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Izvleček

V članku je predstavljena splošna analitična rešitev za 
enodimenzionalno konsolidacijo nezasičene zemljine v 
različnih časovno odvisnih obtežnih pogojih, ki temelji 
na metodi diferencialne transformacije (DTM). Zlasti 
so dobljene analitične rešitve za različna razmerja 
med koeficienti v vodilnih enačbah za konsolidacijo 
nezasičenih zemljin. Tehnika razširitve Fourierjeve vrste 
je spremenjena tako, da upošteva tako kontinuirano difer-
encialno obtežbo, kot tudi periodično posamično obtežbo. 
Primerjava med rezultati predlagane rešitve in obstoječe 
teoretične rešitve kaže, da predlagana rešitev daje odlične 
rezultate, medtem ko je enostavno dobiti analitično rešitev 
konsolidacije nezasičenih zemljin. Ugotovljeno je bilo tudi, 
da lahko razlike v koeficientih v vodilnih enačbah znatno 
vplivajo na disipacijo tako pornega zračnega nadtlaka 
kot tudi pornega vodnega nadtlaka, čeprav so velikosti 
njihovih variacij različne.
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Abstract

A general analytical solution is developed for the one-
dimensional consolidation problem of unsaturated soil 
under various time-dependent loading conditions based on 
a differential transformation method (DTM). In particular, 
analytical solutions are obtained for different relationships 
between the coefficients in the governing equations for 
unsaturated soil consolidation. The Fourier series expan-
sion technique is adopted to account for both the continu-
ous differentiable loading and the periodic piecewise 
loading. A comparison between the results of the current 
solution and the existing theoretical solution indicates 
that the proposed solution yields excellent results, while it 
is straightforward to obtain the analytical solution of the 
unsaturated consolidation problems. It was also found that 
the variations in the coefficients in the governing equa-
tions can significantly influence the dissipation of both the 
excess pore-air pressure and the excess pore-water pressure, 
though the magnitudes of their variations are different.  
 

1 INTRODUCTION

The subsidence induced by the consolidation (or 
compression) of unsaturated soil under environmental 
loadings is a subject of great interest in geotechnical 
engineering practice [1]. Several consolidation models 
for unsaturated soils have been proposed since 1960. 
Early contributions include those by Blight [2], Scott [3] 
and Barden [4]. Perhaps the most popular consolida-
tion model for unsaturated soils is the one proposed by 
Fredlund and Hasan [5], in which two partial differential 
equations are employed to describe the dissipation of 
the pore pressures. Due to its nonlinear nature, it is 
generally difficult to obtain analytical solutions for the 
consolidation problem associated with unsaturated soil, 
and thus most of the existing solutions are numerical 
[5-7]. Compared with its numerical counterpart, an 
analytical solution, if available, is much simpler and 
more robust, providing an exact solution for the verifica-
tion of computer codes and semi-analytical solutions. 

Thus far, several efforts have been made to develop 
analytical solutions to the consolidation problem for 
unsaturated soil. Using the Laplace transform and the 
analytical inverse Laplace transform, Qin et al. [8] 
obtained an analytical solution for the consolidation 
of a single-layer unsaturated soil subjected to stepwise 
loading. In this problem, the boundary conditions for 
the water and air phases are permeable on one side of the 
surfaces, and impermeable on the other. Adopting the 
same method, Qin et al. [9] derived another analytical 
solution in the time domain, in which the external load-
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ing exponentially varies with the time. Using the variable-
separation method, Shan et al. [10] derived an exact solu-
tion to the governing equations for the one-dimensional 
consolidation of single-layer unsaturated soil. It should 
be noted that the expressions for the theoretical solutions 
mentioned above are complicated, so that it is generally 
difficult to use them. As a result, these analytical solutions 
have not been extensively applied in practice.

