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Flexible Job-shop Scheduling Problem with parallel 
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based on Heterogeneous Graph Attention Networks 
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A B S T R A C T A R T I C L E   I N F O 
The Flexible Job-shop Scheduling Problem (FJSP) has received considerable 
scholarly attention as a classic problem. However, in practical industrial man-
ufacturing scenarios, it is common for an operation to have multiple preceding 
parallel operations. This not only necessitates adhering to the sequential rela-
tionships inherent in FJSP but also requires ensuring that preceding operations 
are completed simultaneously whenever feasible. We term this scenario as the 
Flexible Job-shop Scheduling Problem with Parallel Operations (FJSP-PO), a 
pervasive challenge encountered across nearly every production line in real-
world discrete manufacturing applications. Despite its prevalence, there is a 
noticeable scarcity of research on FJSP-PO in existing literature. Given the ob-
jective of synchronizing multiple preceding operations, FJSP-PO presents a 
broader solution space and more intricate optimization challenges compared 
to traditional FJSP. To address this, we propose an Attention Restart method 
based on Heterogeneous Graph Attention Networks (AR-HGAT). Leveraging a 
heterogeneous graph network structure and reinforcement learning, AR-HGAT 
learns the implicit features of operations and machines through node-level and 
semantic-level attention mechanisms. The AR mechanism is utilized to deter-
mine the optimal scheduling of operations at specific time slots. Compared to 
existing FJSP methods, our AR-HGAT approach demonstrates superior perfor-
mance in terms of inference time and solution effectiveness. Furthermore, we 
conducted a comparative analysis using authentic operational data from com-
panies and contrasted it with results obtained from an online tree search algo-
rithm, thereby providing empirical validation of the effectiveness of the pro-
posed AR-HGAT method. 

 Keywords: 
Flexible scheduling; 
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1. Introduction
Flexible scheduling can adopt production plans in response to changing demands and resources. 
It enhances production efficiency, optimizes resource utilization, and reduces costs and waste. In 
the context of Industry 4.0, increasing consumer demands for customization and timeliness align 
with the advancements in big data and artificial intelligence, providing essential support for flex-
ible production. Addressing flexible production challenges in larger and more complex environ-
ments has become imperative for intelligent factories, necessitating the autonomous ability to 
perceive, analyze, reason, make decisions, and control [1]. The Flexible Job-shop Scheduling Prob-
lem (FJSP) plays a crucial role in ensuring low variation in diversified manufacturing and is widely 
applied in semiconductor manufacturing, automobile assembly, and mechanical manufacturing 
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systems [2]. Particularly suitable when task-resource relationships are flexible and variable, the 
FJSP remains a focus of research efforts. As an extension of the FJSP, the FJSP-PO is characterized 
by the inherent complexity of products, involving multiple components with a generally fixed 
product structure and component matching relationships. In real scenarios, certain machine re-
sources may have the shortest waiting time for processing operations, aiming to minimize the cost 
of production line work, such as final assembly line. The presence of parallel operations in this 
manufacturing context necessitates the delay of some operations. The research on FJSP-PO not 
only effectively promotes the research on FJSP, but also expands the application scope of FJSP. But 
to the best of our knowledge, FJSP-PO has rarely been studied. 

The FJSP, as a well-known NP-hard problem, with various methods employed for its solution. 
The priority dispatching rule (PDR), a classical method, iteratively dispatches jobs based on spec-
ified priority rules. Heuristics, known for their effectiveness in large-scale problem-solving, rep-
resent another popular research direction. While PDRs are commonly used, their effectiveness 
depends on the dispatching rules employed. Simple rules like first in first out (FIFO) are inade-
quate for today’s production environment, prompting research into new and effective priority 
rules [3, 4]. Artificial intelligence (AI) emerges as a valuable tool, facilitating the identification of 
innovative and potentially more effective rules [5]. The classical solutions for the Flexible Job-
shop Scheduling Problem (FJSP) can be categorized into three main types: exact algorithms, heu-
ristics, and meta-heuristics [6]. 

In exact algorithms, most of which are formulated by integer linear programming (ILP) or 
mixed ILP (MILP) models. Birgin et al. proposed a MILP model for an extended version of the Flex-
ible Job-shop Scheduling problem [7]. Some presented mixed integer linear programming and 
constraint programming models for the minimization of the makespan [8]. The branch-and-bound 
approach has also been employed to address FJSP, as seen in the work by Kim and Yano [9], who 
developed an efficient branch-and-bound algorithm for Flexible Manufacturing Systems (FMS), 
which allocates operations to machine groups to maximise throughput while satisfying tool or 
component storage constraints. In heuristics, [10] introduced a multi-region division sampling 
strategy-based multi-objective optimization algorithm that integrates with a genetic algorithm 
(GA) for addressing the Flexible Job-shop Scheduling Problem (FJSP). This approach aims to opti-
mize multiple objectives concurrently. Furthermore, [11] proposed a Greedy Randomized Adap-
tive Search Procedure (GRASP) designed for the integrated scheduling of dynamic flexible Job- 
shops. Notably, this method incorporates a novel preventive maintenance policy to enhance the 
adaptability of the scheduling process. In response to unexpected scenarios, such as changes in 
task functions, a heuristic model for solving dynamic flexible workshop scheduling problems 
(DFJSP) was proposed, inspired by the artificial bee colony algorithm [12]. This approach is tai-
lored to handle unforeseen circumstances that may arise during scheduling. Ortíz et al. [13] In 
response to unexpected scenarios, such as changes in task functions, a heuristic model for solving 
dynamic flexible workshop scheduling problems (DFJSP) was proposed, inspired by the artificial 
bee colony algorithm [12]. This approach is tailored to handle unforeseen circumstances that may 
arise during scheduling. Some researchers have directed their attention towards Priority Dis-
patching Rules (PDRs). Teymourifar et al. [14] presented a practical method aimed at extracting 
effective rules for a more general type of dynamic workshop scheduling problem. This problem 
involves jobs arriving at the workshop at different times, and machine failures occurring ran-
domly. Notably, they also considered limited buffer conditions, thereby introducing additional 
complexity to the problem. In meta-heuristics, Simulated annealing [15], local search [16, 17] and 
genetic algorithms [18] are widely applied to solve the problem. Cinar et al. [19] proposes a ge-
netic algorithm based on priority representation for Flexible Job-shop Scheduling Problems. 
Kaweegitbundit and Eguchi [20] proposed an effective scheduling method with the goal of mini-
mizing average delay, which uses a genetic algorithm containing heuristic rules. Chen et al. [21] 
proposed a self-learning genetic algorithm (SLGA) based on reinforcement learning (RL) to intel-
ligently adjust key parameters during the calculation process. Zhang et al. [22] proposed an im-
proved genetic algorithm to solve multi-objective FJSP problems, considering processing time, 
machine setup time, and transportation time. 
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Overall, when studying FJSP, the inherent complexity often makes precise algorithms challeng-
ing, particularly when dealing with large-scale problems. Consequently, the research landscape in 
this domain tends to emphasize heuristic and meta-heuristic algorithms. Additionally, learning-
based methods are concurrently employed to effectively manage uncertainties inherent in the 
scheduling process. Deep Reinforcement Learning (DRL), a combination of deep learning and re-
inforcement learning, aims to enable machines to learn optimal strategies through continuous 
trial and error. DRL’s ability to process high-dimensional input data and automatically extract fea-
tures contributes to accurate prediction and decision-making. Its applications span various fields, 
including autonomous driving, game intelligence, and robot control. Recent works explore the use 
of DRL methods to automatically generate PDRs for scheduling problems [23-27]. Treating PDR 
decision-making as Markov Decision Processes (MDPs), these approaches train scheduling strat-
egies to consider the future, overcoming the myopia associated with PDRs. Deep neural networks 
capture global scheduling states, moving beyond local information. Despite its advantages, apply-
ing DRL to FJSP problems poses challenges due to the complex decision-making situations and 
intricate relationships between machines and operations. A study proposes an architecture based 
on heterogeneous graph neural networks to address these complexities and capture intricate re-
lationships [28]. The distinctive advantage of the DRL algorithm investigated in this article, com-
pared to previous studies, lies in its applicability to FJSP with parallel operations. This capability 
allows for a more comprehensive and effective approach to scheduling in scenarios where parallel 
operations are prevalent. 

To summarize, this article makes the following contributions: 

• This paper introduces a novel problem, FJSP-PO, where at a specific time, not only can one 
operation be assigned to different machines, but also multiple operations without contex-
tual dependence can be assigned to different machines simultaneously, introducing parallel 
operations. This extension enhances the FJSP scenario, making it more suitable for the com-
plexities of contemporary flexible manufacturing. 

• Addressing the challenge of scheduling parallel operations, the goal is to minimize the wait-
ing time between operations while ensuring the minimum makespan. To achieve this, a new 
strategy is proposed to delay the start of some operations, creating a more compact produc-
tion schedule. 

• Recognizing the dynamic nature of operation scheduling in real scenarios, where scale var-
ies constantly, the model’s generalization performance is crucial. Leveraging the topology 
of heterogeneous graphs, this paper incorporates both node-level and semantic-level infor-
mation into the learning process. Experimental results validate the model’s effectiveness 
across different scales. 

• Given the diverse constraints in practical operation scheduling scenarios, this paper sepa-
rates business constraints from the scheduling model. It establishes a feasible framework 
in actual production, transforming constraints into mask tensors. This approach simplifies 
the implementation of the scheduling model and allows for the easy expansion of con-
straints within the business scenario. 

The organizational structure of this paper is as follows: Section I introduces the predecessor work 
on operations scheduling, Section 2 presents the latest reinforcement learning-based methods for 
solving operation scheduling, Section 3 describes real business scenarios and challenges encoun-
tered in discrete scenes with parallel operations, Section 4 provides a detailed explanation of the 
overall framework and methodology for solving the problem, Section 5 verifies the effectiveness 
and generalization of our proposed model through multiple sets of experiments, and Section 6 
summarizes the paper comprehensively. 
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2. Related work  
As of our knowledge cutoff date, the predominant focus in operation scheduling pertains to flexi-
ble scheduling within discrete scenarios. However, there is a noticeable dearth of studies specifi-
cally addressing operation scheduling in discrete scenarios involving parallel operations. In this 
section, we will provide a concise review of recent scheduling methods based on DRL for FJSP. 
With the advancement of artificial intelligence, researchers are increasingly leveraging Deep Re-
inforcement Learning (DRL) to tackle intricate scheduling problems. In DRL-based scheduling, the 
representation of states is a crucial aspect. Some studies have utilized vectors or matrices for state 
representation, but a drawback is the limitation imposed by fixed matrix dimensions, constraining 
the algorithm’s scalability for larger problems [23], [29, 30]. Kwon et al. [31] employed a matrix 
encoding network and self-attention [32] to handle projects, addressing scale limitations. How-
ever, this method still encounters challenges related to the number of problem stages. 

To overcome the scale limitations inherent in matrix representation, scholars have turned their 
attention to Graph Neural Networks (GNN) [33]. GNNs can handle graphs of varying sizes, offering 
a solution to the limitations associated with matrix representation. Zhang et al. [34] proposed an 
approach to automatically learn Priority Dispatching Rules (PDR) through end-to-end deep rein-
forcement learning agents, utilizing JSSP’s disjunction graph representation. Hameed and 
Schwung [35] used features extracted using Graph Neural Network (GNN) to train RL agents, 
providing a rich encoding of the current production state in the Euclidean space. Su et al. [36] 
introduced a framework based on GNNs and DRL to solve dynamic JSSP (DJSP) with machine fail-
ures and random processing time, utilizing evolutionary strategy (ES) to find an optimal strategy 
that is more stable and robust than traditional DRL algorithms. 

While DRL exhibits advantages in solving production scheduling problems, much of the current 
research has focused on Job-shop Scheduling (JSP), with limited methods available for Flexible 
Job-shop Scheduling Problem (FJSP). Luo et al. [37] proposed an online scheduling framework 
called a two-level deep Q network (THDQN) for the dynamic multi-objective flexible Job-shop 
Scheduling Problem with new job inserts (DMOFJSP). However, it relies on manual dependency 
for the selection of PDRs. Han and Yang [38] introduced an end-to-end DRL method based on 3D 
discrete graphs to solve FJSP. Nevertheless, the attention-based strategy network they designed 
processes raw features without considering the graph structure, limiting its ability to extract use-
ful information for high-quality decision-making. 

Recently, a number of interesting studies on Flexible Job-shop Scheduling Problem (FJSP) have 
emerged. For instance, Peng and Zheng [39] have focused on optimizing the common dual-re-
source-constraint problem using the Wild Horse algorithm. Sun et al. [40] have applied reinforce-
ment learning to handle job insertion issues, achieving real-time processing capabilities. In the 
context of more complex distributed permutation scenarios, Ren et al. [41] have creatively em-
ployed the Q-Learning algorithm to solve the problem. Additionally, Koblasa et al. [42] have 
delved deeper into FJSP solutions using classic Evolutionary Algorithms (EA). Moreover, Yildiz et 
al. [43] have proposed more suitable neural network structures to predict the makespan in FJSP. 
Of course, Karacan et al. [44] have adopted ensemble learning approaches, combining multiple 
methods to achieve notable results. However, recent papers have not specifically optimized the 
partial parallel processes encountered in current industrial applications. Therefore, this paper 
aims to build upon existing work and further innovate on FJSP-PO, which is more closely aligned 
with practical business scenarios. 

3. Problem description  
In this section, we will provide a brief overview of the operation scheduling scenario, which en-
compasses both the Flexible Job-shop Scheduling Problem (FJSP) and the proposed extension, 
FJSP-PO. Then we will delve into a detailed exploration of the specific problems that require res-
olution. Finally, we express the FJSP-PO in mathematical language. 
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3.1 FJSP and FJSP-PO  
In discrete manufacturing, the scheduling of operations across various jobs is orchestrated to 
meet optimization objectives. In this scenario, a single operation can be executed on different ma-
chines, each with potentially distinct processing times. This framework is commonly applied in 
flexible manufacturing, with the overarching optimization goal typically focused on minimizing 
makespan. 

In a standard discrete scenario, a solitary production line prevails, denoted as FJSP. However, 
practical situations often involve multiple production lines, presenting a more intricate challenge 
referred to as FJSP-PO. The cycle times for different operations may vary in both FJSP and FJSP-
PO. In FJSP, a singular operation can be processed across multiple machines. In contrast, FJSP-PO 
introduces greater complexity, allowing not only a single operation to be processed across multi-
ple machines but also enabling multiple operations without contextual dependence to be concur-
rently processed on different machines. 

 
Fig. 1 FJSP and FJSP-PO 

As depicted in Fig. 1, in FJSP, during time 𝑡𝑡, a specific operation can opt to be processed either 
on the 1st or 2nd machine. However, at time 𝑡𝑡, only one operation is permitted to commence pro-
cessing. In contrast, in FJSP-PO, two operations can be processed simultaneously at time 𝑡𝑡. For 
instance, if one operation is being processed on the 1st machine, the other operation can simulta-
neously be processed on the 2nd machine, and vice versa. It’s evident that FJSP-PO encompasses 
FJSP, with the former being more intricate than the latter. And the solution space of the FJSP-PO 
problem is much larger than that of the FJSP problem. 
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Fig. 2 Multiple lines in FJSP-PO 

In an FJSP-PO, the following scenarios may exist. 
In FJSP-PO, as shown in Fig. 2, this job has a total of 12 operations, comprises three lines, the 

Line-A comprises 7 operations, the Line-B comprises 3 operations, the Line-C comprises 2 opera-
tions, in order to facilitate elaboration, assume that there are 12 machines altogether, each ma-
chine can process all the operations. The arrow indicate the link relationship between operations. 
For example, the 2nd operation depends on the 1st operation, so the 2nd operation must wait for 
the 1st operation to complete before starting processing, and the 3rd operation must wait for both 
the 2nd operation and the 10th operation to be completed before starting processing. Similarly, 
the 6th operation needs to wait for the 5th and 12th operations to be completed before starting 
processing. 

In practical production scenarios, to optimize costs, a production line is typically initiated as 
late as possible while still adhering to the product delivery deadline. Consequently, minimizing 
the waiting time between operations within a line becomes crucial. 

Compared with the FJSP, the main features of the FJSP-PO include the following three points: 
• There may be multiple lines, so some operations may have more than one precursor oper-

ation node, 
• At some point, there may be multiple operations that can be processed at the same time, 
• As shown in Fig. 1, the solution space for FJSP-PO is larger. 

3.2 Problem details 
In prior studies, reinforcement learning was employed to address operation scheduling in discrete 
scenarios featuring only a single line, without the inclusion of parallel operations. However, this 
approach encountered two distinct challenges: 

• How to support the scheduling of parallel operations? 
• How to make the waiting time between operations as short as possible? 

 
Fig. 3 Operation scheduling in first step 
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Our objective is to schedule the 12 operations, as illustrated in Fig. 3. In the second step, we 
aim to minimize the waiting time between these operations, as depicted in Fig. 4. 

In Fig. 3, due to the presence of operations in Line-B, the 3rd operation must wait for the 
completion of all dependent operations. Consequently, the 3rd operation cannot immediately 
follow the execution of the 2nd operation. Similarly, the 6th operation in Line-A requires the 
completion of the 5th operation in Line-A and the 12th operation in Line-C before commencing. 
To minimize waiting times for operations in Line-A, the start time of Line-A operations must be 
postponed, as shown in Fig. 4. 

To address these challenges, we propose a novel architecture and algorithm designed to 
tackle the complexities of the FJSP-PO problem. 

 
Fig. 4 Operation scheduling in second step 

3.3 Operation scheduling scenarios 

There are 𝐼𝐼 jobs, 𝐾𝐾 machines, 𝐿𝐿 constraints and 𝑍𝑍 optimize goals. 𝐽𝐽𝑖𝑖 the 𝑖𝑖-th job, 𝐽𝐽𝑖𝑖 ∈ {𝐽𝐽1, 𝐽𝐽2,⋯ , 𝐽𝐽𝐼𝐼}, 
𝑂𝑂𝑖𝑖𝑖𝑖  the 𝑗𝑗-th operation of the 𝑖𝑖-th job, 𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖]. The purpose of operation scheduling is 
to assign all operations 𝑂𝑂𝑖𝑖𝑖𝑖  in the job 𝐽𝐽𝑖𝑖 to the appropriate machine 𝑀𝑀𝑘𝑘 at a determined time, and 
it is processed for a certain amount of time 𝜆𝜆𝑖𝑖𝑖𝑖𝑘𝑘, and to optimize all objectives while all constraints 
are met. The symbol definition is represented as follows: 

𝑚𝑚𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 ∑ 𝛼𝛼𝑧𝑧𝑧𝑧 𝐹𝐹𝑧𝑧, 𝑚𝑚 ∈ [1,𝑍𝑍],𝛼𝛼𝑧𝑧 ∈ [0,1)
𝑠𝑠. 𝑡𝑡.∑ 𝐶𝐶𝑙𝑙𝑙𝑙

                                                            (1) 

𝑀𝑀𝑘𝑘: the 𝑘𝑘-th machine, 𝑀𝑀𝑘𝑘 ∈ {𝑀𝑀1,𝑀𝑀2,⋯ ,𝑀𝑀𝐾𝐾} 
𝜆𝜆𝑖𝑖𝑖𝑖𝑘𝑘: the process time for the operation 𝑂𝑂𝑖𝑖𝑖𝑖  processed in machine 𝑀𝑀𝑘𝑘 
𝐶𝐶𝑙𝑙: the 𝑙𝑙-th constraint, 𝐶𝐶𝑙𝑙 ∈ {𝐶𝐶1,𝐶𝐶2,⋯ ,𝐶𝐶𝐿𝐿} 
𝐹𝐹𝑧𝑧: the 𝑚𝑚-th goal function, 𝐹𝐹𝑧𝑧 ∈ {𝐹𝐹1,𝐹𝐹2,⋯ ,𝐹𝐹𝑍𝑍} 

Reinforcement learning tasks are usually described using the Markov Decision Process (MDP) 
as shown Fig. 5 and typically contain five important elements: agent, environment, state, action, 
and reward. Through interactions with the environment, the agent acquires a strategy grounded 
in the reward feedback received from the environment. Consequently, the agent takes actions 
within the current environmental state with the aim of maximizing the expected reward value 
over time. Therefore, reinforcement learning revolves around attaining the optimal strategy as 
follows: 

𝜋𝜋∗ = 𝑎𝑎𝑎𝑎𝑎𝑎𝑚𝑚𝑎𝑎𝑥𝑥𝜋𝜋 ∑ 𝜁𝜁𝑡𝑡 (𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡)                                                                    (2) 
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𝑡𝑡: time 𝑡𝑡 
𝜋𝜋: the current strategy agent adopted 
𝜋𝜋∗: the optimal strategy agent learned 
𝑠𝑠𝑡𝑡: the state of the environment at the time 𝑡𝑡 
𝑎𝑎𝑡𝑡: the action taken by the agent at the time 𝑡𝑡, and 𝑎𝑎𝑡𝑡 = 𝜋𝜋(𝑠𝑠𝑡𝑡;𝜃𝜃), and 𝑎𝑎𝑡𝑡 ∈ 𝐴𝐴𝑡𝑡, 𝐴𝐴𝑡𝑡 is action space, 
𝜃𝜃 is a parameter in the strategy function 𝜋𝜋 
𝜁𝜁(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡): the reward function to produce reward value based on the current state and the ac-
tion taken 

 
Fig. 5 Markov process 

The action at time 𝑡𝑡 consists of the selected operation and the assigned machine, represented 
by 𝑎𝑎𝑡𝑡 = �𝑂𝑂𝑖𝑖𝑖𝑖 ,𝑀𝑀𝑘𝑘�𝑡𝑡. 

The simplest way is for the agent to take an action 𝑎𝑎𝑡𝑡 based on a policy 𝜋𝜋 at time 𝑡𝑡 and receive 
reward feedback 𝑎𝑎𝑡𝑡 from the environment. It can be simply considered that 𝜁𝜁(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡) is equal to 𝑎𝑎𝑡𝑡. 
A more complex 𝜁𝜁(𝑠𝑠𝑡𝑡 ,𝑎𝑎𝑡𝑡) can be conceptualized as a function represented by a neural network. 
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To address the scheduling problem using reinforcement learning, it is necessary to define the 
agent, environment, state, action, and reward in the scheduling problem. Similar to the approach 
in paper [11], the agent is a strategy function 𝜋𝜋 to learn, the environment is a scheduling simula-
tion environment, and the state is the current status of the simulation environment. 

However, the paper [11] does not cover the operation scheduling scenario with parallel oper-
ations. In scenes with parallel operations, some operations may need to wait, so the empty action 
𝜙𝜙 (No action is taken) can be executed at time 𝑡𝑡. We introduce a job at the end, and there is only 
one special operation represented by 𝑂𝑂𝐼𝐼1, so we define 𝜙𝜙 = (𝑂𝑂𝐼𝐼1,𝑀𝑀𝑘𝑘)𝑡𝑡. 

Since the action 𝜙𝜙 is now included, we need to determine when to take this action and for how 
long. The strategy for determining when to take this action is called attention reboot (AR). 

Simultaneously, we aim to determine the duration for which this action will persist. We have 
improved the graph neural network proposed by [11], referred to as AR-HGAT. 

As observed, our objective is to learn the parameters of the proposed AR-HGAT and obtain the 
actions required in the current state at each time 𝑡𝑡, aiming to maximize the desired reward value. 

4. Method  
In this section, as shown in Fig. 6, we present a unified framework designed to address the Flexible 
Job-shop Scheduling Problem with Parallel Operations (FJSP-PO). This framework is versatile, ac-
commodating multiple production lines, and facilitates the seamless integration of complex con-
straints commonly encountered in real-world business scenarios. 

 
Fig. 6 Unified scheduling framework 

To address the Flexible Job-shop Scheduling Problem with Parallel Operations (FJSP-PO), we 
initiate a simulation environment. This environment plays a pivotal role in initializing the state 
space, action space, reward space and constraint mask tensor. It facilitates the transfer of states, 
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allowing the retrieval of the state at the current time 𝑡𝑡. Subsequently, the AR-HGAT model pro-
posed in this paper is employed to obtain the legal actions at the current time 𝑡𝑡. The environment 
is then updated, transitioning to the next state to initiate the subsequent time step. 

A key aspect of our approach involves segregating complex constraints from scheduling algo-
rithm models. Each complex constraint can be dynamically updated to the feasible action selection 
tensor through masking. This design is particularly significant in real-world business scenarios, 
as it allows non-algorithm professional engineers to articulate corresponding business con-
straints. 

In the following sections, we will provide a detailed introduction to the state space, action 
space, reward space and constraint mask tensor, model structure, training process, and forecast-
ing process employed in our unified framework for solving FJSP-PO. 

4.1 State space  
The state space comprises states recorded at different time steps, denoted as 𝑡𝑡. Each state encap-
sulates four main categories of information: operation features, machine features, operation link 
information, and operation-machine pair information, which is as same as the paper [25]. This is 
illustrated as follows: 

 
Fig. 7 State representation 

As illustrated in Fig. 7, each operation encompasses several features, including: 

• The operation status, where 1 indicates the operation is scheduled, and 0 indicates that the 
operation is not scheduled. 

• The number of machines in proximity to the operation, representing the count of machines 
that can be assigned to the operation. 

• The average processing time of the operation on the assignable machines, or the processing 
time of the operation on the assigned machine if specified. 
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• The number of operations that are not scheduled in the job to which the operation belongs. 
• The time at which the operation is completed in the job. 
• The start time of the operation 

Similarly, each machine includes various features: 

• The number of operations that can be processed by the machine. 
• The time when the machine can start. 
• Machine utilization as of the current time step. 

In addition, the operation link relationship is represented by an adjacency matrix, and the pro-
cessing time of the operation on different machines is represented by the operation-machine con-
nection matrix, where the numerical value in the matrix represents the processing time of the 
operation on the machine, where 0 indicates that the operation cannot be assigned to the machine. 

4.2 Action space 

In the action space, each action corresponds to a pair of operation-machine. It comprises two key 
components: the operation and the machine, signifying that the operation can be assigned to the 
specified machine. For instance, the action space depicted in Fig. 7 is represented as in Fig. 8. 

Given that each operation can be assigned to any machine for processing, the combination of 
each operation with each machine results in 3 distinct actions. Consequently, the final action space 
encompasses a total of 12 actions. 

 
Fig. 8 Action representation 

4.3 Reward space 
In traditional FJSP, the maximum completion time is typically used as the reward metric. However, 
in FJSP-PO, not only the maximum completion time needs to be considered, but also the gap be-
tween operations. Therefore, the interval between operations needs to be incorporated into the 
reward function. For further details, please refer to the training process section. 

4.4 Constraint mask tensor 
To enhance scheduling efficiency, we pre-filter actions within the action space before selection. 
Additionally, to ensure scalability with respect to business constraints, we consolidate each busi-
ness constraint into a mask tensor format. Taking the operation depicted in Fig. 7 as an illustra-
tion, let’s consider a business constraint: prioritizing the operation along the green line. This en-
tails two constraints – one pertaining to operation sequencing and the other to the aforemen-
tioned business constraint. These are expressed as follows at time 𝑡𝑡 = 0: 

Each operation is capable of being processed on all machines, hence every value within the 
Action Tensor is assigned as 1. Mask Tensor 1 identifies the operations available for scheduling at 
time 𝑡𝑡 = 0, whereas Mask Tensor 2 encapsulates the business constraint of prioritizing operations 
along the green line. Finally, we conduct element-wise multiplication among these three tensors 
to derive the ultimate constraint mask tensor as shown in Fig. 9. 
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Fig. 9 Mask tensor 

4.5 Model structure 
We propose an AR-HGAT model structure, as shown in the Fig. 10. 

 
Fig. 10 AR-HGAT model structure 

The proposed network architecture primarily consists of a multi-layer perceptron (MLP) and 
a graph neural network. The MLP is responsible for transforming operation features, while an-
other MLP transforms machine features. These transformed operation and machine features are 
then processed through a graph attention network, initially employing node-level attention. The 
node-level attention for operations is bifurcated into two segments: one segment gathers machine 
information connected to the operation, while the other segment collects information about de-
pendent operations. Subsequently, semantic-level attention is applied to these two segments of 
node-level information for operations to obtain the final operation embedding. After obtaining 
embeddings for all operations and machines, average pooling operations are separately con-
ducted on machine and operation embeddings. The resulting outputs are then fed into another 
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MLP, referred to as the Critic network, to derive the state value of the current moment. Simulta-
neously, the pooling results are input into an MLP, termed the Actor network, alongside machine 
and operation embeddings to determine the value of each action at the current moment. Addition-
ally, another MLP is utilized to determine the duration for which an operation needs to wait at the 
current moment. AR mechanisms and mask tensors will be integrated into the Actor and Critic 
networks, as elaborated in the subsequent section. 

4.6 Training process 

We adopt the Proximal Policy Optimization (PPO) [45] algorithm to update the parameters of the 
AR-HGAT. And the training process as shown in Fig. 11 can be divided into several steps: data 
collection, data sampling, model inference, calculation of advantage function, calculation of loss, 
and updating AR-HGAT model parameters. In the data collection stage, the agent interacts with 
the environment under the guidance of strategy 𝜋𝜋, and obtains multiple rounds of interaction 
data, in which 𝑠𝑠𝑡𝑡, 𝑃𝑃�𝑎𝑎𝑡𝑡, and 𝑎𝑎𝑡𝑡 represent the state, action probability distribution and reward value 
at time 𝑡𝑡, respectively. In the data sampling stage, a batch of data is randomly sampled from mul-
tiple rounds of interactive data, and then we obtain a batch of training data, and then the next 
process is to train the model, firstly, based on the input of the training data 𝑠𝑠𝑡𝑡, the predicted output 
of the model: action probability distribution 𝑃𝑃�𝑎𝑎𝑡𝑡  and state value 𝑞𝑞𝑡𝑡 , then we calculate the ad-
vantage function value of the training sample 𝐴𝐴𝐴𝐴𝑣𝑣𝑡𝑡, and finally we calculate the loss value through 
the PPO algorithm and update the AR-HGAT model parameters. 

In the AR-HGAT model, it is mainly divided into two stages, the first stage is the embedding 
calculation of the machine and the operation, wherein the embedding calculation of the machine 
is as follows: 

 
Fig. 11 Training process 
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1. Calculate attention coefficients 

  Operation 𝑂𝑂𝑖𝑖𝑖𝑖  that can be handled by machine 𝑀𝑀𝑘𝑘, the attention coefficients between operation 
𝑂𝑂𝑖𝑖𝑖𝑖 ∈ 𝑁𝑁(𝑀𝑀𝑘𝑘) and 𝑀𝑀𝑘𝑘 is represented as: 

𝑚𝑚𝑖𝑖𝑖𝑖𝑘𝑘 = 𝐿𝐿𝑚𝑚𝑎𝑎𝑘𝑘𝐿𝐿𝐿𝐿𝑚𝑚𝐿𝐿𝐿𝐿�𝑎𝑎𝑇𝑇�𝑊𝑊𝑀𝑀𝜈𝜈𝑘𝑘||𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖||𝑊𝑊𝐸𝐸𝜆𝜆𝑖𝑖𝑖𝑖𝑘𝑘��
𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖], 𝑘𝑘 ∈ [1,𝐾𝐾]

                                             (3) 

  The attention coefficients of machine 𝑀𝑀𝑘𝑘 about itself is represented as: 

𝑚𝑚𝑘𝑘𝑘𝑘 = 𝐿𝐿𝑚𝑚𝑎𝑎𝑘𝑘𝐿𝐿𝐿𝐿𝑚𝑚𝐿𝐿𝐿𝐿(𝑎𝑎𝑇𝑇[𝑊𝑊𝑀𝑀𝜈𝜈𝑘𝑘||𝑊𝑊𝑀𝑀𝜈𝜈𝑘𝑘])
𝑘𝑘 ∈ [1,𝐾𝐾]                                                     (4) 

  𝑎𝑎 ∈ ℝ2𝑑𝑑 
  𝑊𝑊𝑀𝑀 ∈ ℝ𝑑𝑑×3 
  𝑊𝑊𝑂𝑂 ∈ ℝ𝑑𝑑×6 
  𝑊𝑊𝐸𝐸 ∈ ℝ 
  𝜆𝜆𝑖𝑖𝑖𝑖𝑘𝑘 ∈ ℝ 

LeakyReLU is a common activation function in neural network and 

𝜈𝜈𝑘𝑘: the original features of the 𝑘𝑘-th machine 
𝜇𝜇𝑖𝑖𝑖𝑖: the original features of the 𝑗𝑗-th operation of the 𝑖𝑖-th job 
𝜆𝜆𝑖𝑖𝑖𝑖𝑘𝑘: the processing time of operation 𝑂𝑂𝑖𝑖𝑖𝑖  on machine 𝑀𝑀𝑘𝑘 

2. Normalize attention coefficients 

By normalizing the attention coefficients: 

𝑎𝑎𝑖𝑖𝑖𝑖𝑘𝑘 = 𝑚𝑚𝑥𝑥𝑒𝑒�𝑚𝑚𝑖𝑖𝑖𝑖𝑘𝑘�/ �∑ 𝑚𝑚𝑂𝑂𝑝𝑝𝑝𝑝∈𝑁𝑁�𝑀𝑀𝑘𝑘�
𝑥𝑥𝑒𝑒�𝑚𝑚𝑝𝑝𝑝𝑝𝑘𝑘�+ 𝑚𝑚𝑘𝑘𝑘𝑘�

𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖],𝑘𝑘 ∈ [1,𝐾𝐾]
                                                 (5) 

𝑎𝑎𝑘𝑘𝑘𝑘 = 𝑚𝑚𝑥𝑥𝑒𝑒(𝑚𝑚𝑘𝑘𝑘𝑘)/ �∑ 𝑚𝑚𝑂𝑂𝑝𝑝𝑝𝑝∈𝑁𝑁�𝑀𝑀𝑘𝑘�
𝑥𝑥𝑒𝑒�𝑚𝑚𝑝𝑝𝑝𝑝𝑘𝑘�+ 𝑚𝑚𝑘𝑘𝑘𝑘�

𝑘𝑘 ∈ [1,𝐾𝐾]
                                                 (6) 

3. Learning machine embedding 

Eventually we can get the machine embedding as follows: 

𝜈𝜈𝑘𝑘′ = 𝜎𝜎 �𝛼𝛼𝑘𝑘𝑘𝑘𝑊𝑊𝑀𝑀𝑣𝑣𝑘𝑘 + ∑ 𝛼𝛼𝑖𝑖𝑖𝑖𝑘𝑘𝑂𝑂𝑖𝑖𝑖𝑖∈𝑁𝑁�𝑀𝑀𝑘𝑘�
�𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖||𝑊𝑊𝐸𝐸𝜆𝜆𝑖𝑖𝑖𝑖𝑘𝑘��

𝑘𝑘 ∈ [1,𝐾𝐾]
                                            (7) 

and 𝜈𝜈𝑘𝑘′ ∈ ℝ𝑑𝑑. 

Considering that the embedding calculation of the operation not only depends on the assignable 
machine, but also depends on its pre-operation, the embedding calculation of the operation is 
mainly divided into node-level attention and semantic-level attention. Node-level attention aggre-
gates information from machines and dependent operations, and semantic-level attention com-
bines information from different attributes as follows: 

1. Node-level attention from machine to operation 

Operation 𝑂𝑂𝑖𝑖𝑖𝑖  that can be handled by machine 𝑀𝑀𝑘𝑘, the attention coefficients between operation 
𝑂𝑂𝑖𝑖𝑖𝑖  and the assignable machine 𝑀𝑀𝑘𝑘 ∈ 𝑁𝑁�𝑂𝑂𝑖𝑖𝑖𝑖� is the same as Equation 3. 

The attention coefficients of operation 𝑂𝑂𝑖𝑖𝑖𝑖  about itself is represented as: 

  𝑚𝑚𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖 = 𝐿𝐿𝑚𝑚𝑎𝑎𝑘𝑘𝐿𝐿𝐿𝐿𝑚𝑚𝐿𝐿𝐿𝐿�𝑎𝑎1𝑇𝑇�𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖||𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖��
𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖]

                                                 (8) 

Where 𝑎𝑎1 ∈ ℝ2𝑑𝑑. 
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By normalizing the attention coefficients: 

  𝑎𝑎1𝑖𝑖𝑖𝑖𝑘𝑘 = 𝑚𝑚𝑥𝑥𝑒𝑒�𝑚𝑚𝑖𝑖𝑖𝑖𝑘𝑘�/�∑ 𝑚𝑚𝑀𝑀𝑝𝑝∈𝑁𝑁�𝑂𝑂𝑖𝑖𝑖𝑖�
𝑥𝑥𝑒𝑒�𝑚𝑚𝑖𝑖𝑖𝑖𝑝𝑝� + 𝑚𝑚𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖� 

𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖],𝑘𝑘 ∈ [1,𝐾𝐾]
                                           (9) 

  𝑎𝑎1𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖 = 𝑚𝑚𝑥𝑥𝑒𝑒�𝑚𝑚𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖�/�∑ 𝑚𝑚𝑀𝑀𝑝𝑝∈𝑁𝑁�𝑂𝑂𝑖𝑖𝑖𝑖�
𝑥𝑥𝑒𝑒�𝑚𝑚𝑖𝑖𝑖𝑖𝑝𝑝� + 𝑚𝑚𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖� 

𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖]
                                      (10) 

Eventually we can get the node-level embedding from machine to operation as follows: 

  

𝜇𝜇1𝑖𝑖𝑖𝑖′ = 𝜎𝜎(𝛼𝛼1𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖 +
∑ 𝛼𝛼𝑀𝑀𝑘𝑘∈𝑁𝑁�𝑂𝑂𝑖𝑖𝑖𝑖�

1𝑖𝑖𝑖𝑖𝑘𝑘�𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖||𝑊𝑊𝐸𝐸𝜆𝜆𝑖𝑖𝑖𝑖𝑘𝑘�)

𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖]

                                                          (11) 

2. Node-level attention from operation to operation 

Operation 𝑂𝑂𝑖𝑖𝑖𝑖  needs to wait some operations to complete before it can start, and we use 𝐷𝐷�𝑂𝑂𝑖𝑖𝑖𝑖� to 
represent all dependent operations of operation 𝑂𝑂𝑖𝑖𝑖𝑖 , and the attention coefficients between oper-
ation 𝑂𝑂𝑖𝑖𝑖𝑖  and the dependent machines 𝑂𝑂𝑖𝑖𝑖𝑖 ∈ 𝐷𝐷�𝑂𝑂𝑖𝑖𝑖𝑖� are represented as: 

  𝑚𝑚𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖 = 𝐿𝐿𝑚𝑚𝑎𝑎𝑘𝑘𝐿𝐿𝐿𝐿𝑚𝑚𝐿𝐿𝐿𝐿�𝑎𝑎2𝑇𝑇�𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖||𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖��
𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖], 𝑎𝑎 ∈ [1,𝐵𝐵𝑖𝑖]

                                                    (12) 

Where 𝑎𝑎2 ∈ ℝ2𝑑𝑑 and the attention coefficients of operation 𝑂𝑂𝑖𝑖𝑖𝑖  about itself is the same as Equa-
tion [node_level_oo]. 

By normalizing the attention coefficients: 

  
𝑎𝑎2𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖 = 𝑒𝑒𝑒𝑒𝑝𝑝�𝑒𝑒𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖�

�∑ 𝑒𝑒𝑂𝑂𝑖𝑖𝑝𝑝∈𝐷𝐷�𝑂𝑂𝑖𝑖𝑖𝑖�
𝑒𝑒𝑝𝑝�𝑒𝑒𝑖𝑖𝑝𝑝,𝑖𝑖𝑖𝑖�+𝑒𝑒𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖�

                

𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖], 𝑎𝑎 ∈ [1,𝐵𝐵𝑖𝑖]        

                                           (13) 

  𝑎𝑎2𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖 = 𝑚𝑚𝑥𝑥𝑒𝑒�𝑚𝑚𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖�/�∑ 𝑚𝑚𝑂𝑂𝑖𝑖𝑝𝑝∈𝐷𝐷�𝑂𝑂𝑖𝑖𝑖𝑖�
𝑥𝑥𝑒𝑒�𝑚𝑚𝑖𝑖𝑝𝑝,𝑖𝑖𝑖𝑖� + 𝑚𝑚𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖�

𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖]
                                      (14) 

Eventually we can get the node-level embedding from dependent operations to operation as fol-
lows: 

  𝜇𝜇2𝑖𝑖𝑖𝑖′ = 𝜎𝜎 �𝛼𝛼2𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖 +∑ 𝛼𝛼𝑂𝑂𝑖𝑖𝑖𝑖∈𝐷𝐷�𝑂𝑂𝑖𝑖𝑖𝑖�
2𝑖𝑖𝑖𝑖,𝑖𝑖𝑖𝑖[𝑊𝑊𝑂𝑂𝜇𝜇𝑖𝑖𝑖𝑖]�

𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖]
                                      (15) 

3. Semantic-level attention 

Drawing on paper [46], we fuse the information gathered by the machine and the information 
gathered by the dependent operations. First, we get the importance of gathering information from 
machine to operation as follows: 

  𝜌𝜌1 = 1/|𝛹𝛹1|∑ 𝑎𝑎𝑢𝑢∈𝛹𝛹1 3𝑇𝑇𝑇𝑇𝑎𝑎𝑚𝑚ℎ(𝑊𝑊1𝑇𝑇𝑢𝑢)                                                (16) 

Where 𝛷𝛷1 represents a set, which contains the machine connected to operation 𝑂𝑂𝑖𝑖𝑖𝑖  and the oper-

ation 𝑂𝑂𝑖𝑖𝑖𝑖  itself. And 𝛹𝛹1 ∈ �𝜇𝜇1𝑖𝑖𝑖𝑖′ ||⋃𝑀𝑀𝑘𝑘∈𝑁𝑁�𝑂𝑂𝑖𝑖𝑖𝑖�
𝜈𝜈𝑘𝑘′ � 

And Tanh is a common activation function in neural network and 𝑎𝑎3 ∈ ℝ𝑑𝑑 ,𝑊𝑊1 ∈ ℝ𝑑𝑑×𝑑𝑑. 
Then we get the importance of gathering information from dependent operations to operation 

as follows: 
  𝜌𝜌2 = 1/|𝛹𝛹2|∑ 𝑎𝑎𝑢𝑢∈𝛹𝛹2 3𝑇𝑇𝑇𝑇𝑎𝑎𝑚𝑚ℎ(𝑊𝑊1𝑇𝑇𝑢𝑢)                                                (17) 
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Where 𝛷𝛷2 represents a set that contains operation 𝑂𝑂𝑖𝑖𝑖𝑖  and its dependent operations. And 𝛹𝛹2 ∈

�𝜇𝜇2𝑖𝑖𝑖𝑖′ ||⋃𝑂𝑂𝑖𝑖𝑖𝑖∈𝐷𝐷�𝑂𝑂𝑖𝑖𝑖𝑖�
�. 

The second stage is to calculate the probability distribution of the action at the current moment 
𝑡𝑡 through the Actor network, and at the same time, taking into account the expansion of business 
constraints, before the softmax layer of the Actor network, a mask operation is added to limit the 
output of the illegal action. 

In addition, due to the existence of parallel operations, some operations can wait, so a special 
action 𝜙𝜙 is taken, for which an AR mechanism is also added to the Actor network, so as to solve 
the problem of when a special action 𝜙𝜙 should be taken, and when the Actor network selects a 
special action, the MLP network is enabled to obtain the processing time of the special action 𝜙𝜙. It 
is shown below: 

1. Setting attention reboot factor 

We expect the action 𝜙𝜙 to be rebooted at the right time, and the degree of attention for the action 
𝜙𝜙 is defined as follows: 

  𝛾𝛾 = 1{!𝜙𝜙} & �1�𝑀𝑀𝑓𝑓 == 𝑀𝑀𝜙𝜙�� ∗ 𝜖𝜖                                                       (18) 

and 
  1{!𝜙𝜙} = �0 executing the action 𝜙𝜙

1                                  other
                                                    (19) 

Where 𝑀𝑀𝑓𝑓 represents the machine that processing the first operation of each line, and 𝑀𝑀𝜙𝜙 repre-
sents the machine that process action 𝜙𝜙, and 𝜖𝜖 is a very small number. And when 𝛾𝛾 equal 𝜖𝜖, we 
need reboot the action 𝜙𝜙, otherwise close the action 𝜙𝜙. 

