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Abstract

In this paper rooted (near-)4-regular maps on the projective plane are investigated with
respect to the root-valency, the number of edges, the number of inner faces, the number of
nonroot-vertex-loops and the number of separating cycles. In particular, 4-edge connected
4-regular maps (which are related to the 3-flow conjecture by Tutte) are handled. Formulae
of several types of rooted 4-edge-connected 4-regular maps on the projective plane are pre-
sented. Several known results on the number of 4-regular maps on the projective plane are
also derived. Finally, using Darboux’s method, a nice asymptotic formula for the numbers
of this type of maps is given which implies that almost every (loopless) 4-regular map on
the projective plane has a separating cycle.
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1 Introduction

Graphs here are connected with loops or multi-edges permitted. Terms mentioned without
definition may be found in [8, 28, 48]. A graph (map) is k-(edge-)connected if it takes
the removal of at least k (edges) vertices to separate the graph (map) [8]. Notice that a
2-connected graph (map) may have loops which have been excluded by Tutte [44]. A pair
of edges {e1, e2} is called a 2-edge-cut if removing of them will result in a disconnected
graph (map). A cycle is separating if removing its edges will leave a disconnected graph
(map). It is clear that in a 4-regular graph (map) on the projective plane any 2-edge-cut is
contained in a separating cycle.

A planar map (projective planar map) is a graph G drawn on the sphere S0 (the pro-
jective plane N1) such that no two edges cross and each component of S0 − G (N1 − G)
is homeomorphic to an open disc called a face whose boundary is the facial walk. In the
same way, we may define a map on higher surfaces. A circuit C on a surface Σ is essen-
tial (or noncontractible as some people named it) if Σ − C has no component which is
homeomorphic to an open disc. Otherwise it is called planar (or trivial).

A map is rooted if an edge, a vertex incident to the edge together with a direction along
one side of the edge are all distinguished. The essence of rooting a map is to trivialize the
automorphism group and set up equation(s) of the enumerating functions which makes it
possible to determine the solution in an algebraical or analytic way. Furthermore, many
results on rooted maps are valid for unrooted maps in terms of asymptotic evaluation since
there are at most 4n ways to root an n-edged map. There has been a trend to evaluate the
distributions of a certain type of maps in random map theory [6, 16, 18, 41]. Following
the path of Tutte [46] and Brown [9], people have investigated many quadratic equations
(or equations much related to them) and got much information about the number of maps.
Although some pioneers such as Walsh et al. [50, 51], D. Arquès [1], E. A. Bender et
al. [4, 5] and Gao et al. [17] did some influential works on nonplanar maps in an exact
way, elegant formulae are very difficult to obtain for maps on higher surfaces. People such
as E. A. Bender et al. started systematically working on asymptotic evaluations of rooted
maps. Many scholars such as E. A. Bender et al. [3], G. Chapuy et al. [12], Gao [14, 15],
A. Mednykh et al. [33, 34] and T. R. S. Walsh et al. [49] have investigated many types of
maps on general surfaces and gotten asymptotic evaluations of nonplanar maps up to now.
For a survey one may see [7] or [25].

4-regular maps are very important for their applications in many fields such as rectilin-
ear embedding in VLSI, the Gaussian crossing problem in graph theory, the knot problem
in topology and the enumerations of some other types of maps [26, 27, 28, 29]. For in-
stance, Bender et al. showed [6] that there exists a close relation between the face-width
(a concept due to Hutchinson [21]) and the edge-width of a graph on a surface through an
extended bijection of Brown [10] between n-edged maps and n-faced bipartite quadrangu-
lations; a result of Tutte [43], every 2k-edge-connected graph has k edge-disjoint spanning
trees, together with a formula of Xuong [52] shows that a 4-edge-connected graph is up-
embeddable (i.e., may be embedded into an orientable surface with at most two faces).
Let k ≥ 1 be an integer and G = (V,E) a multigraph. A Z-flow f on G such that
0 < |f(~e )| < k for all ~e ∈ ~E is called a k-flow. Tutte’s 3-flow conjecture [42], which is
still open, states that every 4-edge-connected 4-regular graph has a nowhere-zero 3-flow.
Although Grötzsch [20] showed its validity for planar graphs, Tutte conjectured that this
statement should still be valid without the requirement that the graph be planar. Jaeger
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proved [22] that every 4-edge-connected graph has a nowhere-zero 4-flow. However, the
difficulty to give a positive answer for the existence of a nowhere-zero 3-flow shows that
there is still a long way to go. Instead, Jaeger raised the weak 3-flow conjecture: There is a
fixed integer k such that every k-edge-connected graph has a nowhere-zero 3-flow.

