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Abstract

We prove that for n > 5, every element of the alternating group A,, is a commutator
of two cycles of A,. Moreover we prove that for n > 2, a (2n + 1)-cycle of the per-
mutation group Sa,+1 is a commutator of a p-cycle and a g-cycle of Sa,11 if and only
if the following three conditions are satisfied (i) n + 1 < p,q, (ii)) 2n + 1 > p,q, (iii)
p+q>3n+1.
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1 Introduction

In 1951 O. Ore [9] conjectured that in a finite simple non-abelian group every element is
a commutator. In the same paper he proved that the conjecture holds for the alternating
group A,, where n > 5, but the result had already been proved by G. A. Miller half a
century earlier [7]. After Ore published the paper there were many papers devoted to the
Ore conjecture: R. C. Thompson proved the Ore conjecture for the projective special linear
groups PSL,(q) [10], [11], [12], R. Gow proved it for the projective simplectic groups
PSpan(q), where ¢ = 1 (mod 4) [4], O. Bonten for the exceptional groups of Lie type of
low rank [2], J. Neubiiser, H. Pahlings, E. Cleuvers proved it for the sporadic groups [8],
E. W. Ellers, N. Gordeev handled the finite simple groups of Lie type over a finite field Iy,
whenever ¢ > 9, ... M. W. Liebeck, E. A. O’Brien, A. Shalev, P. H. Tiep proved the Ore
conjecture for the remaining cases [6] and the conjecture became the theorem. We refer
the reader to the survey paper [5] for more historical notes about commutators and the Ore
conjecture.

In this paper we prove a stronger version of the Ore conjecture for the simple alternating
group A,. In Section 2 it is shown that, for n > 5, every permutation of A,, is actually a
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commutator of two cycles of A,,. In particular, every even permutation of the symmetric
group S, is a product of two conjugate cycles. Namely, if p = [0,7] = o~ 1oT,
then p is a product of o~ '7~'o and 7 (and also a product of ¢~ ! and 7~ 'o7). Note that
permutations 7 and 7! are conjugate in S,,. In [1] it is proved that a (2n + 1)-cycle of
Agpn+1 is a product of two conjugate [-cycles of Ag,41 if and only if [ > n + 1. Hence
this is a necessary condition for the existence of two [-cycles o and 7 such that [0, 7] is a
(2n + 1)-cycle. In Section 3 it is shown that this is far from being a sufficient condition.
More precisely, it is shown that, for n > 2, a (2n + 1)-cycle of A, 11 is a commutator
of a p-cycle and a g-cycle of So, 41 if and only if n +1 < p,gandp+¢q > 3n+ 1. In
particular, a (2n + 1)-cycle of Ag,+1 (n > 2) is a commutator of [-cycles of Sa,, 11 if and
only if [ > %

The image of an element a under a permutation o is denoted by a?. Permutations are
executed from left to right. The support supp o of a permutation o is the set of all elements
which are not fixed by o.

Let o be a permutation, a € suppo and 1, ..., x, ¢ supp o. We define permutations
o(o;a,x1,...,x,) and e(o; a) by

Xy, t=a,
1P(o5a,ei, e xn) Tit1, t€ {xla s 7xn—1}7
a’, t = xnp,

o, t{a,z1,..., 2.},

and
a, t = a,
tE((T;(L) — CL07 t = ao'il’
o, t¢{a,a® '}
If o is the k-cycle (ay, . . ., ax), then (o; ag, 1, . .., x,) is the (k+n)-cycle (a1, . .., ag,
Z1,...,%Ty) and e(o; ag) is the (k — 1)-cycle (a1, ..., a5—1).

Let o and 7 be permutations such that suppo N supp7T = @. For a € suppo and
b € supp T, let ¢ (o, 7; a, b) denote the permutation defined by

t?, tesuppo —{a},

plomab) _ )V t=a,
t7, tesuppT — {b},
a’, t=0.

