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Abstract

Let G be a group acting faithfully and transitively on §2; for ¢ = 1,2. A famous
theorem by Burnside implies the following fact: If |Qq| = |€2a| is a prime and the rank
of one of the actions is greater than two, then the actions are equivalent, or equivalently
[(a, B)C| = |Q1] = |Q] for some (o, B) € Q1 x Qa.

In this paper we consider a combinatorial analogue to this fact through the theory of
coherent configurations, and give some arithmetic sufficient conditions for a coherent con-
figuration with two homogeneous components of prime order to be uniquely determined
by one of the homogeneous components.

Keywords: Coherent configurations, association schemes, prime order, symmetric designs.
Math. Subj. Class.: 05C15, 05C10

1 Introduction

A famous theorem by Burnside states that each transitive permutation group of prime de-
gree with rank greater than two is Frobenius or regular. Since any Frobenius group of prime
degree is a subgroup of one-dimensional affine group, it follows that such a permutation
group is uniquely determined by its rank and degree up to equivalence of group actions.
Especially, if a group acts faithfully, transitively but not 2-transitively on each of two sets
of the same prime size, then the two actions are equivalent. Let us formulate this fact in the
following two paragraphs.
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Let G be a group acting transitively on ; for ¢ = 1, 2. Then G acts on §2; x ; by
(., 8)! = (a?,89)  for (o, B) € Q2 xQ; and ge€G,

for all 4,7 = 1,2. It is well-known that (e.g., see [6, Lemma 1.6B]) the following are
equivalent:

(a) The action of GG on 2 is equivalent to that on 25;

(b) There exists (o, §) € Q1 x Qg such that G, = Gg;

(c) There exists (o, 3) € 1 x Qg such that |(a, 8)¢| = |Q4| = |Qa].
Note that the rank of the action of G on §2; is equal to the number of orbits of G on €2; x €2;,
and if G acts faithfully on (2;, then G can be identified with a permutation group of €2;.

Suppose that G acts faithfully on €; with ¢ = 1,2 and |€24]| = |22] is a prime. Then,
as mentioned in the first paragraph, these actions are equivalent if the rank of one of the
actions is greater than two, and so there exists an orbit R of G on €27 X €5 such that
IR| = 2] = Q).

In this paper we consider a combinatorial analogy to this fact through the theory of
coherent configurations. The concept of coherent configurations was first introduced by
Higman who published a series of papers (e.g., [11], [12], [13]) to associate a lot of impor-
tant criterions with group actions.

Here we define a coherent configuration, its intersection numbers and its fibers accord-
ing to the notations as in [7].

Definition 1.1. Let V be a finite set and R a partition of V' x V. We say that the pair
C = (V,R) is a coherent configuration if it satisfies the following:

1. The diagonal relation Ay is a union of elements of R where we denote {(u,u) | u €
U} by Ay forasetU.

2. For each R € R its transpose R' = {(u,v) | (v,u) € R} is an element of R.
3. Forall R, S,T € R there exists a constant ch¢ such that
cEg = |R(u) N St(v)| forall (u,v) €T,
where we denote by T'(w) theset {z € V' | (w,z) € T} forw € Vand T € R.

The constants C%s are called the intersection numbers. A subset X of V is called a
fiber of C if Ax € R. We denote the set of all fibers of C by Fib(C). By Definition 1.1(),
V is partitioned into the fibers of C, and by Definition 1.1(i),(iii), R is partitioned into

{ny | X,Y ¢ Fib(C)} where Ry y = {R ER|RCX x Y}.
Let U be a union of fibers of C. Then the pair
(U,{RengUxU}),

is also a coherent configuration, which is denoted by Cy.
For R € Rx,y we denote cﬁﬁt by dr. Then, by two-way counting we have

|R| = dg|X| = dg|Y]. (1.1)
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For X € Fib(C), Cx is nothing but an association scheme, i.e., a coherent configuration
with only one fiber (see [2] or [20] for its background). For short we shall write Rx x as
R x and Cx is called a homogeneous component of C.

