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Abstract

A distinguishing partition of a set X with automorphism group aut(X) is a partition
of X that is fixed by no nontrivial element of aut(X). In the event that X is a complete
multipartite graph with its automorphism group, the existence of a distinguishing partition
is equivalent to the existence of an asymmetric hypergraph with prescribed edge sizes.
An asymptotic result is proven on the existence of a distinguishing partition when X is a
complete multipartite graph with m, parts of size n; and my parts of size ns for small nq,
mso and large mq, ny. A key tool in making the estimate is counting the number of trees of
particular classes.

Keywords: Complete multipartite graph, distinguishing partition, combinatorial species, tree enu-
meration.
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1 Introduction

The distinguishing partition problem asks, given a finite set X with a group G that acts
on X, whether there exists a partition P of the elements of X such that no nontrivial el-
ement of G fixes P. Formally, consider a partition P = {Py,..., P} and v € G. For
general X' = {x1,...,2;} C X, let v(X') = {y(z1),...,v(x;)}. Then let v(P) =
{v(P1),...,v(P:)}. We say that P is a distinguishing partition if (P) # P for all non-
trivial v € G. When X is a graph, we consider it to be acted upon by its automorphism
group aut(X).

Not all sets X with group action G have a distinguishing partition. For example, if G
is the group of all permutation on X and |X| > 2, then X does not have a distinguishing
partition. Conversely, if G is the trivial group, then all partitions of X are distinguish-
ing. As another example, let X be the set {a, b, ¢, d} acted upon by the cyclic group with
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generator that takes a to b, b to ¢, ¢ to d, and d to a. Then X has the following dis-
tinguishing partitions: {{a}, {b,c,d}}, {{b},{qa,¢,d}},{{c}, {a,b,d}}, {{d},{a,b,c}},
{{a, b}, {e} {d}}, {{b, c}, {d}, {a}}, {{c, d}, {a}, {b}}, {{d, a}, {0}, {c}}. By contrast,
the dihedral group acting on four elements has no distinguishing partition.

In general, the conditions for the existence of a distinguishing partition can be quite
complex, even in a relatively restricted setting such as taking X to be a complete multi-
partite graph, acted upon by its automorphism group. Informally, the difficulty is that if a
partition P consists of few large parts, then a nontrivial automorphism might fix each part,
while if P consists of many small parts, then a nontrivial automorphism might permute the
parts.

Ellingham and Schroeder [7] first considered the distinguishing partitions problem for
complete equipartite graphs. Their finding is that if X is a complete equipartite graph with
m parts, each of size n, then X has a distinguishing partition if and only if m > f(n) for
f(2) = f(14) = 6, f(6) = 5, and otherwise f(n) = [logy(n + 1)| + 2. In this setting,
aut(X) is the imprimitive action of the wreath product S,, 2 .S, on X.

The distinguishing partition is a measure of the level of symmetry of a group action,
and as such the concept is closely related to the well-studied distinguishing number, as
introduced by Albertson and Collins [1] on a graph and by Tymoczko [11] for a general
group action. Other such measures are the cost of 2-distinguishing [6] and the determining
set [5]. The survey of Bailey and Cameron [2] shows how these concepts have appeared
independently in many different settings.

The distinguishing number of X is the mimimum number of label classes in a distin-
guishing labeling of X. In turn, a distinguishing labeling is a map from X to the set of
labels [¢] that is not fixed under any nontrivial automorphism of X . All distinguishing par-
titions can be regarded as distinguishing labelings by treating each block of the partition
as a separate label class, but not all distinguishing labelings are similarly distinguishing
partitions. Every set with group action has a distinguishing labeling—every element could
be assigned a unique label-but not all have a distinguishing partition. It should be noted
that the term “distinguishing partition” has been used elsewhere to mean what we here call
a distinguishing labeling.

For the remainder of this paper, we will consider the case that X is a complete multi-
partite graph with its automorphism group. We denote by X = K,, . , = the complete
multipartite graph with maximal independent sets X; of size n; for 1 < ¢ < m. Also,
Ko, (n1),ms(ns) denotes the complete multipartite graph with m; parts each of size n; for
i = 1,2. We focus in particular on K, for fixed n; and mo and large m; and
no.

Based on the results of Ellingham and Schroeder [7], we might expect a complete
multipartite graph to have a distinguishing partition if it has many small parts, and not to
have a distinguishing partition if it has few large parts. In our setting, which combines these
two extremes, it seems natural to expect that a distinguishing partition, in the asymptotic
sense, would exist if na/m; does not exceed a certain ratio. Our main result is that this is
indeed the case.

1(n1),ma(n2)

Theorem 1.1. Fixnq, > 2 and mo > 1, and suppose that m1 is sufficiently large relative to
n1 and ma. There exists a value v = Ty, i, such that the following holds. K, (n,),ms(ns)
has a distinguishing partition if and only if

n2 < Tni,moMi1 + e(m1)
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for some function e(my) € o(my).

We have that 73 ,,, = 1. For ny > 3, we define 7,,, ., by first choosing values of
J = Jnyms and k = kp, ,,, such that

n=2+ (") () o () + 8,
0 1 J

j<|(ma—1)/2] and 0<k< (jTl), or j=|(ma—1)/2] and k> 0.

with either

If j < [(m2 —1)/2], then let

and otherwise choose

/ mo — 1 mao 1
7“—1—1—; o (i>+2k.
We say that jg p,, = —1.

The structure of the paper and the proof Theorem 1.1 is as follows. In Section 2,
we establish basic concepts on enriched trees and hypergraphs which are used heavily
throughout the proof. In Section 3, we show how a type of partition of K, (n;),ms(ns)
known as a regular partition may be represented as a hypergraph with m; edges of size
n;, © = 1,2. We establish key lemmas for the general result in Section 4. In Section 5,
we provide the general construction that, for the existence of a distinguishing partition,
maximizes no to within an additive constant, given mi,n1, ms. Then we prove that for
large m; relative to ny and mo, if nf, > ny and Ky (n1),ma(ny) has a distinguishing
partition, then so does K, (n),ms(ns)-

In Section 6, we focus on the case that n; = 2. Then the following refinement of
Theorem 1.1 holds.

Theorem 1.2. There exist constants o > 0 and 3 > 1 and

such that Theorem 1.1 holds with e(my) of the form

my

. (BN L m
Z+1+(1+om1(1))aﬁ z (5_1> " logg(ma)

In Section 7, we consider the case that ¥ = 0 and j < [(m2 — 1)/2]. Then Theorem
1.1 can be refined as follows.

Theorem 1.3. [fk = 0and j < |(m2 — 1)/2], then Theorem 1.1 holds with e(m1) of the

form
(2 47 4)3"1277273 2mg—4j=5
mo — — m2—R 1 o —Ai—4
( e e %(1)) i

for a value of C that depends only on n, and mo.
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The value of C' will be specified in Section 7.
We consider k£ > 1 and j < |(mg — 1)/2] in Section 8.

Theorem 1.4. Ifk > 1 and j < |(ma — 1)/2], then Theorem 1.1 holds with e(my) of the
form ©(my/(logmyq)).

In Section 9, we consider the case that k = 0 and j = (mq — 2)/2. Then the following
exact result for large m; is possible.

Theorem 1.5. Suppose that k = 0 and j = |(m2 — 1)/2]. Theorem 1.1 holds with
e(my) = 2271 if my is even and at least 4 and e(m1) = 2™2~1 — 1 if mo is odd or 2, for
sufficiently large m.

In Section 10, we prove the following for k > 1 and j = [(m2 — 1)/2].

Theorem 1.6. If k > 1 and j = |[(ma — 1)/2], then Theorem 1.1 holds with e(m,) =
2m2=L 1 if km is even and mas is odd, and otherwise e(my) = 2™2~1 + |rmy| — rmy,
for sufficiently large m.

2 Enriched trees and hypergraphs
Combinatorial species and enriched trees

We make use of the language of combinatorial species, as presented by Bergeron, Labelle,
and Leroux [4]. A species F is, for every finite set U, a finite set of objects F'[U], called
structures, together with, for every bijection o : U — U’, a function F[o] : F[U] — F[U’|
that satisfies the following two properties, which are standard functioriality properties in
category theory:

1) for all bijections o : U — U’ and o’ : U' — U”, Flo’ 0 0] = F[o’] o F[o],
2) for the identity map Idy, F[Idy] = Idpjy.