2. Obtain action distribution 

Firstly, machine embedding and operation embedding of the last network layer of the HGAT (Het-
erogeneous Graph Attention Network) is obtained at time 𝑡𝑡: 

  ℎ𝑡𝑡 = �1
𝒪𝒪
∑ 𝜇𝜇𝑖𝑖𝑖𝑖

′(𝐿𝐿)
𝑂𝑂𝑖𝑖𝑖𝑖∈𝒪𝒪 || 1

ℳ
∑ 𝜈𝜈𝑘𝑘

′(𝐿𝐿)
𝑀𝑀𝑘𝑘∈ℳ �                                                   (20) 

To keep things simple, we build an Multi-Layer Perceptron (MLP) neural network to get the step 
size to take the action 𝜙𝜙 as follows: 

  𝛤𝛤𝑡𝑡 = �𝑀𝑀𝐿𝐿𝑃𝑃𝜃𝜃𝜙𝜙�ℎ‾𝑡𝑡��                                                                    (21) 

and ℎ‾𝑡𝑡 is the average of ℎ𝑡𝑡. 
And the probability of each action 𝑎𝑎𝑡𝑡 under state 𝑠𝑠𝑡𝑡 is represented as: 

  𝑃𝑃(𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡) = 𝑀𝑀𝐿𝐿𝑃𝑃𝜔𝜔 �𝜇𝜇𝑖𝑖𝑖𝑖
′(𝐿𝐿)||𝜈𝜈𝑘𝑘

′(𝐿𝐿)||ℎ𝑡𝑡�                                                      (22) 

Because we want to know when to perform this action 𝜙𝜙, so we deal with this action separately: 

  
𝑠𝑠𝑖𝑖𝑎𝑎 = 𝑏𝑏𝑖𝑖𝑚𝑚𝑎𝑎𝑎𝑎𝐿𝐿�𝑃𝑃(𝑎𝑎𝑡𝑡 = 𝜙𝜙, 𝑠𝑠𝑡𝑡)�

𝑐𝑐𝑐𝑐𝑚𝑚𝑐𝑐𝑐𝑐 = (1 + 𝑠𝑠𝑖𝑖𝑎𝑎) ∗ 𝛾𝛾 − 𝑠𝑠𝑖𝑖𝑎𝑎 ∗ 𝜖𝜖
𝑃𝑃(𝑎𝑎𝑡𝑡 = 𝜙𝜙, 𝑠𝑠𝑡𝑡) = 𝑃𝑃(𝑎𝑎𝑡𝑡 = 𝜙𝜙, 𝑠𝑠𝑡𝑡)/𝑐𝑐𝑐𝑐𝑚𝑚𝑐𝑐𝑐𝑐

                                                     (23) 

Where 𝛾𝛾 is attention reboot factor and 
  𝑏𝑏𝑖𝑖𝑚𝑚𝑎𝑎𝑎𝑎𝐿𝐿(𝑥𝑥) = �1 𝑥𝑥 >= 0

0 𝑥𝑥 < 0                                                               (24) 

In order to make the loss fall more smoothly, we treat the score as follows: 
  𝑃𝑃(𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡) = 𝑃𝑃(𝑎𝑎𝑡𝑡 , 𝑠𝑠𝑡𝑡)/√4 ∗ 𝐴𝐴                                                            (25) 

Finally we can get the strategy as follows: 
  𝜋𝜋𝜔𝜔(𝑎𝑎𝑡𝑡|𝑠𝑠𝑡𝑡) = 𝑒𝑒𝑒𝑒𝑝𝑝�𝑃𝑃(𝑎𝑎𝑡𝑡,𝑠𝑠𝑡𝑡)�

∑ 𝑒𝑒𝑎𝑎𝑡𝑡
′∈𝐴𝐴𝑡𝑡

𝑒𝑒𝑝𝑝�𝑃𝑃�𝑎𝑎𝑡𝑡′,𝑠𝑠𝑡𝑡��
,∀𝑎𝑎𝑡𝑡 ∈ 𝐴𝐴𝑡𝑡                                                    (26) 
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3. Calculate state-value 
In order to calculate the value of the advantage function, in the third stage, the Critic network is 
added to obtain the value in different states, which is expressed as 𝑞𝑞𝑡𝑡, as shown below: 

  𝑞𝑞𝑡𝑡 = 𝑀𝑀𝐿𝐿𝑃𝑃𝜃𝜃𝑐𝑐�ℎ‾𝑡𝑡�                                                                        (27) 
The training process is mainly guided by the reward value, and because we added the action 𝜙𝜙, 
we hope to make the operations as continuous as possible under the premise of meeting the short-
est of the latest completion time. Therefore, we set up two sub reward functions as follows: 

1. Makespan 

Let’s say that at 𝑇𝑇 time we complete the scheduling of all operations, and the makespan at each 
time 𝑡𝑡 is expressed as 𝐶𝐶𝑡𝑡, we define 𝐶𝐶𝑡𝑡 as follows: 

  𝐶𝐶𝑡𝑡 = 𝑚𝑚𝑎𝑎𝑥𝑥𝑖𝑖𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚 �𝐸𝐸𝑇𝑇𝑂𝑂𝑖𝑖𝑖𝑖�
𝑡𝑡 ∈ [1,𝑇𝑇], 𝑖𝑖 ∈ [1, 𝐼𝐼], 𝑗𝑗 ∈ [1,𝐵𝐵𝑖𝑖]

                                                               (28) 

Where 𝐸𝐸𝑇𝑇𝑂𝑂𝑖𝑖𝑖𝑖  represents the finish time of operation 𝑂𝑂𝑖𝑖𝑖𝑖 , and we need minimize 𝐶𝐶𝑇𝑇. Specially, 𝐶𝐶0 =
0 at time 𝑡𝑡 = 0, so we have: 

  𝐶𝐶𝑇𝑇 = ∑ (𝐶𝐶𝑡𝑡 − 𝐶𝐶𝑡𝑡−1)𝑡𝑡 , 𝑡𝑡 ∈ [1,𝑇𝑇]                                                             (29) 

Therefore, we need minimize each item 𝐶𝐶𝑡𝑡 − 𝐶𝐶𝑡𝑡−1, or maximize the item 𝐶𝐶𝑡𝑡−1 − 𝐶𝐶𝑡𝑡, and the reward 
for makespan at time 𝑡𝑡 is represented as: 

  𝑎𝑎𝑡𝑡1 = 𝐶𝐶𝑡𝑡−1 − 𝐶𝐶𝑡𝑡, 𝑡𝑡 ∈ [1,𝑇𝑇]                                                                  (30) 
2. 𝜙𝜙-Reward 

Because we add the action 𝜙𝜙, because the step size 𝛤𝛤𝑡𝑡 at time 𝑡𝑡 will affect the makespan 𝐶𝐶𝑡𝑡, and the 
𝐶𝐶𝑇𝑇 is represented as: 

  
𝐶𝐶𝑡𝑡′ = 𝐶𝐶𝑡𝑡 + 𝜉𝜉𝑡𝑡

𝐶𝐶𝑇𝑇 = ∑ (𝐶𝐶𝑡𝑡′ − 𝐶𝐶𝑡𝑡−1′ − 𝜅𝜅 ∗ 𝛤𝛤𝑡𝑡)𝑡𝑡
𝑡𝑡 ∈ [1,𝑇𝑇]

                                                               (31) 

Where 𝜉𝜉𝑡𝑡 indicates the amount of progress change since taking the action 𝜙𝜙, and hyper-parameter 
𝜅𝜅 balance the impact of the action 𝜙𝜙 on makespan, so we can define the second reward function 
as follows: 

  𝑎𝑎𝑡𝑡2 = 𝜅𝜅 ∗ 𝛤𝛤𝑡𝑡 , 𝑡𝑡 ∈ [1,𝑇𝑇]                                                                       (32) 
Therefore, the total reward at each time 𝑡𝑡 is shown as follows: 

  𝑎𝑎𝑡𝑡 = 𝑎𝑎𝑡𝑡1 + 𝑎𝑎𝑡𝑡2                                                                                (33) 
And the design of advantage function and loss is shown as follows: 

  
𝐴𝐴𝐴𝐴𝑣𝑣𝑡𝑡 = ∑ (𝛽𝛽𝑖𝑖𝑎𝑎𝑡𝑡+𝑖𝑖)𝑖𝑖=0

𝐴𝐴𝐴𝐴𝑣𝑣𝑡𝑡 = 𝐴𝐴𝐴𝐴𝑣𝑣𝑡𝑡 − 𝑞𝑞𝑡𝑡
𝑡𝑡 ∈ [1,𝑇𝑇]

                                                                     (34) 

  
𝑙𝑙𝑐𝑐𝑠𝑠𝑠𝑠 = 1

𝑁𝑁
∑ (𝑛𝑛=1 min[𝑎𝑎𝑎𝑎𝑡𝑡𝑖𝑖𝑐𝑐𝑛𝑛,

𝐶𝐶𝑙𝑙𝑖𝑖𝑒𝑒(𝑎𝑎𝑎𝑎𝑡𝑡𝑖𝑖𝑐𝑐𝑛𝑛, 1 − 𝜖𝜖, 1 + 𝜖𝜖)]𝐴𝐴𝐴𝐴𝑣𝑣𝑛𝑛)
𝑚𝑚 ∈ [1,𝑁𝑁], 𝑎𝑎𝑎𝑎𝑡𝑡𝑖𝑖𝑐𝑐𝑛𝑛 = 𝑃𝑃�𝑎𝑎𝑛𝑛/𝑃𝑃𝑎𝑎𝑛𝑛

                                                              (35) 

Where 𝐴𝐴𝐴𝐴𝑣𝑣𝑡𝑡 represents the value of the advantage function at time 𝑡𝑡, 𝑃𝑃𝑎𝑎𝑛𝑛 represents the action 
probability distribution obtained in the data collection stage, 𝑃𝑃�𝑎𝑎𝑛𝑛 represents the action probability 
distribution predicted by the AR-HGAT model, 𝑁𝑁 represents the number of training samples, 𝑞𝑞𝑡𝑡 is 
state value, and 𝐶𝐶𝑙𝑙𝑖𝑖𝑒𝑒 is the clipping function, which is defined as follows: 

  𝐶𝐶𝑙𝑙𝑖𝑖𝑒𝑒(𝑥𝑥,𝑚𝑚𝑖𝑖𝑚𝑚,𝑚𝑚𝑎𝑎𝑥𝑥) = �
𝑚𝑚𝑖𝑖𝑚𝑚 𝑥𝑥 < 𝑚𝑚𝑖𝑖𝑚𝑚 

 𝑚𝑚𝑎𝑎𝑥𝑥 𝑥𝑥 > 𝑚𝑚𝑎𝑎𝑥𝑥
𝑥𝑥 𝑐𝑐𝑡𝑡ℎ𝑚𝑚𝑎𝑎

                                                       (36) 

Finally, we describe the training process with pseudo-code as Algorithm 1. 
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Algorithm 1 Training process pseudocode 

1: Initialize the model, the simulation environment, and set the hyper-parameters. 
2: for epoch from 1 to max_epochs: do 
3:     if epoch % update_env equals to 0: then 
4:         Regenerate random inputs 𝑠𝑠1 
5:     end if 
6:     Interact with the environment and collect the dataset to get(𝑠𝑠𝑡𝑡,𝑃𝑃𝑎𝑎𝑡𝑡 , 𝑎𝑎𝑡𝑡)  
7:     if epoch % update_model equals to 0:  then 
8:         Input 𝑠𝑠𝑡𝑡 to the model to get 𝑃𝑃𝑎𝑎𝑡𝑡�  
9:         Calculate loss function value by Equation 35 
10：   Update the parameters of the AR-HGAT model Clear training data 
11:    end if 
12:    if epoch % validate_model equals to  0:  then  
13:         Regenerate random inputs 𝑠𝑠1 
14:         Input 𝑠𝑠1 to the model and interact with the environment to get the final reward value 
15:         if the final reward value is the best: then 
16:             Save the best model 
17:         end if 
18:     end if 
19: end for 

4.7 Forecasting process 
The whole prediction process is the same as the markov process, as shown in Fig. 5, and the 
pseudo-code of the whole inference process is as Algorithm 2. 

Algorithm 2 Forecasting process pseudocode 

1: Load the best model and sample  𝑠𝑠1 
2: Initialize Actions   = [],   𝑡𝑡 = 𝑡𝑡 + 1    
3: while   𝑠𝑠𝑡𝑡  is not terminated: do  
4:     Obtain action by   𝑎𝑎𝑡𝑡 = AR − HGAT(𝑠𝑠𝑡𝑡)  
5:     Actions.add(𝑎𝑎𝑡𝑡) 
6:     Input 𝑎𝑎𝑡𝑡 to simulation environment obtain next state 
7:  𝑡𝑡 = 𝑡𝑡 + 1 
8: end while 
9: OUTPUT Actions 

5. Experiment and discussion  
To validate the effectiveness of our proposed model and algorithm, we will conduct three experi-
ments. Because FJSP-PO is an extension of FJSP, it is also necessary to conduct experimental com-
parisons on FJSP, for which we selected two sets of experiments. The first experiment aims to 
evaluate the effectiveness of AR-HGAT on FJSP using a simulated datasets, as listed in Table 1 six 
problem size (600 instances) are considered. For each instance is sampled by drawing from the 
corresponding uniform distribution [28]. The second experiment focuses on comparing the effec-
tiveness of AR-HGAT on FJSP using benchmark datasets, including 10 mk instances [47] and three 
groups of la instances (120 instances) [48], as indicated in Table 2. Additional details about these 
instances of simulated datasets and benchmark datasets can be found in the respective references. 
Lastly, the third experiment aims to assess the effectiveness of AR-HGAT on FJSP-PO using the 
company’s proprietary real business datasets as Table 3. Due to the absence of benchmark data 
and a designated methodology within the framework of FJSP-PO, we propose the application of a 
tree search algorithm as a comparative approach to address this issue. And the coding part is pub-
licly available. 
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5.1 Experiments settings 
Configuration 

All the experiments in this paper are conducted on a container using the Linux x86_64 system. 
The system is equipped with no GPUs, 20GB of memory, and 32 cores. The training configuration 
is outlined in Table 4 and Table 5. For the sake of simplicity of the network structure, we keep the 
MLP network structure of the calculation step size consistent with the Critic network. And the 
distribution of the number of operations for each job is 𝐿𝐿(0.8 ∗ 𝑚𝑚𝑎𝑎𝑐𝑐ℎ𝑖𝑖𝑚𝑚𝑚𝑚𝑠𝑠, 1 ∗ 𝑚𝑚𝑎𝑎𝑐𝑐ℎ𝑖𝑖𝑚𝑚𝑚𝑚𝑠𝑠), the 
𝑚𝑚𝑎𝑎𝑐𝑐ℎ𝑖𝑖𝑚𝑚𝑚𝑚𝑠𝑠 represents the total number of machines. In order to verify the generalization of our 
proposed method, we only kept one line for each job in the training phase, and considering that 
when there was only one line, adding special action 𝜙𝜙 had no effect, so we did not introduce spe-
cial action 𝜙𝜙 in the training process. As described in the FJSP-PO problem in Section II, in order to 
more easily verify the effectiveness of the proposed method, we use a sample of real data, and 
each operation can only be assigned to one machine for processing. During our experimental com-
parisons, we employ a sampling strategy wherein, akin to the training process, sampling is con-
ducted in each state based on probabilities to obtain actions. While the results obtained exhibit 
some level of randomness, this approach may lead to the discovery of superior solutions. 
Baselines 
In this study, a comparison will be conducted among the traditional rule-based method, classical 
operations research algorithms, and the reinforcement learning-based operation scheduling algo-
rithm mentioned in the study [28]. The traditional rule-based methods are well-known PDRs, in-
cluding FIFO, Most Operations Remaining (MOR), Shortest Processing Time (SPT) and Most WorK 
Remaining (MWKR). In addition, OR-Tools is a well-known operations research algorithm toolkit, 
and we have compared our proposed AR-HGAT method with the relevant genetic algorithms in 
OR-Tools, and the algorithm proposed in the study [28], To our knowledge, there are currently no 
publicly available datasets or methods tailored specifically for addressing FJSP-PO. Consequently, 
we have developed and implemented a tree search algorithm for this problem to serve as a com-
parative benchmark against our proposed AR-HGAT method. We opted for the tree search algo-
rithm due to its ability to effectively balance scheduling performance and computational time 
through straightforward control over search breadth and depth. 

5.2 Data detail 
Part of the comparison data is derived from randomly generated simulation data, as shown in 
Table 1. Another portion of the data is obtained from benchmark datasets, which include the 10 
mk instances (mk01-mk10) and three groups of la instances (rdata, edata, and vdata, each with 
40 instances) proposed in paper [28]. These instances vary in size, ranging from 10 × 6 to 30 × 10. 

Table 1 Simulated datasets 
Size (n × m × k) 𝑚𝑚𝑖𝑖  |𝑀𝑀𝑖𝑖𝑖𝑖| 𝑒𝑒‾𝑖𝑖𝑖𝑖 
10 × 5 × 100 U(4,6) U(1,5) U(1,20) 
20 × 5 ×100 U(4,6) U(1,5) U(1,20) 
15 × 10 × 100 U(8,12) U(1,10) U(1,20) 
20 × 10 × 100 U(8,12) U(1,10) U(1,20) 
30 × 10 × 100 U(8,12) U(1,10) U(1,20) 
40 × 10 × 100 U(8,12) U(1,10) U(1,20) 

Table 2 Benchmark data 
Name Instances 

MK 10 
rdata 40 
edata 40 
vdata 40 
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The dataset comprises instances with 𝑚𝑚 jobs and 𝑚𝑚 machines. There are a total of 𝑘𝑘 instances 
in this configuration. Number of operations for job 𝑗𝑗𝑖𝑖. Number of compatible machines for opera-
tion 𝑂𝑂𝑖𝑖𝑖𝑖 . Average processing time of operation 𝑂𝑂𝑖𝑖𝑖𝑖 . 

To assess the effectiveness of AR-HGAT on FJSP-PO, a dataset was compiled for testing. The 
data originates from our factory production line, where each operation corresponds one-to-one 
with a machine. This implies that each operation can only be assigned to a single machine, and 
each machine exclusively handles one type of operation. Additionally, the processing time of each 
operation on the machine can vary. To explore diverse scenarios, extra lines and constraints were 
introduced based on this foundation. The details of the instance are shown as Table 3. 

The following two points need to be noted: 
• The constraint is the maximum constraint per day, which is set to 3, that is, only 3 jobs can 

be produced per day. 
• For simplicity, the machine calendar does not have a rest period, and only the processing 

time of the process at the machine is retained (regardless of changeover time, waiting time, 
disassembly time, etc.) 

Table 3 FJSP-PO Data 
Size (n × m) 𝑚𝑚𝑖𝑖  |𝑀𝑀𝑖𝑖𝑖𝑖| 𝑒𝑒‾𝑖𝑖𝑖𝑖 𝑙𝑙𝑖𝑖  Constraints 
10 × 19 190 1 U(1,20) 1 N 
10 × 19 190 1 U(1,20) 1 Y 
12 × 55 660 1 U(1,20) 11 N 
12 × 55 660 1 U(1,20) 11 Y 
𝑚𝑚𝑖𝑖: Number of operations in Job 𝐽𝐽𝑖𝑖. 
|𝑀𝑀𝑖𝑖𝑖𝑖|: Number of compatible machines for operation 𝑂𝑂𝑖𝑖𝑖𝑖 . 
𝑒𝑒‾𝑖𝑖𝑖𝑖: Average processing time of operation 𝑂𝑂𝑖𝑖𝑖𝑖 . 
𝑙𝑙𝑖𝑖: Number of lines in Job 𝐽𝐽𝑖𝑖. 
Constraints: Whether there are constraints. 

5.3 Training configuration 
In order to verify the effectiveness of the AR-HGAT method we proposed, we will train the model 
on the simulation data generated by ourselves, and the details of the training data and the im-
portant model hyperparameters are shown in Table 4 and Table 5. 

The training loss curves based on Table 4 and Table 5 are shown in Fig. 12. The training process 
was iterated 400 times, and the model was verified every 20 times, and it can be seen from the 
figure that the loss value has a good convergence, and the makespan of the validation set also 
shows a downward trend. 

Table 4 Training data detail 
Jobs 10 
Machines 5 
Processing time U(1,20) 

Table 5 Training Hyper-parameters 
Batch size 20 
Validation batch size 100 
𝐴𝐴 8 
𝜅𝜅 0.01 
Hidden size of Actor 64 
Hidden size of Critic 64 
Number of hidden layer in Actor 3 
Number of hidden layer in Critic 3 
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Fig. 12 Training loss curve for 10 × 5 

5.4 Algorithm comparison 

Simulated data comparison for FJSP 

In order to verify the effectiveness of the AR-HGAT algorithm model on FJSP, we compare the 
three indicators of makespan (𝐶𝐶𝑇𝑇), gap and operation scheduling time with the related algorithms 
mentioned in paper [28], and the gap is calculated as follows: 

𝐺𝐺𝑎𝑎𝑒𝑒 = �𝐶𝐶𝑇𝑇/𝐶𝐶𝑜𝑜𝑝𝑝𝑡𝑡 − 1� · 100 %                                                             (37) 

Where 𝐶𝐶𝑜𝑜𝑒𝑒𝑡𝑡 is the local optimal solution, or even the optimal solution. 
We compared AR-HGAT with the best results based on this dataset in the paper [28], and the 

results are as follows: 
Table 6 Simulated data comparison 

Size OR-Tools MOR SPT FIFO MWKR DRL AR-HGAT 

10 × 5 
C_T 96.59 (15 %) 116.69 129.06 119.62 115.29 105.61 
Gap - 20.89 % 33.57 % 23.94 % 19.44 % 9.38 % 

20 × 5 
C_T 188.45 (0 %) 217.17 229.89 216.13 216.98 207.5 
Gap - 15.29 % 22.08 % 14.73 % 15.17 % 10.13 % 

15 × 10 
C_T 145.42 (5 %) 173.4 198.2 185.08 169.18 160.36 
Gao - 19.29 % 36.30 % 27.27 % 16.34 % 10.31 % 

20 × 10 
C_T 197.24 (0 %) 221.86 254.59 234.21 220.85 214.87 
Gap - 12.53 % 29.09 % 18.82 % 11.99 % 8.97 % 

30 × 10 
C_T 294.1 (0 %) 320.18 347.4 328.5 319.89 312.2 
Gap - 8.90 % 18.12 % 11.74 % 8.79 % 6.18 % 

40 × 10 
C_T 397.36 (0 %) 425.19 443.3 427.22 425.7 415.14 
Gap - 7.02 % 11.57 % 7.53 % 7.15 % 4.49 % 

 
Table 7 Running time (in seconds) comparison 

Size OR-Tools MOR SPT FIFO MWKR DRL AR-HGAT 
10 × 5 1597.88 0.15 0.15 0.15 0.16 4.52 5.79 
20 × 5 1800.00 0.29 0.31 0.29 0.31 6.93 7.66 

15 × 10 1724.00 0.42 0.44 0.42 0.46 7.99 8.24 
20 × 10 1800.00 0.58 0.60 0.58 0.61 8.01 8.92 
30 × 10 1800.00 0.87 0.90 0.87 0.93 8.28 9.52 
40 × 10 1800.00 1.17 1.20 1.16 1.25 8.37 9.85 
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The percentage in column OR-Tools represents the percentage of the optimal solution that can 
be obtained in 1800 seconds of computational time. In the study [25], two models are proposed, 
one is DRL-G and the other is DRL-S, and we only take the model with the best performance in the 
dataset and represent it as DRL. And the last column represents the AR-HGAT algorithm model 
we proposed. 

From the comparison results, it can be seen that for all the simulation data, the algorithm in 
OR-Tools has the best results, after considering the time, two-thirds of the dataset cannot be 
solved in 1800 seconds, and the rule-based algorithm, MOR, SPT, FIFO and MWKR have the ad-
vantage in solving time, but there is a large gap between the solution and the better solution. And 
it can be seen that the proposed method is better than the MOR, SPT, FIFO, MWKR and DRL meth-
ods in solving the problem, and is better than the method in OR-Tools in terms of solution time, 
and the gap between the proposed method and the best solution is not much different. As can be 
seen from Table 6 and Table 7, for 6 datasets of different scales, for rule-based methods such as 
MOR, SPT, FIFO, MWKR, its solution time is better than that of deep learning-based methods, such 
as the DRL method and our proposed AR-HGAT method, and compared with the DRL method, 
because our method takes into account semantic-level information, the inference time is relatively 
longer, but compared with the solution obtained by the rule-based and DRL methods, the solution 
obtained by our proposed method is better than that of the 10 × 5 scale, 20 × 5 scale, 15 × 10 
scale, 20 × 10 scale, 30 × 10 scale and 40 × 10 scale should be at least 1.75 %, 0.59 %, 1.74 %, 
1.95 %, 0.88 % and 0.78 % higher, respectively. Therefore, the proposed method can obtain a 
better solution in a controllable time. 

Benchmark data comparison for FJSP 

In order to verify the generalization performance of the proposed algorithm, that is, the prediction 
ability of the out-of-distribution dataset, we compare multiple algorithms based on the well-
known benchmark dataset in FJSP, and the comparison results are shown as [. And the last row 
represents the AR-HGAT algorithm model we proposed. 

From the experimental results, it can be seen that because the proposed AR-HGAT method can 
process multiple instances in parallel, the overall inference time is better than that of the tradi-
tional operations research algorithm provided in OR-Tools, and the solution obtained is also bet-
ter than that of the classical PDR method. As can be seen from Table 8, for 4 datasets of different 
scales, and compared with the solution obtained by the rule-based and DRL methods, the solution 
obtained by our proposed AR-HGAT method is better than that of the mk, rdata, edata, vdata, 
should be at least 1.61 %, 0.78 %, 1.51 %, 0.47 % higher, respectively. Therefore, the proposed 
method can obtain a better solution in a controllable time. 

Real data comparison for FJSP-PO 

Considering our real business scenario, we introduce a new problem termed FJSP-PO, an exten-
sion of FJSP tailored to our practical operation scheduling needs. While our proposed AR-HGAT 
method’s effectiveness is validated in basic FJSP through simulation and benchmark data compar-
ison, there lacks a public benchmark dataset and corresponding adaptation algorithm for the new 
FJSP-PO. To address this gap, we employ a tree search algorithm to solve FJSP-PO and train the 
AR-HGAT model using extensive simulation data. Therefore, We use the heuristic tree search 
scheduling algorithm implemented in Java as a benchmark (iterative 10 times), Comparing with 
our proposed AR-HGAT method based on actual business data. Compared to the tree search algo-
rithm, AR-HGAT offers greater convenience in ease of use and research and development simplic-
ity. Considering potential differences in dataset distributions, training on a more consistent da-
taset may yield improved results. Notably, subsequent iterations of our proposed AR-HGAT 
method necessitate minimal customized R&D effort, requiring only dataset collection, prepro-
cessing, and iterative model optimization based on new data. 
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Table 8 Benchmark comparison 

Method 
mk la(rdata) la(edata) la(vdata) 

C_T Gap (%) Time (s) C_T Gap (%) Time (s) C_T Gap (%) Time (s) C_T Gap (%) Time (s) 
OR-Tools 174.9 1.42 905.45 938.38 0.28 1203.89 1026.7 -0.19 226.53 924.4 0.38 1367.77 

MOR 202.31 29.59 0.40 1064.04 14.71 0.45 1211.23 17.91 0.45 969.25 6.09 0.45 
SPT 238.8 45.73 0.41 1184.8 27.70 0.46 1305.35 26.19 0.46 1085.46 18.20 0.46 
FIFO 206.09 30.72 0.39 1082.08 16.63 0.44 1255.46 22.07 0.45 980.69 7.50 0.44 

MWKR 200.17 28.19 0.45 1046.2 12.53 0.51 1179.9 14.92 0.50 962.01 5.11 0.50 
DRL 190.4 19.02 3.51 986.1 5.75 4.16 1116.33 8.18 4.78 932 1.44 4.27 

AR-HGAT 187.39 17.14 4.87 978.42 4.93 5.97 1099.72 6.57 4.98 927.68 0.97 4.76 
 

Table 9 Real data comparison 
No. Tree Search AR-HGAT 

makespan time makespan time 
1 443 8 401 9 
2 259542 5 259426 10 
3 580 12 563 33 
4 259443 12 259501 35 

From the experimental results as shown in Table 9, we found that in 75 % of the instances, the 
method we proposed was better than the results based on the tree search algorithm within the 
time frame acceptable to the user. For the first instance, the results of our proposed AR-HGAT 
algorithm model are 10.5 % better than the traditional algorithm. Because the implementation of 
the tree search algorithm is in Java language, while our method is in Python language, considering 
the difference in language, it may also lead to the difference in the overall inference time. Based 
on real-world operation scheduling data, our experimental results demonstrate that the AR-HGAT 
method we introduce not only yields favorable outcomes in conventional FJSP scenarios but also 
exhibits generalizability to the newly proposed FJSP-PO. This presents a novel technical approach 
for real process scheduling scenarios, breaking away from the constraints of customized research 
and development reliant on traditional methods across diverse scenarios. Leveraging the AR-
HGAT method, models are iteratively refined to meet business objectives based on data, facilitat-
ing direct transferability of the AR-HGAT model from one business scenario to another for as-
sessing its impact and guiding subsequent iterative optimization processes. 

6. Conclusion and future work  
Our objective is to develop a comprehensive scheduling model capable of managing discrete sce-
narios with parallel operations, encompassing the processing of multiple lines, and accommodat-
ing real-world business constraints. The methodology involves segregating each constraint from 
the algorithm module, substituting them with mask tensors, and deriving an optimal solution that 
maximizes the reward function within the feasible solution space. Experimental findings show-
case favorable scheduling outcomes compared to conventional algorithmic approaches. Concur-
rently, our research introduces a novel technical pathway for real operation scheduling scenarios, 
grounded in data and extended to novel operation scheduling contexts through iterative model 
optimization. While our results are promising, there are areas for further exploration and experi-
mentation, including testing more intricate business constraints and minimizing waiting times 
between different lines. Furthermore, addressing operational disparities and optimizing the 
model for expedited handling of larger operations represent avenues for future enhancement. 
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A B S T R A C T  A R T I C L E   I N F O 
Consistently maintaining high-end product quality in the production process 
is challenging. End-quality inspection must be highly sensitive to detect even 
minimal deviations, while being fast and accurate. However, quality inspection 
systems often face calibration intricacies, are time-consuming, and rely heav-
ily on expert knowledge. They handle substantial data flows and inspect nu-
merous features, some of which contribute minimally to the final grade. To ad-
dress these challenges, the paper proposes employing statistically supervised 
machine learning methods for classification. Decision trees, Random forests, 
Bagging, and Gradient boosting classifiers are recommended for feature selec-
tion and accurate diagnosis, particularly for electric motor classification. By 
utilizing the feature importance attribute for feature selection, the proposed 
approach compares model accuracies, reducing ramp-up and commission 
times significantly. The study found that all suggested classifiers achieved high 
accuracy in classifying electric motors in end-of-line quality inspection system. 
Moreover, they effectively reduced the number of features and optimize data-
base operations. Utilizing a reduced feature set streamlined diagnostic algo-
rithms, accelerated learning, and improved model interpretability, enhancing 
overall efficiency and comprehension. Furthermore, analysing the feature im-
portance attribute could simplify diagnostic hardware and expedite quality in-
spection by eliminating unnecessary steps. Newly generated models can also 
verify expert decisions on feature selection and limit adjustments, enhancing 
efficiency in production processes.  
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1. Introduction
Electric motors are one of the most mass-produced devices and they are produced at highly au-
tomated manufacturing lines equipped with 100 % end-of-line (EoL) quality inspection, [1, 2]. 
Maintaining constant product quality, detecting faulty products and preventing them to be deliv-
ered to the customers or further built into devices and systems is highly important. With each 
production/integration step of faulty part, replacement costs increase substantially [1]. For this 
reason, a great attention is put to the design and implementation of fully automated EoL quality 
inspection systems. These must be reliable and at the same time fast enough not to hinder the 
production line pace. In the presented case, quality inspection of electric motors is performed in 
a non-invasive way, where several variables are measured during short test run of the motor. The 
measured variables comprise electric parameters (voltage, current and power), speed, torque, 
vibrations at different points of motor body and sound at different rotational speeds [1]. The 
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mentioned signals are sampled by high frequency (e.g. 50 kHz) and further processed by signal 
processing methods (e.g. Digital Filtering, Fast Fourier Transformation, etc.). This reduces the 
amount of data considerably while preserving relevant information, but still results in a high 
number of calculated parameters – features, representing basis for motor fault detection and iso-
lation. High number of features can be impractical from several reasons: a) not all features carry 
useful information, b) some feature may carry the same information, c) comparing a high number 
of features against their thresholds values may be time consuming and finally, d) determining 
(learning) feature threshold values is demanding and time-consuming process. 

With an ultimate goal of developing reliable and fast quality inspection methods, this paper 
deals with the problem of reduction of feature space to a limited subspace of relevant features, 
carrying enough information for motor quality inspection. The space of features can be reduced 
by implementing machine learning methods which select only the relevant features. Since not all 
relevant features contribute the same amount of information to final classification, additionally 
evaluation of feature selection describes the influence of each observed feature. Therefore, the 
features with the minimal influence can be eliminated from learning procedure. This can signifi-
cantly decrease computational demand during learning (ramp-up and commission time) and op-
eration phases. Moreover, in certain cases it can even lead to elimination of particular measure-
ments (sensors), thus simplifying the inspection system hardware and software as well as speed-
ing-up the EoL testing procedure. Study presented in this paper is based on the real industrial 
data derived from real EoL quality inspection systems installed at the production site of one of 
renowned European mass producer of electric motors. EoL quality inspection line, which is sub-
ject of this paper, was designed and implemented by the authors of the paper. 

The paper is organized as follows: In Section 2, the subject of inspection and existing quality 
inspection procedure/system are briefly described. The structure of the measured data record 
and resulting feature set generated by the inspection of one motor is described. This is then fol-
lowed by the Section 3, where machine learning algorithms (Decision tree, Random forest, Bag-
ging and Gradient boosting) for feature selection are presented. In Section 4 the presented algo-
rithms are evaluated and compared. 

2. Problem description: Subject of inspection and quality inspection system  
The subjects of inspection are brushless DC (BLDC) motors for domestic and automotive applica-
tions. An example of such motor used for vacuum cleaning applications, is shown on the Fig. 1. 
The addressed motors are manufactured by the renowned mass producer (Domel Slovenia, [3]). 
The production takes place at fully automated assembly line equipped with modular EoL quality 
inspection system, presented on the Fig. 2. More details can be found in [2], which describes sim-
ilar system. 
 

 
Fig. 1 Example of the BLDC motor (subject of EoL quality inspection) 
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Fig. 2 Modular EoL quality inspection system 

 
The EoL quality inspection system assures “100 % quality inspection” meaning that each pro-

duced motor undergoes the test procedure. In general, the faults fall in two categories: electrical 
and mechanical. The latter can be further divided to rotor, bearing and turbine faults. Rotor and 
bearing faults are comprehensively elaborated in [4] whereas the explanation of turbine faults 
can be found in [1, 2]. The main steps of quality inspection procedure are described in following 
sections 2.1, 2.2 and 2.3 and in the Fig. 3.  

2.1 Measurement and data acquisition 

In the EoL quality inspection system, each motor is started several times and during short test 
runs various motor parameter are measured by the automatic measuring and data acquisition 
system (Fig. 3, square 1). The following parameters are measured by sensors: electric parameters 
(winding voltage and current, power, power supply current and voltage), vacuum pressure, rota-
tion speed, vibrations at several points of motor body, sound at low and high rotational speed and 
also environmental conditions (ambient temperature and pressure) to compensate their effect 
on motor performance. The results of measurements are time series (waveforms) of particular 
parameter, and they represent ‘’raw signals’’. Depending on observed parameter and derived fea-
tures, signals are acquired at specific sampling frequency (typically 10-60 kHz) and measurement 
duration (typically from 0.1 up to 1 s), resulting in timeseries of various lengths (from 1000 sam-
ples to 30000 samples). 

2.2 Feature extraction by signal processing 

To reduce the amount of data and to extract the relevant information, raw signals are processed 
by signal processing methods, such as filtering (low-pass, high-pass, band-pass filters), down-
sampling, averaging, frequency analysis, etc. The outcome of signal processing is a set of ‘’fea-
tures’’, which are detailed in [4] and shown on the Fig. 3 (square 2). They are in general: 

• Root-Mean-Square (RMS) values of band-pass-filtered waveforms; 
• Power of signals at particular frequencies; 
• Aggregated/actual values obtained from specific measurement equipment. 

Details of feature extraction and signal processing algorithm are not described in this paper as 
they are subject of past research and development, elaborated in detail in [1, 5]. In this particular 
case the signal processing algorithm generates 80 features, where each feature is represented by 
floating-point numeric value. 

2.3 Diagnostic result generation 

Based on the on the values of the features, final diagnostic result of the inspected motor is gener-
ated by simple rules, as follows from the Table 1. For each feature it is checked if it is inside spec-
ified range. 
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Table 1 Diagnostic result generation 
   Measurements Features Diagnostic result 

 Completed All features are within specified ranges Motor GOOD 
One or more features are outside specified range Motor BAD 

 Not completed, due to: 
• measurement faults 
• sensor faults 
• motor manipulation fault 
• motor transport faults 
• etc. 

 UNDEFINED 

 
At the start of the production of new motor type, the motors from test-production set (series 

0) are assessed as good or bad by the skilled experts. Based on experiences, the experts select 
features that are going to be used in diagnostic result generation. For this case-study system and 
motor type, 36 of total 80 features were chosen, and for each of chosen features two limit values 
(low and high) are set. In practice, all this is done manually by skilled experts. This is time-con-
suming and highly depends on expert skills. In addition, this method requires regular updates 
and fine-tuning of limit values when the mass production starts and production volumes in-
creases [4]. 

Fig. 3 illustrates the entire procedure of measurement and data acquisition, feature extraction 
and diagnostic result generation. The whole process for one motor can be executed under 30 s, 
but due to parallel execution of diagnosis steps, the motor inspection rate is 10 s, which means 
that every 10 s one motor exists the EoL inspection system. 
The described quality inspection algorithm successfully detects motors with insufficient quality, 
but it has some drawbacks: 

• High number of original features (80) leads to high number of feature range limits that must 
be defined; 

• Some features carry similar information (redundancy); 
• Some features carry no useful information; 
• Skilled expert is required to remove redundant features and features that carry no relevant 

information and to adjust limit values of feature in use. This is difficult and time consuming 
and becomes an issue during start of production and commissioning of new motor types. 

Based on that there are four main goals of the study presented in this paper: 

• Automatic selection relevant of features (removing redundant features and features that 
do not carry relevant information); 

• Decrease the dependence on human expert skills; 
• Automatic determination of feature limit values; 
• Generating classification models with set of features that hold 95 % of useful information; 
• Reducing ramp-up and commission time of the quality inspection system. 
 

 
Fig. 3 Data transformation during the procedure 



Mlinarič, Pregelj, Boškoski, Dolanc, Petrovčič 
 

186 Advances in Production Engineering & Management 19(2) 2024 
 

3. Feature selection using machine learning methods 
In this section, dedicated machine learning methods will be used to automatically select the rele-
vant features and set their threshold values. In general, feature selection is an effective way to 
deal with dimensionality [6] and it is often used in areas where a huge amount data is being ob-
tained, such as identifying genes [7-9], image classification and analysing [10-13] text classifica-
tion [14-16], in recent times also for monitoring manufacturing processes and quality control [17-
19]. Feature selection aims to identify and retain the most relevant features while discarding re-
dundant or uninformative ones by determining the “degree of usefulness” of a specific feature. By 
reducing the number of features, also the number feature limit values to be adjusted is reduced. 
The risk of the associated quality inspection errors [6] is also decreased. However, within the set 
of informative features, some may be significantly more informative than others.  

The methods presented not only eliminate non-informative features but also sort the remain-
ing features according to their informativeness. The goal of this paper is therefore to assess 
whether the quality inspection can be successfully performed by using only the limited number 
of the most informative features. Feature selection reduces the dimensionality of the data; there-
fore, data mining algorithms can be operated faster and more efficient [6]. Reduced amount of 
input data simplifies the interpretability of tree-like machine learning methods [20]. Additionally, 
such simplified classification methods and reduced input datasets decrease the ramp-up and 
commission time of quality inspection system and whole production line. Since some redundant 
and non-informative features are removed, sensors associated with removed features can poten-
tially be eliminated. Optimization and reordering of the diagnostic steps based on feature im-
portance can speed-up the quality inspection procedure.  

3.1 Supervised machine learning classification methods 

Supervised machine learning methods were selected since the labelled data for learning is avail-
able. These methods offer several advantages, including high reliability based on statistics, ro-
bustness, and reduction of the need for expert knowledge (e.g. knowledge about physical back-
ground of the system). However, in order to establish a supervised learning method, a sufficient 
amount of data from the production process is required. Therefore, these methods are suitable 
for manufacturing lines for mass production, like the one presented in this paper, where a lot of 
data is generated. In this paper 4 different methods were tested and compared: 

• Decision tree classifier (DT); 
• Random forest classifier (RF); 
• Bagging classifier (BG); 
• Gradient boosting classifier (GB). 

The decision tree classifier partitions the instance space through a recursive process, forming 
a tree model where top nodes (roots) lack incoming edges, while internal nodes (test nodes) split 
the space based on attribute values. Internal nodes symbolize decision points, and bottom nodes 
(leaves) indicate decision outcomes [21, 22]. 

Random forests is a powerful ensemble learning method that combines multiple tree predic-
tors. It belongs to family of averaging methods, meaning, the driving principle is to build several 
estimators independently and then to average their predictions [23-25]. 

Bagging, short for bootstrap aggregating, is a powerful and straightforward method for con-
structing an ensemble of classifiers. It also belongs to family of averaging methods. It combines 
multiple classifiers' outputs for improved accuracy by training each on a subset of instances ran-
domly drawn from the training set [22, 26, 27]. 

Gradient boosting is a technique for improving the performance of weak learners [28]. It be-
longs to the family of boosting methods, meaning, base estimators are built sequentially, and one 
tries to reduce the bias of the combined estimator. It enhances weak learners sequentially, aiming 
to reduce the combined estimator's bias. The technique combines weak models for a powerful 
ensemble, particularly effective in decision trees [22, 25].  

While the decision tree classifier (DT) stands alone, the remaining three classifiers (RF, BA, 
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GB) belong to the ensemble-based methods category. All methods here are “tree-like” classifiers 
and can be represented as decision trees using IF-THEN rules. The methods automatically gener-
ate IF-THEN rules for classification, including threshold values for each observed feature.  

3.2 Data for learning and evaluation 

To implement and test the methods, the data is needed. Data was generated by existing EoL qual-
ity inspection system (Fig. 2) during inspection of a total of 37440 motors. Generated data con-
tains raw time series of measured signals and extracted features (mentioned 80 features), as fol-
lows from the Section 2. For machine learning algorithms, all features are used. The whole data 
set of features can be presented as 37440 × 80 matrix. The quality inspection results (1=Motor 
GOOD, 2 = Motor BAD, 0 = UNDEFINED) represents 37440 × 1 vector. The entire data set was 
divided into two parts: training data (75 % of all data) and testing data (25 % of all data). The 
situation is represented by the Table 2.  

The data records of all 37440 motors were randomly distributed between training data and 
testing data to compensate for possible time drift of product quality. The same training and test-
ing datasets were used during the training and testing of all 4 machine learning methods. Dataset 
remained unchanged throughout the entire training process. All involved features are named by 
symbols and anonymized to prevent the disclosure of sensitive technical data. 

 
Table 2 Training and testing data arrangement 

 F1 F2 … F80 R  
M1 X X X X X 

Training data  
(75 %) 

M2 X X X X X 
… X X X X X 
M28080 X X X X X 
M28081 X X X X X 

Testing data  
(25 %) … X X X X X 

M37440 X X X X X 
M – motors, F – features, R – quality inspection results 

3.3 Implementation 

Fig. 4 illustrates the proposed process of feature selection. 
 

 
Fig. 4 Flow chart of the procedure 

  



Mlinarič, Pregelj, Boškoski, Dolanc, Petrovčič 
 

188 Advances in Production Engineering & Management 19(2) 2024 
 

The process is carried-out in six steps: 

1. Generation of original feature set (an input matrix of size 80 features × 37440 motors and 
output matrix of size one feature – grade × 37440 motors) obtained by data acquisition and 
signal processing, described in Section 2.  

2. First machine learning to train the classifiers. Feature selection is utilized to eliminate re-
dundant features. Depending on the type of classifier, the range of selected features is re-
duced to 38 (DT classifier), 78 (RF classifier), 42 (BG classifier), and 35 (GB classifier). 

3. Evaluation of trained classifiers to present their performance and capability to evaluate 
features’ classification impact and importance. From obtained results it followed: 

a. Set of features with 95 % informativeness additionally reduce space of features. De-
pending on the type of classifier, the range of selected features is additionally reduced 
to 17 (DT classifier), 51 (RF classifier), 22 (BG classifier), and 17 (GB classifier). 

b. Certain features, despite their low importance, still persist.  
Therefore, it was decided to check the performance of reduced classifiers with fea-
tures that contains 95 % of all useful information. 

4. Generation of reduced sets of training and testing data with features with 95 % of useful 
information for each classifier, output matrix remains the same from step 1. 

5. Second machine learning to train the classifiers with new reduced dataset. 
6. Evaluation of new classifiers and comparison to the results of classifiers from step 2. 

All classification methods were implemented and tested in Python using the scikit-learn 
(sklearn) library. Cross-validation was employed during training (step 2 and step 5) to ensure 
robust model evaluation and to prevent model overfitting. For visualization and data manipula-
tion, matplotlib, numpy, and pandas libraries were also utilized. 

3.4 Presentation of the results and comparison of the methods 

Following the training phases, the trained algorithms were evaluated using the testing data, and 
the predicted output classes (quality inspection result) were compared to the actual output clas-
ses. For each method, outcomes are presented in the form of well-known Confusion Matrix (CM). 
The CM provides numerical and visual representation of the classification algorithm’s accuracy. 
It consists of columns representing the predicted output classes and rows representing the actual 
output classes. In the presented case, since there are three classes, the size of the CM is 3 × 3 as 
shown in the Table 3. The diagonal elements represent correctly classified instances, while the 
off-diagonal elements represent miss-classified instances. 
 

Table 3 Confusion matrix structure 

  PREDICTED 
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  A
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UNDEFINED    

Motor BAD    

Motor GOOD    
 

The CM provides valuable information about the miss-classification, but it does not directly 
capture the cost associated with each type of miss-classification. To address this, the Miss-classi-
fication cost matrix can be introduced. This matrix assigns specific costs to different types of miss-
classifications, considering the relative importance or impact of miss-classifying different classes. 
The Miss-classification cost matrix has the same dimension as the Confusion matrix and consists 
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of numerical values, as shown in the Table 4. The diagonal elements of the Miss-classification cost 
matrix are set to zero (correct classification represent no cost). The off-diagonal elements repre-
sent the costs associated with miss-classified instances, with larger values indicating higher risks 
or costs associated with miss-classification. In our case the highest cost is associated with situa-
tion when actual faulty or undefined motor is recognized as good one and delivered to the cus-
tomer (actual class BAD or UNDEFINED, predicted class GOOD). The cost of this miss-classifica-
tion is set to 10. Bad motor that is predicted as undefined (and the opposite) presents low cost of 
miss-classification, therefore these cases are graded with 0.5. Good motor, ranked as bad or un-
defined, does not present any risk for the customer, but it represents an unnecessary waste of 
motors, therefore it is marked with 1.  

To calculate the overall miss-classification cost, the CM the Miss-classification cost matrix are 
multiplied (element-by-element multiplication) resulting in new 3 × 3 matrix. Total cost is calcu-
lated by adding up all 9 elements of resulting matrix. This value provides a measure of the total 
cost incurred due to miss-classification. Ideally, a well-performing classifier would have a miss-
classification cost close to zero, indicating minimal miss-classification and associated risks. 

