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0  INTRODUCTION

Motion control studies have become a key subject 
of robotics and other automation-related research 
areas. In the manufacturing industry, high-speed 
and sensitive motion control are necessary for high-
speed and high quality production [1]. However, the 
requirement for high speed makes sensitive motion 
control difficult to accomplish due to residual 
vibrations. Therefore, finding a balance between 
the speed of motion and the elimination, or at least 
the reduction of, residual vibration has become an 
important part of the study of motion control and 
related practical applications [2] to [4].

When a force applied to a flexible mechanical 
system causes motion, it results in vibrations. 
Controlling the behaviour of such mechanical systems 
is generally difficult. In particular, the situation 
worsens if light and flexible components are used for 
a fast response. There are some studies relating to the 
control of the vibration of mechanical systems with 
flexible elements [5] to [7]. Command pre-shaping 
or input-shaping based methods have attracted the 
attention of some researchers [8] to [10]. A feed-
forward control is suggested as another input-shaping 
method, in which the shape of the command signal 
is altered to reduce system oscillations [11]. The 
initial works were conducted by Smith [12], whose 
technique is based on dividing a step input into two 
smaller steps, one of which is delayed in time. Next, 
the super-positioning of the step responses results 
in the cancellation of vibration on the system and 
provides a reduction in the settling time. However, 

there are some problems related to the robustness 
of the method due to uncertainties in the natural 
frequency and damping ratio.

Aspinwall [13] also suggested a different 
command-shaping approach. This method is based 
on shaping a rectangular or a ‘bang-bang’ forcing 
function. Another suggestion came from Meckl and 
Seering [14], who advised the construction of the 
input signal from either ramped sinusoids or versine 
functions. Due to the advantage of the rectangular 
function used in this method, the motion of the 
system is completed in a shortened period owing to 
the shape of the signal. Piazzi and Visioli [15] recently 
suggested a new technique based on shaping the input 
signal via inverse dynamic analysis. They proposed 
a polynomial function as a desired output to produce 
the input signal. Sahinkaya [16] and [17] suggested 
using a third order exponential function for the output 
motion to shape input signals using inverse dynamics.

Another approach to the problem is the use of an 
input-shaping technique that is based on convolving 
the reference command with a sequence of impulses 
[18] and [19]. This approach is reported in [20] to 
[22]. The increasing number of impulses used in the 
shaped signal leads to improvements in robustness 
to uncertainty in the system parameters. However, it 
also causes longer delays in system responses [23] 
and [24]. Magee and Book [25] suggested using an 
adaptive approach to implement a two-mode shaper. 

In this study, a new residual vibration elimination 
method is presented. The benefit of the new technique 
is that it has a wider frequency range for which the 
results are insensitive to estimation errors of natural 
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frequency. The input-shaping technique proposed 
in this study neither limits nor increases/decreases 
travelling time, i.e. without time limitation or time 
penalty. Due to their definition, most input-shaping 
methods, however, increase the travelling time by 
at least a half damped period or more [24], [26] and 
[27]. Further details on the comparison of methods of 
residual vibration elimination, such as zero vibration, 
zero vibration derivative, zero vibration double 
derivative and extra insensitive are provided by 
Singhose [7], Singhose et al. [27] and Vaughan et al. 
[28].

In the proposed approach, the distance to be 
travelled by the system is primarily divided into two 
equal parts. In the generation of each of the input 
signals, cycloid-plus-ramped and versine-plus-ramp 
functions are used [29]; then these two signals are 
joined to form the input signal applied to the system 
used in the elimination of residual vibration. Hence, 
a more robust method is obtained in reducing the 
residual vibrations. The proposed method has been 
applied in a flexible mechanical system. In the further 
sections of the presented work, the simulation and the 
experimental results of the new methods have been 
presented. In order to demonstrate the effectiveness 
of the proposed technique, the simulation and 
experimental results are compared with the results 
reported by Kapucu et al. [29]. The simulation and the 
experimental results show that the residual vibrations 
are considerably decreased with a high degree of 
robustness in the presence of uncertainty regarding the 
system parameters.

