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ABSTRACT

The problem of estimating the Euler-Poineatharacteristic (Euler number for short) of a set in the 3d
Euclidean space is considered, given that this set is observed in the points of a lattice. In this situation, which
is typical in image analysis, the choice of an appropriate data-based discretisation of the set is crucial. Four
versions of a discretisation method which is based on the notion of adjacency systems are presented; these
versions are referred to é$4.1,14.1), (14.2,14.2), (6, 26), and(26,6). A comparative assessment of the four
approaches is performed with respect to the systematic error occuring in application to Boolean models. Itis a
surprising result that, except f¢26,6), the estimators yield infinitely large systematic errors when the lattice
spacing goes to zero. Furthermore, the measurements of the Euler number from 3d data of autoclaved aerated
concrete illustrate the influence of the choice of adjacency and the behaviour of the estimators.

Keywords: Euler-Poincarcharacteristic, discretisation, binary image, neighbourhood, adjacency, Boolean
model, systematic error.

INTRODUCTION There are two ways of considering digital images
of this type. One way is based on discrete (lattice)
In materials’ science, as well as in other researclyeometry, in particular integral geometry on the lattice
fields, the Euler number (or its density) is used asnd introduction of discrete Minkowski functionals;
a characteristic describing the connectivity of thesee Voss (1993). In the present paper the alternative
components (constituents) of a composite material oview is taken, namely that the analysis of the
the pore space of a porous medium, see Levitz (2003)iscretised image aims at a good approximation of
and Ohser and Mcklich (2000). parameters or features of the original (i.e. non-
discretised) seX in Euclidean space, see Serra (1982)

From a theoretical point of view the Euler-Poinear” - .
for a systematic introduction.

characteristicx"(X), or Euler number for short, of

an n-dimensional seX in the Euclidean spac®" is The properties of the discretisation depend heavily
a basic quantity of integral geometry. By means ofgn the chosen connectivity, that is the rule according
Crofton’s intersection formulae, the quermassintegralgy which the neighbours of a given foreground or
(Minkowski_functionals or intrinsic volumes) can be background pixel are found. In image analysis, object
expressed in terms of the Euler numbgiSdefined  ang background are usually endowed with different
on sections ofX with k-dimensional planesk =  conpectivities (neighbourhoods) in order to ensure
0,...,n—1, see Schneider and Weil (2000). This is the, gigital Jordan surface theorem. Typical pairs are

' ,26) and (6,18), see e.g. Kong and Rosenfeld

basis of the measurement of the quermassintegrals
image analysis. Definitions and properties of the Euleggsg). Leeet al. (1991); Lohmann (1998). In this

number are recalled in section “The Euler number Ofehotation, the first component of a pair indicates the

set”. number of neighbours a lattice point is connected to
In the context of image analysis it is usually if this lattice point belongs to the foreground and
assumed that the S¥tis observed on a point lattide”.  the second component denotes the number of used
The intersectiolX NLL" is the mathematical expression connections to neighbours if the lattice point belongs
for the observable information aboMt In practical to the complement (the background). Most algorithms
applications we consider the lattide restricted to for determining the Euler number in 3d like Serra’s
a bounded windowW C R". Let 1, denote the marching cube algorithm Serra (1969); Lekt al.
characteristic function oK. The set{(x,14x(x)) : x€  (1991) work with 6 connectivity of the object and
WnNL"} is said to be the (binary) image Bfobserved 26 connectivity of the background or vice versa, see
in W, and the elements of the image are called pixels.(Kong and Rosenfeld, 1989, Section 8) and (Lohmann,
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OHSERJET AL: Euler number of discretised sets

1998, Section 3.1.2) for surveys and the references in The exact definitions of the adjacencies and the
Ohseret al. (2002Db). discretisations which they induce are given in section

“Discretisation with respect to adjacency”.
Here we follow Ohseret al. (2002b) and use

adjacencies based on tessellations to describe the In section “Approximation of the Euler number”
connectivity unambiguously. It was shown in Ohser”® Show how to approximate the Euler number
et al. (2002b) that(14.1,14.1), (14.2,14.2), (6,26), of X using its discretisation. AIter rgcalllng” the
and (26,6) are pairs of complementary adjacenciesconsistency rela_ltlon“ In section “Consistency”, we
That means, their use for foreground and background'oVide in section “Estimation of the density of
respectively, ensures that the values of the Eulefhe Euler number” the estimator for the density of

numbers for discretised sets and their complemem@etf“'g.r nu:.nb;:‘_r of atrandor_n (;Iosed Iset b?sed
fulfill a consistency relation, i.e. in 3d that both valuesO e discretisation w.r.l.a pair of compiementary

are identical. adjacencies.