The function F'[o] is known as transport of species. Consider the symmetric group Sy that
acts on U. Given an F-structure s, we say that the automorphism group of s, aut(s), is the
subgroup of those o € Sy that satisfy F[o](s) = s.

Let a be the species of asymmetric trees, or trees whose automorphism group is trivial,
and let a® be the species of rooted asymmetric trees. A rooted tree is considered asymmet-
ric if it has no nontrivial root-preserving automorphism; it is possible that the underlying
unrooted tree structure is not asymmetric.

Now let F' be a species that contains at least one structure over a set of size 1. An
F-enriched tree on a set U is a tree on U together with an F'-structure s,, on the neighbor
set N (v) of every vertex v € U. If ¢ is an automorphism of an F-enriched tree ¢, then o is
an automorphism of the underlying tree structure of ¢. Furthermore, if o, is the restriction
of o on N (v), then the transport of species F[o,] takes s, to 5,(,). We say that ar is the
species of asymmetric F-enriched trees. For example, when F' is &, the species of sets,
then there is a unique £-structure on every finite set, and ag is simply a. The species 2 and
2 are, respectively, the species of (not necessarily asymmetric) trees and the species of
F-enriched trees.

The sum of two species (F' + F')[U] is the disjoint union F[U] + F'[U] such that
(F 4+ F")[o](s) = Flo](s)if s € F[U] and (F + F')[o](s) = F'[o](s) if s € F'[U]. If a
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is a positive integer, then oI is the sum of a copies of F'. We say that F;[U] is F[U] when
|U| = i, and otherwise F;[U] = (), and | F;| is the number of structures of F' over a set with
1 elements.

Consider the species F' = Y 7| a,;&; for nonnegative integers , a1, . . ., a, with x > 1
and a; > 1. This is the species that consists of a; distinct set structures over a set with
1 elements for 1 < ¢ < k and otherwise no structures. Then the species arp may be
regarded as the species of asymmetric trees in which every vertex has degree at most «,
and every vertex of degree ¢ is assigned a label from a pool of a; possible labels. Such a
tree is asymmetric if it has no nontrivial label-preserving automorphism. Later, we show
how estimating the number of elements of ar with a given number of vertices can help
determine asymptotic bounds for the distinguishing partitions problem.

A structure of the product species F'F’ over U is an ordered pair (f, f’) for an F'-
structure f over Uy and a F”-structure f’ over Us for some partition Uy LIU, of U. Transport
of species is defined by (FF')[o](s) = (Flo1](f), F'[o2](f’)), each o; the restriction of
o to U;.

Hypergraphs

A hypergraph H is atriple (V (H), E(H),I(H)), with V (H) a finite set of elements called
vertices and E(H) a finite set of elements called edges. The incidence relation I(H) is a
subset of V(H) x E(H). We will generally treat edges as subsets of V(H). The degree
of v € V(H), denoted deg(v), is the number of edges incident to v. H is connected if
the bipartite graph with vertex sets V/(H) and E(H) and edge set I(H) is connected, and
E(H) # (. If every edge is incident to nq-vertices, then H is nq-uniform.

For a hypergraph H with an edge e, deg; (H ) and deg; (¢) denote the number of vertices
of degree 1 in H and e, while degd H and degj e are the numbers of vertices of degree at
least 2 in [ and e.

An automorphism o of H is a permutation of V' (H) and E(H ) such that (v,e) € I(H)
if and only if (o(v),o(e)) € I(H) for all vertices v and edges e. We say that o is trivial
if o(v) = v and o(e) = e for all vertices v and edges e, and H is asymmetric if the only
automorphism of H is trivial. Thus we allow that hypergraphs may contain multiple edges
that are incident to the same vertex set, but such hypergraphs are not asymmetric.

A connected n-uniform hypergraph H is called a free if E(H) can be enumerated
{e1,...,e/pm) } in such a way that for each 2 < i < |E(H)|, we have that |e; N (e; U
-+~ Ue;—1)] = 1. Equivalently, a tree is a connected ni-uniform hypergraph H with
(n1 —1)|E(H)|+ 1 vertices. The leaves of a tree H are the edges e that satisfy deg; (e) =
ny — 1. We say that [(G) is the number of leaves of G.

For a tree GG, define the quantity

p(G)i= Y (deg(v) —2).
dvez/gc:)2

We will later need the following relationship between {(G) and u(G).
Lemma 2.1. Ler G be a tree with at least 2 edges. Then I(G) > pu(G) + 2.
Proof. Enumerate E(G) = (e1, ..., e|g(q))) such that for 2 < i < [E(G)],

e; N (61 U...u eifl) = {’UZ‘},
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and let G; be the subtree of G with edges (eq, ..., e;). We prove that the lemma holds for
G, by induction on i for 2 < i < |E(G)|, with the ¢ = 2 case following from p(G2) = 0
and [(G2) = 2. Assume the lemma holds for G,;_;.

For 3 < i < |E(G)|, u(G;) = u(Gi—1) + 1 if v; has degree at least 3 in G;, and
otherwise u(G;) = p(Gi—1). Also, I(G;) > I(G;—1) since e; is a leaf in G, and at
most one leaf of GG;_;, namely a leaf that contains v; as a degree 1 vertex, is not a leaf in
G;. Furthermore, whenever p(H;) = pu(G;—1) + 1, v; has degree at least 2 in G;_; and
thus I(G;) = I(G;-1) + 1. The lemma follows for G; by I(G;) — I(G;-1) > p(G;) —
W(Gi-1). 0

3 Distinguishing partitions and asymmetric hypergraphs

We demonstrate a bijection between certain distinguishing partitions of complete multipar-
tite graphs and asymmetric hypergraphs with prescribed edge sizes. Using this bijection,
we establish the existence or nonexistence of distinguishing partitions by demonstrating
the existence or nonexistence of certain asymmetric hypergraphs. The argument is nearly
identical to that given by Ellingham and Schroeder [7].

With X = K, . ..., let P be a partition of X with parts Py, ..., P, and we say that
P is a regular partition of X if |X; N Py| < 1 forall ¢ and i’. It is a necessary but not
sufficient condition for P to be distinguishing that P is regular.

Definition 3.1. For every regular partition P of X with parts P, ..., P;, we associate a
hypergraph 7(P) as follows: V(7(P)) = {P;,1 <i <t}, BE(7(P)) ={X; : 1 <i<m},
and X; and Py are incident if | X; N Py/| = 1.

Note that 7(P) is a hypergraph with m edges with sizes nq, . . ., n,, since X; intersects
exactly n; parts of P.

We say that the automorphism group aut(P) is the subgroup of aut(X) consisting of
those elements that fix P. The following relationship holds.

Lemma 3.2. If P is a regular partition of X, then aut(P) is isomorphic to aut(7(P)).

Proof. Let 7 : aut(P) — aut(7(P) be the group homomorphism induced by 7. Say that
Py, ..., P, are the parts of P.

An automorphism ¢ € aut(P) induces automorphisms o p and o x on the sets { P;} and
{X} respectively. Then o is uniquely determined by op and ox, and in particular o is
trivial if and only if op and o x are both trivial. Thus 7 is injective.

Now let o/ € aut(7(P)). Then ¢’ is uniquely determined by incidence-preserving
permutations of {P;} and {X; }. Let o be the permutation of X such that if z € X
is the unique vertex contained in X; N Py, then o(x) is the unique vertex contained in
o' (X;)No’'(Py). Itis readily checked that in fact o € aut(P), and thus 7 is surjective. [J

Corollary 3.3. There exists a distinguishing partition of Ky, .. . if and only if there
exists an asymmetric hypergraph with m edges of sizes ni, ..., .