The outline of the paper is as follows: the first 
section presents the details of the experimental setup, 
which is followed by a section in which detail of the 
model of the system is provided. In the third section, 
the input-shaping methods are presented. In fourth 
section, the results related to computer simulation 
and experiments are presented. In the last section, 
concluding comments are made.

1  EXPERIMENTAL SETUP

The experimental setup used for performance analysis 
of the techniques is shown in Fig. 1. The experimental 
setup consists of a compound pendulum bonded to the 
sliding member (cart) fixed on the horizontal position 
of the hydraulically driven Stanford type manipulator, 
details of which are presented by Kapucu [29]. 

2  MODELLING OF THE SYSTEM

The mathematical model of the test setup is developed 
by using the Lagrange method. The model neglects 
the Coulomb friction of the joint and assumes that the 
manipulator is working in the horizontal plane and the 
pendulum in a vertical plane. Then, the equations of 
motion of the flexible system are [29]:
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where; mp is the mass of the pendulum (including the 
equivalent mass of the slender aluminium bar), Mc  
the mass of sliding member (cart and translating link), 
cc the damping coefficient of the hydraulic cylinder, cp 
the damping coefficient of the pendulum, A1 the piston 
area, A2 the area of piston rod side, P1 the pressure 
having impact on piston area, P2 the pressure having 
impact on the area of the piston rod side.

The control system of the hydraulic cylinder and 
the servo valve is shown in Fig. 1. The generated force 
on the hydraulic piston is controlled by an electro-
hydraulic servo-valve. The control variable is the 
position of the spool of the servo valve that is defined 
by equations that are provided by Baysec and Jones 
[30].

a)   b)
Fig. 1.  a) The hydraulically activated cart and pendulum system; and b) its schematic illustration
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3 INPUT-SHAPING METHODS

The presented study deals with two different 
approaches used in the elimination of residual 
vibration. The first method (Method A) is proposed 
by Kapucu et al. [29], details of which are presented 
in Section 3.1. The second method (Method B) is the 
proposed new method, details of which are presented 
in Section 3.2.

3.1  Method A: A Ramp-Plus-Ramped Cycloid-Plus-Ramped 
Versine-Based Reference Input Pre-Shaping Technique

In this approach, the reference input is composed of 
three functions. The total distance to be covered within 
a specified time is divided into three parts. Each part 
is travelled by each of the three functions within the 
same travel time. Provided that the specified move 
time and the total distance are unchanged, vibration 
can be eliminated by adjusting the excursion distance 
of each function. Each component of the input creates 
such oscillations that they cancel each other out. This 
results in a reduction of residual vibration. Most 
elastic mechanical systems can be modelled with a 
second order differential equation. 

The motion equation of such a system with 
damping ratio ζ and natural frequency ωn can be 
defined as:

     x t x t x t y t y tn n n n( ) ( ) ( ) ( ) ( ),+ + = +2 22 2ζω ω ζω ω  (3)

where ωn k m= .
A motion profile of a cycloid-plus-ramped 

versine-plus-ramp function is expressed as:
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where L1 is the maximum excursion distance to be 
travelled by ramp motion profile, L2 the maximum 
excursion distance to be travelled by cycloid motion 
profile, L3 the maximum excursion distance to be 
travelled by ramped versine motion profile, t time 
into motion, τ the travelling time, and R = 2π / τ. 
Furthermore, the total distance can be written as  
L = L1 + L2 + L3, then arranging the equation above 
becomes:

 Y t LRt L Rt L Rt( ) = − + −( )
2 2 2

12 3

π π π
sin( ) cos( ) .  (5)

The corresponding velocity profile is:

 Y t LR L R Rt L R Rt( ) = − −
2 2 2

2 3

π π π
cos( ) sin( ).  (6)

The solution of the equation of motion, Eq. (3), 
under the effect of the positional input Eq. (5) and the 
corresponding velocity Eq. (6) yields the following 
excursion distance values (L1, L2 and L3) for zero 
residual vibration with zero initial conditions:
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where ωn is the natural frequency, and Tn the natural 
frequency period. Variations of L1, L2 and L3 are 
possible with traveling time τ to result in an oscillation-
free displacement of the system. Theoretically, there is 
no traveling time restriction on the system, and this 
is the main advantage of this reference input-shaping 
technique [29].

