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Abstract

The complementary prism I'T is obtained from the union of a graph I" and its comple-
ment I' where each pair of identical vertices in I and I is joined by an edge. It generalizes
the Petersen graph, which is the complementary prism of the pentagon. The core of a
vertex-transitive complementary prism is studied. In particular, it is shown that a vertex-
transitive complementary prism I'T is a core, i.e. all its endomorphisms are automorphisms,
whenever I is a core or its core is a complete graph.

Keywords: Graph homomorphism, core, complementary prism, self-complementary graph, vertex-
transitive graph.
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1 Introduction

In the study of graph homomorphism a basic object is a core (a.k.a. unretractive graph),
which is a graph such that all its endomorphisms are automorphisms. A subgraph IV of a
graph T is its core, if there exists some graph homomorphism ¢: I — IV and I is a core.
Equivalently, I is the minimal retract of T" (cf. [17]). Despite that each graph has its core,
which is unique up to isomorphism, it can be often very difficult to determine if a given
graph is a core or not (cf. [0, 16, 30]). From this point of view, graphs that have either high
degree of symmetry (i.e. ‘large’ automorphism group) or some ‘nice’ combinatorial prop-
erties are the most interesting. Many of such classes of graphs are core-complete, which
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means that they are either cores or their cores are complete graphs. Among them we can
find all non-edge-transitive graphs [0, Corollary 2.2], connected regular graphs with the au-
tomorphism group that acts transitively on unordered pairs of vertices at distance two [0,
Theorem 4.1], and all primitive strongly regular graphs [36, Corollary 3.6]. Given a core-
complete graph, it can be extremely complicated to decide if the graph is a core or its core is
complete. For some graphs, this task is equivalent to some of the longstanding open prob-
lems in finite geometry (see [0, 30]). A well known core is the Petersen graph, which has
both ‘large’ automorphism group and ‘nice’ combinatorial properties. Given a family of
graphs that (naturally) generalize the Petersen graph it is interesting to study if its members
are cores or not. Kneser graphs K (n,r), with 2r < n, are all cores [15, Theorem 7.9.1].
The graph HGL,,(F4), whose vertex set is formed by all n x n invertible hermitian matri-
ces over the field with four elements and with the edge set {{A, B} : rank(A — B) = 1},
is a core whenever n > 2 [29]. The core of a generalized Petersen graph G(n, k) was stud-
ied very recently in [13]. The complementary prism I'T, whose definition in full details
is given in Section 2, is another generalization of the Petersen graph, which is obtained if
I is the 5-cycle C5'. Graph I'T' was introduced in [18] and is the main mater of research
in several papers (see for example [1, 3, 7, 10, 19, 26]). Recall that C5 is strongly reg-
ular vertex-transitive self-complementary graph. The core of I'T' was recently studied by
the author [28] (see also the arXiv version [31]). In particular, it was shown that IT is
a core whenever I' is strongly regular and self-complementary. In this paper we build on
a result from [28] and investigate vertex-transitive self-complementary graphs I". These
are precisely the graphs that provide vertex-transitive complementary prisms [3 1, Corol-
lary 3.8]. For such graphs we prove that I'T is a core whenever I' is core-complete (see
Theorem 3.3), and state an open problem, which asks if there exists a vertex-transitive self-
complementary graph T such that I'T is not a core (Problem 3.6). The main results are
presented in Section 3. In Section 2 we recall some tools and definitions that we need in
what follows.

2 Preliminaries

All graphs in this paper are finite and simple. The vertex set and the edge set of a graph I"
are denoted by V(T") and E(T'), respectively. A subset of pairwise adjacent vertices in
V(T) is a clique, while a set of pairwise nonadjacent vertices in V(T") is an independent
set. The clique number w(I") and the independence number o(T") are the orders of the
largest clique and the largest independent set in T, respectively. In particular, a(T") = w(T),
where T is the complement of the graph I'. The chromatic number of a graph is denoted
by x(T'). It is well known that x(I") > w(T') and x(T") > a(ry> Where n = [V ()]
(cf. [5]). A graph homomorphism between graphs I'y, 'y is a map ¢: V(I';) — V(T's)
such that {p(u), ¢(v)} € E(I'y) whenever {u,v} € E(T'1). If in addition ¢ is bijective
and {u,v} € E(I'1) <= {p(u),p(v)} € E(T'2), then ¢ is a graph isomorphism and
graphs I'1, 'y are isomorphic, which we denote by I'y = T'y. If I’y = T's, then a graph
homomorphism/graph isomorphism is a graph endomorphism/automorphism, respectively.
A graph T is self-complementary if there exists a graph isomorphism o: I' — T, which
is referred to as antimorphism or a complementing permutation. Observe that in this case
o is also an antimorphism as a map I' — T'. A graph I is regular if each vertex has

