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Abstract

In the paper we study maximal values of Balaban and sum-Balaban index, and correct
some results appearing in the literature which are only partially correct. Henceforth, we
were able to solve a conjecture of M. Aouchiche, G. Caporossi and P. Hansen regarding
the comparison of Balaban and Randić index. In addition, we showed that for every k and
large enough n, the first k graphs of order n with the largest value of Balaban index are
trees. We conclude the paper with a result about the accumulation points of sum-Balaban
index.
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1 Introduction
In this paper we consider simple and connected graphs. For a graph G, by V (G) and E(G)
we denote the vertex and edge sets of G, respectively. Let n = |V (G)| and m = |E(G)|.
For vertices u, v ∈ V (G), by distG(u, v) (or shortly just dist(u, v)) we denote the distance
from u to v in G, and by w(u) we denote the transmission (or the status) of u, defined as
w(u) =

∑
x∈V (G) dG(u, x).

Balaban index and sum-Balaban index are two of many distance-based topological in-
dices, which are widely used in QSAR/QSPR modeling. Balaban index J(G) of a con-
nected graph G, defined as

J(G) =
m

m− n+ 2

∑
e=uv

1√
w(u) · w(v)

,

was introduced in early eighties by Balaban [2, 3]. Later Balaban et al. [4] (and indepen-
dently also Deng [9]) proposed a derived measure, namely the sum-Balaban index SJ(G)
for a connected graph G:

SJ(G) =
m

m− n+ 2

∑
uv∈E(G)

1√
w(u) + w(v)

.

Although sum-Balaban index was introduced just a few years ago, several interesting
results have already been published. Regarding extremal values, it was shown by Deng [9]
and Xing et al. [23] that for a tree T on n vertices, n ≥ 2,

SJ(Pn) ≤ SJ(T ) ≤ SJ(Sn) (1.1)

with left (right, resp.) equality if and only if T = Pn (T = Sn, resp.), where Pn is the path
on n vertices and Sn is the star on n vertices. In [23] also trees with the second-largest, and
third-largest (as well as the second-smallest, and third-smallest) sum-Balaban index among
the n-vertex trees for n ≥ 6 were determined. In [15] alternative proof for the above results
and further ranking up to seventh maximum sum-Balaban index was presented.

In [26] the authors investigated the maximum value of sum-Balaban index for trees
with a given diameter. The extremal graphs which attain the maximum sum-Balaban in-
dex among trees with given number of vertices and maximum degree, are determined in
[25]. Unicyclic graphs on n vertices with the maximum value of sum-Balaban index were
considered in [24], and n-vertex bicyclic graphs were studied in [6, 11].

For various upper and lower bounds on general graphs in terms of some other parame-
ters (such as the maximum degree, number of edges, etc.) see [9] and [23], and for recent
results on r-regular graphs, see [20].

Balaban index is somewhat better explored. We refer an interested reader to [13, 14,
16, 18] for recent papers, and to [19] for a survey. Despite the fact that Balaban index was
introduced much earlier, some of its basic properties, such as the smallest possible value
among all n-vertex graphs, are still unknown.

Balaban index was originally named as the “average distance-sum connectivity index”.
It is based on a Randić type formula, today called the Randić index [21], and known also
as the connectivity index R(G) of a graph G, defined by

R(G) =
∑

uv∈E(G)

1√
deg(u) · deg(v)

,
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where deg(u) (deg(v), resp.) denotes the degree of u (v, resp.) in G. Note that in the
definition of Balaban index, vertex degrees are replaced by transmissions.

With this paper we would like to contribute to better understanding of maximal values
of both indices, and correct erroneous statements that appeared in the literature regarding
some of these values (see Section 2). In addition, having correct results, we were able
to show in Section 3 that a conjecture from [1] regarding the comparison of Balaban and
Randić index holds. We conclude the paper with a result about the accumulation points of
sum-Balaban index. The result is based on a proof of an upper bound for the minimum
value of SJ(G).

2 Maximum values
The cyclomatic number µ of G, which is the minimum number of edges that must be
removed from G in order to transform it to an acyclic graph, equals m − n + 1. Note
that the denominator m − n + 2 in the definition of Balaban and sum-Balaban index can
be expressed as µ + 1. In this section we determine maximal values for both indices for
graphs which contain at least one cycle.

Theorem 2.1. Let G be a connected graph on n vertices with µ ≥ 1. Then:

(1) J(G) is maximum if and only of G is the complete graph Kn;

(2) SJ(G) is maximum if and only of G is the complete graph Kn.