A (rooted) near-4-regular map is a map having all the vertices 4-valent except possibly
the rooted one. A map is called Eulerian if all the valencies of its vertices are even. It is
clear that a near-4-regular map is Eulerian and 2-edge-connected. Rooted (near-)4-regular
maps (or their duals: quadrangulations) have been investigated by many scholars. We list
them (as far as we know) as follows (among which some are not 4-regular):

(1) rooted bicubic maps [46];

(2) rooted trees [45];

(3) rooted quadrangulations [10];

(4) rooted c-nets via quadrangulations [35];

(5) rooted one-faced maps on surfaces [50, pp. 212–213];

(6) rooted 4-regular planar maps [28, pp. 159–166];

(7) rooted near-4-regular planar Eulerian trials [38];

(8) rooted loopless 4-regular maps on the projective plane, the torus and the Klein bottle
[36, 39, 38, 37];

(9) rooted 2-connected 4-regular maps on the plane and the projective plane [30, 40];

(10) rooted 4-edge-connected 4-regular maps on the plane [31].

We expect that several more classes of 4-regular maps could be added into this list. In
fact, Z. C. Gao showed us his interest in enumeration of simple Eulerian maps through the
conversations at 2000’s Workshop of Graph Theory with Applications at Nanjing Normal
University. As an approach to this open problem, we investigate the number of rooted 4-
edge-connected 4-regular maps on the projective plane and give a formula, through which
an exact formula may be derived, for this type of maps. Furthermore, by using the Dar-
boux’s method, we present a nice asymptotic formula for them. Although we did some
work on this as shown in the list, the main result(s) of this paper is much closer to the
answer since a 4-edged-connected 4-regular map is 2-connected without loops and there
are at most two multi-edges between a pair of vertices and there are infinitely many 2-
connected 4-regular maps with three multi-edges connecting two vertices. Finally, as an
application of those facts, we conclude that among rooted 4-regular maps on the sphere (or
the projective plane) almost all of such maps have at least one separating cycle.

Remark 1.1.

(1) Since Tutte’s 3-flow conjecture is still open for general graphs, our results may be
viewed as an approach to it.

(2) Here we regard planar trees or generally maps with one face on surfaces, which some
people also called monopoles, as a special kind of near-4-regular maps.
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2 Maps on the projective plane
In this section we shall set up a general equation with up to five more parameters for rooted
near-4-regular maps on the projective plane. We first give some definitions on maps.

Let U and Up, respectively, denote the set of the rooted near-4-regular maps on the
plane and the projective plane. Let their enumerating functions be, respectively, as

f(x, y, z, t, w) =
∑
M∈U

x2m(M)ys(M)zn(M)tα(M)wβ(M),

fp(x, y, z, t, w) =
∑
M∈Up

x2m(M)ys(M)zn(M)tα(M)wβ(M),

where the variables x, y, z, t and w mark, respectively, the root-valency, the number of
edges, the number of inner faces, the number of nonroot-vertex-loops and the number of
separating cycles of M . The set Up may be partitioned into three parts as

Up = Up1 + Up2 + Up3,

where

Up1 = {M | er(M) is a planar loop},
Up2 = {M | er(M) is an essential loop},
Up3 = {M | er(M) is a link},

in which er(M) is the rooted edge of M ; when er(M) is not a loop, it is called a link.

Lemma 2.1. Let U〈p1〉 = {M − er(M) |M ∈ Up1}. Then

U〈p1〉 = U � Up + Up � U ,

where “�” is the 1v-addition of the sets of maps defined in [28, pp. 88–89].

Here the operation� of two maps is defined as follows: For two mapsM1 andM2 with
their respective roots r1 = r(M1) and r2 = r(M2), the map

M = M1 ∪M2

with M1 ∩M2 = {v} such that
v = vr1 = vr2

is defined such that its root, root-vertex and root-edge are as the same as those of M1 but
the root-face is the composition of fr(M1) and fr(M2). The operation for getting M from
M1 and M2 is called the 1v-addition and the map is written as

M = M1 �M2.

Further, for two sets of rooted mapsM1 andM2 , the set of maps

M1 �M2 = {M1 �M2 |M1 ∈M1,M2 ∈M2}

is said to be the 1v-production ofM1 andM2.
IfM1 =M2 =M, then we are allowed to write

M�M =M�2,

and further,
M�k =M�(k−1) �M.
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Proof. For a map M ∈ Up, the root-edge er(M) is a planar loop. The inner and outer
regions determined by er(M) are, respectively, two elements of U and Up. Since this
procedure is reversible, the lemma follows.

By the above lemma and the reasoning used in [36, Lemma 3.1] the enumerating func-
tions of Up1 and Up2 are, respectively,

fp1 = 2x2yzffp (2.1)

and

fp2 = x2y
∂(xf)

∂x
. (2.2)

The following result is easy to obtain from the definition.

Lemma 2.2. Let U(p3) = {M • er(M) | M ∈ Up3}. Then U(p3) = Up − Up(2), where
Up(2) is the set of maps in Up whose root-valencies are all 2.

