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Abstract

We generalize the example of linear set presented by the last two authors in “Vertex
properties of maximum scattered linear sets of PG(1, ¢™)” (2019) to a more general family,
proving that such linear sets are maximum scattered when g is odd and, apart from a special
case, they are new. This solves an open problem posed in “Vertex properties of maximum
scattered linear sets of PG(1,¢™)” (2019). As a consequence of Sheekey’s results in “A
new family of linear maximum rank distance codes” (2016), this family yields to new
MRD-codes with parameters (6, 6, g; 5).
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1 Introduction

Let A = PG(V,Fyn) = PG(1, ¢"), where V is a vector space of dimension 2 over Fyn. If
U is a k-dimensional IF;-subspace of V, then the F;-linear set Ly is defined as

Ly = {{w)p,. :u€U\{0}},

and we say that Ly has rank k. Two linear sets Ly and Ly of PG(1, ¢™) are said to be
PI'L-equivalent if there is an element ¢ in PT'L(2, ¢™) such that Lg = Ly . It may happen
that two [F,-linear sets Ly and Ly of PG(1, ¢™) are PI'L-equivalent even if the F-vector
subspaces U and W are not in the same orbit of I'L(2, ¢™) (see [5, 12] for further details).
In this paper we focus on maximum scattered F ;-linear sets of PG(1, ¢™), that is, F-linear
sets of rank n in PG(1, ¢") of size (¢" — 1)/(¢ — 1).

If ((0,1))r,. is not contained in the linear set Ly of rank n of PG(1,¢") (which we
can always assume after a suitable projectivity), then U = Uy := {(z, f(z)) : * € Fyn}
for some linearized polynomial (or g-polynomial) f(x) = Z?:_Ol a;z? € Fyn[z]. In this
case we will denote the associated linear set by Ly. If L is scattered, then f(x) is called
a scattered g-polynomial; see [24].

The first examples of scattered linear sets were found by Blokhuis and Lavrauw in [3]
and by Lunardon and Polverino in [18] (recently generalized by Sheekey in [24]). Apart
from these, very few examples are known, see Section 3.

In [24, Section 5], Sheekey established a connection between maximum scattered linear
sets of PG(1, ¢™) and MRD-codes, which are interesting because of their applications to
random linear network coding and cryptography. We point out his construction in the last
section. By the results of [1] and [2], it seems that examples of maximum scattered linear
sets are rare.

In this paper we will prove that any

fu(z) =900 — h0 100" g8 L0 heFpe, hOH =-1, godd (I.1)
is a scattered g-polynomial. This will be done by considering two cases:
Case 1: h € Iy, that s, fr(z) =21— z? + 2 + J:’15; the condition K2 +1 = —1 implies
g=1 (mod 4).
Case 2: hh ¢ F,. In this case h # £+/—1, otherwise h € F 2 and then we have h4T! = 1,
a contradiction to h?"+1 = —1.

Note that in Case 1, this example coincides with the one introduced in [27], where it
has been proved that fj, is scattered for ¢ = 1 (mod 4) and ¢ < 29. In Corollary 3.11 we
will prove that the linear set £, associated with fj,(z) is new, apart from the case of ¢ a
power of 5 and h € IF. This solves an open problem posed in [27].

Finally, in Section 4 we prove that the IF,-linear MRD-codes with parameters (6, 6, ¢; 5)
arising from linear sets £}, are not equivalent to any previously known MRD-code, apart
from the case h € I, and ¢ a power of 5; see Theorem 4.1.

2 L, is scattered

A g-polynomial (or linearized polynomial) over I ;» is a polynomial of the form

flx) = Zaixqi,
i=0
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where a; € Fg» and ¢ is a positive integer. We will work with linearized polynomials of
degree less than or equal to ¢"~!. For such a kind of polynomial, the Dickson matrix'
M(f) is defined as

ago ay Gp—1
q q q
Ap_1 ) Ap_2 X
M(f):= . . .y : eFy",
n—1 n—1 n—1
aj a3 ag

where a; = 0 for7 > t.

Recently, different results regarding the number of roots of linearized polynomials have
been presented, see [4, 9, 22, 23, 26]. In order to prove that a certain polynomial is scat-
tered, we make use of the following result; see [4, Corollary 3.5].

Theorem 2.1. Consider the q-polynomial f(x) = Z;:Ol a;x?" over Fyn and, with m as a
variable, consider the matrix

m a1 An-1

q q q
al . m al_

n—1 n—1 ne1
af al m4

The determinant of the (n — i) X (n — i) matrix obtained by M (m) after removing the first
i columns and the last i rows of M(m) is a polynomial M,,_;(m) € Fyn[m]. Then the
polynomial f(x) is scattered if and only if My(m) and My(m) have no common roots.

2.1 Casel

Let
2 4 5
flx) =29 —a? + 27 429 €Fyolz].

By Theorem 2.1, f(x) is scattered if and only if for each m € Fys the determinants of the
following two matrices do not vanish at the same time

1 -1 0o 1 1
mi 1 -1 0 1
Msm)=| 1 m% 1 oo,
11 me 1 -1
0 1 1 ma 1
m 1 -1 0 1 1
1 ma 1 -1 0 1
1 1 m< 1 -1 0
Ms(m)=| o 1 1 ¢ 1 1
-1 0 1 1 md 1
1 -1 0 1 1 m?

IThis is sometimes called autocirculant matrix.
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Theorem 2.2. The polynomial f(z) is scattered if and only if g = 1 (mod 4).