The accuracy of a classifier is a measure of its performance and is calculated as the ratio be-
tween the number of correctly classified elements and the total number of elements. The desired 
accuracy is close to 1 (100 %), indicating that almost all elements were classified correctly.  
 

Table 4 Cost matrix 
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UNDEFINED 0 0.5 10 

Motor BAD 0.5 0 10 

Motor GOOD 1 1 0 

 

4. Analysis of the results 
During machine learning, all methods generated own IF-THEN rules for classification. In 3.1 it is 
explained that chosen methods are “tree-like” and can be explained with IF-THEN rules. In the 
Fig. 5, an example of the decision tree of the decision tree classifier is presented. The figure shows 
a diagnosis procedure with a tree-like set of rules and leaves. Since the generated decision tree is 
very extensive, one rule for the first branch is explained. At the enlarged part of the figure, the 
auto generated threshold value for one particular feature (BE_H2) is illustrated. At enlarged part 
the gini index value [6, 21, 29] is also illustrated and used as splitting criteria [6]. Further, at this 
branch 27064 samples are involved in classification process, where 600 of them are marked as 
UNDEFINED, 1355 as Motor BAD and 25109 as Motor GOOD. 

Each of the methods generates similar decision tree scheme where rules are defined by ob-
served features and their threshold values. Threshold values are set automatically during ma-
chine learning and since they are presented as real values. They can be easily checked and re-
adjusted. Such examination of the decision tree structure of each classifier enhances comprehen-
sion of the decision-making process employed by each method. This understanding is particularly 
valuable in industrial applications where interpretability is paramount, as it allows users to gain 
insights and interpret the decision-making process with clarity. 
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Fig. 5 Decision tree of the decision tree classifier 

 
Results of feature selection are collected in Table 5, where the comparison between classifiers 

is presented. The results show that all methods successfully executed feature selection in the step 
2 (Fig. 4). The gradient boosting classifier selected the lowest number of important features, 
meaning, this method requires the smallest amount of data for successful classification. The least 
successful method here is random forest. 

However, the best performance shows the classifier with the lowest number of wrong classi-
fied motors and with the lowest miss-classification cost. Therefore, bagging overperformed all 
other classifiers and gradient boosting yield the worse performance. Fig. 6, Fig. 8, Fig. 10 and Fig. 
12 present confusion matrices for each classifier, generated at step 2. 

 
Table 5 Comparison of observed classifiers 

 Decision 
tree 

Random 
forest 

Bagging Gradient 
boosting 

No. of selected features with original dataset after 
step 2 

38 78 42 35 

Number of features for 95 % informativeness 17 51 22 17 
Influence of 10 most important features 92 % 69 % 88.6 % 91.4 % 
Accuracy of classifiers with original dataset (step 3) 99.2 % 99.33 % 99.46 % 99.19 % 
Accuracy of classifiers with reduced dataset (step 6) 99.16 % 99.33 % 99.46 % 99.16 % 
No. of wrong classified motors of classifiers with 
original dataset (step 3)  

75 53 51 76 

No. of wrong classified motors of classifiers with 
reduced dataset (step 6) 

79 53 51 79 

Miss-classification cost of classifiers with original 
dataset (step 3) 

426 477 312 679 

Miss-classification cost of classifiers with reduced 
dataset (step 6) 

430 468 348 637 
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Further insights into feature selection across different classifiers show that the most influen-
tial features hold the majority of information, useful for classification. Third row in the Table 5 
shows a part of information contained in the 10 most important features of each method. In all 
methods (except RF) top ten features contain the majority of information and to achieve 95 % of 
data informativeness, 17-51 features are required. This comprehensive evaluation provides in-
sights into the strength and weakness of each classifier, considering both accuracy and miss-clas-
sification cost. At the Table 6, where the 10 most influential features for each classifier in the 
order of importance are listed, it is shown that all classifiers recognize the majority of features as 
important (Figs. 14-17 visually illustrate the informativeness of each observed classifier for 10 
most important features). At the Table 7 all features involved in machine learning are listed and 
in columns each of them is marked whenever it appears to be important for each classifier. With 
gravy are coloured rows of features that are important for all observed classifiers.  

These findings can be highly beneficial for tuning classification parameters. Instead of adjust-
ing the thresholds for all observed features, only the most influential features need to be ad-
dressed. Additionally, since some features do not contribute to the final classification decision, 
they do not need to be stored in the company database. This results in the reduced computational 
burden by focusing only on the most informative features, a smaller data flow between the local 
computer and the company database, reduces the potential for communication errors, and ulti-
mately requires less storage space. 

Table 6 List of 10 most important features for each classifier 
Decision tree Random 

forest 
Bagging Gradient boost 

1. important feature BE_H1 BE_H2 BE_H1 BE_H1 
2. important feature BE_H2 BE_H1 BE_H2 BE_H2 
3. important feature BE_H3 BE_H3 BE_H5 VRC 
4. important feature VA BE_H5 VRC VA 
5. important feature VRC BE_H4 VA VA_H1 
6. important feature HW_H1S BE_H6 HW_H1S HW_H1S 
7. important feature VRL_H2 VRC VA_H1 BE_H3 
8. important feature HW_H6 VA BE_H3 BE_H6 
9. important feature AVR_V HW_H1S BE_H6 VRL_H2 
10. important feature VW_V VA_H1 HW_H6 FR_H2 

Table 7 All features involved in machine learning and their recognition as important for each classifier 
  Feature 

   name 
DT RF BG GB 

VA X X X X 
VA_H1 X X X 
VA_H2 X 
VA_H3 X 
VA_H4 X 
VA_H5 X 
VA_H6 X X 
VA_H7 X 
VA_H8 X 
VA_H9 X X 

VA_H10 X 
VA_H11 X 
VA_H12 X X 
VA_H13 X X 
VA_H14 X 
VA_H15 X X 
AVR_U X X X 
AVR_V X X X X 
AVR_W X 

BM_U X 
BM_V X X X X 
BM_W X X 
FR_H1 X X X X 
FR_H2 X X X X 
BE_H0 
BE_H1 X X X X 
BE_H2 X X X X 
BE_H3 X X X X 
BE_H4 X X X X 
BE_H5 X X X X 
BE_H6 X X X X 

CP X X X 
VW_U X X X 
VW_V X X X 
VW_W X X X X 

VRC X X X X 
VRC_H1 X 
VRC_H2 X X 
VRC_H3 X 
VRC_H4 X X X 
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VRC_H5 X X 
VRC_H6 X 
VRC_H7 X 
VRC_H8 X 
VRC_H9 X X X 

VRC_H10 X 
VRC_H11 X X 
VRC_H12 X X 
VRC_H13 X X X 
VRC_H14 X X 
VRC_H15 X X X 

VRL X 
VRL_H1 X X 
VRL_H2 X X X 
VRL_H3 X 
VRL_H4 X 
VRL_H5 X X X 
VRL_H6 X X X X 
VRL_H7 X X 
VRL_H8 X X 

VRL_H9 X X X X 
VRL_H10 X X X 
VRL_H11 X 
VRL_H12 X X 
VRL_H13 X X 
VRL_H14 X 
VRL_H15 X 

MV X X X X 
CW_U X X 
CW_V X X X 
CW_W X X X 

HW_H1S X X X X 
HW_H18 X X X X 
HW_H2 X X X X 

HW_H2S X X X X 
HW_H3 X X X X 
HW_H4 X X X X 
HW_H6 X X X X 
HW_H9 X X 

REV 

At last, the performance of classifiers, trained with features of 95 % information (step 5), is 
evaluated (step 6). The result in Table 5 shows that the accuracies and performances of classifiers 
do not change a lot. However, despite the RF and GB classifier, the cost of miss-classification in-
creased, meaning, those classifiers miss-classified performed slightly worse. (as shown at Fig 6-
13). Despite minor fluctuations in accuracy, the overall performance remains relatively stable 
what indicate the robustness of chosen methods. However, the increase in miss-classification 
costs for certain classifiers indicates potential areas for optimization in future iterations.  

 Fig. 6 Confusion matrix for decision tree classifier 
   (38 features) 

Fig. 7 Confusion matrix for decision tree classifier 
  (17 features) 
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Fig. 8 Confusion matrix for random forest classifier 

    (78 features) 

 

Fig. 9 Confusion matrix random forest classifier 
       (51 features) 

 

 
Fig. 10 Confusion matrix for bagging classifier 

         (42 features) 

 
Fig. 11 Confusion matrix for bagging classifier 

         (22 features) 

 
Fig. 12 Confusion matrix for gradient boost classifier 

  (35 features) 

 
Fig. 13 Confusion matrix for gradient boost classifier 

   (17 features) 
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Fig. 14 Feature importance for decision tree classifier 

 
Fig. 15 Feature importance for random forest classifier 

 
Fig. 16 Feature importance for bagging classifier 

 
Fig. 17 Feature importance for gradient boost classifier 

5. Conclusion 
This study introduced and compared various classifiers for feature selection purposes used for 
automated end-of-line quality inspection of electric motors within the real manufacturing line. 
Decision tree, Random forest, Bagging, and Gradient boosting classifiers were implemented and 
assessed based on their complexity (number of selected features), accuracy, and the impact of the 
important features. Initial goal of the study was achieved successfully. All four tested classifiers 
demonstrated high accuracy, proving their suitability for electric motor classification in an end-
of-line quality inspection system. All investigated classifiers successfully reduced the number of 
features and thus optimized the database operation. Further, the second step of feature selection, 
with a reduced dataset featuring features that hold 95 % of useful information, yielded high ac-
curacy of trained classifiers. This reduced feature set simplifies the diagnostic algorithm, speeds-
up its’ learning, improves the interpretability of the observed models and makes them more un-
derstandable and explainable. In addition, new classification models, learned with reduced da-
taset, simplify the end-of-line quality inspection, decrease the ramp-up and commission time, 
eliminate unnecessary steps of diagnosis, reduce equipment complexity (in some cases eliminate 
the need for particular sensors), reduce costs, and minimize data flow. Consequently, company 
databases are optimized. Due to fully automated learning procedures, reliance on specialized ex-
perts is reduced. Developed classification models can also be used as a verification of experts’ 
decision regarding feature selection and threshold values adjustment. In summary, this study en-
compasses insights into feature selection, practical implications for industrial applications con-
sidering methods robustness and comprehensive evaluation of different classifier, considering 
accuracy and miss-classification cost, aiding in decision making when selecting the most suitable 
classifier for specific application. 
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During research and implementation, two interesting and useful future topics of research were 
identified: 1. Transferability of classification models, and 2. Condition monitoring of production 
lines. 

Within the first topic it could be investigated if classification models derived for one motor 
type could be used for quality inspection of similar motor types, or if they could increase learning 
procedure of new motor types. Based on the manufacturer’s experiences, the diagnosis procedure 
across various manufacturing lines follows a similar approach, leading to the detection of similar 
faults and malfunctions across different products. Furthermore, common features are identified, 
suggesting that the feature selection process from observed classifiers of a particular motor type 
could be applied to other product. This transferability would be beneficial especially for small-
series products. Some motor types are manufactured in small-series (e.g. up to thousand pieces 
per year), therefore it is challenging to establish accurate classification model with limited 
amount of learning data. Exploring the applicability of these findings across various motor types 
can speed-up the creation of quality inspection algorithms for new motor types in the future. As 
new motor types are developed frequently and produced in varying quantities, the transferability 
of the methods can establish a standardized approach to implement quality inspection algorithms 
for new motor types, reducing costs and thus enhancing the whole manufacturing process. 

Second topics regards possibilities of condition monitoring of production line. In normal con-
ditions (when there is no degradation of the manufacturing process) features importance attrib-
utes do not significantly change with time. On the other hand, an increase of importance of par-
ticular feature may indicate the issue of particular manufacturing operation or an issue of input 
material or components. Periodic evaluation of feature importance attributes can therefore help 
to detect faults or degradations of various steps of manufacturing process or issues with input 
materials and components. 
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A B S T R A C T A R T I C L E   I N F O 
Manufacturing plant layouts are developed to facilitate optimal process flow. 
Modern manufacturing systems must meet present production demands and 
be adaptable to changes in process flow in the future. Dynamic Cellular Manu-
facturing Systems (DCMS) increase the flexibility of layouts by reconfiguring 
cell structure and equipment distribution, to effectively adjust part routings 
for optimal process flow. Frequent reconfiguring of plant layout may not al-
ways be feasible or economical, however, when new product releases are 
planned, reconfiguring the plant layout to optimise the workflow may be 
extremely beneficial. This paper presents a Non-dominated Sorting Genetic 
Algorithm (NSGA-II) approach to solving a DCMS problem in a sustainable, 
and responsible manner. A bi-objective integer programming model was de-
veloped over multiple planning horizons with fluctuating product demands. 
This model aims to achieve sustainability by reducing the cost of production, 
mitigating the environmental impact of production, and minimise negative 
social impacts on labourers that work in such environments. A penalty func-
tion approach was used to enforce the model constraints during optimisation. 
This study details trade-offs between the economic factors of a DCMS, the 
environmental implications of reconfiguring such a system, and the social 
impacts of reconfigurations on the workforce. 
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1. Introduction
Cellular Manufacturing Systems (CMS) are a widely adopted method of manufacturing. The first 
step in developing a CMS is the process of Cell Formation (CF), followed by layout design [1]. CF 
is composed of two primary tasks: machine-cell allocation and part-family formation. Machine-
cell allocation involves optimally grouping machines within cells. Part-family formation groups 
parts to be produced according to their production requirements, size, shape, or other geometric 
characteristics. Layout design also has two main tasks, namely intercell and intracell layout de-
sign. Batch manufacturing is used for several reasons including, but not limited to, efficient pro-
duction, product tracking, short production cycles, short delivery time and volume constraints. It 
accounts for a significant fraction of all production as it helps manufactures cope with a wide 
variety of small manufacturing lot sizes. As the demand for these small lot sizes vary over time, 
CMS must be reconfigured to ensure that the current layout stays relevant and optimal for each 
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demand period. Although a layout may be optimal for a particular demand period, when the de-
mand changes that system may not be optimal for the new demand period. This would result in 
bottlenecks and inefficient production. 

According to Lokesh and Jain [1] about 75 % of the revenue of Hewlett Packard was from 
products that were manufactured less than 3 years prior. This highlights a trend of short prod-
uct lifecycles for many manufacturers today. A study from Defersha and Chen [2] revealed that 
considerable financial resources are spent annually on reconfiguring the layouts of production 
plants to improve the optimality of CMS. These great efforts are regularly made because part and 
material handling costs account for 20-50 % of production costs, suggesting that CMS need to be 
operated with optimum configurations to reduce production costs. They further suggested that 
these production costs could be reduced by 10-30 % by dynamically changing the layout of CMS.  

In keeping with the world’s Sustainable Development Goals (SDG), particularly goal 8 and 12, 
manufacturers may need ways to comply with new or stricter sustainability regulations [3]. Sus-
tainability is an increasingly important consideration for manufacturers, as it involves the ability 
to produce goods and services in ways that meet present needs without compromising the abil-
ity of future generations to meet their own needs. The three pillars of sustainable manufacturing 
are economic limitations, environmental constraints, and social influences [3]. We acknowledge 
that sustainability can be measured in many ways, for our application we will consider carbon 
emissions as a general, all-inclusive measure of environmental sustainability, and the workload 
on machine operators as our limiting metric for social responsibility.  

The motivation for this work stems from the need to address sustainability and social re-
sponsibility in manufacturing operations. In today’s competitive market, cost optimisation is a 
key business concern, hence, this aspect of manufacturing is, and always has been, the primary 
focus in most research. However, we recognise that single cost objective models could have ad-
verse environmental impacts, hence, incorporating environmental sustainability as a second 
objective in the proposed model provides a suitable trade-off to these related aspects of manu-
facturing. Introducing environmental considerations could lead to solutions with a lower carbon 
footprint, reduced energy consumption and waste generation. Furthermore, we understand that 
the implementation of DCMS can have significant social implications on the workforce. By incor-
porating social constraints into a DCMS model, researchers and organizations can identify solu-
tions that minimise negative impacts on the well-being of employees; promote worker satisfac-
tion, improve safety, and facilitate a smooth transition between DCMS periods. Ultimately, this 
research contributes to a more sustainable future for the manufacturing sector as a whole. 

This paper is organised into seven sections and presents a bi-objective mathematical model 
that utilizes a penalty approach to minimise the operating costs and negative environmental 
impacts of a DCMS. A unique NSGA-II heuristic is used for the optimisation. The permissible so-
cial impact on the work force is introduced in the model through a set of inequality constraints. 
The remainder of the paper is organised as follows: section 2 presents a literature review while 
section 3 details the problem description. The mathematical model is described in section 4, and 
section 5 presents the solution approach. In section 6 we present and discuss the results from an 
optimisation study. This paper concludes with future work and recommendations in section 7. 

2. Literature review 
CMS can be formulated under static or dynamic conditions. Static conditions imply that product 
demand is known and does not change over the planning horizon. Dynamic conditions imply 
that the demand not only changes over the planning horizon, but can be modelled as either de-
terministic or probabilistic. When dynamic conditions are used for the modelling of CMS, it is 
then termed as a DCMS. The concept of DCMS was introduced by Rheault et al. [4] to overcome 
the limitations of CMS that only focused on static demand periods. Both cell formation and lay-
out designs are reconfigured in each period to optimise the factory layout and reduce produc-
tion costs. The reconfigurations often include adding and/or removing machines to or from the 
system. Although the dynamic modelling of CMS is more realistic, constraints on time, finances 
and the physical arrangement of the manufacturing system can make frequent reconfiguration 
infeasible or uneconomical. 
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Various approaches have been used to solve DCMS models across literature. Each method 
having its own advantages and limitations depending on the problem being addressed, and the 
number of factors modelled. Table 1 details the factors considered in the formulation of DCMS 
models by other researchers. Models are typically formulated as nonlinear optimisation prob-
lems. The speed in which a solution is generated, and the quality of the solution produced have 
been the primary attributes benchmarked across the different techniques. It was noted by De-
fersha and Chen [2] and is commonly acknowledged among researchers that some techniques 
are only suitable for certain sized problems. This has been observed in cases where some solvers 
did not produce a solution for a large problem regardless of an extended computational time 
allocation. It is noted that the computational capacity of the machines used for the study could 
have influenced the outcome, however, the results suggest that this could not be the main rea-
son. Some researchers [5] focused their efforts on solving their models with a different solver 
than that used by previous authors, while others used a few different solvers common in litera-
ture to investigate the performance of each solver for the same problem. Commercial software 
constructed from mathematical programming algorithms have been used by most of the early 
authors, however, the use of meta-heuristic techniques has gradually increased in present day. 

Table 1 Review of model parameters 
Authors a b c d e f g h i j k l m n o p q r s t u v 
This paper √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ 
Saxena & Jain [1]  √ √ √ √ √  √ √ √  √ √ √ √ √ √ √ √ √ √ √ 
Defersha & Chen [6]  √ √ √ √ √  √ √   √ √ √ √ √ √   √ √ √ 
Niakan et al. [7]  √ √ √   √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ √ 
Safaei & Tavakkoli-
Moghaddam [8]  √ √ √ √   √ √ √  √  √  √ √ √ √ √ √ √ 

Safaei et al. [9] √  √ √ √ √  √ √ √  √ √ √ √ √ √ √ √ √ √ √ 
Ossama et al. [10]  √ √ √  √  √ √   √ √ √ √ √ √   √ √ √ 
Bayram & Sahin [11]  √ √ √  √  √ √ √  √ √ √ √ √ √   √ √  
Kia et al [12]  √ √ √    √ √ √  √ √ √ √ √ √   √ √  
Shahram et al. [13]   √ √ √  √ √ √   √ √ √ √ √ √   √ √ √ 
Aramoon et al. [14]  √ √ √  √  √ √   √ √ √ √ √ √ √  √ √ √ 

a: Selecting the best route; b: Allowing alternative routing; c: Deterministic demand fluctuation; d: Dynamic cell re-
configuration; e: Intercell workload balancing; f: Sequence of operations; g: Setup time; h: Cell size constraint; i: Inter-
cell material movement; j: Intracell material movement; k: Operator allocation; l: Machine capacity; m: Identical ma-
chines within a cell; n: Identical machines in the entire system; o: Machine investment cost; p: Unit operation time; q: 
Machine operation cost; r: Intercell batch size movement; s: Intracell batch size; t: Multiperiod planning; u: Machine 
relocation; v: Process batch size. 
 

In recent publications, DCMS, Genetic Algorithm (GA), and varied multi-objective models have 
been utilised to identify potential improvements and obstacles within diverse organisations. The 
work of [15] presents a unique layered GA with a reinitialisation approach to preserving popula-
tion diversity. They found their model to improve avoiding premature stall in local minima. The 
work of [16] incorporates a focus on environmental implications of a supply chain and how 
goods sourced with environmental consideration showed robust resource allocation. Further-
more, [17] used a variable neighbourhood search GA to enhance workload balancing in an ex-
tended travelling salesman problem. Their work showed how the workload balancing could be 
intelligently introduced for better computational efficiency. A NSGA-III was used by [18] to im-
prove downtime in a production environment. They compared its performance to that of a 
NSGA-II and found that the additional objective function improved the quality of solutions gen-
erated. To help present-day manufacturers deal with diverse and volatile demand fluctuations, 
the work of [19] presents a mathematical model with a GA to show how work from academics 
can be applied in industry. With the aid of a numerical case study, they successfully showed how 
literature ideas are effective in industry scenarios. This paper seeks to merge the key elements 
from these reviewed works. They each promote different ideas for improved solutions; hence, 
we propose a mathematical model with an environmental objective function, and social consid-
erations modelled in constraint form, including a workload balancing constraint. The proposed 
NSGA-II is modified to cater for unique solutions and is applied over three industry problems to 
show how it is generally applicable, and not biased to a single data set.  
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3. Problem description 
We propose a DCMS model where part operations are performed sequentially on any capable 
machine. The operation capabilities of each machine are known and are deterministic. Each part 
operation can be performed by more than one machine, creating the possibility of alternate pro-
cess routings. The operation time of all part operations, on all capable machines, are known and 
deterministic. Furthermore, we assume that the planning horizon is for a predetermined num-
ber of periods, with each machine having a predetermined production capacity, expressed in 
hours, for that period. These production periods are of equal duration. Duplicating machines 
within and across cells to meet capacity requirements is permissible without limit to the number 
of machines procured, so long as the cell size constraints are satisfied.  

We assume that parts are transported between cells in batches and the transportation cost 
per batch is known. The per batch Green House Gas (GHG) emissions are also known. The model 
assumes that intra cell material handling is manually managed by human porters, or is managed 
by equipment with a negligible power consumption compared to the inter cell material handling 
equipment. The demand in each period must be satisfied within that period, no backorders, or 
inventory is kept between periods. All machine types can be relocated between cells. The cost 
and emissions generated for moving a machine from one cell to another are known. Relocation 
impacts include uninstalling, moving and reinstallation efforts altogether. 

To simplify the model, it is assumed that machine relocation time is negligible and does not 
affect the available time on the machine for that period. Meaning that plant shutdown time be-
tween periods is not included in the total time over the planning horizon. Machines are inde-
pendently grouped, meaning that there are no machine colocation or separation constraints. We 
further assume that one worker/operator is assigned to each machine. When a machine is pur-
chased, an experienced worker is hired to operate the machine. When a machine is retired, its 
operator is retrenched. When a machine is relocated, the assigned operator is relocated with the 
machine. Machines are added at the beginning of each period and retired/relocated at the end of 
each period. All machines will be retired at the end of the last demand period to prepare the 
plant for the next project. Lot splitting is not permissible and job setup time is included in the 
part processing time. 

We present the model notation as: 

Sets 
ℎ – time index, ℎ =  1,2,3, … ,𝐻𝐻  (𝐻𝐻 is total number of periods) 
𝑝𝑝 – part index, 𝑝𝑝 =  1,2,3, …, 𝑃𝑃ℎ  (𝑃𝑃ℎ is total number of parts in period h) 
𝑗𝑗 – index of operations on parts, 𝑗𝑗 =  1,2,3, …, 𝑂𝑂𝑝𝑝  (𝑂𝑂𝑝𝑝 is total number of operations needed for 
part p) 
𝑚𝑚 – machine index, 𝑚𝑚 =  1,2,3, … ,𝑀𝑀  (𝑀𝑀 is total number of machines) 
𝑐𝑐 – cell index, 𝑐𝑐 =  1,2,3, …, 𝐶𝐶  (𝐶𝐶 is total number of cells) 

Decision variables 
𝑥𝑥𝑗𝑗𝑝𝑝𝑗𝑗𝑗𝑗ℎ – 1 if operation 𝑗𝑗 of part 𝑝𝑝 by machine 𝑚𝑚 is done in cell 𝑐𝑐 during time ℎ, otherwise 0 
𝑁𝑁𝑗𝑗𝑗𝑗ℎ  – number of type 𝑚𝑚 machines placed in cell 𝑐𝑐 at time ℎ 
𝐾𝐾+

𝑗𝑗𝑗𝑗ℎ – number of type 𝑚𝑚 machines added to cell 𝑐𝑐 at the beginning of time ℎ 
𝐾𝐾−

𝑗𝑗𝑗𝑗ℎ – number of type 𝑚𝑚 machines removed from cell 𝑐𝑐 at the end of time ℎ 
𝑎𝑎𝑗𝑗𝑝𝑝𝑗𝑗 – 1 if operation j of part p can be done on machine m; otherwise 0 

Parameters 
𝐿𝐿𝐿𝐿 – Cell size lower bound  
𝑈𝑈𝐿𝐿 – Cell size upper bound  
𝐷𝐷𝑝𝑝ℎ – Demand of part p during period h 
𝐿𝐿𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 – Intercell batch size for part p 
𝐿𝐿𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 – Intracell batch size for part p 
𝑇𝑇𝑗𝑗 – Available time on machine m (h) 
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𝑡𝑡𝑗𝑗𝑝𝑝𝑗𝑗 – time for operation 𝑗𝑗 of part 𝑝𝑝 on machine m (h) 
𝛼𝛼𝑗𝑗 – Overhead cost of machine type m 
𝛽𝛽𝑗𝑗– Variable operating cost for each unit time on machine m (R/h) 
𝛾𝛾𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 – Batch intercell material handling cost  
𝛾𝛾𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  – Batch intracell material handling cost  
𝛿𝛿𝑗𝑗 – Relocation cost for machine type m  
𝜑𝜑𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 – Batch intercell carbon emissions (kgCO2) 
𝜏𝜏𝑗𝑗 – Carbon emissions from adding and removing machine type m (kgCO2) 
𝜇𝜇𝑗𝑗 – Carbon emissions from idle time of machine type m (kgCO2/h) 
𝜀𝜀𝑗𝑗 – Variable carbon emissions for each operating unit time, on machine type m (kgCO2/h) 
𝜎𝜎𝑗𝑗 – Carbon emissions from relocating machine type m (kgCO2) 
𝑞𝑞 – Workload balancing factor (taken as ± 0.75 for 75 %) 
𝜂𝜂 – maximum number of different operations an operator can be assigned (taken as 3) 

 
We applied the model to three different problems from literature and solved each problem with 
the addition of supplementing data to incorporate the second objective. The environmental data 
for each problem is contained in Table 2, while the reader is referred to the literature [20, 9] for 
the rest of the data. A linear weighting was observed, such that low-cost machines had a higher 
environmental impact, while costly machines had a lower environmental impact. 

Table 2 Environmental objective input data 
Problem Machines M1 M2 M3 M4 M5 M6 M7 M8 M9 
1 
2 
3 

Sourcing 
emissions 

5087 
5425 
6200 

3149 
6200 
5320 

4313 
5710 
4960 

4408 
4822 
5320 

6200 
5425 
6200 

4509 
4931 
4650 

2480 
4340 
n/a 

3815 
4520 
n/a 

n/a 
4822 
n/a 

1 
2 
3 

Relocation 
emissions 

656 
500 
310 

406 
600 
266 

556 
550 
150 

568 
350 
266 

800 
500 
310 

581 
400 
233 

320 
250 
n/a 

492 
300 
n/a 

n/a 
350 
n/a 

1 
2 
3 

Idle time 
carbon 
emissions 

11 
6.5 
8 

7 
8 
6 

9 
7 
4 

9.5 
5 
6 

13.6 
6.5 
8 

10 
5.5 
2 

5.4 
3 

n/a 

8.4 
4 

n/a 

n/a 
5 

n/a 
  
Problem Parts P1 P2 P3 P4 P5 P6 P7 P8 
1 
2 
3 

Unit 
intercell 
emissions 

2 
1.5 
1.8 

2 
2.1 
1.8 

2 
1.8 

2.25 

2 
1.1 
1.2 

n/a 
0.95 
2.25 

n/a 
2.2 

1.13 

n/a 
2 

1.13 

n/a 
n/a 
1.5 

4. Mathematical model 
Minimise: 
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Subject to: 
 

� � 𝑎𝑎𝑗𝑗𝑝𝑝𝑗𝑗𝑥𝑥𝑗𝑗𝑝𝑝𝑗𝑗𝑗𝑗ℎ = 1 
𝑀𝑀

𝑗𝑗=1

𝐶𝐶

𝑗𝑗=1

     ∀ 𝑗𝑗, 𝑝𝑝 ,ℎ (3) 

��𝐷𝐷𝑝𝑝ℎ𝑡𝑡𝑗𝑗𝑝𝑝𝑗𝑗𝑥𝑥𝑗𝑗𝑝𝑝𝑗𝑗𝑗𝑗ℎ  ≤  𝑇𝑇𝑗𝑗𝑁𝑁𝑗𝑗𝑗𝑗ℎ 
𝑂𝑂𝑃𝑃
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𝑃𝑃

𝑝𝑝=1
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𝐿𝐿𝐿𝐿 ≤ � 𝑁𝑁𝑗𝑗𝑗𝑗ℎ

𝑀𝑀
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        ∀ 𝑐𝑐,ℎ 
𝑂𝑂𝑃𝑃

𝑗𝑗=1

𝑃𝑃

𝑝𝑝=1

𝑀𝑀
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��𝑥𝑥𝑗𝑗𝑝𝑝𝑗𝑗𝑗𝑗ℎ

𝑂𝑂𝑃𝑃

𝑗𝑗=1

𝑃𝑃

𝑝𝑝=1

 ≤  𝜂𝜂𝑁𝑁𝑗𝑗𝑗𝑗ℎ      ∀ 𝑚𝑚, 𝑐𝑐,ℎ (7) 

𝑁𝑁𝑗𝑗𝑗𝑗(ℎ−1) + 𝐾𝐾+
𝑗𝑗𝑗𝑗ℎ −  𝐾𝐾−

𝑗𝑗𝑗𝑗ℎ = 𝑁𝑁𝑗𝑗𝑗𝑗ℎ   ∀ 𝑚𝑚, 𝑐𝑐,ℎ (8) 

𝑥𝑥𝑗𝑗𝑝𝑝𝑗𝑗𝑗𝑗ℎ ∈ {0,1} ,𝑁𝑁𝑗𝑗𝑗𝑗ℎ  ,𝐾𝐾+
𝑗𝑗𝑗𝑗ℎ ,𝐾𝐾−

𝑗𝑗𝑗𝑗ℎ  ≥ 0 ∈ ℤ (9) 

Eq. 1 is a cost minimisation objective, consisting of five terms. The first term is the machine 
overhead/rental cost. The second term represents the machine operational cost per unit time. 
The third and fourth terms calculate the intercell and intracell material handling costs respect-
fully. The machine relocation cost is calculated in the fifth term. Eq. 2 represents an environmen-
tal impact minimisation objective, consisting of four terms measured in kgCO2. The first term 
represents the carbon emissions from the machine manufacturing, transportation to and from 
the plant on purchase/retirement, and from the recycling/disposal of its components. The sec-
ond term represents emissions from machine relocation within the system. The third term 
measures the emissions from the machine while idling. The fourth term measures the emissions 
from intercell material handling. Eq. 3 ensures that each part operation is assigned to a single 
machine and is performed only once. Eq. 4 bounds the model from violating the capacity of the 
machines. Eq. 5 introduces the lower and upper bounds for the number of machines permissible 
in a cell. Eq. 6 is the social constraint for intercell workload balancing. Eq. 7 is the social con-
straint on the number of different part operations a single operator can be assigned to perform. 
Eq. 8 ensures that the machine placement and relocation is calculated accurately across demand 
periods. 
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5. Solution approach 
GAs are an evolutionary metaheuristic technique that progressively iterates from a randomly 
generated initial population, towards an optimal solution set through crossover and mutation 
operations [18]. The unique GA developed to solve the mathematical model will be detailed 
hereafter in eight sections. Fig. 1 depicts the holistic program flow of the optimisation process. 

 
Fig. 1 GA optimisation algorithm flow 

5.1 Chromosome encoding 

Within the population, each solution’s chromosome structure was encoded as a single row array 
of integers representing all variables. Each array was split into two sections, separating the bina-
ry part production decision variables 𝑥𝑥𝑗𝑗𝑝𝑝𝑗𝑗𝑗𝑗ℎ from the rest. The part production decision varia-
bles were used as the primary variables while the other variables were changed accordingly, to 
satisfy the problem constraints. Hence, during initialisation, crossover and mutation, only pri-
mary variables were changed and/or modified, while the rest were adapted by a custom repair 
function to suit the new arrangements. An overview of the repair function is given hereafter.  

5.2 Initial population 

To generate the initial population, a random binary M × N matrix was constructed, where M was 
the input population size and N was the number of primary decision variables. Each row, which 
represented a solution in the population, then had the rest of the variables populated according-
ly. The solutions were individually scrutinised against the constraints using the penalty ap-
proach, and a penalty value was assigned to each solution based on the number of constraints 
violated. An attempt to repair solutions that violated constraints was initialised after the chro-
mosomes were evaluated. The initial population was then filled with the solutions that had a 
penalty value of zero from the lot. This initialisation strategy is similar to that used by Kia [20]. 
  

Start
•Process Input Data 
•Build Problem Variables
•Create Equation Matrices
•Create Inequality Matricies

Initialise Population
•LOOP {for Population size}
• Generate Binary String
•Fill Secondary variables
•Repair Contraint violations
•Evaluate solution
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•Double Point crossover
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•Mutate
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•Identify Unique solutions
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5.3 Tournament selection  

Instead of a roulette wheel approach [19], a tournament selection [21] process was held for each 
generation to select the prime solutions for the mating pool. A random bi-contestant structure 
was observed for parent selection. Better ranking solutions won the contest and were added to 
the mating pool, however, in cases where contestants were of equal rank, solutions with a higher 
crowding distance were selected. In cases where contestants had the same rank and an equal 
crowding distance, a random solution was selected between the two. Each solution in the popu-
lation participated in two tournaments, such that there would be two copies of the best solution 
in the mating pool, and the worst solution of the population would never enter the mating pool. 
Tournaments were conducted until the mating pool was the same size as the original population.  

5.4 Crossover  

Crossover was performed with 80 % probability. To generate offspring, three crossover opera-
tions were utilised, namely, Single Point Crossover, Double Point Crossover and Uniform Cross-
over [15]. Two solutions were randomly selected from the mating pool and a crossover operator 
was randomly selected from the three operators. The crossover operations were performed only 
over the binary primary variables as discussed. After crossover, each offspring was evaluated 
and if it violated any constraints, it was repaired and then re-evaluated.  

5.5 Mutation 

A 5 % mutation rate over the primary genes of crossover offspring was observed. A uniform 
mutation strategy was employed [20], which randomly mutated genes across all the binary deci-
sion variables. Since the primary variables were binary, the mutation changed the genes ran-
domly selected for mutation from either 1 to 0 or vice versa. After the mutation, mutant solu-
tions that violated the constraints were repaired and all solutions were evaluated and grouped 
with the rest of the solutions for ranking.  

5.6 Repair function 

A repair function was developed to fix solutions that violated any of the constraints during ini-
tialisation, crossover, and mutation. When a solution was under repair, initially the primary var-
iables were repaired such that constraint Eq. 3 was observed. Thereafter, machines were placed 
in the appropriate cells in keeping with constraint Eq. 4. All machines that did not have parts 
allocated to them were removed from the solution, and lastly, the demand periods were then 
joined together to determine machine relocation variables. Thereafter, repaired solutions were 
checked against cell size constraints Eq. 5. The penalty approach was effective at maintaining 
most of the constraints, however, not all of them. The cell upper bound constraints Eq. 5 were 
particularly difficult to repair without redefining the primary variables and increasing the com-
putational effort of the algorithm needlessly. Hence, when a solution did not satisfy all the con-
straints after the first repair attempt, it was discarded. If the cell lower bound was violated, a 
minimal number of random machines were placed in the cell to satisfy the constraint. 

5.7 Penalty function and evaluation 

In keeping with the non-dominated sorting method of evaluation, and in conjunction with the 
penalty approach, each solution was graded in three major categories namely, penalty value, 
rank, and crowding distance. Other attributes of each solution which were also evaluated were 
solution uniqueness, number of solutions that dominate that solution, and the number of solu-
tions that were dominated by that solution. For a given solution 𝒁𝒁, where 𝑨𝑨, 𝑨𝑨𝒆𝒆𝒆𝒆, and 𝒃𝒃𝒆𝒆𝒆𝒆 are 
matrix representations of the problem constraints, and M is a large positive value, the penalty 
expression used for the inequality constraints was of the form: 

 𝑃𝑃1(𝑍𝑍) = 𝑀𝑀 · max [0, [ 𝐴𝐴 − 𝑏𝑏]]2 (10) 
while the penalty expression for the equality constraints was modelled: 
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𝑃𝑃2(𝑍𝑍) = 𝑀𝑀 · 𝑠𝑠𝑠𝑠𝑚𝑚 ��𝑠𝑠𝑠𝑠𝑚𝑚� 𝐴𝐴𝑖𝑖𝑒𝑒 −𝑏𝑏𝑖𝑖𝑒𝑒 ��
2
� (11) 

5.8 Unique non-dominated sorting  

The weighting of the objective functions was enforced using principles from the NSGA-II ap-
proach to avoid localised stalling and protracted computational time. We extended on this 
method, by sorting the final population for each generation with the best unique solutions from 
the combined populations, i.e., the previous generation population, the offspring population, and 
the mutant population. During experimentation, this modified approach not only improved the 
range of solution exploration, but also improved population diversity across generations. The 
method initially groups solutions according to pareto front rankings; thereafter, the solutions 
are sorted according to their individual crowding distances within each rank. Solutions are then 
compared to each other and the top unique 200 (population size) solutions were passed on to 
the next generation. When there were less than 200 unique solutions the algorithm added dupli-
cate solutions from the top-ranking solution going down, to fill the required number.  

For a single minimisation objective function, solution Z(𝑥𝑥1) dominates solution Z(𝑥𝑥2) if the 
value of 𝑥𝑥1is less than that of 𝑥𝑥2. When a second minimisation objective is introduced, Z(𝑥𝑥1,𝑦𝑦1) 
dominates Z(𝑥𝑥2,𝑦𝑦2) if and only if (𝑥𝑥1 ≤ 𝑥𝑥2 and  𝑦𝑦1 ≤ 𝑦𝑦2) 𝑎𝑎𝑎𝑎𝑎𝑎 (𝑥𝑥1 < 𝑥𝑥2 𝑜𝑜𝑜𝑜 𝑦𝑦1 < 𝑦𝑦2). The Boolean 
result from this expression was used to identify non-dominated solutions across populations 
and assign rank accordingly. Where 𝑁𝑁 is the total number of fronts/ranks for each generation, 𝐹𝐹 
is the pareto front, and 𝑀𝑀 is the total number of objectives, the crowding distance (𝑎𝑎𝑖𝑖) for each 
solution was calculated using the equation: 

𝑎𝑎𝑖𝑖 = � �
𝐹𝐹𝑖𝑖(𝑍𝑍𝑗𝑗)(𝑖𝑖 + 1) −  𝐹𝐹𝑖𝑖(𝑍𝑍𝑗𝑗)(𝑖𝑖 − 1) 

𝐹𝐹𝑖𝑖𝑗𝑗𝑖𝑖𝑚𝑚 −  𝐹𝐹𝑖𝑖𝑗𝑗𝑖𝑖𝑖𝑖

𝑀𝑀

𝑗𝑗=1

𝑁𝑁

𝑖𝑖=1

   ∀ 𝑖𝑖 (12) 

6. Results and discussion 
The problems were solved on MATLAB R2021a running on a personal computer with a 2.70 
GHz, 7th generation Intel i7 processor and 8 GB RAM. The GA was run for 1000 generations to 
ensure complete evolution stall for each problem. The results are detailed in Table 3.  

Table 3 Post optimisation data 
No. 
of 

parts 

No. of 
machines 

𝐿𝐿𝐿𝐿 
/ 

UB 

No. of 
constraints 

No. of 
non-zero 
variables 

No. of 
unique 

solutions 

Min. 
cycle 
time 
(h) 

Average 
Machine 

utilisation 
(%) 

Lowest 
obj. 1 val. 
R(ZAR) 

Lowest 
obj. 2 val.  

kgCO2 

4 8 1/5 1251 1104 31 7059 56-74 970,910 161,682.5 
7 9 1/7 2223 1782 73 66 52-67 5,236,400 445,827.8 
8 6 1/5 1773 1908 128 689 61-70  342,518 105,210.1 

Valuable insights can be extracted from the consistency of the concave shape of the pareto fronts 
resulting from the optimisation, depicted in Fig. 2 and Fig. 3. It suggests that the model does not 
favour a particular data set, and that the results are not problem biased. Furthermore, it sug-
gests a conflicting relationship between the objective functions, implying a non-linear trade-off 
between the two. This is expected since the objective functions have a complex non-linear rela-
tion to each other. 

The pareto front’s concavity is owed to the different aspects each term in each objective func-
tion seeks to optimise. In Eq. 1, the first term seeks to minimise the number of machines held in 
each period, while the first term in Eq. 2 seeks to minimise the changes in the machines held. 
These terms compete for dominance over machine allocations. Although the fifth term in Eq. 1 
and the second term in Eq. 2 both seek to reduce machine relocation, they too will conflict over 
the particular machines to be moved as one objective favours moving cost effective machines 
and the other environmentally friendly machines. This conflict stems from the difference in 
weighting for the machines for each objective. Another dynamic relationship observed is be-
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tween term 2 of Eq. 1 and term 3 of Eq. 2, as one seeks to minimize the utilization of machines 
while the other seeks to maximise machine utilisation. Some linearity is shared by term 3 of Eq. 
1 and term 4 of Eq. 2 as they both seek to minimise intercell material handling. However, they 
are limited by the social objective imposed by constraint Eq. 7 which prohibits the overloading 
of machine operators with multiple different operations. This inclines the model to create larger 
cells with a higher number of machines and less intercell movement, or fewer machines with 
higher intercell material handling. The cell upper bound constraint Eq. 5 also influences the 
model on the machine placements by adding a ceiling to the permissible cell sizes.  

      
(a)                                                                                                      (b) 

Fig. 2 Pareto fronts of: (a) problem 1, (b) problem 2 

 
Fig. 3 Pareto front of problem 3 

It is worth noting that when these problems were solved by previous researchers, their work did 
not consider environmental and social objectives, hence, their work is not directly relatable to 
ours on a one-to-one comparison. However, from a holistic perspective, the pareto front shows 
that the most cost-effective solutions are not the most environmentally friendly ones. Rather, 
solutions are a compromise between the two objectives. Since the social objective is embedded 
in the model constraints, it is observed in each solution. Although we have suggested selecting 
each problem’s solution based on minimum cycle time, or highest machine utilisation, the exist-
ence of multiple unique solutions presents opportunity for additional post optimisation pro-
cessing that could reveal more insights and improved practicality. Some post optimisation pro-
cessing could include a sensitivity analysis on the different parameters of each problem, or a 
clustering analysis to identify solution groups with similar trade-offs. However, the most practi-
cal post optimisation assessment would be developing quality metrics to narrow down pre-
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ferred solutions. These metrics could analyse the volume and/or direction of material flow per 
solution, and/or the traffic of machine relocations. These metrics are not considered in the mod-
el but could greatly affect the safety in a production environment, and the human efforts needed 
to calibrate equipment once it has been moved. Ultimately, the pareto front of unique solutions 
to choose from provides decision makers options for informed decision making. Once a system 
has been optimised, a project budget together with an environmental assessment of acceptable 
emissions can be used to select the best layout according to project specifications on a case-by-
case basis. 

7. Conclusion 
It is known that DCMS are NP hard problems. We proposed a multi-objective mathematical 
model to solve a novel multiperiod DCMS model which was NP-complete. The problems were 
formulated as binary integer programming models and solved heuristically by a NSGA-II ap-
proach. The model has two objective functions that aim to minimise economic cost, and envi-
ronmental impact of production. A social aspect of the model was introduced through a set of 
constraints. The penalty method was used to enforce the model constraints. Three numerical 
example problems from literature were solved to demonstrate the effectiveness of the genetic 
algorithm, and a pareto plot was generated for each problem. From post experiment analysis, it 
was observed that all the pareto fronts were concaved and that the generated plots suggested 
solutions which were a weighted compromise between the two objectives. The results indicate 
that incorporating an environmental objective produces alternatives that are not only economi-
cally viable but also socially and environmentally responsible. Future enhancements to the mod-
el could include factors such as intracell workload balancing, lot splitting, inventory holding, and 
outsourcing. 
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A B S T R A C T A R T I C L E   I N F O 
It is indisputable that some type of coordinate measurement system (CMS) is 
generally used to assess the quality of dimensional and geometric characteris-
tics. Considering the required accuracy, flexibility, and speed of measurement, 
a CMM with a scanning sensor may offer the best performance. These measure-
ment systems are very complex, and many factors affect the reliability of the 
measurement results. A Metrologist’s choice represents the greatest variability 
in the measurement strategy. Previous research has shown that the measure-
ment results can be changed up to 100 % by choosing a different measurement 
strategy when evaluating the form error. This paper conducts a detailed study 
of the impact of the measurement strategy on the cylindricity error when meas-
uring eleven workpieces with the same nominal characteristics, but different 
real characteristics described by roughness and the reference value of cylin-
dricity. To examine the influence and importance of certain factors and their 
levels, design of experiment (DoE) and unsupervised machine learning tech-
niques of PCA (Principal Component Analysis) and Multiple Correspondence 
Analysis (MCA), were used. The results suggest that depending on the real ge-
ometry of the workpiece, different factors with different percentages influence 
the output characteristic. The objective was to choose a uniform measurement 
strategy when measuring cylindricity on the CMM, while the prior information 
about the actual geometry of the workpiece is lacking. 