)

If 7 is a k-cycle then ¥(o, 7;a,b) = p(o;a,b7, bTQ, ce ka), and if o is a k-cycle then
k

Y(o,7;a,b) = p(1;b, a”,a”z, e a0,

2 Permutations as commutators of cycles

The proof that every permutation of A,, (n > 5) is a commutator of two cycles is based
on induction on the number and the lengths of cycles in the cycle decomposition of the
permutation. In the following lemmas we describe how the application of ¢, 1), and €
modify commutators.
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Lemma 2.1. Let o, T be permutations, x € supp o, y € supp 7, and (supp o U supp7) N

~1
{z1,..sznt Uy, .- Um}) = 0. Then fort & {z°,277,y", 47 "7, T1,...,2Tp,
YLy 7ym} we have t[UvT] — t[‘P(U§$7$17~--7$n)7¢(7';yvy17~-->ym)]'

Proof. Denote ¢ = p(o;x,21,...,2,) and T = ©(T; Y, Y1, -+, Ym). Fort & {7,277,

yT"7y"_1T", T1yeeey Ty Y1y - - - Ym } We have to =17 Since t Y0, YLs s Ym )

also t° & {y",y1,...,ym} and therefore t° '™ =17 T ' Since t° 7 & {a,
T1,...,an} we have t© 7 0 = ¢& T 'G And finally t° 7 % & {y, 1, Ym b
hence tlo7) = ¢l@:7], O

We record the following immediate consequence.

Corollary 2.2. Let 0,7 be permutations. Suppose that a,b € supp o such that a° =
a™ = b, and (suppo Usupp7) N ({z1,..., 2o} U{y1,-- ., ym}) = 0. Then fort ¢
{ba7 bTU7 TlyeveyTyy Yly--- ,ym} we have t[U:T] — t[‘p(o-§b)$l)--~7w'rz):w(7§b7y17"';ym,)]'

Lemma 2.3. Let 0,7 be permutations and a,b € suppo such that b = a° = a” and
¢,d & supp o Usupp 7. Then

[p(a;b,¢,d), o(T30,d, 0)] = ([0, 7]; 77, ¢, d).

Proof. Denote & = ¢(0;b,c,d) and 7 = ¢(7;b,d, ¢). By Corollary 2.2, we have t[%7] =
tlol for t ¢ {b7,b7, ¢, d}. Because
BT)ET = ()T = BT = — o,
(FF T 0T T — g,
d[E,F] — 6?715? _ dE%: _ (ba)'? —p°T = (bTU)[U,‘r]7
(ba)[ﬁﬁ'] — d?*a? — bEF _ CF — T = (aa)‘r — (b'rfl)a‘r — (bo)[a,-r]7
we have [p(0; b, ¢,d), o(7;b,d, c)] = ¢([o,7]; b7, ¢, d). O

Lemma 2.4. Let 0,7 be permutations and a,b € supp o such that b = a° = a” and
¢,d & supp o Usupp 7. Then

[p(o;b,c,d), p(T;b,d)] = ([0, T]; 67, ¢, d),
[‘P(U; ba d)v @(T; b7 C, d)} = 30([07 T}; baa d7 C).

Proof. Denote & = ¢(0;b,c,d) and 7 = ¢(7;b,d). By Corollary 2.2, we have /77 =
tloml for ¢ ¢ {b°,b79, ¢, d}. Because
(7)1 = P R ,
5T _ TG _ 5T T — d,
AT = T T T = = (a%)" = (bT?l)aT = (bo)[mﬂ?

(bTU)[b'v,;:] — ((fr)?i oT _ d;? _ (bo)T =p°7 = (b"’”)[”v"'],
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Because [0, 7]~ = [, 0] and (b7)["7) = b7, we have

[p(a;b,d), o(7;b,¢,d)] = ([p(7;b, ¢, d), p(03b,d)]) " =
o([r,0};b7,c,d)™" =
o([o, T]; 67, d, ¢).

O

Corollary 2.5. Let p be a (2n + 1)-cycle and n > 2. For p,q € N such that p,q < 2n+ 1
and p + q > 3n + 2, there exist a p-cycle o, a q-cycle T, and a € suppo such that
[0,7] = p, suppp = suppo Usupp 7, and a’ = a”. In the case q # 2n + 1 we arrange
that a°° & supp .

Proof. If n =2 and p > g then (p,q) € {(5,5),(5,4), (5,3), (4,4)} and we have

), (
(al,a4,a2,a3,a5), (al,a4,a3,a5,a2)] =
), (a1

(a1, az2,a3,a4,a5) = |

= [(a1, a4, az, as,a3), (a1, a4,a3,as)] =
[
[

(a/la a2, 04,05, a3); (a17a27a5)] =

(a/la as, az, Cl3), (a17a57a37a4)]'

If n =2and p < ¢, then ¢ = 2n + 1 = 5 and we can use the equality [, 7] ™! = [r,0]. In

all cases a] = af and if ¢ # 5, also a{ & supp .