Proof. If ¢ is even, then for m = 0 the matrix Mg(0) has rank two and f () is not scattered.
Suppose now ¢ = 3 (mod 4). Then let m € F,2 \ F, such that m* = —4. So

m= qu = mq4 — = —md = —m? and, by direct checking,
det(Ms(m)) = (M> +4)2 =0, det(Mg(m)) = —(M> +4)>=0

and f(x) is not scattered.
Assume ¢ = 1 (mod 4) and suppose that f(z) is not scattered. Then there exists
myg € Fge such that

(det(Ms(mo)))? =0, (det(Mg(mo)))? =0, s,t=0,1,2,3,4,5. 2.1)
Consider
L1 0 11 X 1 -10 1 1
1Y 1 -10 1
yor-10 1 1 1 Z 1 -1 0
Pi=det|1 Z 1 -1 0|, P,=det (2.2)
0 1 1 U 1 -1
11 U 1 -1
01 1 v 1 10 1 1 V 1
1 -1 0 1 1 W
Therefore, )
X=mg, Y=ml ..., W=md (2.3)

isaroot of P, =: Pl(o), Py =: Pz(o) and of the polynomials inductively defined by
Pi(j)(X7Ya27U3V7W):Pi(j_l)(KZvU7VaVV7X)a j:1>27374357 i:1727

which arise from Equation 2.1. These polynomials satisfy
(3-1) q . ¢ & q s\\7 _ p0) q . ¢ & q* 5
(Pi (mo,md,m¢ ,m¢ ,m§ ,m?)) =P (mo,m,m¢ ,m{ ,m{ ,m?).

One obtains a set S of twelve equations in X, Y, Z, U, V, W having a nonempty zero set.

The following arguments are based on the fact that taking the resultant R of two polyno-

mials in S with respect to any variable, the equations S U { R} admit the same solutions.
We have

P, =YZUV -YZU =-2YZ+2YU+4Y —ZUV +2ZV -2UV +4V 416 = 0. (2.4)
Consider the following resultants:
Q1 := Resy (P¥ P)) = 2(XY2ZU — XY2ZW + XY2UW + 2XY2W
—2XYZU +2XYZW = 2XYUW +8XYW +8XY — 8XW + 16X

—Y2ZUW — 2Y2ZU + 2V ZUW — 8YZU —8Y Z + 8YU — 8YW
+82ZU —16Z + 16U — 16W),
Q2= Resy (P, P)) = XYZW - XYZ - XYW +2XZ
“OXW —2YZ +2YW +4Z + 4W + 16,
Qs = Resy(P\” ,P) = XYZU - XYZ — 2XY +2XZ
+4X —YZU +2YU — 22U + 4U + 16.
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They all must be zero, as well as

Resw (Resy(Q1,Qs), Q2) = 8(YZ —4) (Y2 +4)(X — Z)(XZ +4)(XY —4). (2.5)

We distinguish a number of cases.

1.

Suppose that Y2 = —4. Since¢q=1 (mod 4), X =Y =Z=U =V =W. So
P =X*-2X%48X +16

and the resultant between X2 + 4 and P; with respect to X is 227 # 0 and then (2.3)
is not a root of P;, a contradiction.

2. Condition YZ = 4 is clearly equivalent to XY = 4. This means that Y = U =
W =4/X,7Z =V = X. Therefore, by (2.4) we get X2 + 4 = 0 and we proceed as
above.

3. Case XZ = —4. Inthiscase Z = —4/X, U =—-4)Y,V=—-4/Z =X, W =Y,
X = Z and therefore X2 = —4 and we can proceed as above.

4. Condition X = Z implies X € Foandso X = Z =V andY =U = W. By
substituting in P, and P,

X3Y? 4+3X%Y —6X7Y? - 12X% +3XY? + 24XV — 12V — 64 =0,
X?Y? — X?Y +2X% - XY? —4XY +4X +2Y? +4Y + 16 = 0.
Eliminating Y from these two equations one gets
8(X?+4)° =0,
and so X2 + 4 = 0. We proceed as in the previous cases.
This proves that such mg € Fy ¢ does not exist and the assertion follows. O
2.2 Case2

We apply the same methods as in Section 2.1. In the following preparatory lemmas (and in
the rest of the paper) ¢ is a power of an arbitrary prime p.

Lemma 2.3. Let h € Fys be such that he*+1 = —1, b4 = 1. Then

A b~

h # —h;

pa+1 £ 1;

R+ £ LR if q is odd;

RAC+4 4 124h2q2+2q+2 + h* = 0 implies p = 2 and he’ =4+l = 1 or q = 3%,
s € N*, b9 —9tl = /1.

Proof. The first three are easy computations. Consider now

A 14p207 202 4 e — g,

For p = 2 the equation above implies Re’ e+l = 1,
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Assume now p # 2. Since h # 0, it is equivalent to
(he"—at1yt 4 14(pe 012 1 —

that is (h%°~9F1)2 = —7 £ 4/3 = (/=3 £ 2y/=1)% Let z = —7 + 41/3. Note that
he’ e+l = +4/% belongs to F 2. We distinguish two cases.