Here,M•er(M) is the map obtained by contracting (or shrinking) the root-edge er(M)
of M into a vertex (i.e., identifying the two ends of er(M) along it). The reverse operation
is the so-called splitting the root-vertex. It is clear that splitting the root-vertex of a near-4-
regular map M may create at most one near-4-regular map.

By Lemma 2.2, the enumerating function of U(p3) is

f(p3) = fp − x2Fp(2), (2.3)

where Fp(2) is the enumerating function of Up(2).
If the splitting operation results in a nonroot-vertex loop, the root-edge of the resultant

map is contained in a 2-edge-cut. Since splitting the root-vertex may create nonroot-vertex
loops, among which some are planar ones while others are essential, the set U(p3) has to be
divided into several more parts as U(p3) =

∑6
i=1 U i(p3), where maps in U i(p3) (1 ≤ i ≤ 5)

have the structures as depicted in Figure 1 (which defines several types of possibilities of a
nonroot-vertex loop after splitting the root-vertex).

Remark 2.3.

(1) Maps of type 1 (or 2) have their edge er(M) (or ePr
(M)) the planar loop. Here P is

the permutation of the edges of M incident to the root-vertex.

(2) Maps of the above types may create new separating cycles after splitting the root-
vertex.

In order to set up recursive relations of maps, we should first state some basic facts for
embeddings of graphs on surfaces.

Fact 2.4. Let G(M) be a 2-edge-connected graph (map) with {e1, e2} a 2-edge-cut. Then
e1 and e2 are on the same separating cycle (which is a part of facial walk of M ).

Proof. One may verify this from the fact that for a 2-edge-cut as defined above, each cycle
passing through e1 will also contain e2 and each facial walk containing e1 will also has a
shortest simple subwalk passing through e1 and e2.
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v�

(a)M ∈ U1
(p3)

v��)

(b)M ∈ U2
(p3)

v6

(c)M ∈ U3
(p3)

v6

(d)M ∈ U4
(p3)

v *
(e)M ∈ U5

(p3)

Figure 1: Five types of maps which will induce a nonroot-vertex loop after splitting the
root-vertex.

Fact 2.5. Let M be a map as defined in Figure 1. Then after splitting the root-vertex, the
root-edge of the resulting map will be on a separating cycle.

Proof. This may be concluded from the definition of the vertex-splitting procedure.

An edge in a map is called singular if it lies on the boundary of exactly one face.
Otherwise, it is nonsingular. The following fact shows that a projective planar map with a
singular edge is determined by performing an edge-twisting operation on an edge in planar
maps.

Here the so-called edge-twisting operation is defined to replace an edge ewith a Möbius
strip.

Fact 2.6. Removing of a singular edge on a cycle in a projective planar map will result in
a planar map. Conversely, by twisting a nonsingular edge e in a planar map will re-embed
its underlying graph into the projective plane.

Since splitting the root-vertex may lead to a new nonroot-vertex loop or separating
cycle, there are several more cases which must be handled.

Case 1. The maps of U1
(p3).

Notice that for a map of U1
(p3), one thing will happen: both the number of nonroot-

vertex loops and the number of separating cycles will increase after splitting the root-vertex.
Let e1 = eP 2r, where P is the permutation of the edges incident to the root-vertex. Then
the set U1

(p3) can be partitioned into two parts as

U1
(p3) = U11

(p3) + U12
(p3),
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where

U11
(p3) = {M | e1 is contained in a 2-edge-cut},

U12
(p3) = {M | e1 is not contained in any 2-edge-cut}.

Hence, by Facts 2.4 and 2.5, a mapM in U11
(p3) will have a 2-edge-cut containing e1 together

with another edge, say e2. Let e2 be chosen such that size of the component ofM−{e1, e2}
containing the root-vertex will be as small as possible which is as shown in the left side
of Figure 2, where the shaded region is either a planar map or a nonplanar map and f
represents the possible (inner) face containing e1 and e2. Notice that f may be identical to
the root-face which will happen only in the case of e2 being singular.

v

vv

v � v

v

v

v

�

s =

e1

f

e2

e1

M1 M2

Figure 2: One type of maps containing a 2-edge-cut {e1, e2}.

In general, people use ∂f to denote the boundary of a face f . Here we use this to denote
the shortest closed subwalk of f which contains the 2-edge-cut {e1, e2}. One may see that
those two concepts coincide in the planar case.

Subcase 1.1. e2 is a singular edge.

