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ABSTRACT

ARTICLE INFO

This study explores the effect of delayed differentiation on a multiproduct
vendor-buyer integrated inventory system with rework to identify its poten-
tial benefits and provide managers with in-depth information for operational
decision-making. The main considerations of the proposed study include a
multiproduct fabrication plan to increase machine utilization, a rework pro-
cess to ensure product quality, and a multi-shipment policy to distribute the
end products. In addition, these products sharing an intermediate part for
which a two-stage fabrication scheme is adopted, wherein the common parts
are produced at the first stage and the end products are manufactured at the
second stage. The aim is to reduce the overall system costs and shorten the
replenishment cycle time. Mathematical modeling and optimization methods
were employed to derive the closed-form optimal replenishment cycle time and
delivery decisions. We demonstrated the applicability of our research results
through numerical examples and revealed that for both linear and nonlinear
relationships between the common intermediate part’s completion rate @ and
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its practical value at a, our proposed two-stage production scheme with de-
layed differentiation is considerably beneficial vis-a-vis single-stage schemes
in saving overall system costs and reducing the replenishment cycle time.

© 2016 PEI, University of Maribor. All rights reserved.

1. Introduction

Conventional economic production quantity (EPQ) model considers a single product fabrication
with all items produced are of perfect quality and customer’s demand satisfied by a continuous
inventory issuing policy [1-3]. However, in real world supply chain systems, vendors usually
adopt a multi-product production plan to get the most out of machine utilization and consider
reworking of nonconforming items to lower their production cost. Aggarwal [4] presented a
simple grouping idea under a common order cycle to resolve the multi-product inventory sys-
tem. A computation procedure was also presented to derive optimal values of common order
cycle. Rosenblatt and Rothblum [5] studied the multi-item inventory systems under a single-
resource capacity constraint. Two solution procedures were proposed to derive optimal capacity
policy. A numerical example is used to show that their solution procedures can be applied to
different types of cost functions. Aliyu and Andijani [6] examined a multi-item production-
inventory system with shortages, deterministic demand, deterioration, and capacity and budget
constraints. Linear quadratic theory was used to solve the optimal control policy. Balkhi and
Foul [7] studied a multi-product inventory model with deterministic demand, production, and
deterioration rates for each product in finite time periods. Shortage is allowed and backordered
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for each product. For each product, they derived the optimal production and restarting times in
each period that minimize the total inventory costs. Rahmani et al. [8] investigated a two-stage
real capacitated production system with uncertain demand and production costs. A mixed- inte-
ger programming model was developed to the problem. An initial robust schedule was obtained
and it can be improved against any possible occurrences of uncertain parameters. They provided
a real case to demonstrate the practical use of their model. Chiu et al. [9] developed an exact
mathematical model to simultaneously derive the production and shipment decisions for a mul-
ti-product inventory system with a rework process. A single-stage production process is consid-
ered without involving the common intermediaate part. Their results enable managers of such a
specific system to better understand and control over the effects of variations in different sys-
tem parameters on the optimal production-shipment policy and on the expected system costs.
Additional studies related to the multi-product inventory systems can also be found elsewhere
[10-14].