Proof. Since G is a connected graph with µ ≥ 1, we have n ≥ 3 and m ∈ [n,
(
n
2

)
]. For

every u ∈ V (G), we have w(u) ≥ n− 1, which implies

J(G) ≤ m2

(m− n+ 2)(n− 1)
, (2.1)

with equality if and only if G = Kn.
Let G be a graph on n vertices which is not complete. In order to prove that J(G) <

J(Kn) =
n2(n−1)

2(n2−3n+4) , one needs to check that for every n ≥ 3 and m ∈ [n,
(
n
2

)
] we have

m2

(m− n+ 2)(n− 1)
≤ n2(n− 1)

2(n2 − 3n+ 4)
, (2.2)

or equivalently

− 2m2(n2 − 3n+ 4) + n2(n− 1)2(m− n+ 2) ≥ 0. (2.3)

Let f(m) be the left-hand side of (2.3), i.e., f(m) = −2m2(n2 − 3n + 4) + n2(n −
1)2(m−n+2). Then f is quadratic inm with a negative leading coefficient. Hence, f(m)
is concave. Since

f(n) = n2(2n− 6) ≥ 0 and f(n(n−1)2 ) = 0,

we conclude that f(m) ≥ 0 for every m ∈ [n,
(
n
2

)
]. Hence (2.3) is true, which completes

the proof for Balaban index.
To prove the statement for sum-Balaban index, observe that since w(u) ≥ n − 1, we

have

SJ(G) ≤ m2

(m− n+ 2)
√
2n− 2

, (2.4)
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with equality if and only if G = Kn.
Let G be a graph on n vertices which is not complete. In order to prove that SJ(G) <

SJ(Kn) =
n2(n−1)2

2(n2−3n+4)
√
2n−2 , one needs to check that for every n ≥ 3 and m ∈ [n,

(
n
2

)
]

we have
m2

(m− n+ 2)
√
2n− 2

≤ n2(n− 1)2

2(n2 − 3n+ 4)
√
2n− 2

.

Since the above inequality is equivalent to (2.2), the proof is complete.

Sun [22], and Dong and Guo [10], independently studied Balaban index of trees with
given number of vertices. Their results hold, however Deng [8] corrected mistakes in their
proofs of the statement that for a tree T on n ≥ 2 vertices it holds

J(Pn) ≤ J(T ) ≤ J(Sn) (2.5)

with left (right, resp.) equality if and only if T = Pn (T = Sn, resp.).
In [10] the authors also state that for a connected graph G with n vertices

J(G) ≤ J(Sn) =

√
(n− 1)3

2n− 3
,

with equality if and only if G = Sn. It was brought to our attention that two years later
(seemingly unaware of the paper by Dong and Guo), Aouchiche et al. [1] posed the con-
jecture, which we can state here as a theorem.

Theorem 2.2. For any connected graph G on n ≥ 2 vertices, we have

J(G) ≤

{
J(Kn), if n ≤ 7

J(Sn), if n ≥ 8.

In their proof, Dong and Guo use the assumption that n ≥ 9 and neglect smaller cases.
By Theorem 2.1 and (2.5), to complete the proof of Theorem 2.2 it suffices to compare

J(Sn) =

√
(n− 1)3

2n− 3
and J(Kn) =

n2(n− 1)

2(n2 − 3n+ 4)

for n ∈ [3, 8]. It turns out that J(Sn) < J(Kn) if n ∈ [3, 7], while J(S8) > J(K8).
For sum-Balaban index we have an analogous result.

Theorem 2.3. For any connected graph G on n ≥ 2 vertices, we have

SJ(G) ≤

{
SJ(Kn), if n ≤ 5

SJ(Sn), if n ≥ 6.

Proof. By Theorem 2.1 and (1.1), it suffices to compare

SJ(Sn) =
(n− 1)2√
3n− 4

and SJ(Kn) =
n2(n− 1)2

2(n2 − 3n+ 4)
√
2n− 2

.

By a computer one can check that

f(x) =
1√

3x− 4
− x2

2(x2 − 3x+ 4)
√
2x− 2

has only two roots on [2,∞), namely 2 (in which case S2 = K2) and 5.5543. Since
SJ(S5)− SJ(K5) < 0 and SJ(S6)− SJ(K6) > 0, we conclude the result.
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In [10] the authors state a problem of characterizing graphs with the maximum (the
minimum) Balaban index among k-connected (k-edge-connected) graphs on n vertices.
Although the case of the minumum Balaban index may be hard to solve, Theorems 2.1
and 2.2 yield the following corollary.

