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Abstract
In the paper an alternative empirical approach for the 
estimation of fragility curves for RC columns is pro-
posed. The CAE (Conditional Average Estimator) meth-
od was used. The procedure includes the LHS method, 
which was applied in order to take into account dif-
ferent uncertainties. The result of the study are esti-
mated fragility curves for typical reinforced concrete 
(RC) columns (1) designed without seismic detailing, 
(2) designed according to first seismic codes used in 
the former Yugoslavia and (3) designed according to 
Eurocode 8. The obtained results clearly reveal the 
higher deformation capacity of RC columns, designed 
according to Eurocode 8. Additionally, the fragility 
curves related to various damage states, i.e. concrete 
crushing, longitudinal bar buckling, and longitudinal 
bar fracture were estimated. It is concluded that the 
proposed procedure offers a viable alternative to exist-
ing approaches.

Key words: CAE method, drift, fragility, RC columns, 
performance-based earthquake engineering (PBEE)

Izvleček
V prispevku je predlagan alternativni empirični na-
čin za oceno krivulj ranljivosti za armiranobetonske 
(AB) stebre. Uporabljena je bila CAE-metoda s cenilko 
pogojnega povprečja. Postopek vključuje tudi LHS-me-
todo, ki je bila uporabljena z namenom upoštevanja 
različnih negotovosti. Rezultati študije so ocene krivulj 
ranljivosti tipičnih AB-stebrov treh različnih obdobij, 
in sicer za (1) AB-stebre, projektirane brez potresnih 
predpisov, (2) AB-stebre, projektirane v skladu s prvi-
mi potresnimi predpisi v nekdanji Jugoslaviji, in (3) AB-
-stebre, projektirane v skladu s predpisi Evrokod 8. 
Dobljeni rezultati jasno kažejo na večjo deformacijsko 
kapaciteto stebrov, projektiranih po predpisih Evrokod 
8. Dodatno so bile krivulje ranljivosti ocenjene tudi za 
druga stanja poškodovanosti, kot je drobljenje beto-
na, lokalni uklon vzdolžne armature in zlom vzdolžne 
armature. Mogoče je skleniti, da predlagani postopek 
ponuja dobro alternativo sedanjim načinom.

Ključne besede: CAE-metoda, zamik, ranljivost, AB-
-stebri, potresno inženirstvo

Fragility curves of RC columns estimated 
by the CAE method
Ocena krivulj ranljivosti AB-stebrov s CAE-metodo
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Introduction

In contrast to many of the existing models for 
the prediction of the deformation capacity of 
RC columns, which provide only deterministic 
(point) estimations, in the performance-based 
design of seismic resistant buildings predictive 
capacity models that are unbiased and explicit-
ly account for all the uncertainties are needed. 
Only in probabilistic models of capacity is vari-
ability explicitly taken into account[1]. The aim 
of the paper is thus to propose an alternative 
method for the estimation of fragility curves for 
RC columns, which is based on the CAE proba-
bilistic drift capacity model. 
As well as in performance-based seismic de-
sign, fragility curves are very important for the 
estimation of the overall risk to the civil infra-
structure in earthquake-prone areas. They can 
be used for emergency response and disaster 
planning by local and national authorities. In-
surance companies can use them to make as-
sessments of potential losses due to a particu-
lar scenario earthquake. Due to their numerous 
possible applications, a number of different 
research projects have been carried out world-
wide. For example, Singhal and Kiremidjian[2] 
presented vulnerability curves and damage 
probability matrices for low-, mid- and high-
rise RC frame structures, using Monte Carlo 
simulation techniques and non-linear dynamic 
analyses. Dumova-Jovanoska[3] presented dam-
age probability matrices and damage indices 
as functions of intensity for different damage 
states for selected RC frame and RC wall-frame 
structures. Kappos et al.[4] applied a hybrid ap-
proach for the development of vulnerability 
curves for reinforced concrete and unreinforced 
masonry structures in terms of peak ground 
acceleration and spectral displacement. Panag-
iotakos and Fardis[5] evaluated the performance 
of generic archetypal RC buildings according 
to Eurocode 8, using non-linear analyses. This 
study was later upgraded by the development 
of corresponding fragility functions[6]. Akkar 
et al[7] estimated vulnerability curves for low- 
and mid-rise infilled frame RC buildings. Push-
over analyses of a number of existing buildings 
in Duzce were performed for buildings with 
a low-level of seismic design, having between 
two and five storeys. Good agreement of the 

