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Abstract

For a simple graph G, the generalized adjacency matrix A, (G) is defined as A, (G) =
aD(G) + (1 — a)A(G), a € [0, 1], where A(G) is the adjacency matrix and D(G) is the
diagonal matrix of the vertex degrees. It is clear that Ag(G) = A(G) and 24, (G) =
Q(G) implying that the matrix A, (G) is a generalization of the adjacency matrix and the
signless Laplacian matrix. In this paper, we obtain some new upper and lower bounds for
the generalized adjacency spectral radius A(A,(G)), in terms of vertex degrees, average
vertex 2-degrees, the order, the size, etc. The extremal graphs attaining these bounds are
characterized. We will show that our bounds are better than some of the already known
bounds for some classes of graphs. We derive a general upper bound for A(4,(G)), in
terms of vertex degrees and positive real numbers b;. As application, we obtain some new
upper bounds for A(A4,(G)). Further, we obtain some relations between clique number
w(@), independence number (G) and the generalized adjacency eigenvalues of a graph

G.
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1 Introduction

Let G = (V(G), E(G)) be a simple connected graph with vertex set V(G) = {v1, va,. ..,
vy, } and edge set E(G). The order of G is the number n = |V(G)| and its size is the
number m = |E(G)|. The set of vertices adjacent to v € V(G), denoted by N (v), refers
to the neighborhood of v. The degree of v, denoted by dg(v) (we simply write d,, if it
is clear from the context) means the cardinality of N(v). A graph is called regular if all
vertices have the same degree. The graph G is the complement of the graph G. Moreover,
the complete graph K, the complete bipartite graph K+, the path P,, the cycle C), and
the star S,, are defined in the conventional way. The distance between two vertices u, v €
V(G), denoted by d,,, is defined as the length of a shortest path between u and v in G.
The diameter of G is the maximum distance between any two vertices of G. Let m; be the
average degree of the adjacent vertices of vertex v; in G. If v; is an isolated vertex in G,
then we assume that m; = 0. Hence we can write

0 d; = 0.
m; =

d% > j.j~i dj otherwise.
Let p, be the average degree of the vertices non-adjacent to vertex v; in G. If v; is adjacent
to all the remaining vertices, then we assume that p; = 0. Then we can write

0 dl =n-—1.
pi =
Ej:jwi,j#i dj

pra s otherwise.

Let D(G) be the diagonal matrix of vertex degrees and A(G) be the adjacency matrix
of G. The signless Laplacian matrix of G is Q(G) = D(G) + A(G). Its eigenvalues can
be arranged as: ¢1(G) > ¢2(G) > -+ > ¢,,(G). In [20], Nikiforov proposed the following
matrix:

4a(G) = aD(G) + (1 - a)A(G), 0<a <1,

calling it the generalized adjacency matrix of G. Obviously, Ag(G) = A(G), 24 1 (@)=
Q(G), Ai(G) = D(G) and A,(G) — A3(G) = (a — B)L(G), where L(G) is the
well-studied Laplacian matrix of G, defined as L(G) = D(G) — A(G). Therefore, the
family A, (G) can extend both A(G) and Q(G). The matrix A, (G) is a real symmetric
matrix, therefore we can arrange its eigenvalues as A\ (A, (G)) > A2(4n(G)) > -+ >
An(Aa(Q)), where A1 (An(G)) is called the generalized adjacency spectral radius of G.
Afterwards, we will denote A;(A,(G)) by AM(A.(G)). If G is a connected graph and
a # 1, then the matrix A, (G) is non-negative and irreducible. Therefore by the Perron-
Frobenius theorem, A(A,(G)) is the simple eigenvalue and there is a unique positive unit
eigenvector x corresponding to A(A, (G)), which is called the generalized adjacency Per-
ron vector of G.

A column vector x = (1, T2, ...,7,)’ € R"™ can be considered as a function defined
on V(@) which maps vertex v; to x;, i.e., x(v;) = x; fori = 1,2,...,n. Then,

(x, Aox) = xTA,(G)x = a Z diz? +2(1 — ) Z Ty,
i=1

inj
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and ) is an eigenvalue of A, (G) corresponding to the eigenvector x if and only if x # 0
and
Az; = adiz; + (1 — ) ij,2—12

Jrvi

These equations are called the (\, x)-eigenequations of G. For a normalized column vector
x € R", by the Rayleigh’s principle, we have

AMAL(G)) > xTAa(G)x

with equality if and only if x is the generalized adjacency Perron vector of G.

The research on the (adjacency, signless Laplacian) spectrum is an intriguing topic
during past two decades [4, 10, 22]. At the same time, the adjacency or signless Laplacian
spectral radius have attracted many interests among the mathematical literature including
linear algebra and graph theory. An interesting problem in the spectral graph theory is
to obtain bounds for the (adjacency, signless Laplacian) spectral radius connecting it with
different parameters associated with the graph. Another interesting problem which is worth
to mention is to characterize the extremal graphs for the (adjacency, signless Laplacian)
spectral radius among all graphs of order n or among a special class of graphs of order
n. The spectral radius A\(G) of the adjacency matrix A(G), called the spectral radius (or
adjacency spectral radius) of the graph G and the spectral radius ¢;(G) of the signless
Laplacian matrix Q(G), called signless Laplacian spectral radius of the graph G, are both
well studied and their spectral theories are well developed. Various papers can be found in
the literature regarding the establishment of bounds for A(G) and ¢; (G) connecting them
with different parameters associated with the structure of the graph G. Since the matrix
A, (G) is a generalization of the matrices A(G) and Q(G), therefore it will be interesting
to see whether the results which already hold for the spectral radius of the matrices A(G)
and/or Q(G) can be extended to the spectral radius of the A, (G). This is one of the
motivation to study the spectral radius of the matrix A, (G).