Corollary 2.4. Let G be a graph with the maximum value of Balaban index in the class of
k-connected (k-edge-connected) graphs of order n. Then we have:

(1) if k = 1 and, n = 2 or n ≥ 8, then G is the star Sn;

(2) if k = 1 and n ≤ 7, or k ≥ 2, then G is the complete graph Kn.

Analogously, by Theorems 2.1 and 2.3 we have:

Corollary 2.5. Let G be a graph with the maximum value of sum-Balaban index in the
class of k-connected (k-edge-connected) graphs of order n. Then we have:

(1) if k = 1 and, n = 2 or n ≥ 6, then G is the star Sn;

(2) if k = 1 and n ≤ 5, or k ≥ 2, then G is the complete graph Kn.

By the proof of Theorem 2.1, J(Kn) ∼ n
2 while for every tree T we have J(T ) ∼ n2

w ,
where w is the harmonic mean of

{√
w(u) · w(v); uv ∈ E(G)

}
, i.e.

w =
m∑

uv∈E(G)

1√
w(u)·w(v)

,

(note that J(G) = m2

(m−n+2)w ). This means that, roughly speaking, if w < 2n, then
J(T ) > J(Kn).

Denote by D∗a,b a tree on a+ b vertices, one of which has degree a, another has degree
b, and all the other vertices have degree 1. Then D∗a,b is the double star. Observe that if a
tree has diameter 2, then it is a star, while if it has diameter 3, it is a double star.

Theorem 2.6. Let a and b be positive integers such that a, b ≥ 2, a + b = n and n ≥ 9.
Then J(D∗a,b) > J(Kn).

Proof. Consider the double star D∗a,b. Let u2 and u3 be the vertices of degree a and b,
respectively. Moreover, let u1 (u4, resp.) be a pendant vertex adjacent to u2 (u3, resp.).
Since b = n− a, we have

w(u1) = 1 + 2(a− 1) + 3(b− 1) = 3n− a− 4,

w(u2) = a+ 2(b− 1) = 2n− a− 2,

w(u3) = b+ 2(a− 1) = n+ a− 2,

w(u4) = 1 + 2(b− 1) + 3(a− 1) = 2n+ a− 4.

Hence,

f(a) =
∑

uv∈E(G)

1√
w(u) · w(v)

=
a− 1√

(3n− a− 4)(2n− a− 2)
+

1√
(2n− a− 2)(n+ a− 2)

+
n− a− 1√

(n+ a− 2)(2n+ a− 4)
,



6 Art Discrete Appl. Math. 3 (2020) #P2.03

and J(D∗a,b) = (n− 1)f(a).
In [8], see the text before Theorem 4, it is proved that f ′′(x) > 0, which means that

f(x) is a convex function. Since f(a) = f(n− a), 2 ≤ a ≤ n− 2, we have

J(D∗2,n−2) > J(D∗3,n−3) > · · · > J(D∗bn/2c,dn/2e) ≥ (n− 1)f(n/2).

If n ≥ 70, then (n−1)f(n/2) > n2(n−1)2
2n(n−3)+8 ·

1
n−1 = J(Kn), which implies that J(D∗a,b) >

J(Kn) in this case. The cases when n < 70 were checked using a computer software.

Theorem 2.6 implies the following.

Corollary 2.7. For every k there exists n0 such that for every n ≥ n0 the first k graphs of
order n with the biggest value of Balaban index are trees.

Analogous result can be proved for sum-Balaban index:

Theorem 2.8. Let a and b be positive integers such that a, b ≥ 2, a + b = n and n ≥ 8.
Then SJ(D∗a,b) > SJ(Kn).

Proof. Using the values w from the proof of Theorem 2.6 we get

f(a) =
∑

uv∈E(G)

1√
w(u) + w(v)

=
a− 1√

5n− 2a− 6
+

1√
3n− 4

+
n− a− 1√
3n+ 2a− 6

,

and SJ(D∗a,b) = (n− 1)f(a). In [23, Lemma 3.2] it is proved that

SJ(D∗2,n−2) > SJ(D∗3,n−3) > · · · > SJ(D∗bn/2c,dn/2e) ≥ (n− 1)f(n/2).