Let n > 2. The proof is divided into 3 cases.

Case 1: Suppose ¢ < 2n. Letp; = p—2,¢1 = ¢q—1,and ny = n — 1. Then
M+ =p—2+qg—12>3n1+2and p1,q1 < 2ny + 1. By the inductive hypothesis
there exist a p-cycle o, a gi-cycle 7, and a € suppo such that [0, 7] is a (2n; + 1)-
cycle, supp o U supp7 = supplo, 7|, and a° = a”. Let z,y ¢ suppo UsuppT, 0 =
o(o;a%,x,y),and T = ¢(7;a7,y). Then & is a p-cycle, 7 is a g-cycle, a’ = a’ = a” =
a”,a’® = x ¢ supp 7, and by Lemma 2.4, [, 7] is a (2n+1)-cycle and supp cUsupp 7 =
supp|a, 7).

Case 2: Suppose ¢ = 2n + 1 and p # 2n + 1. This case follows from the previous case
and equality [0, 7]7! = [, 0].

Case 3: Suppose p = ¢ = 2n + 1. By the inductive hypothesis there exist (2n — 1)-
cycles o, 7, and a € suppo such that [0, 7] is a (2n — 1)-cycle, suppo = suppT =
supplo, 7], and a” = a”. Let 2,y & suppo, 0 = ¢(o;a%,2,y), and T = ¢(7;a",y, x).
Then & and 7 are (2n + 1)-cycles, a® = a® = a” = a”, and by Lemma 2.3, [0,7] is a
(2n + 1)-cycle and supp ¢ = supp T = supp|o, 7). O

Lemma 2.6. Let o, T be permutations and a,b € suppo such thatb = a° = a”, b° ¢
supp 7, and ¢ & supp o U supp 7. Then

[0, (736, ¢)] = e([o, 7];07) (¢, 7).

Proof. Let T = ¢(7;b,c). By Corollary 2.2, we get tlo7] = ¢[©7] for t ¢ {b7,b77, c}.
From

(bo'>[a,'7] — b?fla'? — ao? — b?‘ =c,
c[aﬁ:] _ 0?710'7’: — bo? — bo’

(bTU)[U,'T'] _ (br)?flo"? =T = = bT,
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and
(bro)[o,r] =77 = b7,
(7)ol = b T — T = b,
it follows [0, o(7; b, ¢)] = ([0, 7]; b7 ) (¢, b). O

Corollary 2.7. Let ni,no € Nand let p be a product of two disjoint cycles of lengths 2n,
and 2ns, respectively. If p,q < 2(ny + ng) — L and p + q > 3(n1 + no) then there exist
a p-cycle o, a q-cycle T, and a € supp o such that p = [o, 7], supp p = supp o U supp 7,
and a® = a’.

If n; = no = 1 then there exist no cycles ¢ and 7 such that the length of one of them is
strictly greater than 2(ny + ny) — 1 = 3, [0, 7] is a product of two disjoint transpositions,
supplo, 7] = suppo U supp 7, where a” = a” for some a € suppo. That means that
in the Corollary in this case the upper bound requirement on the length of the cycles is
sharp. If ny + ng > 3 the upper bound requirement is not sharp (it can be increased to
2(n1 +ng)) but the bound in the Corollary is in almost all cases sufficient for our purposes.
Namely, in the case ny +ng > 4, we get 2(2(nq +n2) —2) > 3(n1 +ng) and therefore the
Corollary provides two cycles whose lengths can be required to be (independently) either
odd or even: both odd (p = ¢ = 2(ny +ns) — 1), both even (p = g = 2(ny1 + ng) — 2), the
first even and the second odd (p = 2(n; + na2) — 2,9 = 2(ny1 + ng) — 1), the first odd and
the second even.

Proof. One may assume that ny > no. The proof is by induction on n..

Let ng = 1. If ny = 1 then the only possibility for p and ¢ is p = ¢ = 3. In this
case [(a1,as9,a3), (a1, as,a4)] = (a1,a2), (as,as). Let ng > 2. Because p + (¢ — 1) >
3(ni1+1)—1=3n;+2and p,q < 2(ny + 1) — 1 = 2ny + 1, Corollary 2.5 provides
a p-cycle o, a (¢ — 1)-cycle 7, and a € suppo such that [0, 7] is a (2n1 + 1)-cycle,
supp o U supp T = supplo, 7], a° = a”, and a’? ¢ supp 7. Let ¢ € suppo U supp 7
and 7 = @(7;a7,¢). Then 7 is a g-cycle, a® = a” = a”, and by Lemma 2.6, [0,7] =
e([o,7];a)(a’?, c) and supp o U supp7 = supp|o,7]. Note that a’™ = c is in the
support of the 2-cycle.

