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Abstract

We define a new graph operation called the kth inner power. The construction—which
is somewhat analogous to the kth power with respect to the direct product—seems to lend
itself nicely to certain questions concerning cancellation over the direct product. We prove
several results about bipartiteness and connectedness of inner powers, and we prove that the
inner power distributes over the direct product. We explore a potential connection between
inner powers and the problem of cancellation over the direct product.
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1 Introduction

Our purpose is to define a new graph operation which we call an inner power. The article
is organized as follows. The introduction recalls some relevant notation and lexicon; the
second section defines the inner power and proves some of its elementary properties. In
the final section we explore potential applications of the inner power to the problem of
cancellation over the direct product.

We recall some standard definitions to fix the notation. Any graph G = (V(G), E(G))
in this paper is finite and may have loops, but not multiple edges. Edges are denoted xy,
where x,y € V(G). A loop at z is denoted zx. The cycle C,, is the graph with vertices
0,1,...,n — 1, where ¢ is adjacent to ¢ + 1 (with arithmetic done modulo n). The path P,
has vertex set 1, ..., n, with ¢ adjacent to ¢ + 1 for 1 < ¢ < n. We use the notation G C H
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to indicate that G is a subgraph of H. A walk in G is a sequence of vertices £1Z2 ... T,
in G for which z;x;,11 € FE(G) for each 1 < i < n. The walk is closed if 1 = x,.
A homomorphism from a graph G to a graph H is amap ¢ : V(G) — V(H) for which
zy € E(G) implies p(z)p(y) € E(H).

The direct product G x H is the graph with vertex set V/(G) x V(H) and for which
(z,y)(2',y’) is an edge precisely if xa’ € E(G) and yy' € E(H). Figure 1 shows a direct
product G x H. For clarity, the factors G and H are drawn below and to the left of the
product.

GxH

T
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Figure 1: A direct product G x H

The direct product can also be defined on & factors. Given graphs G1, G, . .., Gy, the
product G; X Ga X - - - X G, has as vertices the k-tuples (x1, xo, ..., xy), withz; € V(G;)
for 1 < i < k. Vertices (x1,2,...,2%) and (y1,y2,...,yx) are adjacent provided that
z;y; € E(G;) for 1 < i < k. The kth direct power of a graph G is the product Gk =
G X G X -+ x G of G with itself k times.

See Imrich and KlavZzar [2] for a survey of the direct product.

2 The inner power

We now introduce our main construction. Given a graph G, and a positive integer &, the
kth inner power of G is the graph G*) defined as follows, where arithmetic on the indices
is done modulo k.

=
Q
=
I

{(xo,21,...,25—1) 1 2; € V(G) for 0 < i < k}
E(G(k)) = {(xo,l'h. .. ,,%‘;C,l)(yo,yl, .. .,ykfl) XY+l € E(G) for0 <i< k’}

Notice that if k& = 2, then (x,y)(z',y’) is an edge of G?) if and only if 2’ € F(G)
and y2’ € E(G). Figure 2 shows two examples. The left-hand side shows K 52), while the
right-hand side shows the second inner power of the graph G consisting of two loops.

(D=4 (-

0
0
(0,0) (1,0) O (0,0)  (1,0)

(0,1) (1,1)

Figure 2: The inner powers KQ(Z) and G?), where G consists of two loops.
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Figure 3 shows some more elaborate examples, namely P§2) and C‘(Q), where, for con-
venience, the vertices are labeled as xy rather than («,y). This figure illustrates a general
principle that follows immediately from the definition of the inner power: If G C H, then
G®) c H®) . Figure 4 shows the inner power Cég). Notice that in general the diagonal
map = +— (z,, ..., ) is an embedding of G into G(¥).

<2A0 )(2) _

e
(A) = 7N O

Figure 3: The inner powers C{*) and P*). Note G C H implies G®) C H(®).

We note in passing that C?EQ) and C’?(,S) happen to coincide with the coloring graphs
C3(K3) and C3(C3) (see Section 8.2 of [2]), suggesting a possible (and entirely unexplored)
connection to graph colorings.

We now collect some properties of inner powers, beginning with a criterion that char-
acterizes the presence of a loop in the inner power. The proof is an immediate consequence
of the definitions, and is therefore omitted.