The study of real data from samples of autoclaved
aerated concrete (AAC) shows that the estimated value
of the Euler number can depend considerably on the
chosen adjacency (neighbourhood) system. Therefore,
in section “Boolean models”, the systematic error
for the four estimators, applied to a Boolean model,
is calculated. This follows the method applied by
Serra (1982), who determined the errors for several
neighbourhoods in 2d and f¢26, 6) in 3d. He already
stated that there is a non-negligible systematic error
which doesnot vanish when the lattice spacing
(i.e. the resolution of the equipment for imaging)
goes to zero. The results in the present paper show
that surprisingly the asymptotic behaviour is much
worse for (14.1,14.1), (14.2,14.2) and (6,26). The
systematic error even diverges to (minus) infinity ¢or
approaching zero. Fig. 3 in section “Boolean models”
illustrates that none of the four adjacencies yields a
uniformly best estimator. It depends highly on the
parameters of the Boolean model which adjacency
performs best. In section “The connectivity of the
pore space of AAC” numeric results are presented
which show that for practicable resolutions of images
the Euler number can be estimated reasonably. In
particular for the image in Fig. 1b the estimators based
on the four considered pairs of adjacencies do not
differ considerably.

THE EULER NUMBER OF A SET

To begin with we recall some facts concerning the
Euler number in order to have a comprehensive but
also mathematically solid base.

There are several equivalent definitions of the
Euler number of a set, see the books of Hadwiger

Fig. 1. Microstructure of two specimens of autoclaved (1957), Matheron (1975), Schneider (1993), and Serra

aereted concrete (AAC). (a) 320x 330x 330 pixels, (1982), and Weil's paper (Weil, 2000).

arranged in a simple cubic lattice of spacing 31 um. One way to introduce of the Euler numbef in
(b) 450x 500x 230pixels of uniform spacing 17um.  R" is to fix the values

Both visualisations show the solid matter of the porous

media. x"(0)=0 and x"(X)=1
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for any convex body,, and to define the continuation DISCRETISATION WITH RESPECT TO

to finite unions of convex bodies by additivity, namely  ADJACENCY
X" (X UX) = X"(X) + X"(X) — X" (X N Xy) _ _ o ]
for convex bodies(, X, Roughly speaking, discretisation of a sétC R

“ _ _ ~ means the approximation &fby a polyhedral set due
Generally, for finite unions, this additivity is 5 gpservations on a point lattice.

expressed by a so-called inclusion-exclusion formula.
The class of finite unions of convex bodies is referred

. We consider a cubic latticd.® = cZ3 (where
to as the convex ring or the class of polyconvex sets.

Z denotes the set of integers) in the 3d space.

~ On the convex ring,x’”(X) can equivalently be |5 our approach, the discretisation is based on
introduced by Hadwiger's recursive definition, Senolytopes which are parts of the lattice cells. In

Ohseret al. (2002b). This is the basis for determining :
the Euler number by counting tangent points of theOhseret al. (2002b) we developed the corresponding

setX. Let X¢ andX denote the complement of and definitions systematically with respect to certain types
the topological closure oK, respectively. Hadwiger’s of teassellatlons of the lattice cells. Denote By=
recursive definition can be used for definigg(Xc) [0,¢)°, ¢ > O the half-open unit cell of the lattice.
too, whereX is from the convex ring. ObviouslyU,;:(C+x) =R®, i.e. the cells are space-

For the Euler number of a polytop@, i.e. the filling. In order to define an adjacency system we

convex hull of a finite set of points, see Schneiderer_]do"oﬁ with asget_ of convex polytopes; ... ,Pn C C
(1993), the mentioned definitions are coherent withVith #°(R) CL*, i.e. the vertices o, must be lattice
the Euler-Poinca formula in terms of numbers of the points that is points, where the setsandX® can be
lower-dimensional faces &¥. Fork=0,...,n denote observed. All the other cell§ + x are endowed with
by .ZX(P) the set of allk-faces ofP. In particular, polytopes which are the translateg+ X, ..., Pn + X
ZO(P) is the set of vertices#1(P) the set of edges, wherex e 1.3.
F"1(P) the set of facets, an& "(P) is the polytope
. _ k i
itself, . #"(P) = {P}. I_:url'fhermore, let #%(P) be the Theadjacency systembased on the set of polytopes
number of elements i# “(P). Then the Euler number _ : :