It will be convenient to associate another hypergraph with a regular partition P of
K, (n1),ma(nz)- Let 7'(P) be a vertex-labeled hypergraph that contains exactly the ver-
tices and the nq-edges of 7(P). Say that the ny-edges of 7(P) are X1, ..., X,,,. Then the
vertex label set of 7/(P) is 2I2), and a vertex v in 7/(P) is labeled with a set S C [my] if
v € X, exactly when ¢ € S. Then 7/(P) is just a different way of encoding 7(P).
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The weight w(v) of a vertex v € 7/(P) is the cardinality of its label. The weight w(S)
of a set of vertices S is the sum of the weights of the vertices in S. The weight w(e) or
w(@G) of an ni-edge e or connected component G C 7/(P) is the weight of the vertex set
of e or G. The value of G is w(G) — rmz|E(G)|. Value may be positive or negative. We
have that no = w(7/(P))/ms, and thus our strategy in proving the main results is to find
an asymmetric labeled hypergraph with m; n;-edges and maximal weight. Though weight
and value encode the same information, value is useful in that it gives a clear comparison
of the weight of a component of 7/(P) to its asymptotic limit.

4 Key Lemmas

We now present a series of lemmas that provide upper bounds on the weights and values of
certain types of components.

Lemma 4.1. Let G be a connected ny-uniform hypergraph with n1|E(G)|/2 + p vertices.
Then G contains 2p + (G) vertices of degree 1. Equivalently, each edge has, on average,
(2p + 11(Q))/|E(G)| degree 1 vertices.

Proof. There are ny|E(G)| pairs of the form (v, e), where v is a vertex, e an edge, and
v € e. The number of such pairs (v, e) is also

deg, (G) +2(m|E(G)|/2 + p — deg, (G)) + u(G),
orn1|E(G)| + 2p — deg; (G) + u(G). Thus deg, (G) = 2p + u(G). O

Lemma 4.2. Suppose that T(P) is asymmetric, and let S be the set of degree 1 vertices
in an edge of T'(P). Then |S| < 2™2. Define nonnegative values j' and k' such that

|S] = ("82) + -+ (7?,2) + k' with either 0 < k' < (jf'fl) ork’ =0and j’ = mo. Then

w(s) < ;m i) (m) T H(ma — 7 — 1),

Proof. Forall vi, vy € S, there is an automorphism of the underlying unlabeled hypergraph
of 7/(P) that switches v; and vy and fixes all other vertices. Thus all vertices in .S must
have different labels in 7/(P), which implies that |.S| < 2™2. The lemma follows from the
fact that S contains at most (”:2) vertices with a label of cardinality mo — . O

Let w)g| denote the upper bound on w(S) in Lemma 4.2. Now suppose that 7/(P) is
asymmetric and G is a component of 7/(P). A defect in G is one of the following. A
defective vertex is a vertex v with degree at least 2 and weight less than mg, counted with
multiplicity d(v) = mo—w(v). A defective edge is an edge e with set .S of degree 1 vertices
with collective weight less than w)g|, counted with multiplicity d(e) = w;g| — w(S). The
number of defects in G is denoted by d(G).

Lemma 4.3. Let G be a connected component of 7' (P). If 7(P) is asymmetric, then

w(G) < my deg;(G) + Z Weg, (¢) — d(G).
e€E(G)
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Proof. Every vertex has weight at most ms, and a defective vertex v with degree at least 2
has weight my — d(v). The set of degree 1 vertices in an edge e has weight wqeg, (c) if €
is not defective, and otherwise weight weg, (e) — d(e). The lemma follows by adding over
all vertices. O

If G contains n1|E(G)|/2 + p vertices, then write

2p + u(G)J Ly {2p+ u(G)l

2@ =3 | 2

with nonnegative b + b’ = |E(G)|. The following lemma states that the weight of G is
maximized when all edges have about the same number of degree 1 vertices.

Lemma 4.4. With all quantities as above,

U}(G) < m2n1|E(G)|/2 — Maop — mgu(G) + b’szlpg(,g)cl;)J + b/wl'Qf)g(,g)cl;)‘l - d(G)

Proof. By Lemma 4.1, G has n1|E(G)|/2 — p — p(G) vertices of degree at least 2. Then
by Lemma 4.3,

w(G) < many|E(G)|/2 — mop — map(G) + > Waeg, (e) — d(G).
e€EE(Q)

The expression w,, is concave in y, meaning that for all y, w, —wy_1 > wy41 —w,. Thus,
given a set of values {y;} such that ). v; = 2p + u(G), Zle wy, is maximal when b of

) 2p+u(G) ’ ) 2p+u(G)
the y; are equal to L B J and b’ of the y; are { G| -‘ The lemma follows. O

We now look to maximize the weight of G by considering the total number of vertices
of a given weight. In particular, G contains at most |E(G)|("?) degree 1 vertices with
weight mo — ¢, since each each edge contains at most (";2) such vertices. Choose values
7" and k* such that

2p + u(G) = |E(G)| (”Zf) b+ |B@)) (?) R

with j* > —1and 0 < k* < [E(G)|(;27,)-

Lemma 4.5. With all quantities as above, w(G) <

me (B i) + ; BN (ma — ) (") + (ma = = DI = d(G),

Proof. Let G’ be a (not necessarily asymmetric) hypergraph constructed from G by giving
every vertex of degree at least 2 the label [mg] and assigning a label to every degree 1
vertex such that all edges of G’ are nondefective and have distinct labels among the degree
1 vertices. Then G’ has (n1|E(G)|/2 — p — u(G)) vertices of degree at least 2, each of
which has weight mo, and at most |[E(G)|("?) degree 1 vertices of weight mo — i for
0 < i < j*. The result follows by w(G') = w(G) + d(G). O
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We consider the upper bound of Lemma 4.5 to be a function wmax(p, 4(G), d), with
the quantities ms and | E(G)| considered to be fixed. We note that

Wimax (P, W(G), d) > Wimax (P, n(G),d + 1),

while
wmax(p7 ,LL(G)a d) > wmax(p7 ,U(G) +1, d),

with equality exactly when j* = —1.

Now we consider ;(G) = d = 0, and the upper bound of Lemma 4.5 is a function
Wmax(p). The effect of replacing p by p + 1 is equivalent, numerically, to replacing a
vertex with weight mqy by two vertices, one of weight mo — 7* — 1 and the other of weight
either mg — j* — 1 or mg — j* — 2. Thus the function wy,.x(p) is weakly unimodal in
p and achieves a maximum when j* = |(mg — 1)/2] and k* = 0 or 1. Then 2p =

ZL(mz /2 |E(G)|("?) + (0 or 1), and we have by Lemma 4.5 that

—1 —1
] =5

w@ <lp@) | 5= 3 (") Xm0 ()] @

=0 =0

Thus the following holds.
Corollary 4.6. Let all quantities be as above.
1. Ifj = |(ma — 1)/2], then w(G) < mar|E(G)|.
2.Ifj < [(ma—1)/2] and p < |E(G)|(%+ — 1), then w(G) < mar|E(G)|.
3. G has positive value only if j < |(me — 1)/2| and G is a tree. Then if G has d
defects, v(G) < mg — 2j — d.
Proof. Part 1 follows by Equation (4.1) and the definition of r. Part 2 follows from the

monotonicity of wp,,x and the definition of 7. Part 3 is a consequence of Parts 1 and 2. [J

We now focus on the particular case that G is a tree and k£ = 0. Suppose that G has [
leaves, and by Lemma 2.1, 1 > p(G) + 2. Then j* = j and k* = 2 + u(G), and

> o SZ (@l0ma =) (") + (€ + D)ona )

e€EE(Q)

This bound can be attained if G contains |E(G)|(™?) degree 1 vertices of weight mo — i
for 0 < i < jand p(G) 4 2 degree 1 vertices of weight mo — j — 1. However, every leaf
of G contains a vertex of weight at most mo — j — 1, and thus in fact 3, . o ) Wdeg, (¢) <

J

S 1Bl (ma ~ ) (") + (G) + 2)(ma = 1) = 1= () - D,

i=0
Since G has |E(G)| — 1 — u(G) vertices of degree 2 or more,

J

w(G) < mal (@) + Y 1BG ma — ) (") = w(@)s + ma =2 -1

=0

Finally, if we allow that G might have d defects, then we conclude the following.
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Lemma 4.7. With all quantities as above, v(G) < mg —2j — 1l — ju(G) — d.