In multi-item production planning, if multiple products share a common intermediate part,
vendors would always be interested in evaluating a two-stage fabrication scheme with the first
stage making common intermediate parts for all products, and the second stage producing the
end products to reduce overall system costs and shorten the replenishment cycle time. Gerchak
et al. [15] developed a model for an arbitrary number of products with general joint demand
distribution. They discussed the case of using a service-level measure where rationing of com-
mon components might be required and characterized the implied rationing rule. Garg and Tang
[16] stated that practically most product families have a number of points of differentiation.
They developed two models to investigate products with more than one point of differentiation.
Benefits of delayed differentiation at each point in each model are examined. Necessary condi-
tions are decided when one type of delayed differentiation is more beneficial than the other.
They found that variations in demand and lead times have significant effects on determining
which point of differentiation should be delayed. Graman [17] developed a two-product, single-
period, order-up-to cost model to assist in deciding the inventory levels of end products and
postponement capacity. A non-linear programming was used to determine the optimal solutions
to inventory levels and capacity that minimize the total system cost. He indicated that altering
product value, holding cost, cost of postponement, packaging cost, and fill rate can reduce ex-
pected total cost and increase postponement capacity. Other studies addressed various aspects
of multi-product systems with delayed product differentiation can also be found elsewhere [18-
21]. Also, in real manufacturing environments, due to various uncontrollable factors during pro-
duction process, generation of defective items is inevitable. Quality assurances, such as inspec-
tion of product quality, rework of all repairable items, and scrapped of defective items, have
been extensively studied in past decades [22-28]. Also, in contrast to the assumption of continu-
ous issuing policy in conventional EPQ model, most nowadays supply chain systems practically
adopt a periodic multi-shipment policy to distribute end products to their customers. Studies of
various aspects of periodic or multi-delivery issues of vendor-buyer integrated systems have
been extensively carried out during past decades [29-44].

Inspired by the potential benefits derived from applying delayed differentiation to multi-
product systems, and seeking to provide managers of transnational enterprises with information
to assist them in achieving the key operational goals such as maximizing machine utilization,
ensuring product quality, lowering overall operating costs, and shortening response time, this
study extends a prior work [9] and explores the effect of delayed differentiation on a multi-
product vendor-buyer integrated inventory system with rework. Since little attention has been
paid to this specific research area, the present study is intended to bridge the gap.

2. Model description and mathematical analysis

Description of the proposed multi-product vendor-buyer integrated inventory system with de-
layed differentiation strategy and rework using a single-machine production scheme is as fol-
lows. Consider a vendor has annual demand A; for L different products (where i =1, 2,...,L) that
must be satisfied. These L customized end items share a common intermediate part and are
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manufactured using a two-stage process. The first stage produces only the common intermedi-
ate components, and the second stage fabricates in sequence L different customized end prod-
ucts under the common production cycle time policy. The objectives of the proposed production
plan are to maximize machine utilization, shorten the replenishment cycle time, and minimize
total production-inventory-delivery costs. The common intermediate part is manufactured at a
rate of P1, in stage one. After that, L different customized end products are produced in order
under a common cycle time policy in stage two (see Fig. 1), at a rate of Py,

All items made are screened and unit inspection cost is included in unit production cost C.
The production processes in each stage (either for common intermediate part or for customized
end products) may randomly produce x; portion of defective items at a rate of d1,; and d1,; = Py, x;
(wherei=0, 1, 2,...,,.L; with i = 0 denotes that it is for the production of common intermediate part
in the stage 1). Under the ordinary assumption of the EPQ model without shortages, the constant
production rate P1; must be larger than the sum of demand rate A; and production rate of defec-
tive items dy,. That is: (P - d1,i - A) > 0 or (1 — x; - A;/P1,) > 0. It is further assumed that all defec-
tive items can be reworked and repaired. The rework processes starts immediately after the end
of regular production processes in each production cycle (see Fig. 2), at a rate of P,;.
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Fig. 1 Inventory level of perfect quality common intermediate parts and customized final products
in the proposed two-stage multi-product vendor-buyer integrated inventory system with rework
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Fig. 2 Inventory level of defective items in both stages of the proposed two-stage multi-product system
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Fig. 3 Inventory level of common intermediate parts waiting to be fabricated into customized
final products in the stage 2 of the proposed two-stage multi-product system

Upon completion of the production in stage 1, L different lots of common intermediate parts
are made ready for the production in stage 2. They are fabricated in sequence into customized
end products under the common production cycle time policy. The inventory level of common
intermediate parts waiting to be fabricated in stage 2 is depicted in Figure 3.

