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Abstract

A skew morphism of a finite group A is a bijection ¢ on A fixing the identity element
of A and for which there exists an integer-valued function m on A such that p(ab) =
©(a)e™@ (b), for all a,b € A. In addition, if o~ *(a) = @(a~")"!, for all a € A,
then ¢ is called antibalanced. In this paper we develop a general theory of antibalanced
skew morphisms and establish a one-to-one correspondence between reciprocal pairs of
antibalanced skew morphisms of the cyclic additive groups and isomorphism classes of
reflexible regular dessins with complete bipartite underlying graphs. As an application,
reflexible complete regular dessins are classified.
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1 Introduction

A map M is a 2-cell embedding ¢ : I' < S of a connected graph I', possibly with loops
or multiple edges, into a closed surface S such that each component of S \ #(I") is home-
omorphic to an open disc. A map is orientable if its supporting surface S is orientable,
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otherwise it is non-orientable. Throughout the paper, maps considered are all orientable. A
map with a 2-coloured bipartite underlying graph is called a dessin. An automorphism of
a dessin D is a permutation of the edges of the underlying bipartite graph which preserves
the graph structure and vertex colouring, and extends to an orientation-preserving self-
homeomorphism of the supporting surface. It is well known that the automorphism group
of a dessin acts semi-regularly on its edges. In the case where this action is transitive, and
hence regular, the dessin is called regular as well.

A regular dessin is reflexible if it is isomorphic to its mirror image, otherwise it is called
chiral. Moreover, a regular dessin is symmetric if it has an external symmetry transposing
the vertex colors. Thus, a symmetric regular dessin may be viewed as a regular map, that
is, a map whose orientation-preserving automorphism group acts transitively on the arcs.

A regular dessin is complete if its underlying graph is the complete bipartite graph
K., . Due to its important connection to generalized Fermat curves, the classification
problem of complete regular dessins has attracted much attention. A full classification of
the symmetric complete regular dessins was obtained in a series of papers [8, 9, 17, 18,

, 22]. For the general case, complete bipartite graphs which underly a unique regular
dessin were determined by Fan and Li [10], and complete regular dessins of odd prime
power order have been recently classified by Hu, Nedela and Wang [13]. These results
were proved by group-theoretic methods through a translation of complete regular dessins
to exact bicyclic groups with two distinguished generators.

Recently, Feng et al discovered an alternative approach to this problem by establishing
a surprising correspondence between complete regular dessins and reciprocal pairs of skew
morphisms of cyclic groups [12]. A skew morphism of a finite group A is a bijection  on
A fixing the identity element of A and for which there exists an integer function 7 on A
such that p(ab) = p(a)p™@ (b), for all a,b € A. Suppose that ¢ and ¢ are a pair of skew
morphisms of the cyclic additive groups Z,, and Z,,, and 7 and 7 are associated power
functions, respectively. The skew morphism pair (p, @) is called reciprocal if they satisfy
the following conditions:

(a) the order of ¢ divides m and the order of ¢ divides n,
(b) 7(z) = ¢*(1) (mod |p|) and 7(y) = ¢¥(1) (mod |@|) forallz € Z,, and y € Z,,.

In [12, Theorem 5] the authors proved that the isomorphism classes of complete regular
dessins with underlying graphs K, ,, are in one-to-one correspondence with the reciprocal
pairs of skew morphisms of the cyclic groups Z,, and Z,,.

The aim of this paper is to classify the reflexible complete regular dessins. Employ-
ing methods used in [12] we are led naturally to introduce a new concept of antibalanced
skew morphism. More precisely, a skew morphism of a finite group A is antibalanced
if p=(a) = p(at)7L, forall a € A. We note that there is a big difference between
antibalanced skew morphisms and skew morphisms arising from antibanlanced regular
Cayley maps, because the latter have a generating orbit which is closed under taking in-
verses [4, 16], while the former do not have such a restriction.

In Section 3 we develop a general theory of antibalanced skew morphisms, and present
a classification and enumeration of antibalanced skew morphisms of cyclic groups, extend-
ing the results obtained by Conder, Jajcay and Tucker [4, Theorem 7.1]. In Section 4, we
establish a one-to-one correspondence between reflexible complete regular dessins and re-
ciprocal pairs of antibalanced skew morphisms of cyclic groups. In Section 5 all reciprocal
pairs of antibalanced skew morphisms of cyclic groups are completely determined.
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2 Preliminaries

The theory of skew morphisms has been developed and expanded by various authors. In
this section we summarize and prove some preliminary results for future reference.