Let A(G) be the adjacency matrix of the graph G and let B be a real diagonal matrix
of order n. In 2002, Bapat et al. [I] defined the matrix L' = B — A(G) and called it
the perturbed Laplacian matrix of the graph GG. The aim of introducing this matrix was to
generalize the results that hold for the adjacency matrix and the Laplacian matrix L(G) of
the graph to some general class of matrices. For o # 1, it is easy to see that

«

Aa(G) = aD(G) + (1 — ) A(G) = (a — 1)( D(G) — A(G)).

a—1
Clearly —%5 D(G) is a diagonal matrix with real entries, giving that the matrix A, (G) is
a scaler multiple of a perturbed Laplacian matrix. This is another motivation to study the
spectral properties of the matrix A, (G).

Although the generalized adjacency matrix A, (G) of a graph G was introduced in
2017, but a large number of papers can be found in the literature regarding the spectral
properties of this matrix. Like other graph matrices, most of these papers are regarding the
generalized spectral radius A(A, (G)). In fact, various upper and lower bounds connecting
A4, (G)) with different graph parameters and the graphs attaining these bounds can be
found in the literature. For some recent works regarding the spectral properties of A, (G),
wereferto [8,9, 11, 13, 14, 15, 16, 17,21, 23, 24].

The rest of this paper is organized as follows. In Section 2, we obtain some new upper
and lower bounds for A(A4,(G)), in terms of vertex degrees, average vertex 2-degrees, the



4 Ars Math. Contemp. 23 (2023) #P1.06

order, the size, etc. The extremal graphs attaining these bounds are characterized. We will
show that our bounds are better than some of the already known bounds for some classes
of graphs. In Section 3, we derive a general upper bound for A(4,(G)), in terms of vertex
degrees and positive real numbers b;. As application, we obtain some new upper bounds
for A\(A4(G)). In Section 4, we obtain some relations between clique number w(G), inde-
pendence number y(G) and the generalized adjacency eigenvalues. We conclude this paper
by a remark in Section 5.

2 Bounds on generalized adjacency spectral radius

The average 2-degree of a vertex v; € V(G) is denoted by m; = m(v;) and is defined as
My =D i ?T]z’ where d, is the degree of the vertex vy.

The following gives an upper bound for the generalized adjacency spectral radius
A(A4(Q)) of a graph in terms of the vertex degrees, the average vertex 2-degrees and
the parameter c.

Theorem 2.1. Let G be a graph of order n having vertex degrees d;, vertex average 2-
degrees m;, 1 < i <mn, and let « € [0, 1]. Then

AMAL(G)) < max {adi +(1-a) dimi} .

1<i<n
Moreover, the equality holds if G is a k-regular graph.
Proof. Let x = (x1,...,%,) be the generalized adjacency Perron vector of G and let
[x[| = 1. Forany v; € V/(G), we have A(Aq(G))z; = ad;z;+(1—a) 3, ;. ,; x;. Hence
2
N (AL (GQ)2? = ?d?2? 4 2a(1 — a)d;x; Z z;+ (1 - a)? Z x| . @D
Jrj~i Jriri
By Cauchy-Schwarz inequality, we obtain
2

Z x| <d; Z a3 (2.2)

Gijrvi Gijri
Therefore from (2.1) and (2.2), we get
N (An(G))2? < a?d22? + 2a diz; [A(AQ(G))zi - adixi] +(1-a)d Y a2

gt
Thus, taking sum over all v; € V(G), we get
> N (Aa(G))a?
v, €V (G)
< Z [QQdi)\(Aa(G)) — azd?] (1-a) Z Z T
v, €EV(GQ) v, EV(Q) Jijr~i
= Z [Qadi/\(Aa(G)) - azdf]x? (1-a) Z dim;a?
UiEV(G) ’U1€V

3 [2adi)\(Aa(G)) —a*& +(1-a) dimz} @

v, €EV(G)
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as

Z d; Z:p Z Z d; Z dzmlmf

v, €EV(G) jij~i v; €V (Q) Jigrvi v; €V (Q)

From the above result, we obtain

3 ()\Q(AQ(G)) — 2ad;\(Aa(G)) + a2d2 — (1 — a)Qdimi)x? <0.
v, €V (G)

This is only true if there exist a vertex, say v; € V(G), such that
N (Aa(G)) = 20d;M(Aa(G)) + o?d3 — (1 — a)?d;m; <0,
hence, we get

AAa(G)) < ad; + (1 — a)\/dym; Slréllagn{adi+(1—a) d,-mi}.

Now, suppose that GG is a k-regular graph. So, fori = 1,...,n, we have d; = m; = k,
then ad; + (1 — a)v/d;m; = k and A(A,(G)) = k. This shows that equality occurs for a
regular graph. O

For o = 0, the upper bound given by Theorem 2.1 reduces to the upper bound in the
following corollary.

Corollary 2.2 ([5]). Let G be a graph of order n having vertex degrees d;, vertex average
2-degrees m;, 1 < i < n. Then

< i M.
MA(G)) < max d; m;
The following upper bound for the generalized adjacency spectral radius A(A,(G)), in
terms of vertex degrees and average vertex 2-degrees was obtained in [20]:

Theorem 2.3. If G is a graph with no isolated vertices, then

A(4a(G)) < max {adj +(1- a)mj}.

vj;E
Iface (%, 1) and G is connected, equality holds if and only if G is regular.

Remark 2.4. For non-regular graphs the upper bound given by Theorem 2.1 and the upper
bound given by Theorem 2.3 are incomparable for different values of a. For example,
consider the graph G = K, — e. For this graph we have di = 2,dy = 3,d3s = 2,dy =
3,m; =3,mg = g,m3 =3and my = %. By Theorem 2.3, we have

AMA4(G)) < max {3 —a, g + ga}.

It is easy to see that

7 2 %—k%a for o > 0.4,
3 3 }7 3

max{?)fa,f + -«
- for o < 0.4.
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Also, by Theorem 2.1, we have
MAa(G)) < max {\@+ (2 = V6)a, VT + (3 — ﬁ)a} =V7+(3—VT)a.

For o < 0.4, we have 3 — o > /7 + (3 — V/T)a giving that o < 3=¥7 ~ 0.2615. This

gives that for 0 < a < 5’9‘ﬁ, the upper bound given by Theorem 2.1 is better than the

upper bound given by Theorem 2.3; while as for %ﬁ < a < 0.4, the upper bound given
by Theorem 2.3 is better than the upper bound given by Theorem 2.1 for the graph K4 — e.