By Fact 2.6 and the discussion used in the planar case in [31], the contribution of such
type of maps to Up is

x2y(F (2)− yz)
F (2)

(f − 1), (2.4)

where F (2) is the enumerating function of those maps in U whose root-valency are all 2.
In fact, in this situation the shortest closed subwalk of ∂f in a map M (as shown in the

left part of Figure 2) containing {e1, e2} is an essential cycle and the operation in Figure 2
results in two planar maps M1 and M2 where M1 ∈ U(2)− L, the set of non-loop maps in
U whose root-valencies are all 2 while M2 is a map which is the 1v-addition of a loop map
and a planar one. We denote the enumerating functions of the above three types of maps
M,M1 and M2 are, respectively, P,Q,R. It is clear that the reverse operation from M1

andM2 toM in Figure 2 does not increase the number of inner faces, nonroot-vertex loops
and separating cycles. Therefore, P = F (2)−yz

yz R. SinceR = x2y2z
F (2) (f −1), we have (2.4).

Subcase 1.2. e2 is a nonsingular edge.

In this case, removing the edge e2 from M will leave a projective planar map, i.e.,
M − e2 is a map on N1 with e1 a bridge (i.e., a separating singular edge) connecting two
types of maps M1 and M2 as shown in the right side of Figure 2.
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Subcase 1.2.1. M1 is nonplanar and M2 is planar.

Now M corresponds to two types of maps. One is in U1
p (2), a subset of Up containing

the maps with their root-valencies being 2 while the other is a planar one with the edge
eP 2r (= e1) which is not on any separating cycle. This correspondence has been depicted
in Figure 3.

v

vv

v � v

v
v

v

v

�

K

e1

f

e2

A map in U1
p (2)

Figure 3: Decomposition of a map into two types of maps.

Let Up(2) be the set of those maps in Up such that their root-valencies are all 2. Since
rooted edges of maps in U1

p (2) are all nonsingular, its contribution to Up is

F 1
p (2) = Fp(2)− 1

z
F (2),

where Fp(2) and F (2) are, respectively, the enumerating functions of Up(2) and U(2)
(which is the set of maps in U such that their root-valencies are all 2). As we have reasoned
in the proof of (2.4), this combined with (2.4), implies that the total contribution of the
maps in this subcase is

Fp(2)− 1
zF (2)

yz
× x2y2z2(f − 1)

F (2)
. (2.5)

Subcase 1.2.2. M1 is planar and M2 is nonplanar.

This time we have a similar situation as we got in Subcase 1.2.1, i.e., maps in this case
may be decomposed into two types of maps such that the map in rightmost part of Figure 3
is a nonplanar map. Notice that a map of the type in the rightmost side of Figure 3 is in
U12
(p3) such that its edge eP 2r is nonsingular. We denote the set of such type of maps as
U121
(p3). Then

U12
(p3) = U121

(p3) + U122
(p3),

where U122
(p3) is the subset of U12

(p3) whose maps have their edge ep2r being singular. Also by
the same reason as above, the enumerating function of U122

(p3) is

1

z

x2y2z2(f − 1)

F (2)
.
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Thus, we have the contribution of the maps in this case as

F (2)− yz
yz

(
f12(p3) −

x2y2z2(f − 1)

F (2)

)
, (2.6)

where f12(p3) is the enumerating function of U12
(p3). By (2.4), (2.5) and (2.6) and the fact

f1(p3) = x2yzfp, we see that the total contributions of the maps in those cases satisfy

x2yzfp =
x2y(F (2)− yz)

F (2)
(f − 1) +

x2yz(Fp(2)− 1
zF (2))

F (2)
(f − 1)

+
F (2)− yz

yz

(
f12(p3) −

x2y2z2(f − 1)

F (2)

)
+ f12(p3).

After simplification we find that

f12(p3) =
x2y2z2

F (2)

{
fp −

Fp(2)− 1
zF (2)

F (2)
(f − 1)

}
.

Since
f1p3 =

yt

x2
f11(p3) +

ytw

x2
f12(p3),

where f1p3 is the enumerating function of U1
p3, we have that

f1p3 =

{
y3zt(w − 1)

F (2)
+ y2t

}
fp −

y3zt(w − 1)(Fp(2)− 1
zF (2))

F 2(2)
(f − 1).

Hence,

f1p3 −
y

x2
f1(p3) =

{
y3zt(w − 1)

F (2)
+ y2(t− 1)

}
fp

−
y3zt(w − 1)(Fp(2)− 1

zF (2))

F 2(2)
(f − 1).

(2.7)

Case 2. The maps of U2
(p3).

Since maps in this case have a very similar structure as those in Case 1 except for the
ways of putting the planar loop eP 2r, so we have

f2p3 −
y

x2
f2(p3) = f1p3 −

y

x2
f1(p3). (2.8)

Case 3. The maps of U3
(p3).