Let ¢ be a skew morphism of a finite group A, and let 7 be a power function of ¢. In
general, the function 7 is not uniquely determined by ¢. However, if ¢ has order k, then 7
may be regarded as a function 7 : A — Zj, which is unique. In this case we will refer to
7 as the power function of p. A subgroup N of A is p-invariant if o(N) = N, in which
case the restriction of ¢ to N is a skew morphism of N. Moreover, it is well known [16]
that Ker ¢ and Fix ¢ defined by

Kero={a€ A|n(a)=1} and Fixp={a€ A|yp(a)=a}

are subgroups of A, and in particular, Fix ¢ is @p-invariant. Note that, for any two elements
a,b € A, m(a) = n(b) if and only if ab~! € Ker ¢, so the power function 7 of ¢ takes
exactly |A : Ker | distinct values in Z;. The index |A : Ker ¢| will be called the skew
type of . It follows that a skew morphism of A is an automorphism if and only if it has
skew type 1. A skew morphism which is not an automorphism will be called a proper skew
morphism.

Moreover, define

k
Core p = ﬂ o' (Ker ).
i=1

Then Core ¢ is a p-invariant normal subgroup of A, and it it is the largest y-invariant
subgroup of A contained in Ker . In particular, if A is abelian, then Core p = Ker ¢ [4,
Lemma 5.1].

The following properties of skew morphisms are fundamental.

Proposition 2.1 ([16]). Let ¢ be a skew morphism of a finite group A, let 7 be the power
Sunction of @, and let k be the order of . Then the following hold:

(a) for any positive integer { and for any a,b € A, p*(ab) = ¢'(a)p?(@0)(b), where
¢

o(a,t) = 3 m(¢""(a));

=1

w(a)
(b) forall a,b € A, w(ab) = > w(¢~1(b)) (mod k).
i=1

Proposition 2.2 ([1]). Let @ be a skew morphism of a finite group A, let w be the power
function of ¢, and let k be the order of ¢. Then u = ©* is a skew morphism of A if and
only if the congruence x = o(a,f) (mod k) is soluble for every a € A, in which case
7, (a) is the solution

Proposition 2.3 ([15]). If ¢ is a skew morphism of a finite group A, then O = O,-1 for
any a € A, where O, and O,-1 denote the orbits of ¢ containing a and a™", respectively.

Proposition 2.4 ([1, 25]). Let © be a skew morphism of a finite group A, and let 7 be the
power function of @. Then for any automorphism 6 of A, i = 0~ is a skew morphism
of A with power function 7, = 0.



4 Art Discrete Appl. Math. 3 (2020) #P1.07

Proposition 2.5 ([26, 25]). Let ¢ be a skew morphism of a finite group A, and let T be
the power function of p. If A = (a1, aa, . . ., ar), then |p| = 1lem(|Oq, |, |Oasl, - - -, |04, |)-
Moreover, the skew morphism ¢ and its power function m are completely determined by the
action of ¢ and the values of  on the generating orbits O, , Oa,, . . ., Oy, respectively.

Proposition 2.6 ([26]). Let @ be a skew morphism of a finite group A, and let 7 be the
power function of p. If N is a p-invariant normal subgroup of A, then ¢ defined by o(z) =
o(x) is a skew morphism of A := A/N and the power function T of ¢ is determined by
7(Z) = 7(z) (mod |@|).

Since Core ¢ is a -invariant normal subgroup of A, by Proposition 2.6, ¢ induces a
skew morphism ¢ of A = A/Core . It is shown in [25] that the @-invariant subgroup
Fix ¢ of A lifts to a p-invariant subgroup Smooth ¢ of A, namely,

Smoothp = {a € A| @(a) = a}.

In particular, if Smooth ¢ = A, then the skew morphism ¢ is called a smooth skew mor-
phism.

Proposition 2.7 ([25]). Let ¢ be a skew morphism of a finite group A, and let T be the
power function of . Then @ is smooth if and only if 7(v(a)) = w(a) forall a € A.

The most important properties of smooth skew morphisms are summarized as follows.

Proposition 2.8 ([25]). Let ¢ be a smooth skew morphism of A, || = k, and let 7 be the

power function of p. Then the following hold:

(@) p(Keryp) = Kerg;
(b) m: A = Zy is a group homomorphism of A into the multiplicative group Zj, with
Ker7m = Ker ¢;

(c) for any p-invariant normal subgroup N of A, the induced skew morphism @ on A/N
is also smooth, and in particular, if N = Ker @ then @ is the identity permutation;

(d) for any positive integer £, i = ¢* is a smooth skew morphism of A;

(e) for any automorphism 0 of A, 1 = 0~ 100 is a smooth skew morphism of A.

Lemma 2.9. Let ¢ be a skew morphism of a finite group A. Then o is smooth if and only
if there exists a p-invariant normal subgroup N of A contained in Ker ¢ such that the
induced skew morphism @ of A = A/N is the identity permutation.

Proof. If o is smooth, then by Proposition 2.8(a), ¢ is kernel-preserving, and so Ker p =
Corep. Take N = Ker ¢, then by Proposition 2.8(c) the induced skew morphism @ of
A/N is the identity permutation.

Conversely, suppose that there exists a p-invariant normal subgroup N of A contained
in Ker ¢ such that the induced skew morphism ¢ of A = A/N is the identity permutation.
Then, for each a € A, there is an element u € N < Ker ¢ such that ¢(a) = ua. Thus,
m(p(a)) = 7(a), and therefore ¢ is smooth by Proposition 2.7. O

There is a fundamental correspondence between skew morphisms and groups with
cyclic complements.