For the graph G = K 3, wehavedy = 3,do = 1,d3 =1,dy =1,m1 =1,mg = 3,m3 =
3 and m4 = 3. By Theorem 2.3, we have

A(Aa(G)) < max {1 20,3 — za}.
It is easy to see that
3—2a fora < 0.5,
max{l + 20,3 — Qa} =
1+2a fora >0.5.

Also, by Theorem 2.1, we have
A(Aa(G)) < max {V3+ (3 - V3)a, VB + (1 - VB)a} = V3+ (3 - V3)a.

For a < 0.5, we have 3 — 2o > /3 + (3 — /3)« giving that a < g:g ~ 0.38799. This

gives that for 0 < a < g’:ﬁ, the upper bound given by Theorem 2.1 is better than the
33

upper bound given by Theorem 2.3; while as for 5 2 < a < 0.5, the upper bound given
by Theorem 2.3 is better than the upper bound given by Theorem 2.1 for the graph K 3.

The following gives another upper bound for the generalized adjacency spectral radius
A(A,(G)) of a graph G in terms of the vertex degrees, the average vertex 2-degrees and
the unknown parameter 3.

Theorem 2.5. Let G be a connected graph of order n having vertex degrees d;, average
vertex 2-degrees m;, 1 <1i < n, and let o € |0,1). Then

{ B+ /BT Ad(ad, T (1= a)mi + B) }
2 b

AMAL(G)) < max

T 1<i<n

2.3)

where 3 > 0 is an unknown parameter. Equality occurs if and only if G is a regular graph.

Proof. Letx = (z1,...,xy,) be the generalized adjacency Perron vector of G and let

Ty = mmax Tj.
1<j<n

M (Ay(G))x = (Aa(@))’x = (aD + (1 — ) A)?x
=a’D*x + a(l — a)DAx + a(1 — a)ADx + (1 — a)?A%x,
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we have

N (AL Q)i = ?dZx; + a1 — )d; Z zj +a(l —a) Z d;x;

Gigei Gigei
+ ( 1—a E E Tk
Jig~vi kike~yg

Now, we consider a simple quadratic function of A(A,(G)):
(N2(Aa(G)) + BA(Aa(@))) x = (a2D2x +a(l — a)DAx + a(l — a)ADx

+(1- a)2A2x) + B(aDx + (1 — a) Ax).
Considering the ¢-th equation, we have

(A\2(Aa(G)) + BAA(@))) i = a2d2a; + a1 — a)d; Z zj +a(l—a) Z djz;

Jijei Jijei

ti-a2Y Y xk+ﬂ<adixi+(lfa) 3 xj).

Jig~i kik~g Jigei
One can easily see that

a(l — a)d; Z r; < a(l—a)diz, ofl-a) Z djz; < a(l —a)d;m;z;,

jij~i jijmi
(1—04)22 Zxkg(l—a)Qdimixi, (1—a) Zx]_ (1 - a)d;x;.
Jig~ikikeyg Jigr~i

Hence, we obtain
(N(Aa(@)) + BA(Aa(G))) s < di(ad; + (1 — a)my)a; + Bdixi,

thatis, A?(A4(G))+ BA(A(G)) — di(ad; + (1 —a)m; + ) <0

—B+ /B2 +4d;(ad; + (1 — a)m; + B)
5 .

thatis, A(A.(G)) <
From this the inequality (2.3) follows.
Suppose that equality occurs in (2.3). Then all the inequalities in the above argument

occur as equalities. Thus we obtain

a(l — a)d; Z r; =a(l —a)dir;, ofl-a) Z djz; = a(l —a)d;m;z;,

jij~i jigmi
(1—a)? g E rp = (1 —a)?dimz;, (1—a) E T = a)d;x;.
Jig~ikikeyg g

Therefore we must have x; = z; forany j : j ~diand xp = x; forany k : k ~ j, j ~ i.
Let U = {vp : 2y = x;}. Now we have to prove that U = V(G). Assume to the contrary
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that U # V(G). Then there exists a vertex  in U such that N(r) C U and t € V(G)\U
with ¢ ~ s, where s € N(r). Then x; < x;. One can easily see that

_ B+ V/B%+ 4d,(ad, + (1 — a)m, + B)
2

— {_5+\/ﬁ2+4di(adi+(l—a)mi—l—ﬁ)}’

A(Aa(@))

2

a contradiction as the equality holds in (2.3). Therefore U = V(G). Then 1 = x5 =
- =xn and A(An(G)) =d;,i =1, 2,..., n. Hence G is a regular graph.
Conversely, let G be a r-regular graph. Then

AA4(G)) =r = max

1<i<n

{ —B+ /B2 +4d;(ad; + (1 — a)ym; + B) }
. .

This completes the proof of the theorem. O

The following upper bound for the generalized adjacency spectral radius A\(A,(G)), in
terms of vertex degrees and average vertex 2-degrees was obtained in [20]:

MAL(Q)) < max { ad? + (1 - a)wi} : (2.4)
where w; = d;m; fort = 1,...,n. Also, equality holds if and only if ad? + (1 - a)w; is

same for all 7.

Remark 2.6. For a connected graph G of order n, the upper bound given by Theorem 2.5
reduces to the upper bound given by (2.4) for 5 = 0. For 3 # 0, the upper bound given by
Theorem 2.5 is incomparable with the upper bound given by (2.4). For example, consider
the graph G = K 3. For this graph, the upper bound (2.4) gives

MAa(G)) < max {V3+6a,v3 —3a} = V3 + 6.

