of QCD (see, e.g., the recent review [7]) or from somewhere outside DS
approach. The particularly important result of the ab initio DS studies is that, in
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the Landau gauge, the effects of ghosts are absolutely crucial for the intermediate-
momenta enhancement of the effective quark-gluon interaction [7,15-17]. This
is obvious in the expression for the strong running coupling as(Q?) in these
Landau-gauge studies [7,15-17],

as(Q%) = as(1?) Z(Q?) G(Q*)?, )

where os(p?) = g2/4mand Z(p?)G(p?)? = 1 at the renormalization point Q2 =
u?. In the Landau gauge, the gluon renormalization function Z(—k?) defines
the full gluon propagator D4% (k) = Z(—k*)Dab(k)o. Similarly, G(—k?) is the
ghost renormalization function which defines the full ghost propagator D° (k) =
59PG(—k?)/K2.

20
OJ -

O g (

10 f

1 1.2
Q* [GeV]

Fig.1. The momentum dependence of various strong running couplings mentioned in the
text. JM [11] and MRT [13,8] xes(Q?) are depicted by, respectively, dashed and dash-
dotted curves. The effective coupling (3) proposed and analyzed in the present paper is
depicted by the solid curve, and o Q?) (2) of Fischer and Alkofer [16] (their fit A) by the
dotted curve.

While the ab initio DS studies [7,15-17] do find significant enhancement of
as(Q2), Eq. (2), until recently this seemed still not enough to yield a sufficiently
strong DxSB (e.g., see Sec. 5.3 in Ref. [7]) and a successful phenomenology. How-
ever, for carefully constructed dressed quark-gluon vertex Amnsitze, Fischer and
Alkofer [16] have recently managed to obtain good results for dynamically gen-
erated constituent quark masses and pion decay constant f,, although not si-
multaneously also for the chiral quark-antiquark (gq) condensate, which then
came out somewhat larger than the phenomenological value. Thus, the overall
situation is that there is progress in this direction [15-18], but that further inves-
tigation and elucidation of the origin of phenomenologically successful effective
interaction kernels remains one of primary challenges in contemporary DS stud-
ies [8,9]. This provided the motivation for our paper [1], where we pointed out
that such an interaction kernel for DS studies in the Landau gauge resulted from
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cross-fertilization of the DS ideas on the running coupling of the form (2) [7,15-
17] and the ideas on the possible relevance of the dimension 2 gluon condensate
(AGA%H) = (A?) [2-6,19-22].

In Ref. [1], we gave arguments that the {A?)-contributions to the OPE-imp-
roved gluon (A) and ghost (G) polarization functions (found a long time ago by
Refs. [19-22] and more recently confirmed by Kondo [5]) lead to an effective cou-

pling et (Q?) given by
Oeii(Q?) = atpert(Q?) ZNPEE(Q?) GNP (Q2)? 3)

where opert(Q?) is the (Landau-pole-regularized) running coupling of perturba-
tive QCD, and

1
ZNPer(Q?) = : @)
EEae
1
Npert( 2y _
GPH(Q7) ™o ®)
Q? Q*

The functions ZNPe™(Q?) and GNPe™(Q?) are the nonperturbative (Npert) parts of
the, respectively, gluon and ghost renormalization functions Z(Q?) and G(Q?).
They crucially depend on the quantity m A which can be interpreted as a dynami-
cally generated effective gluon mass, and which is proportional to the dimension
2 gluon condensate (A?). Concretely, for the Landau gauge (to which we stick
throughout this paper), the number of QCD colors N. = 3 and the number of
space-time dimensions D =4,

mi = o %A% = m3, ©
where mg is a dynamically generated effective ghost mass.

For g?(A?), the Landau-gauge lattice studies of Boucaud et al. [2] yield the
value 2.76 GeV?. This is compatible with the bound resulting from the discus-
sions of Gubarev et al. [3,4] on the physical meaning of (A?) (although it is gauge-
variant) and its possible importance for confinement. We thus use this value in
Eq. (6) and obtain

ma = 0.845 GeV. (7)

In our considerations below, this value will turn out to be a remarkably good
initial estimate for the dynamical masses ma and mg.

The coefficients Co and Cg appearing in ZNPet(Q?) (4) and GNPt (Q?) (5),
can, in principle, be related to various other condensates [20-22], but some of
them are completely unknown at present. Therefore, both Cao and Cg should
at this point be treated as free parameters to be fixed by phenomenology. For-
tunately, Ref. [1] managed to make the estimate Cao = (0.640 GeV)". This esti-
mate [1] is based on the role of only one condensate [23], the well-known gauge-
invariant dimension 4 condensate (F?) [24], and thus misses some (unknown)
three- and four-gluon contributions [21,22]. Therefore, and since the true value
of (F?) is still rather uncertain [25], we do not attach too much importance to the
above precise value of Ca but just use it as an inspired initial estimate.
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There is no similar estimate for Cg, but one may suppose that it would not
differ from Ca by orders of magnitude. We thus try

Cg =Ca = (0.640 GeV)* (8)

as an initial guess. It turns out a posteriori that this value of Cg leads to a very
good fit to phenomenology.

Our &.¢(Q?) (3) exhibits such an enhancement centered around Q2 ~ mﬁ /2,
as shown by the solid curve representing it in Fig. 1. This enhancement is readily
understood when one notices that Eq. (3) has four poles in the complex Q? plane,

given by
(Q*)12 = % (mi Fiy/4Cg — mj&) [poles of GNPe(Q?)] )
(Q%)34 = % (—m% Fiy/4Ca —m‘,&) [poles of ZNPEH(Q2)] . (10)

For min{Cg,Ca} > m‘}\ /4 there is no pole on the real axis, but a saddle point in
the middle of two complex conjugated poles. For the DS studies, which are al-
most exclusively carried out in Euclidean space, spacelike k? (i.e., Q% > 0 in our
convention) is the relevant domain and is thus pictured in Fig. 1. There, the maxi-
mum of aeg(Q?) (3) at the real axis is at Q% ~ m3 /2, i.e., the real part of its double
poles (Q?)1 2. The height and the width of the peak is influenced by both Cg and
ma. The enhancement of a.¢(Q?) (3) is thus crucially determined by the (A?)
condensate through Eq. (6), and by the manner this condensate contributes to the
ghost renormalization function, which enters squared into the effective coupling

3).

3 Light pseudoscalars with the condensate-enhanced coupling

We solved the gap DS equations for quark propagators and BS equations for pseu-
doscalar qq (q = u, d, s) bound states in the same way as in our previous phe-
nomenological DS studies [26-29]. This essentially means as in the JM approach
[11], except that instead of JM’s o.(Q?), Eq. (3) is employed in the RLA inter-
action (1). We can thus immediately present the results because we can refer to
Refs. [26-29] for all calculational details, such as procedures for solving DS and
BS equations, all model details, and explicit expressions for calculated quantities,
e.g., for f.

DS approach to hadrons is chirally well-behaved and exhibits the correct be-
havior in the chiral limit, such as appearance of Goldstone bosons which are si-
multaneously massless pseudoscalar qg bound states, and satisfying the Gell-
Mann-Oakes-Renner (GMOR) relation, at the level of a couple of percent. In this
limit the bare (and current) quark masses vanish and the only parameters are
those defining our og(Q?) (3), namely ma, Ca and Cg. It turns out that the ini-
tial estimates (7) and (8), motivated above, need only a slight modification to
provide a very good description of the light pseudoscalar sector: it is enough to
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increase the estimate ma = 0.845 GeV by just 5%, as the parameter set
Ca = (0.640 GeV)* =Cg , ma =0.884 GeV (11)

leads to the constituent quark masses [M4(p? ~ 0)] in the right ballpark [M 4 (p? ~
0) ~ Muuceon/3 ~ M /2], as well as the good chiral limit values of the pion decay
constant (f,, ~ 88 MeV) and the qq condensate [{(Gq) ~ (—214 GeV)3] [1].

Our results are very sensitive to Cg and ma. This is understandable, since
from Egs. (9) itis clear that C g, in combination with m, influences the height and
width of the peak of a¢(Q?) (3) for spacelike momenta. In spite of this sensitivity,
we were able to find other combinations of parameter values which also lead to
good or even better results, for example the values

Ca = (0.6060 GeV)* =Cg , ma =0.8402 GeV. (12)

This indicates that there may be an interesting interplay between ma and Cg and
motivates us to find how the phenomenologically favorable values of ma and
Cg are related. However, we will do it below in the more realistic, massive case,
away from the chiral limit. There, the quark bare masses (and the related current
masses) deviate from zero so that empirical masses of pseudoscalar mesons can
be obtained.

Table 1. The masses and decay constants of pions and kaons, and the 7° — yy decay
amplitude T, obtained in DS approach with our %ett(Q?) (3). The first two lines re-
sult from the initial parameters ma,Ca,g (11) and the quark bare mass parameters (13)
fixed already by the broad JM phenomenological fit [11]. These masses (13) with another
(ma, Ca,c) parameter set (12) give the third and the fourth line. Similarly, the fifth and the
sixth line result from oe(Q?) with ma, Ca g given by Eq. (12), and the slightly altered
bare masses (14). The last two lines are the corresponding experimental values.

i, Ca, Ca,| H My [MeV]  [fu [MeV] T [MeV™ ]
ma, ﬁlu, ﬁls
Egs. (3),(11) [ 7 136.70 91.2 0272107
and (13) |K* 520.72 112.1
Egs. (3),(12) [ 7 136.17 93.0 0.256 x 103
and (13) |K* 516.28 112.5
Egs. (3),(12) [ 7 134.96 92.9 0.256 x 10~
and (14) |K* 494.92 111.5
experimental|7t° [134.9766 + 0.0006]91.9 + 3.5 [(0.274 £ 0.010) x 10
values |K*| 493.677 £0.016 [112.8 £1.0

It turns out that both Egs. (11) and (12) gives a good fit also away from the
chiral limit. As the first shot, we adopt without any change the explicit breaking
of chiral symmetry from JM, that is, the bare mass parameters (i) of light quarks
(g =u,d, s) leading to the broad phenomenological fit with their e [11], namely

My =MMq=31-103GeV , s=73-10"3GeV. (13)
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These values of m, 4 lead to an excellent description of the pion as a quasi-
Goldstone boson of DxSB also in conjunction with our a.¢ (3) and Eq. (11), as
witnessed by the first line in Table 1, where we predict pion mass, weak decay
constant, and ° — yy amplitude very close to their empirical values (in the sev-
enth line of Table 1). For the same reason as in the chiral limit, the results are again
quite sensitive to changes of Cg but not to Ca. It turns out that one can increase
or decrease Ca by a factor of two, and the results change little.

The second line of Table 1 reveals that the parameter set (11)&(13) works
somewhat less well in the strange sector, as the kaon mass is 5% too high. How-
ever, a deviation of this size is not worrisome in the present circumstances where
we know that the model interaction anyway misses some aspects (such as the
Q? — 0 behavior and non-ladder contributions), and where we just want to point
out that the (A2) condensate is a possible source of the needed enhancement of
e (Q?). In fact, the empirical success in the strange sector is reasonable consider-
ing that we used the standard JM mass parameters [11], (as we did also in [26-29])
and no refitting was performed there (although as(Q?) was different).

Nevertheless, it is interesting to see what changes are brought by refitting.
If one for example tries the values of ma,Cg and Ca given by Eq. (12) instead
of Eq. (11), one gets the third and the fourth line in Table 1 instead of, respec-
tively, the first and second line. Thus, the improvement achieved thereby is not
significant, indicating that we should try changes of the bare quark masses m. It
turns out that slight changes of the values (13) are sufficient to achieve agreement
with experiment in the both non-strange and strange sectors. For example, the
parameter set which gives the fifth and sixth lines of Table 1, thus reproducing
the empirical mass of both 7° and K together with good results for their decay
constants and 1° — yy amplitude T, is given by ma, Cg and Ca from Eq. (12)
and by the bare quark masses

My =mMg =3.046-1073GeV |, s =6770-10"3GeV . (14)

The parameter set (12)&(14) also gives us a good description of the n—-n’ com-
plex, along the lines of our Refs. [27,30]. Although it means employing just a min-
imal extension of the DS approach, we must relegate this to another paper [31].

The preferred parameter set (12)&(14) is a result of a systematic examina-
tion of refitting possibilities performed by studying the dependence on the input
parameters x = (M, My, ma, Cg, Ca) of the function

2
Fix) =Y (w> x 100% | (15)

y Yexp

namely the sum of squared differences of the four experimentally measured (yexp)
and presently theoretically calculated (yg) quantities y € {M o, fx, Myo, frx ).
We kept choosing Ca = Cg for simplicity, since we find that moderate variations
of Ca do not affect our results much anyway, as already stressed above.
Minimization of Eq. (15) shows different respective characters of the o pa-
rameters (ma, Cg, Ca) and the mass parameters (., Mms). The point (14) in the
parameter subspace (M., ms) is the location of a non-degenerate minimum of
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Fig.2. The dependence of F (15) on the masses (M., Ms), for the xg-parameters fixed at
Eq. (12). The simple, non-degenerate minimum is at the bare quark mass values (14).

Fig.3. Fvs. (ma,C ]G/ *) three-dimensional plot. The degenerate minimum (the bottom of
the “valley”) is given by Eq. (16) and corresponds to F ~ 1.5%.

F (15). Thus, the possible values of the bare quark masses (m,,, ms) can be pre-
cisely restricted by demanding that the function (15) be below certain value. The
three-dimensional plot of F vs. (m,, ms) is given on Fig. 2. At the minimum, for
(M., ms) values (14), we obtain F ~ 1.5%.

In contrast to the bare quark masses (M., Ms), the parameters defining ot
cannot be determined so unambiguously. By this we do not mean just the afore-
mentioned weak sensitivity to Ca. They also cannot be fixed by minimization
of F (15) in the same sense as the bare quark masses even though the results are
very sensitive to ma and Cg. The point is that F has no simple minimum in the
(ma, C1G/ 4)—plane as it has in (m,, ms) plane: Fig. 3 reveals a minimum in the

form of a “valley” described very well by a linear relation between m 4 and C 1G/ ‘)
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Thus, in spite of high sensitivity to ma and Cg, there are many pairs of these
quantities which give a fit comparable (within few percent) to that resulting from
the values (12), as long as they approximately satisfy the linear relation

(Cg)"* =0.7742ma — 0.0444 GeV . (16)

That is, the function (15) measuring the difference between the calculated and
experimental values of M0, f+, Mgo, fx+ has a degenerate minimum in the
shape of a narrow valley. It is bounded by the values (Cg)min & (0.6 GeV)* and
(CG)max ~ (0.9 GeV)* in the sense that between these values we managed to find
solutions providing excellent fits (F of the order 1.5%) to the empirical values.