o /z€TF,. Then
1= a0 = (R — (£ 2) T = = 74 4V3,

a contradiction if p # 3. Also, z = —1, ¢ is an even power of 3, and pae—a+l _

+v-1
e /z ¢ T, Then

—1 = pH = (p eyl — (1 )T = — 713,
a contradiction if p # 2. O
Lemma 2.4. Let h € Fys be such that he’+1 = —1, h* # 1. If a root o of the polynomial
patiqa+l 4 (hq2+q+2 + h2q2+2)Tq + (h2q2+2 _ hq2+1)T
T A R ARy L A= )
belongs to IF 46, then one of the following cases occurs:

e p=2 K1l =1; or

e g=3% 5>0 k"9 = /"1 or
° J:j:(hq + h?); or

e hecl,

Proof. First, note that o = 0 would imply h?(h? + h)q(hq2+1 —1) = 0 which is impossible

by Lemma 2.3. Therefore o # 0 and 09 = 72',_(()2), where

() = (B4 - 1)L g )
ml(X) (th 4+ B 24g+1 + h2q +1)
Ez(X) hq + h)(2hq +q+1X + h2q +q+2 + h3q +2 + h3q 1 pe +2q)
mz(X) hq+1(h2q +2X + thX 4 th 242q+1 + 2h2q +q+1)
(X) =

05(X (hq + h) (3h2q +a+2 x =+ h3ax + h3q +g+3 + h4q +3 + 3hq2+3q+1
+ 3h2q +2q+1)

ma(X) = hO TURBCHBX 4 3pa H2at1 x4 320 2042 | g3 a2 4 pda g ot +3a)



D. Bartoli et al.: A new family of maximum scattered linear sets in PG(1, q6) 131

ly(X) = (hq2+1 - 1)(h4q2+4X + 6h2q2+2‘1+2X +hYMX 4 4h3q2+2q+3 + 4h4q2+q+3
+ 4pa°Fia+1 =+ 4h2q2+3q+1)
ma(X) = BT (ARSCTITBY | ARa B Y | pActatd | p5a | 6,207 +3042
4 GR3CT20H2 y pBa g pattaa)
l5(X) = —(h7+h) (h5q2+5X +10R3C 203 x| ppatHaatl x| At +20+4
+ 5ROy op20 HAat2 | 03a° 042y O y paSa)
’ITL5(X) = 5h4q2+q+4X + 10h2q2+3q+2X + h5qX + h5q2+q+5 i h6q2+5
+ 10h342+3q+3 + 10h4q2+2q+3 + 5hq2+5q+1 i 5h2q2+4q+1
06(X) = (h? + h)1(6RPTaT5 X 4 20’ T3a+3 X 4 gX pa +5at+L | 60’ +at6
4+ RTH6 4 15pAa’+3a+4 | 5p5a7 2044 4 5207 +50+2
4 1537 H4a+2 | pTa 4 hq2+6q)

me(X) = hSTH0X 4 1540 H2atH4 x4 15720° HAat2 X 4 pa° X 4 6p50° H20H
 6RO97HATS | gop3a A | gopda’ 30+ 4 gpatH6atl 4 gp2a7 Bt

Since 04° = o, in particular
(R20°2 4 p20) (A0 + L 14p20°+2052 L 20y (B9 — p9) (0 +h9 4+ ) (g —hI—he ) = 0.
The claim follows from Lemma 2.3. O

Lemma 2.5. Let h € Fyo be such that pa*+l = 1, pA = 1. If a root o of the polynomial
ROHITEHL (B9 4 )9+ € F o[T]

belongs to I s, then
o =£(h? + h9).

Proof. If 0 = 0, then h?+h = 0, a contradiction to Lemma 2.3. So we can suppose o # 0.
Then

ha—1 4 1)9+1
gt — (T A1)
o
ol = (ha7? +1)q3+q27q710

o (ha=1 4 1)+ =’ = e+l (pa 4 p)2a
ol =— = :
o o

So, o = +(h?" + h9). O
Let h € Fys be such that pa*+l = 1, pd # 1. By Theorem 2.1 the polynomial

fu(x) = h91a? — (th_l)qu +at 2
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is scattered if and only if for each m € F 46 the determinant of the following two matrices
do not vanish at the same time

m pa—l _pai-l 0 1 1
1 mi  pee pma-l 0 1
2 2 2
1 1 m4 —h~T -l pa—d 0
Mg(m) = . . . o mea _pid® | (2.6)
hatl 0 1 1 md  p
_peHL pa 0 1 1 ma’
pa—l _pa*-l 0 1 1
me  pema pa-l 0 1
Ms(m)=| 1 m?  —pTl pama : 2.7
ma’ pl-t  _pl-a’
1 mi pa—d

Theorem 2.6. Let h € Fys, ¢ = 2°, be such that K+l = 1. Then the polynomial
fo(@) = ht=1z7 — (b0 )27 4 29 + 29" is not scattered.

Proof. Consider m = he® + he. So,

1 2 2 1 1 3 1 1
74 — q md — _ md — —
m—h+h, m _hq+h’ m _hq2+hq’
1 5
mq4:h+ﬁ, m? = h9+ h.

By direct checking, in this case, both det(Mg(m)) = det(Ms(m)) = 0 and therefore
fn(z) is not scattered. -

Theorem 2.7. Let h € Fye, ¢ = p°, p > 2, be such that R+l = —1and h ¢ F,. Then
the polynomial fy(x) = h9= a9 — (h?" =127 4 24" + 27 is scattered.

Proof. First we note that h* # 1 since ¢ is odd, h ¢ F,, and h¢’+* = —1. Suppose that
f(x) is not scattered. Then det(Meg(mo)) = det(Ms(mo)) = 0 for some mg € Fye.
Consider

q ¢ ¢ q* ¢
X=mg, Y=my, Z=mj, U=my, V=myg, W=mg.