: & ={P,,...,Pn} is defined as
of P can be written as

X"(P)= 5 (-1)4F P). 1) 3
k;) F(2) =742 3

For a polytope, the Euler-Poinearformula yields k=0 .
that the right hand side equals 1, see (Webster, , K B K
1994, Theorem 3.5.1). Formula (1) can be additively with FHP) = USUf} (R+X).
extended to the case when is a finite union of xel?i=1
polytopes, i.e. wheR is a polyhedron, see also (Jernot
etal., 2001, Section 4). This formal expression means that an adjacency

Another aspect, which is of particular importanceSYSt€M is formed by the polytop&s+ x and all their
in image analysis, is the relation between the!ower-dlmensmnal_ faces. Thus an adjacency system
Euler numbers of the ‘objectx"(X), and of the IS already determined by a sef = {P;,...,Pn} of
‘background’,x"(X°¢). polytopes.

Under some weak conditions for the 3éive get

the important relationship Now we list four systems which are of particular

I hlon interest. We skip all considerations of the question

X"(X0) = (=)™ x"(X). (2)  which additional properties a reasonable adjacency
The consistency relation (2) was shown in Ohgteal.  system should have, see Ohseal. (2002b) for more
(2002b) (and already in (Larg al., 2001, Appendix) details. The vertices of the basic c@lare denoted
for those bounded setX for which both XN B  py Xp,- -+, X% @iven by x, = (0,0,0), x; = (c,0,0),
and X°N B belong to the convex ring for all convex y — (g,c,0), x, = (c,c,0), x, = (0,0,c), X; = (c,0,c),
bodiesB). A more general version of the assertionx6 — (0,c,c), andx, = (c,c,C).
of the theorem is proven in Rataj andize (2002). T ! T
Finally, we remark that (2) is obvious for compactt
with nonempty interior. In this casg"(X) =1 and (i) For the 6-adjacency (well known as the 6-
X"(XC) = (=1)™1, neighbourhood in 3d image analysisy,, = {C}.
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(i) For the 14.1-adjacency?;,, = {P,,...,Ps} with APPROXIMATION OF THE EULER
the six congruent tetrahedra which are convexhulls  NUMBER

of vertices ofC: I .
Our approach to the definition of adjacency

P, = conV({Xg, X1, Xg, X7 }) systems (instead of the neighbourhood graphs used in

P, = conv({Xy, Xy, X5,%7}) image analysis) and of the corresponding discretisation

P; = CONV({Xg, X5, X3, %, }) , of sets is suited to the application of the Euler-Poiacar’

P, = CONM({Xg, Xy, Xg, %7 }) 5 formula (1) to polygonal sets. The Euler numiyétX)

Py = con({Xg, X4, X5, X7 }) can be approximated by the Euler number of the
)

Ps = conv({Xg, Xy, Xg, X7 } discretisation
n

see Fig. 2a. X"(F(2)NX) = Z}(—l)"#(fik(@) nx), (5)
k=

i) For the 14.2-adjacenc ={P,...,P} with
( )the six tetrahedjra ¥iaz =P o} see also (Jernet al., 2001, (4)).

For several considerations it is useful to have a
P, = conv({Xg, Xy, X3, Xs}) 5 ‘local version’ of this approximation based on the
P, = conMV({Xg, X5, X3, X7}) , single cell+x, x e L. In order to ensure that eakh
Py = conV({Xg, X5, X4, X7}) , face is counted only once, we have to apply some kind
Py = conv({Xo, X3, X5, X7 }; ; of edge correction. We choose weighting e&eface

)

P5 = conv({Xg, X4, X5, %7 } with l . Herem is the number of closed Iattice cells

Ps = CONU({ X5, X4, Xg, X7 } contalnlng thek-face. Formally, for > k let #X 1 X
be the set of alk-facesF € .#K(#2) N X with:

. ) ) (i) Thereis art-faceF, € .# ZY(C) suchthaf C F,and
(iv) For the 26-adjacency (correspondlng to the

which tessellate the unit cell as shown in Fig. 2b.