For the proof by induction, suppose that for all n < nq the assumptions p, ¢ < 2(n; +
n) — 1l and p + ¢ > 3(n1 + n) guarantee the existence of a p-cycle o, a g-cycle 7, and
a € supp o such that the following hold: [o, 7] is a product of two disjoint cycles of lengths
2n; and 2n, supplo, 7] = suppo Usupp T, a®° = a7, and a”"7 is in the support of the
2m-cycle in the cycle decomposition of [o, 7].

We prove that the same holds for n = ny. The proof is divided into 3 cases.

Case I: Letg < 2(ny+mns)—1. Definep =p—2,¢ = g—1,and m = ny — 1. Because
p+q > 3(ny+m)andp,q < 2(ny +m) — 1, the inductive hypothesis yields a p-cycle o,
a g-cycle 7, and a € supp o such that [0, 7| = p1 p2, where supp p; Nsupppz =0, p1 is a
2n1-cycle, po is a 2m-cycle, a® = a”, and a°"7 € supp p2. Let z,y & supp o Usupp 7,
o = p(o;a®,x,y), and T = o(7;a7,y). Then 7 is a p-cycle, 7 is a g-cycle, a® =
a’ = a” = a’, and by Lemma 2.4, [5,7] = @(p1p2;a°?,2,y) = p1o(p2;a°°, x,y) and
a®7% = a%% € supp p(p2; a’?, z,y).

Case 2: Let p # 2(n1 + n2) — 1 and ¢ = 2(ng + ng) — 1. This case follows from the
previous case and the equality [0, 7]~ = [7, 0].
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Case 3: Letp = ¢ = 2(n1 +n9) — 1. Define p = ¢ = 2(n1 + ng) —3and m = ny — 1.
From p,q < 2(ny + m) —1and ny > 1 we get p + ¢ > 3(n1 + m). By the inductive
hypothesis there exist p-cycles o, 7, and @ € suppo such that [o,7] = pips, where
supp p1 Nsupp p2 = B, p1 is a 2ny-cycle, ps is a 2m-cycle, a’ = a7, and a®™? € supp ps.
Let x,y & suppo UsuppT, 0 = ¢(0;a%,2,y), and T = ¢(7;a7,y,x). Then ¢ and 7
are p-cycles, a® = a® = a” = a’, and by Lemma 2.3, [7,7] = p(p1p2;a”™, 2,y) =
p1@(p2;a®™,z,y) and a®7% = a”7 € supp @(p2;a”77, x, ). O

Lemma 2.8. Let 0,7 be permutations and a,b € suppo such that b = a° = a”, and
x,y,z ¢ supp o Usupp 7. Then

[p(osb,2,y,2), (T3 b,y, 2)] = [o,7](x, ¥, 2).

Proof. Let & = @(0;b,x,y,2) and T = o(7;b,7, z). By Corollary 2.2, we have t[77] =
tloml fort & {b7,b77, 2y, 2}. As

] 1l ~~ ~ -1

(ba)[a,? =T T T = T e = (0%) = (07 )T = (bg)[m]’
(bm)[“ Tl (b7 o7 T _ 0T — poT (b”)[" 7]7
£07 — 7T 5T T =y,
y[a?]: 7157 07’_y7—:z7
LOT) =TT 0T — T — g
we have [0, 7] = [0, 7]|(z, y, 2). L

Lemma 2.9. Let 01,09, 71,72 be cycles such that (supp oy U supp i) N (suppos U
suppT2) = 0. Suppose there exist a € suppoy and b € supp oy such that a°* = a™
and b%2 = b™. Then [(01,092;a%t,b%2), (11, T2;a™,b72)] = [01, T1][02, T2)-

Proof. Let 0 = (01,092;a°,b%2) and 7 = (11, 72;a™,b™). Set ¢ = a”t = a™
and d = b°2 = b™. From Corollary 2.2 and equalities 0 = ¢(0o71; ¢, b"g7 ..., b,b92) and
T =(m;0, b7, ... b, b7), we get tlo7] = tlovml — glovnlleame] for ¢ {71 ¢mor} U
supp o2 U supp 72. From Corollary 2.2 and equalities o = ¢(09; d, a"f, ...,a,a") and
T=p(rid,a™, ... a,a™), we get tlo7) = tlo2m] — flovmlleama for ¢  {d72, dm01 YU
supp o U supp 7o. Therefore t177] = ¢lovnlloz ] for t o {co1, ¢mo1 @72 @™}, From