Since the set of maps of this type satisfies

U3
p3 = Lp � Up,

where Lp is the loop map on N1, the projective plane. By the result obtained in [31] (or a
similar procedure as the proof of (2.4)) we conclude that

f3p3 −
y

x2
f3(p3) =

y3zt(w − 1)

F (2)
(f − 1) + y2(t− 1)(f − 1). (2.9)
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By rearranging the root-edges of those in U3
(p3) which are singular we get all of those

in U3
(p3) + U4

(p3). After an analogous procedure as we did in Case 3 we obtain

f4p3 −
y

x2
f4(p3) = f5p3 −

y

x2
f5(p3) = f3p3 −

y

x2
f3(p3), (2.10)

where f ip3 (f i(p3)) is the enumerating function of U ip3 (U i(p3)), 1 ≤ i ≤ 6.

Case 4. The maps of U6
(p3).

Since splitting the root-vertex of a map of this type will not create a nonroot-vertex loop
but may result in a 2-edge-cut containing the root-edge, we have to partition the set U6

(p3)

into several more parts as

U6
(p3) =

6∑
i=1

U6i
(p3),

where maps in U6i
(p3) (1 ≤ i ≤ 5) have the structure shown in Figure 4 where splitting the

root-vertex will lead to a 2-edge-cut containing their root-edges.

v���

(a)M ∈ U61
(p3)

v��)

(b)M ∈ U62
(p3)

v
n
� R
}

6

(c)M ∈ U63
(p3)

v
n
6

(d)M ∈ U64
(p3)

v��
���

��
�

(e)M ∈ U65
(p3)

Figure 4: Maps which are composed of U − L (or Up(2)− Lp) and a subset of Up (or U).

Here we use L and Lp to denote, respectively, the loop-map on the sphere and the
projective plane. Further, we use f6ip3 (f6i(p3)) to denote the enumerating function of U6i

p3

(U6i
(p3)), 1 ≤ i ≤ 6.

One may see that the structures for mapsM in U i(p3) and U i(63) (1 ≤ i ≤ 6) are the same
except for whether a new nonroot-vertex loop appears or not after splitting the root-vertex
of M . Therefore,

f61(p3) =
x2yz(F (2)− yz)

F (2)

{
fp −

Fp(2)− 1
zF (2)

F (2)
(f − 1)

}
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and further

f61p3 −
y

x2
f61(p3) =

y2z(w − 1)(F (2)− yz)
F (2)

{
fp −

Fp(2)− 1
zF (2)

F (2)
(f − 1)

}
. (2.11)

Since correspondences like this exist between U6i
p3 and U ip3 for 2 ≤ i ≤ 5, repeating

similar procedures we may establish that

f62p3 −
y

x2
f62(p3) =

y2z(w − 1)(F (2)− yz)
F (2)

{
fp −

Fp(2)− 1
zF (2)

F (2)
(f − 1)

}
,

f6ip3 −
y

x2
f6i(p3) =

y2(w − 1)(F (2)− yz)
F (2)

(f − 1), 3 ≤ i ≤ 5.

(2.12)

We now begin to handle the maps in U66
p3 . By the definition, a map in U66

p3 is not
separable at the root-vertex. Given that the possibility of creating new separating cycles,
the set U66

p3 has to be further partitioned into two parts as

U66
p3 = U661

p3 + U662
p3 ,

where splitting the root-vertex of the maps in U661
p3 will create a new separating cycle with

a structure shown in the left side of Figure 5.v

v v@@
@@
@@
@@
@@ ����

+

v

v

W�

�
�

HH



�

v

v
��
?

e
A 4-regular map

Figure 5: A map in U661
(p3) with an unique edge e lying on a new separating cycle after

splitting the root-vertex and may be decomposed into two types of maps.

Let M be a map in U661
p3 . Then it is not separable at the root-vertex and contains an

unique edge, say e, such that removal of ewill make it separable at the root-vertex. Further,
M − e = M1 �M2 and the root-valency of M1 is 3. Since M1 and M2 may be of distinct
types of maps, there are several cases that must be handled.

Subcase 4.1. e is singular.

By Fact 2.6 this is in fact a planar case we have handled in [31] and maps of this type
contribute

x2F (4)

zF (2)
(f − 1) (2.13)

to Up, where F (4) is the enumerating function of those 4-regular maps in U which are not
separable at the root-vertex.

Subcase 4.2. e is nonsingular.
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For a map M of this case, M − e = M1 �M2 and there is only one nonplanar map
among M1 and M2. Notice that this will not hold in the general case for the maps which
are composed this way. But this possibility has been excluded now. Thus, two subcases
will be introduced.

Subcase 4.2.1. M1 is nonplanar and M2 is planar.