With a procedure similar to the one in the proof of Theorem 2.2, we will compute resul-
tants starting from the polynomials associated with det (Mg (1)), det(Ms(mg))?’, and
det(Ms(mg))? .

Eliminating W using det(M5 (mo))q3 = 0 and U using det(M5 (mo))q5 = 0, one gets
from det(Mg(mp)) =0

R 20+ (XY Yo (X, Y, Z,V)p3(X,Y, Z,V) = 0,
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where
Q1(X,Y) = hITLXY 4 B2 +2X — pa X 4 pa ety 4 202y
+ pa’+20+1 + pRa°+atl _ p2q hq2+q;
0a(X,Y, 2, V) = h T2 XY 7V — h€ Y 2XY Z — B2XY — hATIXY
— R 7y p2ORRXY g2t Xy a2ty 7
_ h2q2+q+3YZ _ hq2+q+2y _ h2q2+2y _ hq2+2q+ly
_ h2q2+q+1y _ hq2+2q+1ZV _ h2q2+q+1 7V — h2q2+q+1v
— PP — gAY 3Ty p2aaES e
+ h20°+2¢+2 + p3C+at2 _ gpatat2 _ 9p2d°+2 _ 9pa®+2¢+1
_ gp2a’+atl + patl 4 pai+1 4 B2 4 hq2+q;
03(X,Y, 2, V) = h Y2 XY ZV 4+ B Y2 XY Z — B2XY — R XY
+ h2q2+q+1XZV _ h2q2+2XV _ h2q2+q+1XV _ hq2+2q+3YZ
_ h2q2+q+3YZ + hq2+q+2y + h2q2+2y + hq2+2q+1Y
+ ROy _ pat R0l gy 20 et gy p2a ekl
+ h3q2+1V + h2q2+2qV + h3q2+qV + h2q2+q+3 + h3q2+3
+ h2q2+2q+2 + h3q2+q+2 _ th2+q+2 _ 2h2q2+2 _ th2+2q+1
_op2aPtatl | patl 4 pd®+l oy p2a y paita
o If ¢;(X,Y) = 0, then by Lemma 2.4 either ¢ = 32° and pa—atl — ++/—1, or
X = +(h?" + o).
In this last case,
Y =d(-h 1 +h7), Z=%(-h1—hY), U=%(-h " —h9) 08
V=+4h-n7),  W==(hi+h). '

By substituting in det(Ms(mg)) one obtains

A(h + )T (R — 1) (R — p9) = 0
and ) ,

4(h + R (BT —1)(hT T 4 h?) =0,
respectively. Both are not possible due to Lemma 2.3.
Consider now the case ¢ = 32, b9 ~9+! = +/—T and X # £(h? + h?). So,
using 1 (X,Y) = 0and h% ~7T1 = +,/=1,

det(M5(m0)) =0=
hE T2 (Ra* 1 p) (R 4 ) (R — 1) (he +9 4 h9)3 (AT — p2)3 .
C(R2CH2 R L p20) (X 4 e 4 b9 )2(X — hd — he)? = 0.
By Lemma 2.3 we get
h2q2+2 _ hq2+1 + h2q — 07

which yields to a contradiction.
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o If po(X,Y, Z,V) = 0and 91 (X,Y) # 0, eliminating V' in det(M5(mg)) = 0 one
gets

2R30 T2t (pat2y 7 _ ot 2 _ pattatl | pa g opy.

(XY + RO Hatl 4 p20° 41 _ pa® gy

C(RITIX Z 4 patt 4 RO+ 4 p2a 4 hq2+q) .

C(WITEY Z + BY + hIY — WOt 7 4 paz - p@ 2 gt et gy ) =,

— Ifh9t2Y Z — ha°+2 _ pa’+a+l 4 pa 4 = 0 then, from

Re*+2 4 paitatl _pa _p
- hat2y ’

det(Ms) = 0 gives
(h + W) (RY — RCH 4 1)(hY + R — 1) = 0.

So, (2.8) holds and as in the case p1(X,Y) = 0 a contradiction arises.
— I hXY + hO+a+l 4 p20°+1 _ pa® _ pa = ( then, from
_paPtatl _ p2d°+1 4 pa® 4 pa

Y= hX :

the equation det(M5(myg)) = 0 yields
(h? + R)(RT T = 1)(X = h? — h9)(X + h? + h9) = 0.

So, (2.8) holds and as in the case 1 (X,Y’) = 0, a contradiction.
— Ifh9H1XZ + hetl + p@°+1 4 24 4 pa°+4 = ( then by Lemma 2.5

(X —h? —h)(X +h? + h%) =0,

again a contradiction as before.

— I RIT2Y Z 4 hY +h9Y — hC a1 Z 4 pa 7 — p*+2 _pdtatl f pa g = 0
then
(h1 + h)Y — pa*+2 _ pa’tatl L pa 4p

Z= hat2y — ptatl 4 pa

So, substituting U = 29,V = 29, W = 2%’ X = 7" in det(M;(mq)) = 0
we get
(h— )T (A + )9 (h9 4 R)TTI(RTH — 1) -
S(hY —hCTL L 1D2(RY + AT 1) = 0.