4 Conclusion

The dimension 2 gluon condensate (A?) enabled the derivation [1] of a suitably
enhanced aq(Q?). This effective interaction leads to the sufficiently strong DxSB
and successful phenomenology at least in the light sector of pseudoscalar mesons.
This opens the possibility that instead of modeling o.s(Q?), its enhancement at
intermediate Q2 may be understood in terms of gluon condensates, which seem
to provide an important mechanism proposed and studied for the first time in our
recent Ref. [1]. The systematic examination of various fitting possibilities set forth
in the present paper, allows us to conclude that this scenario is compatible with
reasonable values of both (A2)-condensate and the gauge-invariant dimension 4
gluon condensate (F?) [24]. In the relevant momentum region, a.¢(Q?) (and thus
also the solutions of DS and BS equations and results for calculated measurable
quantities) depend only very weakly on C 5, which parametrizes contributions of
dimension 4 condensates to the gluon propagator. The essential parameters Cg
and ma, on which the dependence is very strong, are not independent. Thus, due
to the relation (16), Eq. (3) is an essentially one-parameter model for o, albeit
on a relatively small interval of Cg. This can be interpreted as another instance
that what counts is the integrated strength of the interaction. Over the possible
range, we have a continuous set of parameter pairs (ma, Cg); their values are
such that they give higher peaks at smaller squared momenta, resulting in sim-
ilar integrated strengths. We find that the phenomenologically allowed range of
values of the dynamically generated gluon mass m is in agreement with the lat-
tice results [2] on (A?) in the Landau gauge. Also, phenomenologically allowed
values of Cg, which parametrizes contributions of dimension 4 condensates to
the ghost propagator, are such that they might be a sign that Cg is indeed mostly
determined by the dimension 4 gluon condensate (F2) [24].
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Abstract. A short critical survey of the present status of constituent quark models for low-
energy hadronic physics is given.

Constituent quark models (CQMSs) have proven to be a reasonable concept for
low-energy quantum chromodynamics (QCD). Especially over the past years a
considerable amount of new insight has been gained in the foundation/justifi-
cation, the construction, and the application of CQMs. As a result, one is presently
able to describe a number of aspects of hadronic physics within CQMs. Not only
are CQM s successful in their primary domain of hadron spectroscopy but grad-
ually also in hadronic reactions, especially if hadron ground states are involved
(such as hadron elastic form factors, electric radii, magnetic moments etc.).

The notion of constituent quarks (Q) as effective degrees of freedom of low-
energy QCD has by now become rather well manifested from several sources.
For instance, also several studies of lattice QCD have recently found the genera-
tion of quasiparticles with an increasing dynamical mass in the low-energy limit.
Thus it appears as a reasonable approach to consider hadrons as bound states
and resonances of {QQ} and {QQQ} systems. One can describe such systems as
two- and three-body systems of confined constituent quarks. The corresponding
confinement interaction can be modelled directly from results of QCD (e.g., the
string tension and/or lattice measurements). There is, however, a lot of discus-
sion about the proper hyperfine interaction. Several models are still competing in
the attempt to produce the most convincing dynamical concept (see, for instance,
the proceedings of the most recent N* Workshop [1]).

There should be no question about using a relativistic framework for treating
few-quark systems. Many reasons have by now been found why nonrelativistic
CQMs are inadequate, are bound to fail, and should no longer be pursued. At the
same time convincing evidence has been gained why relativistic CQMs are rea-
sonable, successful, and promising. In fact, the usage of various CQMs that have
been formulated in a relativistic context has much advanced the quality of results
obtained in low-energy hadronic physics and has provided valuable insight for
the understandiung of the underlying physics. Therefore the symmetries implied
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by relativistic covariance must be included in the construction of a CQM, in addi-
tion to the symmtries (or symmetry breakings) characterizing low-energy QCD.

The main dynamical concepts for the hyperfine interaction of constituent
quarks have by now been formulated along relativistic CQMs. For instance, the
assumption of the one-gluon-exchange (OGE) mechanism is realized in the CQM
by Capstick and Isgur [2], the instanton-induced (II) forces are implemented in
the CQM by the Bonn group [3], and the Goldstone-boson-exchange (GBE) is
considered in the CQM by the Graz group [4,5]. While the II CQM is calculated
with the Bethe-Salpeter equation, the OGE and the GBE CQMs are treated along
relativistic (i.e. Poincaré-invariant) quantum mechanics; in the latter cases one
solves the eigenvalue proplem of a relativistic mass operator, which constitutes
an approach quite distinct from a field-theoretical one.

A quantitative comparison of these three types of CQMs in the relevant sec-
tors of baryon spectroscopy was given in ref. [6]. It is evident that a consider-
able amount of flavor-dependent interactions (as prevailing in the GBE CQM) is
needed in order to produce a reasonable level scheme in agreement with phe-
nomenological data. The pertinent reasons have been studied in much detail by
B. Sengl [7], and we may refer to her contribution in these proceedings [8].

Obviously, COMs have to prove successful also in hadron reactions. Only
then they can be accepted as effective models for hadronic physics at low ener-
gies. An immediate first test beyond spectroscopy consists in calculating ground-
state form factors using the wave functions that each CQOM produces. By now we
know the covariant predictions for nucleon electroweak form factors of the CQMs
pertaining to the OGE, II, and GBE dynamics. A comparison of the OGE and the
GBE CQMs is given in ref. [9]. It should be further conmpared with the results
obtained for the II COM by the Bonn group along the Bethe-Salpeter-equation
approach [10]. The striking observation from all of these results is that the di-
rect relativistic predictions are all very similar, irrespective of the fact whether
a field-theoretical approach (Bethe-Salpeter equation) or a relativistic quantum-
mechanical method is chosen. Once the constraints of relativistic covariance are
implemented, the results of the present calculations (which are still deficient in
some aspects) are furthermore close to the experimental data in the regime of
low-momentum transfers. For a more detailed discussion, including also the re-
sults for electric radii and magnetic moments of the octet and decuplet baryon
ground states, we may refer to the contribution of K. Berger [11].

A most recent application of a relativistic CQM concerns the calculation of
baryon resonance decays. The Graz group has followed the point-form approach
to producing the predictions of the OGE and GBE CQMs for the widths of pionic
decay modes of N and A resonances. The corresponding results have been re-
ported already in ref. [12], and a comparison is presented in ref. [9]. While a con-
siderable improvemenet over earlier nonrelativistic studies has been achieved,
the situation is not yet satisfactory with regard to describing the decay widths.
Several reasons may be responsible for the deficiencies still existing. A more re-
alistic form of the resonance wave functions (instead of excited-state wave func-
tions with zero widths) might be an immediate demand. Further questions con-
cern the decay mechanism itself.
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In summary we are facing an exciting development of CQMs for low-energy

hadronic physics. Future studies will have to address interesting problems whose
exploration has become possible along with the recent technical advances. Most
importantly the CQMs will have to be improved with respect to the description

of

the resonances (as states with finite widths) in a relativistic framework. This

will open the access to treating a wealth of hadron reaction phenomena in a more
realistic manner. We may be confident to gain valuable new insights from these
investigations.
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1 Introduction

In the low-energy regime of QCD, where the fundamental theory is not accu-
rately solvable, one is interested in the effective degrees of freedom that gov-
ern the properties of hadrons at this scale. A promising approach to low-energy
hadrons consists in constituent-quark models (CQMs). In this context one of the
central problems is to find the proper effective interaction between constituent
quarks. Traditional CQMs - originally constructed in a non-relativistic framework
- adopted one-gluon exchange (OGE) [1] as the hyperfine interaction between
constituent quarks (Q). Over the years it has become quite evident that a CQM
relying only on OGE Q-Q interactions is not able to describe, e.g., the light and
strange baryon spectra. A hyperfine interaction based on OGE leads to the wrong
level orderings of positive- and negative-parity excitations specifically in the N
and A spectra. Furthermore, due to the missing flavor dependence it is not pos-
sible to reproduce the N and A spectra at the same time. In addition, the OGE
interaction produces strong spin-orbit splittings that can hardly be found in the
empirical data. Several attempts have been made in order to solve this problem,
i.e., one supplemented the color-magnetic interaction by other types of forces,
e.g., one introduced an additional meson exchange. These so-called hybrid mod-
els, however, did not lead to satisfactory results either [2].

In addition, also other types of CQMs with a different kind of hyperfine in-
teraction have been constructed, such as the ones based on instanton-induced
(I) forces [3] or on Goldstone-boson-exchange (GBE) dynamics [4]. Whereas the
II CQM is left with the wrong level orderings of the first positive- and negative-
parity excitations above the nucleon ground state as well, the GBE CQM is able to
reproduce these states in the right places, in accordance with experiment. In this
contribution we will mainly be concerned with the extended GBE CQM recently
developed by the Graz group.

A considerable number of theoretical and experimental results indicate that
QCD at low energies is mainly driven by the mechanism of the spontaneous
breaking of chiral symmetry (5BxS). Once we accept this, the original degrees of
freedom governing the light-flavor sector of the baryons, namely current quarks
and gluons, have to be replaced by effective ones. On the one hand, SBxS leads to
constituent quarks with a dynamically generated mass much larger than that of
the current quarks. On the other hand, SBXS is at the same time also responsible
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for the appearance of Goldstone bosons which can be associated with a residual
SU(3)v symmetry. This leads automatically to an effective Lagrangian for the hy-
perfine interaction in CQMs, which is based on constituent-quark and Goldstone-
boson degrees of freedom [5].

The version of the GBE CQM of Ref. [4] relies only on the spin-spin com-
ponent of the pseudoscalar GBE for the hyperfine interaction of the constituent
quarks. This is expected to be the most relevant interaction part with respect to
the baryon spectra. Nevertheless, for completeness one must also consider the
other possible potential components, i.e., one may also expect multiple Goldstone-
boson exchange [6], which brings about even further forces. The extended GBE
CQM considers also vector and scalar exchanges and thus contains not only spin-
spin but also central, tensor, and spin-orbit forces. In the following we briefly re-
view the extension of the GBE CQM and discuss how the different potential parts
of the hyperfine interaction contribute to the total energy of the various light and
strange baryon states.

2 Extended GBE COM

In the extended version of the GBE CQM [7,8] one employs a semi-relativistic
Hamiltonian of the form

H= Z\/ 24+m+ ) [Veone(i,j) + V(i i)l ©)

i<j

Here the first term is the relativistic kinetic energy of the constituent quarks and
Veont is the linear confinement, which has a strength comparable to the string-
tension of QCD. The term V, represents the hyperfine interaction (motivated
from the SBxS) and contains pseudoscalar (ps), vector (v), and scalar (s) meson
exchanges

Vi (1,3) = VPS(1,3) + VV(1,j) + V*(1,))
3
Z w(1,3) + Vo(i,3) + Va, (L, )T AZAL
o ()
Z [Vk(i,j) + V= (1,3) + Vie (4, )T ALAS
+[ (1 3) + Veos (1,3) + Vi (L TABAR + 5 [V (1,3) + Vi, (1,3) + Vo(i, 31,

where A; denote the Gell-Mann flavor matrices of the individual quarks. The
explicit expressions of the individual meson-exchange potentials are for pseu-
doscalar mesons (y = 7, K,n,1")

Vy (1,3) = V3% (ri) ov- 05 + V) (1) B (R - 01) (Byy - 05) — o - 03], (3)
for vector mesons (y = p, K*, wg, wo)

Vy (1,§) = VS (1) + V35 (ry5) 01 - 03 @)
+V;,r (ri;) [3 (45 - 01) (T35 - 03) — 04 - 0j] +V3';S (ri5) Ly - Si5,
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and for scalar mesons (y = ao, K, o, 0)
Vy (1,3) = V5 (ri5) + V3° (ri5) Ly - S5, )

where o are the Pauli spin matrices. The terms V55, VT, V€, and VI° represent
the radial potential parts of the spin-spin, tensor, central, and spin-orbit forces,
respectively. In case of the vector mesons the real mesons w and ¢, being strong
mixings of flavor octet and singlet states, are replaced by fictitious pure octet and
singlet states wg and wy. Similarly, we assume that the scalar mesons fo and o
are pure octet and singlet states, respectively, and introduce a light kaonic scalar
meson K to complete the nonet.

The formulae for the radial dependences of the individual potential parts are
given explicitly in Refs. [7,8]. They contain a number of parameters which are ei-
ther fixed or obtained by a fit to the phenomenological baryon spectra. Here we
deal with the version of the extended GBE CQM whose parameters have been
determined specifically in Ref. [8]; they are quoted in Table 1. The masses of the
constituent quarks m,,, mq4, ms have been fixed a-priori to some standard values
known from the literature. For the meson masses u,, which govern the long-
range parts of the meson-exchange potentials, one has employed the experimen-
tal values. The coupling constants g, have been derived from meson-nucleon
phenomenology assuming SU(3)r symmetry; they determine the strengths of all
potential parts. In the version of the extended GBE CQM of Ref. [8], however, the
spin-orbit forces have been treated as an exception and have been given a differ-
ent strength g-5 determined by a fit to the spectra. Among the free parameters,
the cut-offs A, have been introduced in order to regularize the short-range parts
of the meson-exchange potentials. The parameter C represents the strength of the
linear confinement and Vj is needed to fix the lowest eigenvalue to the nucleon
mass. Altogether the extended GBE CQM comprises eight free parameters, while
all other ingredients can be considered as predetermined.

Table 1. Parameters of the extended version of the CQM based on GBE as given in Ref. [8].