the same number of neighbors. If this number equals k, then we say that it is k-regular.

'Graphs K (5,2), HGL2(F4), G(5,2), C5Cs are all isomorphic to the Petersen graph.
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If for each pair of vertices u,v € V(I') there exists an automorphism ¢ of I" such that
u = @(v), then T is a vertex-transitive graph. Clearly, each vertex-transitive graph is
regular. Lemma 2.1 can be found in [14, Corollaries 2.1.2, 2.1.3], where it is stated in a
more general settings.

Lemma 2.1. If a graph T is vertex-transitive, then o(T')w(I') < |V(T')|. If the equality
holds, then |C N I| = 1 for each clique C' and each independent set I that provide the
equality.

If a graph on n vertices is ("5~ n—1)_regular, then n must be odd. Moreover, it follows

from the hand-shaking lemma that n = 4m + 1 for some integer m > 0. In particular, this
is true for all regular self-complementary graphs. By a result of Sachs [37] or Ringel [35],
each cycle in an antimorphism of a self-complementary graph has the length divisible by
four, except for one cycle of length one, in the case the order of the graph equals 1 modulo
4 (a proof in English can be found in [1 1, page 12]). Lemma 2.2 is a special case of this
fact, and is crucial in the proof of Theorem 3.3.

Lemma 2.2. If o is an antimorphism of a regular self-complementary graph U, then there
exists a unique vertex v € V(I') such that o(v) = v.

A graph I is a core if each its endomorphism is an automorphism. Given a graph I', we
use core(T") to denote any subgraph of T" that is a core and such that there exists some graph
homomorphism ¢: ' — core(T"). Graph core(T") is referred to as the core of T. Itis always
an induced subgraph and unique up to isomorphism [ 15, Lemma 6.2.2]. Clearly, a graph "
is a core if and only if I' = core(T"). On the other hand, core(T") is a complete graph if and
only if x(I") = w(T'). We remark that there always exists a retraction 1 : I' — core(T), i.e.
a graph homomorphism that fixes each vertex in core(I"). In fact, if ¢ : I"' — core(I") is any
graph homomorphism, then the restriction ¢|y (core(ry) is invertible and the composition
(<p|V(Core(p)))‘1 o ¢ is the required retraction. Lemma 2.3 is proved in [39, Theorem 3.2],
where it is stated in an old terminology. Its proof can be found also in [15, 17].

Lemma 2.3. If graph T is vertex-transitive, then core(I') is vertex-transitive.

Let I' be a graph with the vertex set V(T') = {v1,...,v,}. The complementary prism
of T is the graph I'T’, which is obtained from the disjoint union of I and its complement I,
by adding an edge between each vertex in I' and its copy in I. In this paper we use
the following notation. The vertex set of the complementary prism of graph I is the set
V(I'T) = Wy U Wy, where

W1 = Wl(I‘f‘) = {('[)1, 1), ey (Un7 1)} and WQ = WQ(FF) = {(’017 2), ey ('Un, 2)}
The edge set E(I'T) is the union of the sets

{{ u, 1), (v,1 }:{u,v}eE(F)}7
{{ u,2), (v,2) }:{U,U}GE(f)},
{{(u,1), (w,2)} :u e V(I)}.

It follows from the definition that a complementary prism I'T is regular if and only if I is
(”;1 )—regular (see also [7, Theorem 3.6]). The core of a complementary prism for general
graph I' was recently studied in [28] (see also the arXiv version [31]). For regular case, the

following result was proved.
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n—1

Lemma 2.4 ([28, Corollary 3.4]). Let I" be any graph on n vertices that is (T)-regular.
Then one of the following three possibilities is true.