 Keywords: 
Coordinate Measuring Machine 
(CMM); 
Measurement strategy; 
Accuracy; 
Principal component analysis; 
Multiple correspondence analysis; 
Unsupervised learning 

*Corresponding author: 
strbacb@uns.ac.rs 
(Štrbac, B.) 

Article history:  
Received 17 April 2024 
Revised 27 June 2024 
Accepted 30 June 2024 

Content from this work may be used under the terms of 
the Creative Commons Attribution 4.0 International 
Licence (CC BY 4.0). Any further distribution of this work 
must maintain attribution to the author(s) and the title of 
the work, journal citation and DOI.

1. Introduction
Quality assessment of dimensional and geometric product specifications in the field of precision 
engineering is generally performed on some type of coordinate measuring system (CMS). In the 
last two decades, various versions of CMS have appeared, such as coordinate measuring machine 
with contact and non-contact sensors, photogrammetry, measuring arms, non-contact (optical 
and laser) scanners, industrial CT, etc. [1]. Each type has its advantages and disadvantages, which 
are primarily reflected in the accuracy of measurement, flexibility, the amount of information col-
lected from the workpiece (points), inspection time, price, etc. [2, 3]. Considering all the above 
requirements, perhaps a coordinate measuring machine (CMM) equipped with a contact-scanning 
sensor is the most optimal solution for the verification of the narrow specification requirements 
imposed by the functional requirements of the workpieces. However, CMMs are very complex 
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measurement systems and there are numerous influencing factors and their interactions that con-
tribute to a large range of dispersion of results, which can be correlated with measurement un-
certainty [4]. It seems that the assessment of measurement uncertainty remains within the frame-
work of laboratory measurements for calibration and even theory for practical industrial meas-
urements. So far developed methods for measurement uncertainty assessment such as GUM or 
series of ISO 15530 standards either have many limitations and/or require calibrated parts, re-
peated measurements, development of simulation methods, etc. [5-11]. For this reason, measure-
ment uncertainty is generally not given with the results of practical measurements, although it is 
the only indicator of the quality of the measurement results, and the maximum permissible error 
(MPE) is often taken as an indicator of the quality of the measurement. Also, repeatability and re-
producibility studies are not effective with CMMs because they are automated measuring systems. 
 In the total uncertainty budget of the CMM, e.g. according to ISO 15530-3, which is considered 
a reference standard, it figures the uncertainty of calibration of the workpiece, repeated measure-
ments, temperature effects, while the measurement strategy is not considered because it is the 
same for all 20 repeated measurements required by the standard [6]. However, a certain issue is 
the selection of the measurement strategy because the specification operators are not complete, 
and the selection of the measurement strategy is left to the operator [12]. The results of some 
measurement strategies may show compliance with the specification while others may not. Also, 
the actual dimensions of the parts from the production that are measured always remain un-
known, so no judgment can be made about the "good" or "bad" chosen measurement strategy. 
Under the measurement strategy of CMM can be considered the number and position of measure-
ment points on the observed feature, the criteria for creating a fitted geometry, the choice of the 
tip of the measuring probe and, if they are scanning contact sensors, the scanning speed and fil-
tering. Yes, current research has shown that these parameters in interaction with the form devia-
tion of the measured primitive really affect the measurement uncertainty [13, 14]. Uncertainty 
factors originating from geometrical errors of the CMM, and measurement sensor cannot be con-
trolled because they are inherent to the measuring instrument and will always be present in the 
overall measurement result, but the uncertainties originating from the choice of measurement 
strategy can be greatly influenced by choosing the optimal measurement strategy for ordered 
measurement task. In papers [15, 16], the selection of the optimal number of points was made for 
obtaining measurement values that are close to "actual". Certainly, the number of points tending 
to infinity would be the best for describing actual geometry, but it is not economically justified, 
and in these publications, it was shown that depending on the processing procedure, the number 
of optimal points also depends on the example of flatness measurement. These studies have 
shown that the choice of strategy when evaluating the form error depends primarily on the pro-
cessing procedure used to obtain the workpiece, and the value of the mean arithmetic roughness 
was used as input information. 
 The aim of this work is not to evaluate the measurement uncertainty but to demonstrate how 
much the choice of measurement strategy with contact scanning sensors can affect the scattering 
of results when measuring cylindricity on workpieces that are of the same nominal dimensions 
but were manufactured with different processes, different settings and are characterized by devi-
ations in the quality of the surface. To examine the variability of measurement results due to a 
change in measurement strategy, the design of the experiment was used. In addition, using dimen-
sionality reduction tools, i.e. Principal Component Analysis (PCA) and Multiple Correspondence 
Analysis (MCA), the optimal solution of measurement strategies has been determined by consid-
ering all objects with same nominal dimensions but with deviations in geometry. 

2. Methodology 
2.1 Experimental setup 

To choose the optimal strategy for measuring cylindricity on a CMM in scanning mode, eleven 
workpieces were manufactured. All workpieces had the same nominal dimensions, an outer di-
ameter of 12 mm and a height of 14.9 mm and are made by different technological procedures, 
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grinding and turning, with different cutting parameters to achieve variability in terms of form 
error and roughness of the processed surface, Fig. 1. The samples selected in this way cover a wide 
range of imperfections of real workpieces that can be found in practice when it comes to cylindri-
cal workpieces. The measure of the diversity of the workpieces is the difference in the mean arith-
metic roughness Ra and the reference (actual) cylindricity CYLtref, which was obtained by meas-
uring the workpieces on the Roundtest, Table 1. The results obtained on the Roundtest were used 
as target (desired) values of cylindricity and were used to optimize the measurements on CMM. 
Roundtest is a measuring instrument specialized for measuring form error, primarily circularity, 
and cylindricity, and is used to verify very narrow specification limits and generally has a much 
higher accuracy than coordinate measuring machines. For the purposes of this experiment, 
Roundtest RA-2200AS Mitutoyo, radial rotational accuracy (0.04+6H/10000) μm was used; H is 
measuring height in mm and axial rotational accuracy (0.04+6X/10000) μm; X is the distance from 
the rotation center in mm. The workpieces were measured with a measuring probe of 0.75 mm in 
radius, with twelve concentric circles (each circle contained 7000 points), and a Gaussian-
50%Low [50 UPR] filter was used. Fig. 2 shows the measurement report from the roundtest for 
cylinder 7. 

Following the roundtest measurements, workpieces were measured on a coordinate measur-
ing machine Carl Zeiss Contura G2 (Oberkochen, Germany), with the RDS rotating head and VAST 
XXT tactile sensor. The helix measurement strategy was used during the experiment, applying the 
scanning method. The maximum permissible error of the machine in the scanning mode is 
MPETHP/τ = (2.2 + L/330) µm, defined according to DIN EN ISO 10360-4:2001. The measurements 
were conducted in the temperature-controlled environment of 20 ±0.5 ℃. At about 80 % of the 
total height of the workpieces, points were sampled for the creation of substitute geometry, using 
the minimal zone method (MZ) and estimation of cylindricity. 
 Based on previous research and experience data, it was observed that the factors like diameter 
of the tip of the measuring probe, scanning speed, number of sampled points and filtering have 
the most influence on the error of cylindricity and are related to the measurement strategy on the 
CMM. To quantify the influence of individual factors on the variation of the output characteristics, 
the Methodology of the response surface - Box Behnken experiment design was used. The factors 
and levels used are shown in Table 2. The choice of factor levels was based on experience from 
practical measurements and the capabilities offered by CMM hardware and software. 
 

Table 1 Measured values of the roughness parameter Ra and cylindricity, both in µm 
Cylinder number 1 2 3 4 5 6 7 8 9 10 11 

Ra  0.28 1.27 1.57 1.80 3.69 5.21 4.49 7.01 11.62 11.56 15.37 
CYLtref 5.57 9.40 16.86 11.11 25.07 24.12 21.90 29.22 46.40 46.01 116.96 

 

  
Fig. 1 Sample of workpieces Fig. 2 Cylindricity result on Roundtest 
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Table 2 Factors used in Box-Behnken DoE in CMM measurement 

Factors Levels  
-1 0 1 

Measuring speed  5 35 100 
Number of points 25 75 125 
Stylus type diameter 2 3 5 
Filter Without Cut-off 0.8 Cut-off 8 

 
 Measuring speed significantly impacts the measurement accuracy of CMMs. High scanning 
speeds can introduce dynamic flexibilities that affect measurement accuracy [18]. Ali et al. ex-
plored the impact of scanning speed and fitting algorithms on measurement results for cylindrical 
standards. They investigated five different scanning speeds in combination with many available 
fitting algorithms and concluded that for roundness measurements of the standard, the maximum 
inscribed fitting technique and 2 mm/s scanning speed give the lowest potential for errors [20]. 
Urban et al. investigated the influence of scanning speeds in the range from 2 up to 40 mm/s and 
the average deviation from reference size and roundness of gage rings. Evaluation of the experi-
ment revealed that the scanning speed value used in combination with different radii of measured 
circular path quite fundamentally affects the accuracy and precision of measurement because in-
creasing speed leads to increasing deviations due to the inertia of CMM construction. This increase 
is more pronounced for smaller diameters. For the roundness measurement, the same trend can 
be detected. Up to 6 mm/s speed, deviations are approximately the same for different ring gages, 
but above this speed, significant differences are observed [21]. Stępień [19] also investigated the 
influence of selected measurement parameters and strategy on the evaluation of form deviation 
values. Flatness and straightness were measured with five different scanning speeds and a num-
ber of sampling points. For the straightness evaluation, he chose a cylindrical workpiece. Like in 
the previous research, results indicate that form deviation increases along with the increase of 
scanning speed, without changing the number of sampling points. 
 The CMM inspection is based on a discrete measurement strategy, which is inherently an ap-
proximation process. If the sample size is infinite, the error in approximation approaches zero, 
and whenever the sample size is finite, the error must be non-zero. Since the number of points 
must be finite and much smaller than the number of points required by the ideal specification 
operator, the user of a CMM must plan the right measurement strategy to achieve the highest pos-
sible measurement accuracy [22]. The set of sample points is assumed to represent the feature 
being measured. These sample points are used to create the substitute profile for the feature being 
measured. The substitute profile is compared with the design profile to determine conformance 
to the specification. Intuitively, an increased sample size could lead to better characterization of 
the profile, however, the sample size is often limited by cost and time constraints. Thus, for a given 
sample size, the measurement strategy used must determine the locations and number of these 
measurement points such that the actual form may be effectively characterized [23]. 
 Dimensional measurements performed by a CMM typically include all measured data points in 
an “as collected” manner. In other words, the raw, measured data points were directly analyzed 
without any pre-processing. However, as data densities have increased there has been an in-
creased awareness that there is a great deal of “noise” in these “high density” data sets. This 
“noise” can be the result of such things as the surface roughness of the component being measured 
or due to errors in the measurement system like vibration. In many cases, it is desirable to filter 
out this “noise” to arrive at a more stable data set that is perhaps more indicative of the attributes 
that are to be assessed. In this regard, filtering methodologies have been put forth. These meth-
odologies have been very common in the context of roughness and roundness measurement and 
are now making their way into other dimensional metrology applications [24]. According to 
Weckenmann [13], one factor in measurement strategy that has been largely ignored and has a 
significant impact on the results of coordinate measurements is the filtration of measurement 
points. From the experiments conducted on the geometrically ideal cylinder and the cylinder sub-
ject to deviation (mean value and standard deviation) effect of different cut-off values of the 
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Gaussian filter on the parallelism deviation is evident. For the range from 2000 up to 5000 sam-
pled points, the lowest deviation, on both cylinders is acquired with the use of λc = 8.0 mm cut-off 
value, and the largest deviation is present where there is no filtration of sampled points. 
 The Stylus tip measurement diameter introduces mechanical filtration for sampling deviations 
from the workpiece. This factor is particularly important when measuring roundness because it 
filters out the effect of roughness and waviness on the form error [9]. Due to the finite size of the 
stylus, it is unable to access some deep valleys, and thus the measured surface is not the true sur-
face but an approximate one, i.e. the mechanical surface. Normally the rougher the surface is, the 
more obvious the mechanical filtering effect will be. For the measurement of workpiece surfaces, 
the distortions caused by the tip mechanical filtration effect noticeably influence measurement 
accuracy [25]. 

2.2 Principal component analysis 

Principal Component Analysis (PCA) is a multivariate statistical and unsupervised machine learn-
ing technique used for dimensionality reduction. Namely, the PCA transforms original set of vari-
ables p into a new set of uncorrelated variables by ordination, commonly referred to as principal 
components (PCs). These PCs are ordered by the amount of variance they capture from the origi-
nal dataset. Thus, the PC1 accounts for the highest variation present, followed by PC2,…,PCn. It is 
important to note that ordination of PCs is under the constraint that they orthogonal on each pre-
vious PC. Performing the PCA analysis is conducted through a linear algebra and eigenvalue de-
composition of a covariance and a correlation matrix. Let us consider that the original dataset X 
of dimensions n × p, where n represents the number of observations, in our case measurements, 
while p represents the number of variables, in our case cylinders. Next, the PCA then converts the 
original set of variables into a set of uncorrelated variables (PCs), which capture the maximum 
amount of variance [26]. 
 Explaining the procedure analytically, the first step of PCA is to perform standardization of the 
original dataset by z standardization. The underlying reason is that some variables may have dif-
ferent scales and range, which in turn, influence the PCA results. The common practice is to stand-
ardize dataset having the mean of 0 and a standard deviation of 1. The standardized dataset or 
matrix Z is then expressed as: 

𝑍𝑍 =
𝑋𝑋 − 𝜇𝜇
𝜎𝜎

, (1) 

where μ and σ are mean and standard deviation of the original dataset, respectively. After stand-
ardization, the covariance matrix C is computed to gain insight into variance and covariance of 
shared variables. The covariance matrix is then given by 

𝐶𝐶 =
1

𝑛𝑛 − 1
𝑍𝑍𝑇𝑇𝑍𝑍, (2) 

where ZT is just transposed Z data matrix. After obtaining covariance matrix C, the eigenvalue de-
composition is performed. In this step, the PCA computes eigenvalues and eigenvectors of the co-
variance matrix. The eigenvectors represent the direction of the maximum variance (PCs), while 
eigenvalues depict magnitude of the respected PC variance. The eigenvalue is expressed as: 

𝐶𝐶𝜐𝜐𝑖𝑖 = 𝜆𝜆𝑖𝑖𝜐𝜐𝑖𝑖, (3) 

where vi is the eigenvector and the λi is the eigenvalue of the covariance matrix. The eigenvectors 
obtained are ordered by decreasing eigenvalues. The first k principal components account for 
most of the variance in the data, where k is chosen based on the cumulative percentage of variance 
explained, in our case using a scree plot. The ordination into a new space is projected by k-dimen-
sional feature space (where k < p) based on the selected eigenvectors that form new feature space 
via PCs. This transformation is obtained by 

𝑌𝑌 = 𝑍𝑍𝑉𝑉𝑘𝑘, (4) 
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where Vk is the projected data matrix containing k selected (by order) eigenvectors, while Y rep-
resents dataset in the reduced feature space. It is important to note that simplification, i.e. trans-
formation into lower-dimensional space is performed through linear combinations of uncorre-
lated principal components. Such transformation, although provides a more insightful under-
standing of the underlying structure of the dataset, is linearly dependent. Lastly, after obtaining 
lower dimensional space, our idea is to allocate (potential) clusters that share the most variance 
with projected reference measurement xi, ref from which we can obtain the factor set. However, 
instead of using additional machine learning algorithms, such as k-means, Agglomerative Hierar-
chical Clustering, or similar distance-based metrics, we turn attention to allocating the similarities 
between groups by using correspondence analysis techniques. The underlying reason for such an 
approach is that the method deals with categorical data, unlike clustering techniques that require 
numerical and continuous data for performing distance-based analysis (e.g., Euclidian distance).  

2.3 Multiple correspondence analysis 

The Correspondence Analysis (CA) is another dimensionality reduction technique that is, unlike 
PCA, used for categorical variables. Namely, the CA is performed by transforming original dataset 
of categorical variables into contingency tables. Thus, it accounts for count data between, for in-
stance, two categorical variables. After obtaining frequencies via contingency table, the CA then 
projects the association between specific categories using Pearson’s χ2 distance metric [17]. The 
contingency table(s) consider I categories (rows) of specific variable pi, where i = 1, 2,…,I, and J 
categories (columns) of variable pj, where j = 1, 2,… ,J. Thus, the value in the dataset xi,j corresponds 
to the value of a variable with i rows and j columns, which consits of l instances. This can usually 
be performed by pivot tables accounting for frequencies between two categorical variables. Unlike 
proposed simple CA, which is constrained to the use of only two variables, the Multiple Corre-
spondence Analysis (MCA) is able to perform singular value decomposition by using multiple cat-
egorical variables. 

The process of MCA includes decomposition of matrix of indicator variables formed by trans-
forming original set of categorical variables into a binary set of variables. In this case, however, 
the MCA computes only column profiles, i.e. J categories. Thus, the MCA performes weighted-PCA 
of the indicator matrix L, where L = I × H. The levels of categorical variables ph, such that h = {1, 
2,…,H}, which is a binary representation of column profiles, i.e. categorical levels of variables, 
while I is number of observations i = 1, 2,…,I. If the number of categories are Ch, where h = 1, 2,…,H 
then there is Ch – 1 dimensions. Performing the calculation of the correspondence matrix P, from 
an indicator matrix L, is derived by dividing each element from the number of observations I to 
obtain relative frequency, i.e. probabilities as 

𝑃𝑃 =
1
𝐼𝐼
𝐿𝐿𝑇𝑇𝐿𝐿 , (5) 

where LT is the transposed indicator matrix L. As same as in PCA, the singular value decomposi-
tion, which are core for dimensionality reduction techniques, is performed on the correspondence 
matrix P: 

𝑃𝑃 = 𝑈𝑈𝑈𝑈𝑉𝑉𝑇𝑇 , (6) 
where U and V are the orthogonal matrices representing singular vectors, which are actually co-
ordinates in the reduced data space. The D is the diagonal matrix of containing singular values 
(square root of eigenvalues), which represent the inertia (a counterpart to variance in continuous 
variables) of an MCA, of each dimension. The total inertia of the dataset, and each singular value 
in D, represents the amount of inertia explained corresponding dimensions. Same as PCA, the cu-
mulative inertia (scree plot) is commonly used to estimate the amount PCs retained. Lastly, we 
used an MCA biplot, by referring to clusters of PCA and binary factor variables, to come to conclu-
sion which factors contribute the most to the reference value. 
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3. Results and discussion 
Minitab 21® software was used for statistical analysis of experimental results. Each workpiece 
was measured according to the experiment plan and a total of 45 measurements were performed 
on one workpiece with 9 measurements at the central point. The adequacy of the model (R-sq) for 
all workpieces exceeds 90 %, which indicates that an adequate selection of factors was made and 
that the variations are well described by the obtained models. Analysis of variance (ANOVA) was 
used to determine statistically significant factors on the cylindricity of all workpieces. Fig. 3. 
proves the fact that the choice of measurement strategy can increase or decrease the measure-
ment result by more than 100 %. The pictures show box-plot diagrams of the dispersion of the 
cylindricity measurement regarding different workpieces. In Fig. 4. p-values of individual factors 
are shown. It is possible to observe that the scanning speed and the stylus tip diameter are statis-
tically significant for all workpieces since the p-value is below the significance threshold α = 0.05 
and a two-sided confidence interval of 95 %. The factor "number of points" is significant in the 
case of measuring cylindricity with the highest value of surface roughness (cylinder 11), while the 
filtration of sampled points is significant for cylinders 3 and 11. Also, a significant range of p-val-
ues for the number of points and filtration can be observed. Although the observation of the influ-
ence of individual factors leads to the conclusion that in most cases factors such as the number of 
points and the filtering of points should be omitted, the analysis of the interactions of individual 
factors leads to a different conclusion. For most workpieces, interactions of a number of points 
and filtration are significant. 
 

 
Fig. 3 Variability of measurement results depending on the applied measuring strategy 

 

 In Fig. 5 a combined diagram of the main effects for all workpieces is shown. The identification 
of optimal factor levels using the main effects diagram is usually a simple procedure where those 
factors that are closest to the optimal value defined by the user are selected. The optimal values, 
in this case, represent different values of cylindricity that were obtained on the roundtest (Table 
1). As mentioned earlier, the workpieces differ significantly due to the different manufacturing 
processes. For example, in Fig. 6. reference values of cylindricity can be seen for cylinders 1, 5, and 
11. For cylinder 1, for example, the optimal levels of the factors are: scanning speed – 5 mm/s; the 
number of points – 75; stylus tip diameter – 2; filter – cut off 8. For cylinder 5, the optimal factor 
levels are: scanning speed – 5 mm/s; the number of points – 25; stylus tip diameter – 5; filter – cut 
off 8. For cylinder 11, the optimal levels of factors are: scanning speed – 5 mm/s; the number of 
points – 25; stylus tip diameter – 5; filter - cut off 8. Identification of an optimal combination of 
factor levels for all workpieces is a serious challenge. When choosing a measurement strategy, the 
CMM programmer, in most cases, will not know the values of the quality characteristics such as 
the form error and the quality of the machined surface, and this way of finding the optimal values 
of the factors requires significant resources. 
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Fig. 4 p-values of individual factors for different cylinders 

 

 
Fig. 5 Combined main effects plot for different workpieces 

 

 This study showed that the choice of factor levels and their percentage in the total variability 
of the measurement results depends on the real characteristics of the workpiece, even though 
they have the same nominal characteristics. In practical measurements, the real geometry of the 
workpiece is unknown, i.e. it is not determined before measuring on the CMM. To estimate optimal 
solution in the selection of the measurement strategy for measuring the cylindricity, we rely on 
unsupervised learning and dimensionality reduction tools of PCA (Principal Component Analysis) 
for quantitative data, and MCA (Multiple Correspondence Analysis) for qualitative data. 

3.1 Principal component analysis result 

The PCA scree plot (Fig. 6) shows that the first two components explain up to 83.8 % of the vari-
ance, while the first three components show 98.9 % of variance, suggesting excellent ordination 
properties. Interpreting the results in combination with all three components suggest that much 
of the information is retained. Indeed, observing the distribution of the points on PC’ axes, the 
distributions (Fig. 7) suggest highest frequency points in PC1 and PC2. In fact, there are potential 
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clusters observed by frequencies all three components, while PC4-PC6 retains only 1.1 % of the 
variance. 
 

 
Fig. 6 Combined main effects plot for different workpieces 

 After projecting the points on the first three PCs, the results suggest three clusters (Fig. 8). In 
addition, we conducted additional exploratory analysis in the rest of the components, and the 
spread of the data did not suggest additional clustering, which is suggested by the distribution 
plots (Fig. 7). Given the reference value X46_Ref, our interest is to allocate clusters that share the 
most variance with this point. Thus, in all three ordinations these points are retained within the 
Cluster 1 (points X5, X10, X16, X20, X21, X23, X24, X27, X31, X32, X37, X44, X46). 
 

 
Fig. 7 Distribution plots of PC1 (top-left); PC2 (bottom-left); PC3 (top-right); PC4 (bottom-left) 

 
After performing the PCA, labelling of clusters is performed (Fig. 9). Measurement speed 5 was 

perfectly associated with Cluster 1 (Fig. 9b). The results of the filter (Fig. 9a), and number of scan-
ning points (Fig. 9d) did not provide good clustering properties, while using different measuring 
diameters (Fig. 9c), the results show almost perfect classification to Cluster 2. Nevertheless, given 
that performed clustering using factors from experimental setup did not provide full understand-
ing of factors associating with reference value, we performed an MCA. The idea of performing an 
MCA analysis is to allocate factors that have the highest contribution to the associated measure-
ments with respect to the reference value of measurements. 
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Fig. 8 Ordination using PC1 (x-axis) and PC2 (y-axis) 

 

 
Fig. 9 PCA 3D ordination using classes (a) filter; (b) measurement speed; (c) diameter; (d) number of scanning points 
 

3.2 Multiple correspondence analysis results 

After performing a sequential construction of axes with the MCA, the eigenvalue decomposition 
shows that the first two components capture 38.75 % of the inertia (Fig. 10). Given that our main 
intent of using an MCA is to allocate factors associated with the Cluster 1, which contains the ref-
erence value, we relied on the quality of the interpretation and contribution associated with this 
cluster (Table 3). The MCA shows > 90 % quality of interpretation of clusters, where measurement 
speed 5 is perfectly association with Cluster 1, suggesting that measurement speed 5 has the high-
est impact for aligning the results of measurement to the reference value. 
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Fig. 10 MCA ordination biplot using PC1 (x-axis) and PC2 (y-axis) including the scree plot (top-left) 

 
Table 3 Association between factors and clusters 

Name  Qual Mass Inert Coord Corr Contr Coord Corr Contr 
Cluster_1 0.998 0.053 0.073 -1.630 0.966 0.352 0.295 0.032 0.012 
Cluster_2 0.942 0.040 0.080 0.923 0.213 0.085 1.708 0.729 0.313 
Cluster_3 0.961 0.107 0.047 0.469 0.251 0.058 -0.788 0.710 0.178 
Meas_Speed_5 0.998 0.053 0.073 -1.630 0.966 0.352 0.295 0.032 0.012 
Meas_Speed_35 0.328 0.093 0.053 0.611 0.327 0.087 -0.034 0.001 0.000 
Meas_Speed_100 0.134 0.053 0.073 0.560 0.114 0.042 -0.236 0.020 0.008 
No_Points_25 0.005 0.053 0.073 0.085 0.003 0.001 0.082 0.002 0.001 
No_Points_75 0.016 0.093 0.053 -0.097 0.008 0.002 -0.093 0.008 0.002 
No_Points_125 0.005 0.053 0.073 0.085 0.003 0.001 0.082 0.002 0.001 
Meas_Diameter_2 0.134 0.053 0.073 -0.023 0.000 0.000 -0.607 0.134 0.053 
Meas_Diameter_3 0.282 0.093 0.053 -0.166 0.024 0.006 -0.542 0.257 0.074 
Meas_Diameter_5 0.916 0.053 0.073 0.313 0.036 0.013 1.556 0.881 0.346 
Filter_W 0.000 0.067 0.067 0.000 0.000 0.000 0.000 0.000 0.000 
Filter_08 0.000 0.067 0.067 0.000 0.000 0.000 0.000 0.000 0.000 
Filter_8 0.000 0.067 0.067 0.000 0.000 0.000 0.000 0.000 0.000 
Note: Qual = Quality of interpretation; Mass = Proportion of the presence of the variable in complete dataset; Inert = In-
ertia; Corr = Correlation; Contr = Contribution to the cumulative inertia. 

3.3 Independent Chi-square and ANOVA 

To validate our findings we report χ2 independence test. Namely, we used contingency tables 
formed between clusters and categorical variables. The obtained findings did not show any statis-
tically significant dependency between clusters and filter. In fact, there was a spread of the same 
values across all categories (χ2 = 0; p = 1.0). The test statistic considering number of points also 
did not provide any statistically significant results (χ2 = 0.804; p = 0.938). However, the test con-
sidering measuring diameter reports statistically significant association with clusters (χ2 = 
33.549; p < 0.001; VS-MPR = 28713.66). Most importantly, as observed in the MCA biplot (Fig. 11), 
the statistically significant relationship exists between clusters and measurement speed (χ2 = 
45.067; p < 0.001; VS-MPR = 4.931 ∙ 106), with reported high strength of the relationship (Cramer’s 
V = 0.708). The performed analysis suggests that low measurement speed directly contributes to 
the improved cylindricity measurement “accuracy”. 
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(a) 

 
(b) 

Fig. 11 Box plot of measurement speed (a) and QQ plot (b) 

Table 4 ANOVA Analysis 
Cases SSQ df MSQ F p VS-MPR η2 η2r ω2 

Measurement speed 0.589 2 0.294 225.971 < 0.01 2.141*1020 0.915 0.915 0.909 
Residuals 0.055 42 0.001       
SSQ = Sum of Squares; MSQ = Mean Sum of Squares; VS-MPR = Volk-Sellke Maximum p—Ratio (odds in favor of H1 over H0, estimated as 1/-e*p*log(p)) 

Table 5 Bootstrapped Post Hoc Comparisons – Measurement Speed 
Meas. speed Mean 95%L 95%U SE bias* t Cohen's d pTukey pBonf 

5 : 35 -0.26 -0.276 -0.235 0.010 > 0.001 -19.665 -7.116 < 0.01 < 0.01 
5 : 100 -0.26 -0.276 -0.245 0.008 > 0.001 -17.661 -7.251 < 0.01 < 0.01 
35 : 100 -0.06 -0.029 0.023 0.013 > 0.001 -0.135 -0.135 0.927 1.00 
***p < 0.001; * Bias corrected accelerated. Bootstrapping is based on 1000 succesful replicates. Mean difference estimate is based on the median of the 
bootstrap distribution. p value and confidence intervals adjusted for comapring family of 3 estimates (confidence intervals corrected using the Tukey 
method). The Bonferroni correction for multiple comparison test is also report as pBonf. 

Finally, relying on the results from the obtained cluster 1 (with measurement speed 5), we first 
subtracted values from the reference point within the cluster and use sum and average values 
with absolute deviation from the reference point (Fig. 12). What can be concluded from Fig. 12 is 
that low scanning speeds will give results closer to the reference value, while a uniform solution 
cannot be obtained for other factors. In general, it can be concluded that there are strong interac-
tions between the number of points, the size of the diameter of the measuring probe, and filtering, 
and the operator should follow the guidelines from ISO 12180-2:2011 [27] regarding the Nyquist 
criterion when measuring. 

 
Fig. 12 Box plot of measurement speed (a), and QQ plot (b) 
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4. Conclusion 
This paper deals with a practical industrial problem that CMM operators face every day, i.e. choos-
ing a measurement strategy when measuring form error. A "bad" measurement strategy can lead 
to fatal decisions about rejecting good workpieces or letting bad workpieces pass the inspection. 
Since the complete specification operator is generally not indicated on the technical documenta-
tion, it is left to the machine operators to choose a strategy based on experience, while keeping in 
mind the economic imperative in terms of measurement time. Also in this study, the results of the 
measurements were compared with the reference value, and in this way, it was possible to reach 
the optimal levels of the considered factors. The general conclusion would be that when measur-
ing cylindricity on a CMM, the scanning speed should be low and the choice of other factors must 
consider the interaction of the tip diameter of the measuring probe, the number of measuring 
points and filtering with the real geometry of the workpiece. As directions for future analysis, the 
research could be extended to other geometric deviations such as straightness, flatness, and cir-
cularity. A dependency could also be established when choosing the tip of the measuring probe 
and the quality of the machined surface of the workpieces, it can be determined how many points 
need to be measured and which filter to use. 
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A B S T R A C T A R T I C L E   I N F O 
In recent years, the resource-sharing model has developed rapidly, and manu-
facturing enterprises have paid more attention to profit distribution and re-
source investment. Studying the role of fairness concern behaviour in enter-
prise resource-sharing decisions can provide strategic references for enter-
prises to implement resource-sharing. This article considers the fairness con-
cern behaviour of resource-sharing enterprises and constructs two symmetric 
evolutionary game models for resource-sharing. Based on the resource-sharing 
strategy when the enterprise is fair and neutral, a comparative study is con-
ducted on the impact of fairness concern behaviour on the resource-sharing 
equilibrium strategy. MATLAB is used for numerical simulation. The analysis 
results indicate that: (1) the system cost coefficient, information level coeffi-
cient, information loss coefficient, resource conversion ability coefficient, re-
source collaboration ability coefficient, and penalty factor all have an impact 
on the strategic evolution results of both parties in the game enterprise, (2) 
fairness concerns include heterogeneity, directionality, and reinforcement, 
which affect the resource-sharing strategies of enterprises. This study provides 
a reference for shared decision-making in manufacturing enterprises and pro-
vides recommendations for their business development. 
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1. Introduction
In recent years, the development of the sharing economy under the influence of the digital econ-
omy has activated the economic vitality of the China's market and received strong support from 
the government, the digital economy to accelerate the flow of information, technology, capital and 
other innovation factors to promote enterprise development [1]. Especially in China's rapid de-
velopment of the manufacturing industry, has occupied a certain position in the world based on 
the sharing manufacturing model in the era of digital economy came into being. As an important 
sector of China's economic development, the manufacturing industry is the key to high-quality 
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economic development and has a significant influence on economic transformation and upgrading 
[2]. The manufacturing industry itself is increasingly complex in production and manufacturing, 
making it difficult to maintain an advantage in market competition solely on its own. However, 
through the shared manufacturing model, resource-sharing among manufacturing enterprises re-
duces costs, is more efficient, and is more secure. The sharing platform serves as a "matchmaker" 
to connect the supply and demand sides of manufacturing resources [3], fully realizing the rational 
utilization of resources for manufacturing enterprises and improving resource utilization effi-
ciency. The resource-sharing behaviour involving multiple, diverse, and multi-manufacturing 
links gives impetus for the development of enterprises, drives the sustainable development [4] of 
manufacturing enterprises, and ultimately promotes the transformation and upgrading of the 
manufacturing economy. 

Both parties involved in manufacturing resource-sharing are not completely rational. Different 
manufacturing enterprises compete fiercely and generate irrational behaviours in the platform 
market, and such irrational behaviours are particularly evident in the competition among manu-
facturing enterprises with predominantly homogeneous or similar resources, and the same ap-
plies to enterprises that share resources for manufacturing. In this paper, enterprises participat-
ing in resource-sharing manufacturing are referred to as symmetric manufacturing enterprises, 
which manufacture products by sharing their own resources with other resource-sharing enter-
prises. Manufacturing companies hope to receive corresponding resource returns for the re-
sources invested in shared platforms. Once the expected returns are exceeded or not met, it will 
affect the company's shared manufacturing strategy. At the same time, when manufacturing en-
terprises perceive that other enterprises participating in resource-sharing receive higher profits 
than themselves, it will also have an impact on their sharing behaviour, which is not conducive to 
the development of shared manufacturing model. This type of enterprise's concern for the differ-
ence in profits between itself and other enterprises is a concern for fairness [5]. Fairness concern 
behaviour is mainly its decision-making process not only seek to maximise their own interests, 
but also concerned about the benefits of other manufacturing entities and the fairness of the dis-
tribution of issues. Fairness concern behaviour has been confirmed by multiple studies, and there 
is a fairness concern in the current process of manufacturing resource-sharing. This article studies 
the resource-sharing decisions of manufacturing enterprises under fairness neutrality and fair-
ness concerns. Based on evolutionary game theory, two symmetric evolutionary game models for 
enterprise resource-sharing are constructed. Taking as a reference the resource-sharing strategy 
when the enterprises are fairness-neutral, the impact of fairness concern behaviour on the re-
source-sharing equilibrium strategy is compared and the role of influencing factors is analysed 
using numerical simulations. 

The specific contributions of this article include: (1) investigating the equilibrium strategy of 
enterprise resource-sharing under fairness concern behaviour, (2) the different resource-sharing 
decisions of enterprises under fairness neutrality and fairness concerns, (3) investigating the sig-
nificant impact of fairness concern behaviour on resource-sharing and proposing a method of con-
trolling influencing factors to better achieve enterprise resource-sharing.  

2. Literature review 
In this section we review existing studies and provide a literature review of shared manufactur-
ing models, fairness concerns behaviour and evolutionary game theory to lay the foundation for 
the research in this paper. 

2.1 Research on shared manufacturing models 

In the era of sharing economy development [6], the role of the organisation as an infrastructure 
provider [7] has been gradually enlarged, shared factory models [8] and manufacturing sharing 
models [9] have been developed. These promote resource allocation and maximize resource uti-
lization. Billo et al. [10] proposed a shared manufacturing model based on shared manufacturing 
to help large-scale enterprises to consolidate their facilities into shared manufacturing facilities. 
Khoa et al. [11] presented a study of the sharing economy based on perceived value. Based on the 
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shared manufacturing model, an important challenge facing the sharing economy is how to allo-
cate resources so that both parties of the manufacturing enterprises can obtain the maximum 
benefits. For the benefit distribution problem of manufacturing enterprises after resource-shar-
ing, Liu et al. [12] explored the benefit distribution under the shared manufacturing model by 
designing a resource optimisation model that includes the benefits of the shared manufacturing 
platform. Local organisations acted as intermediate 'mediators' in the shared manufacturing pro-
cess, linking networks within and outside the cluster. It can be seen that the sharing platform in 
the shared manufacturing model can become an organisation for constructing enterprise alliances 
and a channel for enterprises to share manufacturing resources. 

2.2 Research on fairness concerns behaviour 

Early academic researchers mostly assume that people are rational and seek to maximise their 
interests. However, the distribution of benefits has been found to influence behavioural choices, 
triggering the fairness concern mechanism, which breaks through the limitations of the existing 
results, which are mostly fully rational, and makes the results of behavioural decisions more ac-
curate. Therefore, more and more studies have questioned the assumption of complete rational-
ity. For example, the trust game and the gift exchange game show that people care not only about 
themselves, but about fairness. The fairness concern exists in the resource-sharing strategy of 
manufacturing enterprises, Ho and Zhang [13] introduced fairness concerns into the supply chain, 
proving their actual existence and providing a descriptive utility function for fairness concerns. 
There are also some scholars who incorporate fairness concern into the study of pricing strategy 
and revenue coordination of supply chain subjects, for example, Wang et al. [14] investigated the 
impact of fairness concern behaviour on retail pricing strategies in supply chains from the per-
spective of the existence of retailers' fairness concern behaviour, and Zhang et al. [15] introduced 
fairness concern to solve the decision-making problem of green manufacturing in supply chains. 
In addition, fairness concern behaviour has also been introduced into group decision-making be-
haviour [16] and cost consensus studies [17]. 

2.3 Research on evolutionary game modelling of resource-sharing 

Scholars have conducted a lot of research on data sharing behaviour, such as Wang et al. [18] who 
constructed an evolutionary game model of data sharing among cooperative enterprises consid-
ering the role of government involvement, and Cao et al. [19] who considered an evolutionary 
game model of data sharing among enterprises in the context of smart manufacturing. Among 
them, Liu et al. [20] found that revenue and trust level are key in determining sharing behaviour, 
while the government plays an important role in regulating data sharing. Zhu et al. [21] explored 
the positive impact of data transformation capability on sharing behaviour. At the same time, cre-
ating the right incentives can address the risks of data sharing, such as Zhang et al. [22] based on 
the user characteristics in the context of the smart grid constructed a dynamic incentive mecha-
nism, the effective incentives for data sharing to provide a new way of thinking. The level of infor-
mation synergy [23] will have an important impact on the development of resource-sharing in 
manufacturing enterprises. With the development of advanced technology, the role of the plat-
form in the data sharing behaviour is very important, such as Liu et al. [24] explored the im-
portance of platform empowerment in the data sharing process. Resource-sharing can effectively 
promote the sharing of enterprise advantageous resources and reduce the development risk. 

In summary, through the existing literature found that data sharing is a hot issue in current 
research, but most of the research is to consider the data sharing between different subjects, and 
rarely discuss the symmetric enterprise resource-sharing problem under the shared manufactur-
ing mode from the perspective of fairness concern, and for the act of resource-sharing, the manu-
facturing enterprise cannot achieve its benefit target maximisation, and will also pay attention to 
the distribution of benefits at this time, and is not completely rational itself. The "limited rational-
ity" assumption of evolutionary game theory is in line with the research background of this paper. 
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3. An evolutionary game model of resource-sharing in symmetric enterprises 
3.1 Problem description 
This article considers a shared supply chain consisting of A-class and B-class manufacturing re-
source enterprises, where the enterprises have differing resources. The middle end of a shared 
supply chain is a shared platform, which belongs to a virtual resource pool, mainly composed of 
manufacturing resources, production services, digital technology [25], and other components. To 
help manufacturing enterprises achieve better resource-sharing, it is necessary to connect with 
enterprises that provide and demand many manufacturing resources. The connected enterprises 
need to continuously update their core networks and information facilities to achieve real-time 
sharing of manufacturing resources. Manufacturing resources refer to the collection of elements 
required by enterprises to complete the entire lifecycle activities of product design, manufactur-
ing, assembly, sales, management, etc., roughly divided into hard manufacturing resources and 
soft manufacturing resources. Hard manufacturing resources mainly include various types of 
manufacturing equipment, computing equipment, and materials involved in manufacturing activ-
ities. Soft manufacturing resources refer to the software tools, production models, knowledge, and 
data required in the manufacturing process. These manufacturing resources (especially hard 
manufacturing resources) need to use the Internet of Things and information systems to achieve 
the acquisition and release of resources, to capture and control manufacturing resources through 
the Internet. The process of implementing resource-sharing in manufacturing enterprises, as 
shown in Fig. 1, is a dynamic game process involving a series of technical and non-technical issues 
such as resource conversion and profit sharing. Transferring production processes that are not 
proficient to other enterprises, production costs and technical risks can be reduced. For manufac-
turing enterprises to implement resource-sharing, these issues must be resolved. 

 
Fig. 1 Manufacturing enterprise flowchart 

3.2 Model assumptions and relevant variables 
The following hypotheses are proposed to better explain the research questions in this paper and 
the symbols and meanings of the parameters involved are shown in Table 1. 
Assumption 1: A-class manufacturing enterprises mainly provide all kinds of man-ufacturing 
equipment and material resources used in the manufacturing process, etc. B-class manufacturing 
enterprises mainly provide all kinds of software tools, product models, professional knowledge 
and process data necessary for manufacturing activities. 
Assumption 2: The sharing platform has unlimited management capacity and can access a large 
number of manufacturing enterprises to provide them with homogeneous services. At the same 
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time the population size of the two types of enterprises is homogeneously mixed, and both enter-
prises are finitely rational and can adopt strategies independently. 
Assumption 3: There is no heterogeneity between the products produced by manufacturing en-
terprises using shared resources or shared manufacturing by multiple enter-prises and the prod-
ucts produced by manufacturing enterprises individually, the market demand is homogeneous, 
and the resource differences between manufacturing enterprises are reasonable. 

Table 1 Parameters symbols and descriptions 
Symbol Descriptions 
𝑐𝑐 System cost coefficient 
𝜏𝜏𝐴𝐴 Information level coefficient 
𝜏𝜏𝐵𝐵 Information loss coefficient 
𝑡𝑡 Resource conversion ability coefficient 
𝑠𝑠 Resource collaboration ability coefficient 
𝑝𝑝 Penalty factor 
𝜆𝜆 Fairness concern coefficient of A-class enterprises 
𝜂𝜂 Fairness concern coefficient of B-class enterprises 
𝐾𝐾 Volume of shared manufacturing resources 
𝜔𝜔 Unit value of resources 

3.3 Model analysis 

This paper examines the sharing strategies of two types of manufacturing enterprises. 
(1) When the strategy space is (non-sharing, non-sharing), A-class and B-class enterprises choose 
not to share resources. The basic income of A-class enterprises is 𝜋𝜋𝐴𝐴 = 𝑅𝑅𝐴𝐴. The basic income of B-
class enterprises is 𝜋𝜋𝐵𝐵 = 𝑅𝑅𝐵𝐵. 
(2) When the strategy space is (sharing, non-sharing), A-class enterprises choose resource-shar-
ing, and B-class enterprises choose resource non-sharing. A-class enterprises utilize the Internet 
of Things and information systems to connect the involved hard manufacturing resources to the 
shared platform, and the costs incurred in upgrading and maintaining the existing system are rec-
orded as system cost is 𝑆𝑆𝑆𝑆𝐴𝐴 = 𝑆𝑆𝐴𝐴 × 𝐾𝐾𝐴𝐴 × 𝜔𝜔𝐴𝐴. At the same time, as manufacturing enterprises up-
grade and maintain their systems, their information management level improves, and the corre-
sponding benefits will also change, recorded as information level benefit is 𝐼𝐼𝑅𝑅𝐴𝐴 = 𝜏𝜏𝐴𝐴 × 𝐾𝐾𝐴𝐴 × 𝜔𝜔𝐴𝐴. 
The basic income of B-class enterprises is 𝜋𝜋𝐵𝐵 = 𝑅𝑅𝐵𝐵. 
(3) When the strategy space is (non-sharing, sharing), A-class enterprises choose not to share re-
sources, and B-class enterprises choose to share resources. B-class enterprises have a high level 
of information management in sharing soft manufacturing resources, and the soft manufacturing 
resources they provide do not require the use of the Internet of Things and information systems. 
Therefore, the cost invested by B-class enterprises is lower than that of A-class enterprises. The 
system cost of B-class enterprises is recorded as 𝑆𝑆𝑆𝑆𝐵𝐵 = 𝑆𝑆𝐵𝐵 × 𝐾𝐾𝐵𝐵 × 𝜔𝜔𝐵𝐵 (𝑆𝑆𝐴𝐴 > 𝑆𝑆𝐵𝐵). Due to the core 
technological advantages of the resources shared by B-class enterprises, once sharing is open, the 
enterprise will have to bear the risk of information loss, which recorded as the cost of information 
loss is 𝐼𝐼𝑅𝑅𝐵𝐵 = 𝜏𝜏𝐵𝐵 × 𝐾𝐾𝐵𝐵 × 𝜔𝜔𝐵𝐵. The basic income of A-class enterprises still is 𝜋𝜋𝐵𝐵 = 𝑅𝑅𝐵𝐵. 
(4) When the strategy space is (sharing, sharing), A-class and B-class enterprises choose resource-
sharing. In addition to the above parts, there is also conversion revenue, which refers to manufac-
turing enterprises converting platform-shared resources into their profits based on their own 
production, learning, and conversion capabilities. The size of the revenue is influenced by the abil-
ity to convert resources. The conversion benefits of A-class and B-class enterprises are 𝑇𝑇𝑅𝑅𝐴𝐴 =
𝑡𝑡𝐴𝐴 × 𝑅𝑅𝐴𝐴 and 𝑇𝑇𝑅𝑅𝐵𝐵 = 𝑡𝑡𝐵𝐵 × 𝑅𝑅𝐵𝐵. Collaborative revenue refers to the revenue generated by manufac-
turing enterprises sharing resources with other enterprises for production through a shared plat-
form, and the size of the revenue is influenced by the ability of resource collaboration. The collab-
orative benefits of A-class and B-class enterprises are 𝑆𝑆𝑅𝑅𝐴𝐴 = 𝑠𝑠𝐴𝐴 × 𝐾𝐾𝐴𝐴 × 𝜔𝜔𝐴𝐴 and 𝑆𝑆𝑅𝑅𝐵𝐵 = 𝑠𝑠𝐵𝐵 × 𝐾𝐾𝐵𝐵 ×
𝜔𝜔𝐵𝐵. Additional benefits refer to manufacturing enterprises sharing resources through shared plat-
forms, which, due to the improvement of information technology and collaborative manufactur-
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ing, enhance their reputation and social recognition. This will improve social relations and in-
crease social capital for manufacturing enterprises, which is also a part of the shared benefits of 
manufacturing resources between both parties and is recorded as additional benefits: 𝑅𝑅0 (𝑅𝑅0 > 0). 
As well as penalty costs, both parties of the enterprise will automatically form a contract or agree-
ment in the process of manufacturing resource-sharing. For enterprises that engage in sharing 
retention behaviour and do not comply with sharing agreements, the platform will take punitive 
measures to improve platform management and maintain platform construction. Record this as 
penalty cost: 𝑃𝑃𝑆𝑆𝑖𝑖 = 𝑝𝑝𝑖𝑖 × 𝑅𝑅𝑖𝑖 (𝑖𝑖 = 𝐴𝐴,𝐵𝐵). 