Fixed Parameters
My = Mg = 340 MeV m, = 507 MeV Uy = 139 MeV

ur = 493.6 MeV fy = 547 MeV My = 958 MeV
fp = 770 MeV i+ = 892 MeV Lws = 869 MeV
o = 947 MeV e = 680 MeV Bse = 980 MeV
g2/4m = 0.67 (90/9)2 =1 (g)?/4m = 055

(g8)?/4m = 0.16 (g¥)2/4m = 1.107  (g¥)%/4m = 0.0058
g% /4T = 0.67

Free Parameters
C =1.935 fm™2 Vo = —334 MeV (g¥%)?/4r = 0.8
Ay =Ao+py Ag = 1420 MeV A, = 1400 MeV
AD* = 695 MeV A§ = 375 MeV A§ = 833 MeV

Among the main achievements of the original (pseudoscalar-exchange) ver-
sion of the GBE CQM [4] has been the appropriate level ordering of states with
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positive and negative parities. This typical behaviour is maintained also in the ex-
tended model. In our investigations we considered two versions of the extended
GBE CQM, namely, the ones with and without spin-orbit forces [8].

In Fig. 1 we demonstrate the effect of the GBE hyperfine interaction in case
of the extended version without spin-orbit forces. Starting out from the case with
confinement only, the inversion of the lowest positive- and negative-parity states
in the N spectrum is gradually achieved when the coupling is increased. At the
same time the level crossing of the analogous states in the A spectrum is avoided,
just as demanded by phenomenology. If spin-orbit forces are included, the same
behaviour of the level shifts persists.

In the next section we shall provide evidence how the different potential
parts influence the energy levels. Such type of investigations lead to a better un-
derstanding of the dynamics stemming from GBE.

3 Influences of Different Force Components

In Ref. [9] we performed a detailed study of the influence of different force com-
ponents on the light and strange baryon spectra. Here we are going to discuss the
most important results, which provide valuable insight into the behaviour of the
potential components derived from GBE dynamics.

From phenomenology we observe that the tensor force effects must be mi-
nor, as the splittings within LS multiplets (like, e.g., N(1535)-N(1520)) are rather
small. Without any tensor and spin-orbit forces the levels within LS multiplets
are degenerate. This is evident from Fig. 2a where at the starting point of the
plot only spin-spin and central components of the potential act. When the tensor
force (of the pseudoscalar exchange) is gradually turned on, there occur rather
large splittings in the lowest-lying multiplets of 3 -3 -3 nucleon resonances,
namely, of N(1535)-N(1520) and N(1650)-N(1700)-N(1675). Such a behaviour is
not seen in the phenomenological spectra. The situation can be remedied by in-
cluding also the tensor force from vector-meson exchanges, as is done in the ex-
tended GBE CQM. They have an effect opposite to the pseudoscalar tensor force
[10]. As a result the level splittings within the LS-multiplets get much reduced
after the addition of vector-meson exchange (see Fig. 2b), where the action of the
vector-meson exchange tensor force is demonstrated as a function of increasing
strength. A similar behaviour is found in the splittings of other multiplets, e.g.,
in the A spectrum.

The vector- and scalar-meson exchanges also give rise to spin-orbit forces
between the constituent quarks. Their effects on the spectra have been discussed
extensively in Refs. [8,9] and they are shown in Fig. 3. The spin-orbit forces allow
to improve the description of the practically degenerate ] = 3 and ] = %+ nu-
cleon excitations (which are known to a rather good accuracy from experiment).
The same is true for the corresponding states in the A spectrum. For this purpose,
however, one had to use a phenomenological strength g-° in the model of Ref.
[8]. Otherwise the spin-orbit forces do not bring much improvement but slightly
worsen the description in some cases.
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Fig.1. Level shifts of the nucleon, A, and A due to the hyperfine interaction in case of
the extended GBE CQM (without spin-orbit forces). The full strength of the potential is
recovered at 100%.

In summary, in order to reach a good description of the baryon spectra in
close agreement with phenomenology (generally small splittings in LS multi-
plets) one must take into account at least both the pseudoscalar and vector ex-
changes. For completeness (of the inclusion of multiple GBE) one has also fore-
seen scalar-meson exchange. However, it plays only a minor role in the level split-
tings, at least for the moderate magnitude of its coupling deduced from meson-
nucleon phenomenology. It has been shown in Ref. [11] that the scalar-meson
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Fig.2. Level shifts in the nucleon spectrum due to tensor forces: Starting from the case with
no tensor force at all, we first turn on only the tensor forces from the pseudoscalar meson
exchanges (a), and then in addition the tensor forces from the vector meson exchanges (b).

exchange tends to have a favourable influence on the level splittings of positive-
and negative-parity states, however, with a much bigger strength.

4 Conclusion and Outlook

We have discussed the effective quark-quark interactions in baryons within CQMs.
In particular, we reported evidences on the behaviour of various potential com-
ponents along the CQM based on GBE dynamics. We started out from the original



Effective Quark-Quark Interaction in Baryons 67

M
[MeV]

- E = -
==

1800

1700

1600

1500

1400 |

DO =
vl |
+
vl |
ol |
o |
NI _I]
i |
vl |
ol |
wlor |
i |
vl |
ol |

N A by =

Fig. 3. Influence of spin-orbit forces on selected light and strange baryon states. The solid
and dotted bars are the energy levels with and without spin-orbit forces, respectively.

version of the GBE CQM [4], which contains as the hyperfine interaction only the
spin-spin componenent of the pseudoscalar-meson exchange. An extension of the
GBE CQM to including vector- and scalar-meson exchanges is called for in order
to take into account also multiple Goldstone-boson exchanges [7,8]. Thereby the
favourable features of the GBE CQM are in general maintained and further im-
provements in the description of the spectra can be made [9]. Notably, one can
reproduce the correct level orderings of the low-lying light and strange baryon
spectra with about the same quality as in the original GBE CQM. It will be inter-
esting to apply the extended GBE CQM with its additional force components in
the investigation of the electromagnetic structure of the baryons, especially the
nucleons, and in other studies of baryon reactions such as mesonic decays of res-
onances etc. Furthermore, the extended GBE CQM now also brings about the nec-
essary force components for a microscopic derivation of the baryon-baryon inter-
action, which are missing in the pseudoscalar version [12]; it appears worthwhile
to check if the N-N interaction can now be produced directly from the CQM.

Even though the GBE CQM has been quite successful in baryon spectroscopy
and in first applications to the elastic electromagnetic and axial form factors of
the nucleons [13], one must not forget that the description of the excited states
as resonances with finite widths is still not achieved. This is obviously reflected
in studies of mesonic N and A decays, which have recently been performed with
the GBE CQM for the first time in a covariant framework (point form) [14]. One
could (consistently) improve on that by extending the GBE CQM beyond {QQQ}
configurations to including higher Fock states such as {QQQ7t} or {QQQn} etc.
One may be confident that a more adequate description of the resonances and
their (decay) properties will then be achieved.

At this instance the GBE CQM is limited to the sector of light and strange
flavors. One could think of extending it also to heavy flavors. Presumably new
types of hyperfine interactions will be necessary for this purpose. One will not
only need the light-light and heavy-heavy quark-quark forces but notably also
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the light-heavy flavor interactions. Not much is known about the latter, what will
make the attempt of creating a unified CQM of all baryons a rather difficult task.
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Abstract. We discuss the role of a three-body confinement interaction in the stability of
pentaquarks. For this purpose we derive a unitary transformation between asymptotic
channels and adequate intermediate channels defined in the color space.

The recent observation of a narrow baryon resonance with strangeness S = 1
[1], referred to as Z* or ©F, has prompted considerable interest in the theoret-
ical study of pentaquarks. Due to its positive strangeness, this resonance must
contain a strange antiquark. Thus © canot be interpreted as a > system but
rather as an exotic baryon with the minimal content uudds. In describing this
resonance within constituent quark models one of the main issues is the parity
quantum number. As shown in Ref. [2] the Goldstone boson exchange model
supplemented by a quark-antiquark hyperfine interaction accomodates a stable
positive parity uudds pentaquark. In the case of heavy pentaquarks, containing ©
or b instead of 5, the Goldstone boson exchange interaction alone leads to stability
[3].

Here we discuss a mechanism which could influence the stability of pen-
taquarks due the presence of a three-body confining interaction. Usually con-
stituent quark models contain a two-body F; - F; interaction only. Based on the
algebraic argument that QCD-inspired Hamiltonian models are invariant under
a global SU¢(3) symmetry Dmitrasinovic recently proposed [4] to express con-
stituent quark model Hamiltonians in terms of every invariant operator of SU(3).
This implies that the Hamiltonian should contain both two- and three-body cofin-
ing interactions. These can be expressed in terms of the quadratic (Casimir) op-
erator and the cubic invariant of SU(3) respectively. If added to the Hamiltonian,
the three-body interaction has implications on the spectrum of ordinary baryons
[4-6] and on the stability of tetraquarks [4,5,7]. Here we discuss its effect on the
stability of pentaquarks. Although we deal with identical quarks, the conclusion
also holds for heavy flavour pentaquarks because the confinement interaction is
flavour independent.

Let us consider the Hamiltonian

2 2

P
——+V V- 1
I 2M+ b + Vb (1)

where p; and m; are the momentum and the mass of the quark (antiquark) i, P
and M are the total momentum and the mass of the q*q system and V>, + V3, is
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the confinement interaction. For the 2-body confinement interaction we take [4]
7 a a
VZb:Zvij(ngFi -F§) @)
i<y

where F¢ = IA# (i=1,...,8) is the color charge operator of the quark i. The three-
body color confinement interaction has the form [4]

V3b = Vijk = VijiCijk 3

where Vi is the radial part and Cijx is the three-body color operator. For a g3
system or subsystem this is given by

Cijk = AP F{ F) R, )

where d®°¢ are some real constants, symmetric under any permutation of indices.
The three-body color operator acting in a q*q subsystem is defined as

Cyp=—d*FEFP Ty 6)

where F{ = —%)\{1* (i=1,...8) is the color charge operator of an antiquark. These
operators can be expressed in terms of the quadratic invariant C(?) and the cubic
invariant C3) of SU(3) as [4,5]

1 3 5 .2 20
Cijx = 6 [C£+)j+k - §C£+)j+k + 3 ] (6)
and 1 5 50
— (3) (2)
Cr=—¢lCm—3Gh T 35! @)

For a given irrep of SU(3) labelled by (Au) the eigenvalues of these invariants are

(CYy = —(A* + 1 + A+ 30+ 3p) (8)

Wl =

and

=]1—8(A—u)(zx+u+3)(>\+2u+3). 9)

Then for a q° system the expectation value of (6) is 10/9 for a singlet (Ap) = (00)
and - 5/36 for an octet (An) = (11).

This is an exploratory study where a schematic form for the radial part of
Vijx of (3) is assumed. This is

()

(Vijk) = %((Vi‘) + (Vi) + (Vi) - (10)
where c represents the relative strength of the three-body over the two-body in-
teraction, as in Refs. [4-6].

Now we discuss the basis states. For describing q*q systems one can intro-
duce various coupling schemes, each being convenient for a particular form of
the interaction operator. For our discussion suppose that the particles 1, 2, 3 and
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4 are quarks and 5 is an antiquark. Then one can first couple three quarks to-
gether and then couple this subsystem to a qq pair. In this way one introduces
the so called asymptotic channels having a physical color singlet - color singlet
state [(123)1(45)1) and unphysical color octet - color octet states |(123)5(45)s).
This coupling scheme is useful to calculate matrix elements of the operator (4)
and it gives the appropriate basis at large distances where only the singlet-singlet
state must survive, the octet-octet states being pushed up by the quark-quark
interaction. Asymptotic channels are common to all multiquark systems. The
tetraquarks have one singlet-singlet and one octet-octet asymptotic channels. The
pentaquarks have one singlet-singlet channel but two octet-octet channels. These
are

1) =1(123)1 (45)1)
2) = (123)§ (45)s)
13) = [(123)} (45)s)

(11)

where the p and A superscripts correspond to the two linear independent basis
vectors of the [21] irrep of the permutation group S;.

On the other hand in order to estimate the contribution of the three-body
interaction (5) it is convenient first to couple two quarks, say 1 and 2 to the anti-
quark 5 and then to the subsystem of the remaining pair of quarks, 3 and 4, to get
again total color singlets. One can construct the following normalized indepen-
dent states

1) = 1112)° Blia1n (34) 1)

b2) = [[(12)* 512011 (34) 111y)
3) = 11(12)* 5122 (34)121) - (12)
The first two contain an SU(3) triplet q2q state denoted by [211] and the third con-
tains an SU(3) antisextet state denoted by [22]. Of course, the states between dif-
ferent coupling schemes are related to each other. We found that the asymptotic

channels are related to the intermediate coupling channels (12) by the following
unitary transformation

1(12)2 5] 11,38 111 11(12)2 5] 155, (34) 21) 11(12)° 5] 1571 (34) 111))

(123)1(45)1) V3 2 0
(123)§(45)s) -2 : 0
(123)3(45)s) 0 0 1

(13)
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The proof is given elsewhere [8]. The first two rows give transformation coeffi-
cients identical to those found for tetraquark systems [9]. This means that from
permutation symmetry point of view the structure of the corresponding asymp-
totic basis vectors is the same in both cases. However the state |[(12) S5 21 3H )
does not exist in tetraquarks, being incompatible with the definition of an anti-
quark as an antisymmetric qq pair. Thus there is only one octet-octet state in
tetraquarks.
In the basis (12) the expectation values of the operator (7) are

<d)1 |C]2§‘d)1) =5/18

($21C, y5ld2) = —5/9

(d31C;,51d3) =5/18 (14)
Here we first calculate the matrix elements of the color part of V,p and Vsp

and then discuss their contribution to the total energy of a q*q system. Following

Ref. [10] one has
1

(IFi-Fl) = (IFe - Fl) = 3 (15)
Then the integration in the color space of (2) gives
(Vap) =2) Vi (16)
i<

for any of the asymptotic states (11).
The matrix elements of the three-body interaction (3) can be written as

(UVspli) = 4(lC123li) + 6(iIC; 5503) (17)

where C123 and C, ,5 are defined by (6) and (7) respectively. Using the expectation
values of C133 given below Eq. (9) and of C, 55, see Eq. (14), and the unitary trans-
formation (13) we obtain the color part contribution of V;y + V34, as given by the
matrix

(am @22 (3B

am2z+éc 2c¢ o0
(18)

2| ¢ 2-2c¢ o0

o

(313) 0 2+13c
where i,j =1, 2 and 3 are the asymptotic states (11). The eigevalues of this matrix

are :
c, c
=2+_-+—= =2+_c. 1
€12 + 5= /e es + 5 ¢ (19)
To get the full contribution of the confinement one must multiply each eigenvalue
by Z Vij .

i<j
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The eigenvector associated with e is dominantly color singlet - color singlet
(the state |1) appears with 91 % probability) and the eigenvector associated with
e; is dominantly color octet - color octet (the state |2) appears with 91 % proba-
bility) irrespective of the value of c. In Ref. [4] the range proposed for the relative
strength c was

3 2
_§<°<§‘ (20)

Baryon spectroscopy favours negative values of ¢ [4-6]. For ¢ negative e is
the lowest eigenvalue and it decreases with decreasing c. When e; decreases the
total energy of a q*q system also decreases. Thus such system gets more stable.