Now we consider all of 7/(P). Let Comp(P) be the set of connected components of
7'(P).

Lemma 4.8. If 7(P) is asymmetric, v(7'(P)) < ZGGCOmp(P) v(G) + mg2m271,

Proof. We calculate that v(7'(P)) is > cComp(P) v(Q) plus the sum of the weights of
all vertices not contained in any nj-edge. Since 7(P) is asymmetric, every vertex not
contained in an n;-edge must have a different label, and there is at most one vertex with
every label S C 20™2]. The lemma follows. O

5 An extremal construction

In this section, we give a general method of constructing a distinguishing partition P of
Ko, (n1),ma(ns)- We then show that ny is maximal to within an additive constant, given
the other parameters. We do so by describing the vertex-labeled hypergraph 7/( P). For the
remainder of this section, we assume that j < [(m2—1)/2]; the case that j = | (ma—1)/2]
is treated seperately.

Let G be a component of 7/(P). Define the value v(e) of an edge e € E(G) to be
v(G)/|E(G)|. Let £ be the map that adds 1 mod m to every element in the label of every
vertex of a 2[™2]_vertex labeled hypergraph. Note that v(£(G)) = v(G). Say that vertex
labeled hypergraphs G, G’ are equivalent under ~¢ if G = £*(G’) for some i.

Let T* = T, ,u, = (T1,72,...) be an ordered list of equivalence classes under ~¢
of positive weight asymmetric hypergraphs such that the edges in an element of 7; have
value at least as great as the edges in an element of 7;, 1 for all 7. By Lemma 4.7, an edge
e may have value 6 > 0 only if e is contained in a tree with at most ms /0 edges. Thus 7 *
enumerates all hypergraphs with positive value, and only classes of trees are in 7 *.

A symmetry breaking loop R is a 2[™2]-vertex labeled hypergraph on at least ming =
ming(ni, ms) edges defined as follows. If my = 1, then j = —1 and n; = 2, and we
set ming = 6. Let R be a cycle that contains consecutive vertices vy, v, v3, v4. Then all
vertices of R have weight 1 except for v1, v2, v4, which all have weight 0.

If mg > 1, we set ming = max(2mg, ny + 1). Let quoty be the maximum multiple
of mg up to |E(R)|. Let vy, . . ., Uquot,,—1 be vertices and eo, . . ., équot , 1 be edges such
that e; contains only degree 1 vertices except for v;, v;41, subscripts mod quot . The set of
vertex labels of the degree 1 vertices of e includes all possible labels of size at least mo—j,
and all others are of size my — j — 1. To determine the labels of the degree 1 vertices of e;,
add ¢ mod ms to every element in the labels of the degree 1 vertices of eg. Assign v, the
label (), v; the label [my] — i for 1 < 4 < mg, and v; the label [ms] for all other 4. Finally,
R contains edges of the form v;, viy1, ..., Vitn, -1 for 1 <i < |E(R)| — quotp.

We need some key facts on symmetry breaking loops.

Lemma 5.1. Let R be a symmetry breaking loop that is a component of 7/'(P). Then no
automorphism of P induces a nontrivial automorphism of R.

Proof. The lemma is readily verified when mo = 1, and so we assume that mo > 1. Let
o be an automorphism of 7(P) that induces an automorphism of R. Since vy is the only
vertex of R of weight 0, it is a fixed point. Since v; is the only vertex of R that is in a
common edge with vy, has degree 2 in 7/( P), and weight not equal to ms, vy is also a fixed
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point. Thus all v; are fixed, which implies that o fixes the no-edges of 7(P). Since all v;
are fixed, o thus also fixes all ni-edges of R. Finally, since all degree 1 vertices in a given
edge have different labels, they must be fixed points as well. O

The following is readily observed from the construction of symmetry breaking loops.

Lemma 5.2. Let R be a symmetry breaking loop, and let 1 < i < i’ < mo. Then the
number of vertices of R whose label contains i is equal to the number of vertices of R
whose label contains i’

Lemma 5.3. There exists a value w = wy, m,, which depends only on ny and ma, such
that a symmetry breaking loop R has value at least w.

Proof. If mg = 1, then v(R) = —3. If my > 1, then the total weight of the degree 1
vertices in each edge with degree 1 vertices is mo(r — 1). All other vertices have weight
sy except for mq vertices of weight ma — 1 and one of weight 0. It follows that w(R) =
quotymar — 2ms and v(R) = —(|E(R)| — quoty)mar — 2ma > —mir — 2ma. O

We now come to our construction of P. Choose ( to be the maximum value such that
the total number of edges in all trees of 71U - -U7¢ is at most my —ming. Let Ay, (n)),m.
be the union of all trees in 7; U - - - U 7¢, together with a symmetry breaking loop so that
Avy (ny),ms has my edges, and a degree 0 vertex of every label except 0.

Lemma 54. A, (n,),m, is in fact T'(P) for a distinguishing partition P for an appropri-
ate value of no.

Proof. By construction, A, (5,)m, contains the same number of vertices whose label
contains ¢ as the number of vertices whose label contains ¢’ for all 1 < ¢ < 4’ < ms. Thus
Ay, (ny),m, 18 T'(P) for some partition P of Ky, (n,),ms(ny) and for some ny. Next, we
apply Corollary 3.3 and show that P is distinguishing by showing that 7( P) is asymmetric.
Let o be an automorphism of 7(P). Since A, (n,),m, contains exactly one symmetry
breaking loop, all ny-edges of 7(P) are fixed under o. Since all components of A, (n,),m.
are asymmetric and no two are isomorphic to each other, all n;-edges and vertices of 7(P)
are fixed as well. O

Next, we prove that A, (n,),m, 1$ a nearly optimal construction.

Lemma 5.5. Let P be a distinguishing partition of K, (n,),ms(ns) Such that 7'(P) =
Ay, (ny),msr and let G' be an asymmetric vertex-labeled hypergraph. Then w(G') <
W(Ap, (ny),ms) + EI0ry, 1, for some value Errory, .., that depends only on ny and
meo. In particular, if P’ is a distinguishing partition of Ky (ny),ma(ny), then nhy < ng +
Erroty,, m, /M.

Proof. First we determine an upper bound on w(G’) in terms of the structure 7*, and then
we compare that to w(A,,, (,),m,)- Let v™ be the sum of the weights of all vertices of G
that are not contained in edges; since they must all have different labels, v < mo2™m2—1,
Then, summing over all components G of G’ that contain n;-edges, n5 < n% Yoaw(G)+

272 = rmy 4 = Y e pan ve) + 27
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Suppose that the set of edge values of hypergraphs in 7* are {v1, v, ...} with v; >
vg > - - -, and suppose that there are nv; total edges in all hypergraphs of 7* with value v;.
Let p be the largest value such that 7/(P) contains nv, edges of value v,. Then

P P
w(G') < rmyimsg + vaivi + <m1 - vai> Vpt1 + me2m2 1L,

i=1 i=1

Now we consider 7/( P) with symmetry breaking loop R. Choose ¢ so that 7¢ is the last
equivalence class of trees that are components of 7/(P); edges in T¢4;1 have value v, 41,
and thus by Lemma 4.7, each tree in 7,41 has at most ms/(v,11) edges. By construction,
R has at most m3/(v,4+1) + ming edges, each of which has value at least w/|E(R)|.
Furthermore, 7/(P) contains nv; edges of value v; for 1 < i < p, and all edges besides
these and edges in R have value v, 1. Thus w (A, (n,),ms) >

p p
w mo—
rmimse + vaivi + <m1 — ;nvZ) Vpt1 — |E(R)‘ (’UP_H — |E(]{)> + my2™2 L

i=1

Thus w(G") ~ w( Ay (n1)ma) < [ER)(0ps1 —w/[B(R)]) < m3+ming v41 —w.
This proves the lemma. O

In the subsequent sections, we prove upper bounds on 79 in terms of the other variables
by evaluating the weights of A, (,),m,. For every my,n1, ma, choose n(my,ny, ms)
maximally so that K.y, (,),m,(ny) has a distinguishing partition Pf’nl(m)mz.