Therefore, for the shared benefits of A-class manufacturing enterprises 𝜋𝜋𝐴𝐴 = 𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 − 𝑆𝑆𝑆𝑆𝐴𝐴 +
𝑇𝑇𝑅𝑅𝐴𝐴 + 𝑆𝑆𝑅𝑅𝐴𝐴 − 𝑃𝑃𝑆𝑆𝐴𝐴 + 𝑅𝑅0 . Shared benefits of B-class manufacturing enterprises 𝜋𝜋𝐵𝐵 = 𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 −
𝑆𝑆𝑆𝑆𝐵𝐵 + 𝑇𝑇𝑅𝑅𝐵𝐵 + 𝑆𝑆𝑅𝑅𝐵𝐵 − 𝑃𝑃𝑆𝑆𝐵𝐵 + 𝑅𝑅0. When manufacturing enterprises engage in fairness concern be-
haviour, the utility function of A-class manufacturing enterprises can be expressed as 𝑄𝑄𝐴𝐴 = 𝜋𝜋𝐴𝐴 +
𝜆𝜆(𝜋𝜋𝐵𝐵 − 𝜋𝜋𝐴𝐴). The utility function of B-class manufacturing enterprises is expressed as 𝑄𝑄𝐵𝐵 = 𝜋𝜋𝐵𝐵 +
𝜂𝜂(𝜋𝜋𝐴𝐴 − 𝜋𝜋𝐵𝐵). 

3.4 Model construction 

Based on the above assumptions, the mixed strategy benefits matrices of A-class and B-class man-
ufacturing enterprises under fairness concern behaviour are shown in Table 2. For the conven-
ience of understanding, they are all represented by name symbols in the table below. 

The probability of resource-sharing for A-class manufacturing enterprises is 𝑥𝑥, and the proba-
bility of resource-sharing for B-class manufacturing enterprises is 𝑦𝑦. 

For A-class manufacturing enterprises, the expected benefits of choosing sharing resources: 

𝑈𝑈1 = 𝑦𝑦[(1 − 𝜆𝜆)(𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 − 𝑆𝑆𝑆𝑆𝐴𝐴 + 𝑇𝑇𝑅𝑅𝐴𝐴 + 𝑆𝑆𝑅𝑅𝐴𝐴 − 𝑃𝑃𝑆𝑆𝐴𝐴 + 𝑅𝑅0)
+ 𝜆𝜆(𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 − 𝑆𝑆𝑆𝑆𝐵𝐵 + 𝑇𝑇𝑅𝑅𝐵𝐵 + 𝑆𝑆𝑅𝑅𝐵𝐵 − 𝑃𝑃𝑆𝑆𝐵𝐵 + 𝑅𝑅0)]
+ (1 − 𝑦𝑦)[(1 − 𝜆𝜆)(𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 − 𝑆𝑆𝑆𝑆𝐴𝐴) + 𝜆𝜆𝑅𝑅𝐵𝐵] 

(1) 

The expected benefits of choosing non-sharing resources: 

𝑈𝑈2 = 𝑦𝑦[(1 − 𝜆𝜆)𝑅𝑅𝐴𝐴 + 𝜆𝜆(𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 − 𝑆𝑆𝑆𝑆𝐵𝐵)] + (1 − 𝑦𝑦)[(1 − 𝜆𝜆)𝑅𝑅𝐴𝐴 + 𝜆𝜆𝑅𝑅𝐵𝐵] (2) 

Therefore, the expected average return for A-class enterprises: 

�̄�𝑈 = 𝑦𝑦𝑈𝑈1 + (1 − 𝑦𝑦)𝑈𝑈2 (3) 

Similarly, for B-class manufacturing enterprises, the expected benefits of choosing sharing re-
sources: 

𝑉𝑉1 = 𝑥𝑥[(1 − 𝜂𝜂)(𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 − 𝑆𝑆𝑆𝑆𝐵𝐵 + 𝑇𝑇𝑅𝑅𝐵𝐵 + 𝑆𝑆𝑅𝑅𝐵𝐵 − 𝑃𝑃𝑆𝑆𝐵𝐵 + 𝑅𝑅0) + 𝜂𝜂(𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 
−𝑆𝑆𝑆𝑆𝐴𝐴 + 𝑇𝑇𝑅𝑅𝐴𝐴 + 𝑆𝑆𝑅𝑅𝐴𝐴 − 𝑃𝑃𝑆𝑆𝐴𝐴 + 𝑅𝑅0)] + (1 − 𝑥𝑥)[(1 − 𝜂𝜂)(𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 − 𝑆𝑆𝑆𝑆𝐵𝐵 + 𝜂𝜂𝑅𝑅𝐴𝐴] (4) 

The expected benefits of choosing non-sharing resources: 

𝑉𝑉2 = 𝑥𝑥[(1 − 𝜂𝜂)𝑅𝑅𝐵𝐵 + 𝜂𝜂(𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 − 𝑆𝑆𝑆𝑆𝐴𝐴)] + (1 − 𝑥𝑥)[(1 − 𝜂𝜂)𝑅𝑅𝐵𝐵 + 𝜂𝜂𝑅𝑅𝐴𝐴] (5) 

Therefore, the expected average return for A-class enterprises: 

�̄�𝑉 = 𝑥𝑥𝑉𝑉1 + (1 − 𝑥𝑥)𝑉𝑉2 (6) 

The replicated dynamic equations of the evolutionary game for the two types of firms are re-
spectively: 

𝐹𝐹(𝑥𝑥) =
𝑑𝑑𝑥𝑥
𝑑𝑑𝑡𝑡

= 𝑥𝑥(1-𝑥𝑥){𝑦𝑦[𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 
−𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵] + (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴} 

(7) 

𝐹𝐹(𝑦𝑦) =
𝑑𝑑𝑦𝑦
𝑑𝑑𝑡𝑡

= 𝑦𝑦(1-y){𝑥𝑥[𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 
−𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴] − (1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵} 

(8) 

Eqs. 7 and 8 portray the dynamic game evolution mechanism of symmetric manufacturing 
firms' strategy choices in the resource-sharing model under fairness concerns.  
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4. An evolutionary game model of resource-sharing in symmetric enterprises 
4.1 Stability analysis of game strategies of A-class manufacturing enterprises 

From the theory of stability of differential equations, it is known that the point of stability of rep-
licated dynamic equations is the point where the first order derivative at its zero is less than 0, it 
is necessary to satisfy the: 

{
𝑑𝑑𝐹𝐹(𝑥𝑥)
𝑑𝑑𝑥𝑥

≤ 0|𝐹𝐹(𝑥𝑥) = 0, 𝑥𝑥 ∈ [0,1]� (9) 

Analyse the stability of the strategy evolution based on the replication dynamics equation of 
the sharing strategy adopted by the manufacturing enterprise in A-class, let: 

𝑦𝑦∗ =
[(1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴]

[𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵]
 (10) 

When 𝑦𝑦 = 𝑦𝑦∗, we have 𝐹𝐹(𝑥𝑥) = 0, all 𝑥𝑥 are in steady state. 
When 𝑦𝑦 ≠ 𝑦𝑦∗, let 𝐹𝐹(𝑥𝑥) = 0, it can be obtained that 𝑥𝑥1 = 0 and 𝑥𝑥2 = 1 are equilibrium points. 

From Eq. 7 we have: 
𝑑𝑑𝐹𝐹(𝑥𝑥)
𝑑𝑑𝑥𝑥

= (1-2x){𝑦𝑦[𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 
+𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵] + (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴} 

(11) 

Local evolutionary stabilisation strategies are discussed below. 
When 𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 < 0, we have 

𝑦𝑦 > 𝑦𝑦∗. By 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑥𝑥

|𝑥𝑥=0 < 0 , 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑥𝑥

|𝑥𝑥=1 < 0 , 𝑥𝑥1 = 0 is the evolutionary stability point. 
When 𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 > 0 . There 

are two scenarios. 
(1) If (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴>R0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 ] + (1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 +

𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 , 𝑦𝑦 < 𝑦𝑦∗ . By𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑥𝑥

|𝑥𝑥=0 < 0 , 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑥𝑥

|𝑥𝑥=1 < 0 , 𝑥𝑥1 = 0  is the evolutionary stability 
point.  

(2) If (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴<R0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴  + (1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 +
𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵, we have 0 < 𝑦𝑦∗ < 1. At this point, the stabilisation strategy of A-class manu-
facturing enterprises depends on the size of 𝑦𝑦. 

When 𝑦𝑦 > 𝑦𝑦∗, We have 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑥𝑥

|𝑥𝑥=0 < 0, 𝑥𝑥2 = 1 is the evolutionary stability point. But when 𝑦𝑦 <

𝑦𝑦∗, We have 𝑑𝑑𝑑𝑑(𝑥𝑥)
𝑑𝑑𝑥𝑥

|𝑥𝑥=1 < 0, 𝑥𝑥1 = 0 is the evolutionary stability point. 

4.2 Stability analysis of game strategies of B-class manufacturing enterprises 

Similarly, from the theory of stability of differential equations, the point of stability of the repli-
cated dynamic equations for manufacturing enterprises of B-class is the point at which the first-
order derivatives at its zeros are less than 0. 

{
𝑑𝑑𝐹𝐹(𝑦𝑦)
𝑑𝑑𝑦𝑦

≤ 0|𝐹𝐹(𝑦𝑦) = 0,𝑦𝑦 ∈ [0,1]} (12) 

Analyse the stability of the strategy evolution based on the replication dynamics equation of 
the sharing strategy adopted by the manufacturing enterprise in B-class, let: 

𝑥𝑥∗ =
[(1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 + (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵]

[𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴]
 (13) 

When 𝑥𝑥 = 𝑥𝑥∗, we have 𝐹𝐹(𝑦𝑦) = 0, all 𝑦𝑦 are in steady state. 
When 𝑥𝑥 ≠ 𝑥𝑥∗, let𝐹𝐹(𝑦𝑦) = 0, it can be obtained that 𝑦𝑦1 = 0 and 𝑦𝑦2 = 1 are equilibrium points.  
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From Eq. 8 we have: 
𝑑𝑑𝐹𝐹(𝑦𝑦)
𝑑𝑑𝑦𝑦

= (1-2y){𝑥𝑥[𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 

−𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴]− (1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵} 
(14) 

When 𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 < 0, we have𝑥𝑥 > 𝑥𝑥∗ . 
By 𝑑𝑑𝑑𝑑(𝑦𝑦)

𝑑𝑑𝑦𝑦
|𝑦𝑦=0 < 0, 𝑑𝑑𝑑𝑑(𝑦𝑦)

𝑑𝑑𝑦𝑦
|𝑦𝑦=1 > 0, 𝑦𝑦1 = 0 is the evolutionary stability point. 

When 𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 > 0 , There are two 
scenarios. 

(1) If (1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 + (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵>R0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 +
𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 , we have 𝑥𝑥 < 𝑥𝑥∗ . By𝑑𝑑𝑑𝑑(𝑦𝑦)

𝑑𝑑𝑦𝑦
|𝑦𝑦=0 < 0 , 𝑑𝑑𝑑𝑑(𝑦𝑦)

𝑑𝑑𝑦𝑦
|𝑦𝑦=1 > 0 , 𝑦𝑦1 = 0  is the evolutionary stability 

point. 
(2) If (1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 + (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵<R0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 +

𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴, we have 0 < 𝑥𝑥∗ < 1. At this point, the stabilisation strategy of B-class manufacturing 
enterprises depends on the size of 𝑥𝑥. 

When 𝑥𝑥 > 𝑥𝑥∗, We have 𝑑𝑑𝑑𝑑(𝑦𝑦)
𝑑𝑑𝑦𝑦

|𝑦𝑦=1 < 0, 𝑦𝑦2 = 1 is the evolutionary stability point. But when 𝑥𝑥 <

𝑥𝑥∗, We have 𝑑𝑑𝑑𝑑(𝑦𝑦)
𝑑𝑑𝑦𝑦

|𝑦𝑦=0 < 0, 𝑦𝑦1 = 0 is the evolutionary stability point. 
 

5. Stability analysis of the evolution of combinatorial strategies in gaming 
systems 
From Eqs. 7 and 8, it can be seen that there are five evolutionary game equilibria in the system 
as(0,0),(1,0),(0,1),(1,1) and(𝑥𝑥∗,𝑦𝑦∗). The calculation process is shown in Appendix A. 

However, the equilibrium point obtained by copying the dynamic equation may not necessarily 
be a stable strategy for system evolution. The stable strategy for system evolution can be obtained 
through local stability analysis using Friedman's stability determination method for the Jacobian 
matrix proposed in 1991 [26]. The Jacobian matrix (denoted as J) takes the following form, see 
Appendix B for details: 

𝐽𝐽 =

⎣
⎢
⎢
⎢
⎡
𝜕𝜕𝐹𝐹(𝑥𝑥)
𝜕𝜕𝑥𝑥

𝜕𝜕𝐹𝐹(𝑥𝑥)
𝜕𝜕𝑦𝑦

𝜕𝜕𝐹𝐹(𝑦𝑦)
𝜕𝜕𝑥𝑥

𝜕𝜕𝐹𝐹(𝑦𝑦)
𝜕𝜕𝑦𝑦 ⎦

⎥
⎥
⎥
⎤
 (15) 

It can be further obtained that 𝑑𝑑𝑑𝑑𝑡𝑡( 𝐽𝐽) and 𝑡𝑡𝑡𝑡(𝐽𝐽) as follows: 

𝑑𝑑𝑑𝑑𝑡𝑡( 𝐽𝐽) = (1-2𝑥𝑥)(1-2𝑦𝑦)(𝑦𝑦(𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵
+ 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵) + (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴)(𝑥𝑥(𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵
+ (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + (1- 𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴) − (1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵
− (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵) − 𝑥𝑥𝑦𝑦(1-𝑥𝑥)(1-𝑦𝑦)(𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴
+ (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵)(𝑅𝑅0
− (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴) 

(16) 

𝑡𝑡𝑡𝑡(𝐽𝐽) = (1-2𝑥𝑥)(𝑦𝑦(𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵
+ 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵) + (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴) + (1-2𝑦𝑦)(𝑥𝑥(𝑅𝑅0
− (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴)
− (1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵) 

(17) 

When the equilibrium point is any local asymptotic stability point, it is the evolutionary stabil-
ity strategy (ESS). The stability analysis of the equilibrium points is carried out according to the 
local stability analysis method of Jacobi matrix, and the results are shown in Table 3. 
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In situation 1, there are two evolutionary stabilisation points of the system, which are the 
points D(0,0), B(1,1) that satisfy the 𝑑𝑑𝑑𝑑𝑡𝑡( 𝐽𝐽) > 0 and 𝑡𝑡𝑡𝑡(𝐽𝐽) < 0 conditions, and their correspond-
ing evolutionary stabilisation strategies are (non-sharing, non-sharing) and (sharing, sharing). 
The system evolutionary path in this situation is shown in Fig. 2(a). The evolutionary stable state 
at this time depends on P(𝑥𝑥∗,𝑦𝑦∗), i.e. 0 < 𝑥𝑥∗ < 1, 0 < 𝑦𝑦∗ < 1, reflecting the existence of heteroge-
neity in the basic conditions and starting points of the two types of enterprises, may be due to the 
differences in production and manufacturing, showing different sensitivities, and therefore 
choose the strategic behaviour of (non-sharing, non-sharing), but with the presentation of the 
benefits of resource-sharing, the two types of enterprises will change their behaviour to choose 
the resource-sharing, and the formation of symbiotic win-win between the enterprises of the new 
business model. 

In situation 2, there is an evolutionary stability point in the system, and its corresponding evo-
lutionary stability strategy is (non-sharing, non-sharing). The system evolution path in this sce-
nario is shown in Fig. 2(b). At this point, 0 < 𝑥𝑥∗ < 1, 𝑦𝑦∗ > 1, the sharing behaviour of A-class man-
ufacturing enterprises will be in a mixed state, there exists the probability of choosing to share 
and also choosing not to share, but as the dynamics of this system evolves to a stable period, the 
manufacturing enterprises will ultimately choose not to share resources. Reflecting the business 
operation, although the platform operates the resource-sharing system with some success and 
realises revenue spillovers for the enterprise, the enterprise will choose not to share resources as 
it has equity concerns at this point in time and is overly concerned with the revenue gap. 
 

Table 2 Payoff matrix of evolutionary game for manufacturing resource-sharing 

 Manufacturing enterprise B 
Sharing Non-Sharing 
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Sh
ar

in
g (1 − 𝜆𝜆)(𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 − 𝑆𝑆𝑆𝑆𝐴𝐴 + 𝑇𝑇𝑅𝑅𝐴𝐴 + 𝑆𝑆𝑅𝑅𝐴𝐴 − 𝑃𝑃𝑆𝑆𝐴𝐴 + 𝑅𝑅0) 

+𝜆𝜆(𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 − 𝑆𝑆𝑆𝑆𝐵𝐵 + 𝑇𝑇𝑅𝑅𝐵𝐵 + 𝑆𝑆𝑅𝑅𝐵𝐵 − 𝑃𝑃𝑆𝑆𝐵𝐵 + 𝑅𝑅0) (1 − 𝜆𝜆)(𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 − 𝑆𝑆𝑆𝑆𝐴𝐴) + 𝜆𝜆𝑅𝑅𝐵𝐵 

(1 − 𝜂𝜂)(𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 − 𝑆𝑆𝑆𝑆𝐵𝐵 + 𝑇𝑇𝑅𝑅𝐵𝐵 + 𝑆𝑆𝑅𝑅𝐵𝐵 − 𝑃𝑃𝑆𝑆𝐵𝐵 + 𝑅𝑅0) 
+𝜂𝜂(𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 − 𝑆𝑆𝑆𝑆𝐴𝐴 + 𝑇𝑇𝑅𝑅𝐴𝐴 + 𝑆𝑆𝑅𝑅𝐴𝐴 − 𝑃𝑃𝑆𝑆𝐴𝐴 + 𝑅𝑅0) (1 − 𝜂𝜂)𝑅𝑅𝐵𝐵 + 𝜂𝜂(𝑅𝑅𝐴𝐴 + 𝐼𝐼𝑅𝑅𝐴𝐴 − 𝑆𝑆𝑆𝑆𝐴𝐴) 
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-
Sh

ar
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g (1 − 𝜆𝜆)𝑅𝑅𝐴𝐴 + 𝜆𝜆(𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 − 𝑆𝑆𝑆𝑆𝐵𝐵) (1 − 𝜆𝜆)𝑅𝑅𝐴𝐴 + 𝜆𝜆𝑅𝑅𝐵𝐵 

(1 − 𝜂𝜂)(𝑅𝑅𝐵𝐵 − 𝐼𝐼𝑅𝑅𝐵𝐵 − 𝑆𝑆𝑆𝑆𝐵𝐵 + 𝜂𝜂𝑅𝑅𝐴𝐴 (1 − 𝜂𝜂)𝑅𝑅𝐵𝐵 + 𝜂𝜂𝑅𝑅𝐴𝐴 
 

Table 3 Stability analysis results 

Situation Equilibrium 
point 

𝑑𝑑𝑑𝑑𝑡𝑡( 𝐽𝐽) 
symbolic 

𝑡𝑡𝑡𝑡(𝐽𝐽) 
 symbolic Condition 

(1) 
0 < (1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 + (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 < 𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 
+(1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴0

< (1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴
< 𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 

+(1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵
+ 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵  

(0,0) + - ESS 

(1,0) + + Instability 
point 

(0,1) + + Instability 
point 

(1,1) + - ESS 
(𝑥𝑥∗, 𝑦𝑦∗) - 0 centre point 

(2) 
0 < (1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 + (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 < 𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 
+(1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴  

(1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴
> 𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 

+(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 > 0 

(0,0) + - ESS 

(1,0) + + Instability 
point 

(0,1) - not sure saddle point 

(1,1) - not sure saddle point 

(3) 
(1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 + (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 > 𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 
+(1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 > 0 
0 < (1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 < 𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 
+(1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵

+ 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 

(0,0) + - ESS 
(1,0) - not sure saddle point 

(0,1) + + Instability 
point 

(1,1) - not sure saddle point 

(4) 
(1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 + (1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 > 𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 
+(1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 > 0 

(1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴
> 𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 

+(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 > 0 

(0,0) + - ESS 
(1,0) - not sure saddle point 
(0,1) - not sure saddle point 

(1,1) + + Instability 
point 
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In situation 3, the system also has an evolutionary stability point, and its corresponding evolu-
tionary stability strategy is (non-sharing, non-sharing). The system evolution path in this scenario 
is shown in Fig. 2(c). At this point, 𝑥𝑥∗ > 1, 0 < 𝑦𝑦∗ < 1. The sharing behaviour of B-class manufac-
turing enterprises will be in a mixed state, due to the fact that the information technology level of 
B-class enterprises themselves is higher than that of A-class manufacturing enterprises, although 
through sharing resources to obtain new technologies and reduce manufacturing costs, but also 
the loss of their own advantages to increase the cost of risk, and coupled with fairness concerns 
make such manufacturing enterprises give up the sharing of resources, choosing to share re-
sources not to share. 

In situation 4, the system also has an evolutionary stability point, which corresponds to an 
evolutionary stability strategy of (non-sharing, non-sharing). The system evolution path in this 
scenario is shown in Fig. 2(d). At this point, 𝑥𝑥∗ > 1,  𝑦𝑦∗ > 1, both types of manufacturing enter-
prises adopt the non-sharing behaviour, the reason is that when the enterprise chooses to share 
resources, the direct and indirect benefits it obtains are less than the sum of the cost and risk cost 
of its data sharing, and due to too much attention to fairness, it does not satisfy the distribution of 
the value spillover brought by the data sharing, so it chooses to choose not to share resources. 

 

        
                    (a)                                                      (b)                                                   (c)                                                    (d) 

Fig. 2 System evolutionary path 

6. Evolutionary game simulation analysis 
To analyse the impact of various influencing factors on system stability, the initial values of the 
parameters are set as follows: 𝑅𝑅𝐴𝐴 = 0.2, 𝑅𝑅𝐵𝐵 = 0.2, 𝑅𝑅0 = 0.2, 𝜔𝜔𝐴𝐴 = 0.1, 𝜔𝜔𝐵𝐵 = 0.2, 𝐾𝐾𝐴𝐴 = 3, 𝐾𝐾𝐵𝐵 = 2. 
With the initial values of most of the variables fixed, six influencing factors are analysed, including 
the system cost coefficient, the informatization level coefficient, the information loss coefficient, 
the resource transformation ability coefficient, the resource coordination ability coefficient, and 
the penalty factor, to determine how they affect the evolutionary results. 

(1) The impact of changes in the system cost coefficients on the evolutionary results  

When the initial value of the sharing probability for A-class and B-class enterprises is fixed at 0.2, 
the system cost coefficients are set to 0.2 and 0.7 respectively, and the evolutionary results are 
shown in Fig. 3. 

When equity neutrality is present, it reduces enterprises' resource-sharing behaviour as the 
system cost coefficient increases, and there is a negative correlation between the two. But when 
there is fairness concern behaviour, on the contrary, it increases enterprises' sharing behaviour. 
However, if the fairness concern coefficient of B-class enterprises is higher than that of A-class 
enterprises, A-class enterprises will reduce sharing and may change their behaviour. And B-class 
enterprises change their behavioural strategies when the level of fairness concern is higher. At 
the same time the level of fairness concern coefficient of both types of enterprises does not affect 
the behaviour of the B-class enterprises themselves. The above situation indicates the heteroge-
neity of fairness concern behaviour. Due to the different nature of enterprises, A-class enterprises 
will pay more attention to the fairness concern of other enterprises while focusing on their profits, 
while B-class enterprises, due to their high level of informatization, only focus on their interests. 
Fairness concerns among enterprises will strengthen the impact of cost coefficients on sharing 
strategies. 
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(2) The impact of changes in the informatization level coefficient on the evolutionary results 
The initial value of the sharing probability for A-class enterprises is fixed at 0.2, and the informati-
zation level coefficients are set to 0.1, 0.5, and 0.9, respectively. The evolution results are shown 
in Fig. 4. 

When fairness is neutral, as the coefficient of information technology level increases it 
strengthens the behaviour of firms in sharing resources and there is a positive correlation be-
tween the two. When A-class enterprises engage in fairness concern behaviour, and the enter-
prises gradually change their behaviour of sharing resources. At the same time, if the fairness con-
cern behaviour of B-class enterprises is higher than that of A-class enterprises, A-class enterprises 
will exhibit behaviour of changing their strategies. When the level of informatization of A-class 
enterprises increases, it will not affect the initial sharing strategy. However, once there is a fair-
ness concern behaviour, attention will be paid to its level and compared with B-class enterprises, 
thereby changing its strategy. This indicates that fairness concern behaviour exists in enterprise 
resource-sharing behaviour and is directional. 
(3) The impact of changes in the information loss coefficient on the evolutionary results 
The initial value of the sharing probability for B-class enterprises is fixed at 0.2, and the infor-
mation loss coefficients are set to 0.2, 0.5, and 0.8, respectively. The evolution results are shown 
in Fig. 5. 

When fairness is neutral, when the information loss coefficient is small, B-class enterprises 
tend to adopt a sharing strategy. As the information loss coefficient increases, it gradually changes 
to non sharing. When there is fairness concern behaviour, B- class enterprises will exhibit the be-
haviour of changing strategies and improving convergence speed, and the degree of its impact will 
become more apparent with the increase of the fairness concern coefficient. This indicates that 
for B-class enterprises, due to the nature of their shared resources, they are very concerned about 
the interests between enterprises, and fairness concern behaviour will increase the impact of the 
information loss coefficient on the sharing behaviour of B-class enterprises.  
(4) The impact of changes in the resource conversion capacity coefficient on the evolutionary re-
sults 
When the initial value of the sharing probability for A-class and B-class enterprises is fixed at 0.2, 
the resource conversion capacity coefficients are set to 0.2 and 0.7 respectively, and the evolution 
results are shown in Fig. 6. 

When fairness is neutral, as the resource transformation ability coefficient increases it en-
hances the enterprise sharing strategy, and there is a positive correlation between the two. For A-
class enterprises, the sharing strategy change behaviour occurs when the equity concern coeffi-
cient is large. Similarly, for B-class enterprises, their impact is higher than that of A-class enter-
prises, and their behaviour is more pronounced. This indicates that for any type of shared re-
source enterprise, once the shared resources are converted into their resources, they will pay 
more attention to the phenomenon of fairness. If there is a problem that is not conducive to overall 
coordination or their behaviour, they will immediately change their sharing strategy, and fairness 
concern behaviour has a reinforcing effect. 
(5) The impact of changes in the resource collaboration capability coefficient on the evolutionary 
results 
When the initial value of the sharing probability for A-class and B-class enterprises is fixed at 0.2, 
the resource collaboration capability coefficients are set to 0.2 and 0.7 respectively, and the evo-
lutionary results are shown in Fig. 7. 

When fairness is neutral, as the coefficient of resource synergy increases, A-class enterprises 
tend to engage in sharing behaviour, and there is a positive correlation between the two. Mean-
while, for A-class enterprises, when there is a fairness concern behaviour, their sharing behaviour 
will accelerate convergence speed with the increase of the fairness concern coefficient. For B-class 
enterprises, when fairness is neutral, as the coefficient of resource synergy increases, the conver-
gence speed of their sharing probability to 1 accelerates. However, when there is a small fairness 
concern coefficient, the speed slows down, and during the growth process, B-class enterprises 
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change their sharing strategy. This indicates that for B-class enterprises, once they focus on fair-
ness concerns between enterprises, they will reconsider whether the benefits they can gain from 
sharing soft manufacturing resources are beneficial to their development and change their behav-
iour.  
(6) The impact of changes in the penalty factors on the evolutionary results 
When the initial value of the sharing probability for A-class and B-class enterprises is fixed at 
0.2, the resource collaboration capability coefficients are set to 0.2 and 0.7 respectively, and the 
evolutionary results are shown in Fig. 8. 

When fairness is neutral, as the penalty factor increases, A-class enterprises will shift from 
sharing strategies to non sharing, with a negative correlation between the two. At the same time, 
for A-class enterprises, when there is fairness concern behaviour, their sharing behaviour will 
weaken the convergence speed with the increase of fairness concern coefficient. For B-class en-
terprises, when the penalty factor is small, they will choose a sharing strategy. As it continues to 
increase, B-class enterprises tend to choose a non-sharing strategy. The existence of fairness con-
cern behaviour will slow down the convergence speed of corporate strategies, and when fairness 
concern behaviour is strong, companies tend to not share strategies. At this point, it indicates that 
companies will change their behaviour due to an increase in penalty factors, and different types 
of companies have opposite selection strategies when facing strong fairness concerns. 

 
Fig. 3 The impact of changes in the system cost coefficient on the evolution results 

 
Fig. 4 The impact of changes in informatization level coefficient on evolutionary results 

 
Fig. 5 The impact of changes in the information loss coefficient on the evolutionary results 
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Fig. 6 The impact of changes in the resource conversion capacity coefficient on the evolutionary results 

 
Fig. 7 The impact of changes in resource collaboration capability coefficients on evolutionary results 

 
Fig. 8 The impact of penalty factor changes on evolutionary outcomes 

7. Conclusion 
This paper establishes a game model for the evolution of manufacturing resource-sharing in sym-
metric enterprises from the perspective of fairness concern, and uses the software MATLAB to 
simulate the system in dynamic simulation, comparing and analysing the impacts of different fac-
tors on the evolution results, and arriving at the following conclusions and recommendations. 

(1) The system cost coefficient has a significant negative impact on the enterprise manufacturing 
resource-sharing strategy, when the system cost coefficient is large, the cost of entering the plat-
form to share resources far exceeds the benefits it brings, and the increase of sharing cost will 
reduce the subject's willingness to cooperate. Then the more advanced manufacturing technology 
will not let the enterprise change the production mode, so the low cost and high efficiency should 
be made the advantage of the sharing platform. Information loss coefficient is also an important 
coefficient that affects the sharing behaviour of enterprises, the sharing platform must strengthen 
the resource risk control and improve the reliability of resource interoperability and mutual shar-
ing, so the setting of the penalty factor is an important guarantee for the long-term development 
of the enterprise resource-sharing model. Manufacturing enterprise's own information technol-
ogy level and resource transformation, resource synergy ability to improve, increase the main re-
source-sharing willingness, the resulting indirect benefits for enterprises to choose resource-
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sharing provides a strong impetus. Therefore, for manufacturing enterprises must enhance their 
own degree of information technology, thereby promoting the depth of resource-sharing. 

(2) Manufacturing enterprise data sharing strategy selection is a dynamic game process, the sub-
ject of the two strategies selection will be affected by the size of the gain and fairness concern 
behaviour, and the fairness perception effect on the manufacturing enterprise data sharing strat-
egy selection of the impact of the existence of a threshold. When the subject's fairness concern 
coefficient is smaller than its own strategy threshold, the system evolves to a stable state of shar-
ing, but with the enhancement of the influence of the fairness perception effect, the sharing party 
is more and more dissatisfied with the current distribution of benefits, which will destroy the 
sharing behaviour and affect the stability of the system. When fairness is neutral, the willingness 
of manufacturing enterprises to share resources gradually increases with the improvement of the 
level of synergy and resource transformation capability. However, under the fairness concern, the 
increase of shared resource revenue will not enhance the subject's willingness to share.  

Based on the above research conclusions, and combined with the actual situation of business 
operations, this paper puts forward the following suggestions: 

As a hard manufacturing resource enterprise, it should continuously improve its own system 
level, update and upgrade its equipment in time to better connect with the sharing platform, and 
also abide by the contract or agreement to constrain its own behaviour. With the continuous de-
velopment of shared resources, enterprises must improve their own degree of information tech-
nology, and continuously increase their investment in research and development and innovation. 
As a soft manufacturing resource providers should be clear about the benefits of sharing platforms, 
should not only focus on their own development, but to jointly maintain the collective develop-
ment, will be more favourable to themselves. Due to their own information advantages, they 
should try to explore the value of shared resources, focus on research and development, and col-
laborate with hard manufacturing enterprises to develop products for mutual benefit. At the same 
time, due to the existence of fair concern behaviour, can be set for manufacturing enterprises 
transparent profit distribution mechanism to achieve the effect of resource-sharing strategy sta-
bility. Through the formulation of reasonable ex ante contracts or the construction of an effective 
reward and punishment mechanism, it can enhance the revenue guarantee of resource-sharing 
behaviour of manufacturing enterprises, strengthen the fairness perception of the sharing subject, 
and improve the satisfaction of both enterprises with their own revenue distribution. To control 
the cost of manufacturing enterprises participating in shared manufacturing, a certain threshold 
can be set to protect the willingness of enterprises to participate. In addition, the enterprises in-
volved in resource-sharing have the same goal, supervise each other, effectively reduce the risks 
faced in the process of information collaboration and transformation, and guarantee the infor-
mation security of manufacturing enterprises, thus avoiding the destruction of inter-enterprise 
sharing cooperation due to the enhancement of the fairness concern, and jointly promoting the 
in-depth development of resource-sharing. 

At the same time to take active measures to develop the digital economy, the use of digital div-
idends and efficient development of the platform economy. With the help of blockchain and other 
emerging information technologies, the authentication and storage of shared resource data are 
completed in the blockchain system. The decentralised nature of blockchain makes the data no 
longer stored in a single centralised server, thus reducing the risk of tampering with or loss of the 
shared data, and only the authorised manufacturing enterprises can access and modify the shared 
data to safeguard the data security of the shared resources. All enterprises involved in shared 
manufacturing can access the same data, improving information transparency and reducing infor-
mation asymmetry. Blockchain can record and track every link of shared resources, realising the 
traceability of shared resources and clarifying the rights and obligations of shared enterprises. 
The joint participation of multiple parties enables manufacturing enterprises to respond more 
flexibly and efficiently to market changes in the modern competitive environment, fuelling the 
stable and positive development of resource-sharing. 
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Appendix A 
Let 𝐹𝐹(𝑥𝑥) = 0, we can get: 𝑥𝑥1 = 0, 𝑥𝑥2 = 1, 𝑦𝑦∗ = [(1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴−(1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴]

[𝑅𝑅0−(1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴+(1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴−𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵+𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵+𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵]
. 

Let 𝐹𝐹(𝑦𝑦) = 0, we can get: 𝑦𝑦1 = 0, 𝑦𝑦2 = 1, 𝑥𝑥∗ = [(1-𝜂𝜂)𝜏𝜏𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵+(1-𝜂𝜂)𝑐𝑐𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵]
[𝑅𝑅0−(1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵+(1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵−𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴+𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴]

. 

Appendix B 
Which:  𝜕𝜕𝑑𝑑(𝑥𝑥)

𝜕𝜕𝑥𝑥
= (1-2x){𝑦𝑦[𝑅𝑅0 − (1-𝜆𝜆)𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + (1-𝜆𝜆)𝑡𝑡𝐴𝐴𝑅𝑅𝐴𝐴 +(1-𝜆𝜆)𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 − 𝜆𝜆𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 + 𝜆𝜆𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵] + (1-𝜆𝜆)𝜏𝜏𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴 −

(1-𝜆𝜆)𝑐𝑐𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴}, 𝜕𝜕𝑑𝑑(𝑥𝑥)
𝜕𝜕𝑦𝑦
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𝜕𝜕𝑑𝑑(𝑦𝑦)
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= 𝑦𝑦(1-y)[𝑅𝑅0 − (1-𝜂𝜂)𝑝𝑝𝐵𝐵𝑅𝑅𝐵𝐵 + (1-𝜂𝜂)𝑡𝑡𝐵𝐵𝑅𝑅𝐵𝐵 +(1-𝜂𝜂)𝑠𝑠𝐵𝐵𝐾𝐾𝐵𝐵𝜔𝜔𝐵𝐵 − 𝜂𝜂𝑝𝑝𝐴𝐴𝑅𝑅𝐴𝐴 + 𝜂𝜂𝑠𝑠𝐴𝐴𝐾𝐾𝐴𝐴𝜔𝜔𝐴𝐴], 
𝜕𝜕𝐹𝐹(𝑦𝑦)
𝜕𝜕𝑦𝑦
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A B S T R A C T A R T I C L E   I N F O 
This article presents the results of a study on the current state and evaluation 
of the Polish tanning industry, focusing on its production characteristics. The 
research sample included 220 companies that were contacted to gather in-
formation about their operations. Some of these companies have been sus-
pended, liquidated, or have changed their business profiles. Approximately 
30 % confirmed that they are still active in leather manufacturing, indicating 
that the Polish tanning industry is experiencing a process of deindustrializa-
tion. Surveys conducted in 20 companies revealed that Polish tanneries oper-
ate on national, European, and global scales. Most of them are micro or small 
enterprises with annual revenues of up to PLN 5 million. The primary factor 
defining their competitiveness is the high quality of the products and services 
they offer. They mainly process calfskin and cowhides sourced from Poland 
and abroad, primarily for the footwear sector. Polish tanneries are aware of 
global trends, including the industry's shift towards ecological practices, the 
adoption of modern technologies, and the introduction of innovations. Given 
the current challenges facing the Polish tanning industry, it is essential to take 
action to improve the health of this sector of the economy. 
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1. Introduction
Leather is a valuable raw material used in the production of a variety of products that are con-
sidered luxury by consumers and have been eagerly purchased for years, regardless of the pre-
vailing fashion. Leather manufacturing has a long history and tradition. However, over the years, 
the tannery sector has changed due to technological progress, innovative solutions, and, above 
all, the introduction of new regulations or the modification of existing ones. It estimates that the 
European tanning sector consists of almost 1,600 companies, over 34,000 employees, and gen-
erates a turnover of up to €7.4 billion. In recent years, a gradual concentration has been ob-
served. As recently as 2000, tanneries employed an average of 24 workers, today it is 21. Euro-
pean tanneries range from small and medium-sized enterprises, continuing long family tradi-
tions, to large companies operating internationally [1]. The modern leather industry in Europe is 
a strategic area of the manufacturing sector, resulting from a combination of tradition and con-
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tinuous innovation. What is more the European market of the leather sector leads, among oth-
ers, in terms of quality, technology, innovation, and sustainable development [2]. 

Three countries were identified as the largest producers of leather in 2022, i.e. Brazil, the 
United States, and Turkey. Their combined share of global production is 33 %. Countries playing 
a significant role in global leather export include Italy, Brazil, and China [3]. According to esti-
mates by the Food and Agriculture Organization of the United Nations (FAO), more than 50 % of 
the leather produced worldwide is used in the clothing industry. Only about one-fifth is pro-
duced in European tanneries, which have high environmental and safety standards, and require 
sustainable processes and chemicals. The result is a high-quality, strength material whose intri-
cate production steps justify calling it a luxury product [4]. It is used to produce various goods 
also referred to as luxury [5]. Analysing the destination of leathers supplied by European tanner-
ies, this raw material is mainly used in footwear (41 %), leather goods/accessories (19 %), and 
furniture (17 %), but also automotive industry (13 %) and clothing (8 %) [6].  

Data from the report Global Leather Goods Market – Industry Trends and Forecast to 2030 
[7] confirms the ever-increasing demand for leather goods, projecting that the global market for 
these products will continue to grow in the coming years, reaching USD 699,906.77 million by 
2030. Premium and high-quality luxury products made from natural leather are expected to be 
popular. New and innovative solutions are expected from the global leather industry in terms of 
raw material properties and design. However, the sector may be challenged by, inter alia, prob-
lems with technology, equipment, and the lack of adequate leather processing skills. Among the 
factors that may have a negative impact on the development of the global leather market are 
problems with the availability of raw materials or competition from other materials that are 
synthetic substitutes for natural leather. An important aspect, according to Cafasso [8], is to edu-
cate consumers about the origin of the leather products they use, the methods and ways in 
which they are produced, and the associated environmental impact. It is worth mentioning that 
many researchers concerned the ecology issues and the various aspects of sustainability for ex-
ample according to the footwear industry [9-11], which is closely associated with the tan-
ning/leather sector.  

The Polish economy is currently undergoing the process of reindustrialization and is the 7th 
largest industrial country in the European Union and 21st in the world, supplying many im-
portant products. However, when it comes to the leather industry, the decline of this industry is 
observed in Poland. Data from the Central Statistical Office show that the structure of sold pro-
duction of the clothing, textile, and leather industries in Poland in 2020 decreased by about 9 
percentage points compared to 1985 and amounted to 2 % [12]. In the case of the leather and 
leather products industry, the sales value for 2021 was PLN 3,836.2 million [13]. In recent years, 
there has been a gradual decline in employment in the sector, but a positive trend is an increase 
in wages [14]. The most recent data shows that in Poland at the end of December 2023, there 
were 310 leather manufacturing and tanning-related entities (PKD 15.11.Z), as well as 2623 
footwear manufacturers (PKD 15.20.Z) and 1558 manufacturers of bag and saddlery products 
(PKD 15.12.Z) [15]. The Polish leather-footwear industry uses mainly domestic raw materials 
for production. Entrepreneurs operating in this sector cooperate closely with the vocational 
education system. This is because the work done in their factories is a combination of traditional 
craftsmanship, the art of design and construction, as well as the ability to operate increasingly 
advanced production machinery [16]. Even though demand for leather products remains high 
and, as mentioned above, a further increase in the value of the global leather market is predict-
ed, more and more tanneries are closing down in Poland. 

This study aimed to present the current state and make an assessment of the Polish tanning 
industry, taking into consideration the characteristics of the production process carried out in 
tanneries located in Poland. Once a database of domestic tanneries had been established, a sur-
vey questionnaire was designed and sent to companies via email. Respondents were also al-
lowed to take part in the survey by answering it during a telephone interview. This allowed the 
verification of the previously developed database of tanneries, the selection of companies that 
are still active in production, and the extraction of information regarding their leather manufac-



Current state and production characteristics of the Polish tanning industry: A case study 
 

Advances in Production Engineering & Management 19(2) 2024 241 
 

turing processes. The following research questions were formulated and verified in the course of 
the study: 

• RQ1: What is the current overall state of the tanning industry in Poland?  
• RQ2: What most determines competitiveness in the tanning industry in Poland?  
• RQ3: Do the tanneries in Poland know current global business trends concerning their sec-

tor of the economy?  
• RQ4: What raw materials are processed in tanneries in Poland, using what tanning meth-

ods, and what goods are produced from Polish leather? 

The remainder of this article is organized as follows. The second section describes the re-
search procedure and method used for data collection. This is followed by the presentation of 
the results of the research obtained with elements of discussion. The research was then summa-
rized and conclusions were drawn while answering the research questions posed. The final part 
of the article includes the formulation of recommendations for further research along with a 
discussion of the limitations encountered due to the specifics of the research topic and methods 
adopted. 

2. Research methodology 
2.1 Procedure of the research 

The research procedure to achieve the objective of the study is presented in Fig. 1. The research 
was conducted in three phases: 

(1) RESEARCH PREPARATION PHASE: Following the procedure, the study started by formu-
lating the research problem in the form of a general question: What is the current state of 
the tanning industry in Poland and what are the characteristics of the production process 
carried out in polish tanneries? Then, to define the scope of the study, an attempt was 
made to analyse scientific texts on the issue under investigation. A search for information 
and materials on scientific studies carried out on the Polish tanning industry has resulted 
in the conclusion that there is a research gap in this area. Based on the information col-
lected, research questions were formulated, as mentioned in the Introduction. 

(2) RESEARCH EXECUTION PHASE: A survey approach was selected and used to collect data 
to enable further analysis and answers to the research questions. The characteristics of 
the research tool are described in detail in section 2.2. The survey was sent to tanneries 
located all over Poland. The data collected through the questionnaire was analysed. 

(3) RESEARCH SUMMARY PHASE: Based on the interpretation of the research results ob-
tained, the research questions were answered and conclusions were drawn. In addition, 
recommendations were formulated in connection with the study.  

 
Fig. 1 Diagram showing the procedure for the research process (Source: Own elaboration) 

The authors declare that the research was conducted in accordance with ethical principles. 
The article presents non-interventional studies. All interviewees gave informed consent to par-
ticipate in the survey. 
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2.2 Survey questionnaire design 

Based on the review of current industry literature, the operationalization of the research prob-
lem, and having regard to the formulated research questions, a survey questionnaire was de-
signed. In the authors' opinion, a survey was the most appropriate tool for substantive and or-
ganizational reasons. The survey questionnaire used in the study was created in the Microsoft 
Forms application.  

The survey questionnaire was divided into three sections: formal, substantive, and final. The 
formal section was the introduction to the survey. It included a return to the addressees of the 
survey, an introduction to the research problem, a presentation of the aim and authors of the 
research, assurances of the anonymity of the answers provided, and information on how the 
data collected in the research will be used. The substantive part is the part that includes ques-
tions to respondents on the issues of the research problem. The final part of the questionnaire 
was devoted to thanking for participation in the research and information regarding the possi-
bility of obtaining the research report.  

The questionnaire of the survey consisted of 23 questions, which took the form of both closed 
and open questions. The order of questions in the substantive part of the questionnaire was re-
lated to the division of variables into the following categories: company characteristics, market 
position, information on the production process, and management information. This publication 
presents the data obtained through the respondents' answers to questions 1 to 14, i.e. those re-
lating to the characteristics of the company, its market position, and the production process it 
follows. Of the 14 questions analysed, 3 were open-ended – respondents were asked to provide 
their own answers. The remaining 11 questions were closed: 6 single-choice questions, 4 multi-
ple-choice questions, and 1 question for putting the given answers in the right order. The infor-
mation gathered through the respondents' answers to the remaining 9 of the 24 questions of the 
survey will be included by the authors in the next article, which will focus on management in 
Polish tanneries. 