In conclusion the three-body confining interaction (3) can increase the stabil-
ity of pentaquarks provided its strength is negative. A similar conclusion results
from the study of tetraquarks [7].
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Abstract. The large parton luminosity will generate a sizable rate of events, in NN colli-
sions at the CERN LHC, where several pairs of b-quarks are produced contemporarily by
multiple parton interactions. The phenomenon is further enhanced in NA reactions, where
nuclear structure will lead to a rather spectacular anti-shadowing effect.

1 Introduction

The large rates of production of heavy quarks, expected at high energies, may
lead to a sizable number of events, at the CERN LHC, containing two or more
pairs of b quarks, generated contemporarily by independent partonic collisions.
An inclusive cross section of the order of 10 ub may in fact be foreseen for a dou-
ble parton collision process, with two bb pairs produced in a pp interactions at
14TeV, while the cross section to produce two bb pairs by a single collision at the
same c.m. energy may be one order of magnitude smaller[1]. All production rates
are significantly enhanced in proton-nucleus collisions, which may offer consid-
erable advantages for studying multiparton collision processes[2].

2 bbbb production

Quite in general[3], with the only assumption of factorization of the hard com-
ponent of the interaction, the expression of the double parton scattering cross
section to produce two bb pairs in proton-nucleon and proton-nucleus collisions
is given by

o2, (0B, bb) =

JRENSR

1
zZJrp(Xi_,Xj;Sij)@(Xi,X{)@(Xj,Xj’)r(N‘A)(X-I X-I'Sij)dXidX{dede’dZSij, )
ij

where the indices N, A refer to the cases where the target is an isolated nucleon or
a nucleus, 1, j refer to the different kinds of partons which annihilate to produce
a bb pair and the factor 1/2 is a consequence of the symmetry of the expression

* Talk delivered by D. Treleani
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Fig.1. bbbb production cross section as a function of center of mass energy, by double
parton scattering (continuous curves) and by single parton scattering (dashed curves). To
keep higher order corrections into account the cross sections are multiplied by the ‘K-
factor’, K = 2.5 for the lower curves and K = 5.5 for the higher curves.

for exchanging i and j. The non-perturbative input of a double parton collision
is the two-body parton distribution function I'(x1,x2, s1,2), which depends not
only on the fractional momenta x>, but also on the relative distance in trans-
verse space s1,2. The cross section is simplest when the target is a nucleon and
partons are not correlated in fractional momenta, which may be not be an unrea-
sonable approximation in the limit of small x. In such a case the two-body parton
distribution may be factorized as 'y (x1i,Xj;515) = G(xi)G(xj)F(si;), where G(x)
are the usual (one-body) parton distributions and F(s) a function normalized to
1 and representing the parton pair density in transverse space. In this limit one
obtains
oR (bb; bb) = ! Y ©Yai(bb)oj(bb) 2)
24
ij
where o (bb) is the inclusive cross sections to produce a bb pair in a hadronic
collision (the index i labelling a definite parton process) while the factors @Y have
dimension an inverse cross section and result from integrating the products of
the two-body parton distributions in transverse space. In this simplified case the
factors @Y provide a direct measure of the different average transverse distances
between different pairs of partons in the hadron structure.
The simplest possibility, in the case of NA interactions, is when the nuclear
parton distributions are additive in the nucleon parton distributions. In such a
case one may express the nuclear parton pair density, [ (x;, x{; s1j), as the sum
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of two well defined contributions, where the two partons are originated by either
one or by two different parent nucleons, namely

A Gy Xf5515) = Ta by Xf5555) |+ Ta b, xfs535)| ®)

and correspondingly off = o |1 + op 2. By introducing the transverse parton
coordinates B
lision, one may write

si Sij
rA(XiI.XjI;Sii)‘] ) :JdZBYA(Xl’XJ’B+ ; B %)‘1 2 @

where yal1 2 are given by

S Sis
'YA(X{,X'I;B+ % B — %)‘1 - rN(XUX)vSl])T(B)

YA(X x B-l—s; B*%)‘ZZGN(XJGN(X;) <B+s;)T(Bi%) ©)

with T(B) is the nuclear thickness function, normalized to the atomic mass num-
ber A and Gn nuclear parton distributions divided by the atomic mass number.

The first term in Eq.(3) obviously gives a simple rescaling of the double par-
ton distribution of an isolated nucleon:

1 Mo

Pa el Xfs )|, —FN(xl,x],slj)JdZBT(B) ©)

and the resulting contribution to the cross section is the same as in a nucleon-
nucleon interaction, apart from the enhancement nuclear flux factor, so one ob-

tains GE‘ = AoR. In the oF |, term the integration on s;; involves the projectile

and two different target nucleons:

JdSijrp(Xi,Xj;Sij)T(B + 82” )T( — %) (7)

In the limit 1, € Ra one may approximate T(B + %) ~ T(B), which gives:

3 ZJ (xi,%5)0(x1, X{)6(xj, x{) Gn (x{) Gn (%) dxidx{dx;dx; J d?BT?(B),

®)

A|2

where
Gy (x5, %;) = J syl (xe, x5 555) ©9)

The two terms o ‘] and of ‘2 have hence very different properties. While in

the simplest case presently considered o5 | scalesas A", 0| scalesas A*/3. The
1 2

effects induced by the presence of the nucleonic degrees of freedom, in double
parton scattering, cannot hence be reduced to the simple shadowing corrections
of the nuclear parton structure functions, whose effect is to decrease the cross
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Fig.2. Different contributions to the cross section for bbbb production, in a central
calorimeter as a function of A of the one-nucleon (dashed line) and of the two nucleons
(continuous line) terms. The dotted line is the sum of the two terms.

section as a function of A. Rather the main effect of the nuclear structure is due
to the presence of the o[, term in the cross section, which grows much more
rapidly with the atomic mass number, as compared to the single scattering term,
giving rise to a sizable additive contribution to the cross section.

3 Summarizing:

e The cross section of bbbb production in hadron-nucleus collisions at the LHC
is rather large, reaching values of the order of hundreds of ub.

o A rather direct feature is the “anomalous” dependence of the process on A.
The presence of the nucleonic degrees of freedom do not lead, in this case, to
the “usual’ shadowing corrections to the nuclear structure functions, which
cause a limited decrease (of the order of 20%) of the cross section. On the con-
trary the dominant effect of the nuclear structure is due to the presence of the
GE |, term in the cross section, which scales as A%/3, giving rise to a correc-
tion with opposite sign, namely to an increase of the cross section which may
become larger than 100% for a heavy nucleus.
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Abstract. I discuss several aspects of electromagnetic and axial form factors of the nu-
cleons predicted within constituent quark models. In particular I address the problem of
covariance, current conservation, many-body currents.

Recently predictions for electromagnetic and axial form factors of the nucleons
were given [1-3] for the GBE constituent quark model [4]. The results were ob-
tained within the point form of relativistic quantum mechanics [5]. While in this
form all Lorentz transformation are left kinematical, the dynamics enters in all
four components of the momentum operator [6]. It is introduced along the Bakam-
jilan Thomas (BT) construction [7]. Eigenstates of all four components of the mo-
mentum operator are obtained by solving one eigenvalue problem for a mass
operator which in this respect plays the same role as the Hamiltonian in nonrel-
ativistic quantum mechanics. For calculation of the form factors electromagnetic
and axial current operators in the so called point form spectator approximation
(PFSA) were applied. For more details I refer to [8]. Manifest covariance must
hold since the boosts are kinematical and the results for the form factors are in-
deed frame independent.

The so obtained results (see Fig. 1) [1-3] are in a surprisingly close agreement
with the data. This is particularly remarkable because there are no free (fit) pa-
rameters in these calculations. The GBE constituent quark model does have some
parameters but they were fitted only to the baryon spectra. Then the resulting
nucleon wave function goes into the calculation of the form factors.

It is at the time not yet clear why such a successful description of the elec-
tromagnetic and axial structure of the nucleons is possible within this formalism.
The ultimate goal is thus to better understand the formalism and its physical
contents. A starting point for such an investigation is the issue of current con-
servation which must be satisfied for the electromagnetic current. As a conse-
quence the third component of the current must vanish in the Breit frame (with
momenta P(st) and P’(st) of the incoming and outgoing nucleon) which can ex-
plicitly be checked for the PFSA current. It turns out that the matrix element
< P/(st)[J3(0)|P(st) ># 0, i.e., that the electromagnetic current in PFSA is not
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Fig. 1. Predictions for the proton electric (top left), neutron electric (top right), proton mag-
netic (middle left), neutron magnetic (middle right), and nucleon axial (bottom left), and
induced pseudoscalar (bottom right) form factors for the GBE constituent quark model in
PFSA.

conserved. A comparison to the zero-component of the current shows however,
that the size of the third component is much smaller. This is demonstrated in
Fig. 2 where I plot the absolute value of the ratio of < P'(st)[J3(0)|P(st) > to
< P'(st)]J°(0)[P(st) > for the proton. It is smaller than 1% for momentum trans-
fers q* with Q2 = —q? < 4 GeV?. In this sense one can call the violation of
current conservation small. In order to restore it one can redefine the electromag-
netic current by just projecting it on its transverse components, i.e., one uses the
current J*(0) = J*(0) — ]Vf%q”. This current has some problem if one con-
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siders electromagnetic transitions to resonances since there would be a pole for
Q? = 0. There have been suggested two different ways out. Either one can add
an additional purely transverse current having also a pole at Q% = 0 which just
cancels the one in the original J(0) [10]. This term must not be taken into account,
however, in case of elastic form factors. Alternatively an a priori conserved cur-
rent operator was recently constructed [11] which reduces to J*(0) for the elastic
case but can also be used for transitions without having a pole at Q% = 0.

In nonrelativistic physics current conservation can be achieved by a proper
choice of two-body currents which can be related to the microscopic picture be-
hind a model. Until now we have not yet succeeded to find an analogon in the
point form relativistic quantum mechanics. Modifying the current as described
above to establish current conservation means that one adds some two- or three-
body currents. In this way it is however not so clear how to connect them with
the underlying microscopic picture (i.e., the interaction added to the mass oper-
ator in the BT construction). In general current conservation is only a constraint
on the longitudinal component of the current. This freedom (which exists also in
a nonrelativistic theory) can be utilized to add additional purely transverse terms
to the current. A possible way of introducing such currents was suggested in
Ref. [10]. Finally it must be mentioned that in relativistic quantum-mechanics the
separation into one- and many-body currents becomes ambiguous. In principle,
the different forms of dynamics must yield the same results since the forms are
unitary equivalent. A one-body current in one form, however, becomes a many-
body current in the other form. The spectator approximations in two different
forms are therefore not equivalent. Thus it becomes clear why the results in PFSA
and in a corresponding instant form spectator approximation can become very
different [8]. Big differences between results obtained in different forms of dy-
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Fig. 2. Ratio of the matrix elements of J> and J° for the proton in the Breit frame.
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namics were also found for form factors of bound states of two spinless particles
by the Grenoble group [9].

Contrary to the electromagnetic current, the axial current is not conserved.
From the definition of the axial current for a spin-1 particle it follows that
the matrix element of its zero component must vanish in the Breit frame
< P’(st)|A°(0)[P(st) >= 0. So even though the axial current is not conserved
there is also a constraint which turns out to be violated in case of the PFSA.
Similarly as in the case of the electromagnetic current one could introduce a
modified axial current by projecting away its component in the direction of p =
P/(st)4P(st), i.e., introduce a current A*(0) = A*(0)— Av;%p *, which then ful-
fills the constraint by construction. In the Breit frame (where p = (2P(st)°,0,0,0))
it makes < P’(st)]A%(0)|P(st) >= 0 without changing the other three compo-
nents. Since the axial and the induced pseudoscalar form factors are determined
only from the latter components our results remain unchanged.

This work was supported by the Austrian Science Fund (Project P14806).

References

1. RE Wagenbrunn, S. Boffi, W. Klink, W. Plessas and M. Radici, Phys. Lett. B 511, 33
(2001).
2. L.Ya. Glozman, M. Radici, R.F. Wagenbrunn, S. Boffi, W. Klink and W. Plessas, Phys.
Lett. B 516, 183 (2001).
3. S. Boffi, L.Ya. Glozman, W. Klink, W. Plessas, M. Radici and R.F. Wagenbrunn, Eur.
Phys. J. A 14, 17 (2002).
4. L.Ya. Glozman, W. Plessas, K. Varga and R.F. Wagenbrunn, Phys. Rev. D 58, 094030
(1998).
5. B.D. Keister and W.N. Polyzou, Adv. Nucl. Phys. 20, 225 (1991).
6. P.AM. Dirac, Rev. Mod. Phys. 21, 392 (1949).
7. B. Bakamjian and L.H. Thomas, Phys. Rev. 92, 1300 (1953).
8. K. Berger, these proceedings.
9. A. Amghar, B. Desplanques, and L. Theuf8l, Nucl. Phys. A 714, 213 (2003).
10. W. Klink, unpublished.
11. F. Coester and D.O. Riska, Nucl. Phys. A 728, 439 (2003).



BLED WORKSHOPS A Proceedings of the Mini-Workshop

IN PHYSICS I! Effective g-q Interaction (p. 83)
VoL. 4, No. 1 Bled, Slovenia, July 7-14, 2003

Calculation of electroproduction amplitudes in the
K-matrix formalism

Bojan Golli

Faculty of Education, University of Ljubljana, and ]. Stefan Institute, Ljubljana, Slovenia

Abstract. We present the K-matrix approach to calculate pion electroproduction ampli-
tudes in the framework of chiral quark models. We derive the relation between the K-
matrix and the experimentally measured T-matrix and show how to separate the resonant
contribution to the amplitudes from the background.