While as the upper bound given by Theorem 2.5 gives

- 211268+ 120+ 12 — A5 D
)\(AQ(G))SmaX{ B+/B +2ﬂ+ a4+ , B+/B +25 8ar + }
B+ 126+ 12a + 12
— : .
- 211 1 2 -1 i
Taking 3 = 1, we have B+V/6 +22ﬂ+ 2412 -1+ ;5—&- 2a<m

giving that 3a? — 8a + 2 < 0. This last inequality holds provided that o > % ~
0.279240. This shows that for 5 = 1, the upper bound given by Theorem 2.5 is better
than the upper bound given by (2.4) for o > %. Taking 8 = 0.5, it can be seen that
the upper bound given by Theorem 2.5 is better than the upper bound given by (2.4) for
a > 0.177 and for 5 = 0.1, it can be seen that the upper bound given by Theorem 2.5 is
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better than the upper bound given by (2.4) provided that o > 0.008.

Since for 8 = 0, the upper bounds given by Theorem 2.5 and inequality (2.4) are
same and for the graph K 3, it follows from the above discussion that for small value of 3
the upper bound given by Theorem 2.5 behaves well for all «, incomparable to the upper
bound given by (2.4). This gives that the choice of parameter 3 in the upper bound given
by Theorem 2.5 can be helpful to obtain a better upper bound.

Let z; = min{z;,j = 1,...,n} be the minimum among the entries of the generalized
distance Perron vector x = (1, ...,x,) of the graph G. Proceeding similar to Theorem
2.5, we obtain the following lower bound for A\(A, (G)), in terms of the vertex degrees, the
average vertex 2-degrees and the unknown parameter 5.

Theorem 2.7. Let G be a connected graph of order n having vertex degrees d;, average
vertex 2-degrees m;, 1 < i <, and let « € [0,1). Then

2

A(Aa(G)) = min { 4 VB + ddfodi + (1 - Jmi+ B) }
T 1<i<n ,

where 3 > 0 is an unknown parameter. Equality occurs if and only if G is a regular graph.

The following lower bound for the generalized adjacency spectral radius A(A,(G)), in
terms of vertex degrees and average vertex 2-degrees was obtained in [20]:

MAa(G)) > min { o+ (1- a)wz} | @5)
where w; = d;m; fori = 1,...,n. Equality occurs if and only if ad? + (1 — a)w; is same

for all 7.

Remark 2.8. For a connected graph G of order n, the lower bound given by Theorem 2.7
reduces to the lower bound given by (2.5), for § = 0. For § # 0, the lower bound given by
Theorem 2.7 is incomparable with the lower bound given by (2.5). For example, consider
the graph G = K 3. For this graph, the lower bound (2.5) gives

AMAa(G)) > min {V/3 + 6a, V3 — 3a} = V3 — 3a.

While as the lower bound given by Theorem 2.7 gives

A(A (G))>min{B+\/52“25+1204+12 ﬁ+\/52+458a+12}

2 2

_ B+ /B +48-8a+12
. .

— 2445 -8 12 -1 17— 8
B+VB +2ﬁ ar 2 VIR 58
giving that 4a% + 20a — 8 > 0. This last inequality holds provided that o > @ R
0.372281. This shows that for 5 = 1, the lower bound given by Theorem 2.7 is better
than the lower bound given by (2.5) for o > @ Taking 8 = 0.1, it can be seen that
the lower bound given by Theorem 2.7 is better than the lower bound given by (2.5) for

Taking 8 = 1, we have
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a > 0.09 and for 5 = 0.01, it can be seen that the lower bound given by Theorem 2.7 is
better than the lower bound given by (2.5) provided that o > 0.023.

Again, it follows from the above discussion that for small value of 5 the lower bound
given by Theorem 2.7 behaves well for all o, incomparison to the lower bound given by
(2.5) for the graph K 3. This gives that the choice of parameter 3 in the lower bound given
by Theorem 2.7 can be helpful to obtain a better lower bound.

We note that if, in particular we take the parameter 3 in Theorem 2.5/Theorem 2.7
equal to the vertex covering number, the edge covering number, the clique number, the
independence number, the domination number, the generalized adjacency rank, minimum
degree, maximum degree, etc., then Theorems 2.5/ Theorem 2.7 gives upper bound/lower
bound for A(A4,(G)), in terms of the vertex covering number, the edge covering number,
the clique number, the independence number, the domination number, the generalized ad-
jacency rank, minimum degree, maximum degree, etc.

Let S,, be the class of graphs of order n with maximum degree n — 1. Clearly,
Kin-1, K, € Sy. The following result gives an upper bound for maxvjev{dj +m;}in
terms of order n and size m.

Lemma 2.9 ([3]). Let G be a graph of order n with m edges. Then
2m
. e 7 _ .
121ga§}{n{d]+mj}_ n—1+n 27 (26)
with equality if and only if G € Sy, or G = K,,_1 U K;.
We now generalize the above result.

Theorem 2.10. Let G be a graph of order n with m edges and real numbers (3, 0 with
B >60>0. Then
max {Bd'+9m»}<M+B(n—1)—9 @7
1<j<n U7 = n-1 ’
with equality if and only if G € S, or G 2 K,,_1 UK, (8 =0).

Proof. If § = 6 > 0, then by Lemma 2.9, we get the required result in (2.7). Moreover, the
equality holds if and only if G € S,, or G = K,,_1 U K (8 = 0). Otherwise, 5 > 0 > 0.
Let v; be the vertex in G such that

max {Bd; +0m; | = Bdi +0m;.

1<j<n

We have 2m = d; + d;m; + (n — d; — 1) p;, where p; is the average of the degrees of the
vertices non-adjacent to vertex v; in G. We consider the following two cases:

Casel: d; = n — 1. One can easily see that
2m 0
masx {[mj + emj} = Bd; +0m; = "= + B(n—1) =0,
In this case G € S,,.
Case2: d; < n — 2. Now, to arrive at (2.7), we need to show that

di—&-dimi—k(n—di—l)

Di
—1) =
— 0+8(n—1)-9,

Bd; +0m; <
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that is,
(n—d; —1) ((n—l)ﬁ—l—(pi—l—mi)e) >0,
that is,
(n=1)B+ (i —1-m)0 >0,
that is,

(n—1)8—(A—6+1)0>0, 2.8)
as m; < A and p; > 6. We consider the following two subcases:

Subcase 2.1: G is disconnected. Then A < n— 2. From (2.8), we obtain (n—1) (5 —6) >
0, which is true always as 8 > 6 > 0. This shows that the inequality (2.8) strictly holds in
this case.