Ho et al. [11] obtained an analytical solution using the 
techniques of eigenfunction expansion and Laplace 
transformation. In their solutions the temporal change 
of the total pressure is assumed to be constant. After-
wards, adopting the same method, they derived a series 
of analytical solutions subjected to different types of 
external loadings for one-dimensional consolidation 
[12], 2D plane-strain consolidation [13] and axisym-
metric consolidation [14-15] of an unsaturated soil. 
By considering time-dependent loading under various 
initial and boundary conditions, Zhou and Zhao [16] 
obtained an analytical solution for the one-dimensional 
consolidation of unsaturated soils by introducing two 
new state variables. However, this solution was devel-
oped without considering the correlations among the 
equation coefficients. In fact, all these coefficients are 
related to the properties of the soil. It is therefore impor-
tant to reveal the relationship between the equation 
coefficients and the solutions. Conte and Troncone [17] 
developed an analytical solution for the one-dimensional 
consolidation problem of soils subjected to arbitrarily 
variable loading. However, this solution does not take 
into account the effect of the pore-air flow. 

Despite their own merits, all the above-mentioned solu-
tions suffer from the following two shortcomings: I) their 
solution procedures are very much involved so that these 
solutions are generally difficult to apply in practice, and 
II) the relationships between the equation coefficients and 
the solutions are not well defined. In addition, although 
some specific time-dependent loading has been addressed 
in these solutions, an analytical solution to the problem 
under a general loading condition, such as cyclic loading 
and periodic piecewise loading, has yet to be developed. 

In this paper, on the basis of a differential transform 
method (DTM) and the Fourier series expansion 
techniques, a comprehensive analytical solution for 
Fredlund and Hasan’s consolidation model subjected 
to loading described by an arbitrary function of time is 
presented within this context. Based on these solutions, 
the consolidation of the single-layer unsaturated soil 
subjected to arbitrary external loading is studied. The 
exact solutions are validated and the consolidation 
characteristics of the unsaturated soil are discussed by 
analyzing several examples.

2 GOVERNING EQUATIONS

Without loss of generality, it is assumed hereinafter 
that 1) an isothermal condition and homogeneous soil 
condition prevail in the spatial domain of concern, 2) 
the deformation of the soil matrix is linear elastic and 
infinitesimal, 3) both the solid material and the pore 
water are incompressible, 4) the pore gas is an ideal gas 
and continuous, 5) the coefficients of permeability with 
respect to water and air, and the volume change moduli 
remain constant during the transient processes, and 6) 
the effects of air diffusing through the water and the 
movement of the water vapor are ignored. The governing 
equations for the consolidation equation of the unsatu-
rated soils was originally proposed by Fredlund and 
Hasan [5], and later modified for different applications. 
For a one-dimensional consolidation problem associated 
with unsaturated soil, which is subjected to infinitely 
distributed forces on the boundary (Fig. 1), the govern-
ing equations can be simplified as
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uw and ua are the unknown excess pore-water pressure 
and the excess pore-air pressure, respectively; σ is the 
total vertical stress that is a function of the time; 1

w
km  is 

the coefficient of the water volume change with respect 
to the change in the net normal stress (σ–ua); m2

w  is the 
coefficient of the water volume change with respect to 
the change in the matric suction (ua– uw), 1

a
km  is the 

coefficient of the air volume change with respect to the 
change of the net normal stress; and 2

am is the coefficient 
of the air volume change with respect to the change in 
the matric suction. Subscript k stands for the K0-loading 
condition (i.e., zero lateral deformation); kw is the water 
permeability in the unsaturated soil, which is assumed to 
be constant during the consolidation; γw is the density of 
the water phase; ka is the air conductivity; 0 0

a a atmu u u= +  ; 
R is the universal air constant; Ttem is the absolute 
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temperature; Ma is the average molecular mass of the 
air phase; 0

au  is the initial excess air pressure; uatm is the 
atmospheric pressure; Sr is the degree of saturation; and 
nr is the porosity.