The work is being done in collaboration with Manuel Fiolhais (Coimbra), Pedro
Alberto (Coimbra), Ze Amoreira (Covilha) and Simon Sirca (Ljubljana).

1 Motivation

In our previous work [1] on electroweak excitations we have shown that different
versions of chiral quark models may successfully describe the properties of the
low lying nucleon resonances. In these calculations the excited states have been
treated as bound states which is justified if we are interested only in the resonant
part of the production amplitudes. The total amplitudes as measured in the ex-
periment however include also non-resonant (background) processes related to
the outgoing pion. Incorporating the decaying channel in the model calculation
may therefore represent a stringent test for the model as well as yield interest-
ing information on the production mechanism and in particular on the role of
non-quark degrees in freedom in baryons.

In several models such as the linear o-model or the chromodielectric model,
which include nonlinear effects and in which the interplay between quark and
non-quark degrees of freedom is treated in a self-consistent way, the calculation
is only feasible in a variational approach. While such an approach can be easily
implemented in the bound state calculations its application to the description
of scattering processes is much more complicated. In [2] the Kohn variational
approach has been adopted to calculate the 7N phase shifts and the structure of
the resonant state in the Cloudy-Bag-type models. In this work we extend the
approach to be able to calculate also the electroproduction amplitudes for pions.

We shall limit ourself to the description of the A resonance.
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2 The variational approach to the K-matrix

We shall be interest in the class of models in which the pion is coupled linearly to
the quark source:

H= jdkz [l (K ame(K) + Vine(K)ame (k) + Vi (k) @by (k)] + Y Egches
mt B
(1)

where

3
Vie(k) = =V(K) ) tlom', Vi (K =(=1)""V 0 (k). Q)
i=1

Here amt(k) and a:rnt(k) are annihilation and creation operators for the | = 1
pions with the third component of the spin m and isospin t; cg and (:J{3 are anni-
hilation and creation operators for the “bare” baryons made up of three quarks,
E} are the corresponding bare energies, V(k) is the source function determined
from the quark profiles. We shall limit here only to two state, the nucleon N, and
the A. In the present stage we do not include meson self-interactions.

In the variational approach to the K-matrix when only a single channel is
opened (such as the resonant scattering in the P33 channel below the 2 pion
threshold) the resonant state is assumed in the form:

1) = cal0a) + [ dinik, ko) [ab (kIR ©

Here |®L) and |®4) represent the nucleon and the A bound states normalized
as (DK |®L) = 1 and (©A|@A) = 1, respectively; n(k, ko) describes the scatter-
ing pion and [I°T denotes the coupling of spin and isospin of the pion and the
bare quark core to the quantum numbers of the A. Asymptotically the pion wave
function behaves as

n(r, ko) =koj1(kor) —tandkoyi(kor), T—00. 4)

Note that in the K-matrix approach the standing waves rather than outgoing (and
incoming) waves are used. In k-space this leads to

T](k,ko)—\/Eé(kko)-f—M , KEtanéz\/z_ﬂ&X(ko,ko). (5)
2 Wy — Wo ko

The nucleon state |®F) in (3), modified in presence of the scattering pion, i.e. it
depends on k and ko of the pion, should asymptotically go over to the ground
states, |05 — [®ON) for k — ko.

Before introducing the variational principle which determines the parame-
ters of the trial function of the type (3), i.e. the pion wave function n(k, ko), the
parameter ca as well as structure of the states ® and @Y, we first prove an
important relation which hold in this type of models:

33
22

X(ko, ko) = (¥(H —E) [al (ko)l@n)] . ®)
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We assume that both [¥) and |®) are exact states, i.e. HW) = E[¥) and H|D) =
En|®@). We should keep in mind that H is not Hermitian since ¥ is not a square in-
tegrable function, hence (W|H # (Y|E, and the above expression does not vanish.
We write H = Hf 4+ (H — H1):

33 33
(WIH =) [al (o)lon)] 7 = (Wi(H = 1Y [al ollon)] "7 @)
The non-Hermitian part of H is the pion kinetic energy term:
t —
Hiin = | dr ) (1) o(r) | = Ay | m(r) . ®)
t

Only those terms in ¥ that asymptotically (r — oco) behave as r~! contribute to
(7), i.e. the terms involving n(k, ko). Expression (7) yields

i) |8, - B, i) [al (ko lon)

Nw

3
2

Jdkn(k, ko) Jdr Y [(@Rlamn (k)]
‘ ©)

We now commute a and a' through the pion field; only the commutators produce
anon vanishing contribution. We next perform the k-integration yielding the pion
wave function in r-space (4). After performing the angular integration we end up
with the following integral

2
&\/Z‘I'dr (j1 (kor) — V27 Lo x(ko, ko) Y1 (kor)) [irzi — irzi] j1(kot) .
7 ko T

2wy dr dr dr dr

(10)
The first term in () vanishes. We perform an integration per partes and we are left
with the Wronskian of j; and y1, W(j(kor),y1(kor)) = 1/(kor)?, multiplied by
k312X (ko, ko). The resulting integral is finite for 1 — oo and equal to x(ko, ko)
which proves (6). Relation (6) holds quite generally since the only assumption in
the derivation was on the asymptotic form of the wave function V.
For the class of models (2) we can derive another useful relation by commut-
ing af in (6) through (2): (H—E)a!_, (ko) = woal | (ko)+Vint(ko)+al, (ko) (H—E).
Since (H—E)|®) = —w|D) the last term cancels the first one and we are left only
with the matrix element of (2):

K = K(ko, ko) = V2 2 x(ko, ko) = —V2r 22 (¥ }_ 07[0) V(o). (11)
0 0

This is an exact relation since in the derivation we have not made any assumption
about the structure of the resonant state or the ground state; we have only referred
to the form of the pion field far away from the source. The result is similar to the
expression derived by Chew and Low for the T-matrix [3].

We now sketch a more general derivation of the Kohn variational principle
for the K-matrix in the case of pion scattering compared to the derivation given
in [2]. Itis valid for a more general class of Hamiltonians than (2); we only require
that the exact solution (as well as the trial state) has the form of (3) where the pion
field asymptotically behaves as (4).



86 B. Golli

We start by observing that the matrix element between the exact wave func-
tion ¥, and a trial wave function ¥, satisfying the boundary condition (4) with
an approximate phase shift 8¢, can be written in the form

k
(Wo[H—E[¥,) = ——2 (tan b, — tan ) . (12)
2(U0
The proof goes similarly as from (7) to (10), the only difference is that in (10) the
expression 1/2/7(j1(kor) — tan 8¢ y1 (kor) appears instead of the second ji(kot).
Introducing 8¥ = V¥, — ¥, and taking into account (H — E)[¥.) = 0 we can write

Z(Uo

tande = tan &, — = — ((¥eH — E[Yy) — (SWH — Els¥)) (13)
0

which means that the functional
2w
F(¥y) = tan by — k—oo (W H — E[W,) (14)

is stationary with respect to variations of W;.

3 The K-matrix for the pion production

We may now extend the model by introducing the coupling to the photon, H —
H + H,, where H, has the usual form of the EM Hamiltonian with the minimal
coupling to the hadronic EM current. Then the resonant state will include the
emission and absorption of the M1 and E2 photons (denoted by the common
index M) which will modify our ansatz (3) in the following way:

[¥) = cal®a) + [aLt(kONq)N)]%% +Jde7£:“j‘zZ) [aint(knq)ﬁ)]%%
Xymldky) 1y 33

We make the standard assumption that the EM coupling is much weaker com-
pared to the strong coupling and does not modify the structure of the resonant
state. The functions x™' and x®? are related to the corresponding K-matrices
for the pion electroproduction. The proof of these relations is analogous to the
derivation of the K-matrix for the elastic pion scattering. We find:

— _ T 13
T K =) = —(HH = ) a0 (16)

leading to
K = V2R 2 (91 [y aly )] 19). 17)
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4 Splitting the amplitudes in the resonant and the non resonant
part

The K-matrix calculated in a model as discussed above exhibits a typical reso-
nant behavior (provided of course the bare A-N splitting is sufficiently large).
The energy at which the phase goes through 90° corresponds to the energy of
the physical A, Ea. It can be parametrized in the form suggested by Davidson et
al.[5]:

Krr =tand = +D = tan 8K + tan dy, . (18)

Ea—E
Here § is the full phase shift, 6K is called the resonant phase shift and &y, the
background phase shift (BPS), which — as shown below — is identical to the BPS
in the T-matrix approach. Note that both, & and 85 go through 90° at the same
E, (e.g. E = 1232 MeV for A). The width of the resonance is simply related to the
parameter C by ' = 2C.
The T-matrix which is directly related to experimentally measured ampli-
tudes is related to the K-matrix as

K C+(En—E)D

T K " @D —iCt (DD

(19)

In contradistinction to the K-matrix which is a real quantity the T-matrix is com-
plex. The position of the pole in the complex plain can be easily determined if
we assume that the coefficients C and D do not depend on the energy. Then the
above expression can be brought in the familiar form:

r1/2

T E) = 2idy
b = e =i 2

+ sin §pe'®® (20)

with

CD
MA:EA—i—w:EA—f—%FXtanSb, F_Ar

2C

= W = FE COS2 6b . (21)

From the experimental phase shift in the P33 channel the following values are
extracted M = 1210 MeV, I"g = 100 MeV and &y, ~ —23.5°.

Turning to the T-matrix matrix for the electroproduction, T, ,, we note that
the effect of the EM coupling to the photon has a negligible effect on the structure
of the state (15). The position and the width of the pole is not changed with re-
spect to the pure TN channel; the phase shift of the amplitudes is that of the TN
scattering. This is the so called Watson theorem which in our case can be expressed
in the form [5]

. K
Tyn = Kyn(1 4+ i) = % : (22)
Using the popular parametrization
A
Kyn = +B (23)

Ea—E
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we can express (22) in the form:

A+B(EaA—E)
(Ea —E)—i[C+D(Ex —E)]°
Assuming again that the parameters A, B, C and D do not depend on the energy,

we can relate our result to the parametrization of T, used in parameterizing the
experimental data [4]:

T‘YT[ = (24)

Tyr = 1€/ TR+ Be® oo A2 (25)
YT TUTT ) TUTT MA_E_II—\‘Ar/Z
We obtain:
v A B D? A B1-D? B
1¢,:__ o2 . v e _ 2
Te C ZD—1+D2+1D(C+D—1—|—D2> and f Dsméb. (26)

We have to comment on the above assumption of constant parameters. If
we identify the parameters in (18) and (23) with what comes out from a model
calculation it turns out that the parameters exhibit a strong dependence on the
pion momenta ko and therefore also on the energy. This can be seen already from
the lowest order expression for the scattering matrix which takes the form:

@0 2 [{ALZ otINY 4 (NIS otIN)? 1 (Al T otN)?
ko Ea—E 9 En+2wo—E  9EA+2wo—E
(27)
where we immediately identify the parameter C in (18) with the numerator of the
first term and D with the other two terms corresponding to the crossed processes
with either the nucleon or the A in the intermediate state. Since the pions are p-
waves, V(kg) x k(z), and K, behaves as kg close to the threshold — as it should.
The resulting background phase shift by, is positive for all ko.

In the analysis of experimental data it is more convenient to parametrize the
resonant T matrix using the familiar form (25) with constant I' and M. A conse-
quence of such an assumption is that the background phase shift 0y stays nega-
tive for the whole energy range. We should be aware that the negative 6y does
not correspond to any physical process; it is merely a convenient tool to analyze
the experimental data. In order to extract the parameters M, I', v, and &y from
the model calculation we should therefore numerically fit the calculated K, and
Ky~ to the forms (18) and (23) and use (21) and (26) to relate them to the values
of A, B, C and D obtained from the fit.

Kin=m
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Abstract. We present a detailed four-body calculation in a basis which is also adequate for
a weakly bound state of two mesons. The Tc. = cctid state with quantum numbers IS = 01
and positive parity is analyzed. The influence of a weak three-body force is studied.

The bound state of two mesons is now a very hot topic due to new experi-
mental discoveries. The cC resonance [1] and the D;(2430) state [2] detected this
year can be explained in the constituent quark model as two-quark two-antiquark
bound states. Here we present some numerical results on the cciid system. We use
a basis which also contains asymptotic channels of two free mesons so that we are
able to treat also weakly bound states. The aim of this talk is to explain numerics
involved in the calculations, while the motivation for this subject was presented
by Mitja Rosina (these Proceedings).

1 Basis

We are interested only in L=0 states, so we expand the orbital part of the tetra-
quark wave function in terms of gaussians with different widths. We do not use
Jacobi coordinates but we rather choose coordinates which are more natural for
the two-quark two-antiquark system. This coordinate systems (Fig. 1) were al-
ready introduced in [3] but were not fully applied. The use of all systems is im-
portant since although the total angular momentum is zero, one can by using e.g.
system b) in Fig. 1 have a nonzero relative angular momenta between two quarks
112 or between two antiquarks 134 resulting in a more complete Hilbert space.
When we have a strong quark mass asymmetry we expect diquark-antidi-
quark clustering [3] so that the first coordinate system on Fig 1 is more suitable
and the dominant color configuration has the diquark in antitriplet and the an-
tidiquark in triplet color state. On the other hand, if the binding is weak, the
direct and exchange meson-meson channels are more adequate. For these chan-
nels we need also the sextet-antisextet color configuration as can be seen by the

recoupling
T13124) = \/;312334) + @\612634),

1813824) = —\/%312334) + \/;612534)-

* Talk delivered by D. Janc.
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Y1
G X1 Y3
x; | X3 G
O Ol

R(xi) = exp(— ¥ aix?) Ryi) =exp(— X biyi)  R(zi) = exp(— X ciz)

Fig.1. Two quarks (dashed circles) and two antiquarks (empty circles) in three different rel-
ative coordinate systems: a) diquark-antidiquark, b) direct and c) exchange meson-meson
channels. The orbital part of the wave function is expanded in Gaussians of relative coor-
dinates P = Y dnR"™ using all three systems.

The important configuration is singlet-singlet while the octet-octet configuration
does not make a significant contribution. Similarly one can use different coupling
schemes for the spin part of the wave function. To solve the problem as accurately
as possible we use all color and spin types of configuration.