In stage 2, after the completion of rework process (t,) of each end product i, fixed quantity n
installments of the finished batch are transported to customers at a fixed interval of time in the
delivery time t3; (see Fig. 1). The inventory level of end products at the buyers’ side during a
production cycle is depicted in Figure 4 (which is similar to Fig. 3 in [9]).

The following are additional notation used in this study (where i = 1, 2,...,L, represents L dif-
ferent products in stage 2; and i = 0 denotes the common intermediate part in stage 1):

T - Production cycle length, one of the decision variables,

n - Number of fixed quantity installments of the finished batch to be delivered in each cycle,
the other decision variable,

a - Completion rate of common intermediate part as compared to the finished product,

Q; - Production lot size for product i,

K; - Production setup cost for product i in a production cycle,

Ci - Unit production cost for product i,

hi; - Unit holding cost for product ,
h,; - Holding cost per reworked item for product i,
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Fig. 4 Inventory level of customized final products at the buyers’ side during a production cycle [9]
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hz; - Unit holding cost for stocks stored at customer’s side,

hs; - Unit holding cost for safety stocks stored at producer’s side,

Cri - Unit reworking cost for product i,

ti; - Production uptime for product i in a production cycle,

t2; - The reworking time for product i in a production cycle,

t3; - Delivery time for product i in a production cycle,

H; - Inventory level of common intermediate part at the time of producing end product i,

Hi; - Maximal level of perfect quality items i in the end of regular production,
H,; - Maximal level of perfect quality items i in the end of rework process before delivery,

Ki1; - Fixed delivery cost per shipment for product i,
Cr; - Unit delivery cost for product i,
tr; - A fixed interval of time between each installment of finished items of producti to be

delivered to customer during downtime tz;,
I(t); - On-hand inventory level of perfect quality items i at time ¢,
I4(t)i- On-hand inventory level of defective items i at time ¢,
I(t);- On-hand inventory level of finished product i at time ¢, at customer’s side,
Ii - The left-over number of finished items of product i in each t,;, at customer’s side,
Di - Number of finished items of product i to be transported to customer in each shipment,
TC(T, n) - Total production-inventory-delivery cost per cycle,
E[T] - The expected production cycle length,
E[TC(T, n)] - The expected production-inventory-delivery cost per cycle,
E[TCU(T, n)] - The long-run average costs per unit time for the proposed model.

2.1 Modeling and analysis

A two-stage EPQ-based production plan considering the postponement is proposed to satisfy
annual demand A; of L different customized products. From Figure 1, we observe the production
cycle time as

T =ty +ty+t; = fori=0,1,2,,1L (1)
i
In stage 1, the production lot-size of common intermediate parts Qo, depends on the sum of

production lot sizes Q; of L different products to be made in the stage 2. Therefore, we obtain the
following equations (refer to Fig. 1):

Qi =A4T fori=1,2,-,L (2)
Qo = 14:1 Qi = AT (3)
Qo Hyo

= — 4-
to Pio  P1o—dip (4)
Hyp = tl,O(Pl,O - d1,o) (5)
Hao = Hip + Paotao = Xizq1 Q; (6)

__ X0Qo __ diot10 _ Hzo—Hip
t20 = Pz,0 B Pz,0 B Pz0 (7)
Hy =Hyo — Q1 (8)
HizH(i—l)_Qi fOT'i:2,3,"',L (9)
H, = H(L—l) -Q,=0 (10)

In stage 2, for fabrication of L different products we obtain the following equations directly
from Figs. 1 to 4 (wherei=1,2,..,L):

_o __Hy
fi = Pii  Pyi—dyg (1)
Hy; = (Pi;— dyg)tsy (12)
Hy; = Hy; + Pty (13)
_ XiQi _ dyityi _ Hpi—Hy,
f2i = Poi  Pai Py (14)
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t3; = Ny, (15)

H .
I; = Dy — Aitp; (17)
Tlli = ﬂ“i(tl,i + tZ,i) (18)