A general question here is formulated as follows: what can be said about the coherent
configuration if its homogeneous components are known. For example, it is a well-known
fact that the coherent configuration corresponds to a system of linked block designs if
|[Rx| = 2 for all X € Fib(C). After the seminal Hanaki-Uno theorem on association
schemes of prime order (see [10] or Theorem 3.1), it seems quite natural to ask on a possible
structure of a coherent configuration each homogeneous component of which is of prime
order. The following is our first main result answering to this question:

Theorem 1.2. Let X,Y € Fib(C) such that |X| = |Y| is a prime. Then |Rxy| €
{1,|Rx|}. In particular, if |Rx y| > 1, then

Rxy|=IRx| =Ryl

In order to state our second main theorem we need to recall the following observation.
Let G be a group acting on a finite set {2. Then G acts on 2 x {2 componentwise, and an orbit
of G on Q) x € is called an orbital (or 2-orbit) of G. We denote the set of orbitals of G by
Og. Then it is well-known that C¢ = (€2, O¢) is a coherent configuration, and Fib(C¢) is
the set of orbits of G on (2. In this sense, a coherent configuration is a combinatorial object
to generalize the orbitals of a group action.

Now we assume that C = (V,R) is a coherent configuration with exactly two fibers X,
Y. Then (1.1) proves the equivalence of the first two statements of the following (see [16]
for the remaining):

(d) There exists R € Rx,y such that |R| = | X| = |Y|.
e) 1e {dR | R e Rx’y} N {dR | R e RY,X}~

(f) C is isomorphic to Cx @) T2 where T, = ({1,2, onk @)Y 1<i,5 < n})
(see Section 2 for the definition of isomorphism and (X)).

We notice the following:
(d) is a combinatorial analogy to (c), and such R is a matching between X and Y’; (e)
is a simple arithmetic condition on intersection numbers; (f) implies that Cx and Cy are
isomorphic, and C is uniquely determined by Cx.

In this paper we aim to obtain the analogous conclusion (d)—(f) to (a)—(c). The follow-
ing is our second main result to generalize the fact as in the first paragraph under certain
arithmetic conditions on intersection numbers:

Theorem 1.3. Suppose that C = (V,R) is a coherent configuration with exactly two fibers
X, Y satisfying

|X| = |Y| is aprime, |Rx x| >2and |[Rxy|> 1. (1.2)
Then there exists R € Rx,y such that |R| = |X| = |Y| if one of the following conditions

holds with k = ‘X‘i_l:
|RX,)(| —1

(1) |Rx.x| > k*(k + e — 2) where e is the number of prime divisors of k;
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(ii) k € {q,2q, 3q} for some prime power q;
(i) k = 4q for some prime power q with 31 q + 1.

Let us show the reason why we exclude the case of |Rx, x| = 2. Each symmetric
design induces the coherent configuration with exactly two fibers and eight relations (see
[14] or [16, Example 1.3]), and if the design is a non-trivial one on a prime number of
points, like the Fano plane, then the induced coherent configuration does not satisfy (d)—
®.

Of course, if [Rx,y| = 1, then none of (d)—(f) hold, while C is the direct sum of Cx
and Cy (see [16] for the definition of direct sum).

Remark 1.4. Applying Theorem 1.3 for Cxy with |X| < 100 we obtain the same con-
clusion as Theorem 1.3 except for the case (|X|,k) = (71,35) (see Section 5 for the
details).

Suppose that
(1X],k) = (71,35) and 1 ¢ {dr | R € Rxy . (1.3)

Then by Theorem 1.2, |R X7y| = 3. The three elements of R x y must form three symmet-
ric designs whose parameters (v, k, \) are (71,35,17), (71,21,6) and (71,15, 3), respec-
tively. Though each of such symmetric designs exists (see [1], [3], [5], [9] and [17] or [4,
11.6.24,VI1.16.30]), it does not guarantee the existence of a coherent configuration satisfying
(1.3).

