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Abstract: The study presented in the paper is focused on cooperation of a small industrial robot and a human
worker, which leads to a better industrial performance. The complex assembly is an example of such cooperation.
Despite all the safety features that can be integrated in a robotic cell, such as sensors and machine vision, the col-
lision between the human and the robot cannot always be avoided. With a purpose to study the safe human-robot
interaction, a passive mechanical lower arm has been developed, on which impact experiments were performed.
Impact experiments with human volunteers were carried out afterwards. Mathematical models of the collision,
consisting of the systems of algebraic and differential equations, for both types of the experiments were formulated
and simulated. Simulating the impact models enables much easier and faster experimentation, which cannot be
achieved with passive mechanical lower arm or human volunteers. The impact models will be used in the future
study of the human-robot impact in the 3D virtual environment, in which collisions not safe for experimenting with
real humans will be performed.
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 1 Introductio n

In conventional industrial applicati-
ons, robots are performing tasks in-
volving monotonous operations, kno-
wn as low level tasks and are isolated
from human operators executing high
level tasks. We expect that shared and
cooperative work between a human
and a robot in a coexistence enviro-
nment will give us much higher de-
grees of system performance, since
many industrial tasks involve both
kinds of operations. In the future,
robots will be working with humans
not only in industrial environment but
also in the areas of service robotics. In
realization of human-robot coexisten-
ce, human safety is indispensable.

A wide variety of safety features can
be integrated in robotic cells, ranging
from visual observation of the area
around the robot, to collision avo-
idance algorithms implemented in
the robot control [1, 2]. But whene-
ver a combination of highly technical
equipment and software is included,
there is always a risk of failure, whi-
ch can result in injury of the affected
operator. On the other hand, no de-
tection system exists that can guaran-
tee collision avoidance with sufficient
reliability without imposing strong re-
strictions on the speed of motion of
the robot. Therefore, it is necessary to
study the human-robot impact.

Some real experiments, modelling
and simulation experiments have
been done regarding human-robot
impact with industrial and nonindu-
strial robots. One of the specific situa-
tions for the use of robots in nonindu-
strial areas is coexisting with elderly
people and helping them in their li-
ving or working environments. Hun-
ok Lim presented a human-frendly
robot with an elastic material-cove-
red manipulator [3]. Besides impact
experiments, a mathematical model
of collision has been developed using
Euler-Lagrange equations, to study
safe human-robot interaction.

Yamada [4] developed a mathemati-
cal model of human-robot collision
in which a human body was model-
led with a simple semi-elipsoid shape.
The robot applied in this study was the
SSR-H604DN manufactured by the
Seiko-Epson Corp. which was covered
with viscoelastic material for increased
human safety. An equation of impact
force was derived considering viscoe-
lastic properties of the robot covering.

The impact tests with industrial robots
were to our knowledge mainly investi-
gated by DLR-German Aerospace Cen-
ter. Head and chest impacts were stu-
died with car crash-test dummies from
automotive industry, using LWRIII,
KUKA KR3-SI, KUKA-KR6 and KUKA
KR500 industrial robots [5, 6, 7].

With the models of crash-test dum-
mies and model of KUKA KR150, ro-
bot-human impact simulations were
carried out [8]. Simulations were fo-
cused on head impacts of the dummy
with the robot. Two different mathe-
matical approaches were dealt with.
These are the Finite Element Methods
which were solved using LS-DYNA
simulation tool (Livermore Software
Technology Corporation) and Mul-
tibody Dynamics which were simu-
lated using ADAMS (MSC.Software
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Inc.) and LifeMOD (Biomechanics
Research Group, Inc.). Simulation
results were analysed with the head
injury criteria (HIC), commonly used
in automotive industry, to show its ap-
plicability to robotics.

In our research we are focused on co-
operation of a small industrial robot
and a human worker. The assumption
was made, that their workspaces in-
tersect in such a way, that human-ro-
bot impacts are only possible with the
worker’s lower arm and manipulator’s
end-effector. Therefore, no life-threa-
tening injuries can occur. In the worst
case, fractures of worker’s lower arm
can result from the collision, if the
arm is clamped. Only damage to the
skin and muscle tissue is possible,
when the movement of the arm du-
ring the imapct is not hindered.

The robot used in the study was a
small Epson six axis robot. A passive
mechanical lower arm (PMLA) was
developed, with which prelimina-
ry impact experiments were carried
out [9]. The impact experiments with
human volunteers were carried out
afterwards. Mathematical models of
impact for both types of experiments
were developed and simulated. Mo-
dern multi-domain and object orien-
ted modelling tools recently develo-
ped gave us a strong support not only
in simulation phase but also in the
phase of mathematical modelling.

The goal of our study is to explore
some impact scenarios which can
occur during the described human-
robot cooperation. The impact mo-
dels will be used in the future study of
human-robot collision in the 3D vir-
tual environment, in which the user
will be cooperating with a virtual ro-
bot in the task of a complex assembly.
In this way, simple and quick impact
experiments will be carried out, du-
ring which high impact forces will be
present, not safe for real experimen-
tation with humans.