Subcase 2.2: G is connected. In this case A — § < n — 2, again it follows from (2.8) that
(n—1) (8—6) > 0, which s true always as 5 > 6 > 0. This shows that the inequality (2.8)
strictly holds in this case as well. O

As an immediate consequence of Theorem 2.10, we get the following corollary.

Corollary 2.11. Let G be a graph of order n with m edges and real number o > % Then

2m (1 — «)

+an—1, 2.9)
n—1

max {adj +(1-a) mj} <

1<5<n
with equality if and only if G € S, or G 2 K,,_1 UK, (o =1/2).

Combining Theorem 2.3 with Corollary 2.11, we get the following result, which gives
an upper bound for the generalized adjacency spectral radius A(A,(G)), in terms of the
order n, the size m and the parameter .

Theorem 2.12. Let G be a graph of order n with m edges, with no isolated vertices and
let a € [%, 1] . Then

Ifae (%, 1) and G is connected, equality holds if and only if G = K.

Let I" be the class of graphs G = (V, E) such that the maximum degree vertex (of
degree A) are adjacent to the vertices of degree A and non-adjacent to the vertices of
degree ¢. If m is the number of edges in G (€ I), then

2m =A(A+1)+ (n—A—1)6.

The following result gives an upper bound for d; + m; in terms of the order n, the size m,
the maximum degree A and the minimum degree §.

Lemma 2.13 ([3]). Let G be a graph of order n with m edges having maximum degree A
and minimum degree §. Then

Al [n—z—(A—a),

n —

2
di+mi < 4+ A—65+
n—1

with equality if and only if G € S, or G € T..
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The following result gives an upper bound for max,,cy {3 d; 4+ 6 m;} in terms of the
order n, the size m, the maximum degree A, the minimum degree § and the parameters 3,
0.

Theorem 2.14. Let G be a graph of order n with m edges and real numbers [3, 6 with
B8>6>0. Then

2mé A
gg§{ﬁdj+9mj}§%+9(A—5)+7l ﬁ(n—m—em_éﬂ)} (2.10)

n—
with equality if and only if G € S, or G € T..

Proof. Let v; be a vertex in G such that

mg%{ﬁdj +0m;} = pd; +0m,.

First we assume that 8 = 6. Then by Lemma 2.13, we obtain

2 A
gg§{5dj+9mj}:ﬁ(di+mi)Sﬁ[£+A—5+ﬁ<n—2—(A—6))}

ZQLGIJFQ(Af(S)Jr%{5(”71)70(A75+1)}’

as 3 > 0. Moreover, the equality holds in (2.10) if and only if G € S,, or G € T.
Next, we assume that 5 > 6. We consider the following two cases:
Casel: d; = n — 1. In this case

2m —(n—1)  2m0

Bdi+0m; =p(n—1)+46 — —n_l—i-ﬁ(n—l)—ﬁ,

and so it is clear that the equality holds in (2.10) as A = n — 1.

Case2: d; < n— 2. Then there is at least one vertex non-adjacent to v; in G. Let G’ be the
graph obtained from the graph G by adding edges between v; and the vertices non-adjacent
to v; in G. Let d; and m/ be the degree of the vertex v; and the average degree of the
vertices adjacent to the vertex v; in G, respectively. Then d; = n — 1 and hence G’ € S,,.
Now,

2m+2(n—di—1)—(n—1))

ﬂd;+em;:5(n—1)+e( e
—Bn-1) gy IR G L) @.11)

Let p; be the average degree of the vertices non-adjacent to vertex v; in the graph G. Hence

Bd,+0m;— (Bd; +0m;)
= B(d; — d;) + 0 (m} —m;)
 B(n—di—1)+6 (2m+(n—c:;_—11)—(n—1) _mi)

n—1

—6(n—di—1)+9(
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Since >0 >0and A —6 <n—2,wehave S (n —1) > 0 (A — § + 1). Moreover, we
have m; < A and p; > § for any vertex v; € V(G). Using these results, we obtain

Bd; + 0m;
R R (e )
2mé d; d;
Tl o1 (’8(”_1)_9>+9(1—n_1)(mi—pz)
2mé d; d;
Sn—l_‘—n—l(B(n_l)_‘9>_Hg(l_n_l)(A_‘s) (2.12)

:j”_wlwmfawn‘f (ﬂ(n—l%ﬁf@(A%))

as d; < A. The first part of the proof is done.

Now, suppose that equality in (2.10) holds with 8 > 6. Then all the above inequalities
must be equalities. If d; = n — 1, then G € S,,. Otherwise, d; < n — 2. From the equality
in (2.12), we have m; = A and p; = 6. Since 8 > 0, wehave S (n —1) > 0 (A -5+ 1).
From the equality in (2.13), we have d; = A. Therefore all the vertices those are adjacent
to the vertex v; are of degree A and those are non-adjacent to the vertex v; are of degree 4.
Hence G € T.

Conversely, let G € S,,. Then A = n — 1 and hence

2mé
g}g‘?;{ﬂdj +0m;} = — +B(n—1)-10

2mé A
= 0B =)+ = [Bn—1) - 0(A -5 +1)].

LetG € T'. Then2m = A (A + 1)+ (n — A — 1) 6 and hence

2mé A
mac (B +6m;} = (46) A = T2 0 (A=0)+ = [(n—1)—0(A—5+1)].

This completes the proof. O

Corollary 2.15. Let G be a graph of order n with m edges and let o > % Let A and 6 are
respectively, the maximum degree and the minimum degree of G. Then

) _ <
gjagxn{adﬁ(l a)ma}_

A+(1-a) <1— A1> (A—05) (214

2m(l—«a) an-—1
+
n—1 n—1

with equality if and only if G € S, or G € T.
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Combining Theorem 2.3 with Corollary 2.15, we get the following result, which gives
an upper bound for the generalized adjacency spectral radius A(A, (G)), in terms of the
order n, the size m, the maximum degree A, the minimum degree  and the parameter c.