In [14], Higman gave a result to eliminate the case of (|X|,k) = (71,35) as in the
previous paragraph. But, the proof given in [14, (3.2)] contains a serious gap, so the result
may not be recognized to be true, while we have not found any counterexample. We would
be able to disprove [14, (3.2)] if there exists a coherent configuration satisfying (1.3).

In Section 2 we prepare several basic results on intersection numbers and introduce
the concepts of complex products and equitable partitions. In Section 3 we give a proof
of Theorem 1.2. In Section 4 we give a proof of Theorem 1.3. We add Section 5 for the
elimination of coherent configurations on at most 200 points satisfying (1.2).

2 Preliminaries

Throughout this section we assume that C = (V, R) is a coherent configuration.

Let C; = (Vi, R;) be a coherent configurations, ¢ = 1, 2.

An isomorphism from C; to Cs is defined to be a bijection ¢ : V1 UR; — Vo U R
such that for all u,v € V; and R € R4,

(u,0) € R <= (¥(u),¥(v)) € Y(R).

We say that Cy is isomorphic to Co and denote it by C; ~ Cs if there exists an isomorphism
from C; to Cs.
We set
R1®Re = {R1 ® Ry ‘ R1 € Rq, Ry € RQ},

where
Ry ® Ry = {((u17u2)7 (vi,v2)) | (u1,v1) € Ra, (ug,v) € R2}~
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Then (V1 X Vo, R1 ® Rg) is a coherent configuration called the tensor product of C; and
Cs and denoted by C; ) Cs.

Following [20] we define the complex product on the power set of R. For all subsets S
and 7 of R we define the complex product S7 of S and T to be the subset

{RGR\EI(S,T) €S xT;ck, >o}.

The complex product is an associative binary operation on the power set of R where the
proof is parallel to that for association schemes (see [20]). For convenience we shall write
S{T},{S}T and {S}{T} as ST, ST and ST, respectively.

In this paper we need intersection numbers cLg for R € Rxy, S € Ry z and T €
R x,z under the assumption | X| = |Y| = | Z|. The following is a collection of simplified
equations on such intersection numbers (see [19] or [16, Lemma 2.2] for general formed
equations ). For &/ C R we shall write dy; instead of ZUeu dy.

Lemma 2.1. Forall X, Y, Z € Fib(C) with | X| = |Y| = |Z] and all R € Rx.y,
S € Ry,z and T € Rx, z we have the following:

1 drds = Y chdr;
TERx,z
2. cEodr = C?sth = c%tTdS andlem(dg, ds) | chedr;
3. {UeR| Yy >0} <ged(dr,ds), ie., |[RS| < ged(dg, ds);
4. |X|=dryx x =drxy-
The following lemmata were proved in [18, Lemma 2.3, Lemma 2.2]%:

Lemma 2.2. Forall S,T € Rx,y with|X| = |Y|, we have

SStNTT! C {Ax} ifand only if cB.;. <1 foreach R € R.

Lemma 2.3. Let Z € Fib(C) such that | Z| is a prime. Then for each R € Rz \ {Az} we
have:
Zl-1
Rz| -1
2. > ser, B =k—1

According to [8] or [15] we define an equitable partition of a homogeneous component.

1. dgr = k where k =

Definition 2.4. Let X € Fib(C) and II = {C},Cs,...,Cy, } be a partition of X, i.e.,

X=|]JCi, CinCj #0ifi# j,and C; #  foreachi =1,2,...,m.

i=1

An element of II is called a cell. We say that I is an equitable partition of Cx if, for all
i,7=1,2,...,mand each R € Rx, |R(x) N C}| is constant whenever = € C;.

'We missed to assume that all fibers of C have the same size at Lemma 2.2 in [16] where the lemma is used
only for such coherent configurations in [16].

2Though it is a statement for association schemes, a parallel way to the proof can be applied for balanced
coherent configurations.
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For example, { X'} and {{z} | x € X} are equitable partitions of Cx.
For each Y € Fib(C) and each y € Y we define

I, :={T(y) | T € Ry,x}. (2.1
Then IL, is an equitable partition of Cx, since

|R(z) N S(y)| = kg whenever z € T(y).