 2 Experiments

PMLA was developed with a purpose
to imitate real human arm characte-
ristics. For human safety, impacts of
robot end-effector with PMLA were

investigated, before impact tests with
human subjects were carried out. The
results of the experiments were used
for the modeling of the collision and
for the validation of the models.

2.1 Experiments w ith passive 
mechanical lower arm

The PMLA device (Figure 1) consists
of a vertical base pillar made from
aluminium, to which the arm struc-
ture is attached through passively
adjustable shoulder joint. The arm
structure consists of upper and lower
arm. The upper arm is emulated with
an aluminium profile, while the lower
arm’s aluminium bar holds a prosthe-
tic arm, which emulates human tis-
sue. It has about the same weight as
the real human lower arm and about
the same elastic properties as relaxed
human muscles. The prosthetic arm
is covered with silicon esthetic glo-
ve, which represents human skin. The
connection between lower and upper
arm is made with a rotational elbow
joint. The torque in the joint emula-
tes a stretched human biceps muscle,
which compensates for the gravity,
keeping the lower arm in steady posi-
tion before the impact. A pneumatic
cylinder, emulating elbow viscoela-
stic properties, is also placed betwe-
en the lower and upper arm. The only
possible movement of PMLA during
the impact experiment is the rotation
of the lower arm around the elbow
rotary unit.

The measuring
system used
in the experi-
ments consisted
of a three-axis
accelerometer
ADXL203 and
three gyrosco-
pes ADXRS150
(Analog Devi-
ces, Inc.) [10],
three-axis force
sensor (JR3, Inc.)
and the optical
kinematic mea-
surment system
Optotrak Certus
(Northern Di-
gital, Inc.). The
accelerometer

and gyroscopes were placed on the
lower arm’s supporting aluminium
profile. The force sensor was installed
between the robot’s sixth joint and the
end-effector. Accelerations, velocities
and forces during the imapct were lo-
gged by a real-time xPC target compu-
ter, while the motion of the arm and
the robot was observed with two Op-
totrak position sensors using the infra-
red markers attached to both objects.

In the impact experiments different
robot end-effectors were used, re-
presenting different tools that are
being used by the industrial robots.
End-effector’s shapes for point, line
and plane impacts were used. In our
further study of impact modeling we
are focused only on line impacts.

Several experiments were carried out
with PMLA. The arm’s initial position
was always precisely the same. Eve-
ry experiment started with the robot
end-effector moving towards the arm
along a straight line. Collision occu-
red under 90 degrees angle and at the
point positioned 11 centimeters from
the wrist on the dorsal aspect of the
lower arm. The robot end-effector
was programmed to stop at the point
located inside the PMLA and at con-
stant deceleration. The depth of the
stopping point under the arm surface
was changed from 5 mm to 30 mm
with 5 mm steps and robot’s decelera-
tion was incrementally changed from
1 m/s2 to 5 m/s2.

Figure 1. PMLA and six axis  robot
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2.2 Experiments wit h human 
volunteers

The measuring system used in the
experiments with human volunteers
was the same as in the experiments
with PMLA. The accelerometer and
three gyroscopes were attached to
the ventral aspect of the human lower
arm, the three-axis force sensor was
placed between the robot’s sixth joint
and the end-effector. For the measur-
ment of the movement of the arm and
the robot end-effector, infrared mar-
kers were attached to the robot end-
effector and dorsal aspect of human
lower arm. The optical measurment
system Optotrak Certus was assessing
the position of the markers using two
position sensors.

The experiments were done with 5
human volunteers. The shapes of the
robot end-effector for plane and line
impacts were used. The end-effector
for the point impact was left out of
the experiments, as the point impacts
were found dangerous in the view of
skin and muscle tissue injury [9]. For
increased safety, the robot crash pro-
tector was installed between the end-
effector and robot’s sixth joint, which
eases the collision, if the impact for-
ce exceeds the predetermined value.
Only line impact is taken in conside-
ration in the further study of impact
modeling.

Several experiments were done with
every volunteer. The initial position of
the human arm was the same in each
experiment. This was achieved with
the use of the structure consisted of
two metal wires stretched between
two aluminium profiles. Two parallel
lines were drawn to the volunteer’s
dorsal aspect of the lower arm, tran-
sversely to the length of the arm. The
person was asked to put the arm be-
tween the two aluminium profiles
with metal wires touching the dorsal
aspect of the lower arm. To ensure the
initial position was precisely the same
in each experiment, the wires had to
be aligned with the lines drawn on
the lower arm.

In each experiment the robot col-
lided with the arm, while moving
along a straight line perpendicularly

to the arm surface. The point of im-
pact was positioned in the centre of
the forearm on the dorsal aspect of
the lower arm. As in the experiments
with PMLA, the robot end-effector
was programmed to stop at the point
located inside the human arm and at
constant deceleration. The depth of
the stopping point under the arm sur-
face was changed from 10 mm to 20
mm and 30 mm, while robot’s dece-
leration was incrementally changed
from 1 m/s2 to 5 m/s2.