By Lemma 2.3, (hY —h9" 1 4 1)(RY +he" 1 —1) = 0. Since Y = +(h?" —
1/h) then (2.8) holds and a contradiction arises as in the case ¢1(X,Y) = 0.
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o If p3(X,Y,Z, V) =0and p1(X,Y) # 0, eliminating U from det(M5(mp)) =0 =
det(M5(m0))q5 and then eliminating V using 3(X,Y, Z, V) = 0 one gets

2h3q2+q+1(hq + )Y Z — RO+2 _ patatl 4 opa h)? -
(hXY + RO tatl 4 p2a7 41 o pa® ha) -
C(RITIX Z 4 hO 4 gL 20 4 pa) = 0,

A contradiction follows as in the case 2 (X,Y, Z, V) =0and p1(X,Y) #0. O

3 The equivalence issue

We will deal with the linear sets £, = Ly, associated with the polynomials defined in
(1.1). Note that when h € [y, such a linear set coincide with the one introduced in [27,
Section 5].

3.1 Preliminary results

We start by listing the non-equivalent (under the action of I'L/(2, ¢)) maximum scattered
subspaces of Fgﬁ, i.e. subspaces defining maximum scattered linear sets.

Example 3.1.
1. U' := {(x,29) : © € Fys}, defining the linear set of pseudoregulus type, see [3, 11];
2. U2 = {(z,629 + :cqs) cx € Fes}, Ngoyg(6) ¢ {0, 1}, defining the linear set of
LP-type, see [16, 18, 20, 24];
3. U} = {(z, 21 +6xq4) cx € Fge}, Nyoygs () ¢ {0, 1}, satisfying further conditions
on § and ¢, see [0, Theorems 7.1 and 7.2] and [23] 2.
4. U == {(x, 21 129+ 63&‘15) :x €Fp},goddand 62 + 6 = 1,see [10, 21].

In order to simplify the notation, we will denote by L' and LY the F,-linear set defined
by U! and U}, respectively. We will also use the following notation:

Uy = ha—1ga—pa?—1ga? ypat fpad-

Remark 3.2. Consider the non-degenerate symmetric bilinear form of s over IF; defined
by
(@, y) = Trgs jq(xy),

for each x,y € F 6. Then the adjoint f of the linearized polynomial f (z) = Z?:o a;z? €

L., with respect to the bilinear form ( , ) is

i.e.

Trgs /(2 f(y) = Tres s (yf (),
forany x,y € Fge.

2Here q > 2, otherwise it is not scattered.
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In [10, Propositions 3.1, 4.1 and 5.5] the following result has been proved.

Lemma 3.3. Let Ly be one of the maximum scattered of PG(1,¢%) listed before. Then a
linear set Ly of PG(1, ¢°) is PT'L-equivalent to Ly if and only if U is I'L-equivalent either
to Uy or to Uf Furthermore, Ly is PT'L-equivalent to Lg’ if and only if U is I'L-equivalent

to Ug.

We will work in the following framework. Let xg, . . ., x5 be the homogeneous coordi-
nates of PG(5, ¢%) and let

Y= {<(a:7xqa'~'7xqs)>]Fq6 S Fqﬁ}

be a fixed canonical subgeometry of PG(5, ¢%). The collineation & of PG(5, ¢%) defined
by ((zo,...,z5)§ , = ((xd,af,... ,4))r  fixes precisely the points of 3. Note that if
o is a collineation of PG(5, ¢°) such that Fix(c) = %, then o = &%, with s € {1,5}.

Let ' be a subspace of PG(5,¢%) of dimension & > 0 such that ' 1Y = (), and
dim(I’'NT7) > k — 2. Let r be the least positive integer satisfying the condition

dim(TNT°NT° N---NT7) > k — 2r. 3.1

Then we will call the integer r the intersection number of I" w.r.t. o and we will denote it
by intn, (T); see [27].

Note that if & is as above, then intns (I') = intngs (T") for any T

As a consequence of the results of [1 1, 27] we have the following result.

Result 3.4. Let L be a scattered linear set of A = PG(1,¢%) which can be realized in
PG(5,q%) as the projection of ¥ = Fix(c) from T ~ PG(3,4°) over A. If intn, (T") #
1, 2, then L is not equivalent to any linear set neither of pseudoregulus type nor of LP-type.

3.2 L is new in most of the cases

The linear set £}, can be obtained by projecting the canonical subgeometry

= {((z,2%,27, 27" 2T 2T )i, 1w € i)

from
. o = 0
’ hqilﬂjl th2*1x2+:c4+x5 =0
to
Tr1 = 0
A To = 0
' r3 = 0
Ty = 0.
Then

& T = 0
’ hq27ql‘2 —+ hiqill'g + X5 + X9 = 0
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and
2 To = 0
FU : 2 2
—h~17a 3+ h™9 "9y + 29 + 21 = 0.
Therefore,
o = 0
N T = 0
I'nre: 2
—hlay+xs+a5=0
hq27qx2 —+ hiqil.’ﬂg + x5 = 0
and
o = O
I = 0
N N =0
rarenre’. ¢
Ty +2x5=0
h= 9 lzs + 25 =0
—h g + g, = 0.

Hence, dimg, , (TNI?) = 1 and dimg , (CNT?NT?") = —1, since g is odd and A" +1 # 1.
So, intn, (I') = 3 and hence, by Result 3.4 it follows that £}, is not equivalent neither to
L' nor to L3.

Generalizing [27, Propositions 5.4 and 5.5] we have the following two propositions.

Proposition 3.5. The linear set Ly, is not PT'L-equivalent to L3.