estimated vulnerability curves with observed 
damage after the 1999 Duzce earthquake was 
observed. Rossetto & Elnashai[8] produced 
vulnerability curves for low-rise infilled RC 
frames, designed on the basis of the old Italian 
seismic code. The proposed analytical curves 
are in reasonable agreement with the empirical 
curves. There are several other applications. A 
more detailed survey of works related to fragil-
ity can be found in[6], and on the probabilistic 
approach to capacity models in[9].
Due to the complexity of the problem, fragili-
ty studies generally focus on generic types of 
structures[6]. Consequently, simplified structur-
al models, having properties that account for 
the uncertainties and randomness in the struc-
tural parameters, are used to mathematically 
represent real buildings. The fragility curves 
are then presented as a function of different in-
tensity measures, IM, (e.g. PGA, PGV, Sa, Sd) for 
different types of structures, different numbers 
of storeys, etc., taking into account different 
damage states (e.g. yielding, collapse). Fragil-
ity curves can be presented for buildings as a 
whole or for any of their structural elements. In 
the latter case, demand can also be expressed 
in terms of deformation, not only in terms of 
IM. This is because the fragility of a structural 
member is defined as the conditional proba-
bility of failure for given values of the selected 
demand parameter. Hence, fragility curves can 
be obtained by simulations of the seismic re-
sponse of structures at varying demand thresh-
olds. Moreover, by ignoring the uncertainty in 
the demand, each fragility curve can display 
the probability that the capacity is less than 
or equal to a particular displacement/drift de-
mand[1].
Empirical, expert opinion based, analytical and 
hybrid methods can be used for the assessment 
of fragility curves. In this paper an empiri-
cal approach to the estimation of the fragility 
curves of RC columns using the CAE method 
is presented. For example, the fragility of a RC 
column can be defined as the conditional prob-
ability of failure (at an ultimate drift defined at 
a 20 % drop in maximum strength) for given 
values of drift demand. Additionally, fragility 
can be derived in terms of other damage states, 
e.g. concrete crushing, longitudinal bar buck-
ling, longitudinal bar fracture and axial loss 
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failure. In this paper the CAE method is briefly 
presented. The different databases used in the 
study are described. The obtained results are 
verified by making comparisons with existing 
solutions from the literature. Fragility curves 
for typical RC columns, designed without seis-
mic detailing, designed according to the first 
seismic codes used in the former Yugoslavia, 
and designed according to EC8, are provided as 
the results of the study.

Procedure for the estimation of 
fragility curves

The CAE method
The fragility curves presented in this study are 
estimated by the CAE method. A detailed de-
scription of this method from the engineering 
point of view is given in Peruš et al.[10]. Here 
only a brief description is given.
The phenomenon of the capacity of RC columns 
and then the estimation of the corresponding 
fragility curves can be described by observ-
ing N RC column specimens during the exper-
iments. The mathematical description of the 
observation of one specimen during the exper-
iment is called a model vector. As a result, the 
whole phenomenon can be described by a finite 
set of model vectors.

