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1. In tro duc tion

One of the essential bio-membrane functions is be-
ing a barrier to solute flux between aqueous compart-
ments in the living organisms. The membranes forming
the cell walls are usually formed as phospholipid bilayers
and they interact with the small solute molecules, ligands,
both ions and nonelectrolytes. The small molecules bind
to the membrane, they can be either adsorbed at the surfa-
ce or partitioned into the interior of the bilayer. In the se-
cond case, the membrane is characterized as being per-
meable to the molecules, and the rate of permeability is
given by partition coefficients.1 When ions are present in a
system, the total electric potential energy profile of the
membrane must be considered. The electrical component
of the free energy of an ion near or within the membrane
is important, not only for the understanding how divalent
and monovalent metal ions bind to the membrane surface,
but also for estimating the local pH at the membrane sur-
face, and for modelling how some enzymes and ion chan-
nels might be regulated by the voltage across the bilayer.
Considering the structure of the lipid membrane the inter-
nal dipol potential is formed inside the bilayer. The dipo-

les oriented at the membrane surface result in a positive
potential in the center of the phosphotidylcholine in the
membranes surrounding the biologicl cells. This internal
dipol arises due to the orientation of the fatty ester car-
bonyls of each phospholipid molecule. The resulting elec-
tric potential profile shows that in the case of small ions
the permeability barrier is very large for both ionic spe-
cies and is slightly lower for the anions than for the ca-
tions.1 Properties of solution-membrane interface play a
large role in medical and pharmacological phenomena,2–5

as well as in technological processes.6

Membrane equilibria can be treated as partly-quenc-
hed systems with directional dependent potential.7 Bryk et
al.8 used a density functional approach to study phase be-
haviour of a Lennard-Jones fluid in a system of slit-like
pores separated by semipermeable walls. Same approach,
in a combination with the Monte Carlo computer simula-
tions, was used by Boda et al. to study selective partitio-
ning of two restricted primitive model electrolytes across
the membrane, permeable to only one electrolyte.9 Furt-
her, the electrostatic potential near lipid membrane in an
ionic solution was calculated using the Poisson-Boltz-
mann (PB) approach,10 the usage of this mean-field ap-
proache for studying the electrostatic properties of the
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membranes is in detailes discussed by Andelman.11 Braca-
montes et al.12 used ROZ integral equation theory to study
a hard sphere fluid in an array of permeable obstacles. The
fluid-matrix potential they applied12 qualitatively cor-
rectly describes the real ligand-membrane potential and
can be, with an appropriate choice of adjustable parame-
ters, fitted to describe the behaviour of ionic ligands. The
authors tested the theory against grand canonical Monte
Carlo simulation results and obtained excellent agreement
for both, structural and thermodynamic properties.

In this work, the ligand-membrane potential applied
by Bracamontes et al.12 was used and appropriate parame-
ters were chosen to study the partitioning of simple mono-
valent ions in this model membrane using the ROZ/HNC
approximation. The applicability of the method for stud-
ying ionic membrane equilibria was established. The pa-
per is organised as follows: after a brief introduction, the
model and method are described, following by the results
and discussion. The conclusions are given at the end.

2. Mo del and Met hod

2. 1. Pri mi ti ve Mo del Elec troly te Di stri bu ted
in a Mo del Mem bra ne

The model under investigation consists of two com-
ponents: the membrane subsystem is modelled as a quenc-
hed one-component neutral fluid, which is called the ma-
trix, and the penetrating electrolyte is an annealed ionic
fluid which thermally equilibrates in the presence of the
matrix species. The notation used in this paper is the same
as used before: the superscripts 0 and 1 correspond to the
matrix and the annealed fluid species, respectively.7 The
matrix is representing the biological cells surrounded by
cell membranes and is formed by neutral hard spheres
with the diameter σ0 = 26 Å. Note that the size of the ma-
trix particles does not mimick any system in particular;
the size of the lipid bilayer membranes, however, is usual-
ly considered to be between 20 and 30 Å.13 The concentra-
tion of matrix particles was the same in all cases, and na-
mely c0 = 0.02 mol dm–3. The interaction potential bet-
ween matrix particles is the hard sphere potential:

(1)

The structure of the matrix corresponds to an equili-
brium state of a hard sphere fluid of concentration c0. The
matrix structure was obtained by solving Ornstein-Zerni-
ke equation in the hypernetted chain (HNC) approxima-
tion14 without any loss of generality. Other closures can be
used for this purpose as well. 