26-neighbourhood): 7, = {con(¥) : » C (i) there is noj-faceF; € #1(C), j < ¢, F; # F such
{X,---,X;}}, i.e. the system of the convex huIIs thatF C F;.
of all subsets of the set of vertices@f Then (5) can be rewritten as
XNF(2)1X) 2f " ZENX ),
. with X_, = X — X, the translation oKX by —x. For the
Z /- L a) 3d cuboidal lattice the interpretation of the weights is

as follows: All vertices#2° M X get weight ¥8. The
edgesZ ;' M X (edges of the cubesy >N X (face
diagonals), andﬁoL3 MX (spatial diagonal) get /4,
1/2,and 1, respectively. The facﬁgvzrlx and9§73|‘|
X are equipped with A2 and 1, respectively, and all

b) cells £33N X with 1. The formula can be proven
Fig. 2. The tessellation of the unit cell defining (a) the ~ rigorously with the help of the inclusion-exclusion
14.1 and (b) the 14.2 neighbourhood. principle (i.e. the additivity of the Euler number).

Eqg. (6) can easily be implemented. For details of

For short, we will writeFy instead off(%), and he algorithm see Ohset al. (2002b).

analogously for the other adjacenues For a given sé
2 the adjacency systeii(.%?) provides the elements
(‘bricks’) for discretisation. Theadiscretisation of X CONSISTENCY
with respect to the adjacency F(.#?) is defined as It is a usual requirement in image analysis that
any adjacency for the ‘objecX has to be consistent
F(2)NX ={F eF(2): F°F)CX}, (4) with an appropriate ‘complementary adjacency’ used
for the ‘background’X®. In 2d image analysis it is
i.e. a ‘brick’ F of the adjacency system belongs to thewell known that the ‘background’ has to be treated
discretisation oiX if and only if all the vertices oF  with the 4-neighbourhood if the 8-neighbourhood is
(and not necessarily the whole $&tbelong toX. used for the ‘object’, and vice versa in order for

14
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a discrete Jordan curve theorem to hold. In 3d, thevhere vo(-) denotesn-dimensional volume an&/ a
6-neighbourhood is usually combined with the 26-compact convex observation window with ¢él) > 0.
neighbourhood but6, 18) is consistent with a discrete

Jordan surface theorem, too, see e.g. Herman (1992). Assume now that a paii¥,F) of complementary
Our criterion is consistency (2) for the approximationsadjacency systems is used to estimate the Euler number
of the Euler number in 3d. of a realisation of= and that the ‘local version’ of

Assume that the adjacency systefmandFF. are the algorithm according to formula (6) is applied. The
used for the discretisation &f and ofX¢, respectively. density of the Euler number can be estimated from the

Then methods of approximating the corresponding€t= observed i using
Euler numbers can be illustrated by the following
scheme: — 1

Xv= X
X XNl 5 rnx 2 58 V" #{L"NW) vol(C)

(Fr1X) = x3(X).

n n

2 2V 2HIINE @

The pair (IF,F.) of adjacency systems is called whereW, is the reduced windowy, =WeoC, andC =
complementary if for all bounded setX c R3 —C, the reflection in 0. Notice tha{&" N"W,) vol(C) ~

(i) FNF.=0forallF ¢ FX andF, € F, X and vol(W,). Furthermore, we remark that the estimatgr
(i) F3FNX) = F3(F, nX°) may be biased but it is free of edge effects.
1 X — X c .

An adjacency systen¥(Z) is said to beself-
complementary if

X (F(2)nXx°) = x3(F(2) nX) . 1

Exy = ——
for all X. Self-complementarity implies that ‘object’ A vol(C)
and ‘background’ are discretised with one and the n L _

same method. As it has been shown in Ohser Z)(_l) ;(2[ " z P(QO/NO(F)QZC:‘D)-
et al. (2002b) the following pairs are pairs of k= =k Fesy

complementary adjacency systems:

X = xenL® 5 By nxe s g3 nXC) ~ x3(X0).