2.2 Cost analysis

Inventory holding costs for common intermediate parts (including perfect and imperfect quality
items) during t1,0, t2,0, and tz, are (see Figs. 1 and 2)

hi0 [H1,02t1,o + (H2'0+Zl'0)t2'0 + Yoy Hi(ty + tzi)] + hio [%} (19)

In stage 2, inventory holding cost for common intermediate parts waiting to be fabricated in-
to customized end products (see Fig. 3) is

i1 {hl,i [% (tl,i)]} (20)
Inventory holding costs for imperfect quality items waiting to be reworked in both stages are
ha,0 [% (fz,o)] + Xl [hz,i (%) (tz,i)] (21)

In stage 2, fixed and variable delivery costs and inventory holding cost for finished product i
waiting to be distributed in t3; are

l 1[nKll+CTLQ]+Zl 1{h11( )H21t31} (22)
The stock holding cost for end product i stored at customers’ sides (see Fig. 4) is
(Di—Itn,i (n+1) Ii(t1itta,
1 {h3,i [n > +2 nz Iity; + %}} (23)

The overall cost per cycle TC(T, n) for the proposed system, includes production setup cost,
variable production cost, reworking cost, holding cost, and safety stock cost in both stages; and
fixed and variable delivery costs and holding costs for stocks stored at customers’ side in stage 2.
Hence, TC(T, n) is

dy ot
Ko + CoQq + CroxoQo + hyp ( 2 1'0) (tz 0) + hyo(x0Qo)T

TC(T,n) =
+h1_0 [H1,ot1,o + Hj, o+H10 (tz 0) + d1o 1,0 (tl 0) + Zz 1H (tll + tZL)]

+

2
Pyt
Ki + GiQi + CR,ixiQi + 1Ky CriQ; + hyy (%) (1)
0 Hygty;  Hpg+Hy; n-1 dyity
Yioq{ tha [j(tu) + R 2 (1) + (;) Hyits; + “2“(t11)]

+hs; [n( : Zl) =+ n(n;l) [ty +E2l d 1'2l+ z'l)] + hy i (x;Q)T

(24)

Substituting Egs. 1 to 18 in Eq. 24 and taking randomness of defective rate into account, and
the long-run average system costs E[TCU(T, n)] can be derived as follows:

E[TC(Tm)] _
E[T]

{?0 + CoAg + CroAoE[xo] + zOT} +

E[TCU(T,n)] =

. |5+ Cii + CridiElx] + 22 + Cphy| + 2 ‘” {6,021

=1 hoTAFE[xi]® | ha;TAZ[ 1 Elxg]

(25)
2P3 2 [P1,i+ Py

+8“] + Thy AElx]

where
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hy 02§ [ 1 + 2E [xo] B E[xo]z] + hy 0 ASE [x0]?

2 Pl,O PZ,O PZ,O 2PZ,O

L L
A AE[x]
+hio ). (Hﬁ e ) ;(A) Z(“ + hypAoE [

_fr_ ), [, 1 _
6“-—[_ : P’_],andézll—[li Pz,i+P1,i+P21]f0rl 1,2,..,.L  (26)

3. Convexity and the optimal decision

Upon obtaining the long-run average system costs E[TCU(T, n)], we then prove it is a convex
function by applying the Hessian matrix equations [45] to verify that Eq. 27 holds.

02E[TCU(Tn)] 02E[TCU(T,n)]

] T2 aTan [T
[T n] 2E[TCU(T,n)] 82E[TCU(T,n)] [n] >0 (27)
aTon an?
From Eq. 25 we obtain
—Ko  nKyi] | hy LA _ Oy
OE[TCU(T,n)] _ ( Ko )+ N [TZ T2 ] {62‘ } 28)
T —\r2 Ry AZE[xi]?  hsiA? [_ ﬂ 511
+ ™y + 5 P1,i+ oy + — +h4l/1 E[x ]
AE[TCU(Tn)] 21<O 2K; | 2nKy;
e = (29)
AE[TCU(Tn)] Kij
Ererdl - le{ g (g — hai)804]) (30)
AE[TCU(Tn)]
TV gt (T2 (1 — hl,i)al,i]} (31)
d%E[TCU(T,n)] Ki,i
aron L'L=1{ z an h3,i)51,i]} (32)
Substituting Egs. 29, 31, and 32 in Eq. 27, we obtain
92E[TCU(T,n)] 02E[TCU(Tn)]
. aT? aTon T 2K0 L 21(1
[T nl 2E[TCU(Tn)] 8%E[TCU(T,n)] [ ] >0 (33)
oTon an?