Theorem 2.16. Let G be a graph of order n, with m edges and let o > % Let A and 6 are
respectively, the maximum degree and the minimum degree of G. Then

A

n—1

2m(l—a) an—1

AMAa(G)) <

A+(1—a)(1— >(A—6).

n—1 n—1
Iface (%, 1) and G is connected, equality holds if and only if G = K, .

The following result gives a Nordhaus—Gaddum type upper bound for the generalized
adjacency spectral radius A(A4,(G)), in terms of the order n, the size m, the minimum
degree 4, the maximum degree A and the parameter .

Theorem 2.17. Let G be a graph of order n, with m edges and let o > % Let A and 6§ are
respectively, the maximum degree and the minimum degree of G. Then

(1—-a)(A—-9)
n—1

AMAa(G) + MAa(G) <n—1+ (n FO-A—1+ 01”_051) (2.15)

Ifae (%, 1) and G is connected, equality holds if and only if G = K,,.
Proof. Following Theorem 2.16, we have

2m+2m an—1 -

A(Aa(G) + MAa(@) < (1 —a) 1=+ ———(A+4)
+(1—a)<1—TLél)(A—d)—i-(l—a)(l—nél)(ﬁ—é)
:(1—a)n+O;Ln__11(A—6+n—1)

+(1-a)(A -0 (1A+ i )

n—1 n-1

:n—1+MM<n+6—A—1+anl),
n—1 1

sincem+m:@,A:nflftiandg:nflfA.

Now, we consider the equality case in (2.15). If G is regular, then both sides of (2.15)
are equal to n — 1. Now, assume that equality occurs in (2.15) for G. Then the equalities
must hold in (2.15) for both G and G. Hence G = K,,. O

3 A general upper bound for the generalized adjacency spectral ra-
dius

In this section, we obtain a general upper bound for the generalized adjacency spectral

radius in terms of vertex degrees and arbitrary positive real numbers b;. If we replace b; by

some graph parameters, then we can derive some upper bounds for A(A4,(G)), in terms of
vertex degrees. For this we need the following result:
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Lemma 3.1 ([7]). Let D = (d; ;) be an n x n irreducible non-negative matrix with spectral

J
radius o and let R;(D) = Y d; ; be the i-th row sum of D. Then
i=1

min{R;(D) : 1 <i<n} <o <max{R;(D):1<i<n}. 3.1

Moreover, if the row sums of D are not all equal, then the both inequalities in (3.1) are
strict.

The following result gives an upper bound for A(A,(G)), in terms of vertex degrees
and the arbitrary positive real numbers b;.

Theorem 3.2. Let G be a connected graph of order n and 0 < o < 1. Let dy > dy >
-+ > d, be the vertex degrees of G. Then

adi+\/a2d$+g%iz b;(1 — a)(ad; + (1 — a)b})

Jijeoi

AMAn(G)) < max

< ax 2 , (32

where b; € R and b}, = % >~ bj. Moreover, the equality holds if and only if ady + (1 —
S jii~i

a)by =ads + (1 —a)by=---=ad, + (1 — a)bl,.

Proof. Let B = diag(by,ba,...,b,), where b; € RY are positive real number. Since the
matrices A, (G) and B~ A, (G)B are similar and similar matrices have same spectrum,
it follows that if A(A,(G)) is the largest eigenvalue of A, (G), then it is also the largest
eigenvalue of B~1A,(G)B. Let x = (21,22, ...,2,)T be an eigenvector corresponding
to the eigenvalue \(A,(G)) of B~1A,(G)B. We assume that one eigencomponent ; is
equal to 1 and the other eigencomponents are less than or equal to 1. The (4, j)-th entry of
B~ 'A,(G)Bis

adi if = j,
b.
(1—a)b—z if j o~
0 otherwise.
We have
B7'A,(G)Bx = M(A.(G))x. (3.3)

From the ¢-th equation of (3.3), we have

MAa(G))zi = adiz; + (1 —a) Y %ﬂxj

jijei
ie. MAa(@) =adi+(1-a) ) l;—Ja:] (3.4)
g
Again from the j-th equation of (3.3),
MAa(G))zj = adjz; +(1—a) Y L.

kik~g
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Multiplying both sides of (3.4) by A(A«(G)) and substituting this value A(Aq(G))z;, we
get

A2(Aa(G)) = ad;A(Aa(G)) + (1 — ) Z Z—J ad;z; + (1 — ) Z %mk

Gijei 0 kik~g J

RNINEIREIES SU BRI S S

jig~i 0 Juiri kikeg
b;d; b;b’;
<adiMAa(G)) +a(l—a) D FF+(1-a) Y 2 (3.5)
gig~i gug~i

b;(1 — a)(ad; + (1 — b))
b; ’

= adiMAa(G)) + >

Jig~i

asb; b; = ... ; bj. Hence we get the upper bound.

Suppose that the equality holds in (3.2). Then all inequalities in the above argument
must be equalities. Since 0 < « < 1, from equality in (3.5), we get x; = 1 for all j such
that j ~ i, and xj, = 1 for all k£ such that £ ~ j and j ~ . From the above, one can easily
prove that z; = 1 for all i € V(G), thatis, ady + (1 —a)b) = ads + (1 —a)by =--- =
ad, + (1 — a)bl,.

Conversely, let G be a connected graph such that ad; 4 (1 — a)b] = ada + (1 — )by =

<= ad, + (1 — )b, (b; € RY). Since \(An(G)) = A(B~14,(G)B), then by
Lemma 3.1, we obtain

AAa(G)) = ade + (1 - a) b,
ad; + \/Osz? + b% D jijei (1 — @) (adj + (1 — a)b))

1<i<n 2

forl </{¢<n. O

Taking b; = d; in (3.2), and noting that b; = bi D jijmi b = % D jijmi dj = My, We
obtain the following upper bound for A\(A4,(G)), in terms of vertex degrees and average

vertex 2-degrees.