The model of the annealed fluid is similar to that
used in previous works15–19; it corresponds to an electro-
neutral system of charged hard spheres with charges

z1
+ = +1 e0 and z1

–= –1 e0, and diameters σ1
+ = 3.87 Å, and

σ1
– = 3.62 Å, mimicking sodium (Na+) and chloride (Cl–)

ions, respectively.20 The structureless solvent in this mo-
del is considered as a dielectric continuum with a dielec-
tric constant εr = 78.5, corresponding to water at T1 =
298.15 K. The fluid-fluid interaction potential reads:

(2)

where LB = βe2
0/4πε0εr is the Bjerrum length, and equals to

7.14 Å for aqueous solutions at 298.15 K, studied here. 
β = 1/kBT1 where kB is the Boltzmann constant and T1 the
absolute temperature of observation.

The fluid-matrix interaction is determined by elec-
trostatic lipid bilayer potential and is taken from the paper
of Bracamontes et al.12:

(3)

where εij is the depth of the attractive part of the potential,
Uij

0 is the height of the barrier, and wij is the half-width of
the barrier. The potential is centred at σ0/2. By adjusting
the parameters one can go from almost entirely repulsive
potential (small values of εij) to attractive one (larger va-
lues of εij). The purpose of this paper was not to exactly
reproduce the ion-membrane potential, but to capture its
main features, that is a large barrier for both ionic species,
which is slightly lower for the anions than for the cations,
and, on the other hand, a narrow and shallow attraction.13

The potential for the parameters used is shown in Figure 1:
βε+0 = βε-0 = 0.5, w+0 = w-0 = 2 Å, and βU+0

0 = 5, βU0
–0 = 2.

Figure 1. The ion-matrix potential for the following parameters:
βε+0 = βε-0 = 0.5, w+0 = w-0 = 2 Å, and βU+0

0 = 5, βU0
–0 = 2. σ0 = 26

Å. The solid line represents the potential for the cation, and the das-
hed line for the anion. The membrane is centered at σ0/2 = 13 Å.
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2. 2. Re pli ca Orn stein-Zer ni ke Equa tions in
the HNC Appro xi ma tion

The structure and thermodynamics for the model
described were calculated using the replica Ornstein-Zer-
nike equations with the HNC closure. The method was
described in details elsewhere7, 15–19, 21–28 so only the main
features will be discussed here.

First the matrix structure was obtained in terms of
total pair correlation functions h00, by solving the Orn-
stein-Zernike (OZ) equation for a one component fluid:

(4)

where c00 is the direct correlation function, and the symbol
* denotes convolution in r space. ρ0 = c0NA is the number
density of the matrix particles, and NA is the Avogadro
number. The OZ equation was solved in the hypernetted-
chain (HNC) approximation: ln[h00 + 1] = –βu00 + h00 – c00.

The ROZ equations for the fluid-fluid and fluid-ma-
trix correlations read7,17:

where c(s) denotes the short range part of the direct correla-
tion function coming from the renormalization procedure.
The mean activity coefficient of the +1:–1 annealed elec-
trolyte was calculated as: βμex = lnγ± = 12(lnγ+ + lnγ–).

Further, we calculated a coordination number of
ions i inside the matrix as12:

(8)

where g10 = h10 + 1, is the ion-matrix pair distribution
function. The excess charge distribution was calculated as
Nch(r) = NC+(r) – NC–(r).

3. Re sults and Dis cus sion 

First we present the ion-matrix profiles, i. e. the flu-
id-matrix pair distribution functions (pdfs), gfm(r), for two
different electrolyte concentrations in two different matri-
ces that differ in the width of the barrier, w. In Figure 2 the
ion-matrix profile, gfm(r), is shown for two concentrations

The h12 and c12 are the blocking contributions to the
total and direct correlation function, respectively.7,17

In the present contribution the ROZ equations were
supplemented by the HNC closure in the form:15–19

(6)

where the superscripts m and n take values 0 and 1.
Before solving numerically, the set of equations 5

and 6 was renormalized; this procedure, for a non-charged
matrix, is in details described in17. The ROZ equations
were solved by direct iteration with 1015 integration
points, and integration step 0.005 Å.