Because Ky, K, and T are all positive, we find Eq. 33 is positive. Hence, E[TCU(T, n)] is a strictly
convex function for all T and n different from zero. In order to simultaneously determine pro-
duction-shipment decision for the proposed system, we can solve the linear system of first de-
rivatives of E[TCU(T, n)] with respect to T and n, respectively, by setting these partial derivatives
equal to zero. With further derivations we find

T — , Ko+Xk  (Ki+nKy))

( hya? 810) haiA2E[x]” )
. 1,21. 1{52’1_%}_'_ 2,1.2;21:1 (34)
S W R
3ZL [Pil lel ' ]+h4 AiElxi]
and
T 2
‘ (Ko"'Z%:l K;) Zl"= —l(h3 1—h11)(81)
n* =
I ( 3 (hlzl l{82 l) ha, 1)' E[xl] h4_i/1iE[xi])1 (35)
Ky i=
(Z 1 ){ Zg+) 1{ Lha.ili[ 1, [xi]ﬁsli] }}
{ { "2 Py Py m J)
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4. Numerical example and discussion

The following numerical example is used to show the practical uses of research results obtained
in the previous section. Consider a manufacturer must fabricate five different products and they
share a common intermediate part that has completion rate a = 0.5 (i.e., halfway done). To ease
comparison efforts for readers, we reconsider a numerical example used in a prior study [9]
regarding optimization of a single-stage multi-product system without adopting postponement
in its production. Annual production rates of five end products P;; = 58,000, 59,000, 60,000,
61,000, and 62,000 units, respectively; annual demands A; = 3,000, 3,200, 3,400, 3,600, and 3,800
units, respectively; annual reworking rates P,; = 46,400, 47,200, 48,000, 48,800, and 49,600
units, respectively; setup costs K; = $17,000, $17,500, $18,000, $18,500, and $19,000, respective-
ly; unit fabrication costs C; = $80, $90, $100, $110, and $120, respectively; the defective rates x;
follow uniform distribution over the intervals [0, 0.05], [0, 0.10], [0, 0.15], [0, 0.20], and [0, 0.25],
respectively; and unit reworking costs Cg; = $50, $55, $60, $65, and $70, respectively. Based on
common intermediate part’s completion rate a = 0.5, a straightforward relationship 1/« is as-
sumed for its relevant production rates. Hence, in the proposed two-stage single-machine pro-
duction scheme we have P1 = (1/a)*(the mean of P1,'s) = 120,000 and P = (1/a)*(the mean of
P»'s) =96,000.

The relationship between common intermediate part’s relevant costs and its completion rate
a can either be linear or nonlinear. Both cases are investigated in the following subsections.

4.1 Case 1: Analysis of linear relationship of cost relevant variables

If the relationship between practical fabrication related cost of common intermediate part (or
called ‘the value’ of common part) and its completion rate « is linear, then for a = 0.5 we have the
following linear-based relevant values of variables in our proposed system:

Co - $40, unit fabrication cost for common intermediate part,

Ko - $8,500, setup cost for common intermediate part,

Cro - $25, unit reworking cost for common intermediate part,

h1io - $5, unit holding cost for common intermediate part,

hso - $5, unit safety stock cost for common intermediate part,

hz,0 - $15, unit holding cost for common intermediate part during the reworking processes,