3 Proof of Theorem 1.2

In [10] Hanaki and Uno proved the following brilliant theorem:

Theorem 3.1. All non-principal irreducible characters of an association scheme of prime
order are algebraic conjugate and of degree one.

The following proposition is obtained as a consequence of the previous theorem:

Proposition 3.2. Let C = (V,R) be an association scheme of prime order and 11 be an
equitable partition of C. Then |II] =1 mod |R| — 1.

Proof. Let A denote the adjacency algebra of C over C. Then the subspace T spanned by
the characteristic vectors of the cells in II is a left .A-module with respect to the ordinary
matrix product. Since A is semi-simple, IV is a direct sum of irreducible submodules.

Note that the subspace spanned by the all-one vector is an .A-submodule of W affording
the principal character, and its multiplicity is one.

Since the character afforded by W is integral valued, it is left invariant from any al-
gebraic conjugate action. It follows from Theorem 3.1 that all non-principal irreducible
submodules of W have the same multiplicity, say m. Since

dim¢(W) = |II| and dim¢(A) = |R

s

it follows that
I =1+ m(R| — 1).

O

Proof of Theorem 1.2. Let C = (V,R) be a coherent configuration with X, Y € Fib(C)
such that | X'| = |Y'| is a prime. Recall that IT,, is an equitable partition of Cx where y € Y.
By (2.1), [IL,| = |Rx,y|. Then it follows from Proposition 3.2 that

[Rxy|=1 mod |Rx|—1.
Since |Rx,y| < |Rx| (see [13, p.223] or [16, Proposition 2.7]), |[Rx,y| € {1, |Rx]|}.

Applying the first statement for Cy with [Rx y| < |Ry |, we obtain the second statement.
O
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4 Proof of Theorem 1.3

For the remainder of this paper we assume that C = (V, R) is a coherent configuration with
X,Y € Fib(C) such that

m=|X|=|Y]isaprime,r = |Rx|>2and |Rx y| > 1.
By Theorem 1.2, we have
r=[Rx|=[Rxy|= Ryl

For the remainder of this paper we set

By Lemma 2.3(i) the multi-set (dg | R € Rz) with Z € {X, Y} coincides with (1, %, ..., k)
by a suitable ordering. In this section we aim to show that 1 € {dr | R € Rx,y }, which
implies that the multi-set (dg | R € Rx y) coincides with (1, %, ..., k) by a suitable or-
dering, since the complex product SR is a singleton with dsr = ds whenever S € Rx
and dr = 1 by Lemma 2.1(iii).

Lemma 4.1. Forall S,T € Rxy with S # T we have the following:
(i) dsds =ds mod k;
(i) dsdr =0 mod k.

Proof. (i) Applying Lemma 2.1(i) for S and S* with dg = dg: and c?é& = dg, we obtain
that
dsds =ds+k Y  chg.
TERx, x
T#Ax
(i) Applying Lemma 2.1(i) for S and T* with dr = dr. and Ax ¢ ST?, we obtain

that
dsdr =k Y chpe.
TERx, x

We set
S ={T'e€Rxy |ktdr}, Sy:={T€Rxy |dr =k} and

S3 = {TGR}QY ‘ k|dT, k}<dT}.

Lemma 4.2. Let k = p{* -- - pSe where p; are the distinct prime divisors of k and o; are
positive integers. Then we have the following:

1. Foreachi=1,..., e there exists a unique S € Rx y suchthat p; { dg;

2. |81| S e;

3. klSs|+ds, <1+ k(e—1).
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Proof. (i) By Lemma 2.1(iv) and Lemma 2.3(i),
m=14+(r—1k=1 mod p;.

Since m = dr , , there exists an S € R x y such that p; { ds. The uniqueness of such S
is a direct consequence of Lemma 4.1(ii).
(ii) The correspondence given in (i) gives a function from {p1,p2,...,pe} to Sy. It
remains to show that this function is onto.
Let S € S;. By the definition of &1, there exists p; such that p;** does not divide dg.
By Lemma 4.1(1),
dsds = ds mod k.