Proposition 2.1. The inner power G*) has a loop at (zq,x1,. .., xx_1) if and only if the
sequence xor . ..Tk_1%q Is a closed walk in G.

Thus if % is even and G has an edge xy, then G*) has a loop at (x,y,z,y, ..., z,y).
Consequently an even inner power of a nontrivial graph is never bipartite. But we do have
the following.

Proposition 2.2. An inner power G) is bipartite if and only if G is bipartite and k is odd.

Proof. If G*) has no odd cycles, then as G embeds in G*), it follows that G has no odd
cycles.
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Figure 4: The inner power C§3).

Conversely, suppose k is an odd integer and G is a bipartite graph with partite sets
X and Y. Consider an arbitrary edge (zo, %1, ..., 2Zk—1) (Y0, Y1, yp—1) € E(GHF),
Suppose, without loss of generality, that ©o € X. Then since zoy; € E(G), we have
y1 € Y. In turn, since y122 € E(G), we have o € X. Similarly, y3 € Y, 4 €
X, and so on. Because k is odd we infer (zg,z1,...,2k-1) € X x X x --- x X and
(Yo, Y1,---,Yr_1) €Y x Y x --- x Y. It follows that any edge of G(*) has one endpoint
in the set X x X x --- x X and the other endpoint in V(G*))\ X x X x --- x X. Thus
G™*) is bipartite. O

Recall (Theorem 5.5 of [2]) that a direct product G x H of nontrivial graphs is connected
if and only if both G and H are connected and one of them has an odd cycle. Consequently
a direct power G* is connected if and only if G is connected and non-bipartite. By contrast,
Figure 4 shows that inner powers of connected non-bipartite graphs may be disconnected.
However (as the next result indicates) for & = 2 the criteria for connectedness of the inner
power is exactly the same as for the direct power.

Proposition 2.3. An inner power G?) is connected if and only if G is connected and has
an odd cycle.

Proof. Suppose G2 is connected. Then for any two vertices z,y € E(G), there is a path
from (z, %) to (y,y) in G). Denote this path as

(z,y)(x1,y1)(x2,¥2) (23, 93) - - - (Tn, Yn) (U, ¥).-

By the definition of the inner power, zx1y2x3y, - ..y is a walk in G from x to y. Thus G
is connected.

Conversely, suppose that G is connected and contains an odd cycle. Let (a,b), (¢,d) €
V(G (2)). Then G has an even walk from a to c. (By traversing an odd cycle, if necessary.)
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Similarly, G has an even walk from b to d. What is more, we may assume these walks have
the same length, by alternating back and forth along a final edge, if necessary. Therefore G
has walks axgz12s . .. Ta,c and byoy1ys - - . Yy2nd. This gives rise to the walk

(a,b)(yo, zo)(x1,y1) (Y2, x2)(23,Y3) - - - (Y2n, T2n)(c, d)
in G, Thus G? is connected. O

Connectedness for powers higher than 2 is much more subtle issue, as the next result
indicates.

Proposition 2.4. Suppose k > 2. Then there is a walk in G*) joining (xq,z1,...,Tp_1)
10 (Yo, Y1, - - -, Yk—1) if and only if for some n there is a homomorphism ¢ : P, x C, — G,
where ©(1,1) = x; and p(n, i) = y; for each index i.

Proof. Suppose there is such a homomorphism. By the homomorphism property of ¢, as
well as the definitions of the direct product and the inner power, it follows that for each
1 < ¢ < nthe vertex (p(¢,0), (¢, 1),...,¢(¢,k— 1)) is adjacent to

(el +1,0),0(L+1,1),...,0(l+1,k—1))

in G(®), Therefore G*) has a walk from (o, 1, ..., Zx—1) t0 (Yo, Y1, - - > Yk—1)-
Conversely, suppose G*) has a path from (zo,z1,...,2Zk_1) t0 (Yo, Y1, - -, Yk—_1)-
Write this path as
(v(l),v%7 . »Uliq) (vg, v, ,v,%fl) (Ug,vi’, e 79271) e (v{},v?7 . ,v,’jfl),
where the left-most vertex is (zg, 21, ..., Zr—1) and the right-most is (Yo, Y1, . - -, Yk—1)-
Define ¢ (¢, i) = vf. One checks easily that this is the required homomorphism. O

Proposition 2.4 yields the following corollary.