!
n2(m1,n1’m2) 1

Lemma 5.6. lim,,, o T Tnma)

Proof. It follows by construction of A, (,),m, and Lemma 5.5. O

Lemma 5.7. If my is sufficiently large relative to ma,n1, and no, then Ky, (n1),ms(ns)
has a distinguishing partition.

Proof. If ny is small relative to n; and meo, then an asymmetric hypergraph with m,; edges
of size n; for ¢« = 1, 2 may be constructed as follows. First take an asymmetric hypergraph
with my nq-edges, which exists by the main result of [7]. Then add mo ns-edges on the
same vertex set. The result is asymmetric. O

Now assume that ns is large. Choose m* maximally so that n}, = nh(m*,ny, ms) >
np. By Lemma 5.6, n5/ny is close to 1. We need to show that K, () m,(n,) has a
distinguishing partition. Our method is to show that there exists distinguishing partition P’
of K+ (ny),ma(ny) and a subset S of weight my vertices on 7/(P’), with [S| = nj — na,
such that the hypergraph that results by changing all of the labels of vertices of S from [m3)]
to () is asymmetric.

Lemma 5.8. With all quantities as above, V (7' (P')) has a subset S of weight ms vertices
of size ny — ng such that the hypergraph G’ that results from changing all labels of vertices
of S from [my] to O is T'(P*) for a distinguishing partition P* of K« (n,) ms(ns)-
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Proof. Certainly P* is a partition of K« (p,),ms(no)- It suffices to show that S may be
chosen so that 7(P*) is asymmetric. If 7/(P’) contains ©(n}) vertices of degree at least
2 of weight mo and none of weight 0, then any set S of size n}, — ny of weight ms and
degree at least 2 vertices satisfies the desired property. This condition is seen directly in all
cases that j = | (me — 1)/2], as P’ is constructed directly in subsequent sections.

It must be that 7/(P’) has few components with weight 0 vertices, and no components
with many weight 0 vertices. Otherwise, if n; = 2, we could replace all those components
and a largest defect-free component of 7/(P’), if there is one, by a single defect-free asym-
metric tree, which would increase the weight, a contradiction to Lemma 5.5. Otherwise, we
could replace all those components and a largest symmetry breaking loop of 7/( P’), if there
is one, with a single symmetry breaking loop. By Lemma 4.7 if n; = 3, and otherwise by
Corollary 4.6, this would increase the weight, also a contradiction to Lemma 5.5.

It is shown in subsequent sections that for all sufficiently large ¢, there is an element
of T* with t edges. Thus there are Q(v/m*) elements of 7* of size up to 2,/m; that are
not components of 7/(P’). It must be that all but o(m*) edges of 7/(P’) are contained
in positive weight components; otherwise, all components with nonpositive weight could
be removed and replaced by €2(y/m*) components of positive weight, a contradiction to
Lemma 5.5.

LetTy,...,T, be the components of 7'(P’) with weight O vertices. Let T be a positive
weight component with ¢ vertices. Then T" has ©(t) vertices of degree at least 2, all but
at most my of which have weight mg, and thus 7/(P’) has ©(m*) vertices in positive
weight components with weight mo. Let S be a subset of size n), — ny, chosen uniformly
at random, of the weight mg vertices that are contained in the larger half of positive weight
components. Let G’ be the hypergraph that results from changing the labels of all vertices
of S'in 7/(P") from [ma] to 0.

Every component T of G’ that contains a vertex of S is asymmetric, since it was con-
structed by dividing the set of vertices labeled [ms] into vertices labeled [ms] and (J, and
it had no vertex labeled @) previously. 7' is not isomorphic to another component 7" that
contains a vertex of .S since the hypergraph that results from changing all vertices of T" of
label @ to [mo] is nonisomorphic to the hypergraph that results from changing all vertices
of T" of label (} to [ms]. To conclude, we need to show that with high probability, T; is not
isomorphic to any component of G’ for each 1 < i < q, since a is small.

If T; is isomorphic to 7', a component of G’ that contains a vertex of .S, then it must
be that the hypergraphs 7" and 7", which result from converting all vertices of T; and T’
of label () to [mz], are isomorphic. Thus 7;* is isomorphic to a component T* of 7/(P’).
Since T™* is asymmetric, for all subsets S’ of weight mg vertices of T*, the hypergraphs that
result from converting all vertices of S’ from label [m5] to () are nonisomorphic. Since T*
is large, the probability that T; is isomorphic to some other component of G’ is small. ]

Lemma 5.9. Suppose that K« (n,),m.(ny) has a distinguishing partition and my > m*.
Then Ko, (n,),ms(n2) has a distinguishing partition.

Proof. 1t suffices to prove the lemma for m; = m™* + 1. Let P be a distinguishing partition
of K+ (ny),ma(ng)- Define a tail T of 7(P) to be a sequence of vertices vy, ..., Un, 111
and edges {v;,...,Un,+i—1} for 1 < i < ¢, such that v,,,,...,v,,+¢—1 are contained in
no edges outside of 7. Assume that 7" is chosen so that ¢ is maximal. Then add an vertex
Un, ++ and an edge {v¢11, ..., Vp, 4+ to T(P) to create a hypergraph G’.
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We show that G’ is asymmetric. By construction, v,,, 4+ is the only degree 1 vertex con-
tained in a maximum tail of G’, and thus it is a fixed point. Then the edge {vit1, .-, Un 4t}
is fixed, since it is the only edge to contain v,, ;. Thus all other vertices and edges are
fixed as well, since 7(P) is asymmetric. It follows that K, (n,),m. (n,) has a distinguishing
partition. O

We summarize the preceding lemmas as follows.

Corollary 5.10. If m is large relative to ny and ma, let nly be the largest value such that
Ky (n1),ma(ny) has a distinguishing partition. Then K.y, (n,),ma(n,) has a distinguishing
partition if ng < nl.

6 n1:2

In this section we consider the case that n; = 2. A labeled connected 2-uniform hypergraph
has positive value only if it is a tree with fewer than mqy defects. Furthermore, all trees
without defects have positive value.

Our bounds and construction requires an estimate on the number of asymmetric or-
dinary trees, which is provided by the twenty-step algorithm of Harary, Robinson, and
Schwenk.

Lemma 6.1. There exists constants o > 0 and 3 > 1 such that the number of asymmetric
trees on i edges is (1 + 0;(1))aB% /2. Furthermore, there exists o' > 0 such that the
number of asymmetric rooted trees on i edges is (1 + 0;(1))o/ B4 =3/2.

Proof of Theorem 1.2: Recall that

. {mgﬁ ("“(55‘” (1og6m1)3/2>J .

Summing the result of Lemma 6.1 from 1 to z, the number of nonisomorphic asym-
metric trees with at most z edges is (a% + 0(1))B*275/2, and they collectively have
(a% +0(1))B7273/2 < (14 o(1))m, edges. Similarly, the collective number of edges
of nonisomorphic asymmetric trees with at most z + 1 edges is at least (1 + o(1))m1, and
with at most z + 2 edges exceeds m;. Each edge of a defect-free tree on z + 2 edges has
value my/(z +2), and thus all edges of A, (,,,,m, have value at least my /(2 +2), except
edges in the symmetry breaking loop.

2
We show that A, (n,),m, has 775 + (1 4 om, (1)aB?2~7/? (%) components of

value my and o(3%2~7/2) = o(my/2?) components of lesser value. The latter statement
follows by Lemma 6.2. Thus in fact A, (,,,),m, contains (1+0;(1))a/ 3% =3/ defect-free
components on ¢ edges for 1 < i < z, o(m;/z) defect-free components on z + 2 edges,
o(my/2%) components of other types, and all remaining components are defect-free on
z + 1 edges.

For every edge e € E(Ay,, (n,),m,): let v*(e) = v(e) —ma/(z+1). For1 <i < 2,
the sum of v*(e) over all edges e in components with z + 1 — ¢ edges is thus

(m2 +o(1)af* 7 (z + 1= ) *2(1/(z +1—4) = 1/(z + 1))
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By %27/ = ©(m1/log® m1), the preceding sum is
maafT T (6)22) 4 o(ma B/ log? ma)
for i < z/log z, and otherwise
maa B 1273/2(i/2%) + o(my/ log® my),

which is observed by noting that 3*~%/182 = O((mg log(m,)3/?)*~1/1°82) and that
m}/logz > m 08108 M/ 108 _ 1667 (my) for all fixed 4.