2.3 Development of a database of Polish tanneries and data collection 

To present the current state and characteristics of the Polish tanning industry, a database of 
tanneries was developed. The initial list of tanneries was drawn up in cooperation with the 
Polish Chamber of Shoe and Leather Industry [17], an industry organization that has been active 
in the leather industry since 1989 and whose mission is to create an economically and organiza-
tionally strong leather industry in Poland and to support its activities internationally. The list 
was further supplemented with additional tanneries, based on information obtained from 8 
online company and/or service search facilities shown in Table 1. 

Table 1 Websites used in the development of the tannery database (Source: Own elaboration) 
No.  Website name  Website address  

1 Az-Polska.com https://www.az-polska.com/ 

2 Baza firm pkt.pl https://www.pkt.pl/ 

3 BiznesFinder.pl https://www.biznesfinder.pl/ 

4 Cylex Szukaj Lokalnie Polska https://www.cylex-polska.pl/ 

5 Firmy.net https://www.firmy.net/ 

6 Ohmycraft.pl https://ohmycraft.pl/ 

7 Panorama Firm https://panoramafirm.pl/ 
8 Polski Katalog Firm https://pkf.org.pl/ 

 To gather information on Polish tanneries, the following search terms were entered into 
search engines on the websites listed in Table 1: 'tanning', 'tannery', and 'leather manufacturing'. 
The result of applying the described search method was the creation of a database containing, 
for most companies, data such as company name, postal address (in some cases with exact terri-
torial location shown on a map of the country), contact phone number(s), email address, web 
address.  
 Data collection in the study of the state and production process characteristics in Polish tan-
neries was carried out using:  

https://www.az-polska.com/
https://www.pkt.pl/
https://www.biznesfinder.pl/
https://www.cylex-polska.pl/
https://www.firmy.net/
https://ohmycraft.pl/
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• an online survey to which a link was sent via email – this was completed by a representa-
tive of the tannery, or  

• a telephone survey in which a representative of the tannery answered questions in an 
online survey, the answers being marked by an interviewer.  

 The timeframe for the development of the tannery database and survey data collection is 
shown in Fig. 2. The list of tanneries located in Poland created at the end of 2022 based on in-
formation obtained from the Polish Chamber of the Footwear and Leather Industry and compa-
ny search engines, included 220 companies. The email address provided online was held by 139 
of them, so in the first instance, an email was sent to these enterprises in January 2023 with in-
formation about the survey, a link to the survey, and a request to complete it. Of the companies 
reached via email, only 5 chose to complete the survey questionnaire in the first quarter of 2023. 
 The database developed contained between 1 and 3 contact numbers (landline and/or mo-
bile) for 219 companies. As a next step, a telephone contact was therefore attempted, which 
proved successful for 89 companies. From the information obtained from the callers, it appeared 
that 2 of the 89 companies had changed their business profile, while 67 tanneries (about 30 % of 
the 220) confirmed that their core business is related to leather manufacturing. However, 7 of 
the 67 companies indicated that they were currently in the process of reducing production and 
phasing out. A few respondents also indicated that the enterprises they represent are small, 1- 
or 2-person businesses. During the interviews, it became apparent that 20 companies (about 9 % 
of the 220) were no longer engaged in leather manufacturing, had suspended or liquidated, or 
were in liquidation bankruptcy. The remaining 130 companies (about 59 % of the 220), with 
which it was not possible to establish telephone contact despite three attempts made over six 
months (April to September 2023), are likely in a similar situation. After dialling the telephone 
numbers to these tanneries, found in the companies' online directories, the voicemail turned on 
or the answering machine said “The number dialled does not exist”, “There is no such number” or 
“The number dialled is not answering at the moment”, or even though the call tone could be heard 
in the handset, no one answered the phone.  
 During a telephone interview with 67 tanneries that confirmed their active leather produc-
tion, several respondents requested that we resend an email containing a link to the survey. No-
tably, nine callers provided alternative email addresses—either company or personal—different 
from those listed in our database. Email addresses were also obtained for 4 enterprises where 
contact via this route had previously been impossible, due to the lack of availability of an elec-
tronic address on the Internet. Only 4 of the 67 individuals representing actively operating tan-
neries were willing to complete the survey during the telephone interview, while 21 callers de-
finitively refused to participate in the survey, either by telephone or email. In the end, 20 com-
pleted survey questionnaires were obtained. 

 
Fig. 2 Timeline of the tannery database development and survey data collection (Source: Own elaboration) 
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2.4 Evaluation of the manoeuvrability in the conducted studies 

To assess the research methodology used and the quality of the results obtained, in the context 
of their representativeness, return rates were determined (Table 2). According to Kopyść [18], 
their estimation allows, among other things, to verify the effectiveness of the applied data collec-
tion methodology and informs whether the sample was properly selected.  

Table 2 Return rates in the survey (Source: Own elaboration based on Kopyść [18]) 

Rates Equation (%) Equation components Values of 
components 

Values of rates 
(%) 

Total return (ro)  𝑟𝑟𝑜𝑜 =  
𝑝𝑝
𝑛𝑛  𝑥𝑥 100 p – number of fully completed 

questionnaires received  
 
n – number of entities in the 
sample  
  
c – number of partially com-
pleted questionnaires received  
  
z – number of outdated ad-
dresses  
 
k – number of entities contacted  
 
o – number of entities that 
refused to participate in the 
survey 

 
p = 20 

 
 

n = 220 
 
 

z = 153 
 

 
k = 67 

 
 

o = 21 
 
 

c = 0 
 

9 
Return rate of all 
questionnaires (rw)  𝑟𝑟𝑤𝑤 =  

𝑝𝑝 + 𝑐𝑐
𝑛𝑛  𝑥𝑥 100 9 

Actual return of 
questionnaires (rr)  𝑟𝑟𝑟𝑟 =  

𝑝𝑝
𝑛𝑛 − 𝑧𝑧  𝑥𝑥 100 30 

Rate of survey par-
ticipation (ru)  𝑟𝑟𝑢𝑢 =  

𝑝𝑝
𝑘𝑘  𝑥𝑥 100 30 

Rate of refusal (rx)  𝑟𝑟𝑥𝑥 =  
𝑜𝑜
𝑘𝑘  𝑥𝑥 100 31 

 The total return rate (ro), i.e. the rate indicating the percentage of respondents who answered 
taking into account all selected respondents, was estimated at around 9 %. Such a low total re-
turn rate is because in the case of 20 companies, information about their liquidation was ob-
tained, while the vast majority (131 companies) could not be contacted in general, despite re-
peated attempts, which may also indicate that their activities have ceased. Another indicator 
estimated was the return rate of all questionnaires (rw), reporting the percentage of completed 
questionnaires obtained, regardless of whether respondents answered all the questions in the 
questionnaire. As each of the questionnaires returned by respondents was filled in its entirety, 
the return rate of all questionnaires equalled the total return rate, i.e. 9 %. This demonstrates, 
among other things, the good quality of the survey questionnaire that was designed, as respond-
ents wanted to answer the questions asked and had no trouble doing so. 
 Taking into account outdated addresses, the actual return of questionnaires rate (rr) allowed 
for a more meaningful estimate of the answers to the surveys. Outdated addresses were consid-
ered to be 131 companies that could not be contacted in general (neither by email nor by tele-
phone), 20 tanneries that confirmed that they had ceased operations, and 2 companies that re-
ported a change in their business profile. The actual return rate was approximately 30 %. The 
rate of survey participation (ru), taking into account the number of actively operating tanneries 
that could be contacted by telephone, was approximately 30 %. It allowed to show a relationship 
between the number of enterprises contacted with no answer. The rate of refusal (rx), was 
around 31 %. Its estimation allowed to obtain information on respondents who were explicitly 
unwilling to participate in the surveys. This could have been due to, among other things, a lack of 
interest in the research topic, concerns about sharing company data, or other factors. 

3. Results and findings 
3.1 General characteristics of Polish tanneries using 20 companies as examples 
Of the 20 tanneries that took part in the survey, 10 (50 %) are located in the Mazowieckie Voi-
vodship and 5 (25 %) are located in the Małopolskie Voivodship. One company from the 
Dolnośląskie Voivodship, Lubelskie Voivodship, Lubuskie Voivodship, Pomorskie Voivodship, 
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and Śląskie Voivodship (5 % respectively) also decided to complete the survey. The territorial 
distribution of these tanneries is shown in Fig. 3. Considering the settlement units, the majori-
ty—14 tanneries (70 %)—are located in rural areas, while the remaining 6 are situated in small-
er or larger cities (4 tanneries, or 20 %, in cities with up to 50,000 inhabitants, and 2 tanneries, 
or 10 %, in cities with 51,000 to 100,000 inhabitants). 

 
Fig. 3 Territorial location of the tanneries that took part in the study  

    (Source: Own elaboration using Bing © GeoNames, Microsoft, TomTom) 

When characterising the geographical range of their activities, only 5 % of the tanneries indi-
cated a local range (village/town area), while 15 % a regional range (voivodship area). The 
companies in question mainly operate nationally and internationally within Europe (45 % and 
35 % respectively), with a select few (about 1/3) also indicating a global reach. Seven of the 20 
(35 %) tanneries that participated in the study are micro-enterprises with less than 10 employ-
ees. The largest number, i.e. 9 (45 %), are small enterprises employing between 10 and 49 peo-
ple. 15 % of those surveyed (3 companies), with a workforce of 50-249, are classified as medi-
um-sized enterprises. One of the tanneries surveyed is a large company with more than 250 em-
ployees. This confirms the information contained in the Social & Environmental Report 2020: The 
European Leather Industry [1], according to which European tanneries are mainly small and me-
dium-sized enterprises, but also large companies with an international reach. Taking into con-
sideration the average annual net turnover of the last 10 years, in the case of 6 (30 %) tanneries 
it was up to PLN 1 million, while 8 companies (40 %) admitted that it was in the range of PLN 1-
5 million. A revenue structure of 5-10 million PLN was achieved by 2 (10 %) tanneries, while 
large profits, exceeding an annual average of 10 million PLN, were indicated by 4 (20 %) of the 
companies participating in the study.  

When asked about their market position, about 2/3 (65 %) of the tanneries considered them-
selves to be one of the many leather production companies in Poland. The remaining 7 compa-
nies (35 %) position themselves as a leader in the tanning sector on the domestic market. The 
vast majority, i.e. 14 (70 %) of the surveyed companies claim that the most important factor 
defining their competitiveness is the high quality of the products and/or services they offer (Fig. 
4). According to a few (20 %) tanneries, their advantage is mainly determined by the price of 
products and/or services. One of the companies indicated an option related to technological 
innovation, and one also admitted that it relies on modern product design (5 % of the respond-
ents respectively). 

A lot of interesting information was obtained in the answers to an open question, in which 
the companies surveyed were asked to identify the most important global business trends in the 
tanning industry. To clarify and ensure the correct interpretation of the question, the question-
naire included an explanation that business trends are understood as, among other things, activ-



Bielak, Zakrzewska 
 

246 Advances in Production Engineering & Management 19(2) 2024 
 

ities related to management, brand promotion, and networking. Responses to the question indi-
cated were varied, with broad and precise answers in the case of 3 tanneries: 

• 'Western markets and access to them through green certifications (origin of raw materials, 
eco-friendly, low-carbon, etc.). First and foremost LWG certification. Promotion of leather to 
consumers as a renewable, natural and strength, and therefore ecological material, which is 
a recycled waste from the meat industry and an answer to the 'fast-fashion' trend dominated 
by oil-based cheap synthetic materials. In addition, automation is an answer to the lack of 
skilled labor. Reduction of energy consumption in processing’,  

• 'wide-ranging certification of the enterprise and products, modern technologies (also ecolog-
ical), modern machinery, promotion on the world market, cooperation with other companies 
of the leather industry in terms of new trends of innovative products',  

• 'as of today, the most important business trend is to manage production in the most econom-
ically viable way in order not to lose financial liquidity due to the constantly increasing costs 
of services and semi-finished products used in production. Current increases in the chemicals 
used in production are up to 70 % by 2021. In such turmoil and stress, it is difficult to find 
funds for brand promotion.'  

 
Fig. 4 Determinants of competitiveness in Polish tanneries (Source: Own elaboration) 

The majority of respondents to the question on business trends gave a short, slogan-like an-
swer, i.e. 'brand promotion', 'brand promotion, quality, customer acquisition', 'price, product pro-
motion', 'price and quality play the most important role', 'constant contact with customers', 'social 
media', 'cooperation with the environment', 'establishing cooperation', 'creation of new products', 
'innovation, availability of high-quality products'. One of the tanneries indicated that ‘it is neces-
sary to re-brand, production of wellingtons, corrugated packaging, certainly not diversification of 
production'. 

3.2 Analysis of issues related to leather production carried out in Polish tanneries 

As shown in Fig. 5, the raw materials most frequently processed in Polish tanneries are calfskin 
and cowhide. These hides are processed in 17 (85 %) of the 20 companies surveyed. In addition, 
tanneries located in Poland also use, but to a lesser extent, sheep, goat, and pig skins (options 
indicated by 5 of the tanneries respectively, 25 % each). 2 (10 %) of the enterprises surveyed 
chose the answer 'other skins'. These data are in line with European statistics, according to 
which tanneries located in this part of the world mainly produce bovine leather, with a share of 
more than 80 % [2]. This is because this type of leather can be used to manufacture a wide varie-
ty of products [19]. 

Continuing on the theme of raw material characteristics, respondents in the next two open 
questions were asked to indicate the countries of origin of the skin/hides processed in their tan-
neries (when enterprises source raw material from more than one country, average percentages 
had to be added) and to indicate the average number of tonnes of raw material processed per 
year. The responses obtained are shown in Table 3. Approximately half (45 %) of the tanneries 
surveyed purchase their raw material exclusively in Poland. Skin and hides processed in the 
remaining tanneries are sourced from domestic suppliers and imported from both European and 
non-European countries. The countries of origin of skin and hides mentioned by the respondents 
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are shown in Fig. 6. The country from which Polish tanneries most often import skins and hides 
is Germany. Analysing the responses regarding the average number of tonnes of raw material 
processed per year by Polish tanneries, a significant discrepancy was found between the compa-
nies. 5 (25 %) of the 20 tanneries surveyed process less than 100 tons of skin/hides per year, 
while 10 (50 %) process between 100 and 1000 tons. 5 (25 %) are producing on a much larger 
scale, i.e. processing 20,000 tonnes or more of raw material per year. 

 
Fig. 5 Type of raw material processed in Polish tanneries (Source: Own elaboration) 

Table 3 Countries of origin and volume of raw material processed in Polish tanneries (Source: Own elaboration) 

Tannery no.  Countries of origin of the skins/hides  Average share (%)  The average number of tonnes of 
raw material processed per year  

1 

Poland  50  

350  
Greece  15  
Bulgaria  15  
Ukraine  5  
Bangladesh, India, Brazil, Italy, Germany  15  

2 Poland  100  150  

3  Poland  65-70  20 000  Germany, USA, Canada, other countries  30-35  
4 Poland  100  1  

5 Poland  40  700  Bulgaria  60  
6 Poland  100  180  

7 
Poland  30  

1 000  Germany  30  
other countries  40  

8 Poland  100  50  

9 Iceland  90  9  Germany  10  
10 Poland  100  1 700 000  
11 Poland  100  100  
12 Poland  100  220 000  
13 the whole world, from Paraguay to Nepal  100  30  

14 Poland  50  3 300 000  Germany  50  

15  Poland  80  200  France  20  
16 Poland  100  1  

17 Finland  30  500  Israel, Greece, France, Serbia, Germany 70  

18 
Poland  30  

115  Slovakia  50  
Czech Republic  20  

19 

Germany  60  

30 000  England  20  
USA  10  
other countries  10  

20 Poland  100  300  
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Fig. 6 Countries from which raw material processed in Polish tanneries is imported 

                                 (Source: Own elaboration using mapchart.net) 

Most (65 %) of the tanneries surveyed carry out a full 3-stage leather manufacturing process 
[20], i.e., they carry out the phase of 1) preparing the skins/hides for tanning (beamhouse), 2) 
proper tanning, and 3) finishing. The tanning itself (phase 2) is carried out by 1 (5 %) of the en-
terprises, while 3 (15 %) only carry out the final phase, i.e. finishing the material they previously 
acquired in the form of a tanned semi-finished product. One (5 %) of the tanneries is engaged in 
preparing the skins/hides for tanning (phase 1) and proper tanning (phase 2), with no further 
finishing. Two of the companies purchase skins/hides prepared to receive tanning, known as 
pelt, and subject it to tanning (phase 2) and finishing (phase 3). 

The tanning method carried out in the 17 tanneries surveyed is shown in Table 4. Tanning 
with trivalent chromium (Cr3+) salts is carried out in 13 (65 %) enterprises. This method is 
widely used in leather production worldwide, as the most popular tanning method, allowing to 
obtain soft leathers, characterised by high strength and good elasticity useful for the production 
of, among others, footwear, clothing, furniture, and automotive upholstery [21]. According to 
estimates, about 75 % of leather made today, is produced using this tanning method [22]. Eight 
(40 %) of the tanneries surveyed use vegetable tannins. This the oldest tanning method makes it 
possible to obtain hard and resistant leathers, which are used in the production of shoe soles, 
bags, belts, furnishings components [23], or saddlery products such as saddles and harnesses 
[24]. As can be seen from Table 4, other tanning methods are also used in tanneries located in 
Poland, in addition to the two mentioned. It should be noted that 10 of the tanneries that com-
pleted the survey rely on a one tanning method, 5 tanneries use two tanning methods, while the 
remaining 2 enterprises use at least three different types of tanning agents to obtain leather 
with specific properties desired by the customer. 

In the last question, respondents were asked to indicate the destination of the leather pro-
duced at the tanneries they represent. When completing the questionnaire, the sample types of 
goods given (footwear, gallantry, clothing, upholstery, etc.) had to be ranked in descending order 
of production volume (from the largest to the smallest share). The majority of the respondents, 
i.e. 12 (60 %) of the tanneries indicated that they primarily produce leather for the footwear 
industry. This is in line with European statistics, according to which most of the leather supplied 
by tanneries located in Europe is used for footwear production [6]. Two enterprises (10 % each, 
respectively) produce leather primarily for clothing and gallantry, while 1 (5 %) tannery orient-
ed its production primarily for upholstery leather. Three (15 %) of the 20 companies surveyed 
primarily produce leather for uses other than those previously mentioned. 
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Table 4 Types of tanning method carried out in Polish tanneries (Source: Own elaboration) 
  Tanning methods  

Tannery no.  chrome  vegetable  other  
1*    
2  x      
3  x    x  
4 x      
5  x  x    
6    x    
7*    
8  x      
9    x    
10 x      
11  x      
12*    
13     x  
14 x      
15 x  x    
16   x    
17 x  x  x  
18 x    x  
19 x  x  x  
20 x  x    
Total  13  8  5  

*/ Tanneries where the tanning process is not carried out.  

4. Discussion 
According to the information obtained at the beginning of the study, approximately 220 tanner-
ies have been located in Poland in recent years. As part of the ongoing research, the compiled 
database of tanneries was updated. In the process of data collection, it was confirmed that 20 
companies with this profile (about 9 %) have been suspended or liquidated, or the enterprises 
are in liquidation bankruptcy. Another 130 companies (about 59 %) are likely to be in a similar 
situation and have not been contacted via email and/or telephone, despite several attempts. 
Additionally, 67 tanneries (about 30 %) confirmed that they are still actively engaged in leather 
manufacturing, but 7 of them admitted that they are currently in the process of reducing produc-
tion and phasing out. Two of the 220 companies, which until recently were tanneries, have 
changed their business profile. This indicates that the tanning industry in Poland has undergone 
a process of deindustrialization in recent years, especially during the COVID-19 pandemic, which 
is the answer to research question RQ1. 
 The characterisation of the production process carried out in Polish tanneries was based on 
the example of 20 tanneries that participated in the survey. These enterprises are primarily lo-
cated in villages and small towns (with populations up to 50,000) within the Mazowieckie and 
Małopolskie Voivodships. They operate not only domestically but also in Europe, with some in-
dicating a global reach for their activities. The surveyed tanneries are usually micro or small 
enterprises with up to 49 employees and annual revenues of up to PLN 5 million net. About 2/3 
(65 %) of the companies indicated that they were one of many leather producers in the domestic 
market, while the others placed themselves in a leadership role. According to the majority of the 
surveyed tanneries, the most important factor defining their competitiveness in the market is 
the high quality of the products and services they offer. This answers the research question RQ2.  
 Polish tanneries are aware of the relevance of global trends related to the industry's trans-
formation towards ecology and sustainability. They point out, among other things, the need to 
reduce energy consumption in processing, the introduction of modern, environmentally friendly 
production technologies, and the need for certification confirming that their operations are envi-
ronmentally focused. Current business trends for Polish tanneries also include automation of 
production and investment in modern machinery. An important aspect is brand promotion in 
domestic and global markets, contact with customers, including using social media, and coopera-
tion with the environment. The tanneries point to the need to develop customer-appealing, in-
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novative products, characterized by good quality and affordable prices. This answers the re-
search question RQ3.  
 Regarding production characteristics, information was obtained that the surveyed Polish tan-
neries process mainly calfskin and cowhides, purchased domestically and/or imported from var-
ious European and non-European countries, in quantities ranging from 1 to as much as 3 300 000 
tons per year. In most enterprises, a full 3-stage process of leather manufacturing is carried out, 
i.e. preparation of skins/hides for tanning, proper tanning, and finishing. Selected companies 
limit production to one or two of these stages. The most common tanning method used in the 
surveyed enterprises is chrome tanning; vegetable tanning is used less frequently. Polish tanner-
ies are mainly oriented toward the production of raw material for the footwear industry, and to 
a lesser extent for clothing or gallantry. This answers the research question RQ4.  
 Skins and hides, which are a major by-product of the food industry, will be supplied to mar-
kets as long as meat and dairy products are consumed. The most appropriate management of 
them is related to the use of technological processes, thanks to which a natural material is ob-
tained—a raw material with unique properties that cannot be replaced by any synthetic substi-
tute [25]. Given this, as well as because of the current situation of the Polish tanning industry, it 
is necessary to take measures to improve the condition of this sector of the economy.  
 According to the authors, entrepreneurs in the tanning industry in Poland should consciously 
analyse and adapt to the most important global trends in the sector, which, according to the sur-
vey results, are well known to them. To increase the competitiveness of the Polish tanning in-
dustry, action should be taken aimed at improving production processes in tanneries, with the 
transformation of the industry towards more ecological and sustainable production. The focus 
should be on eco-friendly tanning methods, recycling of waste and used leather goods, and thus 
minimizing the negative environmental impact. What is more, it is necessary to track and adapt 
new technologies, consumer patterns, and changes in their preferences. Action should focus on 
finding alternative sources of skins and hides obtaining and manufacturing leather with new 
and/or better properties to increase the flexibility and diversity of offerings.  
 The state and characteristics of the Polish tanning industry, as presented in the article, are 
issues that have not been subjected to wider analysis and studies by researchers for years. This 
undoubtedly demonstrates the existing research gap in this area. Thus, the scientific research 
designed and carried out made it possible to obtain up-to-date knowledge regarding the situa-
tion of this important branch of the national industry, the directions of its changes and the most 
important problem, which is the progressive deindustrialization of the industry. Similar topics 
have also not been addressed in the current literature with regard to other European and non-
European countries. Therefore, the studies presented in the article may inspire to perform simi-
lar analyses with regard to other countries. Based on such studies, it would be possible to draw 
broader conclusions and assess the situation of the European and global tanning industry, point 
out the challenges and problems it faces, and propose concrete solutions to them. 

5. Research recommendations and limitations 
Further research into the structural changes and needs of the Polish tanning industry in the con-
text of the deindustrialization process is recommended. The research should include an analysis 
of the causes and consequences of this transformation and the search for new development op-
portunities in this sector. In addition, the authors also suggest research into the development of 
leather manufacturing technologies in a more environmentally friendly direction to create sus-
tainable products with better properties and higher quality. An example is the research that has 
been carried out for several years, also in Poland, on the use of natural biocides - essential oils in 
the production of leather for the internal parts of footwear, to obtain raw material with antimi-
crobial properties [26, 27]. In the context of the development of the tanning industry, not only in 
Poland, but around the world, it would also be worth noting the possibility of applying machine 
learning solutions. Support in this regard could contribute, among other things, to increasing 
production efficiency, reducing costs, improving product quality and reducing the negative im-
pact of the industry in question on the environment. The application of machine learning in 
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manufacturing processes and beyond is a topical and frequently addressed issue in publications 
that have appeared in recent years [28-29]. 

When planning further research, the limitations encountered by the article's authors should 
be borne in mind. Conducting survey research may face various constraints, both general and 
specific to the research topic. Limitations when conducting survey research to assess the current 
state of the tanning industry in Poland and characteristics of the production process include 
several aspects: 

• For survey results to be reliable, the sample should be representative of the entire popula-
tion surveyed. In the case of a survey on the state of the tanning industry, difficulties may 
arise, for example, from not having access to a complete list of all companies in the sector.  

• Another limitation proves to be the low response rate to the survey and the low involve-
ment of respondents. This may affect the representativeness of the sample and the relia-
bility of the results. Some information about the tanning industry in Poland may be confi-
dential or protected by law, which may make it difficult to collect a complete picture.  

• It is also worth bearing in mind the subjectivity of responses. Respondents may have opin-
ions on the state of the tanning industry that may be formed by their own experiences or 
prejudices. This can result in the introduction of errors or distortion of results.  

To effectively carry out further research in the area of the Polish tanning industry, it is rec-
ommended to increase the motivation of respondents. In addition, the authors of the study rec-
ommend making study visits to tanneries and conducting in-depth interviews with tannery en-
trepreneurs.  
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A B S T R A C T A R T I C L E   I N F O 
With the surge in car ownership, the end-of-life vehicles recycling market has 
shown enormous development potential. As the reverse logistics network for re-
cycling end-of-life vehicles suffers from high operating costs and low recycling 
rates, there is an urgent need to upgrade the actual recycling measures for end-
of-life vehicles to an operable level. This article first uses the OGM (1, N) model 
to predict the number of end-of-life vehicles in the coming years. At the same 
time, a reverse logistics network model with the second-hand car market as the 
recycling centre was constructed with the goal of minimizing the total cost of 
the end-of-life vehicles reverse logistics network. The network model was sim-
ulated using mixed integer programming (MILP), and the optimal solution was 
solved through LINGO 12 programming. Through an example analysis of Shang-
hai, it is found that the market of end-of-life vehicles will embrace growth, and 
it is verified that the optimized reverse logistics network can effectively reduce 
the operation cost and logistics cost of recycling centres, and can effectively 
improve the actual recycling rate of end-of-life vehicles. Finally, the optimized 
site selection results are obtained, and a specific traffic distribution scheme is 
proposed, which is crucial for promoting cars that meet scrap standards to be 
recycled through formal channels and reducing logistics costs for recycling en-
terprises.  
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1. Introduction
With the continuous development of the Chinese automobile market, China became the world's 
largest producer and seller of automobiles in 2009. As of 2020, China's car ownership has reached 
281 million units, and the end-of-life car recycling market has huge potential. According to statis-
tics, the scrap rate of vehicles in China is about 3 %, while the scrap rate in developed countries 
reaches 6 % to 8 %. At the same time, the recycling and dismantling rate in China is relatively low, 
only 1 % to 1.5 % of the car ownership, while the recycling and dismantling rate in developed 
countries is 5 % to 6 %. In the face of the contradiction between the rapid growth of car ownership 
and the low recovery rate of end-of-life vehicles, in the context of a low-carbon and digital econ-
omy [1, 2], China's reverse logistics services led by third-party end-of-life vehicles recycling and 
dismantling enterprises are facing great challenges, for which the Chinese government has also 
formulated relevant policies and regulations [3]. For example, the Implementation Rules for the 
Management of End-of-Life Motor Vehicles Recycling (2020) proposed the goal of market-ori-
ented, specialized, and intensive development of the end-of-life motor vehicle recycling and dis-
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mantling industry. However, China's end-of-life vehicles recycling companies still face some prob-
lems. Scattered resources, insufficient capital investment, sloppy business management, outdated 
dismantling technology and a lack of standardisation and normalisation of recycling and disman-
tling operations are among their main challenges. Moreover, dismantling enterprises still focus on 
the sale of scrap steel as their main profit target, neglecting the added value of components, and 
the reuse rate of components is very low. There are even some illegal and non-standard recycling 
enterprises, which not only disrupt the normal order of the end-of-life vehicles dismantling and 
recycling market, but also have a negative impact on environmental protection and resource uti-
lization. In addition, according to the lifecycle of automotive products, the peak period of manda-
tory scrapping standards for automobiles has not yet been reached, and the number of end-of-life 
vehicles is continuously increasing at a rate of over 15 % per year. The future surge in the end-of-
life vehicles market also poses greater challenges to environmental protection and resource utili-
zation. In this regard, in-depth study of automotive reverse logistics can achieve the rational use 
of resources, reduce environmental pollution and enhance the economic benefits of enterprises, 
solve the problems faced by the industry and achieve sustainable development, which is of great 
significance to improve the overall level and competitiveness of China's end-of-life vehicles recy-
cling and dismantling industry. 

2. Literature review 
Scholars have conducted research using different research methods in predicting the number of 
end-of-life vehicles and car ownership [4]. Among them, Hao et al. proposed a combined predic-
tion model composed of grey model, exponential smoothing method and artificial neural network 
optimized by Particle swarm optimization (PSO) algorithm to solve the nonlinear characteristics 
and uncertainty problems of the number of end-of-life vehicles recovered, and verified the accu-
racy of the prediction through an example [5]. Mohammadali-Ali et al. considered vehicle life (EOL 
factor) to improve the effectiveness of end-of-life vehicles recycling when establishing a system 
dynamics model [6]. Zhang et al. used singular spectrum analysis (SSA) of univariate time series 
models and vector autoregressive (VAR) models of multivariate models to predict car ownership 
[7]. Dargay and Gately, from an economic perspective, linked car ownership with per capita in-
come and combined it with dynamic econometric models to establish a prediction model for car 
ownership [8]. 

At present, research on the optimization of reverse logistics networks for end-of-life vehicles 
has achieved many results, and the objective function used in existing research is mainly the low-
est total cost. Demirel and Gokcen proposed a mixed integer Linear programming model for the 
reverse logistics network design of used and end-of-life vehicles under the participation of differ-
ent roles, which successfully reduced the cost of network transportation of end-of-life vehicles 
and related materials [9]. Lin et al. established a FLAERN mathematical model with the goal of 
cost minimization to solve the facility location allocation problem in the end-of-life vehicles recy-
cling network, and proposed an algorithm based on artificial bee colony for optimization [10]. 
Govindan and Gholizadeh comprehensively investigated the relationship between the elastic sus-
tainable RLs and the variable and flexible capabilities of facilities in electric vehicles, and adopted 
a robust optimized cross-entropy hybrid solution method to calculate the total cost of the elastic 
sustainable RLN with the main goal of minimizing the total cost of the RLN [11]. Seval and Ozturk 
developed a mathematical planning model for reverse logistics network design to manage a re-
verse flow network of end-of-life vehicles in the context of a manufacturer being responsible for 
the entire lifecycle of its products, which was used to determine the number and location of net-
work facilities as well as the volume of material flows [12]. Amin et al. conducted a Case study on 
the key participants in North American ELVs collection for the reverse logistics path problem of 
recycling used vehicles, and proposed a two-stage heuristic solution to maximize the optimal dis-
tribution of dealers between internal fleets and between internal fleets and external operators 
[13]. Min et al. proposed a mixed integer nonlinear programming model and genetic algorithm 
aimed at solving a spatially and temporally integrated reverse logistics problem involving re-
turned products [14]. Marin and Pelegrin analysed the Return to Plant Location Problem (RPLP) 



Optimization of reverse logistics network for end-of-life vehicles: A Shanghai case study 
 

Advances in Production Engineering & Management 19(2) 2024 255 
 

based on the heuristic and exact solution method of Lagrange decomposition [15]. Du and Evans 
established a double objective MIP optimization model for the reverse logistics network problem 
of Third-party logistics companies providing logistics services for after-sales service networks, 
and designed a solution consisting of discrete search method, dual Simplex algorithm method and 
constraint method [16]. 

Similar to the reverse logistics network optimization problem of end-of-life vehicles, facilities 
location [17], production Linear programming [18, 19], supply chain performance evaluation [20], 
production and procurement planning are also combinatorial optimization problems [21, 22], and 
the modelling of combinatorial optimisation problems as mixed integer programming models is 
widely used in the solution of these problems [23, 24]. And the global optimization software 
LINGO is used for rapid solution, which has achieved good results in the examples. For example, 
Yong and Jing used LINGO to establish a logistics network optimization design model, select a car-
bon emission distribution centre demand matching model, a distribution path optimization model 
and a multi-objective optimization model aimed at minimizing carbon emissions, and optimize 
the model [25]. Xiao et al. constructed a four level reverse logistics network model including the 
origin of end-of-life vehicles, the recycling centre, the remanufacturing centre and the disassem-
bler, and used LINGO to solve the mixed integer Linear programming mathematical model estab-
lished, pointing out that the location of the dismantling centre and the capability rating strategy 
have an important impact on the total cost of the logistics network [26, 27]. 

Based on this, this article first predicts the future prospects of the end-of-life vehicles market 
using the OGM (1, N) model based on grey theory. Further, the reverse logistics network model 
with the second-hand automobile market as the recovery and transit centre is constructed by fully 
considering the factors such as the dismantling capacity of the dismantling point, the logistics vol-
ume balance of each network node, and the Fixed cost. Select appropriate decision variables, con-
struct a linear objective function with the minimum total cost, model the reverse network problem 
of end-of-life vehicles as a Mixed Integer Programming model, and then use LINGO software to 
obtain the optimal solution. Finally, a case study was conducted to verify the effectiveness of the 
model. 

3. Research methodology 
3.1 Prediction model for the number of end-of-life vehicles 

The specific modelling process of OGM (1, N) model is as follows. 

(1) Grey sequence generation 

Set 𝑋𝑋𝑖𝑖
(0) = (𝑥𝑥𝑖𝑖(0)(1),𝑥𝑥𝑖𝑖(0)(2), … , 𝑥𝑥𝑖𝑖(0)(𝑛𝑛)) as the dependent variable sequence. Sequence 𝑋𝑋𝑖𝑖

(0) =
(𝑥𝑥𝑖𝑖(0)(1),𝑥𝑥𝑖𝑖(0)(2), … , 𝑥𝑥𝑖𝑖(0)(𝑛𝑛)) is an independent variable sequence with high correlation with se-
quence 𝑋𝑋1

(0). 

(2) Perform a cumulative generation (1-AGO) on 𝑋𝑋i
(0) to obtain the sequence 𝑋𝑋1

(1): 

𝑋𝑋𝑖𝑖
(1) = �𝑥𝑥𝑖𝑖(1)(1),𝑥𝑥𝑖𝑖(1)(2), … , 𝑥𝑥𝑖𝑖(1)(𝑛𝑛)� (1) 

Among them: 𝑥𝑥𝑖𝑖(1)(𝑘𝑘) = ∑ 𝑥𝑥𝑖𝑖(0)𝑘𝑘
𝑖𝑖=1 (𝑖𝑖), 𝑘𝑘 = 1,2, … ,𝑛𝑛. 

(3) Generate the nearest neighbour mean sequence 𝑍𝑍1
(1) from 𝑋𝑋1

(1): 

𝑍𝑍1
(1) = �𝑧𝑧1(1)(2), 𝑧𝑧1(1)(3), … , 𝑧𝑧1(1)(𝑚𝑚)� (2) 

Among them: 𝑧𝑧1(1)(𝑘𝑘)=[𝑥𝑥1
(1)(𝑘𝑘) + 𝑥𝑥1(1)(𝑘𝑘 − 1)]/2, 𝑘𝑘 = 2,3, … ,𝑚𝑚. 

(4) Build OGM (1, N) model: 

𝑥𝑥1(0)(𝑘𝑘) + 𝑎𝑎𝑧𝑧1(1)(𝑘𝑘) = �𝑏𝑏𝑖𝑖𝑥𝑥𝑖𝑖
(1)(𝑘𝑘) + ℎ1(𝑘𝑘 − 1) +

𝑘𝑘

𝑖𝑖=2

ℎ2 (3) 
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The ℎ1(𝑘𝑘 − 1) and ℎ2 in the equation are referred to as the linear correction term and grey action 
of the OGM (1, N) model, respectively, a is referred to as the development coefficient, 𝑏𝑏𝑖𝑖𝑥𝑥𝑖𝑖

(1)(𝑘𝑘) is 
called the driving term, 𝑏𝑏𝑖𝑖 is called the driving coefficient. 

(5) Parameter Estimation of OGM (1, N) model 

The Least Squares Satisfaction of Parameter Column a� = �𝑏𝑏1,𝑏𝑏2, … , 𝑏𝑏𝑁𝑁,𝑎𝑎,ℎ1,ℎ2�
T in OGM (1, N) 

model: 
𝑎𝑎� = (𝐵𝐵𝑇𝑇𝐵𝐵)−1𝐵𝐵𝑇𝑇𝑌𝑌 (4) 

Among them: 

𝐵𝐵 =

⎣
⎢
⎢
⎢
⎡ 𝑥𝑥2

(1)(2) 𝑥𝑥3(1)(2)
𝑥𝑥2(1)(3) 𝑥𝑥3(1)(3)

⋯
𝑥𝑥𝑁𝑁(1)(2)  −𝑧𝑧2(1)(2) 1             1
𝑥𝑥𝑁𝑁(1)(3)  −𝑧𝑧2(1)(3) 2             1

⋮                  ⋮ ⋱ ⋮                                                          ⋮
𝑥𝑥2(1)(𝑚𝑚) 𝑥𝑥3(1)(𝑚𝑚) ⋯ 𝑥𝑥𝑁𝑁(1)(𝑚𝑚)  −𝑧𝑧2(1)(2) 𝑚𝑚 − 1 1 ⎦

⎥
⎥
⎥
⎤
 (5) 

 

𝑌𝑌 =

⎣
⎢
⎢
⎡ 𝑥𝑥1

(0)(2)
𝑥𝑥1(0)(3)

⋮
𝑥𝑥1(0)(𝑚𝑚)⎦

⎥
⎥
⎤
 (6) 

 
So 𝑥𝑥�1

(0)(𝑘𝑘) = ∑ 𝑏𝑏𝑖𝑖𝑥𝑥𝑖𝑖
(1)(𝑘𝑘) − 𝑎𝑎𝑧𝑧1(1)(𝑘𝑘) +𝑘𝑘

𝑖𝑖=2 ℎ2 + ℎ1(𝑘𝑘 − 1) is the differential model of OGM (1, N). 
 

𝑥𝑥�1
(0)(𝑘𝑘) = ��𝑢𝑢1�𝑢𝑢2𝑡𝑡−1𝑏𝑏𝑖𝑖𝑥𝑥𝑖𝑖

(1)(𝑘𝑘 − 𝑡𝑡 + 1)
𝑁𝑁

𝑖𝑖=2

�
𝑘𝑘−1

𝑡𝑡=1

+ 𝑢𝑢2𝑘𝑘−1𝑥𝑥�1
(1)(1) + �𝑢𝑢2

𝑗𝑗
𝑘𝑘−2

𝑗𝑗=0

[(𝑘𝑘 − 𝑗𝑗)𝑢𝑢3 + 𝑢𝑢4 (7) 

 
In the Eq. 7, 𝑘𝑘 = 2,3,... . 

𝑢𝑢1 =
1

1 + 0.5𝑎𝑎
,𝑢𝑢2 =

1 − 0.5𝑎𝑎
1 + 0.5𝑎𝑎

,𝑢𝑢3 =
ℎ1

1 + 0.5𝑎𝑎
, 𝑢𝑢4 =

ℎ2 − ℎ1
1 + 0.5𝑎𝑎

 

(6) Obtaining predicted values 

The following is the cumulative reduction formula of OGM (1, N) model: 
𝑥𝑥�1

(0)(𝑘𝑘) = 𝑥𝑥�1
(1)(𝑘𝑘)− 𝑥𝑥�1

(1)(𝑘𝑘 − 1),𝑘𝑘 = 2,3, … ,𝑚𝑚 (8) 

3.2 Construction of reverse logistics network model for end-of-life vehicles 

This article constructs a reverse logistics network model with the second-hand car market as the 
recycling centre, based on the two key issues of reverse logistics network design and low recycling 
rate in the optimization of recycling end-of-life vehicles, with the goal of minimizing the total cost 
of the reverse logistics network for end-of-life vehicles. At the same time, constraints such as the 
conservation of logistics volume between network nodes, limitations on the processing capacity 
of recycling centres, limitations on the dismantling capacity of dismantling centres, and the num-
ber of established logistics network recycling centres are set to ensure overall coordination 
among relevant organizations and fully complete recycling tasks. 

Parameter settings 

To convert the reverse logistics in the recycling process of end-of-life vehicles into a specific math-
ematical model, some parameters need to be annotated and explained. The parameter symbols 
and definitions used in this study are shown in Table 1. 
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Table 1 Definition of parameter symbols 

Model specification 

• This article studies the logistics network of a single product and cycle, where the weight 
of a single vehicle represents the overall quality. 

• The transportation distance between each logistics node is known, and the transportation 
cost per unit distance is known, and the transportation cost is positively correlated with 
the transportation distance. 

• Material and component losses during transportation are not taken into account, includ-
ing the scrap disposal rate during dismantling. 

• The alternative solutions for the construction or expansion of facilities in the automotive 
reverse logistics network are known, including their alternative locations and number, lo-
cation selection near the second-hand car market in a certain area, and setting their recy-
cling capacity in advance. 

• The transportation from the recycling centre to the dismantling centre will be estimated 
based on transporting multiple end-of-life vehicles at once. 

• Ignoring the uncertainty of time and the dynamism of the supply chain, the cost of inven-
tory backlog is included in the unit operating cost. 

• The third-party logistics company can reach cooperation with them, and the cooperation 
status will not change in a short time. 

Category Symbol Definition 
Set 𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖) Customer area address set (𝑖𝑖 = 1,2,3, … ,𝑛𝑛,∀𝑖𝑖 ∈ 𝐾𝐾) 

𝐾𝐾𝐻𝐻𝑍𝑍𝑋𝑋(𝑗𝑗) Recycling centre addresses set (𝑗𝑗 = 1,2,3, … ,𝑚𝑚,∀𝑗𝑗 ∈ 𝐾𝐾𝐻𝐻𝑍𝑍𝑋𝑋) 
𝐶𝐶𝐶𝐶𝑍𝑍𝑋𝑋(𝑧𝑧) Dismantling centre address set (𝑧𝑧 = 1,2,3, … , 𝑝𝑝,∀𝑧𝑧 ∈ 𝐶𝐶𝐶𝐶𝑍𝑍𝑋𝑋) 
𝐴𝐴𝑍𝑍(𝑤𝑤) Address of remanufacturing centre or landfill site set (𝑤𝑤 = 1,2, … , 𝑡𝑡,∀𝑤𝑤 ∈ 𝐴𝐴𝑍𝑍) 

𝑈𝑈(𝑖𝑖, 𝑗𝑗) Relevant indicator set from customer area 𝑖𝑖 to recycling centre 𝑗𝑗 
(𝑖𝑖 = 1,2,3, … ,𝑛𝑛, 𝑗𝑗 = 1,2,3, … ,𝑚𝑚,∀𝑖𝑖 ∈ 𝐾𝐾，∀𝑗𝑗 ∈ 𝐾𝐾𝐻𝐻𝑍𝑍𝑋𝑋) 

𝑇𝑇(𝑗𝑗, 𝑧𝑧) Relevant indicator set from recovery centre j to dismantling centre 
𝑧𝑧(𝑗𝑗 = 1,2,3, … ,𝑚𝑚, 𝑧𝑧 = 1,2,3, … , 𝑝𝑝,∀𝑗𝑗 ∈ 𝐾𝐾𝐻𝐻𝑍𝑍𝑋𝑋，∀𝑧𝑧 ∈ 𝐶𝐶𝐶𝐶𝑍𝑍𝑋𝑋) 

𝑅𝑅(𝑧𝑧,𝑤𝑤) Relevant indicator set from dismantling centre z to remanufacturing centre or land-
fill plant 𝑤𝑤 (𝑧𝑧 = 1,2,3, … , 𝑝𝑝,𝑤𝑤 = 1,2, … , 𝑡𝑡,∀𝑧𝑧 ∈ 𝐶𝐶𝐶𝐶𝑍𝑍𝑋𝑋,∀𝑤𝑤 ∈ 𝐴𝐴𝑍𝑍) 

Parameter 𝐶𝐶𝐾𝐾1(𝑗𝑗) Fixed investment cost of recycling centre j 
𝐶𝐶𝐾𝐾2(𝑗𝑗) Operating costs amortized per vehicle recovered by the recycling centre 𝑗𝑗 
𝐶𝐶𝐶𝐶(𝑧𝑧) The dismantling cost of dismantling a single end-of-life vehicles 
𝐿𝐿𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗) Distance from recycling centre 𝑖𝑖 to dismantling centre 𝑗𝑗 
𝐾𝐾𝐾𝐾(𝑖𝑖) Total number of end-of-life vehicles in customer area 𝑖𝑖 
𝑁𝑁(𝑗𝑗) Maximum recycling capacity of recycling centre 𝑗𝑗 
𝐸𝐸(𝑧𝑧) Maximum dismantling capacity of dismantling centre 𝑧𝑧 
𝑀𝑀(𝑧𝑧) Recycling quantity of dismantling centre 

𝑉𝑉1 Unit freight from customer area to recycling centre 
(RMB/vehicle · kilometre) 

𝑉𝑉2 Unit shipping cost from recycling centre to dismantling centre (RMB/vehicle · kilo-
metre) 

𝐴𝐴 Unit transportation from dismantling centre to component remanufacturing centre 
(RMB/vehicle · kilometre) 

𝐵𝐵 Unit transportation from dismantling centre to steel enterprise (RMB/vehicle · kil-
ometre) 

𝐶𝐶 Unit transportation from dismantling centre to landfill site 
(RMB/vehicle · kilometre) 

Decision 
variables 

𝑌𝑌(𝑗𝑗) If a new recycling centre is set up at h, take 1; otherwise, take 0 

𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗) The number of end-of-life motor vehicles transported from customer area 𝑖𝑖 to recy-
cling centre 𝑗𝑗 

𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) The number of end-of-life motor vehicles from recycling centre 𝑗𝑗 to dismantling 
centre 𝑧𝑧 

𝐾𝐾𝐶𝐶𝐴𝐴(𝑧𝑧,𝑤𝑤) The number of vehicles transporting motor vehicle waste from the dismantling 
centre 𝑗𝑗 to the waste landfill 𝑤𝑤 

𝐾𝐾𝐶𝐶𝑍𝑍(𝑧𝑧,𝑤𝑤) The number of automotive engines transported from dismantling centre 𝑗𝑗 to re-
manufacturing centre 𝑤𝑤 

𝐾𝐾𝐶𝐶𝑄𝑄(𝑗𝑗) The number of end-of-life vehicles and scrap metal transported from the disman-
tling centre to the steel plant 
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Objective function 

The objective function of establishing a model with the lowest total cost of reverse logistics net-
work for end-of-life vehicles: 

𝑚𝑚𝑖𝑖𝑛𝑛 𝑇𝑇𝐶𝐶 = 𝑇𝑇𝐶𝐶1 + 𝑇𝑇𝐶𝐶2 + 𝑇𝑇𝐶𝐶3 + 𝑇𝑇𝐶𝐶4 + 𝑇𝑇𝐶𝐶5 + 𝑇𝑇𝐶𝐶6 + 𝑇𝑇𝐶𝐶7 + 𝑇𝑇𝐶𝐶8 (9) 
• Fixed investment cost of network recycling transit centres (𝑇𝑇𝐶𝐶1) 
𝑇𝑇𝐶𝐶1 is the sum of the products of 𝐶𝐶𝐾𝐾1(𝑗𝑗) and 𝑌𝑌(𝑗𝑗): 

𝑇𝑇𝐶𝐶1 = �𝐶𝐶𝐾𝐾1(𝑗𝑗) 𝑌𝑌(𝑗𝑗)
𝑛𝑛

𝑗𝑗=1

 (10) 

• Operating costs of network recycling transit centres (𝑇𝑇𝐶𝐶2) 
𝑇𝑇𝐶𝐶2 is the sum of the products of 𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗) and 𝐶𝐶𝐾𝐾2 (𝑗𝑗): 

𝑇𝑇𝐶𝐶2 = ��𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗) 𝐶𝐶𝐾𝐾2(𝑗𝑗)
𝑛𝑛

𝑗𝑗=1

𝑚𝑚

𝑖𝑖=1

 (11) 

• The total dismantling cost of the dismantling company (𝑇𝑇𝐶𝐶3) 
𝑇𝑇𝐶𝐶3 is the sum of the products of 𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) and 𝐶𝐶𝐶𝐶 (𝑧𝑧): 

𝑇𝑇𝐶𝐶3 = ��𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) 𝐶𝐶𝐶𝐶(𝑧𝑧)
𝑝𝑝

𝑧𝑧=1

𝑛𝑛

𝑗𝑗=1

 (12) 

• The total logistics cost of network transportation 

The calculation of the total transportation cost is based on the sum of the products of the dis-
tance between each network node, the freight cost per kilometre, and the quantity of recycling 
between network nodes. 