 3 Mathematical model ling

In this section, the impact models
for both types of experiments are de-
rived, which will be used in the 3D
virtual environment for further expe-
rimentation. Subsection 3.1 describes
the impact model for PMLA, while
in subsection 3.2 impact model for
real human arm is derived. The de-
velopment of the models is based on
theoretical modelling, giving the de-
scription of the physics of the impact.
An efficient connection between the
programming packages Matlab-Si-
mulink (The MathWorks, Inc.) and
Dymola-Modelica (Dynasim AB) was
used for optimization and estimation
of some parameters, with the use of
the results of the experiments.

3.1 Modelling of imp acts with 
passive mechanical lower arm

From the data obtained with the Op-
totrak measuring system we can con-
clude, that the impact has no effect
on the movement of the robot end-
effector. Therefore, the human-robot
impact can be mathematically mo-
delled as a forced movement of the
arm under the influence of the move-
ment of the robot.

3.1.1 Kinematics of  the robot end-
effector

For each experiment the movement
of the robot was assessed. Collision
occured while the end-effector was
moving with constant deceleration
a. The end-effector’s movement has
stopped when it reached the depth h
under the surface of the PMLA’s initi-
al position. From the collision starting
moment to the moment when collisi-

on ended, the robot end-effector has
travelled a path of the length h along
a straight line perpendicularly to the
arm surface.

Simple equations

v(t) = a0t + v0 (1)

and

00
2

02
1)( stvtats ++= (2)

describe the kinematics of an object,
where v(t) is the speed, s(t) is the
path, v0 and s0 are the object’s ini-
tial speed and position and a0 is it’s
constant acceleration or decelerati-
on, depending upon the sign of the
constant. In the following equations
deceleration a is considered to be a
positive real number. From equation
(2) we can obtain the time in which
the end-effector travels the distance h

a
h

impt 2= (3)

by setting v0=s0=0, a0=a and s(timp)=h.
The variable timp represents the time
elapsed from the beginning of the col-
lision to the moment when the end-
effector stopped. By keeping v0=0
and a0=a in equation (1), with use of
equation (3), we can also derive the
end-effector’s speed at the impact
starting moment

(4)ah2vinit  =

The end-effector’s path during the
impact as a function of time can be
therefore expressed with equation

2
2
1)( attvts init −= (5)

When the robot end-effector stopped
at depth h, it remained at that position
to the end of the experiment. Therefo-
re, for t ≥ timp the equation

hattvts impimpinit =−= 2
2
1)( (6)

holds.

3.1.2 D efi ning the variables of PMLA

With a variable x(t) we denote the
depth, to which the robot end-effec-
tor immerses into PMLA’s prosthetic
tissue. The angle of rotation of the

ROBOTIKA
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lower arm around the elbow joint is
denoted φ(t), while the translation of
the impact point in the direction per-
pendicularly to the arm’s surface in
initial position is y(t). Therefore,

y(t) = rsin φ(t) (7)

is obvious, where r is the distance
between the point of impact and the
axis of rotation.

3.1.3 PM LA’s and end-effector’s joi-
ned movement

From the observation of the impact
experiment and verified with the data
from Optotrak measuring system, by
calculating the distances between
the infrared markers, we can conclu-
de, that once the contact of the ro-
bot end-effector with PMLA has been
made, they remain in contact even af-
ter the collision. Therefore, equation

y(t) = s(t)-x(t) (8)

is valid.

3.1.4 Equ ation of rotation

Viscoelastic properties of the artificial
arm are modelled with a spring and a
damper. The force of the robot appli-
ed to PMLA is therefore equal to the
expression

)()()( txbtxKtF rrROB &+= (9)

where Kr is the arm’s spring constant
and br is it’s damping constant. The
Euler equation of rotation of the lo-
wer arm around an elbow joint has
the form

)()()()( tNtbtrFtJ ROB −−= ϕϕ &&& (10)

On the left-hand side of the equati-
on, there is the change of the angular
momentum of the lower arm, with J
being it’s inertia. On the right-hand
side of the equation there is the sum
of the torques applied to the arm. As it
has been implied, the first element of
the equation represents the torque of
the end-effector, where the constant
r is the same as in (7). The second
element of the equation is the torque
produced by the pneumatic cylinder
installed near the elbow joint, with b

being it’s damping constant. Finally,
N(t) represents the torque in the el-
bow joint, dependent on the adjust-
ment of the rotary unit, which has
been provided to hold the arm in ste-
ady position before the impact.

3.1.5 Mode ling the friction force

The torque N(t) is caused by the fricti-
on force Ffr(t) in the elbow joint. The
surface affected by the friction force
and also the distance of this surface to
the axis of rotation is unknown. This
is the reason to introduce a constant
PL, which leads to equation

N(t) = PLFfr(t) (11)

The friction force is modelled with a
combination of three different types
of friction. These are static, Coulomb
and viscous friction. The static friction
represents the force necessary to ini-
tiate motion from rest, Coulomb fric-
tion is of constant value and depends
only on the sign of the velocity of a
moving object and finally, the viscous
friction is proportional to the object’s
velocity. In most of the cases the va-
lue of static friction is larger than the
Coulomb’s friction constant (Figure 2 
(a)).