3.2  Method B: Proposed Input-Shaping Technique

The proposed input-shaping method (Method B) 
utilises the first technique (Method A) presented in 
Section 3.1. With Method A, the Eqs. (4) to (7) are 
used to generate the command input required for the 
system. The proposed method, in contrast, divides the 
travelling time into two sections and calculates the 
command input as two separate inputs and then joins 
them to form the new input. 

The calculations for the new method are as 
follows, where the input is divided into two sections, 
and each one is calculated independently to form the 
first and the second parts of the input signal.

 L L L L L La b a b= + = =, ,2  (8)

 τ τ τ τ τ τ= + = =a b a b, ,2  (9)

 Ra b a b, ,
,= 2π τ  (10)
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As defined in Eqs. (8) to (12), the new method 
allows a virtual division of the motion of the system 
into two steps. Because the first step is completed 
with almost steady motion and with relatively reduced 
vibration levels, the second part of the motions starts 
with the advantage of very little or almost no residual 
vibrations. Consequently, the result of the second part 
of the motion yields better performance relative to the 
previously mentioned method. 

The details provided in Fig. 2 illustrate the 
command inputs generated using two different 
methods considered for analysis. The details on the 
generation of input-shaping functions for Methods 
A and B can be found in Sections 3.1 and 3.2, 
respectively. 

As illustrated in Fig. 2, Method A consists of two 
components with which the resulting residual vibration 
cancels out due to reverse act. However, Method B 
consists of four parts resulting in eliminated residual 
vibration at half way to the destination position. These 
features of the input signals can be seen clearly in Fig. 
2.

Fig. 2.  The input-shaping methods and generated input 
commands for total travelling distance of L = 0.09 m and travelling 
time τ = 0.9703 s (Ra,b = 12.8503, L1a,b = 2.7508, L2a,b = -2.2680, 

L3a,b = 0.0172)

4  SIMULATION AND EXPERIMENTS

In order to perform a comparison amongst the input-
shaping methods and the experimental results of the 

techniques, the previously described experimental 
setup and the mathematical model of the system is 
used. The experimental setup is driven using each 
input and the resulting residual vibrations as well as 
the cart position are measured. The Matlab model 
of the system is also provided with the same input 
commands to demonstrate the correlation between the 
theoretical and experimental results obtained. 

For the randomly selected motion time  
τ = 0.9703 s and the travel distance of the hydraulic 
cylinder L = 0.09 m, the generated input commands 
are applied to the Matlab model of the system and 
the experimental setup. The results of the study are 
presented in Figs. 3 to 5 for Methods A, B. In Figs. 
3 to 5, ωn* represents the estimated values the natural 
frequencies of the system.

In Figs. 3 to 5, the reference input and 
displacement of the hydraulic cylinder are given 
in meters. In contrast, the pendulum oscillation is 
given in the unit of radians. It can be seen that the 
simulation and test results match up very closely. This 
simply indicates that the behaviour of the developed 
Matlab model and the experimental setup are very 
much the same. This is mainly due to the accurate 
mathematical model of the mechanical [29] and the 
hydraulic systems [30]. In Figs. 3 to 5, simulation 
and experimental results of Methods A and B are 
illustrated. In these figures, an estimation error of 
±25% is introduced to the natural frequency of the 
system used in the calculation of the input signals. 
Figs. 3 to 5 are plotted with estimation errors of –25, 
0, +25%, respectively. In Figs. 3 to 5, it can be seen 
that Method A, the estimation error causes increasing 
residual vibrations of the pendulum ranging from 
4.68×10-4 to 1.92×10-2 rad. It can be seen that increase 
error in estimation of the natural frequency of the 
system causes increasing residual vibrations. These 
results are also validated in Fig. 6 (Method A) and 
Fig. 7 (Method A) where different predicted natural 
frequencies and sensitivity curves are presented, 
respectively.  