K. Hu and Y. S. Kwon: Reflexible complete regular dessins and antibalanced skew morphisms 5

Proposition 2.10 ([5]). If G = AC is a factorisation of a finite group G into a product
of a subgroup A and a cyclic subgroup C = (c) with AN C = 1, then c induces a skew
morphism p of A via the commuting rule ca = (p(a)c”(“), for all a € A; in particular
lo| =|C : Cg|, where Cq = NgeaCY.

Conversely, if p is a skew morphism of a finite group A, then G = L 4{,p) is a transitive
permutation group on A with L N () = 1 and (@) core-free in G, where L 4 is the left
regular representation of A.

3 Antibalanced skew morphisms

In this section we develop a theory of antibalanced skew morphisms and classify all an-
tibalanced skew morphisms of cyclic groups.
A skew morphism ¢ of a finite group A will be called antibalanced if

o ta) =pla™t)™t, foralla € A.
Since 1 = @(aa™) = ¢(a)e™@(a='), we have p(a)~t = ¢™@(a~1). Thus, ¢
is antibalanced if and only if ™ (a~') = ©~!(a~1), or equivalently, 7(a) = —1
(mod |Og4-1|), for all @ € A. By Proposition 2.3, |Oy| = |O4-1|. It follows that ¢
is antiblanced if and only if m(a) = —1 (mod |O,|) for all a € A. Note that for any
a € Kerp, |Ogy|is 1 or 2.

Remark 3.1. It was proved in [ 16, Theorem 1] that a Cayley map CM(A, X, p) is regular
(on the arcs) if and only if there is a skew morphism ¢ of A such that the restriction of ¢
to X is equal to p. Since X is a generating set of A and is closed under taking inverses, the
associated skew morphism ¢ has a generating orbit which is closed under taking inverses.
For brevity, such a skew morphism will be called a Cayley skew morphism.

Moreover, a regular Cayley map CM(A, X, p) was termed antibalanced if p~!(z) =
p(x=1)~! for all z € X [24]. It follows that a regular Cayley map is antibalanced if and
only if the associated Cayley skew morphism is antibalanced. However, neither generat-
ing orbit, nor inverse-closed orbit are assumed in the preceding definition of antibalanced
skew morphisms. Therefore, antibalanced skew morphisms may be regarded as a natural
generalization of the skew morphisms arising from antibalanced regular Cayley maps.

We give an example to clarify the concept.

Example 3.2. The cyclic group Z; 5 has exactly eight skew morphisms, four of which are
proper:

e =(0)(2)(4)(6)(8)(10)(1,3,5,7,9,11),  m, = [J[[AJA][I[][5,5,5,5,5, 5];
¢ = (0)(2)(4)(6)(8)(10)(1,11,9,7,5,3),  my = [1[LJ[A][1)[1][1][5,5,5,5,5,5];
p= (0)(2)(4)(6)(8)(10)(1 5,9)(3,7,11),  m, = [AA][AIA][2, 2, 2][2, 2, 2];
7= (0)(2)(4)(6)(8)(10)(1,9,5)(3,11,7),  my = [L[AJ[LJ[L][A][1)[2, 2,2][2,2,2].

It is easily seen that all the above skew morphisms are antibalanced. Note that the first two
skew morphisms contain a generating orbit closed under taking inverses, but the last two
skew morphisms do not contain such an orbit. Therefore, (¢ and v are antibalanced Cayley
skew morphism, and  and -y are antibalanced non-Cayley skew morphisms.

We summarise some properties of antibalanced skew morphisms as follows.
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Lemma 3.3. Let ¢ be an antibalanced skew morphism of a finite group A, and let  be the
associated power function. Then the following hold:

(a) for any positive integer £, o~(a) = ¢*(a=1) " forall a € A;

(b) for any automorphism 0 of A, the skew morphism p = 0~10 is antibalanced;

(c) for any @-invariant normal subgroup N of A, the induced skew morphism @ of A/N
is antibalanced;

(d) foranyce Kerpanda € A, w(a) =1 (mod |O,)).

Proof. (a) The case £ = 1 is the definition. Assume the result for ¢, i.e. ¢ *(a) =
'(a=1)"! forall a € A. Then

p (@) = e @) =0T (@@ = p(pfa ) T = e ) T

and the result follows by induction.
(b) For any a € A, we have

p=Ha) =07 7 0(a) = 07 ((0(a) 7)) = (07 (p(0(a™)))

so u is antibalanced.

(c) Since ¢~ 1(a) = ¢(a™!)7L, we have o7 (a) = p(a—!)~!, and so ¢ is antibal-
anced.

