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General solution of heating and/or cooling of metallurgical furnace wall has been 
developed in the paper. Boundary conditions are time-dependent and solution is 
especially favourable for metallurgical furnaces vvhich operate discontinuously. 
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U radu je izvedeno generalno rješenje zagrijavanja i/ili hladenja zida metalurških peči 
s time da su granični uvjeti uzeti kao funkcija vremena pa je posebno pogodno za 
metalurške agregate koji rade diskontinuirano. 
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Introduction 

Heating and/or cooling of metallurgical furnace wall has 
been an interesting thermotechnical problem particularlv regard-
ing the choice of vvall furnace material, optimal control of 
process in the furnace, and adequate financial savings if this two 
aspects are harmonized. At heating and/or cooling furnace walls 
have been submitted to different thermal changes vvhich are a 
priori t ime-dependent. That is especially important at periodical 
heating and/or cooling of the vvall. So general solution of the 
problem has been derived vvith particular čase vvhen the furnace 
walls have been submitted to periodical changes of temperature. 

Definition of the problem of heating and/or cooling of 
furnace vvall 

At heating and/or cooling of furnace vvall Fourier 's differen-
tial equation of heat conduction1 is necessary to solve. vvhich in 
čase of homogenous isotropic material has the form: 

8u(x. t ) § 2 u(x , t J 

5t ' 8x : 
( 1 ) 

Equation (1) is going to be solved for the domain vvhich is il-
lustrated on figure 1. 

Initial and boundarv conditions are as follovvs: 

t = 0 u(x,0) = uO (2) 

t > ( ) u(0,t) = 9,( t ) (3) 

u( l , t ) = 9 : ( t ) (4) 

Solution of the problem 

Partial differential equation of heat conduction (1) vvith ade-
quate initial and boundarv conditions (2^1) has been solved by 
means of Laplace transform2 vvhich has been defined as: 

r u ) 
'1 
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x*o x= L 
F i g u r e I : Furnace vvall vvith initial and boundary conditions 

Slika 1: Zid peči s početnim i graničnim uvjet ima 

a [ u ( x , t ) } = u ( x . t ) = J e s ' u (x , t ) d t 
ii 

a j 8 U ^ j = s U ( x . s ) - u ( x , 0 ) 

| 5 : u ( x . t ) j d 2 u ( x . s ) 
a i — - — f = ^ — 5x~ dx~ 

( 5 ) 

( 6 ) 

( 7 ) 
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a{u(0 . t )} = t ( s ) 

a{u ( l . t ) } = «,2(s) 

(8) 

(9) 

vvhere 

<J\(s) = j e > k ( t ) d t , k = 1.2 (10-11) 

After applving Laplace transform to (1). the equation adopts 
the follovving form: 

d"U(x,s 1 / \ 1 / v 
- sU(x ,s ) = — u x,() 

dx '' 

Solution of equation (12) has the form: 

U(x.s) = C,(s)expj x \: s / a j + C \ ( s ) e x p f - \ \ s / a j + 
u(x.0) 

(13) 

Constants C(s) have been defined by means of boundary 
conditions: 

u ( 0 . s ) = C l + C , + ^ = O l ( s ) (14) 

U (l.s) = C, exp( IV S / a j + C, exp( -1V s / a j + — = <t>:(s) ( 15) 

and the result is 

C, s = 
0,(s)exp — 1V s / a - 1 - e x p - l \ s / a j ) 

e x p f - l \ s / a j - e\p 1 \: s / a 
( 1 6 ) 

\ ( , (, ,1 exp 1 s / a ) + s exp l-\ s / a 1 - 1 

exp -1 s / a - exp I \: s / a 

Constants C, and C, have been substituted in equation (13) 
and the solution in terms of Laplace transforms is 

U(x,s) = 0,(s)F,(x.s) + 0 : ( s jF : (x , s ) + -^- [ l -F , (x .s ) -F , (x ,s ) j ( IX) 

vvhere 

- x) s / a sh(l-
F. x,s = — — 

sh 1 V s / a 

F : (x .s) = 
sh x \ s / a 

sh 1V s / a 

(19) 

(20) 

Functions F,(x.s) and F,(x.s) are transforms of Jacobi i), 
funetion': 
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x at 
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2;ia •r-/ vn / , , . . nn \ 
= — " A l " ' ) n exp I-n~7Tat / L sin 
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vvhere is \), (v. x) Jacobi t), funetion4"6 

0 ; ( v . x ) = ^ e x p ( 2 k ; t i v - k27Cx) = 
k 

= 1 + 2 ^ e x p -n27t2x cos2nrcv (23) 

Bv means of Borel theorem (theorem about image of func-
(12) tions composition) and theorem about integration o f t h e original 

final solution of equation (I S) in the real area has been obtained. 
vvhich represents temperature distribution in furnace vvall: 

- f — d , 
1 ) , 5x 

+ u„ ; 1 + 

1 - x a / , 
. — t - T 

2 1 l 2 1 
( p , ( t ) d t + 

r § f — d . J S v ' 1 J 8x 2 1 1 ; 
d t -

1 J , 6x 

1 - x a 

2 I 1 : 
d T 

(24) 

In the čase vvhen furnace vvall has been submitted to period-
ical temperature changes. for example 

cp, (t) = sin bt 

tp, (t) = cos cos C t 

125) 

( 2 6 ) 

' ' The temperature distribution has the form: 

i v _na i— TtK\ 
u ( x - , ) = — Z . k s i n — 

exp -J t 2 k 2 at ) 
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cos ct -t-c sin ct 
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+ u " 1 { [l - exp ( -47 r 2 k 2 a t /12)] s i n ^ 1 ^ 

(27) 

Conclusion 

In real conditions of heating and/or cooling of metallurgical 
furnace vvalls boundarv conditions have been time-dependent. 
So general solution of heating and/or cooling has been relativel-
ly complicated thermotechnical problem vvhich has been solved 
in the paper by means of classical methods vvith Jacobi i), fune-
tion. 



List of simbols 

a - thermal difusivity 
b - constant 
c - constant 
i - imaginary unit 
k - integer number 
I - thickness of furnace vvall 
n - natural number 
t - time 

u - temperature 
x - coordinate 
<t> 1. <t>2 - functions of time 
t - time 
8 , - Jacobi 's function 
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