The initial conditions and boundary conditions, respec-
tively, are given by 

ua(z,0) = 0
au , uw(z,0) = 0

wu
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where, 0
au  and 0

wu  are the initial excess air and water 
pressures (at t = 0), respectively. It should be noted 
that for the situations in which the lower surface of the 
soil layer is also permeable like the upper surface (i.e., 
double-drainage condition), the boundary condition 

given by 
∂

∂
=

∂
∂

=
u H t
z

u H t
z

a w( , ) , ( , )0 0  has to be imposed in 
the middle of the layer (at z = H/2). In other words, the 
results for the single drainage condition can be adopted 
to determine the solution for the double drainage condi-
tion by interpreting H as the drainage height. 

Figure 1. One-dimensional consolidation in unsaturated soils. 

Using the same procedure as Conte and Troncone [17], 
the general loading function σ(t) can be expanded into 
a larger number M of harmonic components using the 
Fourier series, provided that σ(t) is a periodic function 
satisfying Dirichlet's conditions in the interval (0,T). 
Namely, we have
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where the amplitudes ak and bk associated with the 
frequency wk = 2kπ/T (with k = 1, 2, 3 ...) are provided, 
respectively, by 
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T is the period of the σ(t), and a0 can be obtained from 
Eq. (5) by setting w = 0, i.e.,

a
T

t dt
T

0 0

2
= ∫ σ ( )

3 ANALYTICAL SOLUTIONS

For convenience, Eq. (1) can be written in the following 
dimensionless forms: 
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3.1 Homogeneous cases

Under a constant surface traction, i.e., dσ/dt = 0 , Eq. (8) 
ends up with the following homogeneous equations: 
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The differential transformation method (DTM) is 
an analytical method for solving integral equations, 
ordinary and partial differential equations. The method 
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provides the solution in terms of a convergent series 
with readily computable components, i.e., it is an itera-
tive procedure for obtaining the analytical Taylor-series 
solutions of differential equations. Different applications 
of the DTM method can be found in [18-29]. Based on 
the DTM, we have
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By substituting Eq. (15) into Eq. (12), we can derive 
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Accordingly, the initial condition, Eq. (13), can be 
rewritten as
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which also implies that
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where N is a large positive integer.

From the boundary conditions, Eqs.(14), we have

U j U ja
j

j
w

j

j
( , ) , ( , )0 0 0 0

0 0
τ τ

=

∞

=

∞

∑ ∑= =

( ) ( , ) , ( ) ( , )i U i j i U i ja
j

ij
w

j

ij
+ = + =

=

∞

=

∞

=

∞

=

∞

∑∑ ∑∑1 0 1 0
00 00

τ τ   (19b)

that is,
U j U ja w( , ) , ( , )0 0 0 0= =

( ) ( , ) , ( ) ( , )i U i j i U i ja
i

w
i

+ + = + + =
=

∞

=

∞

∑ ∑1 1 0 1 1 0
0 0

            (21)

Substituting Eqs. (18) and Eq. (21) into Eq. (16), and 
using the recursive method, we can derive 
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where aw(j) and aa(j) satisfy the following recursive formula
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Note that the series expression of a sine function is: 
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Hence Eqs. (29) and (30) can be rewritten as 
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Let N →∞ . By using Eqs. (25) and (26) and the series 
expression of an exponential function, Eqs. (29) and (30) 
can be written as

υ τ ξ
π

π
ξ

τ τ

a

A A

n

B e B e
n

n( , ) sin(( ) )=
+
+

+
=

∞

∑
4

2 1
2 1

2
1 2

0

1 2

            (33)
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+
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+
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∑
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           (34)

where 
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2
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1
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Finally, we obtain the analytical solutions for the excess 
pore-air and water pressures in unsaturated soils as 

u z t u B e B e
n

n z
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A A

n
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+
+

+
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∑
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        (35)
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∑
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π
πτ τ

      (36)

where τ ( )= C t HV
w 2  is the characteristic time of the 

excess pore-water pressure dissipation.