(1)

It is assumed that the observation of one par-
ticular specimen can be described by a number 
of variables, which are treated as components 
of a model vector

(2)

The vector Xn can be further composed of two 
truncated vectors B and C

  (3a)

Vector Bn is complementary to vector Cn and 
therefore their concatenation yields the com-
plete data model, vector Xn. The prediction 
vector, too, is composed of two truncated vec-

tors, i.e., the given truncated vector B and the 
unknown complementary vector Ĉ  

(3b)

The problem now is how an unknown com-
plementary vector Ĉ  can be estimated from a 
given truncated vector B and the model vectors 
{X1, …, Xn, ..., XN}, i.e., how the drift capacity δ 
can be estimated from known input parame-
ters and the available data in the database. By 
using the conditional probability density func-
tion, the optimal estimator for the given prob-
lem can be expressed as
 

(4)

where     

(5)

and

Note that in the above equations M is assumed 
to be 1 and consequently            . 
In equations (4–6) δ is an estimate of the dis-
placement/drift at failure or any other damage 
state (e.g. flexural and shear failure, defined at a 
20 % reduction in lateral strength, axial failure, 
bar buckling, etc.), δn is the same output vari-
able corresponding to the n-th model vector in 
the database, N is the number of model vectors 
in the database, bnl is the l-th input variable (e.g. 
axial load index, P*, shear span index, L*) of the 
n-th model vector in the database, and bl is the 
l-th input variable corresponding to the predic-
tion vector. Note that each model vector corre-
sponds to the results of one experiment from 
the database. D is the number of input vari-
ables, and defines the dimension of the sample 
space. A Gaussian function is used in order to 
achieve a smooth interpolation between the 
points of the model vectors. In this context the 
width wn is called the “smoothing” parameter 
that corresponds to n-th model vector from the 
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database. In our case the same width wn of the 
Gaussian function is used for all the input vari-
ables. It is therefore important that the input pa-
rameters in the equation for an are normalized, 
i.e. generally in the range from 0 to 1.
An intermediate result in the computational 
process is parameter ρ, which is defined as:

It provides a measure of how the influence of all 
the model vectors in the database is spread over 
the sample space, and strongly depends on the 
smoothing parameter w. It helps to detect pos-
sible less accurate predictions (indicated by low 
values of ρ) due to the manner of data distribu-
tion in the database, and due to local extrapola-
tion outside the data range. 
When the expression for the displacement/ drift 
δ at failure (Equation 4) is compared with the 
expression for the first order moment of the ran-
dom variable X, which corresponds to the mean 
value mx

the similarity between the two expressions be-
comes evident[11]. px(xi) is the probability of the 
random variable X = xi and corresponds to the 
weights An (Equation 5), which depend on the 
similarity between the input variables of the pre-
diction vector, and on the corresponding input 
variables pertinent to the model vectors stored 
in the database. Also, there is clear similarity 
when the central second order moment of the 
probability distribution of the random variable 
X, called its variance, given by the expression

is compared with the prediction of so-called “local 
standard deviation” in the CAE method:

The above interpretation of the CAE equations 
enables the estimation of the corresponding 
probability distribution, including the medi-
an value, as well as different percentile values. 
The proposed procedure is demonstrated by the 
simple example presented in Appendix A.

The LHS method
The LHS (Latin hypercube sampling) meth-
od was first described by Mackay et al.[12] and 
then further elaborated by Iman et al.[13]. The 
method, which has become increasingly popu-
lar, was used in this study in order to take into 
account different uncertainties (e.g. aleatory 
and epistemic). Aleatory uncertainties, which 
are inherent in the phenomenon itself, are ir-
reducible, and cannot be influenced by the ob-
server or the manner of observation. On the 
other hand, epistemic uncertainties arise from 
errors in measurement, from the finite size of 
the available observation data, and from the 
adopted mathematical model. Note that in the 
presented study no distinction was made be-
tween these two types of uncertainties. 
LHS allows the creation of experimental 
samples with as many points as needed or 
desired[14]. (Note, however, that the number of 
samples needed should not be too low[15].) It 
permits the use of very different statistical as-
sumptions, and is able to treat both small and 
large design spaces (there are no constraints in 
terms of the data density and location). Addi-
tionally, LHS is flexible. If, for example, a few di-
mensions have to be dropped out, the resulting 
design is still a Latin hypercube. Moreover, the 
existing data can be reused without having to 
make any reduction in the number of sampled 
points.
The use of LHS in its basic form does not ac-
count for any possible correlations between the 
variables. However, in earthquake engineering, 
some of the parameters of the RC structural el-
ements are correlated (e.g. the yield strength of 
the reinforcement, and the concrete compres-
sive strength), so some authors have made us 
of more advanced variants of LHS (e.g.[15–17]). 
In the presented study, however, derived input 
parameters were used, and since it was as-
sumed that they are independent, a basic vari-
ant of LHS was used. This is well-justified since 
parametric studies (not presented here) have 
shown that the influence of derived input pa-
rameters has only a minor effect on the results 
presented in this study.
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The databases used in the study