As we have reasoned in the Subcase 1.2.1 of the maps in U1
(p3), M may be decomposed

into two maps as shown in Figure 5. This determined by M1 is a 4-regular map in Up(4)
such that the edge eP−1r is nonsingular. Further, we let U1

p (4) be the set of those maps. On
the other hand, the one determined by M2 is a planar map having its root-edge outside of
any separating cycle. Through a very similar procedure as we used in the Subcase 1.2.1 of
the maps in U1

(p3) we see that the contribution of this case to Up is

x2F 1
p (4)

F (2)
(f − 1),

where F 1
p (4) is the enumerating function of U1

p (4). By subtracting the contribution of those
determined by the maps in U(4) we conclude that the enumerating function for maps of this
case is

x2(Fp(4)− 1
zF (4))

F (2)
(f − 1), (2.14)

where Fp(4) counts the maps in Up(4).

Subcase 4.2.2. M1 is planar and M2 is nonplanar.

Similar to what we have analyzed in the corresponding situation of the maps in U1
(p3),

maps of this case may be decomposed into two types of maps, among which one is deter-
mined by twisting the edge which is one edge ahead of the root-edge along the root-face
of a map in U(4) and the other is in U662

(p3) whose root-edge is nonsingular. By repeating an
analogous but much more complicated manipulation we find that the enumerating function
for maps of this type is

x2F 1
p (4)

F (2)

{
fp −

Fp(2)− 1
zF (2)

F (2)
− 1

z
(f − 1)

}
.

Combining all the three cases shows that the enumerating function of U661
(p3) is

f661(p3) =
x2F (4)

zF (2)
(f − 1) +

x2(Fp(4)− 1
zF (4))

F (2)
(f − 1)

+
x2F 1

p (4)

F (2)

{
fp −

Fp(2)− 1
zF (2)

F (2)
− 1

z
(f − 1)

}
.

This implies that

f66p3 −
y

x2
f66(p3) =

y(w − 1)

F (2)

{
Fp(4)(f − 1)

+ F 1(4)

(
fp −

Fp(2)− 1
zF (2)

F (2)
− 1

z
(f − 1)

)}
.

(2.15)
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Now we are in a position to obtain our first main result. Equations (2.1) – (2.15) yield

fp = 2x2yzffp + x2y
∂xf

∂x
+

y

x2
{
fp − x2Fp(2)

}
+

5∑
i=1

(
f ip3 −

y

x2
f i(p3)

)
+

5∑
i=1

(
f6ip3 −

y

x2
f6i(p3)

)
+ f661p3 −

y

x2
f661(p3)

= 2x2yzffp + x2y
∂xf

∂x
+

y

x2
{
fp − x2Fp(2)

}
+ 2

{
y3zt(w − 1)

F (2)
+ y2(t− 1)

}
fp − 2

y3zt(w − 1)(Fp(2)− 1
zF (2))

F 2(2)
(f − 1)

+ 3
y3zt(w − 1)

F (2)
(f − 1) + 3y2(t− 1)(f − 1)

+ 2
y2z(w − 1)(F (2)− yz)

F (2)

{
fp −

Fp(2)− 1
zF (2)

F (2)
(f − 1)

}
+ 3

y2(w − 1)(F (2)− yz)
F (2)

(f − 1)

+
y(w − 1)

F (2)

{
Fp(4)(f − 1) + F 1(4)

(
fp −

Fp(2)− 1
zF (2)

F (2)
− 1

z
(f − 1)

)}
.

By considering the coefficient of fp we have that

x2 − y − 2x4yzf − 2x2
{
y3zt(w − 1)

F (2)
+ y2z(t− 1)

}
− 2x2y2z(w − 1)(F (2)− yz)

F (2)
− x2y(w − 1)F (4)

F (2)
= −

√
4,

where 4 is the discriminant of the following quadratic equation for planar maps obtained
in [31]:

x4yzf2 + (y − x2G)f + x2G− y − x2yF (2) = 0,

G = 1− 2y3z2t(w − 1)

F (2)
− 2y2z(t− 1)

− y2z(w − 1)
F (2)− yz
F (2)

− y(w − 1)
F (4)

F (2)
.

(2.16)

Theorem A. The enumerating functions fp and f satisfy the following equation:

−
√
4fp = x4y

∂xf

∂x
− x2yFp(2)− 2

x2y3zt(w − 1)(Fp(2)− 1
zF (2))

F 2(2)
(f − 1)

+ 3
x2y3zt(w − 1)

F (2)
(f − 1) + 3y2(t− 1)(f − 1) + 3x2y2(t− 1)(f − 1)

− 2
x2y2z(w − 1)(F (2)− yz)

F (2)

{
Fp(2)− 1

zF (2)

F (2)
(f − 1)

}
+ 3

x2y2(w − 1)(F (2)− yz)
F (2)

(f − 1)

+
x2y(w − 1)

F (2)

{
Fp(4)(f − 1)− F 1(4)

F (2)
(Fp(2)− 1

z
F (2))− F 1(4)

z
(f − 1)

}
.
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Remark 2.7. Since the above equation contains 5 or more parameters and much informa-
tion, many known results such as for monopoles on N1 [36], 4-regular maps on N1 [36]
(the case of t = w = 1) and loopless 4-regular maps on N1 [39] (the case of t = 0, w = 1)
may be derived. If more parameters are introduced, more results will be obtained. But here
we are only interested in the case of 4-edge-connected 4-regular maps on N1 since they are
more closer to the simple Eulerian maps which is what we shall handle in the next section.