Proof. By Lemma 3.3, we have to check whether U, and U 53 are I'L-equivalent, with
Nys /42 () ¢ {0,1}. Suppose that there exist p € Aut(Fye) and an invertible matrix (¢ %)
such that for each = € F 6 there exists z € [F ¢ satisfying

a b x? B z
c d) \pela=Dgra _ pp(@®=1) 40 4 ppa® 4 gpd® ) = \ ga 4 5p0" )

Equivalently, for each z € F6 we have?

cx? + d(h9 Pt — RO —1ppa® 4 et 4 qus) —
adzPd + bq(hqz—qgjpf 4 RO o ppd” 4 z”)

+ 5[aq4qu4 +pe (h—q2+qqu5 _ patlge 4 ogpd® qus)].
This is a polynomial identity in 2 and hence we have the following relations:

¢ = b7+ §patipe’

dhi~! = a4

—dha* =1 = pa-apa 4 5pe’t
0= h=1=9p7 4 57"

d = 6a?"

d=b9+ 5hI—9pa".

(3.2)

3We may replace h” by h, since he*+1 = _1ifand only if (hp)‘?3le =1
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From the second and the fifth equations, if @ # 0 then §h9~! = a?=7" and Ngs /gs(8) =
1, which is not possible and so @ = d = 0 and b, ¢ # 0. By the last equation, we would get
Ngs/q3(0) = 1, a contradiction. O

Proposition 3.6. The linear set Ly, is PT'L-equivalent to L} (with 6 + § = 1) if and only
if there exist a,b,c,d € F g and p € Aut(Fys) such that ad — be # 0 and either

or

where k = hP.

c=b1— kT H1pT
a0 = —katipdt _ sapd’
d=k=1t1pe" 4 §p7°

3 2 5 3.3
b4 —|—(k:‘1_1 + §kata )bq =0 3.3)
kT =9b9 + (1 + kT —9)p? + kT 109" = 0
=60 + (k=01 + 62810t 4 5bT =0
¢ =01 — kT H1p”

a = —§agatipdt _ pa®

— L—at+1pe® o pd®

d=k=9t1p7" 4+ (3.4)

57" + (k71 — kT Ha)pT =0
Sk —aba 4 (k94 4+ 1)b9" 4 k9" ~1pe" = 0
5207 + (k=91 4 824" +1)pe” 4 p?” =0,

Proof. By Lemma 3.3 we have to check whether U}, is equivalent either to U or to (Ug*)L.
Suppose that there exist p € Aut(F,s) and an invertible matrix (¢ %) such that for each
x € [Fyo there exists z € F e satisfying

a b xP B z
c d) \pela=Dgrea _ pp(@®=1) 10 4 ppa® o gpd® ) T\ ga 4 na® 45,40 )

Equivalently, for each x € F ;s we have

cx? + d(k9~ 2P — R P I xﬁqs) —

2 2 3 5
alpPl + bq(kq APt 4 plmagpt 4 P x”)
4+ q@pp? 4 e’ (quJrlmpq4 O ped® oy ppa :qu2)

+ 5[aq5qu5 B Y o R Ipq“)].

This is a polynomial identity in ” which yields to the following equations

¢ = b1 — §kTH1pT

dki=1 = a9 4 b9 + 5K+ pT”
—dk? 1 = et -ape 4 pe’
0=Fk=91b7 4 a2 + §b7
d=k=1t1p7" 4 §b7
d=0b1— k= +1p7" 4 5q7°
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which can be written as (3.3).
Now, suppose that there exist p € Aut(FF4s) and an invertible matrix (‘C‘ g) such that
for each x € [F s there exists z € Fge satisfying

a b g _ z
c d) \pela=Dgra — pp(@®=1)3pa® 4 ppa® 4 ppd® ) T \§u0 4 400 4 80 )

Equivalently, for each x € F 6 we have

cx? + d(k9™ 2P — [ P R xﬂfls) —
Sla%zP? + bq(qu—qxptf + g lmaged 4 oppd® )]
+ @ r? 4 bqs(kz*‘ﬁlx”‘# P ped® e :quQ)

+a? 2Pt 4 BT (— AT g TP g gpd’ g ey,
This is a polynomial identity in x” which yields to the following equations

¢ = 6be — k" +1pd’

dki=t = a4 b9 + kata pt”
_dk? 1 = §pa’—apa 4 pd’
0= 6k=9"1p7 4 a7 + b’

d = k—at1pd® 4 pd’

d=6b1 — k=T +1p" 4 g4

which can be written as (3.4). O

We are now ready to prove that when h ¢ F 2, Ly, is new.
Proposition 3.7. If h ¢ F 2, then L), is not PT'L-equivalent to L} (with 6> + 6 = 1).

Proof. By Proposition 3.6 we have to show that there are no a, b, c and d in Fye such that
ad — bc # 0 and (3.3) or (3.4) are satisfied. Note that b = 0 in (3.3) and (3.4) yields
a = ¢ = d = 0, a contradiction. So, suppose b # 0. Since h ¢ F 2 then k ¢ [F>. We start
by proving that the last three equations of (3.3), i.e.