(d) For any ¢ € Ker ¢ and any a € A, we have

p(c)a = p(e)p™ (p(a)] ™" = p(e)p(pla) ") = p(cp(a)™)
= o Hp(a)e ) = (¢ (pla)p™ C@) ()T
= (ap ™ (™) = (ap™ @ (c) )t = "W (c)a!
50 ¢™(@ (¢) = ¢(c), and hence 7(a) = 1 (mod |O,]). O

Lemma 3.4. Let © be an automorphism of a finite group A. Then ¢ is antibalanced if and
only if * = 1, that is, © is an involutory automorphism.

Proof. By definition, ¢ is antibalanced if and only if for all a € A, p~1(a) = p(a=1)7L.
Since ¢ is an automorphism, p(a~1)~! = ((a), and hence ¢ is antibalanced if and only if
foralla € A, p~1(a) = ¢(a), that is, p?(a) = a. O

Corollary 3.5. Every antibalanced automorphism of the cyclic additive group Z,, is of the
form p(x) = sz, x € Ly, where s> =1 (mod n).

Let ¢ be a skew morphism of a finite group A. Suppose that o has an orbit X generating
A. The words of even length in the generators from X form a subgroup of A, which will
be called the even word subgroup of A with respect to X and denoted by A%.. Note that
the index of A;E in Ais 1 or 2.

The following results generalize the properties of antibalanced Cayley skew morphisms
(or more precisely, antibalanced regular Cayley maps) obtained in [4]
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Lemma 3.6. Let p be a skew morphism of a finite group A containing an orbit X which
generates A, and let T be the associated power function. Then ¢ is antibalanced if and
only if m(z) = —1 (mod |X|) for all x € X and ¢ restricted to A% is an involutory
automorphism. Furthermore, if o is antibalanced, then ¢ is a smooth skew morphism of
skew type 1 or 2.

Proof. Since X is a generating orbit of ¢, we have |p| = |X| by Proposition 2.5, and the
value of 7 on A is completely determined by the value of 7 on X . Suppose that 7(z) = —1
(mod | X|) for all z € X. Then by Proposition 2.1, for any z,y € X,

7(x)

m(zy) = > (" (y)

i=1

m(z)m(y) =1 (mod |X|).

Since A = (X)), every element of A is expressible as a word of finite length in the elements
of X. By induction, 7(a) = 1 (mod |X|) if a is an even word, and 7(a) = —1 (mod | X])
if @ is an odd word. Note that if a is an even word (resp. an odd word), then both ¢(a) and
a~! are also even words (resp. odd words). Thus, ¢ is a smooth skew morphism of skew
type 1 or 2 and ¢ restricted to A} is an automorphism of A%.

If ¢ is antibalanced, then it is evident that 7(z) = —1 (mod |X|) for all z € X.
This implies that ¢ restricted to A% is an automorphism of A%, and hence, for any a €
A%, p(at) = p(a)~t. Since ¢ is antibalanced, we have p(a=!)~! = ¢~1(a), and
hence, for any a € A%, p~!(a) = p(a). Therefore,  restricted to A% is an involutory
automorphism.

Conversely, assume that 77(z) = —1 (mod |X|) for all z € X and ¢ restricted to A%
is an involutory automorphism. For any even word a € A%, ¢~ (a) = p(a) = p(a=1)~L.
For any odd word b,

L= p(b7'0) = (b )™ () = (b~ (b),
and so ¢~ 1(b) = ¢(b~1)~L. Therefore, ¢ is antibalanced. O

Remark 3.7. Let ¢ be a skew morphism of a finite group A containing an orbit X which
generates A, and let 7 be the associated power function. Lemma 3.6 implies that

(a) if |[A : A%| = 1, then the skew morphism ¢ is antibalanced if and only if ¢ is an
involutory automorphism of A;

(b) if |A : A%| = 2, then ¢ is antibalanced if and only if 7(a) = 1 (mod |¢p|) for all
a € A%, m(a) = —1 (mod |¢|) foralla € A\ A% and ¢ restricted to A% is an
involutory automorphism.

The following lemma deals with antibalanced skew morphisms of abelian groups.

Lemma 3.8. Let ¢ be a skew morphism of a finite abelian group A containing an orbit X
which generates A, and let 7 be the associated power function. Then @ is antibalanced if
and only if m(x) = —1 (mod |X|) forall x € X.

Proof. By Lemma 3.6, it suffices to prove the sufficient part. Assume that 7(x)

= -1
(mod |X]|)forallz € X. Then, 7(a) =1 (mod |X]|) if ais an even word, and w(a) = —1
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(mod |X|) if @ is an odd word. Furthermore ¢ restricted to A% is an automorphism of A¥.
For any a € A} and for any odd word b,

p(b)p ™" (a) = p(ba) = p(ab) = p(a)p(b) = p(b)¢(a),
and hence ?(a) = a. Thus, by Lemma 3.6, ¢ is antibalanced. O
Now we are ready to determine antibalanced skew morphisms of cyclic groups.
Theorem 3.9. Let p be an antibalanced skew morphism of the cyclic additive group Z.,,.

(a) If n is odd, then ¢ is an involutory automorphism of the form p(x) = sz, © € Zy,
where s> =1 (mod n).