(¢ )UT] T O PO — T — T — 01Tl — (7L oI (Cal)[al,ﬁ],
(o)) = (o7 )T-lm — {77 = (F1)T = 1T = (nonylon],
(@72)lor) = o7 TIOT 40T — T — g7 — 02T — g2 loaTe (d72)lo27],
)

(d™27 [o,7] = (d™)" 2o _ T = (d7?)T = do2T = (dTQO’Q)[O’g,TQ]’
we get [0, 7| = [01, T1][02, T2)- [

Theorem 2.10. Let p € A,. If n > 5 or p is not a 3-cycle then p is a commutator of two
cycles of A,,.
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Proof. If p = (a1,a2,as3) is a 3-cycle then n > 5 and p = [(a1,as3, ), (a1, az,y)] for
some x,y & supp p.

Suppose that p is not a 3-cycle. We show that there exist cycles o and 7 of odd lengths
and a € supp o such that p = [, 7], supp p = supp o U supp 7, and a” = a”. The proof
is by induction on the number of cycles in the cycle decomposition of p, which we denote
by c(p).

If ¢(p) = 1, pis a cycle of odd length [ > 5. The statement follows from Corollary 2.5.

If ¢(p) = 2, then let p = p1p2, Where p; and po are disjoint cycles. The lengths of
these cycles are of the same parity. If the lengths are even, the statement follows from
Corollary 2.7. In the case of odd lengths, 3 cases are considered.

Case 1: Suppose both lengths are 3. Then [(a1, as, ag, as, as), (a1, az, aq, ag, as)] =
(a1, az,a3)(aq,as, ag).

Case 2: Suppose exactly one of the lengths is 3. One may assume py = (z,y, 2) is the
3-cycle. Let p; be a cycle of length 2/ + 1, where [ > 2. By Corollary 2.5, there exist a
2l-cycle 0, a (21 4+ 1)-cycle 7, and a € supp o such that p; = [0, 7], supp p1 = suppo U
supp 7, and a” = a”. By Lemma 2.8, we have p = [p(0;a%,2,y,2),¢(T;a",y, 2)],
where p(0;a%, x,y, 2) and p(7; a7, y, z) are (21 + 3)-cycles.

Case 3: Suppose both lengths are greater than 3. Let p; be a cycle of length 2[; + 1,
l; > 2. By Corollary 2.5, there exist (211 + 1)-cycles o1, 71, (2l3)-cycles o9, T2, a; €
supp o1, and ag € suppos such that p; = [0y, 7;], supp p; = suppo; U supp 74, and
aj’ =a]'. Then (01, 02;a7",a3?) and (11, 725 a7, az?) are (2({1 + l2) + 1)-cycles and
by Lemma 2.9, p = [¢(01, 025 a7*, a3?), ¥ (71, T2; a1*, a3?)].

If ¢(p) > 3, the following 4 cases are considered.

Case 1: Suppose p = p1pa, where po is a (20+1)-cycle, ! > 2, and supp p;Nsupp ps =
(). By Corollary 2.5, there exist (21)-cycles o, T2 and b € supp o9, such that ps = [o9, 2],
supp p2 = suppos U supp 7o, and b2 = b™. Because 2 < c¢(p1) < ¢(p) — 1, the
inductive hypothesis yields cycles o1, 71 of odd lengths, as well as a € supp o1, such that
p1 = [o1, 1], supp p1 = supp o1 Usupp 71, and a”* = a™. By Lemma 2.9, we have p =
[(o1,02;a%1,b72), (71, T2;0™, b72)], where ¥(01,09;a7",b72) and (71, T2;a™,b72)
are cycles of odd lengths.

Case 2: Suppose p = p1pa, Where py = (a1, as,a3)(aq, as, ag) and supp p; Nsupp p2
= 0. If p1 = (ar,as,a9) then p = [(ay, az,ar,as,ag, as, as, as,ap), (a1, as,as, ag, as,
as, aq)]. If p1 is not a 3-cycle, the inductive hypothesis yields cycles o1, 71 of odd lengths,
as well as a € suppoy, such that py = [o1,71], suppp1 = suppoy U supp i, and
a’t =a™ =b. Then 0 = p(p(o1;b,a1,a2,a3);b,a4,a5,a6) and 7 = ©(p(71; b, az, as);
b, as, ag) are cycles of odd lengths and, using Lemma 2.8 twice, we get p = [0, 7].