3.2 Non-homogeneous cases 

According to the exact solutions for the above homogenous 
governing equations and the principle of superposition 
[30], the exact solutions for the non-homogenous govern-
ing equations, Eqs. (8)-(10), assume the following forms: 

u z t t n
H

za n
n

( , ) ( )sin( )=
+

=

∞

∑φ π
2 1
20

u z t t n
H

zw n
n

( , ) ( )sin( )=
+

=

∞

∑ϕ π
2 1
20

Substituting Eqs. (37) and (38) into Eqs. (8)-(10), and 

multiplying the resultants by sin( )2 1
2
n
H

z+
π , and integrat-

ing the resultants of Eq. (8) from 0 to H with respect to 
z, we obtain a family of ordinary differential equations as

Y M Y Nn n n n
′ = +

which is subjected to 

Yn
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n
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T

Eq. (39) can be solved in a straightforward way, yielding 

Y M Y M M Nn n n n n n

t
t t d= + −∫exp( ) ( ) exp( ) exp( ) ( )0

0
ξ ξ ξ  (41)

According to the Hamilton-Cayley Law [31], the funda-
mental matrix, exp(Mnt), can be expressed as

exp( ) ( ) ( )( )M I M In nt r t r t= + −1 2 2
λ

with the functions r1(t) and r2(t) satisfying 

′( ) = ( )r t r t1 1 1
λ

′ ( ) = ( ) + ( )r t r t r t2 1 2 2
λ

(37)

(38)

(39)

(40)

(42)

(43a)

(43b)
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where, r1(0)=1, r2(0)=0, ′( ) = ( )r t r t1 1 1
λ  and ′ ( ) = ( ) + ( )r t r t r t2 1 2 2

λ  are the two eigenval-
ues of the matrix Mn.

3.3 Settlement

The excess pore-air and water pressures are analytically 
calculated using Eqs. (37)-(43). Now, the settlement at 
any moment, S(t), can be obtained via [10]

S t m z t u z t z u z dz

m u

k
s

a a
H

s
a

( ) {[ ( , ) ( , )] [ ( , ) ( , )]}

{[ (

= − − −

+

∫1 0

2

0 0σ σ

zz t u z t u z u z dzw a w
H , ) ( , )] [ ( , ) ( , )]}− − −∫ 0 0

0

 (44)

where m m mk
s

k
w

k
a

1 1 1= +  is the coefficient of volume 
change with respect to a change in the net stress, and 
m m ms w a

2 1 1= +  the coefficient of volume change with 
respect to a change in the matrix suction, under the 
K0-loading condition.

4 EFFECTS OF THE COEFFICIENTS ON THE 
SOLUTIONS

It is important to note that, for the above solutions to 
exist, the matrices A and C must be non-singular, i.e.,

det( )A =
−

−
≠

1
01 3

2 3

C C
C C

 ,  det( )C = ≠
C

Ca
w 1

1
0

Hence, with Eq. (11), it follows that

C C CV
a

a w↑ ↑0 1,

The coefficients Ca, Cw and CV
a are associated with the 

soil type and the hydraulic condition [5, 8-12]. For a 
fully saturated soil, the coefficients of Eq. (1) become 
Cw=0, Ca=0, CV

a=0 and Ca
σ = 0. Consequently, the param-

eters in Eq.11 become C1=0, C2=0 and C3=0, so that

C C CV
a

a w= = =0 0 0, ,

When the total stress (i.e., the applied surface traction), 
σ, is constant, Eq. (1) degenerates into the classic equa-
tion for excess pore-water pressure in fully saturated 
soils [32], i.e.,

∂
∂

=
∂
∂

u
t

C u
zV

w w w
2

2

In such a situation, the excess pore-water pressures 
under a single drainage condition is given by (using Eqs. 
(35) and (36))
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Noting that 
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we obtain
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(49)
which is exactly the analytical solution of the 1-D 
consolidation problem for the saturated soil under 
instantaneous loading, single drainage, and a constant 
initial pore-water pressure distribution [33].