Therefore dgs(ds — 1) is divided by k. Since dg and ds — 1 are relatively prime, p5* 1 dg
implies that p; 1 dgs. It follows from (i) that dg lies in the range of the function.
(iii) Note that r = |Sy| + |S2| + |Ss3| and

3
m= Y ds=Y ds, >ds, +klSa| + 2Kk[Ss].
SER X,y =1
Since k|Sz| + k|Ss| = k(r — |S1]) and m = 1 + k(r — 1), it follows that
L+ k(81| = 1) > ds, + k|Ss].

By (ii), we have
1+ k(e—1)>ds, +k|S3].

This completes the proof of (iii). O
Lemma 4.3. We have max{ds | S € Rxy} <k -min{ds | S € Rxy}.
Proof. Let S,T € Rx y such that

ds =min{dg | S € Rx,y}and dp :== max{ds | S € Rxy}.

Then T € RS for some R € Ry since T € RxS. Applying Lemma 2.1(i) we have
dr < kdg. O

For S € Rx y we define
Ug = {R € Rx ‘ R!RNSSt = {Ax}}
Lemma 4.4. For each S € Rx y we have the following:
1. r—|Us| < (ds—1)(k—1).
2. If R € Us — {Ax}, then k divides dr for each T € RS.
3. IfUsS NSy =10, thenr < dg(k + e — 2).
Proof. (i) Note that

Rx —Us = J {ReRx|RieRR}.
Rlesstf{Ax}
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By Lemma 2.1(iii) with c?éft >0,
195"~ {Ax} < dg — 1.
It follows from Lemma 2.3(ii) that

{RERx |Ri € R'R} < > cptp=k—1L
RER

This implies that
r—|Us| =|Rx —Us| < (ds — 1)(k —1).

(ii) It is an immediate consequence of Lemma 2.1(ii) and Lemma 2.2.
(iii) Suppose that
UsS NSy = 0.

Then we have
UsS CRxy — Sa.

It follows from (ii) that
(Us —{Ax})S C Ss.

By Lemma 4.2(iii) and Lemma 4.3,

ds, < dgk|S3| < dg[l+ k(e—1) —dg,]-

119

“.1)

On the other hand, applying Lemma 2.2 and Lemma 2.1(iv) for the first inequality and (i)

for the second one,
dyss > 1+ (Us| — Dk —dg>1+[r—(ds —1)(k—1) — 1]k.
Since (Us — {Ax})S C Ss,
duss —ds < dys—{axy)s < dss-
It follows from (4.1) and (4.2) that
L+ [r—(ds —1)(k=1) = 1]k —ds < ds[1 + k(e — 1) — ds,],

and hence,
d 1
rS459+k@—1yﬂkJf%+0kflﬂth+L

Thus,

1
thk—1—k+2— > <ds(k+e—2).

2 d
r<dg[-+e—1- 51 .

k k
This completes the proof of (iii).

4.2)

O

Proposition 4.5. Ifr > k2(k + e — 2) where e is the number of prime divisors of k, then

1le {ds | S e Rxﬁy}.
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Proof. We claim that
min{ds ‘ S e 'R,X’y} <k.

If not, then
L+k(r—1)=m= Y ds>kn
SERXY

a contradiction.
By Lemma 4.3,
max{ds | S e nyy} < k2.

Applying the contraposition of Lemma 4.4(iii) we have Us.S N Sy # () foreach S € Rx )y,
and hence, T' € RS for some R € Ug and T' € S,. Since dp = k and Cgs = 1by
Lemma 2.2, dg divides k for each S € R x y. This implies that |S3| = 0.

We claim |S;| = 1. Suppose not. Since 1+ (r — 1)k = m =ds, + k(r — |S1]),

L+ KIS <k+ Y ds <k+k/2+k/2+ (S1] - 2)k,
SeSy

a contradiction. By the claim we have S; = {S} for some S € Rx y. Since
1+k(7“—1) =m=k‘|52‘+ds Zk(T—l)—i-ds,
we have dg = 1. This completes the proof. O

Lemma 4.6. [f S, T € Rx y with ST* = {R}, then
cg}%t > dr for each Ry € SS* and Cng > dg for each Ry € TT".