The expectation of x, (=) is, due to the
homogeneity oE,

X

From the complementarity df and[F., in particular
(Fo:Fo6),  (Fra1:F141),  (Fra2,F142),  (Fpe,F)- (i), and from (2) it follows that

In Ohseret al. (2002b) sufficient conditions have

n+1
been given for a se¢ which guarantee thg{3(F(#) M EXy = =Hm x
X) = x3(X), i.e. that the discretised set has the same vol(C)
Euler number as the original set. These conditions n Do _
imply that X has to be morphologically open and ;(_1)kzk2f " Zklp(yo(':)m::@) ©)
closed (see Serra (1982) for these concepts) with k= a FE70c
respect to the segments occurring in the adjacency
systems used. where theZ, are defined analogously 88§ but with
respect tdr,.

Complementary adjacency systems bf are

considered in Ohset al. (2002b). As the study of sandstone images in Ohaeal.

(2002b) shows, there are relevant applications where
ESTIMATION OF THE DENSITY the structure is so tiny, compared to the resolution
OF THE EULER NUMBER of the discretised image, that the approximation of
Consider now a random closed sin R" which  the Euler number does not provide the true value

is assumed to be macroscopically homogeneous (i.&nd considerably depends on the chosen discretisation.

stationary). The density,, of the Euler number can be Therefore, it is important to assess the estimators
introduced by which are based on different adjacency systems. One

N important criterion of quality is the systematic error
Xy = lim Ex"(=nrw) (7) (bias). Until now, there are no results concerning the
re  vol(rW) error for arbitrary random sets.
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BOOLEAN MODELS if F has more than two vertices, even in the simplest
case thaE, is a ball with random diameter. In order to

For the special case of a Boolean model, explicit X .
formulas andpnumerical values can be derived V\F/)hicﬁnake the calculation feasible, we follow Serra (1982)
’ in using the approximation

describe the systematic error of the estimators of the!
Euler number with respect to the chosen adjacency.
Serra (1982) studied the asymptotic behaviour of the
bias for the (8,4)-adjacency and the hexagonal grid
in two dimensions and for the pair (26,6) in 3d. ) 0 ) )
Using Serra’s ideas, we compare the (14.1,14.1)- ange- the set of vertices”™(F) is replaced by its convex
(14.2,14.2)- with the (26,6)- and the (6,26)-adjacenc§‘“”1 the setF itself. The probabilitiesP(F N = = 0)

P(F°(F)N==0)~P(FN==0) forFeF,
(12)

systems. can be calculated easily with the help of the Steiner
formula (see e.g. Serra (1982), Schneider and Welil
Homogeneous Boolean models in R" (2000)). The approximation (12) seems rather rough

_ at first glance. However, we will see that at least in the
Let @ = {x,X,,...} denote a homogeneous cases we examined here, the error induced by (12) is

Poisson point field inR" with point densityA > 0 . S
(the point field of ‘germs’) ancE,,= a sequence negligible. To assess the overall approximation error
1352 )

of independent and identically distributed (i.i.d.) ™ (9) We have to examine
random compact convex sets (‘grains’ or ‘particles’)
with nonempty interior and independent ob.
The corresponding (macroscopically) homogeneous
Boolean model is defined as the random closed set

[P(Z#°(F)n

111
Il
S
N—
|
=
=
D)
111
Il
S
=~

(I:IHEJ vol(C) 13

B which e.g. does not tend to O ¥ is a line segment.
(Ei+%) - Nevertheless, in the 3d case f(#6,6), (14.1,14.1),
1 (14.2,14.2), and(6,26) we have

For more detailed definition and explanation see

Matheron (1975), Ohser and WdKlich (2000), |im 1 3(_1)k3 25732 [P(F°(F)N= = 0)
Schneider and Weil (2000), Serra (1982), Stogtaa. C—>0V0|(C)k;> Zk FEFY

(1995). _
. . . . . ~P(FN==0)] =0.
Notice that with probability one the intersection of (14)
two grains is either empty or has nonempty interior, i.e.

Eq. (2) can be applied and (9) holds. The probabilityThe proof consists of three steps. First, we split
occuring on the right-hand side of (9) can be calculateghe contribution to the approximation error of each
on the basis of the well_known formula for Boolean gjlement (edge, face or polyhedron) of an adjacency
models (see the books cited above), into a part due to its edges and a ‘true’ facial part.
— = Second, observe that only the linear terms in the

P(KN==0) = exp{—ALvol (=, ®K)} (10) series expansion of (13) have to be taken into account.
Finally, due to the special properties of tessellations,
the individual contributions cancel when plugged
into the alternating sum. See (Ohsgral., 2002a,
Appendix B) for the detailed proof.