Now consider the situations that Eq. (45) is violated, i.e., 
the above-obtained solutions are no longer applicable. 
As in the first case, it is assumed that coefficients Ca , Cw 
and CV

a satisfy
C C CV
a

a w≠ =0 1,
i.e., 

C C C3 1 20 1≠ =,

For convenience, it is also assumed that σ is constant. In 
this case, the governing equations for the problem can 
be written as

∂
∂

+
∂
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It is straightforward to prove that the analytical solutions 
of Eq.52 are
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(54)
In general, the coefficients CV

a  and CV
w  are proportional 

to the air conductivity (ka) and water the conductivity 
(kw). If the coefficients Ca , Cw and CV

a satisfy the follow-
ing conditions: 

C C C C CV a w a w
a = ≠ ≠0 0 1, ,

i.e.
C C C C C3 1 2 1 20 0 1= ≠ ≠, ,

In this case, the governing equations of the problem 
degenerates into 
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The solutions of Eq. (57) are given by.
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In addition, when the coefficient Cw
σ  in Eq. (1) is equal 

to a negative parameter η, which accounts for the 
compressibility of the soil and the pore fluid, and Cw=0, 
Ca=0, CV

a=0, Ca
σ = 0, C CV

w
v
w=η  , Eq.1 degenerates into the 

equation studied by Conte and Troncone [17], through 
in an opposite direction coordinate system. 

5 EXAMPLES 

To validate the above-derived analytical solutions, a 
typical example is computed using both the current 
solutions and those developed by others (e.g., Qin et al. 
[8]). The parameters used in the calculations are 

Cw = −0 75. , Ca = −0 0775134. , C kV
w

w= −500 m, 
C kV
a

a= −64504 4. m, H=10m, ua
0 20= kPa, uw

0 40= kPa, 
m k
s
1

42 5 10= − × −. kPa, m ms
k
s

2 10 4= .  .

Firstly, under a constant surface traction q(t)=q0 
(q0=100kPa), the top surface (Fig. 1) is permeable to 
water and air, whereas the bottom surface is imperme-
able to water and air. It is instructive to note that the 
above parameters satisfy Ca Cw = 0.0058135050≠1 and 
CV
a≠0, since ka≠0. In this case, the analytical solution is 

given by Eqs. (35) and (36). The calculated results are 
presented in Fig. 2, where Qin et al.'s results [8] for 
ka/kw=0.1 are also given for comparison.

Fig. 2 illustrates that the calculated results of the current 
solution and Qin’s solution are practically identical, 
showing the validity of the current solution. It is clear 
that the value of ka/kw can significantly influence the 
calculated results. Clearly, both the excess pore-water 
pressure and excess pore-air pressure decrease with an 
increase in the value of ka/kw. As time elapses, both uw 
and ua gradually dissipate and finally approach a stable 
value. As expected, the dissipation of the excess pore-air 
pressure is much faster than the excess pore-water pres-
sure. The greater the value of ka/kw, the more quickly the 
pore pressure dissipates. However, it should be noted 
that the value of ka/kw has little influence on the dissipa-
tion of the excess pore-water pressure at a later stage of 
consolidation (when t >108s).

Figure 2. Variations in the excess pore-air 
(a) and excess pore-water (b) pressures with dimensionless 

time for different values of ka/kw. 

Figure 3. Compression of a single-layer unsaturated soil varia-
tion with time for different values of ka/kw. 
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Variations of the normalized settlement S/S0(S0S m q Hk
s

0 1 0= H0) 
caused by the constant surface traction are illustrated in 
Fig. 3.It is clear that at the beginning of the consolidation 
the settlement generally proceeds faster as ka/kw increases, 
thus characterizing the inverse sigmoid shapes. However, 
at the later stage of consolidation, for all the ka/kw values, 
the settlement curves increase unanimously after 108s.