(b) Ifn is even, then p and the associated power function 7 are of the form

s, T is even, 1, T is even,
p(z) = . and  w(x) = .
(x—1)s+2r+1, zisodd, -1, =zisodd,

3.
where 1, s are integers in Ly, 5 such that

s2=1 (modn/2) and (r+1)(s—1)=0 (mod n/2). (3.2)

In this case, the order of ¢ is equal to n/ gcd(n, r(s + 1)), and in particular ¢ is an
automorphism if and only if s = 2r + 1 (mod n/2) and (2r +1)?> =1 (mod n).

Proof. First suppose that ¢ is an antibalanced skew morphism of Z,, with the associated
power function 7. Note that the orbit X of ¢ containing 1 generates Z,,. Let Z be the
even word subgroup of Z,, with respect to X. Then |Z,, : Z;}'| = 1 or 2. By Lemma 3.6, ¢
restricted to Z. is an involutory automorphism.

If n is odd, then er = Zn, S0 ¢ is an involutory automorphism of Z,,, and the result
follows from Corollary 3.5.

Now assume that n is an even number. By Lemma 3.6, ¢ is a smooth skew morphism
of skew type 1 or 2, so (2) is a p-invariant normal subgroup of Z,, contained in Ker ¢,
and the induced skew morphism @ of Z,, /(2) is the identity permutation. Thus, there are
integers 7, s € Z,, /5 such that

p(l)=2r+1 (modn) and ¢(2)=2s (mod n),

where ged(s,n/2) = 1. By Lemma 3.6,

m(x) =1 ifziseven, w(x) = —1 if zis odd.
It follows that
s x is even
z) =9 ’ 3.3
o) {w(x—l)ﬂo(l)—(z—l)s+2r+1, x is odd. (3.3)

Since ¢ restricted to Z; is an involutory automorphism, we have s> = 1 (mod n/2).
Furthermore, we have

25=p(2) =p(1)+¢ '(1)=2r+1—2rs+1 (mod n),
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and hence (r + 1)(s — 1) = 0 (mod n/2). Moreover, by induction we have

J
Y(1)=1+ 27‘Zsi_1 (mod n).
i=1

Let k be the smallest positive integer such that ©*(1) = 1. By Proposition 2.5, k = |¢|.
If k is odd, then s = 1 (mod n/2), since the length of the orbit of ¢ containing 2 di-
vides k. Upon substitution we get k = n/ged(n, 2r). If k is even, then the congruence
2r Y "1 =0 (mod n) reduces to k(s + 1) = 0 (mod n), so k = n/ ged(n, r(s +
1)). Note that in either cases k = n/ged(n,r(s + 1)). In particular, if ¢ is an automor-
phism, then for any x € Z,,, ¢(z) = zo(1) = (2r + 1) and (2r + 1)2 =1 (mod n).

Conversely, we need to verify that ¢ given by (3.1) is an antibalanced skew morphism
of Z,,, provided that the stated numerical conditions in (3.2) are fulfilled. It is easily seen
that ©(0) = 0 and ¢ is a bijection on Z,,. Now for any © € Z,, and for any y € Z,, if  is
even, then one can easily show that

o(x) + p(y) = e(z +y).
If z is odd and y is even, then
e@)+o ) =(@—-)s+2r+1+ys=(x+y—1L)s+2r+1=0p(x+y).

Finally, if both = and y are odd, then ¢(—2rs + (y — 1)s + 1) = y, and so o 1(y) =
—2rs + (y — 1)s + 1. From the condition (r + 1)(s — 1) =0 (mod n/2) we deduce that
—2rs =25 —2r — 2 (mod n) and hence ¢~ *(y) = (y + 1)s — 27 — 1. Consequently,

pa)+e M y) = (@ -s+2r+1+(y+1)s—2r 1= (z+y)s = p(z +y).
Therefore, ¢ is a skew morphism of Z,,. By Lemma 3.8, it is antibalanced. O

From the proof of Theorem 3.9 we obtain the following corollary.

Corollary 3.10. Let o be an antibalanced skew morphism of Z,,. If ¢ is of odd order, then
the restriction of ¢ to Ker o is the identity automorphism of Ker ¢.

Theorem 3.11. Let n = 2°p{" p5? - - - py* be the prime power factorization of a positive
integer n. Then the number v(n) of antibalanced skew morphisms of the cyclic additive
group 7., is determined by the following formula:

2L, a=0,
e .
H(pfill—’—l)a a:l,
=1
I4
2 X1 , a=2,
V(n) = 7;1;[1(pz )
4
6H(p;’xi+1)’ Oé:3,
i=1
(4+202 420 Y [[ (0 +1), a> 4.
1=1
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Proof. If a = 0, then n is odd. By Theorem 3.9(a), every antibalanced skew morphism of
Zy, is an automorphism of the form p(z) = xs, ¥ € Z,,, where s> = 1 (mod n). It follows
that the number v/(n) is equal to the number of solutions of the quadratic congruence s? = 1
(mod n), which is equal to 2°.