The application of the CAE method requires a 
representative database, many different data-
bases of RC structural elements being presently 
available (e.g.[1, 10, 18–29]). The deformation capac-
ity expressed in terms of ultimate drift, repre-
senting a “near collapse” limit state, which is 
used in this study, is defined as a drift at a pre-
defined drop below maximum strength. A 20 % 
drop in maximum strength (i.e. when the re-
storing force reaches 80 % of its maximum val-
ue) is commonly used, although this definition 
may significantly underestimate the true axial 
load-carrying capacity of the columns. In other 
cases, when lateral force resistance in columns 
is not reached because of premature load rever-
sal, and also in cases, when deformation capac-
ity is not reached because of limitation in the 
applied maximum displacement, the measured 
maximum drifts provided a lower bound of the 
deformation capacity.
For validation and comparison purposes, the 
first database used in the study was the data-
base on RC columns at axial failure[1]. In this pa-
per it is called the DB1 database, and contains 
data on 28 RC column specimens. Only two in-
put parameters are considered, namely the nor-
malized axial load and the parameter s/d, which 
is related to the confinement (s is the hoop spac-
ing, and d is the depth to the centre-line of the 
outermost tension reinforcement).
For the estimation of fragility curves for RC 
columns which failed in flexure, the PEER da-
tabase was used[18]. The same input parameters 
as proposed by Perus et al.[10] were taken into 
account (i.e. an axial load index, a shear span 
index, the concrete compressive strength, the 
confinement effectiveness factor multiplied by 
the confinement index and the longitudinal re-
inforcement index). The effective database was 
called DB2, and contains data on 156 RC column 
specimens. In order to develop fragility curves 
for other damage states, different from flexur-
al or axial failure, an effective database, derived 
from the PEER database, and called the DB3 
database, was used. It contains data on 80, 20 
and 38 RC column specimens for which the drift 
at concrete crushing, longitudinal bar buckling, 
and longitudinal bar fracture, respectively, was 
measured.

Fragility curves of RC columns

Comparison with the existing solution
In this section the results obtained by using the 
proposed procedure are compared with the 
results of the existing solution. It is assumed 
that all the random variables which account for 
different uncertainties in the input parameters 
(e.g. the material properties and the applied 
loads) are log-normally distributed. 
Fragility curves for axial failure were estimat-
ed, using the database DB1. The following two 
parameters and corresponding coefficients of 
variation were taken into account:

 ― the axial load index (P*= P/Po; [0.07–0.22]): 
CoV = 0.11;