This classical friction model cannot
explain the behaviour of the friction
force at low velocities, called a Stri-
ebeck phenomenon [11], describing
decreasing of friction with increasing
velocities. Therefore, to ensure a smo-
oth transition from static to Coulomb
and viscous friction in the moments

when object starts to move, a Strie-
beck phenomenon is included in the
model (Figure 2 (b)).

The appropriate choice of the unkno-
wn constants Kcoul, Kvisc, Kstat and Kstri
in the function

)(1()( visccoulfr tKKtF ϕ& ++=

(12)

gives us the desired model of a fric-
tion force in the elbow joint in each
moment, after the arm has started
moving. The term ϕ(t) that appears in
the equation is the angular velocity of
PMLA.

In a short interval of time, after the
start of the impact, the arm does not
move from it’s initial position. Only
immersing into the prosthetic arm’s
tissue occurs, because the force of
the robot end-effector has not yet re-
ached the value of the static friction
force in the elbow joint. Therefore,
during this interval of time the torque
caused by the friction force must be
the same as the torque caused by the
robot end-effector. This implies the
equation

))()(()( txbtxKtF rrP
r

fr L
&+= (13)

This force is active until ϕ(t)=0. By
inserting this into the equation (12),
we can observe, that equation (13)
is correct until Ffr(t)<Kcoul(1+Kstat). To
summarize:

Figure 2. Friction f orce as a function of velocity; (a) Static, Coulomb and 
viscous friction; (b) Static, Coulomb and viscous friction with Striebeck phe-
nomenon
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3.1.6 Initia l conditions

For functions x(t) and φ(t) the initial
conditions must be set. If we assume,
that collision starts at t=0, than we
have x(0)=0 and φ(0)=0. The force of
the robot end-effector has to exceed
the static friction force, before the arm
starts rotating around the elbow joint.
This implies that ẋ(0)=vinit and ϕ (0)=0.

3.1.7 Model impleme ntation in 
Modelica

Equations (3)-(11) and (14), together
with the initial conditions, form a sy-
stem of equations which represents
the impact model. The system inclu-
des 8 unknown parameters (Kr, Br, b, 
PL, Kcoul, Kvisc, Kstat and Kstri), which had
to be chosen using the optimization
algorithm and simulation.

An efficient modelling and simulation
environment can be very helpful in fi-
nal model implementation. There are
domain oriented packages with user
friendly high level modelling possi-
bilities: electronic systems (SPICE),
multi-body systems (SIMPACK), there
are many other packages for mecha-
nical and also robotic systems. These
simulation packages are only strong
in one domain and are not capable
to model components from other
domains in a reasonable way. Howe-
ver, advanced robotic investigations
demand modelling of systems with
components from different domains,
at least mechanical, electrical and
control systems domains. Such mul-
ti-domain systems can be modelled
with general-purpose tools such as SI-
MULINK, ACSL, which representati-
ons are essentially based on the same
modelling methodology, input-output
blocks, as in the previous standardi-
zed CSSL language. This is universal
but a very low level mathematical
modelling approach, which requires
a lot of engineering skills and manpo-
wer and, in addition, it is error-prone.

However, in order to allow the reuse
of component models, the equations
should be stated in a neutral form, wi-
thout any consideration of the compu-
tational order, what are inputs, what
are outputs, what are causes and what
are consequences. This is the so-cal-
led acausal modelling approach. Be-
cause in nature real systems are aca-
usal. We never know whether a force
causes a displacement or vice versa.
Causality is artificially made because
the physical laws have to be transfor-
med into a convenient computational
description. It is much easier, more
convenient and more natural then to
use acausal modelling tools, such as
Dymola [12, 13]. Dymola uses a new
world wide used standardized langu-
age Modelica [14, 15]. In Modelica
we write balance and other equati-
ons in their natural form as a system
of differential-algebraic equations.
Then, computer algebra is utilized to
achieve an efficient simulation code.
Modelica supports textual (equation)
modelling and also the very powerful
high level graphical modelling when
pre-prepared components from many
libraries can be used. Many of this li-
braries are public domain.

With Modelica, equations (3)-(11)
and (14), are directly transferred in
the so called textual layer in Dymola
program. In the future we also intend
to develop a library with reusable ap-
plication components. Mechanical
parts, revolute joints, sensors, gene-
rators of forces and torques, dampers,
springs - these components can alre-
ady be found in Modelica Standard
and in Modelica Multibody library,
but some specific and nonlinear com-
ponents have to be developed. This
approach will also enable to develop
animation schemes in parallel with
numerical simulation.

3.1.8 Parameter estimation us ing 
optimization

As stated, 8 unknown parameters
were determined in the way that the
results of the simulation model were
as close as possible to the results of
the corresponding real experiment
in the sense of a selected criterion
function. The results of a single expe-
riment were used in the parameter

estimation. The remaining data was
used later for the validation of the
model. There are several approaches
how to estimate parameters of a non-
linear model. We chose a very uni-
versal and a very engineering appro-
ach which also demonstrates a rather
sophisticated modelling and optimi-
sation environment (Figure 3).