Corollary 3.3. Let G be a connected graph of order n having vertex degrees d;, average
vertex 2-degrees m; (1 < i <n)and 0 < a < 1. Then

MAa(G)) < max ad; +\Jo2d? + 2022 S0 djlad; + (1 - a)m]

~ 1<i<n 2

Equality holds if and only if ad1+(1—a)mq = ada+(1—a)me = -+ - = ad,+(1—a)m,,.

Taking b; = /d; in (3.2), and noting that b, = bi Zj:jwi bj = ﬁ Zj:jm, Vdj =m;
(say), we obtain the following upper bound for A(A,(G)), in terms of vertex degrees and

m;.
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Corollary 3.4. Let G be a connected graph of order n having vertex degrees d; and let
m; = ﬁ djijmi Vi, 1<i<nand0 < a <1 Then

ad; 2d} + R a) ad; —a)m/
AMAa(G)) £ max i \/ L Vdjlad; +(1-a) il

1<i<n 2

Equality holds if and only if cudy +(1—a)m) = adg—&-(l—a)m; = =ad,+(1—-a)m,,

Taking b; = 1 in (3.2), and noting that b, = I ZJ i U5 = Z] .j~i 1 = d;, we obtain
the following upper bound for A(A,(G)), in terms of vertex degrees and average vertex
2-degrees. We note that this upper bound was recently obtained in [15].

Corollary 3.5 ([15]). Let G be a connected graph of order n having vertex degrees d;,
average vertex 2-degrees m; (1 <i <n)and 0 < a < 1. Then

A(Aa(G)) < max {“di +V/a2d? +4(1 — a)dim; } .

1<i<n 2

Equality holds if and only if dy = ds = - -+ = d,.

Taking b; = m; in (3.2), and noting that b, = o Zj j~i My = M4, We obtain the
following upper bound for A(4,(G)), in terms of vertex degrees and the quantity m;.

Corollary 3.6. Let G be a connected graph of order n having vertex degrees d;, average
vertex 2-degrees m; (1 < i <n)and0 < a < 1. Then

ad; +\Ja2d? + 2Ly omlad; + (1 - a)my]
)\(AQ(G)) < 121&2{ \/ m; ;.J J J J 7

where m; = mi > j.j~i ™y Equality holds if and only if ady + (1 — a)my = ads +
(1—a)mg=---=ad, + (1 — @)my,.

Taking by = d' +my, by = di + /mi, by = Vdi +my, by = \d; + /my, by = \/%.T’
b, = F b; = d2, b; = d2, etc, and proceeding similarly as above we can obtain some
other new upper bounds for AMAn(G)).

4 Relation between w(G), v(G) and the generalized adjacency eigen-
values

For a graph G, define w(G) and v(G), the clique number and the independence number of
G to be the numbers of vertices of the largest clique and the largest independent set in G,
respectively. In this section, we give bounds for clique number and independence number
of (regular) graph G involving generalized adjacency eigenvalues.

The following lemma, due to Motzkin and Straus [19], links the spectrum of graphs to
its structure.

Lemma 4.1 ([19]). Let F = {x = (v1,72, .., 20) | 2; >0, Yoy = 1}. Then
i=1

1
1-— = Az).
o(G) ~ e, Az)
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The following result gives a lower bound for w(G), in terms of the size m, the gen-
eralized adjacency spectral radius A\(A,(G)), the maximum degree A and the parameter
Q.

Theorem 4.2. Let G be a graph of order n, with m edges and maximum degree A. Then

2(1 — a)’m
G) > .
“G) 2 S0 oy Im — (A (G)) — a2
Proof. Letx = (21,2, ...,2,)T be the normalized eigenvector corresponding to (A, (G)).

Then

MAL(GQ)) = « zn: diz} +2(1—a) Y

ijri
< QAZZ'ZZ +2(1 - ) Z T
i=1 Jijri
=aA+2(1-a) Z T
Jijri

Since A(Aq(G)) > a(A + 1), for o € [0, 3], (see [20]), by Cauchy-Schwarz inequality,
we obtain

2

AAL (@) —ar)? < [ 2(1 —a) Z vy | <2(1—a)*m |2 Z zia

Jijri Jijri
Note that (23, 23,...,22)T > 0and 22 + 2% + - -+ + 2 = 1. Hence, by Lemma 4.1, we
have
2 Z w2t <1— L
L I T w(G)’
Jij~i
then
(MAa(G) —ad)? _ 1
2(1 — a)?m - w(@)’
that is,
2(1 — a)?
w(G) (1 —a)'m .
2(1 — a)?m — (AM(Aa(Q)) — aA)?
This completes the proof. O

Note that Theorem 4.2 extends the Theorem 4.1 proved in [12] for the signless Lapla-
cian spectral radius to generalized adjacency spectral radius.

The following result gives a lower bound for w(G), when G is a regular graph, in terms
of the order n, the second smallest generalized adjacency eigenvalue \,,_1 = A,,—1(4a(G))
and the parameter «
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Theorem 4.3. Let G be a r-regular graph of order n > 3. Then

(1 —a)n?
G) > )
w(G) = (1—a)(n?—nr)+S%(ar — An—1)
where S = miny, o Iyilzl and up,_1 = (Y1,Yo,...,Yn)" is the normalized eigenvector

corresponding to A, _1, the second smallest eigenvalue of A, (G).

Proof. Since G is a r-regular graph, we have A\(A,(G)) = r and the normalized eigenvec-
tor corresponding to A(A,(G)) is u; = J» Where e = (1,1,...,1)T. Let © =

Il 3l

and x = £ + Ou,_1. Then Oy; > —1 (i = 1,2,...,n). Since 31" | Ni(G)
2am = anr and n > 3, we have A\(4,(G)) # M1 (G ) and (e,un—1) = 0. So,
x € {(z1,22,..., )52, >0, S0 @ =1}. ByLemma4.l,wehave

(x, AoXx) = a(x, Dx) + (1 — a)(x, Ax)

ra(x,x) + (1 - a) (1 - w(lG)>

1, 1
= - l—a)(1-— — ).
(508 + 0o (1- )
On the other hand

(x, Agx) = <% +Ou, 1, A, (% n @un_1)>

— <%,Aa§> + <%7Aa@un71> + <9Un—17Aa§> +(Oup—1, AaOup_1)

d
n—+@2 An1.