Case 3: Suppose p = p1p2, Where ps is a disjoint product of cycles of lengths 2{; and
215, such that I; + Iy > 3, and supp p; N supp pz = 0.

If p; = (a1, a2,a3) then by Corollary 2.7, there exist a (2(I; + l2) — 2)-cycle o5, a
(2(13 + I2) — 1)-cycle 72, and a € supp o, such that pa = [02, T2, Supp p2 = supp oz U
supp 7o, and a2 = a™ = b. Then 0 = ¢(09;b,a1,az2,a3) and 7 = @(79; b, as, as) are
(2(13 + I2) 4+ 1)-cycles and by Lemma 2.8, we get p = [0, T].

If p;1 is not a 3-cycle then by the inductive hypothesis there exist cycles o1, 71 of odd
lengths and a € supp o1, such that p; = [0, 71], supp p1 = supp o1 Usupp 71, and a?* =
a™. If l; + Iy = 3 then pa = (a1, a2, a3, a4)(as,ag) and for oo = (a1, as, as, aq, ag, as)
and 75 = (a1, as, as, aq) we get po = [0, To] and for b = ay we get b7 = b™. If I + 15 >
3 Corollary 2.7 provides (2(l1 +13) — 2)-cycles o2 and 72, as well as b € supp o, such that
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p2 = |02, T2], Supp pa = supp o2 Usupp 72, and b2 = b™2. Then o = ¢(01, 02;a, b72)

and 7 = (71, 72;a™, b™) are cycles of odd length and by Lemma 2.9, we get p = [0, 7].
Case 4: Suppose p is a disjoint product of transpositions and at most one 3-cycle. If

there are at most four transpositions in the cycle decomposition of p we have 3 possibilities:

[(alaa3aa5aa63a2;a4;a7)v (alaa3va67a4va7va27a5)] - (a17a2)(a3;a4)(a5aa63a7)a
[(alaa23a4aa83aﬁaa3aa5)7 (a17a27a37a87a47a67a7)] = (al,ag)(ag,a4)(a5,aﬁ)(a7,a8),
[(al,ag,a5,a3,a4,a9,a10,a7,a11), (al,G,Q,0167013701470110,017,019,018)] =

:(a17 a2)(a3; a4)(a57 aG)(a77 aS)(a97 aio, a’ll)’

Otherwise p = p1pa, where pa = (a1,a2)(as, aq)(as, ag)(az,as), 2 < c(p1) < c(p),
and supp p1 N supp p2 = . By the inductive hypothesis there exist cycles o1, 71 of odd
lengths and a € supp oy, such that p; = [o1,71], suppp1 = suppo; U supp 71, and
a’t = a™. For o3 = (a1,as,0a3,az,a4,0a6,a7,as) and 9 = (a1, as, a4, as, as,ag) we
have pg = [02, T2]. Then o = (01, 02;a%,af?) and 7 = (71, 72; ™, a]?) are cycles of
odd lengths and by Lemma 2.9, we get p = [0, 7]. O

3 Cycles as commutators of cycles

From the previous section we know that a (2n + 1)-cycle is a commutator of a p-cycle
and a g-cycle if p+ ¢ > 3n + 2 (and p,q < 2n + 1). But this sufficient condition is not
necessary. Note that in the previous section we were interested in pairs of cycles o and 7,
for which there exists a € supp o such that a” = a”. We needed that for “concatenation”
of cycles in Lemma 2.9. With that assumption withdrawn, the result is obtained by using a
more stringent hypothesis as shown in the next corollary.

Lemma 3.1. Let o, T be permutations, x,y Q suppo UsuppT, a1,a € suppo supp T,
b € suppo — supp T, and ¢ € supp 7 — supp o, such that a] = b, b° = ag, a] = ¢, and
c™ = ag. Then

[o(a3b,¢,2), 0(75 ¢, y)] = (o, 7] ¢, y, ).