Eq,: b + (k7! 4 6k4+9)pe” = 0
Eqy: k9799 4+ (14 k9 ~9)b9" 4 6k4° 107" = 0
Eqg: —0b9 + (k=9+1 4 625147 )pa” 4+ 6b7° = 0,

yield a contradiction. As in the above section, we will consider the g-th powers of Eq;,
Eq, and Eqs replacing b, k7, and 5¢" (respectively) by X;, Y, and Z, with i,7 €
{0,1,2,3,4,5} and ¢ € {0,1}. Consider the set S of polynomials in the variables X;, Y},
and Z,
a B ¥
S = {qu]% ?qu >EC1§ : 017 ﬁa ’7 € {05 17 27 37 47 5}}

By eliminating from S the variables X5, X4, X3, and X5 using Eq,, Eq?, Eq(114, and Eq{f3
respectively we obtain

XY (Z\YEYs — Z\VoY3 — 20 Yo + Z1Ye — Z2 Zo — Zy) = 0.
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By the conditions on b and k, XoY; # 0 and therefore
P = Z2\Y3Ys — Z2\YoYs — Z0Yo + Z1Ye — Z3 Zo — Zy = 0.
We eliminate Z; in S using P, obtaining, w.r.t. b, k, and 9,
bR (k — k) (k + k) (KT — 1)(k7 T +1) =0,

a contradiction to k ¢ [F 2.
Consider now the last three equations of (3.4), i.e.

Eq,: 0b9° + (k771 — §k4°+9)pe” = 0
Edy: 6kT ~9b9 4 (K4 ~9 + 1)b9° + k9 157 =0
Eqy: 0267 4 (k=91 4 62k~ +1)pe° 457" = 0.

As before, we will consider the g-th powers of Eq;, Eq,, and Eq; replacing be', kqj, and
51 (respectively) by X;, Y;, and Z, with ¢, j € {0,1,2,3,4,5} and ¢ € {0,1}. Consider
the set S of polynomials in the variables X;, Y; and Z,

S = {Eq?",Eq? Bt : o, 8,7 € {0,1,2,3,4,5} 1.

We eliminate in S the variables X5, X4, X3, and X, using Eq;, Eqf, Eq’{l, and Eq‘f3
respectively, and we get

YoXo(Z1YEYE +22,YoY2Yo + 22, Yo Yo + 21V = YEYE — Yo Y2Yo — Yo Yo — YV2) = 0.
Since b # Oand k ¢ F,2, XoYp # 0 and therefore
P = Z\Y§Y5 + 220 Yo Y Ys + 221 Yo Yo + Z1 Y — YVE — VoYY — YoYo — Y = 0.

Once again we consider the resultants of the polynomials in S and P w.r.t. Z; and we
obtain , , )
kT 29k — k) (k + k) (kT T — 1)(k7 T 4+ 1) = 0,

a contradiction to k ¢ F 2. O

As a consequence of the above considerations and Propositions 3.5 and 3.7, we have
the following.

Corollary 3.8. If h ¢ F 2, then L}, is not PI'L-equivalent to any known scattered linear
set in PG(1, ¢%).

3.3 L, may be defined by a trinomial

Suppose that i € Iz, then the condition on / becomes hat1 = —1. For such h we can

prove that the linear set £;, can be defined by the g-polynomial (h~% — 1)z? + zd’ 4
(h—1)x7",

Proposition 3.9. If h € F 2, then the linear set Ly, is PI'L-equivalent to

Ltri = {<(.’L‘7 (h_l _ l)xq + xq3 + (h — 1)$q5)>ﬂ7q6 L xr e F:;(;}
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Proof. Let A = (2%) € GL(2,¢°) witha = —h+h" ' b = 1,c = ot —1—
h3 4+ h? and d = h — h? — 1. Straightforward computations show that the subspaces
Up and Uy, 1) 10 00 4 (n—1)ga® 3TC I'L(2, ¢°)-equivalent under the action of the matrix
A. Hence, the linear sets Ly, and Ly,; are PT'L-equivalent. O

The fact that £}, can also be defined by a trinomial will help us to completely close the
equivalence issue for £;, when h € F 2. Indeed, we can prove the following:

Proposition 3.10. If h € F 2, then the linear set Ly, is PT'L-equivalent to some L} (6% +
0 =1)ifand only if h € F, and q is a power of 5.

Proof. Recall that by [27, Proposition 5.5] if h € IF, and ¢ is a power of 5, then £y, is PT'L-
equivalent to some Lj. As in the proof of Proposition 3.6, by Lemma 3.3 we have to check
whether U, -1 1),0 a4 (n_1)205 18 T'L-equivalent either to Uy or to (U$)*. Suppose

that there exist p € Aut(F,e) and an invertible matrix (g Z) such that for each z € Fyo
there exists z € Fyo satisfying

a b g - z
¢ d) \(h=° = 1)art +2r8 + (b — D)ar?” ) ~ \29+4 27 + 627 )

Let k = h”, for which k9! = —1. As in Proposition 3.5, we obtain a polynomial identity,
whence 3 5

c=0b1(k? — 1)+ b7 +6b7 (k=7 — 1)

dk=' —1) =a

0=0b1(k"7—1)+ b0 (k9 — 1)+ b7°5

3 (3.5)

d=al

0="0%+0b" (k=9 —1) 4 b7 (k% —1)5

d(k —1) = da?’.

By subtracting the fifth equation from the third equation raised to ¢, we get
b1 = b¢ (k7 — 1),
ie.eitherb=0o0rk?—1= (bq)qkl, whence we get either b = 0 or Nys /2 (k7 — 1) = 1.
Ifb#0,since k — 1 € Fy2 and Nyo jg2 (k — 1) = (k — 1)® = 1, then
k*—3k* +3k—2=0
and, since Ngs /g2 (k9 — 1) = 1 and k% = —1/k,
2k% 4+ 3k* + 3k +1 =0,

from which we get
9k —3k+5=0. (3.6)

o If k ¢ I, then k and k7 are the solutions of (3.6) and

)
1=kt = Z
9 9
which holds if and only if ¢ is a power of 7. By (3.6) it follows that k € Fg, a
contradiction.
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o If k € IFy, then k2 = —1 and by (3.6) we have k = —4/3, which is possible if and
only if ¢ is a power of 5.
Hence, if either k ¢ F, or k € Fy with ¢ not a power of 5, we have that b = 0 and hence
c=0,a# 0andd # 0.