Proof. Lety € Y, z1,20 € S'(y) and z € T*(y). Note that (z;,z) € R fori = 1,2
since ST* = {R}. Since z € T*(y) is arbitrarily taken, we have T%(y) C R(z1) N R(x3),
which proves the first statement. By the symmetric argument the second statement can be
proved. O

Proposition 4.7. There exist no S,T € Rx y such that
T'={R},ds+dr >k+1land1 < ds < dr. (4.3)

Proof. Suppose that S,T' € Rx y satisfies (4.3).
We claim that SS* = {Ax, R;} for some Ry € Rx — {Ax}. Suppose not, i.e.,
S5t — {Ax} has at least two elements Ry, Ry. By Lemma 2.1(i),

k? =dpdpe > k+ chib,dp, + el dp, = k+ chib b+ chz k.
It follows from Lemma 4.6 and dg + d7 > k + 1 that
k2 > k(k +2),

a contradiction.

We claim that SS*NTT" = {Ax, Ry }. Suppose not, i.e., SS*NTT* = {Ax}. Then,
by Lemma 2.2, cg"Tt = 1. It follows from Lemma 2.1(i) that ¥ = dr = dgdr, which
contradicts dg +dr > k+1land 1 < dg < dr.
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We claim that R = R?. Suppose not, i.e., R # R!. Then, by Lemma 2.3(ii),

k=1= Y cplp = Chpe + g 2ds +dr 2k +1,
R2€Rx

a contradiction.
We claim that TT? = {Ax,R1}. If Ry € TT' — {Ax, R;}, then cgf% > dg by
Lemma 4.6 with R = R*. By Lemma 2.1(i),

k* = drdr > k + ek + cpnk,
which implies that £k > 1 4+ dp + dg, a contradiction to dg + dr > k + 1.
We claim that cgi gt = dr — 2. By the previous claim, for all 21, 20 € T*(y) with
1
21 # 29 we have (21, 22) € R;. Thus,

CgiRg = |R1(z1) N Ri(22)| > |T*(y) — {21, 22}| > drr — 2.

Since cgiRt + cg}%t > dr —2+dr > k by Lemma 4.6, it follows from Lemma 2.3(ii)

that R = Ry. Thus, c&p, = k — 1 since 1 < dg and
Sty) U T (y) \ {z1, 22} C R(x1) N R(xs) for x1, 22 € St(y).

Since {Ax, R} is closed under the complex product, 1 + k divides | X|. Since | X | is a
prime, it follows that {Ax, R} = R, and hence |R x| = 2, a contradiction. O

Lemma 4.8. Suppose that k = 4q for some prime power g and 1 ¢ {ds | S € Rx v}
Then |S3] =0, |S1| =2, and {ds | S € S1} = {3q,q¢+ 1}

Proof. By Lemma 4.2(iii) and the assumption, |S5| = 0. By Lemma 4.2(ii), |S1| < 2. Let
S € &;. Then, by Lemma 4.1, ds = 1 mod ¢. By the assumption, 1 < dg < 4q. Since
ds < ds, <1+ 4g Lemma 4.2(iii), it follows from Lemma 4.1 that

ds € {g+1,3¢+1}.
Let T € Rx,y with S # T. Since dgdr = 0 mod 4¢ by Lemma 4.1, ¢ | dp. Since
m=14+k(r—1) =ds, +ds, = ds + dr + k(r — 2), we have dg + dr = k + 1.
Therefore, we conclude from Proposition 4.7 that {dg | S € S1} = {3¢,q + 1}. O

Proof of Theorem 1.3. (i) is a direct consequence of Proposition 4.5.
(ii) Suppose on the contrary that

1 §é {ds | S e RX,Y}~

Note that e < 2if k& € {q, 2q, 3¢} for some prime power ¢g. By Lemma 4.2(iii), |S5| = 0,
and ds, < k + 1. Since

1+/€(7”71):d51+d52§k+1+d52,

we have ds, > k(r — 2), and, hence, | S| > r — 2.
Suppose k£ = q. Then the statement follows from Lemma 4.2(iii) since e = 1.
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Suppose k = 2q. Then |S1] < 2and {ds | S € S1} = {q, ¢+ 1} by Lemma 4.2(ii),(iii)
and Lemma 4.1. Without loss of generality we assume that

S =4{5,T},ds =g+ 1landdr = q.