The excess chemical potential of the annealed ions
was calculated via:18

of NaCl model solution (a: c1 = 0.1 M, and b: c1 = 1.0 M)
within the matrix with a relatively narrow barrier, charac-
terized by the parameters: βε+0 = βε–0 = 0.5, w+0 = w–0 = 2
Å, and βU0

+0 = 5, βU0
–0 = 2. The full line represents the

profile for the cation, and the dashed line for the anion.
There are practically no cations present within the

barrier representing the membrane. Due to the lower bar-
rier for the anions, there are some of them present within
the barrier, causing the concentration of cations to be slight-
ly higher than that of the anions within the matrix particles
(cells). The effect is more pronounced for a higher elec-
trolyte concentration (e. g., Figure 2. b). This is in qualitati-
ve agreement with the experimental observations: the small
ions are virtually excluded from the membrane walls where
their energy barrier is at least 40 kcal/mol.13 Also, the lipid
membrane barriers are at least three times more permeable
to chloride compared to sodium or potassium.29,30

(5)

(7)

1
2
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As the concentration of the electrolyte increases, the
cations get unequally distributed on both sides of the bar-
rier (membrane); the “contact” value of gf+(r), i. e. the va-
lue of gf+(r) at a distance that corresponds to vanishing re-
pulsion, is higher on the inner side of the barrier than on
the outside, despite the symmetry of the fluid-matrix po-
tential.

The results for the fluid-matrix pair distribution
functions for a case of a matrix with somehow broader
barrier (w+0 = w-0 = 4 Å) are shown in Figure 3. The
shapes of the functions are very similar as observed for
a narrower barrier above. Since the ions are here exc-
luded from a larger space, the ions within the matrix
particles start forming some kind of layers (the oscila-
tion in the gfm function on the inner side of the mem-
brane).

The distribution of the ions within the matrix can al-
so be represented as a coordination number (defined by
eq. 8) of different ion species. Figure 4 shows the coordi-

nation number for cation and anions, as a function of a di-
stance from the membrane center, and namely for the two
cases presented in Figure 2. 

As expected, the coordination numbers of both ionic
species are lower in the case of lower concentration of the
NaCl (0.1 mol dm–3). Similar trends were observed by
studying more detailed lipid membrane models via mole-
cular dynamics simulations.31 

The coordination numbers for the model electrolyte
within a matrix with somehow broader barrier (w+0 = w-0
= 4 Å) are shown in Figure 5. 

Similarly, as in the case of the fluid-matrix pdfs, the
width of the membrane barrier does not change the obser-
ved trends in behavior qualitatively. While there are
slightly more positive than negative ions on the inner side
of the membrane, the opposite is true in the close proxi-
mity of the outside edge of the barrier. As expected, there
are less ions within the matrix in the case of broader mem-
brane barrier (wi0).

Figure 2. The ion-matrix pair distribution function, gfm(r) for the following parameters: βε+0 = βε-0 = 0.5, w+0 = w-0 = 2 Å, and βU0
+0 = 5, βU0

–0 = 2;
σ0 = 26 Å, c0 = 0.02 mol dm–3. The solid line represents the gfm for the cations, and the dashed line for the anions. a) c1 = 0.1 mol dm–3, b) c1 = 1.0
mol dm–3.

Figure 3. Same as Figure 2, but for w+0 = w--0 = 4 Å.

a) b)

a) b)
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In many cases, the membranes do not directly
perceive the ionic conditions of the surrounding bulk
solution but are in contact with a modified medium,
the composition of which is determined by the interac-
tion between the solution and the outer wall of the
membrane.32 We therefore analysed the net charge in
this model membrane. Due to unequal degree of pene-
tration of positive and negative ions into the model
membrane, a net charge inside the membrane is obser-
ved, Nch(r) = NC+(r) – NC–(r), see Figures 6 (wi0 = 2 Å),
and 7 (wi0 = 4 Å).

The inside of the cell is slightly positively charged,
while within the membrane (barrier), which is slightly lo-
wer for negative ions, the charge becomes negative, cau-
sing the charge oscillation in the outside solution. Note,
however, that, although it depends on the electrolyte con-
centration, as well as on the width of the membrane bar-
rier, the net charge on both sides of the barrier is very
small even in the case of the highest electrolyte concen-

tration studied here (i. e., c1 = 1.0 mol dm–3, Figures 6
and 7 b).