K; - Setup costs of end products are $8,500, $9,000, $9,500, $10,000, and $10,500 respec-
tively,

Xxo - [0, 0.04], the interval uniformly distributed defective rate in the production of common
intermediate part,

Ci - Unit production costs of end products are $40, $50, $60, $70, and $80, respectively,

hi; - Unit holding costs of end products are $10, $15, $20, $25, and $30, respectively,

P1; - Annual production rates of five end products are 112,258, 116,066, 120,000, 124,068,
and 128,276 units, respectively; they are simply calculated by P1;=1/(1/P1,i- 1/P10),

x; - End items’ defective rates follow the uniform distribution over the intervals [0, 0.01],
[0,0.06], [0, 0.11], [0, 0.16], and [0, 0.21], respectively,

Cri - Unit reworking costs of end products are $25, $30, $35, $40, and $45, respectively,

P,; - Annual reworking rates of five end products are 89,806, 92,852, 96,000, 99,254, and
102,621 units, respectively; they are simply calculated by P,;=1/(1/P2i- 1/P2,),

hz,; - Unit holding cost per reworked items of end products are $30, $35, $40, $45, and $50,
respectively,

K1, - Fixed delivery costs per shipment: $1,800, $1,900, $2,000, $2,100, and $2,200, respec-
tively,

Cri - Unit delivery costs of end items are $0.1, $0.2, $0.3, $0.4, and $0.5, respectively,

hs; - Unit holding costs at the customer’s side are $70, $75, $80, $85, and $90, respectively,

hso - Unit safety stock costs of end products are $10, $15, $20, $25, and $30, respectively.
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First, the annual demand for common intermediate parts Ay = 17,000 can be obtained by applying
Egs. 2 and 3. Then, by calculating Egs. 34, 35, and 25, we derive the optimal number of deliveries
n* = 3, optimal production cycle time T* = 0.4614 (years), and the expected system costs per unit
time E[TCU(T*, n*)] = $2,145,834. Figure 5 depicts the effects of variations of the production
cycle time T on the expected system costs E[TCU(T, n)].

The behavior of E[TCU(T, n)] with respect to the common intermediate part’s completion rate
a is exhibited in Figure 6. It can be seen that as the completion rate a increases, the long- run
expected system costs E[TCU(T, n)] decreases, and the proposed model realizes a system cost
savings of 3.76 % at a = 0.5 (i.e., system costs decreased from $2,229,658 [9] to $2,145,834) as
compared to that in prior study which used a single-stage production scheme. This analytical
result demonstrates that the proposed two-stage multi-item production scheme with delayed
differentiation is a considerably beneficial model for manufacturers who must meet demands for
multiple products that share a common intermediate part.

Figure 7 shows the effects of variations of common part’s completion rate « on the optimal
production cycle time T* As the completion rate « increases, the optimal cycle time T* decreases
significantly, and in the proposed model optimal cycle time T* is reduced by 25.5 % at a = 0.5
(i.e., it decreases from 0.6193 [9] to 0.4614 (years)) as compared to that in prior study which
used a single-stage production scheme. Such an analytical result indicates our proposed two-
stage multi-item production scheme with delayed differentiation provides a shorter cycle time
(or faster response time) than that in a conventional one-stage multi-item system [9].
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rate a on the optimal production cycle time T*