(1) Graph I'T is a core.

(ii) All vertices of core(T'T") are contained in W1, in which case

core(TT) = core(T).

(iii) All vertices of core(T'T) are contained in Ws, in which case

core(IT) = core(T).

The same conclusion can be obtained also if the core of I'T is regular and we exclude
some small graphs. Below, K5 is a complete graph on two vertices, and P is a path on
three vertices.

Lemm12.5 ([28, quollary 3.6]). Let T be any graph, which is not isomorphic to Ko, Ko,
Ps, or Ps. If core(T'T) is regular, then one of the three possibilities in Lemma 2.4 is true.

Clearly, Lemma 2.4 is valid for each regular self-complementary graph I'. The study of
such graphs and their vertex-transitive counterparts has origins in the papers [21, 37, 40],
which influenced a lot of research related to vertex-transitive self-complementary graphs
(see for example [2, 4, 8, 9, 12, 20, 22, 23, 24, 25, 27, 33, 34, 38, 41] and the references
therein). In this paper the aim is to to study the core of a complementary prism I'T’, where T’
is vertex-transitive and self-complementary graph. The following observation is obtained
for free, with a double proof.

Corollary 2.6. If graph U is vertex-transitive and self-complementary graph, then one of
the three possibilities in Lemma 2.4 is true.

Proof. The claim follows directly from Lemma 2.4. The same claim is deduced also if we
combine Lemmas 2.5 and 2.3. O

In [28] some examples of regular self-complementary graphs I" are provided such that
the statement (ii) or (iii) in Lemma 2.4 is true. In this paper we show that this is not possi-
ble for a large class of vertex-transitive self-complementary graphs. It should be mentioned
that it was recently proved that a complementary prism I'T is vertex-transitive if and only
if ' is vertex-transitive and self-complementary [3 |, Corollary 3.8]. Despite our proofs do
not rely on this result, it means that this paper studies the core of vertex-transitive comple-
mentary prisms.

3 Main results

The main result of this paper is Theorem 3.3. Propositions 3.1 and 3.2 are the stepping
stones towards its proof.

Proposition 3.1. Let T be a regular self-complementary graph. If T is a core, then I'T is a
core.
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Proof. Let core(I'T) be any core of I' and let n = |V/(I')|. Since I' is (251 )-regular, one

of the statements (i), (ii), (iii) in Lemma 2.4 is true. Suppose that (iii) is correct, that is,
V(core(I'T)) C Wy (3.1)

and
core(T'T) = core(T). (3.2)

Since I is a core, (3.2) implies that core(I'T") = I'. Hence, (3.1) yields

V(core(IT)) = Wha. (3.3)

Let ¢1(v) = (v,1), for v € V(T'), be the canonical isomorphism between I' and the
subgraph of I'T', which is induced by the set W;. Similarly, let 12 (v) = (v,2), for v €
V(I'), be the canonical isomorphism between I' and the subgraph induced by Wy. If ¥
is any retraction from I'T" onto core(I'T'), and o is any antimorphism between I and T,
then the composition o o 1y Yo (W|w,) o 91 is an endomorphism of I". Since T is a
core, the restriction |y, is an isomorphism between the subgraphs in I'T that are induced
by the sets Wi and Ws, respectively. Consequently 1, Yo (Uly,) oty : T — Iisan
antimorphism. By Lemma 2.2, there exists v € V/(I') such that (¢5 "o(¥ |y, )otp1) (v) = v.
Consequently, U(v,1) = (¥|w, )(v,1) = (v,2). Since V is a retraction, (3.3) implies that
U(v,2) = (v,2). Since {(v, 1), (v,2)} is an edge in I'T, we have a contradiction.

In the same way we see that (ii) in Lemma 2.4 is not possible, which means that I'T is
a core. O

Proposition 3.2. If I is a vertex-transitive self-complementary graph on n > 1 vertices,
then core(T'T) is not a complete graph.