s

for all compactk C R", where® denotes Minkowski
addition. This yields

- (_1)n+l
EXy () = —= X
A (=) vol(C) The 3d case
n n
%(_1)";(2‘*“ S exp{-AEvol (Z,0.2°%F))}. There are explicit formulas for the density of the
K= =k FeFY Euler number of the Boolean model first published

(11) in Miles (1976). However, it should be noted that in

particular for the isotropic 3d case, the formulas given
in the literature differ (due to errors in calculation). In
kSchneider and Weil, 2000, Korollar 5.4.5), one finds

for 3d Boolean models

It seems to be very tedious to perform an exac
calculation of

. _ 2 __ 3
vol(£,8 7%F)) =vol | |J (Z,+%) w=e - tws ™ as)
xe FO(F) 4an 384
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In this formulaV, SandM denote the mean value of %0 7
the volume, of the surface area, and of the integral 05
the mean curvature, respectively, of the typical partic
=,. For the particular case where the ‘particles’ ar
balls of constant diametel, =; = B, we obtain
01 -
Xv =€V [A — WA 4+ uA VY (1e)
with nz E 0.05 -
3 s
u,=3 Uy = — V=—d.
20 37 327 6
The particular case of a 3d Boolean model witl 0.01 -
balls of constant diameter is studied now in detai
Explicit but rather long formulas for the expectatiot 0.005
Ex, based on the approximation (12) are given i

(Ohseret al., 2002a, Appendix A.3). As it is shown e — : : : ,
there,Ex, can be expressed in terms of the volum 0 03 05 07 0.9 1
densityV,, of the Boolean model and the rafoof the v
diameter and the lattice spacing,

d Fig. 3. Best estimators of x,, for the Boolean models
Exy ~ f(W,B), W =1-e? ~ B==.  with balls of fixed diameters d and varying volume
c density \,. This graph shows the regions of the
We use the symbet to indicate that the computation parameter space {(Vy,,1/8) : 0 <4, < 1,0.002 <
of f(\,, B) is based on the approximation (12). Thesel/B < 1} wherethe estimatorsof x,, have the smallest
calculations allow a comparison of the four estimatordias; red for (6,26), green for (14.4,14.1), blue for
(corresponding to the four pairs of adjacencied14.2,14.2), and yellow for (26,6). In the shaded
considered here) with respect to the approximatéegions, the relative bias [EX, /x, — 1| is larger than
systematic error f(\,,8) — xy| = |EXy — Xy|- The 20%if E, isapproximated using (17).
graph in Fig. 3 shows in which region of the parameter

space which of the four estimators behaves best. o - . _
The limits of Ex,, asc — 0 are surprising. It is

The approximation (12) also allows to considergasy to see that far, > 0 the right-hand side of (17) is

the limit of the syster_natic error for the Iattice_spacingdivergem_ More precisely, for the adjacency (26,6) the
c— 0. Taylor expansion of (\,,,d/c) for c provides limit of the bias of the estimatay, is

- o(¢®)
Exy ~ e AV [)\ — (B +uyA 2V+u3)\3v2] + 3 lim [E)/(\\, —Xv] — gV [_Vz)‘ 2y +V3A 3V2] (18)
(17) c—0

where numerical values for the coefficients u,, and  wherev, andv, can be computed from the values given
u; are given in Table 1. Notice that the right-hand sidegn Taple 1V, = g v, = 0.841870Q.. This means that
of (17) is of a similar structure as the one of (16).the for (26,6) the estimator of, is not asymptotically

Details on the derivation of (17) as well as analyticalnpiased. For (14.1,14.1), (14.2,14.2), and (6,26) we
expressions for the coefficients can be found in (Ohse : ' ' ' ’

Even get a worse result
et al., 2002a, Appendix A). Furthermore, we remark veng worse rest
that the result for (26,6) coincides with that of Serra _ e
(1982, p. 557), up to a difference in the coefficiant im [Exy —Xv] = —. (19)

Table 1.Numerical values of the coefficients u,, u,, and u, for Egs. (16) and (17).