4.2 Case 2: Analysis of nonlinear relationship of cost relevant variables

In this section, we demonstrate that the proposed model is capable of analyzing any given non-
linear relationship between the common part’s relevant costs and its completion rate a. For in-
stance, if a nonlinear relationship of ‘a”*(1/3)’ between common part’s relevant costs and « is
known, then Cy = [a”(1/3)]C: = [(0.5)*(1/3)]$80 = $63, so it obviously has higher production
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cost (or called value) than that in the linear relationship case (which is $40). Apply the similar
computation we have the following values of other relevant parameters: Cgo = $40, Ko = $13,493,
h1o = hso = $8, and hz, = $24. Assume the following parameters’ values remain the same as stat-
ed in subsection 4.1: P10 = 120,000, P2, = 96,000, and xo = [0, 0.04]. Accordingly, in stage 2 we
obtain the values of other variables as follows: C; = $17, $27, $37, $47, and $57, respectively; K; =
$3,507, $4,007, $4,507, $5,007, and $5,507, respectively; Cr; = $10, $15, $20, $25, and $30, re-
spectively; and x; follows the uniform distribution over the intervals [0, 0.01], [0, 0.06], [0, 0.11],
[0,0.16], and [0, 0.21], respectively

We apply Eqgs. 34, 35, and 25 to obtain the optimal number of shipments n* = 3, the optimal
production cycle time T* = 0.4005 (years), and the expected system costs E[TCU(T*, n*)] =
$2,093,253. Figure 8 depicts the behavior of E[TCU(T, n)] with respect to the common part’s
completion rate a under both linear and nonlinear relationships. In nonlinear relationship case,
as the common part’s completion rate « increases, the expected system costs E[TCU(T, n)] de-
creases, and it indicates that E[TCU(T, n)] is decreased by 2.45 % at « = 0.5 (i.e., system costs
declined from $2,145,834 to $2,093,253) compared to that in the earlier linear case. The analyti-
cal results demonstrate that the proposed two-stage multi-item production scheme with delayed
differentiation is a greatly beneficial model to manufacturers who have to meet demands for
multiple products that share a common intermediate part.

Figure 9 illustrates the behavior of the optimal production cycle time T* with respect to the
common part’s completion rate @ under both linear and nonlinear relationships. As completion
rate a increases, the optimal production cycle time T* decreases significantly, and in the nonlin-
ear case, the optimal cycle time T* is shortened by 13.20 % at a = 0.5 (i.e., it reduces from 0.4614
to 0.4005) compared to that in the earlier linear case. Therefore, it demonstrates that the pro-
posed two-stage multi-item production scheme with delayed differentiation is a considerably
beneficial model (in terms of faster response cycle time) for manufacturers who have to meet
demands for multiple products that share a common intermediate part.

Furthermore, the analytical results reveals that if the common part’s relevant costs are higher
(e.g., having a nonlinear relationship a”(1/3) rather than the linear one), then the optimal cycle
time T*reduces significantly compared to that in the linear case.

== == == 1-stage production scheme [9] == == == 1-stage production scheme [9]
The proposed 2-stage production — o The proposed 2-stage production
= = scheme with linear cost relationship scheme with linear cost relationship
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Fig. 8 The behavior of E[TCU(T, n)] with respect to the com- Fig. 9 The behavior of the optimal production cycle
mon intermediate part’s completion rate & under both linear time T* with respect to the common intermediate
and nonlinear relationships part’s completion rate a under both linear and

nonlinear relationships

5. Conclusion

Inspired by the potential benefits derived from applying delayed differentiation to multi-product
systems, and with the aim of providing managers of transnational enterprises with information
to assist them in achieving the key operational goals such as maximizing machine utilization,
ensuring product quality, lowering overall operating costs, and shortening response time, this
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study explores the effect of delayed differentiation on a multi-product vendor-buyer integrated
inventory system with rework, using a single machine production scheme.

Using mathematical modeling and optimization methods, we derive the closed-form optimal
replenishment cycle time and delivery decisions and demonstrate the practical use of our results
through a numerical example. The results reveal that our proposed multi-product fabrication
scheme with delayed differentiation strategy is considerably beneficial in saving expected sys-
tem costs and reducing replenishment cycle time. Further analysis also indicates that when the
common intermediate part’s value is higher (e.g., having a nonlinear relationship a”(1/3) rather
than the linear one), both the expected system costs and production cycle time reduces signifi-
cantly compared to that in the linear case. For future study, to explore and compare the effects of
the dual-machine production scheme on the optimal operating policies of the same system
would be an interesting direction.
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