Since ¢ and ¢ + 1 are relatively prime, it follows from Lemma 2.1(iii) that ST* = { R} for
some R € R, which contradicts Proposition 4.7.
Suppose k£ = 3q. Then we have either

{ds | S €S} ={q,2¢+1}or{ds | S €S} ={2¢,q+1}.

The first case is done by Proposition 4.7.

For the last case we assume that S; = {S,T}, ds = ¢+ 1 and dr = 2¢q. By
Lemma 2.13),(ii), SS* = {Ax, R} for some R € R with R = R!. This implies that
k = dg is even since | X| is an odd prime, so ¢ is a power of two. Thus, dg and dr are
relatively prime. Therefore, the statement follows from Lemma 2.1(iii) and Proposition 4.7.

(iil) Suppose k = 4q. Then, by Lemma 4.8, {ds | S € Rxy} = {¢ 3¢+ 1}
or {ds | S € Rxy} = {3¢,q + 1}. The statement follows from the assumption and
Proposition 4.7. O

S Appendix

In this section we show how Theorem 1.3 is applied to small configurations Cxyy with
|X| = Y] < 100.

First, we denote by M the set of primes m less than 100.

Second, we take the set X of positive integers k such that

k| m — 1 for some m € M with k < m — 1 and
k ¢ {q,2q,3q | q is a prime power} U {4q | ¢ is a prime power with 3 { g + 1}.
Then K = {20, 30, 35, 44}.
Lemma 5.1. [fk =20, thenl € {ds | S € Rxy}

Proof. Suppose not. By Lemma 4.8, {dg | S € S1} = {15,6}. Let S € Rx y with
ds = 6. By Lemma 2.1(ii), 6 | cfq.k for R € SS*\ {Ax}. Thus, 3 | ¢, which
contradicts Lemma 2.1(ii). O]

Lemma 5.2. Suppose that each element of Ry = {Ay, R, R'} is symmetric and T1, =
{C1,Cs, Cs} is the equitable partition of (Y, Ry ) as in Section 2 for x € X. We define
{Bijt1<ij<s and {vijhi<ij<s

such that B;; = |R(y) N C;| withy € C; and v;; == |R'(y) N C;| withy € C;. Then we
have the following:
1. For each i we have Z§:1 Bij = ks
2. Foralli, j withi # j we have B;; +v;; = |C}
3. For each i we have B;; + v = |Ci| — 1;

>
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4. Foralli, j we have |C;|B8;; = B;:|C;
5. We have ﬁll + 522 + ﬁgg =k-—1

>

Proof. The first four statements can be proved by checking the definition of equitable par-
titions and using a double-way counting for (C; x C;) N R.

Let A be the adjacency algebra of Cy and W the subspace spanned by the character-
istic vectors of the cells of II,,. Then W is a left A-module corresponding to the algebra
homomorphism defined by Ar — (8i5), Ar — (Vi5)-

We claim that W affords the regular character. Let x be the character afforded by W,
i.e., the value of the adjacency matrix of R is equal to Zle Bii. Note that the character
afforded by W is integral valued but not a sum of principal character. Since dim(WW) = 3,
it follows that x is the sum of irreducible characters of .A. This implies that y is the regular
character of A, and, hence, the trace of the matrix (Bij) is equal to kK — 1 by Lemma 2.3(ii)
with Lemma 2.1(ii). ]

Proposition 5.3. If (k,m) = (30,61), then1 € {ds | S € Rx.y }.

Proof. Suppose not.

By Lemma 4.2(ii),(iii), |S1] < 3 and |S3] < 1. if |S3] = 1, then 2k < ds, < m =
2k + 1, a contradiction. Thus, |S3| = 0.