Now assume « > 1, so n is an even number. By Theorem 3.9(b), the number of
antibalanced skew morphisms of Z,, is equal to the number of integer solutions (r, s) in
Zy, /2 of the system

{521 (mod n/2),
(r+1)(s—1)=0 (mod n/2).

By the Chinese Remainder Theorem, (7, s) is a solution of the system if and only if it is a
solution of each of the following £ 4 1 systems

s2=1 (mod 2°71),
{( +1)(s—1)=0 (mod 2*71) G4

and

s=1 (mod py?), ‘ i=1,2,... 4L (3.5)
(r+1)(s—1)=0 (mod p3),

We first determine the solutions of (3.5). By assumption, for each i, i = 1,2,...,/,
p; is an odd prime. It follows from the congmence s = 1 (mod p{") that either s =
1 (mod p*) or s = —1 (mod p*). If s = 1 (mod p;*), then upon substitution the
congruence (r +1)(s —1) =0 (mod p;**) holds for every r € Z :. On the other hand, if

s = —1 (mod p§*), then upon substitution the congruence (r + 1)(3 —1) =0 (mod p;*)

reduces to r = —1 (mod pj*). Therefore, for each odd prime p;, the system (3.5) has
precisely (p;* + 1) solutions in Z o .
Now we turn to solutions of (3 4). If @ = 1, then it only has the trivial solution

(r,s) = (1,1). If & = 2, then (r,s) = (0,1),(1,1) in Zy. If & = 3, then (r,s) =
(0,1),(1,1),(2,1),(3,1),(1,3),(3,3) in Z4. If a > 4, then by the congruence s> = 1
(mod 2°71) we have s = +1,2°72+1 (mod 2*~1). Combining this with the congruence
(r+1)(s—1) =0 (mod 2°~1) we obtain the following solutions (7, s) in Zga-1: (a) r €
Zoa-rand s = 1;(b)r =291 — 12972 _Jands = —1;(c)r =21 - 1,292 — 1
and s =22 —1;(d)r =1 (mod 2) and s = 22 + 1.

Finally, multiplying the numbers of solutions for the prime power cases we obtain the
number v(n), as required. O

4 Correspondence

A correspondence between complete regular dessins and pairs of certain skew morphisms
of cyclic groups has been established in [12, Theorem 5]. In this section we extend the
correspondence to reflexible complete regular dessins.

Definition 4.1. Let ¢ : Z,, — Z,, and ¢ : Z,,, — Z,, be a pair of skew morphisms of the
cyclic additive groups Z,, and Z,,, associated with power functions 7 : Z,, — Z, and
T 2 L — Z)|, respectively. The pair (o, ¢) will be called reciprocal if they satisfy the
following conditions:

(@) || divides m and |@| divides n,
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(b) w(x) = @*(1) (mod |p|)and 7(y) = ¢¥(1) (mod |@|) forallz € Z,, and y € Z,,.

Suppose that D is a complete regular dessin with underling graph K, ,,. Take an
arbitrary pair of vertices u and v of valency m and n, respectively. Then the stabilizers G,
and G, of G = Aut(D) are cyclic of orders m and n, respectively. Assume G,, = {a) and
G, = (b). Then by the regularity we have G = (a, b) and |G| = mn. Since the underlying
graph K, ,, is simple, (a) N (b) = 1. Consequently, from the product formula we deduce
that G = (a)(b). Thus each complete regular dessin determines a triple (G, a, b) such that
G = (a)(b) and (a) N (b) = 1.

Now each of the cyclic factors (a) and (b) of G can be taken as the complement of the
other, so in the spirit of Proposition 2.10, there are a pair of skew morphisms ¢ and ¢ of
the cyclic additive groups Z,, and Z,, such that

a0 =02@a™ @) and pla¥ = aPWpTW 4.1)
where z € Z,, and y € Z,,. By induction we deduce that
=k = p? @ gmo@R)  and plel = a‘bl(y)b_&(y’l), 4.2)
where
k

l
o(z,k) =) m(@' (@) and &(y,0) =Y (& (y)

i=1 i=1
Inverting the above identities yields

b7k = q@@Rp=¢" @) and  qYp! = pPD—F W), (4.3)

Substituting for 2 = 1 and k& = y we obtain b~ 'a? = a®1¥)p=%"(1) By comparing this
with the second identity in (4.1) we obtain

7(y) =¢Y(l) (modn) and @(y)=o(l,y) (mod m).

Similarly, inserting y = 1 and [ = z into the second identity in (4.3) we have a~ 6% =
b (1) q=2"(1) | A similar comparison with the first identity in (4.1) yields

m(x) = @“(1) (modm) and ¢(z)=4(1,z) (mod n).