Proof. Let & = ¢(o:b,c,x) and 7 = o(ric,y). If t & {x,as,c} then t° =17 .
Ift & {y,a} then t° & {y,astand t° = =7 7 ' Ift & {x,ag,as} then
T g e by and £ T 7 — 10 T If ¢ o {y,ag) thent7 T '7 & {y, ¢} and

to T lom — 40 T 767 Hence for t & {z,y, ¢, as, ag} we get tl>7) = ¢177) Because

-1
C[J,T] — T T = aclr'r — b =p

JEF) I et = v,

Y =Y =c ' = =ux,

JZ[E 7] _ C‘T'*lET — <177~' _ b? =b,

a[;’ﬂ — g7 T _ 0T ag —af =077 = pr T — a[QU’T],
(ag)[a,?] _ a;—la; _ ya? _ y? PSR ag—lo_T _ (ag)[‘”],

we get [0, 7] = ¢([o,7]; ¢, 9, ). O
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Corollary 3.2. Let p be a (2n + 1)-cycle and n > 2. For p,q € N such that p,q < 2n
and p + q = 3n + 1, there exist a p-cycle o and a g-cycle T, such that [o,7] = p and
supp p = supp o U supp 7.

Proof. By induction on n we prove that whenever p,q¢ < 2n and p + ¢ = 3n + 1, there
exist a p-cycle o, a g-cycle 7, aj,as € suppo Nsupp7, b € suppo — supp 7, and
¢ € supp T — supp o, such that aj = b, b = ag, a] = ¢, ¢™ = ag, [0,7] isa (2n + 1)-
cycle, and supp|o, 7] = supp o Usupp 7.

Because [1,0] = [0, 7] ! we may assume p > q.

If n = 2 then p = 4, ¢ = 3 and we have [(a1, b, as, d), (a1, ¢, a2)] = (a1,¢,b,d, az).

Letn > 2. Forp,gq < 2nandp+q=3n+1wedefinep=p—2andg=q—1.
Thenp+qg = 3(n—1)+1landp < 2(n — 1). From ¢ < p we get ¢ # 2n and
therefore ¢ < 2(n — 1). By the inductive hypothesis there exist a p-cycle 7, a g-cycle T,
a1, as € supp oNsupp 7, b € supp o —supp 7, and ¢ € supp 7 —supp o, such that a7 = b,
b = ag, a] = ¢, ¢ = ay, [0,7] is a (2n — 1)-cycle, and supp|o, 7] = supp & U supp 7.
Letx,y ¢ supp oUsupp 7. Then o = (a3 b, ¢, z) is a p-cycle, 7 = ¢©(T; ¢, y) is a g-cycle,
¢, a2 € SUPp o NSUPP T, T € SUPPT — SUPP T, y € SUppT — supp o, ¢ = x, % = asg,
¢™ =y, y" = as, and by Lemma 3.1, [, 7] is a (2n + 1)-cycle. O

Let o and 7 be permutations. An equivalence relation on the set supp o N supp 7 is
defined in the following way. Elements a,b € supp o N supp 7 are equivalent if and only
if there exist ag, . ..,a, € suppo Nsupp7 and py,...,p, € {0,071, 7,771}, such that
a=ag,b=a,,and a; = afil fori = 1,...,n. This is obviously an equivalence relation.

Definition 3.3. Permutations o and 7 are braided if all elements of supp o N supp 7 are
equivalent to each other.

Lemma 3.4. Let o and 7 be cycles such that the commutator [0, 7] is a cycle and supp|o, 7]
= supp o Usupp 7. Then o and T are braided.

Proof. Let p = [o,7] and a9 € suppo Nsupp7. For n > 0 we inductively define
Agn+1 = aan, Qqnt2 = aznil, (4nt3 = Qf,40, a0d Aynya = aj,. 3. Let us show
that if a4, = agm € suppo Nsupp 7, then ay,, is equivalent to ag. Let by = ag and
i1 = max{i | ¢« < 4m,a; = ap}. Fork > 1 and iy, < 4m we let ip41 = max{i | i <
i < 4dm,a; = ai41}s bey1 = @iy, and p € {0,071, 7,77}, where py, is uniquely
defined by b{* = bj,1. If we show that b, € supp o N supp 7 for all k, then by definition,
aop = by is equivalent to a4, = b;. For 1 < k < [ we have bx41 € supp pi. Suppose

bit1 & supp p, where p is the cycle in {0, 7} — {px,p, ' }. Because af* = a4 and
-1

pi. # pF', necessarily also aZ | = a2 or aZ o = aj,42. Because af*,, = ai, 43
and a;, +1 & suppo, we get a;, = a;,+3. This contradicts the definition of 7. Hence
by € supp o Nsupp .