The sum of v*(e) over all edges e in components with either z + 2 edges or with defects
is o(my /log®(my)), whereas v*(e) = 0if e is in a defect-free component with z + 1 edges.

We conclude that

Z v*(e) = afFz"T/? Z B7(i+1) + o(my/ log? my)
=0

ecE(T'(P))
z,—7/2 /82 2
:Ozﬁ z W—i—o(ml/log ml).
Thus
2
m _
Z v(e) = z—|—11 +af*z 7/2(5€I)2+0(m1/log2m1),
e€E(T'(P))

which implies that G has the desired number of components of value ms.

The proof of Lemma 6.2 makes use of the species L(a®) of ordered sets of rooted
asymmetric trees: an element of L(a®) on 2z’ elements is given by order partitioning [2']
into subsets and taking an a®-structure on each subset.

Lemma 6.2. There are o(my /%) components of Ay (ny),m, With defects.

Proof. If G is a component of A, (,),m, With a defect, then the value of G is at most
mg — 1, and thus since the edges of G have value at least my /(2 + 2), then G has at most
mr’;‘l—gl (2+42) edges. Thus we need to show that the number of components with defects on at

most mﬁgl (z+2) edgesin A, (n,).ms is 0(3727%/2). Tt suffices to show that the number

of components with positive value on 2’ edges is O((8')*) for fixed 8 < 3/ < fm2/(m2=1)
and 2’ < M2=1(z + 2), since B < %)z for fixed i.

If G is a component of positive value with 2’ edges, then by Lemma 4.7 all but at most
mz — 1 vertices of G are labeled [m3]. Let G’ be the subgraph of G that is the union of all
paths between vertices not labeled [ms]. Only vertices not labeled [ms] are leaves in G’,
and each leaf has one of 22 — 1 labels, and thus the number of such G’ that may result is
at most a polynomial in 2/, say p(z’). We may reconstruct G from G’ by replacing every
vertex v € G’ with a rooted asymmetric tree with root v. Thus, since G is determined by
G’ and an ordered set of asymmetric trees on a total of z’ + 1 vertices, there are at most
p(2")|L(a®).r 41| components on 2z’ edges.

Choose fixed § < * < B. The lemma follows by showing that |L(a®), 41| =
O((B*)?'). We show inductively on z’ that |L(a®)./41| < (8*)* for some sufficiently
large ~.
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Note the recursion L(a®) = Fy + a®*L(a®): every ordered set of rooted trees is either
the empty set or a rooted tree followed by another ordered set of rooted trees. Thus for
2> 1,

241 241

L(a%)zr1] = Y Jafl|L(a%) 241 -] < Z Jap [y (57)7
i=1

Leta? , /3 be the species of rooted asymmetric trees on at most z’/3 vertices. Observe
that (a2, 50°%).11| < [a2,[: given an asymmetric rooted tree 7" on i < z'/3 vertices
and another 7" on z’ + 1 — 4 vertices, a third tree may be constructed by adjoining 7" to
T so that the root of T" is forgotten and place adjacent to the root of T". This construction
allows T and T’ to be uniquely determined. Thus by Lemma 6.1,

l2'/3]
Y- latlladi] < (140(1)a’ 88727/,
i=1
But also,
2" /3] 2" /3]
S latllad i > a/BF% 22 (1 + o1 Z a5,
i=1
Thus
L='/3] A [='/3] _
D lafl87 < 140(1) and D af|(8%) " < B/B".
i=1 =1
Thus Zz "+1 ‘a |’7( )z’+17i <
241 )
VBB Y ey (BT T =
i=|2'/3]+1
2/ +1 . ]
’)’B(ﬁ*)z + (1 +0(1)) Z a/ﬁzi—3/2,y(6*)z +1—4 < 'Y(B*)z +1
i=|2"/3]+1
as desired. O

7 k=0andj < |[(m2:—1)/2]

In this section we consider the case that Kk = 0 and j < |(mg — 1)/2]. The value of C
defined in the statement of Theorem 1.3 is determined as follows. If 0 < j < mz/2 —3/2,

then
oo (™ M2 A N2 TS (o — 4 — 4\ 27 mat2i+3
IRVER! j mg —2j—3 ) (2mg — 45 — 4)!"

If j = 0 and my > 3, then

_ 2m2 —4 1
C — mo—1 ,
i (m2—3)(2m2—4)!
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and if j = ma/2 — 3/2,then € = (722) ((J3) = 1) /2.

The result requires the following estimate on the number of structures of a particular
type of tree.

Lemma 7.1. If i is odd, the number of labeled structures of Ag, 1 e, on © + 1 vertices is

@=1!

((1z+1)1/2) st—iy73> and of Wg, y2e, on i + 1 vertices is (( 1)/2)( Dl

Proof. Apply Proposition 3.1.19 of Bergeron, Labelle, and Leroux [4]. O

Proof of Theorem 1.3: We start by proving an upper bound on the sum of the values of
all components of A, (,),m,- Let G be a component of A, () m, With ¢ edges and
positive value; by Lemma 4.7, GG is a tree with at most mo — 25 — 1 leaves.

Construct a colored graph ¢(G) from G as follows: V(¢(G)) is the union of all edges
of G and vertices of G of degree at least two; and E(c(G)) is given by vertex-edge con-
tainment. Every defective vertex or edge in G is colored red in ¢(G). If v is a non-defective
vertex of degree at least 3, then v is colored green in ¢(G). All other vertices of ¢(G) are
blue.

A segment in ¢(G) is a maximal path (vg,...,v;) such that for all 0 < &' < i, vy
is a blue vertex with degree 2. Construct a new graph ¢’(G) by replacing every segment
(vo, ..., v;) with a single edge vyv;, and label that edge by the number ¢ of edges it replaces
in ¢(G).

The number of edges of ¢/(G) is at most 2mg — 45 — 5. To see this, observe that G has
d defects and at most mg —2j — 1 — d leaves by Lemma 4.7. Every leaf of ¢/(G) is a leaf of
G. Combining the facts that 3 °, v/ ()) deg(v) = 2e(c'(G)) and 3, v (o () (deg(v) —
2)=-2,e(d(G)) <2ma—4j—5— 2d+ a—b, where a and b are the number of vertices
of degree 2 and at least 4 in ¢/(G). However, the only degree 2 vertices in ¢/(G) correspond
to defects in G, and thus a < d. Thus ¢/(G) has at most 2my — 45 — 5 edges. Furthermore,
this bound is attained only if G has my — 25 — 1 leaves, no defects, no vertices of degree
at least 4, and no vertices of degree 3 if j > 0 by Lemma 4.7.

If ¢ (G) has 2mg — 45 — 5 edges, then G has value 1 and no edges that intersects four
other edges, since this would give a vertex of degree at least 4 in ¢/(G). Thus, if ¢/(G) has
2mg — 45 — 5 edges, then ¢/ (G) has mo — 2j — 1 leaves and my — 2j — 3 vertices of degree
3. If j > 0, then by Lemma 4.7, all vertices of ¢/(G) are blue, and such trees, forgetting
labels, may be described by the species g, +¢,. If j = 0, then the degree 3 vertices may
be green or blue, and thus such trees are described by the species ¢, 4o,

Given ¢/(G) with i = 2my — 45 — 5 > 2 edges and that G has ¢ edges, there are
(1401 (¢))t*1 /((i—1)!a) nonisomorphic labellings of the edges, where « is the cardinality
of the automorphism group of ¢/(G). This is since that in most labellings, all labels are
distinct, and the orbit of a labeling with distinct labels consists of « labellings. The number
of labeled graphs ¢/(G) of a given isomorphism class and automorphism group of order «
is (¢ + 1)!/a. Hence the number of graphs ¢(G) with ¢/(G) having mg — 25 — 1 leaves is
Y(1+01(¢))t =1 /((i — 1)!(i 4 1)!), where  is the number of labeled specimens of 2 as
in Lemma 7.1.