The total transportation cost includes the shipping cost from the recycling centre to the dis-
mantling centre (𝑇𝑇𝐶𝐶4): 

𝑇𝑇𝐶𝐶4 = ��𝐿𝐿𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗) 𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗) 𝑉𝑉1
𝑛𝑛

𝑗𝑗=1

𝑚𝑚

𝑖𝑖=1

 (13) 

The total cost of shipping between the recycling centre and the dismantling centre (𝑇𝑇𝐶𝐶5): 

𝑇𝑇𝐶𝐶5 = ��𝐿𝐿𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) 𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) 𝑉𝑉2
𝑝𝑝

𝑧𝑧=1

𝑛𝑛

𝑗𝑗=1

 (14) 

Freight cost from dismantling centre to remanufacturing company (TC6), garbage factory 
(TC7), steel factory (TC8) are shown as follows: 

𝑇𝑇𝐶𝐶6 = �� 𝐿𝐿𝐶𝐶𝐴𝐴(𝑧𝑧,𝑤𝑤) 𝐾𝐾𝐾𝐾𝐾𝐾(𝑧𝑧,𝑤𝑤) 𝐴𝐴
𝑡𝑡

𝑤𝑤=1

𝑝𝑝

𝑧𝑧=1

 (15) 

 

𝑇𝑇𝐶𝐶7 = �� 𝐿𝐿𝐶𝐶𝑍𝑍(𝑧𝑧,𝑤𝑤) 𝐾𝐾𝐾𝐾𝐾𝐾(𝑧𝑧,𝑤𝑤) 𝐹𝐹
𝑡𝑡

𝑤𝑤=1

𝑝𝑝

𝑧𝑧=1

 (16) 

 

𝑇𝑇𝐶𝐶8 = �𝐿𝐿𝐶𝐶𝑄𝑄(𝑗𝑗) 𝐾𝐾𝐶𝐶𝑄𝑄(𝑗𝑗)
𝑝𝑝

𝑧𝑧=1

𝑄𝑄 (17) 

Restraint condition 
Based on the current situation of the reverse logistics network for end-of-life vehicles, this study 
establishes constraints from aspects such as the conservation of logistics volume between net-
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work nodes, limitations on the processing capacity of recycling centres, limitations on the disman-
tling capacity of dismantling centres, the number of established in the logistics network recycling 
centres, and integer constraints. 

(1) Constraints on conservation of logistics volume 

Based on the principle of material flow conservation between various nodes in the logistics net-
work, the following constraint conditions for material flow conservation are established. 
Balance of total material flow of end-of-life vehicles: 

�𝐾𝐾𝐾𝐾(𝑖𝑖)
𝑚𝑚

𝑖𝑖=1

= ��𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗)
𝑛𝑛

𝑗𝑗=1

𝑚𝑚

𝑖𝑖=1

= ��𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧)
𝑝𝑝

𝑧𝑧=1

𝑛𝑛

𝑗𝑗=1

= 

= ��𝐾𝐾𝐶𝐶𝐴𝐴(𝑧𝑧,𝑤𝑤)
𝑡𝑡

𝑤𝑤=1

𝑝𝑝

𝑧𝑧=1

= ��𝐾𝐾𝐶𝐶𝐴𝐴(𝑧𝑧,𝑤𝑤)
𝑡𝑡

𝑤𝑤=1

𝑝𝑝

𝑧𝑧=1

= �𝐾𝐾𝐶𝐶𝑄𝑄(𝑧𝑧)
𝑝𝑝

𝑍𝑍=1

 

(18) 

Conservation of material flow at node 𝑖𝑖 in each customer area: 

𝐾𝐾𝐾𝐾(𝑖𝑖) = �𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗)
𝑛𝑛

𝑗𝑗=1

             (𝑖𝑖 = 1,2,3, … ,𝑛𝑛) (19) 

Conservation of material flow at various network recycling and transfer centre nodes: 

�𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗)
𝑛𝑛

𝑖𝑖=1

= �𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧)
𝑝𝑝

𝑧𝑧=1

(𝑗𝑗 = 1,2,3, … ,𝑚𝑚) (20) 

Conservation of material flow at nodes from steel mills, garbage dumps, remanufacturing compa-
nies to dismantling enterprises: 

�𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧)
𝑚𝑚

𝑗𝑗=1

= �𝐾𝐾𝐶𝐶𝐴𝐴(𝑧𝑧,𝑤𝑤)
𝑡𝑡

𝑤𝑤=1

(𝑧𝑧 = 1,2,3, … ,𝑝𝑝) (21) 

 

�𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧)
𝑚𝑚

𝑗𝑗=1

= �𝐾𝐾𝐶𝐶𝐴𝐴(𝑧𝑧,𝑤𝑤)
𝑡𝑡

𝑤𝑤=1

(𝑧𝑧 = 1,2,3, … ,𝑝𝑝) (22) 

 

�𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧)
𝑚𝑚

𝑗𝑗=1

= 𝐾𝐾𝐶𝐶𝑄𝑄(𝑗𝑗)              (𝑧𝑧 = 1,2,3, … ,𝑝𝑝) (23) 

(2) Limitations on processing capacity of recycling centres 

According to the recycling capacity limit of the recycling centre, the 0-1 variable 𝑌𝑌(𝑗𝑗) of the recy-
cling centre meets the minimum and maximum processing quantity limits. The value of 𝑌𝑌(𝑗𝑗) is 
determined by the conservation constraint of the recycling centre's processing capacity, thereby 
determining the location: 

�𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗) ≤ 𝑁𝑁(𝑗𝑗) 𝑌𝑌(𝑗𝑗)    (𝑗𝑗 = 1,2,3, … ,𝑚𝑚)
𝑛𝑛

𝑖𝑖=1

 (24) 

 

�𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) ≤ 𝑁𝑁(𝑗𝑗) 𝑌𝑌(𝑗𝑗)    (𝑗𝑗 = 1,2,3, … ,𝑚𝑚)
𝑝𝑝

𝑧𝑧=1

 (25) 

 

�𝐾𝐾𝐾𝐾𝐾𝐾(𝑖𝑖, 𝑗𝑗) ≥ 𝑃𝑃(𝑗𝑗) 𝑌𝑌(𝑗𝑗)    (𝑗𝑗 = 1,2,3, … ,𝑚𝑚)
𝑛𝑛

𝑖𝑖=1

 (26) 
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�𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) ≥ 𝑁𝑁(𝑗𝑗) 𝑌𝑌(𝑗𝑗)    (𝑗𝑗 = 1,2,3, … ,𝑚𝑚)
𝑝𝑝

𝑧𝑧=1

 (27) 

 

�𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) ≤ 𝑀𝑀(𝑧𝑧)               (𝑧𝑧 = 1,2,3, … ,𝑝𝑝)
𝑚𝑚

𝑗𝑗=1

 (28) 

(3) Limitations on the dismantling capacity of the dismantling centre 
Establish constraint conditions based on the dismantling capacity limitations of each dismantling 
centre to meet the law of conservation of logistics volume between each node: 

�𝐾𝐾𝐾𝐾𝐶𝐶(𝑗𝑗, 𝑧𝑧) ≥ 𝐸𝐸(𝑧𝑧)    (𝑧𝑧 = 1,2,3, … ,𝑝𝑝)
𝑚𝑚

𝑗𝑗=1

 (29) 

 

�𝐾𝐾𝐶𝐶𝐴𝐴(𝑧𝑧,𝑤𝑤) ≥ 𝐸𝐸(𝑧𝑧)    (𝑧𝑧 = 1,2,3, … ,𝑝𝑝)
𝑡𝑡

𝑤𝑤=1

 (30) 

 

�𝐾𝐾𝐶𝐶𝐴𝐴(𝑧𝑧,𝑤𝑤) ≤ 𝑀𝑀(𝑧𝑧)    (𝑧𝑧 = 1,2,3, … , 𝑝𝑝)
𝑡𝑡

𝑤𝑤=1

 (31) 

 

�𝐾𝐾𝐶𝐶𝑍𝑍(𝑧𝑧,𝑤𝑤) ≥ 𝐸𝐸(𝑧𝑧)    (𝑧𝑧 = 1,2,3, … ,𝑝𝑝)
𝑡𝑡

𝑤𝑤=1

 (32) 

 

�𝐾𝐾𝐶𝐶𝑍𝑍(𝑧𝑧,𝑤𝑤) ≤ 𝑀𝑀(𝑧𝑧)    (𝑧𝑧 = 1,2,3, … ,𝑝𝑝)
𝑡𝑡

𝑤𝑤=1

 (33) 

(4) Limitation on the number of newly established recycling points: 

�𝑌𝑌(𝑗𝑗) = 3
3

𝑗𝑗=1

 (34) 

 

3 ≤�𝑌𝑌(𝑗𝑗) ≤ 5
n

𝑗𝑗=4

 (35) 

(5) Integer constraint: 

𝑌𝑌(𝑗𝑗) ∈ {0，1}    (𝑗𝑗 = 1,2,3, … ,𝑛𝑛) (36) 

4. Results of the study 
4.1 Example description and data source 

This article takes Shanghai, the fifth largest city in China in terms of car ownership, as a research 
example to analyse and verify the effectiveness of the model. Select participants closely related to 
the reverse logistics of end-of-life vehicles for on-site research and interviews, and obtain the re-
quired data from government official websites and relevant literature. 
 

(1) According to Google Maps data, Fig. 1 shows the distribution of end-of-life vehicle network 
nodes in Shanghai. 
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Fig. 1 Distribution of scrap vehicle network nodes in Shanghai 

 

(2) Distances between nodes were computed using Google Maps, with the following specifics: the 
distance between the customer area and the recycling centre; the distance between the recycling 
centre and the dismantling enterprise; the distance between the dismantling enterprise and the 
landfill plant; the distance between the dismantling centre and Shanghai Baosteel Group Corpo-
ration; and the distance between the dismantling enterprise and the remanufacturing company. 
Here, only the distance data between the 16 customer areas and the selected recycling centres for 
end-of-life vehicles in Shanghai are shown in Table 2. 
 

Table 2 Distance between customer area and recycling centre 
Distance 
(km) 

Wuning 
Road Service 
Branch 

Boyuan 
Road 
Service 
Branch 

Hulan Road 
Service 
Branch 

Shanghai 
Used Car 
Trade 
Market 

Shanghai 
Port 
second-hand 
car trading 
market 

Shanghai 
Xinzhuang 
Old Motor 
Vehicle 
Trading 
Market 

Shanghai 
Pudong Used 
Motor 
Vehicle 
Trading 
Market 

Shanghai 
Chongming Old 
Motor Vehicle 
Trading Market 

Shanghai 
Bailian 
United Used 
Motor Vehicle 
Trading 
Market 

Pudong New Area 23 45 23 54 17 29 13 90 18 
Huangpu 
District 

9.4 31 17 45 22 23 20 103 11 

Xuhui District 25 8 23 36 48 16 21 109 18 
Changning 
District 

3.3 18 20 33 31 19 23 104 13 

Jing'an District 5.4 26 17 40 30 20 21 102 11 
Putuo District 3.7 19 16 26 30 22 31 103 10 
Hongkou 
District 

11 34 15 38 16 28 19 90 8.9 

Yangpu District 16 35 22 43 16 29 17 89 16 
Minhang 
District 

19 23 33 36 46 5.7 21 115 27 

Baoshan District 24 38 10 51 22 43 37 98 19 
Jiading District 32 17 26 20 43 32 53 117 24 
Jinshan District 70 67 86 73 102 54 71 168 77 
Songjiang 
District 

40 38 54 44 67 21 41 137 48 

Qingpu District 38 36 55 25 62 28 52 143 50 
Fengxian District 43 48 57 62 67 31 42 139 51 
Chongming 
District 

101 118 98 125 81 120 95 2 93 

  
(3) The recycling of end-of-life vehicles is generally carried out through the recycling and disman-
tling company's doorstep transportation or by customers driving the vehicles that are about to be 
end-of-life to the recycling company. Based on actual research, this study believes that the trans-
portation unit fuel consumption during vehicle recycling is 0.2 liters/kilometre, and the freight 
cost between each node is shown in Table 3. 
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Table 3 Freight costs between nodes 
 V1 V2 A B C 

Freight cost 
(RMB/kilometre · vehicle) 2.8 0.8 0.16 0.4 0.9 

4.2 Prediction results of end-of-life vehicles in Shanghai 

The grey correlation analysis was carried out on the relevant indicators selected for the prediction 
of the number of 16 end-of-life vehicles from 2011 to 2018. Finally, with 0.83 as the threshold, 
Gross regional product, per capita gross product, total social consumer goods, disposable income 
of residents, and car ownership were taken as the main factors of the grey correlation prediction. 
The final prediction indicates that the number of cars scrapped in Shanghai from 2019 to 2021 is 
110,853, 130,054, and 140,509, respectively, as calculated using MATLAB. 

4.3 Analysis of the results of the reverse logistics network model for end-of-life vehicles in Shang-
hai 

Effectively reducing the cost of reverse logistics network 

Referring to the reverse logistics network data of end-of-life vehicles in Shanghai, a mixed integer 
programming (MILP) simulation network model was used to simulate the operation, and LINGO 
12 programming was used to solve the optimal solution. Integrate resources between various 
nodes to find the optimal traffic allocation result. And select a location for the recycling centre. 
The solution report is displayed as follows: 

Global optimal solution found. 
Objective value: 0.1302113E + 09 
Objective bound: 0.1302113E + 09 
Infeasibilities: 0.000000 
Extended solver steps: 0 
Total solver iterations: 149 

The current program has a total of 283 variables, with 149 iterations. The optimal value of the 
objective function min 𝑇𝑇𝐶𝐶 = 0.1302113𝐸𝐸 + 09, which means the logistics cost is 130429.9 million 
RMB. 

Recovery centre cost: 𝑇𝑇𝐶𝐶1 + 𝑇𝑇𝐶𝐶2 = 183800 + 811424 = 995224 
Logistics freight cost:𝑇𝑇𝐶𝐶4 + 𝑇𝑇𝐶𝐶5 + 𝑇𝑇𝐶𝐶6 + 𝑇𝑇𝐶𝐶7 + 𝑇𝑇𝐶𝐶8 = 2160869 + 658096.4 + 639380.5 + 
+ 1389350 + 822120.8 = 5669816.7 

At present, there are about 50 recycling points in the existing reverse logistics network for end-
of-life vehicles, and the average operating cost of each recycling point is about 300000 RMB. The 
total operating cost exceeds the sum of logistics freight cost and the operating cost of the recycling 
centre. 

Choosing the second-hand car market as the recycling and transfer centre and establishing a 
reverse logistics network system for end-of-life vehicles can effectively reduce the logistics and 
operational costs of reverse logistics for end-of-life vehicles. Allowing profits to end-of-life vehi-
cles dismantling companies increases the profit margin of the dismantling centre, causing a large 
number of end-of-life vehicles flowing into informal channels such as the underground black mar-
ket to flow into formal channels for scrapping. 

Effectively improving the recycling rate of reverse logistics networks 
Table 4 Scrap vehicle recycling data from 2015 to 2016 

Time Car ownership  
(10000 units) 

 Theoretical scrap 
volume  
(10000 units) 

Actual cancellation 
volume  
(10000 units) 

Actual recycling 
volume  
(10000 units) 

2015 332.35  13.2 8.5 4.01 
2016 359.48  14.37 9.7 4.2 
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The theoretical scrap quantity is generally 4 % of the total inventory, taking the historical 
data in Table 8 for 2016 as an example: 

 

Actual scrap rate =
Actual cancellation volume
Theoretical scrap volume

· 100 % =
9.7

14.37
· 100 % = 67.5 % 

 

Actual recovery rate =
Actual recycling volume

Actual cancellation volume
· 100 % =

4.2
9.7

· 100 % = 43.2 % 
 
According to industry calculations, generally 40 % enter formal dismantling channels, 30 % 

are illegally dismantled and dismantled, and 30 % are re launched through second-hand modifi-
cations. Half of the 46700 end-of-life vehicles that have not been deregistered can be recovered 
and deregistered through inspection of the second-hand car market. 

 

Actual scrap rate =
Actual cancellation volume
Theoretical scrap volume

· 100 % =
12.04
14.37

· 100 % = 83.8 % 

 

Actual recovery rate =
Actual recycling volume

Actual cancellation volume
· 100 % =

6.535
12.035

· 100 % = 54.3 % 
 
Using data from 2016, it is expected that the actual scrap rate will increase from 67.5 % to 

83.8 %, and the actual recovery rate will increase from 43.2 % to 54.3 %. 

Optimization of site selection for network recycling centres 

According to the results of 𝑌𝑌(𝑗𝑗), the following six second-hand car trading markets will be desig-
nated as the recycling transfer points for the reverse logistics network of end-of-life vehicles in 
Shanghai in the future, as shown in Table 5. 
 

Table 5 Location of network recycling centres using the used car market as a transit point 
Wuning Road Service Branch 2907 Zhongshan North Road, Putuo District, Shanghai 

Boyuan Road Service Branch Certification Hall, Floor 1, No. 969, Boyuan Road, Jiangqiao 
Town, Jiading District, Shanghai 

Hulan Road Service Branch Room 108, Building 4, No. 525 Hulan Road, Baoshan District, 
Shanghai 

Shanghai Xinzhuang Old Motor Vehicle Trading Market 3318 Gudai Road, Shanghai 
Shanghai Pudong Used Motor Vehicle Trading Market 1441 Yuqiao Road, Pudong New Area, Shanghai 
Shanghai Bailian United Used Motor Vehicle Trading Market 3550 Gonghexin Road, Jing'an District, Shanghai 

Optimized allocation of network resources 

Based on the above site selection optimization results, the following resource optimization allo-
cation suggestions are proposed to effectively reduce the total operating cost of the entire re-
verse logistics network for end-of-life vehicles. 
 
(1) The flow distribution between the customer area and the recycling area is shown in Table 6. 
 

Table 6 Flow Distribution of customer area – Recycling area (Unit: Vehicles) 
Distance (km) Wuning 

Road 
Service 
Branch 

Boyuan Road 
Service 
Branch 

Hulan 
Road 
Service 
Branch 

Shanghai 
Used Car 
Trade 
Market 

Shanghai Port 
second-hand 
car trading 
market 

Shanghai Xin-
zhuang Old 
Motor Vehicle 
Trading Mar-
ket 

Shanghai 
Pudong Used 
Motor Vehicle 
Trading Mar-
ket 

Shanghai Chong-
ming Old Motor 
Vehicle Trading 
Market 

Shanghai 
Bailian United 
Used Motor 
Vehicle Trad-
ing Market 

Pudong New Area 0 0 0 0 0 0 0 0 1236 
Huangpu District 0 0 0 0 0 1110 7608 0 0 
Xuhui District 0 5341 0 0 0 0 0 0 0 
Changning District 694 1150 0 0 0 3043 0 0 0 
Jing'an District 0 1586 3968 0 0 0 0 0 2218 
Putuo District 6306 0 0 0 0 0 0 0 0 
Hongkou District 0 0 0 0 0 0 0 0 9154 
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Table 6 (Continuation) 
Yangpu District 0 0 0 0 0 0 0 0 5830 
Minhang District 0 0 0 0 0 1850 0 0 0 
Baoshan District 0 0 2032 0 0 0 0 0 0 
Jiading District 0 923 0 0 0 0 0 0 0 
Jinshan District 0 0 0 0 0 370 0 0 0 
Songjiang district 0 0 0 0 0 785 0 0 0 
Qingpu District 0 0 0 0 0 490 0 0 0 
Fengxian District 0 0 0 0 0 452 0 0 0 
Chongming District 0 0 0 0 0 0 156 0 0 

(2) To reduce costs, the following flow distribution plan is proposed for the recycling centre to the 
dismantling centre, as shown in Table 7. 

Table 7 Flow distribution of recycling centre – Dismantling centre (Unit: Vehicles) 
Distance 
(km) 

Xinguang 
Renewable 
Resources 
(Shanghai) Co., 
Ltd 

Oulubao 
(Baosteel) 
Dismantling Co., 
Ltd 

Shanghai 
Huadong 
Dismantling Co., 
Ltd 

Shanghai 
Huajian 
Dismantling Co., 
Ltd 

Shanghai Motor 
Vehicle Recycling 
Service Centre 

Shanghai 
Xinzhuang 
Dismantling Co., 
Ltd 

Shanghai Jiaoyun 
Bus Dismantling 
Co., Ltd 

Wuning Road 
Service Branch 

0 0 0 0 0 0 7000 

Boyuan Road 
Service Branch 

8000 0 0 0 0 0 1000 

Hulan Road Service 
Branch 

0 6000 0 0 0 0 0 

Shanghai Used Car 
Trade Market 

0 0 0 0 0 0 0 

Shanghai Port 
second-hand car 
trading Market 

0 0 0 0 0 0 0 

Shanghai 
Xinzhuang Old 
Motor Vehicle 
Trading Market 

0 0 0 0 0 8000 0 

Shanghai Pudong 
Used Motor Vehicle 
Trading Market 

0 9000 0 0 0 0 0 

Shanghai 
Chongming Old 
Motor 
Vehicle Trading 
Market 

0 0 0 0 0 0 0 

Shanghai Bailian 
United Used Motor 
Vehicle Trading 
Market 

0 5000 3000 2500 2800 1902 2000 

 
(3) The article proposes that Xinguang Renewable Resources (Shanghai) Co., Ltd. will transport 
the dismantled waste to Chongming Garbage Dump. Within the upper limit of the treatment ca-
pacity of the Laogang Garbage Dump, the dismantling company will try its best to transport the 
waste to the Laogang Garbage Dump for treatment, as shown in Table 8. 

 
Table 8 Flow distribution of dismantling centre – Landfill plant (Unit: Vehicles) 

Distance 
(km) 

Xinguang 
Renewable 
Resources 
(Shanghai) 
Co., Ltd 

Oulubao 
(Baosteel) 
Dismantling Co., 
Ltd 

Shanghai 
Huadong 
Dismantling 
Co., Ltd 

Shanghai 
Huajian 
Dismantling 
Co., Ltd 

Shanghai Motor 
Vehicle Recycling 
Service Centre 

Shanghai 
Xinzhuang 
Dismantling 
Co., Ltd 

Shanghai 
Jiaoyun Bus 
Dismantling 
Co., Ltd 

Chongming Garbage 
Landfill Plant 

8000 0 0 0 0 0 0 

Laogang Solid Waste 
Comprehensive 
Utilization Base 

0 20000 3000 2500 2800 9902 10000 

 
(4) The flow distribution between the dismantling centre and the steel plant is shown in Table 9. 
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Table 9 Flow distribution of dismantling centre – Steel plant (Unit: Vehicle) 
Distance 
(kilometre) 

Xinguang 
Renewable 
Resources 
(Shanghai) Co., 
Ltd 

Oulubao 
(Baosteel) 
Dismantling 
Co., Ltd 

Shanghai 
Huadong 
Dismantling 
Co., Ltd 

Shanghai 
Huajian 
Dismantling 
Co., Ltd 

Shanghai Motor 
Vehicle Recycling 
Service Centre 

Shanghai 
Xinzhuang 
Dismantling 
Co., Ltd 

Shanghai Jiaoyun 
Bus Dismantling 
Co., Ltd 

Shanghai 
Baosteel Group 
Corporation 

8000 20000 3000 2500 2800 9902 10000 

 
(5) The article puts forward the opinion that Oulubao (Baosteel) Vehicle Dismantling Co., Ltd. and 
Shanghai Jiaoyun Bus Dismantling Co., Ltd. will transport the five major assemblies of the recov-
ered vehicles to SAIC Motor, and other dismantling companies in Shanghai will transport the five 
major assemblies of the recovered vehicles to Shanghai Fumei Auto Automatic Transmission 
Technical Service Co., Ltd, as shown in Table 10. 
 

Table 10 Flow distribution of dismantling centre – Remanufacturing company (Unit: Vehicle) 
Distance 
(km) 

Xinguang 
Renewable 
Resources 
(Shanghai) 
Co., Ltd 

Oulubao 
(Baosteel) 
Dismantling 
Co., Ltd 

Shanghai 
Huadong 
Dismantling 
Co., Ltd 

Shanghai 
Huajian 
Dismantling 
Co., Ltd 

Shanghai Motor 
Vehicle Recycling 
Service Centre 

Shanghai 
Xinzhuang 
Dismantling 
Co., Ltd 

Shanghai Jiaoyun 
Bus Dismantling 
Co., Ltd 

Shanghai Xingfu 
Rebede Powertrain 
Co., Ltd. 
(SAIC Motor) 

0 20000 0 0 0 0 10000 

Shanghai Fumei 
Auto Automatic 
Transmission 
Technical Service 
Co., Ltd. (authorized 
by Dongfeng 
Peugeot-Citroën and 
Great Wall Motor) 

8000 0 3000 2500 2800 9902 0 

5. Discussion 
In terms of theoretical contributions, this study mainly analyses and predicts the prospects of 
Shanghai's automobile market first, then breaks the tradition that most scrap automobile disman-
tling companies in Shanghai set up recycling centres only to collect materials rather than serve as 
transfer points, and establishes a tripartite logistics network system with the second-hand car 
trading market as the recycling centre to realize the optimal layout of full coverage of recycling 
points and distribution systems. The most efficient implementation of transport. 

At the same time, this study also has great practical significance to the society. First of all, the 
automobile manufacturing industry consumes a lot of resources, and its development speed is 
accelerating, and the demand for resources is also increasing. Research on the reverse logistics 
network of end-of-life vehicles is conducive to improving the utilization rate of resources, pro-
moting the development of circular economy [28], and promoting the recycling of raw materials 
such as steel, rubber, non-ferrous metals and the five assemblies of automobiles. In addition, the 
exhaust gas emitted by end-of-life vehicles on the road will be three times that of ordinary cars, 
and the unreasonable disposal of end-of-life vehicles will cause serious potential environmental 
pollution problems. This study focuses on the control of reverse logistics of automobiles, which is 
helpful to reduce environmental pollution and reduce the harm to the environment caused by the 
use of end-of-life vehicles. At the enterprise level, in the recycling process, more than 95 % of the 
raw materials of an old automobile can be reused. Realizing the recycling of end-of-life vehicles 
parts and five assemblies is conducive to reducing the production cost of enterprises, improving 
the utilization rate of raw materials in the automotive manufacturing field, reducing the cost of 
raw materials, and creating profits for the forward logistics process of automobiles. 
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6. Conclusion 
This study proposes a logistics network location planning and flow allocation proposal with the 
second-hand car market as the recycling centre. Based on the historical number of end-of-life ve-
hicles in Shanghai, the future quantity is predicted and used as input data for the model to simu-
late network operation. The grey prediction results show that the recycling volume of end-of-life 
vehicles in Shanghai will reach 140000 in 2021, and the prospects for the end-of-life vehicles re-
cycling industry are very optimistic. To solve the optimization problem of reverse logistics net-
work for end-of-life vehicles, this study used LINGO 12 software for model solving. The obtained 
resource optimization allocation plan effectively improves the actual recovery rate and reduces 
the operational and logistics costs of the logistics network. 

The reverse logistics network of end-of-life vehicles is a complex and uncertain system. How-
ever, the research object of this paper is only the reverse logistics network of end-of-life vehicles 
with single-variety, single-cycle, recycling manufacturing and utilization, which is complex and 
multi-product in reality. The detailed study of multi-product situation is more suitable for practi-
cal problems. The construction of mixed integer model considering environmental protection, 
economy, resource utilization and other benefits can provide a comprehensive framework for 
scrap vehicle reverse logistics network. The follow-up research will also focus on the dynamic 
prediction of the amount of recycling, which will be based on the changes of many factors such as 
market demand, technological development, policies and regulations, in order to realize the dy-
namic real-time allocation of resources and adapt to the changing environment and market de-
mand, so as to achieve the innovation breakthrough of reverse logistics network. 
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A B S T R A C T A R T I C L E   I N F O 
Ride-hailing services have transformed urban transportation through conven-
ience yet introduced new complexities around efficiency and traffic manage-
ment. This study investigates the dual-queuing problem in ride-hailing from 
the driver perspective using a multi-agent simulation approach. The focus is 
dissecting the dynamics between driver search times and passenger wait 
times, which critically influence operational efficiency especially during peak 
demand. Exploring these interactions aims to uncover insights that could im-
prove service efficiency and customer satisfaction. Addressing such ride-hail-
ing challenges is vital not just for individual providers but also for advancing 
sustainable mobility across rapidly growing metropolitan regions. Enhanced 
efficiency connects to broader urban development narratives around livability, 
accessibility, and responsible mobility ecosystems.  
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1. Introduction
As China swiftly emerges as a global leader in on-demand mobility, ride-hailing services have pro-
foundly transformed urban transportation paradigms. Leveraging mobile technologies, these in-
novative platforms efficiently match passengers and drivers, catering to escalating mobility de-
mands within metropolitan expanses [1, 2]. Having altered commuting habits, ride-sharing now 
constitutes an integral mobility component for contemporary urban living [3, 4]. 

As an emergent mode of transport, ride-hailing presents service characteristics unprecedented 
in traditional travel methods. It has altered commuting habits and has had a substantial impact on 
the urban transportation landscape. With the rapid development of the ride-hailing market and 
fierce competition, enhancing service efficiency and customer satisfaction has become pivotal to 
the industry's growth [5]. A major challenge faced by the sector, particularly during peak times 
and within congested city environments, is the effective management of the matching process be-
tween drivers and passengers to reduce waiting times and improve operational efficiency. A no-
table operational issue within the ride-hailing industry is the often inefficient process of drivers 
seeking passengers, which not only diminishes drivers' work efficiency but also extends passen-
gers' waiting periods [6]. This issue becomes especially pronounced during urban peak hours. The 
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efficiency of the match between drivers and passengers directly affects the entire service system's 
efficiency, making the effective balance of driver search time and passenger wait time a pressing 
problem to resolve [7]. 

The necessity of this study lies in exploring and addressing the dual-queue problem on the 
driver's end within the ride-hailing industry, which is crucial for enhancing the service efficiency 
and customer satisfaction of the entire industry. This research aims to delve into the processes of 
driver search and passenger wait through in-depth analysis and simulation to identify strategies 
that elevate service efficiency, thereby providing effective operational and decision-making sup-
port for ride-hailing platforms. Moreover, by studying the driver-side queuing model, this research 
also aims to offer insights beneficial to urban traffic management and service optimization [8]. 

This study faces multiple challenges. First is the technical challenge of constructing a simula-
tion model that accurately mirrors real traffic and service conditions, requiring precise modeling 
of complex urban traffic environments and dynamic passenger demands [9]. Secondly, processing 
and analyzing the vast amount of data generated by the simulation model to extract meaningful 
insights and strategies is non-trivial. Additionally, designing efficient algorithms to optimize 
driver search routes and reduce passenger waiting times is key to our research [10]. 

To achieve these objectives, this study employs a multi-agent simulation model. This method, 
by simulating the interactive behavior of drivers and passengers within a virtual environment, 
allows us to replicate and analyze complex urban traffic environments and ride-hailing service 
processes under controlled conditions. The simulation model is capable of emulating various traf-
fic conditions and passenger demand patterns, providing an effective tool for analyzing driver 
search times and passenger waiting times. The crux of this approach is its ability to reproduce the 
complex scenarios of real life and provide real-time feedback on strategies. 

The primary contribution of this research is the development of an innovative simulation 
model that effectively simulates the dual-queue system from the driver's perspective, analyzing 
its impact on the overall efficiency of ride-hailing services. Through this model, we can propose 
specific strategies to reduce driver search times and passenger wait times, thereby enhancing the 
operational efficiency of ride-hailing platforms. Additionally, this research offers valuable insights 
into ride-hailing services, particularly on how to effectively manage the match between drivers 
and passengers during peak periods. These contributions are significant not only for the practical 
operations of the ride-hailing industry but also for providing theoretical support for future urban 
traffic management and service optimization. Through comprehensive and in-depth research, this 
article aims to contribute significantly to the academic field of ride-hailing services and provide 
practical and feasible recommendations for business operations. 

 
Tabel 1 Reminder of this paper 

Section Description Key points 
Abstract Overview of the study focusing on ride-

hailing services and dual-end queuing 
problems. 

Highlights the significance of driver search 
times and passenger waiting times in ride-
hailing efficiency. 

Introduction Contextualizes the rise of ride-hailing ser-
vices in urban transportation, especially in 
China. 

Emphasizes the impact of ride-hailing on 
urban mobility and the importance of man-
aging driver-passenger matching. 

Related works Review of existing literature on ride-hailing 
system efficiency and multi-agent simula-
tion studies. 

Discusses previous findings on operational 
efficiency, user behavior, and dispatch 
strategies in ride-hailing services. 

Methodology Details the approach for analyzing the dual-
end queuing problem using a multi-agent 
simulation model. 

Describes research hypothesis, ride-hailing 
vehicle arrivals analysis, dual-end queuing 
model, and parameter settings. 

Simulation results Presents the findings from the simulation, 
focusing on passenger accumulation and 
efficiency metrics. 

Analyzes the correlation between passen-
ger numbers, driver search times, and sys-
tem efficiency. 

Discussion Theoretical and practical implications of 
the research, along with limitations and fu-
ture directions. 

Reflects on the study's contribution to ur-
ban transportation and ride-hailing service 
management. 

Conclusions Summarizes the study's findings and their 
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services. 

Emphasizes the importance of managing 
driver search and passenger wait times for 
service efficiency. 



Tang, Cao, Gong, Xue, Khoa 
 

270 Advances in Production Engineering & Management 19(2) 2024 
 

Table 1 provides a structured summary this paper. It outlines the key sections of the research 
paper, including the Abstract, Introduction, Related Works, Methodology, Simulation Results, Dis-
cussion, Conclusions, and References. Each section is concisely described, emphasizing the study's 
focus on the complexities of ride-hailing services, particularly the efficiency of driver-passenger 
matching and the impact of driver search and passenger wait times on overall service efficiency. 
The table encapsulates the research's theoretical and practical implications, methodological ap-
proaches, and key findings, offering a coherent overview of the paper's content and contributions 
to the field of urban transportation and ride-hailing service management. 

2. Related works 
2.1 Ride-hailing system operational efficiency 

Within the contemporary transportation ecosystem, the operational efficiency, service quality, 
and user satisfaction of ride-hailing services constitute key research areas. Multidimensional 
studies in this domain have indicated that Feng et al. [4] engaged in a comprehensive systemic 
analysis to explore avenues for enhancing the operational efficiency and service quality of ride-
hailing services. Additionally, Xu et al. [5] centered their research on the supply curve of ride-
hailing systems, revealing how market conditions affect the balance of supply and demand for 
these services. 

Further advancing the field, another study by Xu et al. [6] focused on optimizing vehicle dis-
patch within ride-hailing systems, demonstrating the application of technological means to in-
crease service efficiency. Complementarily, Li et al. [7] conducted an in-depth exploration of user 
behavior within ride-hailing systems, particularly the decision-making processes of boundedly 
rational users. On another front, Lu et al. [8] sought to balance efficiency and fairness in ride-hail-
ing services, especially in the context of carpooling design during specific times such as late-night 
hours. Meanwhile, Schlenther et al. [9] emphasized the issue of spatial equity in the provision of 
ride-hailing services. 

Collectively, these studies offer a comprehensive understanding of the operations of ride-hail-
ing systems, covering aspects such as service efficiency, user behavior, dispatch strategies, and 
equity. Not only do they provide new theoretical perspectives for the academic sphere, but they 
also offer practical guidance and strategy recommendations for operational practices. 

Building on the foundation of existing research, our study delves further into the dual-queue 
problem at the driver's end within ride-hailing systems. We pay special attention to the relation-
ship between driver search behavior and passenger wait times and how this relationship impacts 
the efficiency of the entire service system. Through the development of an integrated simulation 
model, we plan to simulate and analyze driver and passenger behaviors under varying conditions, 
seeking novel pathways to enhance service efficiency. Simultaneously, we will explore how to 
maintain system fairness and sustainability while ensuring efficient service, providing new theo-
retical insights into the ride-hailing service domain and offering feasible solutions to meet market 
demands and urban transportation challenges. 

2.2 Multi-agent simulation studies 

In the pursuit of improving shared mobility services, numerous studies leveraging multi-agent 
simulation models have provided significant insights. Inturri et al. [10] utilized a multi-agent sim-
ulation approach to plan and design new shared mobility services. Their research team, by simu-
lating diverse traffic and shared mobility scenarios, discussed how to effectively implement 
shared mobility services in urban environments. This work underscored the potential applica-
tions of multi-agent systems in understanding and optimizing shared mobility services. Li et al. 
[11] employed mean field multi-agent reinforcement learning for the efficient allocation of ride-
hailing orders, showcasing how advanced machine learning algorithms can be used to optimize 
ride-hailing order distribution, thus enhancing overall service efficiency and reducing passenger 
waiting times. Ke et al. [12] used a multi-agent deep reinforcement learning framework to study 
delay strategies within ride-sourcing systems, focusing on how to effectively dispatch ride-
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sourcing vehicles under high-demand conditions to balance supply and demand and improve sys-
tem efficiency. Galland et al. [13] simulated individual mobility behavior in carpooling using a 
multi-agent simulation, providing insights on how to optimize carpooling services to reduce traf-
fic congestion and environmental impact. Mei et al. [14] explored multi-modal travel policies to 
improve park-and-ride efficiency through multi-agent simulation, demonstrating how policy in-
terventions can optimize the connection between public transportation and private car usage, en-
hancing overall travel efficiency. 

These studies demonstrate the tremendous potential of multi-agent simulations in under-
standing and optimizing shared mobility services. By simulating complex traffic environments 
and user behaviors, they provide valuable insights for the planning and design of shared mobility 
services. Particularly with the use of advanced machine learning techniques to optimize service 
distribution and scheduling, these studies illustrate how data-driven approaches can enhance ser-
vice efficiency and user satisfaction. Additionally, these studies consider environmental sustaina-
bility and policy impacts while improving travel efficiency, highlighting the importance of inte-
grated approaches in solving transportation issues. 

Building upon these foundations, our research further explores the application of multi-agent 
simulation in optimizing ride-hailing services. We focus on how simulation models can better un-
derstand and optimize the interactions between drivers and passengers and how these interac-
tions affect service efficiency and user experience. Additionally, our research will investigate how 
to reduce environmental impacts and consider policy factors while ensuring efficient service. In 
this way, our study aims to provide new theoretical insights and practical strategies for the devel-
opment of shared mobility services. 

3. Methodology 
3.1 Research hypothesis 

In the domain of urban transportation, the dynamics of taxi services can be conceptualized as a 
queuing system where both the taxis and the passengers are involved in a bidirectional waiting 
mechanism—waiting to board and to pick up, respectively. Within this system, the metric of effi-
ciency in boarding is intrinsically linked to the length of the queue and the associated waiting time. 
Theoretically, the waiting time is directly proportional to the queue length; an increase in the 
number of waiting passengers or taxis invariably leads to longer waiting periods. 

Optimizing the efficiency of such a taxi-boarding system necessitates a strategic determination 
of the quantity of boarding points. An optimal number of boarding points can theoretically mini-
mize the queue length on both ends of the system, thereby reducing the waiting time and enhanc-
ing the overall efficiency of the service. For instance, a singular boarding point would result in a 
bottleneck scenario where all taxis and passengers converge, leading to extended queues and in-
creased waiting times, thereby diminishing the system's efficiency. Conversely, the introduction 
of multiple boarding points could distribute the demand, subsequently shortening the queue 
lengths and reducing waiting times, culminating in an elevated efficiency of the boarding process. 

Therefore, viewing the process of taxi boarding as a queuing system sheds light on the pivotal 
role of queuing lengths and waiting times as critical indicators of efficiency. It emphasizes the 
necessity of a judicious allocation of boarding points to minimize queuing lengths, thereby opti-
mizing the efficacy of the taxi-boarding system. This theoretical framework can guide the struc-
turing of urban taxi services to achieve maximum operational efficiency. 

3.2 Analysis of ride-hailing vehicle arrivals 

Assuming that the vehicle flow is relatively low when ride-hailing cars reach their destination, the 
Poisson distribution is applied to model the arrival pattern of these vehicles. The number of ride-
hailing taxis at the destination can thus be represented by the following equations: 

𝑋𝑋 ∼ 𝑃𝑃(𝜆𝜆)                                                                         (1) 
𝑃𝑃(𝑋𝑋 = 𝑘𝑘) = 𝜆𝜆𝑘𝑘

𝑘𝑘!
𝑒𝑒−𝜆𝜆  (𝑘𝑘 = 0,1,2,⋯ )                                                        (2) 
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To further refine our model, it is essential to estimate the parameter λ within the Poisson distri-
bution, which represents the mean rate of arrivals. Given that the overall distribution is known 
and randomness is adequately accounted for, it is prudent to employ the method of maximum 
likelihood estimation (MLE) over moment estimation or other point estimation techniques. MLE 
is particularly advantageous in this context due to its efficacy in estimating parameters for well-
defined probability distributions like the Poisson distribution. 

The specific steps to solve for the parameter λ involve setting up the likelihood function based 
on the Poisson probability mass function, taking its natural logarithm, and then finding the value 
of λ that maximizes this log-likelihood function. This optimization process typically involves tak-
ing the derivative of the log-likelihood function with respect to λ, setting it equal to zero, and solv-
ing for λ. 

�̇�𝜆 = 1
𝑛𝑛
∑𝑖𝑖=1
𝑛𝑛  𝑥𝑥𝑖𝑖 = 𝑥𝑥‾                                                                          (3) 

Ultimately, the estimate of λ is obtained, as shown in Eq. 3. This estimate provides the expected 
number of ride-hailing cars arriving at the destination within a given timeframe, allowing for more 
effective management and allocation of resources to match service capacity with customer de-
mand. 

3.3 Dual-end queuing model 

In the realm of ride-hailing services, a bi-directional queuing model encapsulates the interactions 
between drivers and passengers, each seeking "service" in terms of securing a ride or a fare, re-
spectively. This model can be typified as a multi-server queuing system, where the average queue 
length is a critical measure of operational efficiency.  