Finally, in Figure 8 we present the mean activity
coefficient, γ± (a), and the chemical potential, βμ = βμex +
ln(c1/mol dm–3) (b), as a function of the invading elec-
trolyte concentration, in the two different matrices stu-
died. Both properties are also shown for the bulk model
electrolyte, for comparison. The presence of the matrix
particles does not change the qualitative behavior of the
activity coefficient of the invading electrolyte as a func-
tion of concentration. At low concentrations of the elec-
trolyte the mean activity coefficient decreases with the
electrolyte concentration due to strong attractive forces,
and starts increasing at larger concentrations. The presen-
ce of the membrane particles increases the activity coeffi-
cients, the effect is stronger for a broader membrane bar-
rier. As a results, the chemical potential of the invading
electrolyte increases, in comparison with the bulk elec-
trolyte of the same concentration.

Figure 4. The coordination number for cations (NC+(r)), and anions (NC-(r)) gfm(r), for two different electrolyte concentrations (a: c1 = 0.1 mol dm–3,
and b: c1 = 1.0 mol dm–3) for the matrix defined with the parameters: βε+0 = βε-0 = 0.5, w+0 = w-0 = 2 Å, and βU0

+0 = 5, βU0
–0 = 2; σ0 = 26 Å, c0 =

0.02 mol dm–3. The solid line represents the function for the cation, and the dashed line for the anion. 

Figure 5. Same as in Figure 4, but for w+0 = w-0 = 4 Å.

a)

a) b)

b)
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Figure 6. The net charge, Nch(r), within the matrix characterized by βε+0 = βε-0 = 0.5, w+0 = w-0 = 2 Å, and βU0
+0 = 5, βU0

–0 = 2; σ0 = 26 Å, c0 = 0.02
mol dm–3, for two different electrolyte concentrations (a: c1 = 0.1 mol dm–3, and b: c1 = 1.0 mol dm–3).

Figure 7. Same as in Figure 6, but for w+0 = w-0 = 4 Å.

a)

a) b)

b)

Figure 8. The mean activity coefficient, γ± (a), and the chemical potential, βμ (b), as a function of the invading electrolyte concentration, in the two
different types of membranes, wi0 = 2 Å (solid lines), and wi0 = 4 Å (dashed lines), shown here. The dotted lines show the results for the bulk (un-
perturbed) electrolyte.

a) b)
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4. Conc lu sions

A simple model of the ionic membrane potential
was used to investigate the applicability of the Replica
Ornstein-Zernike methodology for studying ionic equili-
bria. The parameters for the primitive model electrolyte
were chosen to mimic the NaCl aqueous solutions, while
the matrix was represented as a subsystem of quenched
hard spheres with the membrane-like surface. Despite of
the simplicity of the ion-membrane potential, it has the
flexibility to fine-tune the distribution of positive and ne-
gative ions within the membrane by changing the parame-
ters of the model. The results are qualitatively similar to
those obtained by more sophisticated models, as well as to
experimental observations. The model in the present form
is rather simple. However, it permits several extensions
that can put it closer to the systems of experimental re-
search. In particular, one can exploit different sets of para-
meters for fluid-membrane interactions to tune partitio-
ning of ions in the membrane with respect to the bulk so-
lution. On the other hand, it is of interest to employ the
model with the purpose of studying the additional unchar-
ged species delivery into membranes. Some of these is-
sues are now under study in our laboratory.

A more systematic investigation, where the limita-
tions of the ROZ/HNC theory (its thermodynamic consi-
stency, the convergence depending on the diameter of the
quenched particles and their packing fraction, etc.) will be
thoroughly explored, is already in progress.
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Povzetek
Namen dela je bil prou~iti mo`nost aplikacije »Replika« Ornstein-Zernikovih ena~b (ROZ), ki se obi~ajno uporabljajo
za {tudij sistemov z delno zamrznjenimi prostostnimi stopnjami, za {tudij membranskih ravnote`ij. Za {tudij sem upo-
rabila enostaven McMillan Mayerjev model +1:-1 elektrolita, membrane pa je predstavljal skupek »zamrznjenih« togih
kroglic. Potencialna funkcija med raztopino elektrolita in membrano je bila izbrana tako, da je ~im bolje opisala ekspe-
rimentalna opa`anja. S pomo~jo ROZ/HNC pribli`ka sem izra~unala razporeditev ionov ob membrani, kot tudi adsorp-
cijske izoterme. Rezultati se kvalitativno dobro ujemajo z eksperimentalnimi podatki.