2 Binding energy of tetraquarks

We search for solutions of our Hamiltonian with the variational method, where
we use a general diagonalization of the Hamiltonian spanned by the nonorthog-
onal basis functions R™ = e~ £ 4% or e~ Zb7v{ gre— X C?Zf, n = 1...N. We have
built the basis functions step by step by adding the beat configurations from Fig. 1
with the best color-spin configurations allowed for our quantum numbers (IS=01,
positive parity and color singlet) after optimizing the corresponding widths. To
obtain 1 MeV accuracy we constructed in this way basis with up to Nyax = 40
functions. This basis states can also accommodate two asymptoticly free mesons
if the four-body problem have no bound state.

In our calculations we use nonrelativistic potential model with the Bhaduri
potential [4] which is very successful in reproducing the ground state of almost
all mesons. The calculation in harmonic oscillator basis [5] has shown that the
T¢c tetraquark in this model is not bound. Similarly a phenomenological estimate
of the mass [6] also suggest that the system is not bound. This estimate is built
on the assumption that one can neglect contributions from the sextet-sextet con-
figuration and from direct and exchange meson-meson channels in Fig. 1. In our
approach our ground state is a state of two free color singlet mesons so that the
mass of the tetraquark is equal to the sum of masses of the D and D* mesons. For
this it is crucial to use in the expansion also states b) and c) from Fig. 1. Since we
are interested how the results are changed if we slightly modify the parameters
in the Bhaduri potential or add some new weak three-body interaction which
would not spoil the meson spectroscopy and will have only minor effects also
for baryons. We investigate the possibility of weak binding of T.. and we need a
good description also of asymptotic states with respect to which we are calculat-
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ing the binding energy. This is why we find our basis more suitable than the basis
used in [5].

To get some deeper understanding of our four-quark system we calculate
the masses of the tetraquarks in a basis where we do not optimize all widths of
Gaussian functions, but keep one of them fixed. The most natural choice is to keep
the width which define the wave functions between two two-body cluster fixed
(1/d?=a3, bz, or c3). If this width are very large the mass of the system should
be equal to the sum of the masses of the two mesons. since our basis states do
include this asympthotical configurations. On the other hand if the plot of the
mass of the tetraquark as a function of this parameter has a local minimum with
the mass lower than the asymptotic value, we have a four-body bound state. In
this way we can get some information about interaction between two two-body
clusters in tetraquark although this mass at fixed d should not be confused with
effective potential in Born-Oppenheimer approximation.

11000 ‘
10950 \
10900 " \
10850 ‘ \

—xall fig.
< 10800 all config.
> \ S e triplet config.
2 10750 ‘ — singlet config.
= 10700 sextet config.

\: T octet config.
10650 \ /
10600 \ /
10550 \/
10500 : : ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 25 3

d [fm]

Fig.2. The mass of Typ as a function of the width between two clusters. Different curves
present results of the calculations where only some type of color wave function were
used in expansion of the tetraquark wave function (e.g. dotted curve for results with only
1312334) configurations.)

We illustrate this on the bbiid tetraquark which was already rigorously solved
with Bhaduri potential in [5] in harmonic oscillator basis. Results are shown in
Fig. 2. The masses of free B and B* mesons obtained with Bhaduri potential are
5301 MeV and 5350 MeV respectively. We see that for large d the energy of the
system approaches this value. But at 4~0.6 fm we have a minimum which indi-
cate that the Tpp is bound in our model. On the same figure are presented the
results of calculations with only some type of color wave function used in expan-
sion of the tetraquark wave function. We see that for the minimum at 4~0.6 fm the
1312334) configurations are far the most important. Using only this configurations
the mass of the tetraquark is 10531 MeV which is only 6 MeV above the energy
obtained if we use all color configurations and do minimization without fixing
any of the widths. This then means that by ignoring few percents in the bind-
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ing energy that the ground state of the Ty} tetraquark is the antidiquark in color

triplet state and the diquark in color antitriplet between which the relative mo-

tion can be described by e~*3/(0:6fm)* Thys the Tpyp tetraquark can be described

as the harmonic oscillator built out of the heavy diquark and light antidiquark.

3910

3900 \

3890 \
—Uo = -40MeV
Uo = -20MeV
o \\
3870

3860

M [MeV]

o 1z s 4 s

a [fm]
Fig. 3. The mass of T as a function of the smearing of three body potential for two differ-
ent strengths. The asymptotic mass of D plus D* is 3906 MeV in our model.

As expected, we have clustering in color singlet states for large d (Fig. 3),
while due to confinement the energy of colored configurations rises sharply. The
rise for small d (d< 0.5 fm) is due to the kinetic energy between two clusters.

3 Three-body interaction

The T, tetraquark in the nonrelativistic constituent quark model with the Bhaduri
potential is above the D D* threshold. But as one can see on Fig 3 that the mass
of T¢. as a function of the width between two clusters has a significant minimum
at d~ 0.7 fm which indicates a diquark-antidiquark clustering. Now we investi-
gate how close to binding this system is in this model. We do this by introduction
a SU(3) color invariant three body interaction. The origin and influence of such
interaction on three and four quark state was studied in [7]. We present the re-
sults of detailed four-body calculations with Bhaduri potential extended with the
tree-body interaction of the form

1
Viqa(ri1y,m) = —gdab“{l)‘}“i”uoew[—ﬁf +17 +14)/a’],
1
Vaaaromy,md) = gdabcxﬂ?“ﬁ*uoew[f{rf +1i+1E)/a%].

Here r; is the distance of the i-th quark from the center of the triangle formed by
i-th, j-th and k-th quark, and similarly for r; and 7. A, are the Gell-Mann color
matrices and d®°¢ are the SU(3) structure constants ((A%, AP} = 2d¢beAc),
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The diagonal matrix elements of the color part of the three body interac-
tion between two quarks and an antiquark are -5/18 and 5/9 for |312334) and
1612634) color states, respectively. If the strength of this interaction U, is negative
it will lower the states with diquark-antidiquark configuration. This can be seen
on Fig. 4. The dependence of the mass of the T, tetraquark on the strength of
the potential Uy and on the smearing of this potential is shown in Fig. 3. When
a= 3 fm and Uy = —20 MeV the system is bound with the energy of —15 MeV,
while as it can be seen on Fig. 4 it is unbound if we fix one of the parameters in or-
bital wave function. The system still possesses clustering of quarks into diquark
and antidiquark but the simple picture where the diquark and the antidiquark
form a harmonic oscillator is not accurate anymore. The effective interaction be-
tween clusters has now more complicated form. Since d*"*A#APAf, /8 in color sin-
glet baryons is 10/9 this interaction will lower the masses of the baryons for about
U if a>> 1 fm (the size of the baryon) and less for smaller a. Since the Bhaduri
potential gives ~ 10 MeV too large masses of baryons this interaction would also
improve baryon spectroscopy. But we wish to keep the effect of this new interac-
tion as small as possible, so we prefer weaker three-body force (Llp ~ —10MeV).

The main result therefore is that while T.. is not bound with the Bhaduri
potential we can change the situation with a modification of this potential. Just by
changing the parameters (strength of confinement, masses) one can not achieve
this goal since it is not possible just to reduce the mass of the tetraquark without
reducing masses of mesons and thus lowering the threshold. But a weak three-
body force whose color factor is zero in the asymptotic channel can lead to the
binding.

4000 :\

3975 \

3950 :\
3925 +—

3900

Uo=0
— Uo =-20MeV
----- Uo = -40MeV

E [MeV]

3875

3850
d [fm]
Fig.4. The mass of T¢c as a function of the width between two clusters. The results of

the calculations for three different strengths of the tree-body potential are shown. The
smearing of this potential is a = 3 fm.
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Abstract. In order to test the accuracy of the aproximate methods commonly used for the
Nambu - Jona-Lasinio model we study a simpler model which can be solved exactly. We
find that the Random Phase Approximation gives reasonably good results if used in com-
bination with the Hartree ground state (vacuum). On the other hand, the Tamm-Dancoff
and Hermitian Operator Methods give even better results, but for the price of requiring a
better approximation of the ground state.

1 Introduction

In the Nambu — Jona-Lasinio model (NJL), the vacuum properties and the pion
excitation are usually calculated using the Hartree-Fock (HF) and Random Phase
Approximations (RPA). We propose a simplied version of NJL which is appro-
priate to test the accuracy of these aproximate methods. The model preserves the
main features of NJL and is simple enough to be solved exactly. For simplicity we
limit ourselves to one flavour of quarks.

Since we shall deal with a finite number of quarks, it is convenient to start
with the one-flavour NJL Hamiltonian written in the first-quantized form [1] and
with a momentum cutoff A

I\’]z

H =) (vs(Kh(k)p(k) +mop(k))
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* Outline of the Diploma Thesis presented at the University of Ljubljana (Mentor: Mitja
Rosina)
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2 The simple model

We made four approximations:

1. We confined quarks in a finite volume V with periodic boundary conditions
so that their momenta become discrete. Because the absolute values of mo-
menta are limited, there is only a finite number of momenta avaliable. There-
fore we have only a finite number 2N of single-particle states occupied by a
finite number N of quarks.

2. In the kinetic term of the Hamiltonian we take an average absolute value of
momenta (P = %/\) instead of their true values.

3. The interaction changes only the quark’s chirality and preserves its helicity,
color and momentum which then label the quark. Therefore the quarks can
be treated as distinguishable and Hartree is equivalent to Hartree-Fock.

4. We include a quark selfinteraction so that the double sumations can be re-
placed by two single sumations. This contributes a trivial constant —gN.

The simplified Hamiltonian is:

We can introduce the operators:

. 1 ) 1. . 1
’X:Eﬁ‘ )yZEIBYS» J2 =375,

which obey (quasi)spin commutation relations and allow us to make full use of
the angular momentum algebra.
Also separate sums over quarks with right and left helicity

N N
=) M5 0, se=y M50
k=1 k=1

as well as the total sum

N
Jo =La+Sa =) jalk)
k=1

obey the (quasi)spin commutation relations (o« = x, y, z).
The model Hamiltonian can then be written as

H=2P(L, —S.) + 2moJx —29(J2 +J2).

It commutes with L? and S? but not with L, and S,. Nevertheless, it is con-
venient to work in the basis |L, S, L, S,).The Hamiltonian matrix elements can be
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easily calculated using the angular momentum algebra. By diagonalisation we
then obtain the energy spectrum of the system.

The model has three model parameters: P, mo and g. Instead of g we prefer to
take G = gV/2 where V = >N /A3 is the normalization volume since g decreases
with increasing number of quarks while G stabilizes at large N.

We want to study the simple model in a physically interesting regime. There-
fore we choose the three model parameters so that we fit three observable

1. We calculate the mass of dressed quark (M = 335 MeV) from the difference
between the ground state energies (Eg) of the systems of N and N — 1 quarks.
For the momentum of quark we take the average value (P) and we obtain

M = /(Eg(N) — Eg(N — 1))2 P2,

2. The mass of pion my should be 138 MeV. The pion corresponds to the first
excited state of the system,

En:EI*Eg = mn:\/E%*P%»

where E; is the energy of the first excited state and E, is the pion energy.
We determined the effective pion momentum p, by the requirement, that the
pion behaves as a Goldstone boson in the chiral limit and that p, does not
change much when the small quark mass term is introduced:

pr=Ei(mo :O)_Eg(mo =0).

3. Instead of the pionic decay constant (f, = 93 MeV) we prefer to fit the chiral
condensate Q which is related to f, through the Gell-Mann — Oakes — Renner
relation

—Q=f2mZ/my.

In this way we avoid the ambiguity how to introduce f. in a one-flavour
model, as well as the ambiguities with the effective momentum of the pion in
a finite volume. In our model, the chiral condensate is

(allxlg) .

<|m

1 N
Q=5(gl) Bilg) =
i=1

<|

We compare the fitted values of model parameters for several values of N
(Table 1). It is amusing that they are rather close to NJL parameters corresponding
to two flavours and infinite number of quarks in the system [2].

3 Test of approximate methods — the vacuum

We compare the ground state (vacuum) energy E4 and the chiral condensate Q of
the Hartree approximation with the exact solution.

The vacuum energy (Table 2) for N=48 and for the physically interesting
value G = 40.1MeV fm> deviates only by 1.2%. The deviation decreases with
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Table 1. Model parameters (above) fitted to reproduce the observables (below).

N 12| 24 | 36 | 48 |NJL |exper.
G (MeV fm>)[69.9(55.9|46.5(40.1(42.2
mo (MeV) |26.0{15.9(11.8/ 9.6 | 5.5
P (MeV) 484|557 | 613|659 | 473
M (MeV) 335(335(335|335|335| 335
my (MeV) |138]138|138|138|138| 138
fr (MeV) 93.0(93.0{93.0{93.0|93.0| 93.0

Table 2. The energies Eg4 of the ground state for 48 quarks for P = 659 MeV and mo =
9.6 MeV and three values of G.

G

(MeV fm?) 20.0 40.1 60.0
Exact —32058.96]/-32970.80(-37028.30
Hartree  |-31991.62|-32586.51|-36565.25

increasing N which hints that Hartre is a good large-N limit (we could not test
it yet for large enough N). One should take some care, however, since in spite of
the good agreement the Hartree ground state is still above the first (few) exact
excited states in some of the studied cases.

8 [ LU UL UL UL LU RO DL 8m

7 =7

6 6

5 5

4 = 4

3 13

2 2

1 1 /

0 () = \||IIH|H|||\|||||||\‘IHIHIII'IIHIIH

0 10 20 30 40 50 60 70 80 °0 10 20 30 40 50 60 70 80
G (MéV fm®) G (MeV fm?®)

Fig.1. Dependence of absolute value of the chiral condensate on the strength of in-
teraction for 48 particles and P = 659 MeV. From above follow the lines for my =
9.6,4.38,24,1.2, 0.6, 0.3 and 0 MeV. Exact (left) and Hartree (right) results are compared.

For a finite system we do not expect a sharp transition from the chirally sym-
metric to the chirally broken phase as a function of the interaction strength G.
As a matter of fact, for my = 0 the system remains chirally symmetric, the order
parameter Q remains zero. For a small but finite explicit symmetry breaking term
m, the system responds first with a small Q proportional to mo. For G larger than



A simplified model of pion 99

some critical value, however, Q starts to rise sharply (Fig.1). This is the analogue
for spontaneous symmetry breaking in the case of a finite system. One expects a
sharp phase transition if one makes the limit N — oo faster than the limit my — 0.