If ¢/(G) has fewer than i = 2my — 45 — 5 edges, there are o(t*~!) labeling of ¢/(G).
Since the number of graphs ¢/(G) that may arise is independent of ¢, the total number of
graphs ¢(G) is y(1 + o1 ()t~ /((i — 1)!(i + 1)!), of which almost all have my — 2j — 1
leaves and all segments of different lengths.
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Given a graph G, the number of components G of A,,,, (,,,m, With positive value such
that ¢(G) = G’ has an upper bound that depends only on n; and ms. G is determined by
¢(@) and the following: the labels of all defective vertices, the labels of all vertices that
are contained in defective edges, the labels of all vertices contained in leaves of GG, and the
labels of all vertices contained in edges with at least 3 vertices of degree at least 2. There
are at most mq — 25 — 1 of each of these items in G, and each one may be determined in at
most 2712 ways, and thus there are at most 24712("2=27-1) components G with positive
value such that ¢(G) = G’. Thus, there are o(t?"2~4=6) positive-value components G
with ¢ edges such that either G has at most mg — 2j — 2 leaves or ¢/(G) has two edges with

2mo—4j—5
the same label. Adding over all ¢, there are o(m;™>~*~") such components G.

Now we determine how many positive-value components G with ¢ edges of A, (1,),m.
satisfy these two conditions: ¢(G) = G’ for a particular graph G’ with ma — 25 — 1 leaves,
and ¢/(G) has distinct edge labels. If 0 < j < m2/2 — 3/2, G has no defects, no vertices
of degree at least 3 (if ;7 > 0), and ma — 25 — 3 edges that intersect 3 others. Each leaf,
since it is not defective, contains one vertex of every label S with |S| > mgy — j and exactly
one vertex with a label S with |S| = mg — j — 1. There are (j"fl) ways to select this label.
Each edges that intersects 3 others, since it is not defective, contains a vertex of every label
S with |S| > my — j except for one label S with |S| = my — j. There are ("?) ways

2j-1 2j-3
to choose this label. The total number of such components is (7121)7%2 J (";Q)mz j

and the distinct edge labels of ¢/ (G) ensure that each of these components are asymmetric.

If j = mgy/2 — 3/2, then ¢(G) has 2 leaves and is a path. As before, the two leaves
each contain a vertex of every label S with |S| > my — j, together with one vertex each
of labels S and S’ respectively with |S| = |S’| = mg — j — 1. All other edges contain
exactly a vertex of each label S with |S| > my — j. By asymmetry, S # S’. Thus there

are (J +1) ((;.121) — 1)/2 asymmetric components G with ¢(G) = G’.

We conclude that there are (C' + o(1))t*™2~4~% components of A, (,),m, With ¢
edges and positive value, almost all of which have value 1 and none with value exceeding
meo — 25 — 2. Adding over all

bl

t < (1+o0(1)) (ml(szg 4j — 4)) T a=a

proves the result.

8 k>1landj < |(my—1)/2]

Proof of Theorem 1.4: We start with the upper bound on ns. By Lemma 4.7, every com-
ponent of A, (,),m, has value at most my — 1, and every component with positive value

is a tree. Suppose that the number of components of A, (,,),m, On 7 edges with positive

. ; [(logy (m1))/2]+1
value is at most b’ for some b. Then A,,, (n,),m, has at most *——--~——=1 compo-

. [(logy (m1))/2]+1
nents with at most [log, (m1)/2] edges. Thus, A, (1,,),m, has at most bgbbl—ll—i-

oz 2757 components of positive value, each of which has value at most mo — 1. This
[log,, (m1)/2]
would prove the upper bound.

We now establish that there are at most b* components of positive value on ¢ edges for
some b. Every component G of positive value is a tree. Associate with G a labeled tree G
as follows. The vertex set of G’ is the union of the edge set of G and the set of vertices



Michael Goff: Distinguishing partitions of complete multipartite graphs 63

of G with degree at least 2. The edges of G’ are given by inclusion in G. If v is a vertex
of G’ that corresponds to a vertex of G, then v is given the same label; thus, there are at
most 22 possible labels for v. If e is a vertex of G’ that corresponds to an edge of G, then
e is labeled in a way to encode the number and labels of degree 1 vertices of e. Thus e
can be labeled in at most 1 4 2™t + 22™1 4 ... 4 2m2™1 ways, G can be reconstructed to
isomorphism from G’.

If G has i edges, then G’ has at most 24 — 1 vertices. Thus the number of isomorphism
classes of underlying unlabeled trees of G’ grows exponentially in 7 [10]. Since the number
of possible labels of each vertex of G’ depends only on n; and msg, the total number of trees
G’, and thus components GG, grows at most exponentially in 4.

To prove the lower bound on 12, we show that the number of components of A, (1), m,
with ¢ edges does in fact grow exponentially in ¢. Let G be a tree without defects or vertices
of degree at least 3 such that every edge contains at least (”32) + 4+ ("52) degree 1 ver-

tices. Then G contains 2| E(G)| — 1 vertices of weight my, |E(G)|(™?) of weight my — i
for1 <i < j,and |E(G)|k + 2 of weight my — j — 1. Then G has value my — 2j — 2.
To G we may associate a vertex-labeled tree G/, with the vertices of G’ given by the
edges of G, and the edges of G’ are given by intersection. The label of a vertex of G’
encodes the labels of the degree 1 vertices of the corresponding edge. Suppose that such
an edge e intersects ¢ other edges. Since e contains a vertex of every label with of size at

least mo — j and k — i + 2 vertices of label of size my — j — 1, there are a; := <k(inji-)2)

ways to label e in G’. Thus G’ may be regarded as a member of O5~ki2 g g and from every
member of this species, one can reconstruct an asymmetric 2("2!-labeled n-uniform tree
with positive value. We show that |(az5jlz a,¢,)t| grows exponentially in ¢ by exhibiting a
subset of structures of exponential size. -

Let (vo, ..., v|2¢/3)) be a path. Let S be subset of size ¢t — 1 — [2t/3] of the integers
from 3 to | 2¢/3] — 2 that includes 3 and |2¢/3] — 2. Forevery i € S, let u; be a vertex with
an edge u;v;. Then the graph with vertices (vo, ..., v|2¢/3)) and u; for each i € S, and
labels chosen arbitrarily, is an element of A5hi2 goe Two such graphs are nonisomorphic
for different choices of S, and the number of choices of S grows exponentially in ¢.

Say that there are b? trees of the maximum possible value of mo — 2§ — 2 on t edges
for some fixed b and sufficiently large t. Then A, (5,),m, contains no component with

more than [log,(m1)] edges for large mq, except possibly the symmetry breaking loop,
mi —mg[ﬂogb((ml))_l] —ming
logy (m1

and A, (n,),m, has at least components. This proves the theorem.

9 k=0andj = |(m2:—1)/2]
We consider Theorem 1.5 in three cases.

Theorem 9.1. Theorem 1.5 holds for even mo > 4.

Proof. The upper bound on ns follows from Lemmas 4.7 and 4.8: when j = (mo — 1)/2,
since every tree has at least 2 leaves, no component has positive value.

We establish the that no may be rm; +2™2~! by the following construction. Let 7/( P)
consist of components G1, .. ., G,,, of ni-edges, such that G; consists of ¢; edges, and all
the ¢, are distinct and sum to m;. Say that GG; contains edges ey, . .., e;, such that for all
1 <a<b<t,e, and e;, do not intersect unless b = a + 1, in which case e, Nep = {v, }.
Each v, is labeled [ms]. Each e, contains one vertex of each of label of size at least mg — j.
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In addition, e; and e;, contain respective vertices u; and us of labels {é,i+ 1,...,i+ j}
and {i,% — 1,...,4 — j}, subscripts mod ms. In addition, 7/(P) contains one degree 0
vertex of each nonempty label.

Now we show that 7(P) is asymmetric. Since the G; have different numbers of edges,
no automorphism permutes the components of 7/(P) nontrivially. The only nontrivial au-
tomorphism of the edges of G; reverses the chain. Given that an automorphism o fixes the
ng-edges of 7(P), the two leaf edges of G; cannot be interchanged, and thus are fixed and
all edges of G; are fixed. Thus every degree 2 vertex in 7/( P) is fixed as well. Finally, each
degree 1 vertex in an edge e € H; has a different label, and thus all these vertices are fixed.