Now, consider the situation that the coefficients Ca , Cw 
and CV

a satisfy Eq.(50). In this case, the solutions of the 
problem are given by Eqs. (53) and (54). In the calcula-
tions, it is assumed that C1 = 1.0, H = 10m, ua

0 20=  kPa, 
and uw

0 40=  kPa. The calculated results are illustrated in 
Fig.4, which shows the variations of uw and ua with time 
under different C3 (i.e., C C CV

a
V
w

3 = ) for the single drain-
age condition. The top surface is permeable to water and 
air, whereas the bottom surface is impermeable to water 
and air. Clearly, both the excess pore-water pressure and 
excess pore-air pressure gradually decrease with time, 

Figure 4. Variations of the excess pore-air 
(a) and the excess pore-water (b) pressures with time for differ-

ent values of C C CV
a

V
w

3 =  .

and finally approach a stable value. In contrast to Fig. 
2, however, both uw and ua dissipate almost simultane-
ously to a stable value. In addition, it is clear that the 
excess pore-air pressure decreases with an increase of 
C C CV

a
V
w

3 = , whereas the excess pore-water pressure 
variation shows a different tendency.

For the situation that the coefficients Ca , Cw and CV
a 

satisfy Eq.(55), the solutions are given by Eq. (58) and 
(59). In the calculations, the parameters are selected as: 
H = 10m, ua

0 20=  kPa, and uw
0 40=  kPa. The calculated 

results are given in Fig.5 for the different values of C1 at 
C2 = –0.2 . It is clear that, in practice, a variation of C1 
has no effect on the dissipation of the pore pressure.

To explore the influence of C2, Fig. 6 shows the results 
of Eqs. (58) and (59) for different C2 at C1 = –0.07 . It is 
clear that with the change of time, the excess pore-air 
pressure decreases and it finally attains a stable value. 

Figure 5. Variations of the excess pore-air 
(a) and the excess pore-water (b) pressures with dimensionless 

time for different C1 at C2 = –0.2 .



95.Acta Geotechnica Slovenica, 2018/1

J. Li et al.: A general analytical solution to the one-dimensional consolidation problem for unsaturated soil under various loading conditions

Throughout the consolidation process, coefficient C2 has 
the least influence on the change of the excess pore-air 
pressure. From Fig.6b it is clear that C2 has a significant 
effect on the change of excess pore-water pressure. In 
addition, the stabilized time of the excess pore-air pres-
sure is at about 106s and the excess pore-water pressure 
is at about 109s.

Figure 6. Variations of the excess pore-air 
(a) and the excess pore-water (b) pressures with dimensionless 

time for different C2 at C1 = –0.07 .

Finally, we address the one-dimensional consolidation 
problem of unsaturated soil under a variable loading 
condition. Assume that the coefficients Ca , Cw and
CV
a satisfy Eq. (45). Then the solutions to the problem 

are given by Eqs. (37)-(42). Two cases of loading are 
discussed, in which sinusoidal and trapezoidal tractions, 
respectively, are applied to the top boundary (Fig. 7), 
respectively. 

Sinusoidal traction:

q t q t( ) sin( )= 0
82 10π

Trapezoidal tractions: 

q t

q t t t t

q t t t

t t T

c b

b c

c

( )

,

,

,

=

≤ <

≤ <

≤ <








0

0

0

0

 

In the first case (Fig. 7a), the sinusoidal surface traction 
is applied. In the calculations, the amplitude q0 of the 
sinusoidal loading is 100 kPa with an angular frequency 
of 2π/108. The other parameters are the same as in the 
example of Fig. 2. In the second case (Fig. 7b), the cycli-
cal trapezoidal surface traction is applied, q0 = 100kPa.

Figure 7. Applied loadings on the top boundary: 
(a) the sinusoidal surface traction (b) the cyclical trapezoidal 

surface traction.

The results for the sinusoidal loading are shown in Fig. 
8, which depicts the temporal variations of the excess 
pore-air and water pressures for different values of ka/kw. 
Both uw and ua disappear gradually. At the final stage, 
the changes of uw and ua enter a phase of fluctuation. 
The fluctuation amplitude of uw is larger than that of ua. 
In addition, both uw and ua decrease with the increase of 
ka/kw in the initial stage.