Namely we used Dymola-Modelica
environment for pure ‘physical’ mo-
delling. The whole model was used as
the so called ‘Modelica block’ in Si-
mulink environment. Beside Simulink
was used as a data base for real expe-
riment measurements. The difference
between model outputs and corre-
sponding measurements is used for
the evaluation of the criterion function

∑
∈

−+−=
Ti

mem ifivivC )(())()((( 2

|)(max)(max|1 iviv eTimTi ∈∈ −+ ρ
|)(max)(max|2 ifif eTimTi ∈∈ −+ ρ
|)(max)(max|3 iyiy eTimTi ∈∈ −+ ρ (15)

where T is a large finite set, represen-
ting the points of time. Values vm(i), 
fm(i) and ym(i) represent the model
outputs of PMLA angular velocity,
impact force and PMLA’s movement
in vertical direction. Their correspon-
ding values, measured in real experi-
ments, are denoted ve(i), fe(i) and ye(i).
The values ρ1, ρ2 and ρ3 are used as a
weight, giving greater importance to
the minimization of the differences
between the maximum values of me-
asured and modelled quantities.

The optimization is performed with
Matlab programme using Optimizati-
on Toolbox and fminsearch function.
Optimisation needs the evaluations of
criteria functions in many iterations
which are actually obtained by Simu-
link simulations. After 669 itterations
which used 1097 simulation runs the
following optimal parameters are ob-
tained:
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The constant Kstat is defined in such a
context that it has no unit.

3.1.9 Results

The simulations of the impact mo-
del indicate good matching with the
experiment results for different robot
decelerations and different depths
of the end-effector’s stopping point.
Figures 4-6 show the comparison

between the impact model and the
experiment results with PMLA. The
diagrams of various impact experi-
ments are drawn with a solid line,
while their corresponding impact mo-
del graphs are drawn with a dashed
or dash-dotted line.

Prediction of the impact model sho-
ws a slightly increased time interval,
during which the impact force effec-

ts. The value at
which the force
measeured in
real experiments
stabilizes after
the collision,
does not always
perfectly match
the value of the
signal of the mo-
del. These two
observations are
not very impor-
tant in our stu-
dy, because the
impact model is
going to be used
in the 3D virtual
environment, in
which the maxi-
mum value of

the force applied to the arm during the
impact will be of greater importance.
The model prediction of the maximum
value, matches the maximum value of
force measured in experiments with fa-
irly high accuracy (Figure 4). The speed
of PMLA is modeled with great preci-
sion (Figure 5). The maximum value of
velocity, matches the measured value.
In general, diagrams of the impact mo-
del, representing the PMLA velocity,
show no significant discrepancies to
the diagrams of impact experiments.

During the impact process PMLA
rotates around the elbow joint. This
brief movement is mostly shown in
vertical translation of the arm. The
model signals are a bit delayed and
they stabilize at a slightly lower value
in comparison with the ones measu-
red in real experiments (Figure 6).

3.2  Modelling of impact s with 
real human arm

As it has been observed for the expe-
riments with PMLA, impacts of the
robot end-effector with the real hu-
man arm, also have no effect on the
movement of the robot. This was also
verified with the data assessed with
the Optotrak measuring system. The-
refore, this type of impact is also mo-
deled as the forced movement of the
arm under the influence of the move-
ment of the robot.

3.2.1  Adjustment of th e impact mo-
del for PMLA

The outputs of the impact model for
PMLA, which was derived in subsec-
tion 3.1, have been compared to the
results of the experiments with human
subjects. New parameters were obtai-
ned with optimization and simulati-
on, to fit the measured data as good as
possible. Because of the movement of
the human arm in the shoulder joint,
during the impact process, the impact
model’s results were less accurate.
Therefore, the impact model has been
adjusted, considering the rotation in
the shoulder joint, which was demon-
strated in slightly better results.

Kinematics of the robot end-effector,
during the impact of the robot with
the real human arm, remain the same

Figure 3. Modelling and optimisation environment 

Figure 4. Impact force for  the experiments with PMLA (solid 
line) and model (dashed and dash-dotted line) at robot 
deceleration 3 m/s2 and at different depths of stopping point
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as in the previous model. Therefore,
equations (1)-(6) remain valid in the
new model. With a variable )(~ tx we
denote the depth to which the human
tissue is immersed under the influ-
ence of the movement of the robot
end-effector. Therefore, the force of
the robot applied to the arm is again
modeled with equation

)(~)(~)( txbtxKtF rrROB
&+= (16)

where Kr and br are as in (9).

3.2.2 Kinematics of the  human arm

The assumption has been made, that
the movement of the arm is limited to

a plane. The pla-
ne is defined by
the straight line,
along which the
robot was mo-
ving before the
impact and the
tangent to the
arm surface, po-
inting in the di-
rection from the
impact point to
the elbow. With
this assumption,
the movement
of the arm is de-
scribed by two
rotations. This
is the rotation
around the sho-
ulder joint, de-
noted φ1(t) and
the rotation aro-
und the elbow
joint, denoted
φ2(t). The angle
between the lo-
wer arm and the
upper arm in
initial position is
denoted φ0. The
origin of the co-
ordinate frame is
positioned in the
shoulder joint,
while the x axis
of the coordina-
te frame is paral-
lel to the human
lower arm.