In Figs. 3 to 5, however, the results differ, ranging 
from 3.195×10-3 to 1.23×10-2 rad. As can be seen from 
Figs. 3 to 5, the increase in estimation of the natural 
frequency of the system causes much less increase in 
residual vibrations. Therefore, it can be concluded that 
the proposed new method is better in comparison to 
the old method. This conclusion is much clearer from 
the Fig. 7 (Method B) where the sensitivity curve 
for the new method is provided. The proposed new 
method has a wider insensitivity to variation of natural 
frequency resulting in a wider spectra compared to the 
old method.
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Fig. 3.  Method A and Method B with a) experimental and b) simulation results for total travelling distance of L = 0.09 m and travelling time  
τ = 1.293 s for -25% estimation error of natural frequency

Fig. 4.  Method A and Method B with a) experimental and b) simulation results for total travelling distance of L = 0.09 m and travelling time  
τ = 0.9703 s for accurate estimation of natural frequency

Fig. 5.  Method A and Method B with a) experimental and b) simulation results for total travelling distance of L = 0.09 m and travelling time  
τ = 0.776 s for +25% estimation error of natural frequency
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In order to estimate the robustness of the 
proposed methods against estimation error of the 
natural frequency of the model parameters, an error 
function has been defined as:

 ε ω
ω
ωn

n

n

( ) = −* ,1  (13)

where, ωn , ωn* shows actual and predicted values the 
natural frequencies of system, respectively. 

Due to the very low level of the damping ratio 
of the system (ζ = 0.08), its variation due to estimation 
error does not seem to affect the results as shown in 
Fig. 7. Therefore, the robustness analysis is performed 
only for the natural frequency estimation error-related 
variations. 

In Fig. 7, the variation of the residual vibration 
is presented against estimation error in the natural 
frequency and damping ratio. It can clearly be seen 
that the variation of error or uncertainty of damping 
ratio has a relatively reduced effect on the residual 
vibration of the system. Therefore, the uncertainties 
of the damping ratio do not play an important role in 
affecting the behaviour of the system due to its very 
low value, ζ = 0.08. In contrast, the estimation error in 
the natural frequency appears to affect the motion of 
the system and the resulting residual vibration levels. 

The figure also shows that the proposed method 
provides a more robust response relative to Method 
A. It is noteworthy that the lowest level of residual 
vibration is achieved using the proposed new 
technique.

Fig. 6.  Pendulum positions of different predicted natural frequencies for input-shaping Methods A and B-related experimental results for 
total travelling distance of L = 0.09 m, travelling time τ = 0.9703 s

Fig. 7.  Robustness of the system to uncertainties in the mode frequencies and damping ratios for the studied; a) Method A and b) Method B
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5  CONCLUSION

In this study, a new residual vibration elimination 
method is introduced, and a comparative study of 
two input-shaping techniques is performed. Both the 
theoretical and practical results have shown that the 
new technique seems to perform better relative to the 
other method mentioned. 
• From the simulation and experimental results, it 

is possible to conclude the following:
• It is shown that the proposed method (Method B) 

is far more robust than the old method (Method 
A). In other words, the proposed new method has 
a relatively wider insensitive natural frequency 
spectra in comparison to the old one.

• The advantage of the proposed technique is that 
it neither limits nor increases the move time, 
i.e. no time limitation or time penalty. Most 
conventional input-shaping methods, however, 
tend to increase the travelling time by at least a 
half damped period or more. 
It is shown that proposed new technique is simple 

and easy to implement, and can be considered to be a 
versatile and effective way to determine a trajectory 
resulting in reduced or eliminated residual vibrations 
of flexible systems with high robustness.

Therefore, it can be concluded that the proposed 
new method (Method B) is better relative to the old 
one (Method A) and to other conventional methods.
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