The formulas for calculating average queue length is: 

𝐿𝐿𝑞𝑞 = 𝑝𝑝0𝜌𝜌𝑠𝑠𝜌𝜌𝑠𝑠
𝑠𝑠!(1−𝜌𝜌𝑠𝑠)2                                                                            (4) 

The probability of no customers in the system is 

𝑝𝑝0 = �∑𝑛𝑛=0
𝑠𝑠−1  𝜌𝜌

𝑛𝑛

𝑛𝑛!
+ 𝜌𝜌𝑠𝑠

𝑠𝑠!(1−𝜌𝜌𝑠𝑠)�
−1

,      (5) 

and the probability of the service station being busy 

𝜌𝜌 = 𝜆𝜆
𝜇𝜇

,                                                                                      (6) 

𝜌𝜌𝑠𝑠 = 𝜌𝜌
𝑠𝑠

= 𝜆𝜆
𝑠𝑠𝜇𝜇

,       (7) 

The average number of customers in the system is: 
𝐿𝐿 = 𝐿𝐿𝑞𝑞 + 𝜌𝜌,         (8) 

L can be derived from the average queue length. This, in turn, informs the average time customers 
spend in the system 

𝑊𝑊 = 𝐿𝐿𝑞𝑞
𝜆𝜆

+ 1
𝜇𝜇

,       (9) 
and their average waiting time: 

𝑊𝑊𝑞𝑞 = 𝐿𝐿𝑞𝑞
𝜆𝜆

.                                                                                (10) 

Additionally, the probability of 𝑘𝑘 vehicles waiting in the system is: 

𝑃𝑃𝑘𝑘 = �
𝜌𝜌k

𝑘𝑘!
𝑝𝑝0,  𝑘𝑘 < 𝑠𝑠

𝜌𝜌k

𝑠𝑠!𝑠𝑠𝑘𝑘−𝑠𝑠
𝑝𝑝0,  k ≥ 𝑠𝑠

,                                                                    (11) 

which serves as a significant indicator of service capacity and customer demand alignment. 
These metrics – average waiting time, average number of customers, and average time spent 

in the system – collectively gauge the performance and quality of the service system. They reflect 
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the system's operational tempo and efficiency, providing insights into resource allocation and cus-
tomer behavior patterns. Importantly, the queuing probability when k vehicles are present aids 
in evaluating the system's capability to meet customer service requirements and manage busy 
periods. 

In essence, these metrics are more than mathematical expressions; they are vital tools for as-
sessing system performance and service quality. By understanding and applying these indicators, 
business decision-makers can enhance service processes, optimize resource distribution, and ul-
timately, elevate customer satisfaction. 

In summary, the dual-queue model in ride-hailing systems, represented by a series of equa-
tions, offers a robust framework for analyzing and improving service efficiency. By refining these 
mathematical models and focusing on the core indicators, researchers and practitioners alike can 
better navigate the complexities of ride-hailing services, ensuring that operational decisions are 
informed, strategic, and customer-centric. 

3.4 Parameter settings 

To conduct the simulation for a ride-hailing service system, a set of parameters is input into a 
designated Input folder. These parameters are critical in shaping the simulation's framework and 
include: 

𝑁𝑁𝑝𝑝𝑝𝑝𝑠𝑠𝑠𝑠 (100000): This denotes the total number of passengers within the simulation, representing 
the demand side of the service. 
𝑁𝑁𝑐𝑐𝑝𝑝𝑐𝑐𝑠𝑠 (50): The total number of cars available, indicating the supply side of the ride-hailing sys-
tem. 
Nm (10000): The total simulation time, which reflects the operational time frame for the service 
analysis. 
𝑁𝑁𝑥𝑥  (200) and 𝑁𝑁𝑦𝑦 (200): These parameters define the number of grid points in the x and y direc-
tions, respectively, forming a grid that simulates the geographical area over which the service op-
erates. 
𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑐𝑐𝑘𝑘 (5): This specifies the number of points in a block, providing a measure for the simulation's 
spatial resolution. 
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑑𝑑  (5): The scope of taxi service, which could potentially be used to define the radius within 
which a taxi searches for passengers. 
max customer (10): The maximum number of customers that a taxi can serve before it's consid-
ered full and unable to accept new passengers. 
𝑡𝑡𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑏𝑏𝑐𝑐𝑐𝑐𝑐𝑐 (100): The time step interval at which new passengers are generated in the simulation, 
dictating the influx of service requests. 

The output data derived from these inputs are organized into three folders: pass_sum, 
search_sum, and wait_time. The pass_sum folder contains a log of timestamps and the correspond-
ing cumulative number of passengers waiting for or currently on a ride. The search_sum keeps a 
record of all the times taken by taxis to find passengers, reflecting the efficiency of the service in 
matching supply with demand. Lastly, the wait_time folder tracks the duration that passengers 
wait before boarding, a direct measure of service responsiveness. In the pass_sum dataset, the 
first column lists the timestamps starting from zero, while the fourth column details the accumu-
lated number of passengers at each timestamp. The search times and waiting times are illustrated 
in the third column of their respective datasets. 

These parameters and the resulting data provide an intricate picture of the ride-hailing sys-
tem's dynamics, allowing for an assessment of its efficiency, capacity to meet demand, and overall 
service quality. 
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Table 2 Simulation process of this paper 
Stage Description Key considerations 
Collection of input 
data 

Gathering essential parameters such as 
passenger demand and driver availability. 

Accurate data collection is crucial for a real-
istic simulation. 

Simulation modeling Simulating interactions between drivers 
and passengers based on the collected 
data. 

This phase replicates real-world scenarios to 
understand the dynamics of the ride-hailing 
service. 

Analysis of output 
data 

Examining key metrics like system effi-
ciency, driver search times, and passenger 
waiting times. 

The analysis provides insights into the oper-
ational effectiveness and areas needing opti-
mization. 

 
Table 2 captures the simulation process of a dual-end queuing ride-hailing system through a 

detailed flow. This flowchart methodically outlines each step involved in the simulation, providing 
a clear and sequential depiction of the entire process. The simulation begins with the collection of 
input data, which includes crucial parameters such as passenger demand and driver availability. 
This initial stage sets the groundwork for the simulation by establishing the fundamental varia-
bles that will influence the system's dynamics. Following data collection, the process advances to 
the simulation modeling phase. Here, the interactions between drivers and passengers are simu-
lated, considering the various factors collected in the initial stage. This modeling is pivotal as it 
replicates the real-world scenarios of a ride-hailing service, thereby enabling a comprehensive 
analysis of the system. The final stage of the simulation process involves analyzing the output data. 
Key metrics such as system efficiency, driver search times, and passenger waiting times are ex-
amined. This analysis provides valuable insights into the operational effectiveness of the ride-
hailing system and highlights areas that require optimization. 

Overall, Figure 1 effectively illustrates the structured approach of the simulation process, from 
the gathering of initial data to the final analysis of the system's performance. This step-by-step 
representation is crucial for understanding the methodology behind the simulation and the re-
sulting conclusions drawn about the ride-hailing system's efficiency. 

3.5 Evaluation of the dual-end queuing model simulation 

In the evaluation of dual-end queuing models for ride-hailing simulations, two critical perfor-
mance metrics are employed: the average waiting time for passengers and the average search 
time for drivers. The average waiting time, is calculated as the ratio of the total waiting time ex-
perienced by all customers to the total number of passengers served within the system, as shown 
in Eq. 12: 

𝑇𝑇wait = 𝑇𝑇wait_total 
𝑁𝑁total 

                                                                          (12) 

Similarly, the average search time for drivers, is determined by the ratio of the total search time 
for all ride-hailing vehicles to the number of vehicles in the system, indicated in Eq. 13: 

𝑇𝑇search = 𝑇𝑇search_totd 
𝑁𝑁−cars 

                                                                       (13) 

The operational excellence of a ride-hailing system is inversely proportional to both the average 
search time and the average waiting time—the lower these values, the more optimized the system 
is considered to be. A comprehensive score, denoted as 𝐺𝐺 is utilized to assess the overall efficiency 
of the ride-hailing operation, which is expressed in Eq. 14: 

𝐺𝐺 = −𝜃𝜃1𝑇𝑇wait − 𝜃𝜃2                                                                      (14) 
Here, 𝐺𝐺 represents the total score of the system, while 𝜃𝜃1 and 𝜃𝜃2 symbolize the respective weights 
assigned to the average waiting time and the average search time. The maximization of 𝐺𝐺 is equiv-
alent to finding the optimal weights 𝜃𝜃1 and 𝜃𝜃1, such that the conditions for the equality in the arith-
metic and geometric means inequality, represented by Eqs. 15 and 16: 

𝐺𝐺𝑛𝑛 = �∏𝑖𝑖=1
𝑛𝑛  𝑥𝑥𝑖𝑖

𝑛𝑛 = �𝑥𝑥1𝑥𝑥2 L𝑥𝑥𝑛𝑛
𝑛𝑛                                                           (15) 

𝐴𝐴𝑛𝑛 = ∑𝑖𝑖=1
𝑛𝑛  𝑥𝑥𝑖𝑖
𝑛𝑛

= 𝑥𝑥1+𝑥𝑥2+L+𝑥𝑥𝑛𝑛
𝑛𝑛

                                                              (16) 
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are satisfied. When the equality holds true, we have: 
𝜃𝜃1
𝜃𝜃2

= 𝑇𝑇search 
𝑇𝑇wait 

                                                                               (17) 

Ultimately, as Eq. 18 suggests: 

 𝜃𝜃1
𝜃𝜃2

= 𝑇𝑇search_totd 
𝑇𝑇wait_totd 

⋅ 𝑁𝑁total 
𝑁𝑁−cars 

                                                                   (18) 

when the input data for the number of passengers and other system inputs are fixed. Hence, the 
ratio of weights for the average waiting time and the average search time in the efficiency score 
solely depends above parameters. 

By analyzing these performance metrics, it is possible to strategically manage ride-hailing op-
erations to improve overall service quality. The implications of this model extend beyond mere 
operational statistics; they encompass strategic decision-making regarding resource allocation, 
service policy adjustments, and enhancements to customer experience. The model provides a quan-
titative framework to dissect and ameliorate the complex dynamics of ride-hailing services, ulti-
mately guiding improvements in system design and management for enhanced service delivery. 

4. Simulation results 
In the pass_sum dataset of the ride-hailing simulation, the data represents a correlation between 
specific timestamps and the cumulative number of passengers at each of these moments, thus de-
fining a relationship between the timestamp and 𝑁𝑁total – the total accumulated passenger count. 
The ratio of 𝜃𝜃1  to 𝜃𝜃2  is positively correlated with 𝑁𝑁total . This means that as time progresses, if 
𝑁𝑁total  increases, so does the ratio of 𝜃𝜃1 to 𝜃𝜃2; if 𝑁𝑁total  remains constant, the ratio stays the same; 
and if 𝑁𝑁total  decreases, the ratio diminishes. 

A scatter plot (Fig. 1) is generated using 100 data sets from pass_sum, with the horizontal axis 
representing timestamps (chosen at every 500th moment from a total of 50,000) and the vertical 
axis showing the cumulative number of passengers at those times. This scatter plot illustrates the 
general distribution of accumulated passenger numbers across 50,000 timestamps. From Figure 
1, it's observed that peak passenger accumulation occurs near timestamps 10,000, 28,000, 40,000, 
and 44,000, while the lowest passenger numbers are near 0, 35,000, and 50,000. 
 

 
Fig. 1 Passengers accumulated in the system 

 
The analysis of this data and the resulting plot indicates that overall, 𝑁𝑁total  tends to increase 

over time, though there are moments of decline and troughs. The positive correlation between the 
ratio of 𝜃𝜃1 and 𝜃𝜃2 and 𝑁𝑁total  suggests that the change in the ratio can approximate the trend of 
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accumulated passenger numbers in the system. Hence, at the point where 𝑁𝑁total  is at its maximum, 
the ratio of 𝜃𝜃1 to 𝜃𝜃2 also peaks, indicating that compared to the search time, the passenger waiting 
time has the most significant impact on system efficiency at those moments, and vice versa. Par-
ticularly around timestamp 40,000, where the ratio is highest, the passenger waiting time most 
significantly impacts system efficiency; at timestamp 0, where the ratio is lowest, the search time 
has the greatest impact on efficiency. 

In practical terms, this simulation provides insights into operational dynamics of ride-hailing 
services. It highlights the importance of managing passenger wait times and driver search times 
to optimize system efficiency. In real-world scenarios, when a system begins operation, an ab-
sence of generated passengers equates to no customer waiting time, suggesting that such extreme 
cases should be excluded from analysis. As the system accumulates more passengers, search times 
for drivers tend to increase. In contrast, when there are enough drivers waiting, passenger waiting 
times do not significantly increase. This reflects real-life situations and suggests that reducing 
driver search times might be more crucial than reducing passenger wait times when passenger 
numbers are high; the opposite might be true when there are fewer passengers. 

The implications of these findings are significant for the practical operation of ride-hailing ser-
vices. They emphasize the need for dynamic management strategies that adjust to varying de-
mand levels throughout the day. For example, during peak hours with high passenger numbers, 
ride-hailing platforms might focus more on deploying drivers efficiently to reduce their search 
times, thereby ensuring that passengers are picked up promptly and the overall system efficiency 
is maintained. Conversely, during off-peak hours with fewer passengers, the focus could shift to 
ensuring that passengers have shorter waiting times, perhaps by predicting demand patterns and 
pre-positioning vehicles in strategic locations. 

Moreover, the simulation results can guide policy-making in urban transport management, 
where balancing the need for efficient ride-hailing services with broader concerns like traffic con-
gestion and environmental impact is crucial. For instance, during times of maximum passenger 
accumulation, city planners and ride-hailing platforms could collaborate to implement measures 
that ease traffic congestion, such as opening additional pick-up points or providing incentives for 
shared rides. 

In summary, the simulation results offer a comprehensive understanding of how passenger 
accumulation trends affect the efficiency of ride-hailing systems. By analyzing these trends, ride-
hailing services can optimize their operations, improving customer satisfaction and contributing 
to more efficient urban transport systems. This research not only provides a model for analyzing 
and enhancing ride-hailing services but also serves as a template for understanding similar de-
mand-responsive transport systems, potentially leading to innovations in urban mobility solu-
tions. 

Table 3 encapsulates the simulation results, highlighting the relationship between different 
timestamps, the total number of passengers at these points, and the ratio, a metric indicating the 
system efficiency. It shows that at peak times (e.g., 10,000, 28,000, 40,000, and 44,000 
timestamps), the efficiency is most affected by passenger waiting times, indicating the need for 
efficient passenger handling during high-demand periods. Conversely, during low passenger ac-
cumulation (e.g., timestamps 0, 35,000, and 50,000), driver search times have a more significant 
impact on efficiency, suggesting a focus on optimizing driver deployment during these periods. 
This table serves as a concise summary of the simulation's findings, guiding operational strategies 
for ride-hailing services. 

Fig. 2 presents a simulated bivariate line graph, which vividly captures the relationship be-
tween the average search time for drivers and the average waiting time for passengers in a ride-
hailing scenario. As time progresses, both lines exhibit a slight inverse trend, suggesting a degree 
of interaction between the two. The fluctuations in average search time appear to correspond to 
changes in passenger waiting time, particularly near the points where the lines intersect, which 
may indicate a direct link between the efficiency of matching passengers to vehicles and passenger 
satisfaction at certain times. These insights offer strategic implications for operational tactics, es-
pecially in balancing resource allocation during periods of high demand and low activity. 
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Table 3 The simulation results 
Timestamp (Units) Cumulative Passenger Count  Ratio Implications for System Efficiency 
0 Low/Minimum Low Greater impact of driver search time 

on efficiency 
10,000 High/Peak High Passenger waiting time significantly 

impacts efficiency 
28,000 High/Peak High Passenger waiting time significantly 

impacts efficiency 
35,000 Low Lower Driver search time becomes more 

crucial for efficiency 
40,000 High/Peak Highest Passenger waiting time most signif-

icantly impacts efficiency 
44,000 High/Peak High Passenger waiting time significantly 

impacts efficiency 
50,000 Low/Minimum Low Greater impact of driver search time 

on efficiency 
 

  
Fig. 2 Simulation of average search and waiting times in ride-hailing 

 

 
Fig. 3 Simulation of system efficiency score in ride-hailing 

 
Fig. 3 illustrates the normalized System Efficiency Score in a ride-hailing service simulation, 

traced over time. The efficiency score, normalized between 0 and 1 for clarity, exhibits notable 
variability, with peaks suggesting instances of heightened efficiency and troughs indicating dips 
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in performance. This oscillation reflects the dynamic nature of ride-hailing operations, where ef-
ficiency is impacted by various factors, such as driver availability and passenger demand. The 
graph serves as a crucial analytical tool, indicating that strategic adjustments are essential to sus-
tain high-efficiency levels and to address the periods of lower performance that could affect cus-
tomer satisfaction and operational success. 
 

5. Discussion 
5.1 Theoretical implications 

This research puts forth valuable theoretical insights for the realms of urban transportation and 
ride-hailing service optimization. At its core, the work illustrates the potency of deploying a dual-
end queuing approach to closely examine and enhance ride-hailing efficacy. This framework 
grants more nuanced comprehension of the complex interplay between passenger wait times and 
driver vacant times, alongside the collective impact on system-wide efficiency. 

The revelations spotlight the intricate nature of responsive transport networks, underscoring 
the necessity of integrating real-time tracking and predictive analytics into flexible operational 
strategies. By unpacking the dynamics between various performance variables, the study enriches 
prevailing theoretical models surrounding ride-share platforms. The findings affirmatively high-
light the need for adaptive, data-driven management practices. 

Additionally, the research contributes to the evolving discourse on urban mobility ecosystems, 
suggesting efficient ride-hailing mechanisms can constitute a pivotal mobility component within 
modern cities. The work emphasizes the value of bridging theoretical constructs with practical 
implementations, paving inroads for innovative solutions that synthesize consumer and societal 
transportation needs. 

In summary, the study yields multi-faceted theoretical insights around structuring sophisti-
cated ride-hailing models to empower decision-makers in enhancing system-level and customer 
outcomes. The research harbors valuable potential to inform existing knowledge as well as future 
platforms at the intersection of transportation technology and urban advancement. 

5.2 Practical implications 

The practical implications of this research on ride-hailing services are wide-ranging and impact-
ful, proffering valuable insights for operators, regulators, and urban designers alike. 

Foremost, the study spotlights the potency of dynamic resource allocation in ride-hailing stew-
ardship. By comprehending passenger volume patterns and driver availability fluxes, providers 
can optimize fleet positioning to slash wait times during peak-demand. This adaptive approach 
enhances overall customer experiences. Additionally, the findings underline the merits of de-
mand-responsive tactics to address volatility. Platforms can harness predictive data analytics to 
forecast spikes and pre-deploy supply to strategic zones accordingly. Such proactive maneuvers 
help balance stability and efficiency. 

Moreover, the work endorses greater cooperation between ride-hailing entities and metropol-
itan authorities to ease congestion. By collaborating to share insights on ridership and perfor-
mance, these stakeholders may co-create innovative solutions such as designated access points or 
carpool incentives. These symbiotic measures stand to simultaneously improve services, cus-
tomer satisfaction, and environmental sustainability. 

In summary, this research puts forth an insightful optimization framework primed to shape 
decision-making within the rapidly changing urban mobility arena. The illuminated dynamics and 
partnerships can empower operators to unlock enhanced strategies, authorities to encourage re-
sponsible innovation, and cities to progress towards accessibility and sustainability goals [15, 16]. 

5.3 Limitations and future directions 

While this research proffers valuable insights into ride-hailing ecosystems, the study simultane-
ously highlights avenues for prospective exploration given certain inherent limitations.  
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Primarily, the simulation model hinges on defined assumptions that cannot encapsulate the 
full dynamism of real-world systems. Future works could address this constraint by integrating 
more diverse, live data covering traffic flows and passenger behavioral variances to enhance ex-
periential representativeness. Additionally, supplemental research factors including regulatory 
policies, economic climates, and sustainability impacts warrant investigation to construct more 
holistic perspectives.  

As intelligent technologies progress, opportunities abound to cultivate sophisticated algo-
rithms that sharpen predictive capacities and operational optimization. Comparative studies 
across diverse urban geographies would also elucidate how localized elements like layouts and 
cultural attitudes influence ride-hailing efficacy. Such international juxtapositions could unveil 
tailored strategies for assorted metropolitan contexts. 

In summary, while constituting an informative foundation, this research indicates ample ave-
nues to surmount current limitations as the intelligent transportation domain continues advanc-
ing. Exploring human dynamics and technological possibilities can lead to increasingly realistic 
and hyper-responsive urban ride systems [17, 18]. 

6. Conclusion 
This research utilized an innovative multi-agent simulation to provide new perspectives on the 
dual-queuing conundrum in ride-hailing services. By meticulously tracking driver search times 
versus passenger wait times, the study revealed crucial insights around managing operational ef-
ficiency. As the simulation indicates, these time-based factors have an asymmetrical, proportional 
impact on overall system performance. When passenger demand surges during peak periods, the 
influence of driver search time becomes more pronounced. 

Consequently, a strategic priority emerges for ride-hailing firms seeking to optimize effi-
ciency, especially under high congestion scenarios. The focus should shift to policies and mecha-
nisms that reduce driver vacant times between rides. Targeting search time not only directly im-
proves system-level performance but also alleviates passenger wait time, thereby enhancing ser-
vice quality and satisfaction. 

As urban transportation networks evolve, such evidence-based findings can guide the sus-
tainable growth of ride-sharing. The multi-agent simulation approach could be extended to de-
termine optimization thresholds and evaluate the impact of interventions like driver incentives 
or demand-responsive pricing. Accounting for human dynamics is vital towards mobility ecosys-
tems that balance convenience, profitability, and responsibility. 
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A B S T R A C T A R T I C L E   I N F O 
The use of advanced materials in the field of aerospace and automotive appli-
cations has led to use of metal matrix composites (MMC’s) due to their excellent 
mechanical properties. Aluminium metal matrix composite is one of the mate-
rials which can be strengthened by reinforcing it with hard ceramic particles. 
In the current work Al6082 matrix hybrid composites reinforced with silicon 
carbide (SiC) and aluminium oxide (Al2O3) was developed by using stir casting 
technique. The weight percentage of SiC was varied from 0 wt.% to 8 wt.% and 
keeping 3 wt.% Al2O3 constants. The tensile, hardness, density and impact 
tests were conducted, and the results obtained revealed that the addition of 
silicon carbide and Al2O3 particles in Al6082 enhances the mechanical prop-
erties of the prepared hybrid composites. The artificial neural network (ANN) 
model, which was trained using a dataset consisting of experimental results, 
has effectively captured the correlation between the weight percentage (wt.%) 
of silicon carbide (SiC) and the mechanical properties of the composite mate-
rial. Through the examination of this model, valuable insights can be obtained 
regarding the distinct contributions of SiC to the mechanical properties of 
Al6082. 
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1. Introduction
MMCs such as space structures, deck plates, automobile and railway have critical applications in 
the industrial sector and invited the attention of the brake disc. About 5496 tons to 80000 tons 
during the period 2012 to 2019 is expected to increase global demand for MMCs, and it is con-
stantly growing. The important feature of MMCs is the properties such as low density, better me-
chanical properties, thermal expansion and conductivity and high stiffness which are tailor made 
which enhances the performances. The reinforced particulate composites are getting much atten-
tion due to the reduction of weight for many important applications [1-4]. Metal matrix composites 
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(MMCs) are a type of material that merges the favourable attributes of metals with the augmented 
mechanical and physical features of reinforcing materials. Metal Matrix Composites (MMCs) are 
known to exhibit enhanced mechanical properties such as increased strength, stiffness, wear re-
sistance, and thermal stability when ceramic reinforcements are integrated into the metal matrix. 
This contrasts with conventional metals which lack these desirable attributes. In recent times par-
ticulate reinforced metal matrix composites have emerged as important materials due to its char-
acteristics and the low-cost benefits. The important reinforcements used are, mainly the carbides, 
oxides and nitrides. The various processing techniques have been employed to optimize the prop-
erties of the materials required for different applications [5-8]. Mixture of the metals and ceramics 
grow the required feature in evolving the metal matrix materials. The accumulation of the mate-
rials with high modulus and ductile property induces the material with the transitional property 
between matrix alloy and ceramic reinforcement. When the reinforcement phase in the compo-
sites is comprised the transfers of load to them takes place. This transfer depends on the bonding 
force in between matrix and the reinforcement phase and employed method of fabrication. Stir 
casting is one of the manufacturing techniques which provide good adhesion between reinforce-
ment and matrix. Al6082 is one of the predominant metals in which selection of right alloy for a 
given application considering the various properties such as density, tensile strength, ductility, 
formidability, weldability, wear and corrosion resistance. The variety of ceramics are used as re-
inforcements to aluminium alloy in there MMC’s such as Al2O3, TiC, TiB2, Al3Zr, SiC, B4C [9-13]. The 
embedded reinforcement particles in hybrid matrix composites will have better properties such 
as higher stiffness, better toughness lighter weight better toughness and higher wear resistance 
[14-18]. A frequently researched composite involves the utilization of aluminium alloy, as the ma-
trix material, which is strengthened by the inclusion of silicon carbide (SiC) and aluminium oxide 
(Al2O3) particles. Silicon carbide (SiC) and aluminium oxide (Al2O3) are commonly utilized as re-
inforcement materials owing to their exceptional mechanical characteristics, elevated melting 
temperatures, and chemical inertness. 

Silicon carbide (SiC) is a ceramic material that exhibits remarkable properties such as excep-
tional hardness, high strength, and excellent thermal conductivity. It is known for its hardness and 
brittleness. Additionally, it exhibits a diminished coefficient of thermal expansion, rendering it 
suitable for employment in conjunction with aluminium alloys. Conversely, Al2O3, which is com-
monly referred to as alumina, exhibits elevated levels of hardness, commendable wear resistance, 
and exceptional electrical insulation characteristics. The material displays excellent chemical re-
sistance and is capable of enduring elevated temperatures. Incorporating SiC and Al2O3 reinforce-
ments into the Al matrix has been observed to substantially augment the composite's mechanical 
properties. The reinforcing elements function as agents that enhance the strength and stiffness of 
the composite by hindering the movement of dislocations and obstructing the propagation of 
cracks. In addition, the inclusion of SiC and Al2O3 particles enhances the composite's wear re-
sistance and tribological characteristics, rendering it appropriate for utilization in scenarios ne-
cessitating elevated endurance and reduced friction. In addition, the inclusion of SiC and Al2O3 
particles has the potential to impact the thermal characteristics of the composite material. The 
thermal conductivity of these reinforcements is exceptional, thereby facilitating the efficient dis-
sipation of heat. The attribute in question holds significant importance in scenarios that necessi-
tate efficient regulation of heat, such as in the context of electronic gadgets, heat sinks, and auto-
motive constituents. The incorporation of SiC and Al2O3 reinforcements within Al hybrid metal 
matrix composites has been observed to confer a variety of advantages, such as heightened me-
chanical potency. The aforementioned characteristics render them appealing for diverse engi-
neering implementations, encompassing aerospace, automotive, electronics, and thermal regula-
tion systems. The performance attributes and impact of the composite material are subject to var-
ious factors such as the distribution, particle size, reinforcement content, and fabrication tech-
niques. These factors require meticulous optimization to attain the intended properties [19, 20]. 
Artificial Neural Networks (ANNs) have been widely employed in the characterization of material 
properties owing to their capacity to acquire knowledge of intricate patterns and relationships 
from empirical data. Artificial neural network (ANN) methodologies have demonstrated their ef-
ficacy in the analysis of diverse materials, encompassing metals, polymers, ceramics, composites, 



Characterizing the effects of SiC and Al2O3 on the mechanical properties of Al6082 hybrid metal matrix composites … 
 

Advances in Production Engineering & Management 19(2) 2024 283 
 

and other such substances. Researchers endeavour to develop a predictive model utilizing Artifi-
cial Neural Networks (ANNs) to effectively characterize material properties. The primary objec-
tive is to create a model that can accurately estimate material properties by considering input 
parameters or features [21, 22]. 

The current investigation centres on the examination of the mechanical characteristics of 
Al6082 hybrid metal matrix composites. These composites are reinforced with different wt.% of 
silicon carbide (SiC), in addition to a constant 3 wt.% of aluminium oxide (Al2O3). The composite's 
overall strength and ductility will be evaluated through the implementation of tensile testing. The 
utilization of hardness measurements can offer valuable insights into a material's capacity to with-
stand indentation and surface wear. The determination of a composite's stiffness and capacity to 
endure deformation under load can be facilitated through the utilization of tensile test measure-
ments. Apart from the mechanical properties, the microstructure analysis will be conducted to 
evaluate other characteristics, such as the distribution of particles and the interfacial bonding be-
tween the matrix and reinforcements. The present analysis aims to offer valuable insights into the 
structural integrity of the composite material and the efficacy of the reinforcement distribution. 

The primary objective of this investigation is to enhance the mechanical characteristics of a 
hybrid metal matrix composite by optimizing the weight proportions of SiC and Al2O3 in the 
Al6082 matrix. The outcomes of this study will enhance the comprehension of the impact of SiC 
and Al2O3 reinforcements on the efficacy of Al6082 composites. This will furnish significant in-
sights for potential applications in industries where augmented mechanical properties hold par-
amount importance. 

2. Materials and methods 
2.1 Al 6082 

The rationale behind the selection of Al6082 as the matrix material is attributed to its extensive 
utilization across diverse industrial sectors, owing to its exceptional amalgamation of robustness, 
anti-corrosive properties, and ease of weld ability. The incorporation of SiC and Al2O3 into Al6082 
is anticipated to enhance its mechanical characteristics, including but not limited to strength, 
hardness, stiffness, and wear resistance. Al6082 is an alloy with manganese as the main constitu-
ent with good corrosion resistance. Al6082 produces tight coils of chips, when chip breakers are 
used during machining, this provides good machinability. Table 1 shows the composition of Alu-
minium 6082. 

Table 1 Chemical composition of Al 6082 alloy [23] 
Al 6082 Cr Cu Fe Mg Mn Si Ti Zn Al 

% Composition 0.25 0.1 0.5 1.2 1.0 1.3 0.1 0.2 95.2-98.3 

2.2 Aluminium oxide 

Al2O3 is the budget-friendly and generally used material in the family of engineering ceramics. Its 
substantial practice is in the manufacture of aluminium metal, even though it is also used as an 
abrasive on account of its hardness and as a refractory material because of its high melting point. 
In contrast, aluminium oxide (Al2O3) exhibits notable characteristics such as elevated hardness, 
resistance to wear, and exceptional electrical insulation capabilities. Incorporating Al2O3 particles 
into the composite material can augment its wear resistance and durability. Additionally, alumin-
ium oxide exhibits favourable thermal stability, rendering it appropriate for implementation in 
scenarios necessitating elevated temperature endurance [24]. 

2.3 Silicon carbide  

Silicon carbide (SiC) is a widely recognized material for reinforcement purposes due to its excep-
tional mechanical characteristics, which encompass elevated strength, hardness, and thermal con-
ductivity. The properties have the potential to augment the structural integrity and rigidity of the 
composite material. Moreover, SiC exhibits a diminished coefficient of thermal expansion, render-
ing it congruous with the aluminium alloy matrix and diminishing the probability of failures 
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induced by thermal mismatch. The rationale behind selecting Al6082 as the matrix material stems 
from its extensive application in diverse industrial sectors owing to its exceptional amalgamation 
of strength, resistance to corrosion. The anticipated outcome of reinforcing Al6082 with SiC and 
Al2O3 is an enhancement in its mechanical characteristics, including but not limited to strength, 
hardness, stiffness, and wear resistance [25]. 

2.4 Preparation of Al 6082 – Al2O3 – SiC hybrid composites 
Stir casting is employed in the present investigation to fabricate aluminium hybrid metal matrix 
composite with Al6082 as base metal, SiC and Al2O3 as reinforcement material (Table 2). Initially, 
the particles are preheated at 300 °C – 400 °C for 2 hours to eradicate the volatile substances and 
the particle temperature is maintained nearer to melting temperature of about 750 °C. The pre-
heating give rise to the artificial oxidation of the particle surface forming SiO2 layer in SiC and this 
SiO2 layer thus formed in turn helps in refining the wettability of the particles. Next, the Al6082 
ingots were charged into the furnace and melting was allowed to continue till an even temperature 
of 700 °C is attained, subsequently a degassing agent (Hexachloroethane) was supplemented into 
the molten metal for elimination of dissolved gas to control the porosity in the cast. The melt was 
then permitted to cool till 600 °C to a semi-solid state. At this point, the SiC and Al2O3 mixture 
was added to the melt and manual stirring of the slurry was performed for 20 min. After the man-
ual stirring, the composite slurry was reheated and maintained at a temperature of 700 °C ± 10 °C 
and then mechanical stirring was performed. The stirring was done for 10 min at an average stir-
ring rate of 350 rpm. Finally, the molten metal at a temperature of 710 °C was then poured into 
the mould of diameter 25 mm and height 250 mm, which was preheated at 300 °C and then per-
mitted to solidify [26, 27]. 

Table 2 Wt.% of reinforcement in Al6082 
Samples Wt.% of Al Wt.% of SiC Wt.% of Al2O3 

M 100 - - 
M1 95 2 3 
M2 93 4 3 
M3 91 6 3 
M4 89 8 3 

2.5 Testing of composites 

The testing of composites for density, tensile strength, hardness and impact were carried out as 
per ASTM standards. The density of material is evaluated using Archimedes principle. Rockwell 
hardness tester was employed for determining hardness. The tensile strength of the specimen 
prepared were evaluated using UTM of 50-ton capacity. A notched sample of Al 6082 was used to 
calculate the impact strength. The scanning electron microscope with a resolution of 3.0 nm at 
30kV and magnification of 5X to 1000X was used to study the clear microstructure of the speci-
mens. The specimen was highly polished by using bluffing machine and high-quality emery papers 
[28-34]. 

3. Results and discussions 
3.1 Microstructural studies 

The SEM micrographs of the analysed composites are depicted in Fig. 1. The micrographs pre-
sented herein offer a comprehensive depiction of the cross-sectional morphology of SiC and Al2O3 
particles within the Al6082 matrix. The images depict microstructures that exhibit the ceramic 
phase of silicon carbide, displaying a range of luminosity in shades of grey. Upon analysis of the 
micrographs, it is evident that the microstructure layer is impacted by the composition of the 
composites. The microstructure layer undergoes a shift as a result of the incremental incorpora-
tion of reinforcement materials, namely SiC and Al2O3, which leads to modifications in their re-
spective percentages. The micrographs provide valuable information regarding the dispersion, 
shape, and interfacial properties of SiC and Al2O3 particles in the matrix. 
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Fig. 1 SEM micrographs of the hybridized composites 

3.2 Density measurement 

The parameter of density holds significant importance in the examination of composite materials, 
as it offers valuable insights into their composition and overall performance. The present investi-
gation aimed to examine the density fluctuations among various reinforcement material compo-
sitions (namely SiC and Al2O3) within the Al6082 matrix. The graphical representation depicted 
in Fig. 2 showcases the correlation between the density of the composites and the proportion of 
SiC reinforcement. The plot's results suggest that the density of the composite materials exhibits 
a positive correlation with the percentage of SiC reinforcement. As the silicon carbide content 
within the composite material is augmented, the overall density of the material is correspondingly 
elevated. The observation is in accordance with the established fact that SiC (3.1 g/cm3) and 
Al2O3 (3.95 g/cm3) possess a higher density in comparison to the unadulterated Al6082 matrix 
(2.71 g/cm3). The elevated densities of the hybrid composite specimens, in contrast to those of 
pure Al6082, can be ascribed to the incorporation of SiC and Al2O3 reinforcements. The incorpo-
ration of reinforcements with higher densities than the matrix material results in a notable eleva-
tion of the composite's overall density. This occurrence is anticipated and represents a prevalent 
attribute of composite materials. 
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Fig. 2 Density measurement 

3.3 Tensile strength 

The findings depicted in Fig. 3 demonstrate that the Al6082 hybrid composite (M4) containing 3 
wt.% Al2O3 and 8 wt.% SiC exhibits greater tensile strength in comparison to the remaining com-
positions. The observed enhancement in the tensile strength can be ascribed to the ceramic prop-
erties of the SiC particles and their interplay with the matrix substance. The incorporation of ce-
ramic SiC particles is a critical factor in enhancing the strength of the composite material, because 
of their intrinsic high strength and hardness properties. The inclusion of SiC within the matrix of 
a composite material serves as a reinforcing agent, thereby augmenting its strength. The incorpo-
ration of SiC particles serves to impede the movement of dislocations and hinder the propagation 
of cracks, leading to an improvement in the composite's tensile strength as its entirety. The find-
ings indicate that the Al-SiC chemical reaction leads to a slight change in silicon concentration, 
which in turn enhances the interfacial bonding between the matrix and SiC particles. The enhance-
ment of interfacial bonding is a significant factor in facilitating stress transfer between the matrix 
and the reinforcement, thereby resulting in a rise in tensile strength. Furthermore, Fig. 4 illus-
trates the fluctuation of percentage elongation in relation to the SiC content. The data indicates 
that the percentage of elongation exhibits an initial increase, rising from 10.54 % at 0 wt.% SiC to 
12.45 % at 4 wt.% SiC composition. The observed rise in elongation values suggests an enhance-
ment in the composite's ductility. The inclusion of SiC particles has the potential to enhance the 
plastic deformation characteristics of a material, thereby impeding premature failure by furnish-
ing additional energy-absorbing locations within the material. 
 

 
Fig. 3 Tensile strengths of samples 

Nevertheless, when the SiC content is elevated to 8 wt.%, the percentage of elongation experi-
ences a reduction to 8.16 % (M4). The observed decline in elongation indicates a reduction in the 
material's ductility as the concentration of SiC increases (Fig. 4). The presence of a greater amount 
of SiC may result in an increased number of stress concentration sites, thereby restricting the ma-
terial's capacity to undergo plastic deformation and elongation. The incorporation of SiC and 
Al2O3 reinforcements into the Al6082 matrix results in an enhancement of the material's tensile 
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strength. The utilization of SiC particles in ceramic form leads to an improvement in the interfacial 
bonding with the matrix, thereby causing a rise in the tensile strength. The percentage of elonga-
tion exhibits an initial increase as the SiC content is augmented, thereby signifying an enhance-
ment in ductility. However, at elevated SiC concentrations, the percentage of elongation experi-
ences a decline. The discoveries underscore the intricate correlation among reinforcement con-
tent, interfacial bonding, and mechanical characteristics, underscoring the necessity for meticu-
lous optimization of composite composition to achieve the intended performance. 

 
Fig. 4 Percentage of elongation of samples 

3.4 Impact Strength 

The findings illustrated in Fig. 5 indicate that the impact strength of Al6082 hybrid composites 
exhibited fluctuations in response to the varying proportions of SiC and Al2O3 reinforcements. 
The impact strength values pertaining to various compositions are presented as follows: The in-
terfacial shear strength values for SiC concentrations of 2 wt.%, 4 wt.%, 6 wt.%, and 8 wt.% were 
found to be 30.2 N/m, 36.5 N/m, 40.3 N/m, and 46.9 N/m, respectively. These values were ob-
tained while maintaining a constant 3 % Al2O3 content. The graphical representation unambigu-
ously demonstrates that the impact strength of the composite material reinforced with 8 wt.% 
silicon carbide and 3 wt.% aluminium oxide was superior in comparison to the composite material 
reinforced with 2 wt.% silicon carbide and 3 wt.% aluminium oxide. The observation implies that 
the augmentation of SiC content has a beneficial effect on the impact strength of the hybrid com-
posite. The enhanced impact strength of Al6082 can be ascribed to the incorporation of SiC and 
Al2O3 reinforcements into its matrix. Ceramic materials such as SiC and Al2O3 exhibit exceptional 
hardness and strength characteristics. Upon integration into the matrix, these entities function as 
fortifying agents and facilitate the prevention of crack propagation under conditions of impact 
loading. 
 
 

 
Fig. 5 Impact Strength of samples 
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The enhanced impact strength of the composite containing 8 weight percent SiC and 3 wt.% of 
Al2O3, in comparison to the composite comprising 2 wt.% of SiC and 3 wt.% of Al2O3, can be 
ascribed to the amplified volume fraction and dispersion of the reinforcing particles. An increase 
in the SiC content leads to a greater number of reinforcing particles that hinder the propagation 
of cracks, thereby enhancing the material's impact resistance. Furthermore, it is noteworthy that 
the hybrid composite specimens exhibit greater impact strength in comparison to the pure 
Al6082. The incorporation of SiC and Al2O3 reinforcements into the composite material presents 
a noteworthy benefit in terms of enhancing its impact strength. The data suggests that the hybrid 
composite material exhibits enhanced energy absorption and impact load resistance, rendering it 
a viable option for scenarios where impact resistance is of paramount importance. 
3.5 Hardness test 
As depicted in Fig. 6, it is evident that the hardness value of pure Al6082 is comparatively low. The 
present study reveals that there is an increase in the hardness value of hybrid composites with 
varying compositions of SiC and Al2O3. The composite containing 8 wt.% SiC and 3 % Al2O3 ex-
hibits a greater hardness value in comparison to the composite containing 2 wt.% SiC and 3 % 
Al2O3. The observed trend suggests that the incorporation of SiC and Al2O3 reinforcements re-
sults in an augmentation of the hardness of the Al6082 matrix. The inclusion of SiC and Al2O3, 
which are classified as ceramic materials, exerts a substantial impact on the hardness character-
istics of the composite. The composite material containing 8 wt.% of silicon carbide (SiC) and 3 
wt.% of aluminium oxide (Al2O3) exhibits greater hardness in comparison to the composite ma-
terial containing 2 wt.% of SiC and 3 wt.% of Al2O3. The present study's results indicate that an 
elevated SiC reinforcement content correlates with a rise in the hardness of the hybrid composite. 
The augmented level of hardness can be ascribed to the existence of the ceramic phase within the 
matrix alloy. The introduction of SiC and Al2O3 reinforcements results in a modification of the 
microstructure of the composite material. The ceramic particles function as reinforcing agents by 
impeding the movement of dislocations and offering supplementary resistance to plastic defor-
mation. This phenomenon is a contributing factor to the overall augmentation in hardness. The 
composite material comprising Al6082 metal exhibits enhanced strength characteristics when re-
inforced with 8 wt.% SiC and 3 wt.% Al2O3. The observed phenomenon can be ascribed to the 
rising proportion of the ceramic phase present in the matrix alloy. The composite material's aug-
mented hardness and strength render it appropriate for utilization in scenarios that necessitate 
enhanced mechanical properties and resilience against deformation. 

 

 
Fig. 6 Rockwell hardness number of samples 

 
4. Mechanical property characterization of hybrid composites using artificial 
neural networks (ANN) 

Artificial Neural Networks (ANNs) are a computational model that draws inspiration from the 
structural and functional characteristics of the human brain. Artificial neural networks (ANNs) 
are extensively employed in the field of machine learning and have demonstrated their efficacy in 
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addressing intricate challenges across diverse domains such as image and speech recognition, nat-
ural language processing, and data analysis. Artificial neural networks (Fig. 7) consist of intercon-
nected nodes referred to as artificial neurons or perceptrons. The neurons within the system are 
arranged in a hierarchical structure, consisting of distinct layers, namely the input layer, one or 
more hidden layers, and the output layer. The input layer is responsible for receiving the input 
data, which undergoes processing and transformation as it traverses through the hidden layers. 
Ultimately, the output layer generates the intended output or prediction. Every individual neuron 
within an Artificial Neural Network (ANN) is responsible for receiving input signals, undergoing 
a specific transformation process, and subsequently generating an output signal. In the typical 
scenario, the inputs are subjected to a process of weighting, wherein each input is multiplied by 
an associated weight value. Subsequently, the neuron performs a computation by aggregating the 
weighted sum of its inputs and subsequently applying an activation function to ascertain its out-
put. The utilization of an activation function in the model introduces non-linearity, thereby facili-
tating the acquisition of intricate patterns and relationships within the dataset. Training an artifi-
cial neural network (ANN) entails the utilization of a technique known as backpropagation. This 
technique facilitates the adjustment of neuron weights by considering the discrepancies between 
the predicted output and the observed output. The iterative process persists until the perfor-
mance of the model attains a level that can be considered satisfactory. Artificial neural networks 
(ANNs) offer a robust framework for constructing intelligent systems capable of emulating spe-
cific facets of human cognition. This capability empowers machines to execute intricate tasks and 
generate precise predictions by leveraging available data. 

The experimental and artificial neural network (ANN) prediction plots of all samples with den-
sity and UTS are depicted in Fig. 8 indicates that there is a reasonable level of concurrence be-
tween the outcomes obtained from the experiment and those derived from the artificial neural 
network (ANN). The Artificial Neural Network (ANN) was utilized to forecast the density and UTS 
phenomenon via comparison with experimental outcomes. The results indicated a favourable 
match with a regression coefficient of R2 = 0.974 & 0.988 (as shown in Fig. 9) and a relative error 
of 0.003. 

 
Fig. 7 ANN architecture 
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The experiment and artificial neural network (ANN) prediction plots of all sample with impact 
strength and hardness are depicted in Fig. 9. illustrates that the empirical findings are in concur-
rence with the artificial neural network (ANN) outcomes. The Artificial Neural Network (ANN) 
was utilized to forecast the impact strength and hardness phenomenon by means of a comparative 
analysis with experimental outcomes. The results of this analysis demonstrated a strong correla-
tion with a regression coefficient of R2 = 0.941, as depicted in Fig. 10 and a relative error of 0.050. 

Based on the findings presented in Fig. 10, it can be concluded that the wt.% of SiC holds the 
highest degree of influence among the composition. The Artificial Neural Network (ANN) was uti-
lized to forecast the mechanical properties phenomenon through a comparative analysis with ex-
perimental outcomes.  

 

                                         
Fig. 8 Experimental vs. predicted values of the samples. 

 

                                        
Fig. 9 Experimental vs. predicted values of the samples 

 

                                             
Fig. 10 Normalized factor importance 

5. Conclusions 

In the current study, Al6082/SiC/Al2O3 nanocomposites obtained by the method of stir-casting 
and the impact of nano-Al2O3 and nano-SiC particle on mechanical properties of the MMCs were 
investigated. The conclusions could be concised as follows. 
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• The experimental density values improved with the rise in proportion of SiC particles as 
reinforcement. 

• The increase in wt. % of SiC enhanced tensile and impact strength of all the casted composite 
materials. 

• The increment in weight percentage of SiC by keeping the load constant of 100 kg improved 
the hardness. The extreme hardness value was observed with the composites having 8 % 
wt. of SiC, while the minimum was seen in the composites having 2 % wt. of SiC. 

• From the SEM analysis we observed that SiC and Alumina was uniformly distributed in 
Al6082 metal matrix. 

• The implementation of Artificial Neural Network (ANN) analysis has provided confirmation 
that the weight percentage (wt.%) of silicon carbide (SiC) plays a substantial role in the ob-
served improvement of mechanical properties in Al6082 alloy. 

Thus, the experimental results clearly indicate that the Al6082 properties gets better with rise 
in the weight percentage of SiC reinforcement. Therefore, the integration of SiC and Al2O3 in 
Al6082 produces improved outcomes than pure Al6082. 
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