Figure 7 demon-
strates the hu-
man arm in 3
different positi-
ons. The initial
position is the
topmost, under-
neath is the po-
sition, when the
arm is rotated
in the shoul-
der joint for the
angle φ1 and at
the bottom, the
rotation around
the elbow joint
for the angle φ2

is added. Vector

R denotes the initial position of the
elbow and vector R+r the initial po-
sition of the impact point. Therefore,
the value |R| represents the length of
the human upper arm, while the va-
lue |r| represents the distance from
the impact point to the elbow. For
simplicity, human upper and lower
arm are represented with line se-
gments.

Rotations around the shoulder and
elbow joint are time dependent and
are running in the clockwise direc-
tion, which can be mathematically
described as

⎥
⎦

⎤
⎢
⎣

⎡
−

=
)(cos)(sin
)(sin)(cos

:
11

11

tt
tt

ϕϕ
ϕϕ

R1(t)
and

(17)

We denote the components of the
above mentioned vectors with
R=[Rx,Ry]

T and r=[r,0]T. It is assumed,
that the distance of the impact point
from the elbow joint remains constant
during the impact process. Therefore,
the position of the impact point can
be described with the equation

⎥
⎦

⎤
⎢
⎣

⎡
)(
)(

ty
tx = R1(t)(R+R2(t)r).

(18)

The movement of the arm is mostly
perceived in the vertical direction. By
expanding the upper equation, one
can derive

Figure 5. PMLA angular veloc ity for experiments (solid line) 
and model (dashed and dash-dotted line) at robot decelera-
tion 4 m/s2 and at different depths of stopping point

Figure 6. Vertical component o f the PMLA movement for ex-
periments (solid line) and model (dashed and dash-dotted 
line) at robot deceleration 1 m/s2 and at different depths 
of stopping point 
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Figure 7. Human arm in 3 diffe rent positions, represented 
with line segments 
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y(t) = -sinφ1(t)(Rx+rcosφ2(t))+
+cosφ1(t)(Ry-rsinφ2(t)). (19)

3.2.3 Joined movement o f the robot 
end-effector and the human arm

The end-effector’s and arm’s joi-
ned movement is ascertained in the
same way as in the experiments with
PMLA. The position of the coordinate
frame now dictates the equation

)(~)()( txtsRty y +−= (20)

3.2.4 Equations of rotat ion

The moment of inertia for rotation of
the human arm around the shoulder
joint is a function of φ2(t), because
the shape of the arm changes with
the rotation of the lower arm around
the elbow joint. The approximation
for the moment of inertia is calcu-
lated with the use of Steiner’s the-
orem.

The human upper arm is approxima-
ted with a cylinder of mass m1, leng-
th l1=|R| and radius r1. Similarly, the
human lower arm is approximated
with a cylinder of mass m2, length l2
and radius r2. The moment of iner-
tia is therefore of the form J=J1+J2,
where J1=¼m1r1

2+1/3m1l1
2 is the

inertia of the cylinder, representing
the human upper arm and J2 is the
inertia of the cylinder representing
the human lower arm, both rota-
ting around the shoulder joint. With
the use of Steiner’s theorem we can
derive J2=J2*+m2d(φ2(t))2, where
J2*=¼m2r2

2+1/2m2l2
2 is the inertia of

the cylinder rotating around the axis
through the centre of mass of the lo-
wer arm and d(φ2(t)) is the distance
from the shoulder joint to the centre
of mass of the lower arm. With the
assumption that the distance from the
centre of mass of the lower arm to the
elbow joint is l2/2 and using the cosine
formula of the triangle, the equation
d(φ2(t))2= l1

2+(l2/2)2-2l1l2/2cos(φ0+φ2(t))
is derived. To summarize:

J (φ 2( t ) )=¼(m 1r 1
2+m 2r 2

2)+1/3
m1l1

2 +1/2m2l2
2+m2(l1

2+(l2/2)2-
l1l2cos(φ0+φ2(t))).                 (21)

The Euler equation of rotation of the
human arm around the shoulder joint
has the form

)())(( 12 ttJ ϕϕ && cos(r −+ π= (|R|

(22)

On the left hand side there is the
change of the angular momentum
of the human arm. The first element
on the right hand side represents
the torque produced by the collisi-
on with the robot. The expression
L(t)=|R|+rcos(π-φ0-φ2(t)) represents
the length of the lever arm, while the
remaining part represents the compo-
nent of the impact force, which is per-
pendicular to the lever arm. The se-
cond and the third element model the
torque of the muscles of the sholder
joint. The second element represents
damping, with b1 being the damping
coefficient. The third element repre-
sents the arm’s resistance to initiate
movement and a constant torque,
opposing the torque produced by the
end-effector, while the arm is moving.
Concisely told,

⎪⎩

⎪
⎨
⎧

+−=
K

tFtLtM ROB
sho ;

sin()()()(
1

20 ϕϕ π

(23)

for some unknown constant K1. The
torque Msho(t) is analogous to the
torque produced by the static and
Coulomb friction force in the impact
model for PMLA. The constants defi-
ning both types of friction in this ana-
logy have the same value K1.