Since |Sa| < 1, it follows from Lemma 4.1 that the following are only possible cases
of {dS ‘ S e 'RX,y}Z

{30,25,6}; {30, 15,16}; {30, 10, 21}:{15, 36, 10};{15, 6, 40}.

The first three cases do not occur by Proposition 4.7 since each of them contains a pair
of relatively prime numbers.

Note that {|C;| | i = 1,2,3} = {ds | S € Rx,y} where II,, = {C1,C5,Cs} as in
Lemma 5.2. Without loss of generality we may assume that

Ci = Sl(l‘) for: = 1,2,3.

From now on we shall use Lemma 5.2 many times without mentioning.
Suppose that
(|Ol|7 |02‘7 ‘CBD = (107 15736)
Since |Cy|B23 = |C3|P32, we have 12 | Ba3. If Bo3 € {0, 36}, then |SoS5| = 1, which
contradicts Proposition 4.5. Replacing R € Ry by R’ if necessary we may assume that

B23 = 24, and hence, 32 = 10.
Since

|C1|B13 = |CsBs1,

we have 18 | B13. If 813 € {0,36}, then |S55%| = 1, which contradicts Proposition 4.7.
Thus, $13 = 18, and, hence, 831 = 5.
By Lemma 5.2(i),

B3z = 15, Ba1 + Pao = 6 and Bi1 + Sr2 = 12

By Lemma 5.2(v), 511 + B22 = 23. Thus, S12 + S21 = 19, which contradicts 10815 =
15821. Therefore, (dg, dr,dy) = (10,15, 36) does not occur.
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Suppose
(|Cl|’ |CQ|7 |CS|) = (157 6u40)

Since |C2|Ba3 = |C3|B32, we have 20 | fa3. If B23 € {0,40}, then [S2S%| = 1, which
contradicts Proposition 4.7. We may assume that S35 = 20, and hence, 832 = 3.
Since

|C1]B12 = |Ca|Bo1,
we have 5 | 321. By Lemma 5.2(i),

B21 + P22 + 20 = 30.

Thus, 5 | 322. Replacing R € Ry by R’ if necessary we may assume that 325 = 5, and
hence, B21 = 5 and (315 = 2.
By Lemma 5.2(i),(v), we have
Bi1 + P13 = 28, B31 + B3z = 27 and P11 + B33 = 24.
Thus, 813 + B31 = 31, which contradicts 1535 = 400s;.
This completes the proof. O
Proposition 5.4. If (k,m) = (44,89), then 1 € {ds | S € Rx v }.

Proof. Suppose not. By Lemma 4.8, the following is a unique possible case of {dg | S €

nyy}:
{12,33,44}.

Without loss of generality we may assume that
Ci = Siy) fori = 1,2,3and (|C1,|Cal. |C5) = (12,33, 44).

Since 12812 = 33021, f12 € {0,11,22,33}. Proposition 4.7 forces f12 € {11,22}, and
we may assume that 812 = 22 by replacing R € Ry by R’. Then 897 = 8.

Note that 11 divides 813 and so does 811 by Lemma 5.2(i). We divide our consideration
into the following two cases 811 = 11 or 0.

Suppose 517 = 11. Then 813 = 11 and (37 = 3. By Lemma 5.2(i),(v),

Ba2 + Baz = 36, B3 + P33 = 41 and Bop + f33 = 32.

Therefore, 523 + 32 = 45, which contradicts 33523 = 4435.
Suppose S11 = 0. Then
613 = 22 and 631 = 6.

By Lemma 5.2(i),(v),
Bz + P23 = 36, B32 + P33 = 38 and B2z + B33 = 43.

Therefore, 823 + B32 = 34, which contradicts 33523 = 44535.
This completes the proof. O

Lemma 5.5. [f (k,m) = (35,71) then {ds | S € Rxy} = {15,21,35}.

Proof. Applying Lemma 4.2(i),(iii) and Lemma 4.1 we conclude that {15,21,35} is a
unique case of {ds | S € Rx vy} O

We notice that the lemmata given in this section justify the elimination given in Intro-
duction.
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