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The bipartite graphs of abelian dessins d’enfants
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Abstract

Let S be a closed Riemann surface and let β : S → Ĉ be a regular branched holomor-
phic covering, with an abelian group as deck group, whose branch values are contained
in the set {∞, 0, 1}. Three dessins d’enfants are provided by β−1([0, 1]), β−1([1,∞]) and
β−1([0,∞]). In this paper we provide a description of the bipartite graphs associated to
these dessins d’enfants using simple arguments.
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1 Introduction
As a consequence of the Riemann-Roch theorem, there is a bijective correspondence be-
tween isomorphism classes of closed Riemann surfaces and isomorphism classes of com-
plex algebraic curves. A closed Riemann surface S is called a Belyi curve if there is a
non-constant meromorphic function β : S → Ĉ whose branch values are contained in
{∞, 0, 1}. The function β is called a Belyi function for S and (S , β) is called a Belyi pair. If
the branch orders of β at 0, 1 and∞ are p, q and r, respectively, then we say that the Belyi
pair (S , β) is of type (p, q, r).

If (S , β) is a Bely pair, then the pre-image D1 = β−1([0, 1]) (D2 = β−1([1,∞]) and
D3 = β−1([0,∞]), respectively) defines a dessin d’enfant on S (see [7]), that is, a bipartite
map on S (the pre-image of 0 are the white vertices and the pre-image of 1 are the black
vertices of D1). Conversely, by the Uniformization Theorem, each dessin d’enfant D on a
closed orientable surface induces a unique (up to isomorphisms) Riemann surface structure
S on it and a Belyi map β : S → Ĉ so that D and β−1([0, 1]) are equivalent bipartite maps
on S . A famous result due to Belyi [1, 2] states that a closed Riemann surface S is a Belyi
curve if and only if S can be defined by an algebraic curve over Q. This relationship was
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observed by Grothendieck in his famous Esquisse d’un programme [3] to propose a study of
the structure of the absolute Galois group Gal(Q/Q) by its action on the dessins d’enfants.
As a consequence, a natural link between Galois theory, Belyi pairs and dessins d’enfants
appears and, moreover, Galois invariants should be expressed in a purely combinatorial
form. Unfortunately, the action of Gal(Q/Q) on dessins d’enfants is not well understood.

A particular class of dessins d’enfants are those produced by Belyi pairs (S , β) for which
β is a regular branched holomorphic cover; in which case we say that S is a quasiplatonic
curve. Wolfart [8] noticed that quasiplatonic curves (and also the corresponding regular
dessins d’enfants) are definable over their field of moduli. In the particular case when
the deck group of β is an abelian group, we say that S is an abelian quasiplatonic curve,
that (S , β) is an abelian Belyi pair (the corresponding dessins d’enfants are called abelian
dessins d’enfants). In this case, if (p, q, r) is the type of (S , β), then we say that signature
(0; p, q, r) is an abelian triangular signature. In [4] it was noticed that every abelian Belyi
pair (and the corresponding abelian dessins d’enfants) can be defined over Q, that is, they
are fixed points for the action of Gal(Q/Q). In this paper we describe, using simple argu-
ments, the underlying bipartite graphs of the abelian dessins d’enfants (see Theorem 1).
Next, we proceed to describe a couple of classical examples.

If n,m, d are positive integers, then we denote by Kd
n,m the bipartite graph obtained

from the complete bipartite graph Kn,m by replacing each edge by d edges. In this way,
K1

n,m = Kn,m.
(1) If (S , β) is an abelian Belyi pair of type (k, k, k), where k ≥ 2 is an integer, and

whose deck group of β is Z2
k , then (S , β) is isomorphic to (Fk, βk), where Fk is the classical

Fermat curve {xk + yk + zk = 0} ⊂ P2, βk([x : y : z]) = −(y/x)k and the deck group of βk is
the abelian group generated by a([x : y : z]) = [ωk x : y : z] and b([x : y : z]) = [x : ωky : z],
where ωk = e2πi/k. The fixed points of a (respectively, b and ab) are given by the k points
in β−1

k (∞) (respectively, β−1
k (0) and β−1

k (1)). The abelian dessins d’enfants D1 = β−1
k ([0, 1]),

D2 = β−1
k ([1,∞]) and D3 = β−1

k ([0,∞]) have as bipartite graph the complete bipartite graph
K1

k,k [5, 6].

(2) If (Ĉ, β) is an abelian Belyi pair, with deck group H, then either H � Zn or H � Z2
2.

The associated bipartite graphs of the corresponding abelian dessins d’enfants are in the
first case equal to K1

1,n and Kn
1,1 and in the second case equal to K1

2,2.

Theorem 1 below generalizes the above to the case of abelian dessins d’enfants of any
type.