On the other hand, one gets in the Hartree approximation a sharp phase
transition already in the chiral limit my = 0 and a slightly larger chiral condensate
for mg > 0. This shows that the Hartree approximation strongly exaggerates the
chiral symmetry breaking and in this way immitates the situation at N — oo even
at smaller N.

4 Test of approximate methods — 7t and o mesons.

The first excited state (negative parity) corresponds to pion and the second ex-
cited state (positive parity) corresponds to sigma meson. As approximate meth-
ods we study several particle-hole methods in which the ground state is excited by
a one-body (“particle-hole”) excitation operator.

In our case the low-lying states are symmetric under permutation of quark
labels. Therefore the one-body excitation operators can be expressed as combina-
tion of quasispin operators Ly, S, il , iSy, L, and S, which we denote jointly
by Bi, i =1,...6. Then we expand the excited states in the basis [i)

lexc) = Z ciliy, [)=Bllg).

The calculation is formulated in terms of a secular equation for the excitation
energy w and expansion coefficients c;

He=whNc.
Different approximate methods differ in the proposition for the hamiltonian

and overlap matrices

1. In the Tamm-Dancoff method (TD) the basis |i) is taken literally and one obtains

Hji = (jI(H—Eg)li) = (g/B;j (H—E4)Bllg) and
Nii = (i) = (g/B; Bl|g).

2. The Hermitian Operator Method (HOM) [3] is an approximation to TD which
restricts the excitation operator to be either hermitian or antihermitian and
relies on |g) being an exact ground state. This simplifies the evaluation of
the matrix elements, but it makes a restriction to a smaller model space by
decoupling the spaces generated by real hermitian (L, , Sx, L, and S;) and
real antihermitian (iL, and iS,)) operators.

[B;, [H, Bl ]]]g) and

|[B
i) = (glB;Bllg)
O b

1
,Hji:§<g
J\/ji _ {(]
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where the upper line in Nj; applies if B; and B}L are both hermitian or both
antihermitian and the lower line (0) otherwise.

3. The Simple Operator Method (SOM) is even a more restrictive approximation
to TD, it chooses only one of the listed one-body operators, iJ,,. Its succes in
the description of the pion is based on the observation that such state is very

close to the pionic excitation: {7|i]y|g)/4/(gl]5lg) = 0.990 (for N = 48). It is

even useful to calculate the two-pion excitation |27) = 71123 lg) — (g\f]fJ lg) g} -

4. In the Random Phase Apoproximation one makes a risky but often sucessful as-
sumption that there exists an excitation operator AT =3, ciB‘{ whose adjoint
kills the ground state

AT\g) =lexc), Alg)=0.

The inspiration comes from the creation and annihilation operators of the
harmonic oscillator and it is a promissing approximation when one observes
harmonic vibrational spectra. One then gets

Hji = (gl[B;, [H, Bl 1]]g) and
Nji = (gl[Bj, Bi|g).

5 Conclusion

We found that although the Hartree ground state energy differs from the exact
ground state energy only by a small percentage for realistic model parameters,
the energy difference between the Hartree and the exact ground state is compa-
rable to the energy differences between the lowest exact excited states and the
exact ground state. In spite of this, the Random Phase Approximation (RPA)
gives a rather good approximation of the pion energy if used with the Hartree
ground state (Table 3); as a matter of fact, it gives better results when used with
the Hartree ground state than when used with the exact ground state. The condi-
tion Alg) = 0 for a one-body operator A is namely better fulfilled in the case of the
Hartree ground state than in the case of the exact ground state. On the other hand,
the Hermitian Operator Method (HOM), the Simple Operator Method (SOM) and
the Tamm-Dancoff (TD) method fail for the Hartree ground state, but give very
good results when used with the exact ground state.

Acknowledgement. Part of this work has been done at the JoZef Stefan Institute
within the Research Programme PO517 financed by the Ministry of Education,
Science and Sport of Slovenia.
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Table 3. Exact excitation energies compared to several approximate methods for 48 quarks,
P =659 MeV and mo = 9.6 MeV and three values of G.

G
(MeV fm?) 20.0 40.1 60.0
|state w(MeV) parity|w(MeV) parity|w(MeV) parity
exact solutions
1870.76  1.00| 879.21 1.00{ 947.76 -1.00
1870.76 -1.00| 788.36 -1.00{ 647.98 1.00
1848.51 1.00| 788.33 1.00{ 579.88 -1.00
|o) 91691 1.00f 365.20 1.00{ 401.18 1.00
|7r) 916.46 -1.00 319.65 -1.00{ 214.59 -1.00
lg) 0.00 1.00 0.00 1.00 0.00 1.00

approximations of low-lying states

computed from the exact ground state

RPA | |o) 917.06 1.00f 538.36 1.00{ 1630.42 1.00
|7r) 916.59 -1.00f 423.80 -1.00{ 591.55 -1.00
TD |o) 917.00 1.00f 42354 1.00{ 1365.81 1.00
|7t) 916.53 -1.00| 337.51 -1.00{ 246.99 -1.00
lg) 0.48 1.00 4.74 1.00 9.01 1.00
HOM| |o) 91696 1.00 41393 1.00{ 1223.81 1.00
|7r) 916.49 -1.00f 33398 -1.00{ 243.37 -1.00
lg) 0.48 1.00 476 1.00 9.07 1.00
SOM |[2mty | 1859.35 1.00| 84356 1.00 609.14 1.00
|7t) 916.49 -1.00| 333.98 -1.00| 243.37 -1.00

approximations of low-lying states

computed from the Hartree ground state

RPA | |o) 908.25 1.00| 656.92 1.00{ 1691.41 1.00
|7r) 907.75 -1.00f 260.35 -1.00{ 229.05 -1.00
TD |o) 976.01 1.00f 886.01 1.00{ 1744.26 1.00
|7t) 975.67 -1.00| 760.63 -1.00| 1083.67 -1.00
lg) 0.00 1.00 0.00 1.00 0.00 1.00
HOM| |o) 975.70 -0.01| 763.78 0.11{ 1881.07 -0.34
|7T) 77319 0.55| 58456 0.40( 1097.31 0.00
lg) 0.00 1.00 0.00 1.00 0.00 1.00
SOM | |27ty | 1965.87 1.00| 1540.17 1.00| 2156.63 1.00
|7t) 975.67 -1.00| 760.63 -1.00| 1083.67 -1.00
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Abstract. The lightest cctid tetraquark (IJP=01+) is supposed to be above the DD* thresh-
old. We show, however, that it is possible to stretch the quark model parameters so that it
might get bound.

1 Introduction

In previous Bled Workshop we were very enthusiastic about the bbtid tetraquark
which according to our [1-4] and other [5,6] estimates should be bound by about -
100 MeV with respect to the BB* threshold. We strongly advertized to preparation
for its search, possibly at LHC. However, our estimate of its production rate at
LHC [3,4] is only about 5 events/hour, and its decay is not very characteristic.
This year, we turned our attention to the ccid tetraquark, in spite of our
pessimistic estimates [1,2] that it is not bound. The motivation is threefold.

e It would be more abundant, possibly 10* events/hour if the same mechanism
applies as for the bb-tetraquark [3,4,7], namely a double gluon fusion in two
cC pairs so that the two charm quarks join in a cc-diquark which gets later
dressed with two light antiquarks.

e It might be easier to detect, for example by cciid — D + K~ + 7" (in analogy
with the SELEX ccd signal [8] ccd — A + K™ + 7).

o If it exists its discovery would be more revolutionary. We would have to modify
the effective quark-quark interaction, and/or introduce many-quark forces.

2 Mechanisms for stronger binding

It is difficult to stretch the parameters in the OGE+linear confinement so as to
bind cc-dimeson without spoiling the fit to mesons and baryons. At first sight it
seems that smaller quark masses could do the job if the Vg = J V(g rule applies.
In this case it has been shown [1] that the diquark binding energy is Ecc(Myeq) =
%Ec,—: (Myed/2). For Bhaduri masses, half of reduced mass of the cc diquark (m./4 =
467 MeV) coincides with the reduced mass of Dg, mcms/(m. + mg) = 454 MeV so

* Talk delivered by M. Rosina
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that E.. = %Ecg. If we decrease all quark masses by 200 MeV, the reduced mass of
D, would decrease by 132 MeV and m./4 only by 50 MeV. Higher reduced mass
of cc compared to D; means better binding of cc (by about 40 MeV). However,
this would spoil the spectra of single mesons.

A three-body interaction of the type

1
Vigqq(Ti, 75, T%) = —gdab‘:?\i‘l?\}’hﬁ* Uo exp(f(ri2 + rjz + ri)/az)

with Uy < 20 MeV and a > 2.3 fm would bind. Due to the combinatorics, a
three-body interaction is more effective for tetraquarks than for baryons and the
proposed one spoils baryons only by about 10 MeV. Details are presented it the
talk of Damijan Janc (these Proceedings).

The ccad = DD* offers a coulomb-like long-range force because the ex-
changed pion is almost on the mass shell [9]: (D* — D+mn), (D+m — D*). (Note
that mp«+ — mMp+ — My =5.6MeV, mp.« —Mp — My =7.1MeV, mp«+ —
Mpo — M+ = 5.8 MeV.)

Assuming Coulomb binding similar to that in the hydrogen atom, but with
g ~ 0.6, ('@ = g?/4m ~ 1/35) we get a loose system bound by only E =

= 3; ;y = —0.4MeV. However, this effect might help in the asymptotic chan-

3 Important information will come from double-charm baryons

Recent SELEX experiments and analysises [8] gave some more and some less con-
vincing signals about the ccu(3460 and 3541) and ccd(3443 and 3520) baryons.

We first show that the more established ccd resonance at 3520 MeV is con-
sistent with our phenomenological expectations if it is the ground state. Then
we discuss the dramatic deviation from our expectations if the other three res-
onances are confirmed so that the ground state is at 3450 MeV (the isodoublet
average) and the isodoublet average 3530 would then be the excited state of the
double-charm baryon.

A phenomenological estimate following the same lines as we have used for
the ccid tetraquark [1-3] gives for s=1/2 (assuming an S=1 cc-diquark) the value

1 1 3 1
Meeq = zm]/lp + Eee — EECE + ZmD + ZmD* = 3584 MeV
Here we have immitated the ccq baryon by a ¢q meson and estimated the cc bind-
ing energy to be [1] Ecc — 3Ec = 134 MeV. We also took the appropriate averages
of the spin-spin interaction. Actually, the cc-dimeson has a mass inbetween the ¢
and b masses and the ccq mass could be as low as

1 1
Meeq = zm]/mp + Eee — EECE +me —my

1 3 1
+ ZmB + ZmB* — Z(mD* — mD) = 3535 MeV

or inbetween both values.
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The predicted spin 3/2 state lies higher by mccq(3/2) — Meeq(1/2) = 3 (Mp~ —
mp) = 106 MeV. Such spin-spin splitting is noticeably larger than the difference
80 MeV between the 3530 and 3450 MeV SELEX levels and it will be some surprise
if the 3450 level is confirmed as a ground state and the 3530 level gets an 3/2
assignement. The surprise would be even more evident in the need for a major
revision of quark model parameters in order to obtain the ccq ground state as low
as 3450 MeV.

Then follows a phenomenological estimate for the cc-dimeson. If the 3530
level is the ground state

3 1
AEccﬁa = Mecu — (ZmD + ZmD*)

+ ma, —mp —mps = +38MeV

or, alternatively

1 3
AEccﬁa = Mecu — (ZmB + ZmB*)
1
+ E(mD* —mp) + mp, —mMp — Mmp+ = +35MeV
If, however, the 3450 level is confirmed as the ground state, the correspond-
ing estimates would give -42 (or - 45) MeV binding ! Such confirmation would
strongly encourage the search for the cc-tetraquark.

4 Conclusion

There are several subtle effects each of which separately is not likely to bind the
ccid tetraquark with respect to the DD* threshold. However, their cooperative
effect might just bind it or just fail to bind it. We emphasise the importance of the
search for the ccid tetraquark as a crucial experiment.
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Abstract. Recent pion electro-production experiments of the A1 Collaboration at MAMI
are presented. The threshold data in the p(e, e'p)7t0 and d(e,e’d)n® channels reveal the
chiral dynamics of the pion-nucleon system at low energies. Measurements of the neutral
channel in the A region address the issue of nucleon and/or A deformation and of the pion
cloud, while the p(e,e’n" )n channel gives access to the axial structure of the nucleon.

1 Introduction

Electro-production of neutral or charged pions off nucleons close to the pion pro-
duction threshold is an important tool to explore the structure of protons and neu-
trons at low energies. The s- and p-wave partial amplitudes in the pn® channel
are bench-mark tests for predictions of the Chiral Perturbation Theory (ChiPT)
which is believed to be a good low-energy approximation to QCD involving nu-
cleon and pion degrees of freedom. Its validity can also be examined in the nmt*
channel which offers a possibility to extract the axial and induced pseudo-scalar
form-factors of the proton. The threshold coherent 7t° production on the deuteron,
used as an effective neutron target, is a sensitive probe of the chiral dynamics of
the pion-neutron system. Experiments in the region of the A resonance probe the
multipole structure of the N — A transition by isolating interferences of small
quadrupole transition amplitudes with the dominant magnetic dipole amplitude,
and provide a quantitative measure for the deformation of the nucleon and/or
the A. In addition, many observables in the N — A transition exhibit large sensi-
tivities to the effects of the pion cloud.

2 Testing ChiPT with p(e, e’p)7® and d(e, e’d)n® reactions

2.1 The proton

The first photo-production measurements p(y, p)n° at threshold were designed
to access the s-wave electric dipole amplitude Eo [1] and thereby test the early
low-energy theorems [2]. The severe disagreement between these theorems and
the experiments was subsequently resolved by refined calculations in ChiPT [3],
which also gave predictions for the p-wave multipole combinations P;. Soon ex-
perimental work at MAMI extended to electro-production in order to study the
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evolution of low-energy theorems of ChiPT [6]. In the first Mainz experiment at
Q% =0.1(GeV/c)?, the s-wave amplitudes Eo. and Lo, were extracted by using
calculated p-waves. In the transverse, longitudinal, and the interference terms in
the cross-section, which can be decomposed by measuring the complete distribu-
tions in the azimuthal angle, the p-waves appear in specific combinations,

P =3B+ + My —My_,
P> =3B — My + My,
P3 = 2My + M,

Py =4L + 1,

Ps = L —2L;. .