By combining the second and the fourth equation of (3.5), we get Nyo /42 (k=1-1)=1
and, since k7 = —1/k, Ngs /42(k? + 1) = —1. Arguing as above, we get a contradiction
whenever k ¢ F, or k € F, with ¢ not a power of 5.

Now, suppose that there exist p € Aut(F4s) and an invertible matrix (‘; 3) such that
for each x € IF 6 there exists z € F e satisfying

a b xf _ z
c d (h=P = 1Dzr? + 2P + (h* — l)qud T \d27 4+ 24" 427 )7

Let k = h”. As before, we get the following equations
c=0b9(kT —1) + b7 + b7 (k7 — 1)
d(k=t —1) = a4

0=6b9(k7 — 1) + b7 (k7 — 1) 4 b7

o (3.7)
0=6b7+ b7 (k=7 — 1) + b7 (k9 — 1)
d(k—1) = a?.

By subtracting the fifth equation from the third raised to ¢? of the above system we get
b= b (k79— 1).

If b # 0, then Ngo /42 (k™7 — 1) = 1. Hence, arguing as above, we get that b = 0 and hence
c =0, a,d # 0. By combining the fourth equation with the second and the fifth equation
of (3.7) we get Nys /42 (k — 1) = 1, which yields again to a contradiction when k ¢ I, or
k € IF, with ¢ not a power of 5. O

So, as a consequence of Corollary 3.8 and of the above proposition, we have the fol-
lowing result.

Corollary 3.11. Apart from the case h € Fy and q a power of 5, the linear set Ly, is not
PT'L-equivalent to any known scattered linear set in PG(1, ¢°).

By Proposition 3.9, when h € Fg2, £}, is a linear set of the family presented in [23,
Section 7]. Also, we get an extension of [21, Table 1], where it is shown examples of
scattered linear sets which could generalize the family presented in [10]. We do not know
whether the linear set £y, for each h € Fo \ Fg2 with pa’ 1 — —1, may be defined by a
trinomial or not.

4 New MRD-codes

Delsarte in [13] (see also [14]) introduced in 1978 rank metric codes as follows. A rank
metric code (or RM-code for short) C is a subset of the set of m x n matrices IF’[I”X” over
IF, equipped with the distance function

d(A,B) =1k (A — B)
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for A, B € F;**". The minimum distance of C is
d=min{d(A,B): A,B€C, A+# B}.

We will say that a rank metric code of ;"™ with minimum distance d has parameters
(m,n, g;d). When C is an F;-subspace of F;"*", we say that C is 'y -linear. In the same pa-
per, Delsarte also showed that the parameters of these codes fulfill a Singleton-like bound,
ie.

|C| < qmax{m,n}(min{m,n}fd+1)'

When the equality holds, we call C a maximum rank distance (MRD for short) code. We
will consider only the case m = n and we will use the following equivalence definition for
codes of F"*™. Two IF-linear RM-codes C and C’ are equivalent if and only if there exist
two invertible matrices A, B € F"*™ and a field automorphism ¢ such that {AC’ B :
CeC}=C,or {ACT°B : C € C} = (', where T denotes transposition. Also, the
left and right idealisers of C are L(C) = {A € GL(m,q) : AC C C}and R(C) = {B €
GL(m,q) : CB C C} [17, 19]. They are important invariants for linear rank metric codes,
see also [ 15] for further invariants.

In [24, Section 5] Sheekey showed that scattered F-linear sets of PG(1, ¢™) of rank n
yield F,-linear MRD-codes with parameters (n,n, g;n — 1) with left idealiser isomorphic
to Fyn; see [7, 8, 25] for further details on such kind of connections. We briefly recall
here the construction from [24]. Let Uy = {(z, f(z)) : © € Fyn} for some scattered g-
polynomial f(x). After fixing an IF-basis for F,» we can define an isomorphism between
the rings End(F ., F,) and Fj ™. In this way the set

Cri={x—af(x)+br:a,beFpm}

corresponds to a set of m x n matrices over IF, forming an F-linear MRD-code with
parameters (n,n,g;n — 1). Also, since Cy is an Fyn-subspace of End(Fgn,F,) its left
idealiser L(Cy) is isomorphic to Fy». For further details see [6, Section 6].

Let C; and C, be two MRD-codes arising from maximum scattered subspaces U and
Uy of Fyn X Fyn. In [24, Theorem 8] the author showed that there exist invertible matrices
A, B and 0 € Aut(F,) such that ACFB = C,, if and only if Uy and Uy, are I'Li(2, ¢")-
equivalent

Therefore, we have the following.

Theorem 4.1. The IF-linear MRD-code Cy, arising from the F ;-subspace Uy, has parame-
ters (6,6, q; 5) and left idealiser isomorphic to F s, and is not equivalent to any previously
known MRD-code, apart from the case h € F, and q a power of 5.

Proof. From [6, Section 6], the previously known IF-linear MRD-codes with parameters
(6,6, ¢; 5) and with left idealiser isomorphic to Fys arise, up to equivalence, from one of the
maximum scattered subspaces of Fge X [Fi6 described in Section 3. From Corollaries 3.8
and 3.11 the result then follows. O
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