Theorem 1. Let (S , β) be an abelian Belyi pair of type (p, q, r) and let d be the degree of
β. Then the bipartite graphs associated to the three abelian dessins d’enfants are given by

G1 = K pq/d
d/p,d/q, G2 = Kqr/d

d/q,d/r, G3 = K pr/d
d/p,d/r.

Remark 2. Particular classes of abelian dessins d’enfants are those provided by the max-
imal ones with respect to its type (as the case provided by classical Fermat curves). An
abelian dessin d’enfant associated to an abelian Belyi pair (S , β), with abelian group H as
deck group of β, is called an homology dessin d’enfant (and (S , β) is called an homology
Belyi pair) if there is no an abelian Belyi pair (R, η), with abelian group G as deck group of
η, so that S = R/L for some non-trivial subgroup L < G acting freely on R with H = G/L.
If (S , β) is an homology Belyi pair, then equations over Q for S and β were found in [4].
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Clearly every abelian dessin d’enfant is covered by an homology dessin d’enfant of the
same type. If the genus of S is at least two, then a homology Belyi pair (S , β) of type
(p, q, r) can be uniformized as follows. Let Γ be a Fuchsian group of signature (0; p, q, r)
and let Γ′ be its derivative subgroup. Then (S , β) is equivalent to (H2/Γ′, βΓ), where βΓ is
the natural quotient map H2/Γ′ → H2/Γ. In this way, not only the bipartite graphs may be
described, but also the corresponding dessins d’enfants.

2 Proof of Theorem 1
Let (S , β) be an abelian Belyi pair of type (p, q, r) and let H be the abelian group being the
deck group of β (so d = |H|, the order of H).

Let D1 be the dessin d’enfant whose edges are the pre-images under β of the arc [0, 1],
the black vertices are the pre-images of 0 and the white vertices are the pre-images of 1.
The number of black vertices is equal to |H|/p, the number of white vertices is equal to
|H|/q and the number of faces is |H|/r. The degree of a black vertex is p, the degree of a
white vertex is q and the degree of a face is r.

Let x1 ∈ S (respectively, y1 ∈ S ) be such that β(x1) = 0 (respectively, β(y1) = 1). Let
Zp � 〈a〉 < H (respectively, Zq � 〈b〉 < H) be the H-stabilizer of x1 (respectively, the
H-stabilizer of y1). As H acts transitively on β−1(0) (respectively, β−1(1)) and H is abelian,
we may see that:

1. the H-stabilizer of every point in β−1(0) (respectively, β−1(1)) is 〈a〉 (respectively,
〈b〉);

2. H = 〈a, b〉;

3. 〈b〉 (respectively, 〈a〉) acts transitively on β−1(0) (respectively, β−1(1)).

As there is a black vertex and a white vertex connected with an edge, condition (3)
above ensures that every black vertex and every white vertex is connected by an edge.

Again from (3), the 〈b〉-stabilizer of x1 (respectively, the 〈a〉-stabilizer of y1) is its cyclic
subgroup of 〈b〉 (respectively, 〈a〉) of order pq/|H|. It follows that every pair of black and
white vertices are connected with pq/|H| edges.

All the above information permits to obtain that the graph associated to D1 is the bipar-
tite graph

G1 = K pq/|H|
|H|/p,|H|/q.

Similarly, let D2 (respectively, D3) be the dessin d’enfant obtained as the pre-image
of the arc [1,∞] (respectively, [∞, 0]) and the corresponding graph G2 (respectively, G3).
Then, working in the same way as for D1 one obtains that

G2 = Kqr/|H|
|H|/q,|H|/r, G3 = K pr/|H|

|H|/p,|H|/r.

Remark 3. It is well know that a signature (0; p, q, r) is an abelian triangular signature if
and only if lcm(p, q, r) = lcm(p, q) = lcm(p, r) = lcm(q, r), where lcm stands for the least
common multiple. In that case we may write

p = AA12A13, q = AA12A23, r = AA13A23,

where gcd(A12, A13) = gcd(A12, A23) = gcd(A13, A23) = 1 and A = gcd(p, q, r), where gcd
stands for the greatest common divisor.
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In [4] we proved that if (S , β) is an homology Belyi pair, then H � ZA × Zµ, where
µ = lcm(p, q, r) = AA12A13A23. In particular, the bipartite graphs in Theorem 1 are given
by

G1 = KA12
AA23,AA13

, G2 = KA23
AA13,AA12

, G3 = KA13
AA23,AA12

.

In the general situation, that is, for any abelian Bely pair of type (p, q, r) with β of
degree d, the bipartite graphs of the three dessins d’enfants are given by

G1 = KlA12
AA23/l,AA13/l

, G2 = KlA23
AA13/l,AA12/l

, G3 = KlA13
AA23/l,AA12/l

,

where l = A2A12A13A23/d.
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