IN

Then

d 1, 1
— < — — -
n+@/\,L_1_ar(n+@)+(1 a)<1 w(G))’

that is,

11—«
(1—a)(1-L)+6%(ar—A—1)

w(G) >

Since © = 2 and S = min,, 2o -, we have
n Yi |yll7

(1 —a)n?
(1—a)(n2—nr)+ S2(ar — Ap_1)’

w(G) >

This completes the proof. 0

Note that Theorem 4.3 extends the Theorem 4.4 proved in [12] for the signless Lapla-
cian spectral radius to generalized adjacency spectral radius.

Consider two sequences of real numbers & > &2 > --- > &, andny > ng > -~ >
with ¢ < n. The second sequence is said to inferlace the first one whenever

& =M = En—t+is
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fori = 1,2,...,t. The interlacing is called fight if there exists an integer k € [0, ¢] such
that & =m; forl < ¢ < kand §,—y; = n; for k+ 1 <7 < t. Suppose rows and columns
of the matrix M are partitioned according to a partitioning of {1,2,...,n}. The partition
is called regular if each block of M has constant row (and column) sum. The following
lemma can be found in [6].

Lemma 4.4 ([6]). Let B be the matrix whose entries are the average row sums of the blocks
of a symmetric partitioned matrix of M. Then

(1) the eigenvalues of B interlace the eigenvalues of M,
(ii) if the interlacing is tight, then the partition is regular.

Next result gives a lower bound for v(G), in terms of the order n, the sum of first two
largest generalized adjacency eigenvalues, the maximum degree A, the minimum degree ¢
and the parameter «.

Theorem 4.5. Let G be a simple graph of order n with at least one edge, with minimum
degree 6 and maximum degree A. Let \1(G) and \y(G) are respectively the first and the
second largest eigenvalue of Ao (Q). If \1(G) + A2(G) — (1 + «)d < 0, then

= Al6) + 2a(G) = (1+a)d nA

(@) 5 MG T Ma(G) — 27

4.1

Proof. Let G be a simple graph with order n and a partition V(G) = V; U V. Let G;
(i = 1, 2) be the subgraph of GG induced by V; with n; < n vertices and average degree 7;

(ny +ng =mn). Lett; = M for i = 1, 2. Note that
A (G) _ <A11 A12> _ <O[D11 + (]. - a)A(Gl) (1 — O[)Alg )
« A21 A22 (1 — a)A21 OtDQQ + (1 — CY)A(GQ) ’
where Dy = diag(d(v1),...,d(vn,)), Dao = diag(d(vp,+1),.-.,d(v,)) and Ag; =
ALy PutM = ()

n;

, where m;; is the sum of the entries in A;;(G). Hence
M= <at1 +(1-a)r (1—-ao)(th— r1)>
(I—a)(ta—12) ata+ (1 —a)ry
and
|pI — M| = ¢* — (aty + (1 — a)ry + aty + (1 — a)ry)é
— (1= a)?(ty — 1) (ta — o) + (aty + (1 — a)ry)(aty + (1 — a)ra).
Then by Lemma 4.4, we have ¢1 (M) < A1 (G) and ¢2(M) < A2(G), hence
D1 (M) 4+ ¢2(M) = at1 + (1 — a)r1 + ate + (1 — a)ra < M (GQ) + X2(G).

Note that2(n2t2—n1t1) = ng(t2+r2)—n1 (tl +7”1), and hence nato—nqity = noro—nqr.
Let Vi, be the largest independent set of G, then r; = 0 and v(G) = 0, we have
To = tg — %tl, and

at1 + OétQ + (1 — O[) (tz — thl) = O{tl + t2 - (1 - Ol)%tl S )\1(G) + A2(G)
2 2
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By n = nj + no, we get
)\1(G) -+ AQ(G) — t2 — atln > )\1(G) -+ )\Q(G) — tg — tl
tl o tl
Since G has at least one edge, n; < n. Also we have § < t1,t5 < A, hence
M(G) 4+ X2(G) — (1 + )b M (G) + X2(G) —2A
; n > A ni.

ni.

Thus
M(G) +X(G) —(1+a)d o nA
) )\1(G) + )\Q(G) —2A°
This completes the proof. O

YG)=n1 >

Again, we note that Theorem 4.5 extends the Theorem 4.5 proved in [12] for the sign-
less Laplacian spectral radius to generalized adjacency spectral radius.

Remark 4.6. Note that if \;(G) + X2(G) — (1 + @) > 0, then 221G H22(D-(Fa)d
W < 0, and the inequality in (4.1) is trivial. Hence, we add the restriction
A(G) + A2(G) — (1 + @) < 0, in Theorem 4.5. One can easily see that there exists
graphs with the property that A\;(G) + A2(G) — (1 + a)d < 0. For example, we have
speca, (Kp) = {n — 1,an — 1"~} Hence, A\;(K3) + \o(K3) — (1 + a)d(K3) =
24+3a—-1-21+a)=a—-1<0.

If G is an r-regular graph, then A\;(G) = r and A = § = r. Hence, by Theorem 4.5,
we get the following bound.

Corollary 4.7. Let G be a simple r-regular graph of order n with at least one edge. Then

n(A(G) — ar)
7(G) > B Wre

where Ao (QG) is the second largest eigenvalue of A, (G).

5 Some conclusions

As mentioned in the introduction, for o = 0, the generalized adjacency matrix A, (G) is
same as the adjacency matrix A(G) and for o = %, twice the generalized adjacency ma-
trix A, (G) is same as the signless Laplacian matrix Q(G). Therefore, if in particular, we
puta = 0 and a = %, in all the results obtained in Sections 2, 3 and 4, we obtain the
corresponding bounds for the adjacency spectral radius A\(A(G)) and the signless Lapla-
cian spectral radius A(Q(G)). We note most of these results we obtained in Section 2, 3
and 4 has been already discussed for the adjacency spectral radius A(A(G)) or/and for the
signless Laplacian spectral radius A(Q(G)). Therefore, in this setting our results are the
generalization of these known results.
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