The Euler equation of rotation of the
human lower arm around the elbow
joint is of the form

)(cos()()(ˆ
12 ttrFtJ ROB += ϕϕ&&

(24)

The constant is the inertia of the cylin-
der representing human lower arm,

rotating around the elbow joint. The
first element on the right hand side of
the equation is the torque of the ro-
bot applied to the lower arm, where
the expression FROB(t)cos(φ1(t)+φ2(t))
represents the component of the for-
ce of the end-effector, perpendicular
to the lever arm. The second and the
third element on the right hand side
of the equation represent the torque
of the muscles of the elbow joint and
are similar to those in equation (22).
The constant b2 is the damping coeffi-
cient for the elbow joint, while
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21 ϕϕ

for some unknown constant K2.

3.2.5 Initial conditions

Initial conditions are similar to the
ones defined in the impact model for
PMLA. The torque produced by the
robot end-effector has to exceed the
torque of the human muscles, which
are holding the arm in the steady po-
sition, before the arm begins to move.
Therefore 0)0(~ =x ,

initvx =)0(~& ,

0)0(1 =ϕ , 0)0(1 =ϕ& , 0)0(2 =ϕ ,

0)0(2 =ϕ& .

3.2.6 Model implementation and 
parame ter estimation

The system of equations (3)-(6), (16)
and (19)-(25), with initial conditions,
form the impact model, which was
again implemented in Modelica. The-
re are 6 unknown parameters (Kr, br, 
b1, b2, K1 and K2) in the system, which
were selected using the same proce-
dure as with the model for PMLA.

The same criterion function as in (15)
was used. The only difference is, that
the values vm(i) and ve(i) of the model
outputs and real experiment measur-
ments, now represent the values of
the arm’s vertical component of the
velocity. During the optimization pro-
cess 547 itterations were performed,
which used 966 simulation runs. In
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this way, the following optimal para-
meters were obtained:

.37375.0,76315.0
,939.1,928.15

,094765.0,7.2619

21

21
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3.2.7 Results

Figures 8-10 show the simulation re-
sults for the model of collision of the
robot with the human arm. The mo-
del predictions show good matching
with the measured data for different
robot decelerations and for different
depths of the end-effector’s stopping
point.

As seen with the impact model for
PMLA, the impact model for human
arm also predicts a slightly increa-
sed time interval, on which the im-
pact force effects. In the real impact
experiments high oscillations of the
impact force were accessed in the
moments after the collision (Fig. 8).
The value at which the force measu-
red in real experiments stabilizes, dif-
ferentiates from the value predicted
by the model. As stated before, these
observations are not very important
in our study. The good prediction of
the model for the maximum value
of the force produced in the collisi-
on is important to us. This prediction
is precise in most simulation results

and becomes a
bit less acurate
as the depth of
the robot end-
effector’s sto-
pping point inc-
reases.

The model pre-
diction of the
maximum value
of the speed of
the human arm
during the col-
lision, shows
good matching
with the value
measured in the
real experiments
(Figure 9). No si-
gnificant discre-

pancies are notable in the compari-
son of the modeled and the measured
velocity.

The impact model prediction of the
movement of the human arm matches
the results of the experiments with
good precision. Small oscilations of
the arm’s movement are notable in
real experiment measurements, after
the arm has reached the maximum
deviation from the initial position (Fi-
gure 10). The signal of the model sta-
bilizes at the value, which is slightly
higer than the value, at which the me-
asurements from the real experiments
stabilize. The maximum deviation of
the arm from the initial position mea-
sured in real experiments is a bit gre-
ater than the value predicted by the
model.

 4 Conclusion

With the purpose of investigating the
human-robot impact, a passive me-
chanical lower arm has been deve-
loped. The impact experiments with
the device and a small industrial ro-
bot have been carried out, with the
intention of getting the preliminary
results. Later experiments were carri-
ed out with human volunteers, during
which the robot end-effector collided
with their lower arm.

Mathematical models of the collisi-
on for both types of the experiments
were developed. The differences be-

Figure 8. Impact force for the experiments with human 
 arm (solid line) and model (dashed and dash-dotted line) 
at robot deceleration 3 m/s2 and at different depths of 
stopping point

Figure 9. Vertical component of the human arm velocity 
f or experiments (solid line) and model (dashed and dash-
dotted line) at robot deceleration 2 m/s2 and at different 
depths of stopping point 

Figure 10. Vertical component of the human arm move-
ment fo r experiments (solid line) and model (dashed 
and dash-dotted line) at robot deceleration 5 m/s2 and 
at different depths of stopping point
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tween the model outputs and the data
measured in real experiments for im-
pact force, speed and movement of
the arm have been analyzed. Simu-
lation results show good matching
with the measured data. The model of
the impact with passive mechanical
lower arm is slightly more accurate
than the model describing the impact
with the real human arm.