 ― the parameter s/d, related to the confine-
ment [0.6–1.23]: CoV = 0.02

Note that the bounds which are used in the nor-
malization process of the CAE method (see[10]) 
take into account the distribution of the two in-
put parameters in the database DB1. 
By means of the LHS method, a database with 
500 samples for each of the columns (3CLH18 
and 2CLD12) from Zhu et al.[1], taking into ac-
count different uncertainties, was prepared. 
The CAE method was then applied. Due to the 
small number of input parameters, the smooth-
ing parameter was given values of wmin = 0.05 
and wmax = 0.1.The drift point estimates (i.e. the 
mean and the local standard deviation) at axial 
failure were determined, using Eqs. 4–6 and 10, 
as a function of the axial load index and the pa-
rameter s/d. Considering Eqs. 4 and 8–10, the 
CAE empirical cumulative distribution function 
(CDF) was determined for each sample from 
the LHS generated database. The correspond-
ing smoothed CDF for the median drift values, 
as well as for the 15 % and 85 % bounds, were 
then calculated. The estimate is based on the 
counted values obtained from the CAE empir-
ical CDF.
The results presented in Figure 1 indicate rel-
atively good agreement between the CAE ap-
proach and the approach proposed by Zhou et 
al.[1]. The discrepancy between the results can 
be attributed to the functional form, which is 
not a priori assumed in case of the CAE method. 
The CAE functional form follows the data more 
closely, which can, however, in some cases 
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(e.g. extrapolation) lead locally to illogical re-
sults. In the presented case, the ρ value (Equa-
tion 7) amounts to 0.6 and 1.2 for both of the 
RC sample columns, respectively. The relatively 
high values indicate accurate CAE predictions. 
The observed discrepancy between the results 
suggests that the uncertainties may be differ-
ent (i.e. higher) to those usually estimated.

Fragility curves of flexural failure for 
different designs of RC columns
Fragility curves corresponding to flexural fail-
ure for different designs of RC columns (de-
signed without seismic detailing - NO, designed 
according to first seismic codes used in the for-
mer Yugoslavia – YU, and designed according to 
Eurocode 8 – EC8) were estimated by CAE, us-
ing database DB2. Five input parameters were 
taken into account, with the following statisti-
cal parameters:

 ― axial load index (P* = P/Po): CoV = 0.11,
 ― shear span index (L* = LV/h): CoV = 0.05, 
 ― concrete compressive strength (fc

’): 
CoV = 0.05,

 ― confinement index (ρs
* = ρs fys/fc

’): CoV = 0.08
 ― longitudinal reinforcement index 
(ρl

* = ρl fyl/fc
’): CoV = 0.08.

Fragility curves were estimated for L* = 3.5 and 
three different values of P*, which amounted to 
0.05, 0.15 and 0.25, respectively. Additionally, 
in the case of the RC columns designed without 
seismic detailing, a fragility curve for P* = 0.35 
was estimated. (Here it should be noted RC col-
umns in such older buildings are, in many cas-
es, heavily loaded due to the applied vertical 
loads.) Mean values of other three input param-
eters were assessed from the collected data on 
past designs. Note that only data on columns in 
the first storey, which is usually the critical one, 
were taken into account. The mean values and 
corresponding coefficients of variations, which 
account for different uncertainties, are present-
ed in Table 1.
The results which correspond to fragility curves 
with an 85 % confidence level are presented in 
Figure 2. A very small difference in the drift ca-
pacity between the RC columns designed with-
out seismic detailing and RC columns designed 
according to YU codes can be observed. Table 1 

NO YU EC8
ρs

* 0.002 / 0.51 0.002 / 0.51 0.05 / 0.22
ρl

* 0.15 / 0.41 0.15 / 0.22 0.2 / 0.22
fc

‘ 20 / 0.21 25 / 0.21 30 / 0.21

Table 1: Mean values and corresponding coefficients of 
variation which accounts for different uncertainties

Figure 1: Fragility estimates for RC columns at axial failure for (a) column 3CLH18 and (b) column 2CLD12[1]. Shown 
are discrete empirical CDF, obtained by the CAE method and by the corresponding smoothed (log-normal) CDF, and the 
same estimates, as obtained by Zhu[1].
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reveals, that the most notable change in the in-
put parameters is the increase in concrete com-
pressive strength, which only slightly improves 
the drift capacity and decreases dispersion. It 
should be noted, that despite of validation of 
YU codes for that particular time of being, the 
requirements for shear reinforcement were in-
sufficient, which can be also observed from the 
data, taken from actual designs of buildings.