3 Calculations
In this section we shall concentrate on the calculation of the function in Theorem A and all
the arguments are under the restriction t = w = 0, y = 1 since this is what we are really
interested in and may be handled by the double-root method developed by Brown [11].
Since t = w = 0 will destroy all the nonroot-vertex loops and all the separating cycles, we
have that F (2) = z, Fp(2) = 1. Now the equation in Theorem A becomes

−
√
4fp = x2

{
x2
∂(xf)

∂x
− 1− 3(f − 1)− Fp(4)

z
(f − 1) +

F (4)

z2
(f − 1)

}
,

where

−
√
4 = Hx2 − 1− 2x4zf, H = 1 + 2z +

F (4)

F (2)
. (3.1)

Let x2 = η denote a double root of4. Then after simplifications we obtain

Theorem B. The enumerating function of rooted 4-edge-connected 4-regular maps on the
projective plane is

Fp(4) =
z

1− f

(
ηf − 1−

√
1− 4zη2f

zη

)
+

z

1− f
− 3z +

F (4)

z
,

where

fη(2− f) = 1, η = 1 +
z2η3

1− 4zη2
. (3.2)

Remark 3.1. By applying Lagrangian inversion (for a reference one may see [19]) for
(3.2) and its other version

t = 1 +
z2

4z − t2
, tη = 1,

we may expand Fp(4) into a power series of z, i.e.,

Fp(4) =
∑
m≥0

z(η + 1)fm+1 −
∑
m≥1
n≥0

2

m

(
2m− 2

m− 1

)
zmη2m−1fm+n − 4z − 1 + 2zηf + t,

where

fs =
∑
k≥s

s

k22k−s

(
2k − s− 1

k − 1

)
tk,
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ηs =
z2

1− 4z
+
∑
m≥1
n≥0

4ns

m!

(
m+ n− 1

m− 1

)
D

(m−1)
η=1 (η2m+2n+s−1)z2m+n,

ts =
z2

4z − 1
+
∑
m≥1
n≥0

s

4m+nm!

(
m+ n− 1

m− 1

)
D

(m−1)
t=1 (t2n+s−1)zm−n.

Here

D(m)
x=af(x) =

dmf(x)

dxm

∣∣∣∣
x=a

.

By using an algebraic symbolic system such as Maple [32], the first few coefficients of
Fp(4) may be calculated:

Fp(4) = 6z2 + 21z3 + 94z4 + 471z5 + 2516z6 + 14006z7 + 80246z8 + 469635z9

+ 2793758z10 + 16835979z11 + 102530832z12 + 629875252z13

+ 3898000312z14 + 24274540180z15 + 151988898790z16

+ 956148311939z17 + 6040124414714z18 + · · ·

One may compare the initial values of the maps with the number presented by the
formula above and see that they coincide with each other. For instance, there are 6 rooted
4-edge-connected 4-regular maps with 3 faces on N1 and the following group of unrooted
maps (as shown in Figure 6) will induce 21 distinct rooted maps with 4 faces on N1.

v
v

v
(a)M1

v

v
v vAA

A
AA

(b)M2

v

v
v

(c)M3

v
v v
�
��

(d)M4

Figure 6: Four distinct embeddings of the double graph K2
3 on N1 which will induce 21

rooted maps.

The contributions of the 4 maps to the rooted maps are, respectively, listed in Table 1.
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Table 1: Initial values for 3-vertex rooted maps on N1.

M1 M2 M3 M4

12 6 2 1

4 Asymptotic evaluations
In this section we concentrate on the approximate values of the number of the maps ob-
tained in the previous section. We first state some basic facts.

Fact 4.1. Let M be a class of infinite rooted maps with M1 as its subset. Suppose that
their enumerating functions may be expanded into power series and their respective con-
vergence radiuses are R and R1. Then R and R1 are, respectively, the singularities of
them. Furthermore, R ≤ R1.

Fact 4.2 (Long [30]). The convergence radius of the power series expansion with the num-
ber of inner faces as the parameter of the enumerating function for the rooted 2-connected
4-regular maps without loops on the projective plane is 27

196 . Consequently, rooted 4-edge-
connected 4-regular maps on the projective plane must have its convergence radius, say r,
of enumerating function satisfying 27

196 ≤ r ≤ 1.

As we have reasoned in [31], the function H = G|y=1 (defined in Theorem A) and the
parameter η = x2 = x may be rewritten as

Hx =
1− 2z2x3

1− 2zx2
, x = 1 +

z2x3

1− 4zx2
. (4.1)

Remark 4.3. Here we use x2 = x = η to denote a double root of4 in convenience.