Finally, since o fixes each GG; componentwise, and the ny-edge X; intersects G; more
than any other nq-edge, o fixes each ny-edge. O

Theorem 9.2. Theorem 1.5 holds when mo = 2.

Proof. All components of 7/(P) have a a nonpositive value by Lemma 4.7. By Lemma
4.7, if G is a tree of 0 value, then G has two leaves and is a chain. Furthermore, to assure
asymmetry, the leaves of G must contain vertices labeled {1} and {2} respectively. Other-
wise, if G is a non-tree with value 0, then since 7 = 2, G must have ¢ edges and 2¢ vertices,
and every vertex must be labeled [2].

We conclude that if 7/(P) has value m,2™2~!, then 7/(P) is a collection of chains, as
described above; components in which every vertex is labeled [2]; and a degree 0 vertex
of every nonempty label. But then 7(P) has a symmetry that results from reversing each
chain and switching the no-edges. Thus the upper bound on ns holds.

Now we prove the sufficiency of the bound by construction. Let 7'(P) contain a chain
with at least five edges, €1, .. ., €,,, such that e, and e, intersect only when b = a + 1, and
then e, N e, = {v,}. All vertices are labeled [2] except for v; and v, which are labeled
{1} and {2} respectively, and degree 1 vertices u; and us that are contained in each of the
leaves, labeled {1} and {2} respectively. Also, 7/(P) contains a degree 0 vertex of each
nonempty label.

We show that 7( P) is asymmetric. The no-edges cannot be switched since no automor-
phism of 7/(P) moves v; to any other vertex of weight 1. Thus v, is a fixed point in 7(P),
which fixes all edges of 7/(P). Furthermore, the vertices in the leaves of 7/(P) are fixed
since they are of different labels. O

Theorem 9.3. Theorem 1.5 holds for odd m.

Proof. By Lemma 4.7, no component of 7/(P) has positive value. We establish the upper
bound on ny by showing that every connected component of 7/(P) has negative value.

Suppose that G is a component with value 0. By Lemma 4.4, G contains | E(G)|(n1—1)
vertices, of which |E(G)|(ny — 2) have degree 1. Furthermore, every edge contains 1y — 2
degree 1 vertices since wy,, —1 + Wy, —3 < 2wy, 2. Construct G’ by removing these degree
1 vertices. Then G is a ordinary, 2-regular connected graph and thus a cycle. Furthermore,
G lacks defects. We conclude that G has a nontrivial automorphism.

Now consider the following construction when m; > mgy + 3. Let 7/(P) contain a
connected nj-uniform hypergraph with edges ey, ..., en,, subscripts mod m;, such that
eq and ep, do not intersect unless [b—a| = 1. If b = a+ 1, then we say that e, Ne, = {v, }
7/(P) has no defects except for the following. For 1 < i < mgy — 1, say that v, is labeled
[ma] — {i}, and vy, 41 is labeled [ma] — {ma}. Also, 7/(P) contains a degree 0 vertex of
each nonempty label. Then 7/(P) is asymmetric, and ns is the maximum value. O
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10 k>1landj = |(me—1)/2]

We say J that an (v, s, t, n1)-regular hypergraph if J satisfies the following conditions. J
is mp-uniform with ¢ edges, of which all edges intersect s other edges with the exception
of ¢ edges that each intersect s — 1 other edges. Furthermore, no two edges intersect at
more than 1 vertex, and every vertex has degree at most 2. Finally, every automorphism of
J fixes all edges. Before we prove the main result of this section, we need some lemmas
on the existence of regular hypergraphs.

Lemma 10.1. Let ) and s > 3 be given, and suppose that t is sufficiently large relative to
1 and s. Suppose that st — is even. Then there exists an asymmetric graph with t vertices
such that all vertices have degree s, except for 1 vertices that have degree s — 1 .

Call a graph of this form an (v, s, t)-asymmetric graph.

Proof. The lemma follows from the main theorem of [9] when st is even and i) = 0, since
an random s-regular graph is almost surely asymmetric. Such a graph is also almost surely
s-connected [3].

Consider the case that st is even. Then ¢ is also even. Choose distinct t1,. .., 1y /2
such thatt; + ...+ 1,/ = ¢, with each ¢; even iftiseven. For 1 < i < /2, let G; be an
s-connected (0, s, ¢;)-asymmetric graph with an edge removed. Then the disjoint union of
the G; is an (%, s, t)-asymmetric graph.

For odd st and 1), we may construct a (1, s, t)-asymmetric graph as follows. Let G’ be

an (¢(s — 1), s,t — 1p)-asymmetric graph. Add new vertices vy, ..., vy to G', each with
disjoint neighbor sets of size s — 1 vertices of degree s — 1 in G’. The resulting graph is
(v, s, t)-asymmetric. O

Lemma 10.2. Let i and s > 3 be given, and suppose that t is sufficiently large relative
to ¢ and s. Suppose that st — ) is even. Also let ny > s be given. Then there exists an
(v, s,t,n1)-asymmetric hypergraph.

Proof. Let G be an (1, s,t)-asymmetric graph. Let H' be a hypergraph with vertex set
E(G), edge set V(G), and incidence given by incident in G. Then construct H from H’
by adding n; — d degree 1 vertices to every edge in H' that contains d vertices. Then H is
(v, s,t,ny)-asymmetric. O

Proof of Theorem 1.6: The upper bound on ny follows by Corollary 4.6 and 4.8, except
when km; is even and my odd. In this case, suppose that all connected components of
7/(P) have value 0, and 7'(P) contains a degree 0 vertex of every nonempty label. By
Lemma 4.4 and the fact that wy,, —x—1 + Wn, k-3 < 2wy, k2, every edge of 7/(P)
contains exactly n; — k — 2 degree 1 vertices. Furthermore, 7/(P) does not have any
defects. In this case, 7(P) has an nontrivial automorphism that permutes the no-edges.
The upper bound on ny follows.

We establish the result by the following constructions. First consider the case that km;
and my are both even. Let the graph of 7/(P) be an (maz, k + 2, mq, ny)-asymmetric hy-
pergraph, which exists by Lemma 10.2, together with a degree 0 vertex of every nonempty
label. Choose the labels of the vertices of 7/(P) so that there are no defects, label the
edges with k + 1 degree 1 vertices by e1, ..., en,, and say e; contains a vertex with label
{¢,i+1,...,i+my/2 — 1}, subscripts mod ms. Then 7/(P) is asymmetric and satisfies
ng = rmq + 221,
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If km, is even and my is odd, let 7/ (P) be a (0, k+2, m1, nq )-asymmetric hypergraph,
together with a degree 0 vertex of every nonempty label. Suppose that 7/(P) has exactly
the following mo defects: for degree 2 vertices v1, . . ., Uy, v; is labeled [mg] — {i}. Then
7(P) is asymmetric, and ny = rmy + 2271 — 1.

If km is odd and my is even, then let 7/(P) be an (mg + 1, k + 2, m1, n1 )-asymmetric
hypergraph with e1, ..., en, 11 the edges that intersect k£ + 1 other edges, together with a
degree 0 vertex of every nonempty label. Choose the labels of the vertices of 7/(P) so that
there are no defects, except that e,,, 1 contains a degree 1 vertex with every label of size
at least mo — j, together with a vertex labeled (). For 1 < i < ma, e; contains a degree 1
vertex labeled {i,i+1,...,i4mg/2 — 1}, subscripts mod ms. Then 7(P) is asymmetric
and satisfies ny = rmy +2m271 —1/2,

Finally, if km and mg are both odd, then let 7/(P) be an (mq, k + 2, m, ny )-asym-
metric hypergraph, together with a degree 0 vertex of every nonempty label. Choose the
labels of 7/(P) so that there are no defects, and if the edges with k + 1 degree 1 vertices
are ey, ..., em,, then e; contains a vertex labeled {i,7 + 1,...,7 + ma/2 — 1/2}, with
subscripts mod mo. Then 7(P) is asymmetric and satisfies ny = rmy + 2™~ — 1/2.
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