Future work will be directed into the
development of the application in
the 3D virtual environment, in which
the robot and the human arm will be
displayed. The virtual robot and the
user will be cooperating in the task
of assembly, during which the im-
pact could occur. The movement of
the user’s arm will be transmitted into
the virtual environment in real time,
using the kinematic measurement
system Optotrak. The impact of the
robot and the arm will be described
with the use of the developed mo-
dels. The force of the impact will be
in the reduced extent transmitted to
the user with the use of a haptic ro-
bot. In this way, extensive and quick
experiments of the collision will be
performed, without posing a threat to
the human.
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Modeliranje trka med robotom in Ïlovekom

Razširjeni povzetek

V industrijski proizvodnji so opravljanje monotonih nalog ïloveka že skoraj povsod nadomestili roboti. Ker pa ti ne
zmorejo opravljati kompleksnejših del, ïlovek še zmeraj sodeluje v proizvodni liniji. Delavec in robot sta loïena z
zašïitnimi ogradami in svoje naloge opravljata loïeno. V naši raziskavi smo se osredotoïili na sodelovanje majhnega
industrijskega robota in delavca, ki opravljata nalogo v skupnem delovnem prostoru, kar omogoïa veïjo industrijsko
uïinkovitost. Primer takšnega sodelovanja je kompleksno sestavljanje, kjer robot opravlja natanïna dela s togimi
predmeti, ïlovek pa opravlja z bolj elastiïnimi elementi. Kljub vsem varnostnim sistemom, ki jih lahko vgradimo v
robotsko celico, kot so razni senzorji in strojni vid, se trkom med robotom in ïlovekom ni vedno mogoïe izogniti.
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Za preuïevanje takšnega trka je bil narejen pasivni model spodnjega dela ïloveške roke, s katerim so bili izvedeni
eksperimenti trkov. Kasneje so bili izvedeni tudi eksperimenti trkov robota s prostovoljci, torej s pravo ïloveško
roko. Za obe vrsti eksperimentov sta bila razvita matematiïna modela trka, sestavljena iz sistemov algebraiïnih
in diferencialnih enaïb. Modela sta bila preizkušena s pomoïjo raïunalniške simulacije, rezultati pa primerjani
z rezultati eksperimentov. Simulacija modelov trka omogoïa lažje in mnogo hitrejše eksperimentiranje, kot pa ga
lahko dosežemo s pasivnim modelom roke oz. s prostovoljci. V prihodnje bomo razvili aplikacijo v 3D navideznem
okolju, kjer bosta v nalogi sestavljanja sodelovala uporabnik in navidezni robot. Za prikaz trka med njima bosta
uporabljena razvita modela, sila trka pa bo v zmanjšani meri prenesena na uporabnika preko tipnega robota.

KljuÏne besede: trk robot-ïlovek, model trka, raïunalniška simulacija, sodelovanje robota in ïloveka
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Dnevi industrijske robotike 2010, 22.–26. marec 2010

Študentje robotike na Fakulteti za
elektrotehniko, Univerze v Lju-
bljani tudi v letošnjem letu orga-
niziramo projekt delavnic Dnevi
industrijske robotike 2010.

Otvoritev dogajanja bo v ponede-
ljek, 22. marca, ob 12. uri v diplom-
ski sobi Fakultete za elektrotehniko.
Na sporedu bodo kratke predstavi-
tve in predavanja o osnovah robo-
tike (prof. Tadej Bajd) in robotiki v
industriji (Darko Koritnik, DAX, Ep-
son), o servisni robotiki pa bo preda-
val dr. Leon Žlajpah z Instituta Jožef
Stefan. Proti koncu pa vam bo prof.
Roman Kamnik predstavil tudi nekaj
osnov iz varstva pri delu z roboti.
Na spletni strani www.DIR2010.si
si lahko ogledate urnik delavnice,
podroben ïasovni pregled progra-
ma in podroben opis vseh aplikacij
ter predavanj.

Udeležba na delavnicah je brez-
plaÏna, študentje pa boste lahko
sodelovali pri razvoju aplikacij za
industrijske robotske manipulatorje
in jih tudi preizkusili na realnih ro-
botih razliïnih proizvajalcev, kot so
Motoman, ABB, Epson, FDS Resear-

ch, Stauebli, Fanuc. Delavnice bodo
potekale od torka, 23. 3., pa vse do
ïetrtka, 25. 3., v treh ciklih dnevno.
Zaradi omejenega števila prostih
mest in velikega zanimanja se je na
vsak termin delavnice potrebno pri-
javiti. Svojo prijavo lahko izpolnite
in oddate na uradni spletni strani de-
lavnice www.DIR2010.si.

Za zakljuïek pestrega tedna pa vsem
zainteresiranim udeležencem pripra-
vljamo tudi zelo zanimivo in pouïno
ekskurzijo, ki jo bomo organizirali v
petek, 26. marca 2010. Ogledali si
bomo proizvodnjo dveh zelo uspe-
šnih slovenskih podjetij. Za vse doda-

tne informacije nas veïkrat obišïite
na spletni strani www.DIR2010.si.

Kot udeleženci so vabljeni vsi štu-
dentje tehniških fakultet Univerze v
Ljubljani in drugih slovenskih uni-
verz, kot obiskovalci pa vsi mlajši
in starejši radovedneži.

K sodelovanju vabimo tudi sloven-
ska podjetja.

www.DIR2010.si