Equation| adjacency | u, U, U
(16) — - 3 0.925277..
(17) (26,6) 0 4.5 1.767147..

a7 (14.1,141) | 0.023515.. 3.942939.. 1.444278..
a7 (14.2,142) | 0.062098.. 4.809625.. 1.782345..
a7 (6,26) 0.007718.. 3.284248.. 1.068663..
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The considerations at the end of subsectiorof the complementary seX® seems to be provided
“Homogeneous Boolean models R"” show that by (6,26) where in each cell the convex hull of the
these results are not affected by the approximatiomomplementary setis used. This was a main motivation
(12). (additional to self-consistency) for us to introduce the

new 14-neighbourhoods in Ohsaral. (2002b).

THE CONNECTIVITY OF THE This intuition is supported by considerations in
PORE SPACE OF AAC two dimensions: There the systematic error when

As an application we consider the density of theestlmatmg the Euler number of the complement of

Euler number of the pore space of autoclaved aerated CIjBooIt;a_r]: tmhodgln(vyitﬂbdischs O; (_:onstar&t _rac:iusgl isf
concrete (AAC). The data of the two specimens showhcduced 1M the H-neighbourhood 1S used instead o
in Fig. 1 are given as 3d images obtained by X_the 4-neighbourhood of the cqmplementary set. (Serra
ray microtomography (XCT). The pore space of thesél%z’ pp. 493/494) had similar results when he

microstructures can be modelled as a macroscopical r.g]pa_‘lfﬁd t?ﬁ 4—ne|ghtbct>_urhoodItW|th the thgx_agolrgal
homogeneous random &t id.) Thus the asymptotic results presented in (18)

and (19) are quite surprising from an intuitive point
Table 2 shows that experimental values grcan  of view: The rather ‘rough’ discretisation with the 6-
depend highly on the chosen adjacency. Differencegeighbourhood (of the complementary set) is the only
in the measurement values are a consequence of thvge of the considered adjacencies which provides an
tiny parts (compared to the resolution of the imagingasymptotically finite systematic error. The other three
equipment) of the microstructures. This means thatadjacencies lead to larger and larger errors if the lattice
e.g., there occur pairs of adjacent lattice points whicltonstant decreases to zero. Nevertheless, for realistic
both belong to the complemerf® but they are lateral resolutiond= d/10...d/5, i.e. about 5 to 10
separated by a small connection of solid maBen  pixels per diameter), the use of 14.1 or 14.2 can lead

between. This property can be formally expressed a® better results than that of the other adjacencies, see
morphological non-regularity of the s&t see Ohser Fig. 3.

etal. (2002b). Our results shed some light on the structure of
In practical applications, the Euler number shouldthe complement of a Boolean model &3. This
be measured with respect to several adjacenciestructure is complicated, tiny, and far from being
Then the differences between the results provide amorphologically regular w.r.t. the lattice cell, see
impression of the bias of the measurements. Ohseret al. (2002b). The present study shows that
for this type of set there can occur unexpected
effects when the Euler number is estimated. The
DISCUSSION ‘rough’ 6-neighbourhood misses a lot of the features
of the structure. The more sensitive 14- and 26-
The general approach to the discretisation of a seteighbourhoods miss less. However, this can still
X C R3, when observations on a latti¢e® are given, worsen the estimator of the Euler number. Fig. 3 shows
is based on the construction of a polyhedron in each athat it is not possible to choose an optimal adjacency.
the lattice cells. Intuitive arguments suggest, that th&ven for small ranges for the parameters all four
approximation is improved, if the elements used foradjacencies can occur as the optimal one. Moreover,
this construction are smaller parts of the cells. Thugven when the optimal adjacency is used, the error can
one can expect a better adaptation of the discretisdae considerable. Nevertheless, notice that formula (17)
set to the original one, if (as it is done in (14.1,14.1)can be understood as a ‘discrete adaptation’ of Miles’
or (14.2,14.2), respectively) tetrahedra and triangleformula (15) or (16), respectively, and thus it links the
are used as elements, rather than the whole cellsstimatory, with other characteristics of the Boolean
and faces. Moreover, the best fit of the discretisationmodel.

Table 2. Experimental data for the solid matter of AAC specimens, estimates of the volume density V,, and the
density of the Euler number x,, w.r.t. four pairs of complementary adjacency systems.

AAC specimen| V, Xv [mm3]

(pore space) | [%] | (FFog) (Fig1,F141) (Frap,Fiap)  (Fre Fg)
sl71b, Fig. la| 59 4.58 -0.17 -2.32 -4.57
sl77b, Fig.1lb | 86| -58.13 -58.36 -63.83 -59.11
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