An important increase in drift capacity can be 
observed in the case of Eurocode 8, where all 
three parameters, especially the shear rein-
forcement which can significantly contribute 
to the drift capacity, are also increased. RC col-
umns designed without seismic detailing ex-
hibit a surprisingly high drift capacity. In the 
case of Eurocode 8 the ultimate drift capacity is 
reduced by a corresponding factor due to poor 
seismic detailing and the use of smoothed bars. 
The presented results suggest that a better CAE 
model should include additional parameters 
which would take into account proper seismic 
detailing.

Fragility curves of RC columns for different 
damage states
Besides the fragility curves corresponding to 
flexural and axial failure, fragility curves can 
also be estimated for other damage states, e.g. 
concrete crushing, longitudinal bar buckling 
and longitudinal bar fracture. The procedure is 
the same, only a proper database is required. In 
order to demonstrate the estimation of fragility 
curves of RC columns for other damage states, 
the database DB3 was used. Note that in this 
case uncertainties were not taken into account. 
The results are compared with the measured 
drift obtained in the case of the pseudo-dynam-
ic testing of the 3-storey SPEAR building[30], 
which is representative building of old con-
structions in southern European Countries 
without specific provisions for earthquake 
resistance. It was designed for gravity loads 
alone, using the concrete design code applying 
in Greece between 1954 and 1995, with the 
construction practice and materials typical of 
the early 70s: for a concrete a nominal strength 
fc’ = 25 MPa was assumed while based on the 
scarcity of the current production, it was only 
possible to find reinforcement with a charac-
teristics yield strength larger than initially re-
quested fy ≈ 450 MPa. The structure is regular 
in elevation since typical storey height is 3 m. 
The plan configuration is doubly non symmet-
ric (Figure 3), with 2-bay frames spanning from 
3 m to 6 m. Eight out of the nine columns have 
a square 25 cm × 25 cm cross-section (also the 
interior column C3), whereas the ninth column 
has a 25 cm × 75 cm cross section.

Figure 2: Fragility curves with an 85 % confidence level for 
a typical column, designed (a) without seismic codes, (b) 
according to seismic codes used in the former Yugoslavia, 
and (c) according to the EC8 code. In all cases L* amounts to 
3.5.
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Figure 4 reveals that concrete crushing should 
occur at early stages of the experiment. Figure 5 
confirms the obtained result. Namely, extensive 
spalling and cracking was observed at the top 
of the column. The estimated smoothed CDF in-
dicates that neither longitudinal bar buckling, 
nor longitudinal bar fracture or ultimate drift 
was achieved. Indeed, the ultimate drift was 
not achieved, and other heavy damage was not 
observed. At an 85 % confidence level, longitu-
dinal bar buckling is expected at the increased 
drift (approx. 1.8 %). This may be followed by 
longitudinal bar fracture at 2.3 % drift. Flexural 
failure may be expected at a drift of 2.6 %.

Conclusions

In the paper an empirical approach to the esti-
mation of fragility curves of RC columns using 
the CAE method is presented. The LHS method 
was applied in order to take into account differ-
ent uncertainties.

Figure 3: The elevation view, the plan view and the typical reinforcement in RC columns of the SPEAR building.

Figure 4: Fragility curves at an 85 % confidence level for 
column C3 in the first storey of the SPEAR building. Considered 
are concrete crushing, longitudinal bar buckling, longitudinal 
bar fracture, and flexural failure of the column, respectively. 