All multipoles are functions of the pion energy and of Q2. Neglecting multipoles
with 1 > 2, the structure functions can be expressed in terms of the multipoles as
follows:

Rr = |Eos + Pycos®|? + 1(P2]? + [P3?) sin @,

Ri = | Lot + PscosO* +|Ps|* sin® 0,

R = —sinORe[(Eoy + Py cos0) P5 + (Los + PacosB) P3|,

Rer = $(IP212 —|P3?) sin® 0, 1)

where 0 is the pion centre-of-mass angle.

For the experiment at Q2 =0.1(GeV/c)?, the predictions for P; were consid-
ered to be reliable because the one-pion-loop contributions are much smaller than
those of the tree diagrams, contrary to the s-wave amplitudes Eo; and Lo; which
pick up large pion-loop corrections even at threshold and at Q% — 0. The low-
energy parameters of ChiPT were fitted to the partial cross-sections of [5], and the
photo-production data, the electro-production data, and the theory seemed con-
sistent. However, the value of QZ was believed to be too high for the convergence
of ChiPT.

Therefore, another experiment at Q% = 0.05 (GeV/c)? was recently perform-
ed at MAMI [7], in which a model-independent extraction of the multipoles was
attempted. Because the transverse-transverse interference term in the cross-sec-
tion (1) was consistent with zero within the experimental uncertainty, only the
s-wave multipoles and the combinations Py, P4, Ps were extracted, while the P
and P3 terms could not be separated: only their combination P,3 = % (IP2|2+|P3/%)
could be determined. The experiment showed large discrepancies with respect
to the calculations. For example, the measured Q2-dependence of the total cross-
section, which is dominated by systematical uncertainties, strongly deviates from
the prediction of ChiPT (see Fig. 1). Furthermore, there are large discrepancies
between ChiPT and the MAID model [8]. Similar large disagreements were ob-
served in the differential (and partial) cross-sections. While the resolution of the
experiment was not good enough to perform a complete separation of the multi-
poles, it seems that the deviation is hidden in the P,3 term which is constrained
by photo-production and is not free to be re-adjusted to fit the new data set.
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Fig. 1. The Q?-dependence of the total cross-section for p(e,e’p)n° at four energies above
threshold AW, at the virtual photon polarisation of ¢ = 0.8. The solid (dashed) curves are
the prediction of ChiPT (MAID).

Since the discrepancy is large and seems to persist, this subject urgently
needs further investigation. An experiment is planned at MAMI to scan the per-
tinent Q2-region. Parts of the experimental programme have been performed in
the Spring of 2003. An independent experiment, using the large-acceptance spec-
trometer BigBite, is being prepared at JLab [9] with extended kinematical cover-
age up to 20 MeV above threshold.

2.2 The deuteron

In the absence of free neutron targets, coherent 7° electro-production from the
deuteron has proven to be a promising way to obtain information on the electro-
production amplitude off a free neutron. In the impulse approximation, the full
production amplitude is a coherent isoscalar sum of the free proton and neutron
amplitudes. The nuclear binding effects are typically accounted for by means of
deuteron form-factors. Interpreted in terms of ChiPT, the d(e,e’d)nt® process es-
tablishes a connection to the pion-nucleon chiral dynamics in the proton chan-
nel: once the low-energy constants of ChiPT are optimally adjusted to describe
the pion photo- and electro-production data sets on the proton, the measured
deuteron threshold s-wave amplitudes E4 and L4 (analogs of Eg; and Lo of the
proton case) can be used to extract the predictions for the neutron amplitudes
without introducing new or readjusting old low-energy parameters.
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A cross-section measurement with real photons was performed at SAL, us-
ing coincidence detection of the m°-decay photons in the IGLOO detector [10].
Since the missing-mass resolution was insufficient to separate the coherent chan-
nel from the deuteron breakup, the breakup contribution was subtracted by using
amodel, yielding Eq = (—1.45£0.09) x 1073 /m.. This value is about 20% below
the prediction of ChiPT, Eg = (—1.8 £ 0.6) x 1073 /m, [11], but it is within the
error bars.

The first experiment at finite Q% and close to threshold was recently per-
formed at MAMI [12]. In this experiment, a magnetic spectrometer was used to
detect the deuterons, thereby cleanly separating the coherent from the breakup
channel. However, the detection of the low-energy deuterons suffering from large
energy loss and multiple scattering, limited the Q? range to 0.1 (GeV/c)2. The
complete centre-of-mass solid angle was covered up to 4 MeV above threshold,
and a Rosenbluth separation was performed. We extracted a value of |L4| =
(0.50 £ 0.11) - 1073 /m, for the longitudinal s-wave amplitude at threshold, and
an upper limit of [E4| < 0.42 - 1073 /m,;. The results are shown in Fig. 2.

N © MAMI 2001
15§ "~ m SAL 1998

-3
|E(| [10 "M ]

Lyl [207°M]

0 0.02 0.04 0.06 0.08 0.1

Fig. 2. The Q?-dependence of the threshold s-wave multipoles E4 and Ly for d(e,e’d)n®.
The solid (dotted) curves represent fits 2 (1) of ChiPT (see [13] for details). The band
between the dashed lines centered around fit 2 corresponds to a variation of the single-

n)

scattering amplitudes Eé _ and Lé’lr) by £1-10 3 /mn.

The calculation of the threshold amplitude within ChiPT [13] showed that in
order to understand the present data set, it is necessary to calculate the single-
scattering (nucleon) amplitudes and three-body interactions in a consistent chi-
ral scheme. A similar conclusion was reached in Ref. [14]. Since in the charged
channel, the Ey; amplitude exceeds the one in the neutral channel by an order
of magnitude (typically | Eo; (n7t") | & 20| Eo4 (pt®) |), strong rescattering effects
(involving pion loops) are anticipated, as illustrated in Fig. 3.
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Fig. 3. Rescattering mechanisms in the d(e,e’d)n® process. (Figure adopted from [14].)

Considerations of rescattering effects in Ref. [14] show that it is most crucial
to ensure proper anti-symmetrisation in the intermediate state, to apply correctly
parity and angular momentum conservation, and to prevent double-counting. It
was shown that rescattering effects cancel out, indicating that indeed the coher-
ent ° production off the deuteron is a good way to access the elementary neu-
tron amplitude. One of the observations supporting this conclusion is that also
the unitary cusp observed in the pn® channel at the n" threshold disappears.
However, the calculations in the framework of ChiPT also demonstrate that the
p-wave multipoles are substantial and that the amplitudes possess a more com-
plex momentum dependence than postulated in the original data analysis. Thus,
even though consistency between data and theory seems to have been achieved
(within the relatively large systematic uncertainties), more precise measurements
at lower Q2 would be beneficial to test these concepts accurately.

3 Nucleon axial and induced pseudo-scalar form-factors

Close to threshold, the transverse and longitudinal cross-sections for p(e,e’'n" )n
in parallel kinematics depend predominantly on the electric (Eo4) and the longi-
tudinal (Lo ) multipoles, respectively. The Eo amplitude is sensitive to the axial
form-factor G, while the Lo, amplitude depends on the pion charge form-factor
Fr and the induced pseudo-scalar form-factor Gp. Rosenbluth separations of the
transverse and longitudinal cross-sections were performed in recent experiments
at MAMI at an invariant mass of W = 1125MeV and several values of Q? (see
Fig. 4 for kinematics coverage).

For the transverse cross-section, the s-wave dominance is known to persist to
relatively high energies above the threshold. Thus the axial mass parameter My
(a cut-off in the dipole parameterisation of GA) has been extracted from the Q?-
dependence of transverse cross-section by using an effective Lagrangian model
[15] in which G4 was the only adjustable form-factor while the electro-magnetic
form-factors were assumed to be well-known.

One of the key difficulties in this extraction which directly translates into
the variation in M, is the value of the transverse cross-section in the real-photon
limit. This value needs to be determined by extrapolation of angular distributions
for photo-production p(y, 7" )n to zero, a procedure with a large systematical
uncertainty (see Fig. 5).
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Fig.4. Kinematics coverage for the Rosenbluth separations in the p(e,e’nn" )n channel at
W = 1125MeV /c. Circles: published data [15]; squares: recently acquired data. The sym-
bols 2" and ‘3’ denote measurements repeated in different time periods, while ‘AB’ indi-
cates spectrometer swaps which were performed to control systematics.
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Fig.5. Extrapolation of the photo-production angular distributions to zero in order to ob-
tain the transverse cross-section at Q% = 0. The results of a partial-wave analysis SATD
(full curve) and the Mainz Unitary Isobar Model MAID (dashed curve) are shown.

We have used a weighted-average cross-section at the photon point of (7.22+
0.36) ub/sr (The corresponding value of Eo (n7t") is also well supported by the
studies of the GDH sum rule and by the low-energy (Kroll-Ruderman) limit.)
The extracted value of My = (1.077 £ 0.039) GeV is (0.051 £ 0.044) GeV larger
than the axial mass M = (1.026 £ 0.021) GeV known from neutrino scattering



Structure of the nucleon and A from pion electro-production... 113

experiments. This ‘axial mass discrepancy’ is consistent with the prediction of
ChiPT [16] which originates in pion-loop corrections to the electro-production
process exemplified in Fig. 6.

P / a
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/ /
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) {
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Fig. 6. Pion-loop corrections to the p(e, e’'7t" )n process which induce a modification of M.
(Figure adopted from [16].)

Unfortunately, the kinematics range of the presently acquired data was too
high for a direct application of the ChiPT result. The model-dependent terms,
especially in the Lo+ multipole, are of a size which does not allow to distinguish
the pion form-factor from the induced pseudo-scalar form-factor. Even closer to
threshold, however, also the longitudinal cross-section will be dominated by the
s-wave, and we shall have

2
E0+(q2) = \/z% |:GA(q2)+4qWGA(O)GK/[(q2)+:| ‘
2y - wFﬂ(ki) i P
L0+(q ) - |:D(t) ZMGA(O) :| \/zmnfn (2M+mn) - My EO+(mn)-

Here the divergence form-factor

7\2

_ 2frgranmi
A —t

D(t) = > + 2 [MGA(O) — frgmN ]
ms—t

measures the deviation of the induced pseudo-scalar form-factor Gp from its

pion-pole dominance (1/(m2 —t)) form. This allows one, by fitting A to the data, a

simultaneous extraction of G4 and Gp. To access very low Q?%and pion momenta

in the vicinity of the threshold, a dedicated short-orbit spectrometer is being com-

missioned in Mainz, and is expected to take data soon [17].

4 The N — A transition

One of the main goals of the N — A experiments is to measure the Q2-depen-
dence of the transition amplitudes. The non-vanishing electric (E2) and Coulomb
(C2) quadrupole amplitudes, which are much smaller than the leading magnetic
dipole amplitude (M1), are an indication that the nucleon and/or the A deviate
from spherical symmetry. Several mechanisms have been proposed to explain
the nature of this deviation. In models involving explicit pion degrees of free-
dom, relatively large contributions to M1 and dominant contributions to E2 and
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C2 originate in the coupling of the virtual photon to the p-wave pion field. The
motivation behind the recent N — A program at MAMI is to map out the M1,
E2, and C2 multipoles in the region of low Q? where the pion-cloud effects are
expected to play the most important role.
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Fig.7. Recent experimental data on the E2/M1 and C2/M1 ratios compared to the predic-
tions of the model of Sato and Lee [18] (dashed curves: bare nucleon, full curves: including
pion cloud) and MAID [8] (constant values of —2.2 % and —6.5 %, respectively). The antic-
ipated MAMI data (taken in the Spring of 2003) are shown with full squares.

The small quadrupole amplitudes E2 and C2 can be accessed through spe-
cific terms in the cross-section which contain interferences of the electro-produc-
tion multipoles B and S, with the dominant M :

Oon(0%) = 00(0%) + orr(0%) — 00(180°)

!

!

orr(0%)

2(cos 0% + 1) Re [E5, My ] — 12 sin® 0% Re [EX, My 4],

sin 0% Re [S§, M14] — 6 cos 07 sin 0% Re [ST M1, ],

O‘LTI(Q;(.[) ~ —sinG;Im[(—6cosej‘T S]+ +So+)*M]+] N
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where 07, is the emission angle of the pion in the centre-of-mass frame of the N
system and 0y = o7 + €0r.. The 0o and or1 terms exhibit large sensitivities to the
E2/M1 ~ Re [E] M1, ] and the C2/M1 ~ Re [ST, M ] ratios, respectively, while
the opr is sensitive to the imaginary part of the S7, My, interference.
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Fig.8. Angular distributions of orr, o1/, and oo for Q% =0.127 (upper three panels) and
0.200 (GeV/c)? (lower three panels). The full curves indicate full MAID predictions, the
dashed curves correspond to the MAID prediction without the quadrupole amplitudes.
For details, see text.
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In the Spring of 2003, new high-precision data in the p(e,e’p)n® channel
were acquired at MAMI in the region of the A resonance, at four-momentum
transfers of —0.06, —0.127, and —0.2 (GeV/c)?. The anticipated results for the
E2/M1 and C2/M1 ratios as a function of Q2 are shown in Fig. 7.

In addition to our primary goal, the extractions of E2/M1 and C2/M1 ra-
tios at different Q2, the present data set will try to answer several open questions
arising from previous experiments at MIT-Bates and MAMI. For example, the
measurement of or 1 at Q2 = 0.2 (GeV/c)? will address the significant disagree-
ment between MAID and the Ajg: result from Mainz, which is underestimated
by MAID by about 25 % [19]. The measurement of o1+ at Q2% =0.127 (GeV/c)?
which overlaps with Bates will try to yield more insight into the apparent in-
ability of the models to simultaneously describe the polarisation components ob-
tained in the recoil-polarisation measurements [20]. At present, it is unclear where
the violation of the consistency relation between P, P!, and Pg comes from. The
multipole structure of o1 resembles that of PO, so we expect new data to help
resolve this issue. The expected data points in the angular distributions of orr,
orr/, and oo at Q2 = 0.127 and 0.200 (GeV /c)? are shown in Fig. 8.
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