Variations of the normalized settlement S/S0(S0S m q Hk
s

0 1 0= H0) 
caused by the cyclical sinusoidal surface traction are (59)

(60)
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Figure 8. Variations of the excess pore-air 
(a) and the excess pore-water (b) pressures with time for differ-

ent ka/kw under the sinusoidal loading condition.

illustrated in Fig. 9. The settlement curves are similar 
to those induced by a constant loading at the beginning 
of the consolidation, in which the settlement generally 
proceeds faster as ka/kw increases, thus characterizing the 
inverse sigmoid shapes. However, for all the ka/kw values, 
the settlement curves increase dramatically after 107s as a 
result of a significantly increasing loading.

The trapezoidal loading (Fig.7b) was adopted by Conte 
and Troncone [17] in their analysis. In this case, by using 
Eqs. (5) and (6), we obtain

a qT
k t

k
T
t k

T
t k

T
tk

b
b b c= + −

2
2 2 2 12 2π
π π π[cos( ) sin( ) ]      (61)

b qT
k t

k
T
t k

T
t k

T
tk

b
b b c= −

2
2 2 2

2 2π
π π π[sin( ) cos( )]           (62)

Figure 9. Compression of a single-layer unsaturated soil 
variation under the sinusoidal loading condition with time for 

different values of ka/kwn.

Figure 10. Variations of the excess pore-air 
(a) and the excess pore-water (b) pressures with time for differ-

ent ka/kw under the trapezoidal loading condition.
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In the calculations, it is assumed that tb = 0.13tc , tc = 
2.6H2/C C CV

a
V
w

3 = , and T = 1.1tc . The results are shown in Fig.10 
and Fig.11. It is clear that the temporal variations of both 
uw and ua can be separated into several stages in accor-
dance with the applied loading. Similar to the case of the 
sinusoidal loading, the final stages of the excess pore-
water pressure variation show a clear fluctuation, and 
the final stages of the excess pore-air pressure variation 
similar to the case of the constant loading. However, the 
excess pore-water pressure and excess pore-air pressure 
decrease with the increase of ka/kw at the beginning. 

Figure 11. Compression of a single-layer unsaturated soil 
variation under the trapezoidal loading condition with time for 

different values of  ka/kw.

From Fig.11 it is clear that the settlement curves are 
similar to those induced by a constant loading and 
sinusoidal surface traction at the beginning of consoli-
dation, in which the settlement generally proceeds as 
ka/kw increases. However, for all the ka/kw values, at 
a final stage after 108s, the changes of the settlement 
dramatically enter a phase of fluctuation as a result of a 
significantly increasing loading. 

6 CONCLUSIONS

This paper introduces the differential transform method 
and the Fourier series expansion techniques to deter-
mine a more strict general analytical solution for excess 
pore pressures in an unsaturated soil layer subjected 
to various time-dependent loadings. The differential 
transform method can intuitively and simply obtain the 
analytical solution for the unsaturated consolidation 
problems. 

According to the relationship between the coefficients 
for the unsaturated consolidation governing equations, 
different analytical solutions are obtained. Addition-
ally, the procedure makes use of the Fourier series. 
Therefore, it allows the consideration of both continuous 
differentiable loading (e.g., sinusoidal loading) and 
periodic piecewise loading by a suitable choice of the 
series period. Excellent agreement was found between 
the results obtained using the present solution and those 
derived from existing theoretical solutions.

Moreover, through the analytical solutions, it is clear that 
the effect of changes to the ratio ka/kw on the change of 
the excess pore-air pressure and water pressure and the 
settlement is significant. However, the impact on both 
the magnitude of change is different. Besides, the effects 
of the coefficients of the equations (Ca , Cw , CV

a, C C CV
a

V
w

3 = ) 
are investigated. When the four (Ca , Cw , CV

a, C C CV
a

V
w

3 = ) meet 
different relationships, the influence of the coefficients on 
the analytical solutions are obviously different. However, 
The coefficient of C1 has no effect on the dissipation of 
the pore-air and pore-water pressures, and the coefficient 
of C2 has no effect on the dissipation of the pore-water 
pressure.
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