Proof. We need to prove that x(I'T) > w(I'T"). Since n > 1 and I is both self-complement-
ary and vertex-transitive, Lemma 2.1 implies that

w(I'T) = max{a(I"),w()} = w(l) < Vn.

Let I be any independent set in I'T. Then I is a disjoint union of some sets I; C W; and
I, C Wy If we write I; = {(u,4) : u € J;} fori € {1,2}, where J;, Jo C V(T'), then

JiNJy=0. (3.4)

Since Ji and J5 are an independent set and a clique in T, respectively, we have |J;| <
al) = w() < ynand |J3] < w(l') = y/n, while Lemma 2.1 and (3.4) imply that
|J1| - |J2| < n. Hence, |I| = |J1| + |J2| < 24/n, and therefore

VDI 20 _ oo (T,

X(IT) = o(0T) 3y

O

Theorem 3.3. Let I' be a vertex-transitive self-complementary graph. If T is either a core
or its core is a complete graph, then I'T is a core.
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Proof. If T is a core, then the claim follows from Proposition 3.1. Hence, we may as-
sume that I" has a complete core and more than one vertex. By Corollary 2.6, one of the
statements (i), (ii), (iii) in Lemma 2.4 is true for core(I‘f‘). If (i1) or (ii1) is correct, then
the self-complementarity implies that core(I'T) is complete, which contradicts Proposi-
tion 3.2. O

Remark 3.4. The claims in Proposition 3.2 and Theorem 3.3 are not true for some reg-
ular self-complementary graphs. In fact, there exists a regular self-complementary graph
I' with a complete core such that core(I'T) is complete (see [28, Example 3.5] or [31,
Example 5.5]).

Recall that a k-regular graph on n vertices is strongly regular with parameters (n, k, A, i)
if each pair of adjacent vertices has A common neighbors and each pair of distinct non-
adjacent vertices has ;. common neighbors. Theorem 3.5 was very recently proved in [28]
(see also the arXiv version [3 |, Theorem 5.7]). The proof relied on application of Lemma 2.4
together with several properties of the Lovasz theta function and the graph spectrum. Here
we provide a sketch of an alternative proof that essentially copies the proofs in this section
and applies a remarkable result that Roberson recently proved [36].

Theorem 3.5 ([28]). If T is a strongly regular self-complementary graph, then TT is a
core.

Sketch of a proof. To see that I'T does not have a complete core, we copy the proof of
Proposition 3.2, where we replace the application of Lemma 2.1 by its analog that can
be found in [14, Corolarry 3.8.6 and Theorem 3.8.4] and is valid for all strongly regular
graphs. From [36, Corollary 3.6] it follows that I' is either a core or its core is complete.
Then we just copy the proof of Theorem 3.3, where we rely directly on Lemma 2.4 instead
on Corollary 2.6. O

Recall from the introduction that many ‘nice’ graphs are either cores or their cores are
complete. Hence it is expected that many vertex-transitive self-complementary graphs fulfil
the assumptions in Theorem 3.3. Consequently, we state the following open problem.

Problem 3.6. Does there exist a vertex-transitive self-complementary graph I' such that
I'T is not a core?

Note that edge-transitive self-complementary graphs are also arc-transitive (see [ 1]).
Since self-complementary graphs are always connected (cf. [ 1]), it follows that each edge-
transitive self-complementary graph is also vertex-transitive. However, such graphs are
always strongly regular (cf. [11]) and therefore their complementary prisms are cores by
Theorem 3.5. Despite the orders of vertex-transitive self-complementary graphs were fully
determined in [27], there is a major gap between the understanding of vertex-transitive
self-complementary graphs and the understanding of edge-transitive self-complementary
graphs. In fact, the later were completely characterized in [33]. Moreover, the first non-
Cayley vertex-transitive self-complementary graph was constructed only in 2001 [24], and
the construction is highly nontrivial. We believe that all these facts indicate that Prob-
lem 3.6 may be challenging.

In a distinct paper [32], we consider the only families of vertex-transitive self-comple-
mentary graphs the author is aware of, which are neither cores nor their cores are complete
graphs (i.e. they do not satisfy the assumption in Theorem 3.3). Unfortunately they do not
solve Problem 3.6.
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