Since Darboux’s Theorem [2, Theorem 4] shows that the dominating singularity (i.e.,
that corresponds to the convergence radius) of the power series expansion of an enumer-
ating function of a type of maps contains a lot of information about the number of maps
considered, we have to locate the wanted singularity. By the definition of Fp(4) we have
the following

Fact 4.4. The singularities of Fp(4) satisfy either

(1) f − 1 = 0 or

(2) x = 0 or

(3) vx = 1 or

(4) Equations (4.1).

From the above fact we may conclude that the dominating singularity of Fp(4) must
satisfy (4.1). We now investigate the singularities of (4.1). The equation on the right hand
side of (4.1) may be rewritten as

S(x, z) = (z2 + 4z)x3 − 4zx2 − x+ 1 = 0. (4.2)
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By the implicit function theorem [24, Theorem 1.3.1], (4.2) will determine a function
x = x(z) with its singularities also satisfying ∂S(x,z)

∂x = 0. From this we may obtain a
group of equations as

(z2 + 4z)x3 − 4zx2 − x+ 1 = 0,

3(z2 + 4z)x2 − 8zx− 1 = 0.
(4.3)

The variable z may be extracted from (4.3) such that

z =
3− 2x

4x2
.

Now we substitute it into an equation of (4.3) and obtain another high order equation of x:

3(3− 2x)2 + 48x2(3− 2x)− 32x(3− 2x)− 16x2 = 0. (4.4)

Factoring the left hand side of (4.4) yields

(−8x+ 9)(2x− 1)2 = 0.

One may see that the only possible singularity satisfying Facts 4.1 and 4.2 is z = 4
27 (which

corresponds to x = 9
8 ).

In order to apply Darboux’s Theorem we also need to investigate the behavior of x =

x(z) near the dominating singularity m = 4
27 . Since both ∂2S(x,z)

∂x2 and ∂S(x,z)
∂x are not

equal to zero (where the function S(x, z) is defined by the Lagrangian inversion formula
in (4.2)) at m, x = x(z) may be expanded into a power series of (1− z

m )
1
2 near m. Let

x = a+ b

(
1− z

m

)1
2

+ c

(
1− z

m

)
+ d

(
1− z

m

)3
2

,

z = m−m
(

1− z

m

)
.

(4.5)

Substitute those into the equation system (4.3) and set the coefficients of (1 − z
m ) and

(1− z
m )

3
2 to zero we obtain a group of relations such as

a =
4

27
,

b2 =
27

256
,

c =
6ma2 − 3mb2 + 12a2 − 12b2 − 8a

2(3ma+ 12a− 4)
,

d =
203
√

3

16
.

We now begin to study the asymptotic behavior of Fp(4) near m. By Theorem B and
Darboux’s Theorem, we have the following

Fact 4.5. The coefficients of Fp(4) will be dominated by those of
√

1−4zx2f

x(1−f) , when the
number of faces is sufficiently large.
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Remark 4.6. Although there are several other terms in the expression of Fp(4) in Theo-
rem B which will contribute several corresponding coefficients to the power series of Fp(4)
by the famous transfer theorem discussed by Flajolet and Odlyzko [13], their effects may
be ignored when the number of faces is large enough.

Let u =
√

1− z
m . Then the coefficient of u0 in 1− 4zx2f is

1− 4ma2
1− am

1− 2ma2
= 0, a =

9

8
, m =

4

27
.

Now we concentrate on the evaluation of the coefficient of u in 1 − 4zx2f . After many
manipulations we see that this number is

− b(3− 2ma2)

a(1− 2ma2)
,

which implies that

√
1− 4zx2f ≈

√
− b(3− 2ma2)

a(1− 2ma2)

(
1− z

m

) 1
4

.

Substitute this into (4.3) we see that

√
1− 4zx2f

x(1− f)
≈

√
− b(3−2ma2)
a(1−2ma2)

ma2(1−2a)
1−2ma2

(
1− z

m

) 1
4

.

This together with the Darboux’s Theorem concludes the following

Theorem C. The number of rooted 4-edge-connected 4-regular maps on the projective
plane with n inner faces is asymptotic to

− C

n
5
4mnΓ(− 1

4 )
,

where Γ(x) is the gamma function at x and

C =

√
− b(3−2ma2)
a(1−2ma2)

ma2(1−2a)
1−2ma2

,

and

a =
9

8
, m =

4

27
, |b| = 3

√
3

16
.

Here the sign of the number b is chosen to guarantee that the number C is a real number.

Remark 4.7. Although 4
27 is very close to 27

196 , the dominating singularity corresponding
to the rooted 2-connected loopless 4-regular maps on N1, almost all the maps of such type
are not 4-edge-connected by Theorem C, that is, nearly all of such maps must contain at
least one separating cycle.
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