By Proposition 2.10, |¢| = [{a) : (a)c| and |@| = |(b) : (b)c|. Thus |¢| divides m and
|| divides n. In particular, the above four congruences are reduced to

m(x) =¢"(1)  (mod [p]), 7(y) =¢’(1) (mod p])

and

p(r)=a(l,2) (mod |g]), &(y)=o(ly) (mod |pl). 44

It follows that every complete regular dessin with underlying graph K, ,, determines a pair
of reciprocal skew morphisms (¢, @) of the cyclic additive groups Z,, and Z,,,. Conversely,
it is shown in [12, Proposition 4] that given a pair of reciprocal skew morphisms of the
cyclic groups Z,, and Z,,, a complete regular dessin with underlying graph K, , may be
reconstructed in a canonical way. Therefore, we obtain a correspondence between complete
regular dessins and pairs of reciprocal skew morphisms of cyclic groups. See [12, Theorem
5] for details.
The following theorem extends this correspondence to reflexible complete regular dessins.
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Theorem 4.2. The isomorphism classes of reflexible regular dessins with complete bipar-
tite underlying graphs K, ,, are in one-to-one correspondence with pairs of reciprocal
antibalanced skew morphisms (@, @) of the cyclic groups Z,, and Zy,.

Proof. Itis proved in [12, Theorem 5] that the isomorphism classes of regular dessins D =
(G, a,b) with complete bipartite underlying graphs K, ,, are in one-to-one correspondence
with the pairs (¢, @) of reciprocal skew morphisms of the cyclic groups Z,, and Z,,. It
remains to show that D is reflexible if and only if the corresponding pair of skew morphisms
(¢, @) are both antibalanced.

First suppose that D = (G, a, b) is reflexible, then the identities in (4.1) determine a
pair of reciprocal skew morphisms (@, @) of the cyclic groups Z,, and Z,,. Since D is
reflexible, the assignment 6 : a — a~, b+ b~! extends to an automorphism of G. By the
identities in (4.2) derived from (4.1) we have

ab~* = pp () gmo(=m=1) gnq eV = qf (CWp—a(—u—1)
Applying the automorphism 6§ of G to the above identities we obtain
aflbac — e(abfx) — a(bap’l(fm)afo(fx,fl)) _ bfap’l(fx)ao(fx,fl)

and
bla? = 0(ba"Y) = 0(a?  Wp YD)y = @ (W)pF (D),
By comparing these with the identities in (4.1) we get p(z) = —¢ ' (—z) and $(y) =
—@ 1 (—y). Thus both ¢ and ¢ are antibalanced.
Conversely, suppose that ¢ : Z,, = Z,, and ¢ : Z,, — Z,, form a pair of antibalanced

reciprocal skew morphisms. Denote
Zn=1{0,1,...,(n—1)} and Z, ={0,1,....,(m—1)},

so that Z,, and Z,,, are disjoint sets. Define two cyclic permutations p and p on the sets Z,,
and Z,, by setting

p=1(0,1,....,(n—1)) and p=(0,1,...,(m—1)).

We extend the permutations ¢, ¢, p and p to permutations on {2 = Z,, U Z,, in a natural
way, still denoted by ¢, @, pand p. Seta = pp, b = ppand G = (a,b). Itis proved in [12,
Proposition 4] that |a| = m, [b| = n, (¢) N (b)) = 1 and G = (a)(b), so D = (G, a,b) is a
complete regular dessin with underlying graph K, ,. Now define a bijection vy : 2 — Q
ontobey(z) = —zand y(y') = —y' forall x € Z,, and y’ € Z,,. Since both ¢ and ¢
are antibalanced, we have

va(x) = yep(x) = yo(z

1

)= —p(z) = ¢~ (-2)
= (z) =9 5 (V(2) =a”

(@)
and
va(y') =vep(y) = ve((y+1)) =1y + 1)) = =(y + 1)’
=(~y -1 =¢ 5 (~y) =a Y.
Thus ya = a~'v. Similarly, vb = b~!v. Hence, (G,a,b) = (G,a"',b~'), where
(G,a™t,b1) denotes the mirror image of D. Therefore, (G, a, b) is reflexible, as required.
O
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We summarize two properties of reciprocal skew morphisms.

Lemma 4.3 ([12, 14]). Let o : Zy, — Zy, and @ : Loy, — Ly, be a pair of reciprocal skew
morphisms of the cyclic additive groups Z,, and Z.,. Then

@) p(z) =37 7(¢"7H(1)) (mod [@]) and $(y) = 377 w(¢' (1)) (mod [¢]),
(b) |Zy, : Ker @| divides || and |Zy, : Ker p| divides ||

Lemma 4.4 ([14]). Let ¢ : Zy, — Zy and ¢ : Ly, — Zoyy, be a pair of reciprocal skew
morphisms of the cyclic additive groups 7., and Z,,. If one of the skew morphisms is an
automorphism, then the other is smooth. In particular, if one of the skew morphism is the
identity automorphism, then the other is an automorphism.

5 Classification

By Theorem 4.2, the classification of reflexible complete regular dessins is reduced to the
classification of reciprocal pairs of antibalanced skew morphisms of cyclic groups. The
aim of this section is to present a classification of the latter.