Corollary 2.5. The inner power G\¥) is connected if and only if for any two k-tuples
(xo,21,. .., Tk—1) and (Yo, Y1, --.,Yx—1) of vertices of G, there exists a homomorphism
¢ : Py x Cy — G, where ¢(1,1) = x; and p(n, i) = y;.

Finally, we prove that the inner power distributes over the direct product.
Proposition 2.6. For any graphs G and H, it follows that (G x H)®) = G*) x H(¥),

Proof. Consider the bijection ¢ : V ((G x H)®) — V(G® x H®), where

(@0, m0), (x1,91), - (@r—1,Yk-1))) = (@0, 21, -+, T—1)5 (Yo, Y1, -+, Yo—1))-
This is an isomorphism because
(20, 90), > (Tx—1, Yx—1)) (w0, v0), -+, (us—1,v5-1)) € E((G x H)PM),
(i, 9:) (Uix1,vi41) € E(G x H) for each index i,
zu;+1 € E(G) and y;v;41 € E(H) for each index i,
(20,21, -, Tp—1)(ug, us, .. ., up_1) € E(G®) and
Yo, Y1, - - s Yk—1)(V0, 1, . . ., vp_1) € E(H®)
— ((xo, ces Z—1), (Yoo - - - ,yk,l)) ((uo7 ey ug—1), (vo, . .. ,Uk,l)) €
E(G(k) X H(k)).

I
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3 Cancellation

The cancellation problem for the direct product involves the determination of the conditions
under which G x K = H x K implies G = H. We now review some classic results
involving cancellation, and we note a potential application of inner powers to cancellation.

Given graphs G and H, denote by hom(G, H) the number of homomorphisms from G
to H. The following theorem by Lovdsz is proved in [3] and [1]. (Actually, the cited proofs
are for digraphs, but the arguments work equally well for graphs.)

Theorem 3.1. If G and H are graphs, then G= H if and only if hom (X, A)=hom(X, B)
for every graph X.

Lovasz [3] also noted the easily-proved identity
hom(X, A x B) = hom(X, 4) - hom(X, B). (3.1)

From this he deduced the following corollaries. (The first one involves the direct power of
a graph, not the inner power.)

Corollary 3.2. If G* = HF, then G = H.

Proof. Suppose G*¥ =2 H*. Let X be any graph. Then hom(X, G*) = hom(X, H*), and
Equation (3.1) yields hom(X, G)¥ = hom(X, H)*. Thus hom(X,G) = hom(X, H), so
G = H by Theorem 3.1. O

Corollary 3.3. If G x K =2 H x K and K has a loop, then G = H.

Proof. Suppose G x K = H x K. For any graph X hom(X, G x K) = hom(X, H x K),
and Equation (3.1) yields

hom(X, G) - hom(X, K) = hom(X, H) - hom(X, K).

Now, hom (X, K) # 0 because the constant map sending V(X)) to a vertex with a loop is
a homomorphism. Thus hom(X, G) = hom(X, H), so G = H by Theorem 3.1. O

Lovdsz [3] also proves the following generalization of Corollary 3.3: f GX K =2 Hx K
and K has an odd cycle, then G = H. His proof, involving a theory of k-partite structures,
is quite complex and (at least to our thinking) non-intuitive. In the final part of this paper
we explore the possibility that the inner power may lead to a simpler proof.

To this end, we first remark that the analogue of Corollary 3.2 does not hold for inner
powers. Indeed, Figure 2 shows that it is possible to have G(*) =~ H®*) with G 2 H.
However, despite considerable effort we have found no examples of this phenomenon when
k is odd, and we are led to the following conjecture.

Conjecture 3.4. If k is odd and G*) = H®) then G = H.

We conclude by showing how the truth of the conjecture could lead to simpler proof of
Lovasz’s cancellation theorem.

Proposition 3.5. Suppose Conjecture 3.4 is true. If G x K = H x K, and K has an odd
cycle, then G = K.
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Proof. Suppose G x K =2 H x K, and K has an odd cycle xgzi2s . .. x,_120 of length
k. Then (G x K)*®) = (H x K)®, and Proposition 2.6 yields

G« KF) o gk o ()

Proposition 2.1 guarantees that K (*) has a loop at the vertex (z¢, z1, 22, . . . , Z)_1 ). Corol-
lary 3.3 thus gives G®) >~ [g*) hence G = H. O
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