Figure 5: Damage after the PGA = 0.2 g pseudo-dynamic 
testing of the SPEAR building[30]: (a) extensive spalling at the 
top of the column, and (b) minor damage at the base of the 
column.
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As a result of the study fragility curves at an 85 % 
confidence level for typical RC columns, designed 
without seismic detailing, according to first seis-
mic codes in the former Yugoslavia, and accord-
ing to Eurocode 8 were proposed. The resulting 
increasing trend can be observed, while a small 
difference in the drift capacity was observed be-
tween the RC columns designed without seismic 
detailing and those designed according to the YU 
codes. Both types of columns were designed with 
relatively bad detailing for shear reinforcement 
and usually with smooth longitudinal reinforce-
ment, which have the biggest role in case of EC8 
codes and provide favourable flexural behaviour 
with adequate deformation capacity of RC col-
umns. One of the possible reasons could be also 
the fact that the discussed existing buildings are 
not fully representative for buildings built before 
and after YU regulations. The other reason can 
be imperfect CAE model. Those differences were 
not fully discussed since the primary purpose 
of the article was to propose a relatively simple 
method for the determination of the fragility 
curves. On the other hand an important increase 
in drift capacity was observed in the case of EC8 
codes, especially due to the increase and better 
detailing of shear reinforcement and also due to 
better detailing of longitudinal reinforcement 
with better material characteristics, which typ-
ically significantly contributes to the higher de-
formation capacity of RC columns.
Further research is still needed in order to in-
crease the sample size of existing buildings de-
signed according to YU codes, and to improve the 
presented CAE model. Obtained conclusions may 
be very general, but other specific statements 
could be highly speculative at the moment.

Fragility curves related to other damage states, 
i.e. concrete crushing, longitudinal bar buck-
ling, and longitudinal bar fracture, were also 
estimated. It can be concluded that the pro-
posed procedure offers a viable alternative to 
other procedures, and that there is no need to 
use closed-form equations for the prediction of 
point estimates. However, the presented results 
suggest that a better CAE model is needed to 
accurately describe the older designs of RC col-
umns. It should include an additional parameter 
which would account for poor seismic detailing.

Appendix A

In order to better illustrate the use of the CAE 
method for the estimation the fragility curves, 
the calculations for the input data P* = 0.25 and 
L* = 3 are shown in Table A1. Note that, for illus-
tration purposes, only two input parameters are 
considered. The database consists of 7 test sam-
ples of RC columns. Equations 1–7 are used, tak-
ing into account w = 0.15. It can be clearly seen 
that the influence of the 7 different input drift 
values (based on the results of measurements) 
on the predicted drift value depends on the sim-
ilarity of the input parameters P* and L* between 
the measured and predicted deformation. The 
highest weight An is assigned to the sample #6 
because its values of P* = 0.27 and L* = 2.4 are the 
nearest to the target values P* = 0.25 and L* = 3.  

In the next step the drifts δ are sorted from the 
lowest to the highest value, together with the 
corresponding coefficients An (see Table A2). 
The results are presented in Figure A1, where 

Sample P* L* Norm. P* Norm. L*  δ an An δn An (δn−δ)2 An

#1 0.13 1.50 0.74 0.70 0.034 0.042 0.015 0.000 0.000 006 20
#2 0.35 3.50 0.30 0.30 0.042 0.371 0.129 0.005 0.000 020 22
#3 0.05 2.10 0.90 0.58 0.049 0.016 0.005 0.000 0.000 000 17
#4 0.00 3.30 1.00 0.34 0.078 0.004 0.001 0.000 0.000 000 77
#5 0.18 2.80 0.64 0.44 0.063 0.703 0.244 0.015 0.000 017 46
#6 0.27 2.40 0.46 0.52 0.051 0.789 0.274 0.014 0.000 003 43
#7 0.21 3.15 0.58 0.37 0.057 0.957 0.332 0.019 0.000 002 01

∑ → 2.882 1.000 0.0545 0.000 050 26

Table A1: An example of the prediction of ultimate drift δ for P* = 0.5 and L* = 3 by the CAE method (w = 0.15)
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the dotted line represents the values from the 
last column in Table A2 (CAE empirical CDF). 
The corresponding smoothed log-normal cu-
mulative distribution function (smoothed CDF) 
is estimated from the mean and local standard 
deviation (δmean = 0.045 45, σ = 0.007 1), calcu-
lated above.
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