Proposition S.1. Let ¢ : Z,, — Z,, and ¢ : Zy, — L, be a reciprocal pair of antibalanced
skew morphisms of the cyclic additive groups Z.,, and Z.,, respectively. If both n. and m
are odd, then (¢, p) = (id,,id,,) where idy, denotes the identity automorphism of Zx,
k=mn,m.

Proof. By Theorem 3.9(a), both ¢ and ¢ are involutory automorphisms. The divisibility
condition on reciprocality implies that both ¢ and ¢ are the identity automorphisms.  [J

Theorem 5.2. Let ¢ : Z,, — Zy, and ¢ : Ly, — Zy, be a reciprocal pair of antibalanced
skew morphisms of the cyclic additive groups Z,, and Z.,, respectively. If n is odd and
m is even, then @ is an automorphism of the form p(x) = sz (mod n), and @ is a skew
morphism of the form

3(y) Y, y is even, d #y) 1, yiseven,
= and T7(y) =
o y+ 2u, yisodd Y —1, yisodd

where s € Z,, and u € Z, /2 are integers such that
ged(n, s + 1) ged(m/2,u) =0 (mod m/2) and s*=1 (mod n). 5.1
Proof. By assumption, both ¢ and ¢ are antibalanced. Since n is odd and m is even, by

Theorem 3.9, ¢ is an automorphism of the form o(x) = sx, where s> = 1 (mod n) and
¢ is a skew morphism of the form

- ty, y is even,
e(y) = :
tly—1)+2u+1, yisodd,

for some ¢, u € Z,, 5 satistying the following conditions:

t?=1 (modm/2) and (u+1)(t—1)=0 (mod m/2).
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Note that the order of ¢ is equal to the multiplicative order of s in Z,,, which is a divisor of
2, and the order of ¢ is the smallest positive integer ¢ such that

¢
QUZti’l =0 (mod m).
i=1

Now we employ the reciprocality to simplify these numerical conditions. By Defini-
tion 4.1(a), || divides n. Since n is odd, || is also odd, so by Corollary 3.10, ¢ = 1, and
consequently, ¢ reduces to the stated form and |@| = m/ ged(m, 2u). By Definition 4.1(b),

m
—1=7(1)=p(1) = d ——).
A1) = (1) =5 (mod )

Thus, |@¢| = m/ged(m,2u) is a common divisor of (s + 1) and n. Since m is even,

ged(m, 2u) = 2 ged(m/2,u), and we obtain the first condition in (5.1), as required. [

By exchanging the roles of ¢ and ¢, and the associated parameters, we obtain all recip-
rocal pairs of antibalanced skew morphisms of Z,, and Z,,, where n is even and m is odd.
The details are left to the reader.

Theorem 5.3. Let ¢ : Z,, = Zy, and ¢ : Ly, — Zy, be a reciprocal pair of antibalanced
skew morphisms of the cyclic additive groups Z.,, and Z.,,, respectively. If both n. and m
are even, then

sz, x is even, 1, x is even,
p(r) = . () = .
s(x—1)4+2r+1, zisodd, -1, zisodd
and
5(y) ty, Y is even, (1) 1, Yy is even,
= s =
o tly—1)+2u+1, yisodd, Y -1, yisodd

whereT,s € Ly /o and u,t € Ly, /3 are integers such that

s2=1 (mod n/2),
(r+1)(s—1)=0 (mod n/2)

) 5.2)
ged(m/2,u+ 1) ged(n,r(s+1)) =0 (mod n/2)

and
=1 (mod m/2),
(u+1)(t—1)=0 (modm/2), (5.3)
ged(n/2,r + 1) ged(m,u(t +1)) =0 (mod m/2).
Proof. By Theorem 3.9(b), the skew morphisms ¢ and ¢ may be represented by the stated
form, where the parameters 7, s € Z, /> and u, t € Z,, /o are integers such that

s2=1 (modn/2), (r+1)(s—1)=0 (mod n/2)

and
t?*=1 (modm/2), (u+1)(t—1)=0 (modm/2).



K. Hu and Y. S. Kwon: Reflexible complete regular dessins and antibalanced skew morphisms 15

In particular,
ol = n/ged(n,r(s + 1)) and @ = m/ ged(m, u(t + 1)).

We now employ the reciprocality to simplify the numerical conditions. By Defini-
tion 4.1, we have |¢| = n/ ged(n, r(s+ 1)) divides m, || = m/ ged(m, u(t+ 1)) divides
n,

-l=7(1)=¢(1)=2u+1 (modn/ged(n,r(s+1)))
and
—1=7(1)=p(l)=2r+1 (mod m/ged(m,u(t+1))).

Thus, n/ged(n,r(s + 1)) divides ged(m,2(u + 1)) and m/ ged(m, u(t + 1)) divides
ged(n, 2(r 4 1)), or equivalently,

ged(n,r(s +1))ged(m/2,u+1) =0 (mod n/2)

and
ged(m,u(t+ 1)) ged(n/2,r+1) =0 (mod m/2),

as required. O
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