Letmb € supp o Nsupp 7. Because p is a cycle and b € supp p, there exists m such that
P

b=a? . Thusbis equivalent to ag, and hence o and 7 are braided. O

Lemma 3.5. Let o and T be permutations such that supp|o, 7] = supp o U supp 7. Then
| supp o — supp 7|, | supp 7 — supp o| < | supp o N supp 7.

Proof. Suppose there exist z,y € supp o — supp 7, such that z = y°. Then zl>7] = z,
and consequently x ¢ supplo, 7], which is a contradiction. Hence the map (suppo —
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supp 7) — (supp o N supp 7), defined by x — 7, is an injection. Therefore | supp o —
supp 7| < | supp o Nsupp 7.

Because supp|r, o] = supp|o, 7], the other inequality follows from the above para-
graph. O

Lemma 3.6. Let o and T be cycles such that [0, 7] is a cycle and supp|o, 7] = suppo U
supp 7. Then | supp o — supp 7| + |supp 7 — supp o| < |supp o Nsupp 7| + 1.

Proof. Let k = |suppo Nsupp7|, |suppo| = k+ p, and |supp7| = k+¢. If p = 0,
then by Lemma 3.5 we have

| supp o — supp 7| + | supp 7 — supp o| = |supp 7 — supp o| < | supp o Nsupp 7| + 1.

Analogously for ¢ = 0. Let p,q > 0. Let suppo — supp7 = {a1,...,a,}. Letm; €
N U {0} be the largest number such that a¢’ € suppo Nsupp 7 forall j € {1,...,m;}.
We claim that all m; are positive. Indeed, suppose that there exist z,y € supp o — supp 7,
such that z° = y. Then y!”7] = g which is a contradiction since supp o C supp|o, 7].
Hence the set M; = {a?,...,a?""} is nonempty for all i. Because o is a cycle and p > 0,
for every z € supp o N supp 7 there exists the smallest i € N such that z° = ay, for
some k, which means that x € Mj,. Therefore, (suppo Nsupp7) = My [[...][ M,.
Similarly, (suppo Nsupp7) = N1 [[...][ Ny, where supp 7T — suppo = {b1,...,bq},
N; ={bv7,..., b[l} C supp T Nsupp o, and b{"ﬁl & suppo.

By Lemma 3.4, the cycles o and 7 are braided. Hence there exist ia € {2,...,p},
de € My, co € M;,, and 72 € {7,77'} such that d; = c}?. For j > 2 there exist
i; € {2, - ,p} — {ig,. . .,ijfl}, dj € M, U (U{:_;MiJ, cj € Mij, and Tj € {7’77'_1}
such thatd; = c;-j. Let us show that for each 4, the set N; = N, — {ea,...,¢p} is nonempty.
By construction, the elements ca, . . ., ¢, are different, d; # ¢, for j < k, and every pair
{¢j,d,;} is a subset of N; for some [. Suppose N; N {ca,...,¢cp} = {cky, .-, Ck,}, Where
k1 <...<k, Thendy, € N;anddy, & {cky,---,Ck, },s0dg, € N; = (). Hence in the
union of the ¢ nonempty sets N Toeees Nq there are exactly k— (p—1) elements. This means
that | supp 7 —suppo| = ¢ < k—(p—1) = | supp oNsupp 7|—|suppo—supp 7|+1. O

Theorem 3.7. Let n > 2 and let p be a (2n + 1)-cycle. There exist a p-cycle o and a
g-cycle T such that p = [0, 7] and supp p = supp o U supp 7 if and only if the following
three conditions are satisfied (i) n+ 1 < p,q, (ii))2n+1 > p,q, (iii))p+q > 3n+ 1.

Proof. Suppose there exist a p-cycle o and a g-cycle 7 such that p = [0, 7] and supp p =
supp o Usupp 7. Let k = |suppo Nsupp 7|, p = k + P, and ¢ = k + ¢. By Lemma 3.5,
we have ¢ < k, therefore 2¢ < k + ¢ = g < 2n + 1 which implies ¢ < n. Then
2n 4+ 1 = |suppp| = |suppo Usupp7| = p+q < p+mn, hencen+ 1 < p. By
Lemma 3.6, we have p + ¢ < k + 1. Therefore 2n +1 = k+p+ ¢ < 2k + 1 and
p+qg=2n+1+k>3n+1.

If p+ g > 3n + 2 the theorem follows from Corollary 2.5. If p + ¢ = 3n + 1, the
theorem follows from Corollary 3.2. O
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