Since (n − 1)f(n/2) > n2(n−1)2

2(n2−3n+4)
√
2n−2 = SJ(Kn) if n ≥ 8, we have SJ(D∗a,b) >

SJ(Kn).

Corollary 2.9. For every k there exists n0 such that for every n ≥ n0 the first k graphs of
order n with the biggest value of sum-Balaban index are trees.

3 Comparison with Randić index
In the class of trees, the star Sn maximizes the Balaban index [8, 10, 22] and minimizes
the Randić index [5]. Hence, for every tree T we have

J(T )

R(T )
≤ n− 1√

2n− 3
,

with equality if and only if T is the star Sn. This observation was pointed out by Aouchiche
et al. [1], who proposed to study an extension of this bound to the class of all connected
graphs. Based on their computer experiments for n ≥ 5 they proposed the conjecture,
which turns out to be true (see Theorem 3.1). Namely, by Theorem 2.2, for n ≥ 8, the
star Sn is the graph that maximizes the Balaban index over the class of n-vertex connected
graphs, and over this class of graphs Sn also minimizes the Randić index [5, 27]. Using a
computer program we have checked that the result holds also for n ∈ {5, 6, 7}, however,
for n ∈ {3, 4}, the quotient J(G)

R(G) attains its maximal value for the complete graph Kn.
Thus we can state the following.
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Theorem 3.1. For any connected graph G on n ≥ 2 vertices, we have

J(G)

R(G)
≤

{
n2−n

n2−3n+4 , if n ≤ 4
n−1√
2n−3 , if n ≥ 5,

with equality if and only if G = Kn for n ≤ 4, and for n ≥ 5 equality holds precisely for
G = Sn.

Note that a similar observation can be done for the class of n-vertex connected unicyclic
graphs. For this class Gao and Lu [12] proved that S+

n (i.e., the graph obtained from the star
Sn by adding an edge between two nonadjacent vertices) has the minimum Randić index,
but on the other hand it has the maximum Balaban index [7, 24]. In other words,

J(G) ≤ J(S+
n ) =

n

2

(
1

2n− 4
+

2√
(2n− 4)(n− 1)

+
n− 3√

(2n− 3)(n− 1)

)
,

and
R(G) ≥ R(S+

n ) =
n− 3√
n− 1

+
2√

2(n− 1)
+

1

2
,

for any connected unicyclic graph on at least 4 vertices. Thus we obtain the following
result.

Theorem 3.2. For any connected unicyclic graph G on n ≥ 4 vertices, we have

J(G)

R(G)
≤ J(S+

n )

R(S+
n )

with equality if and only if G = S+
n .

4 Accumulation points of sum-Balaban index
In [17] it is shown that for every nonnegative real number r there exists a sequence of
graphs {Gr,i}∞i=1 such that the number of vertices of Gr,i tends to infinity as i → ∞ and
limi→∞ J(Gr,i) = r. Here we prove an analogous result for sum-Balaban index.

Let Ka and K ′a be two disjoint complete graphs on a vertices and let Pb be a path on b
vertices. The balanced dumbbell graph Da,b is obtained from Ka ∪Pb ∪K ′a by joining all
vertices of Ka to one end-vertex of Pb and all vertices of K ′a to the other end-vertex of Pb.
Thus, Da,b has 2a+ b vertices. See Figure 1 for D5,5.

Figure 1: The graph D5,5.

DenoteQ =
√
2 ln(1+

√
2). Observe thatQ .

= 1.24650 and 1+Q+2
√
Q

.
= 4.47934.

We have the following statement.
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Theorem 4.1. Let r ≥ 1 +Q+ 2
√
Q. Further, let {Dai,bi}∞i=1 be a sequence of balanced

dumbbell graphs on ni = 2ai + bi vertices such that ni →∞ and

lim
i→∞

ai√
ni

=
1√
2

√
r − 1−Q+

√
(r − 1−Q)2 − 4Q.

Then limi→∞ SJ(Dai,bi) = r.

Proof. First observe that if r ≥ 1 + Q + 2
√
Q then (r − 1 − Q)2 − 4Q ≥ 0, and so

(1/
√
2)
√
r − 1 +Q+

√
(r − 1−Q)2 − 4Q is a real number.

In [14, Equation (9)] it is proved that if a ∼ c
√
n for a (real) constant c, then for a

balanced dumbbell graph Da,b on n vertices it holds

SJ(Da,b) ∼ c2 + 1 +Q+
Q

c2
.

Hence, for c = 1√
2

√
r − 1−Q+

√
(r − 1−Q)2 − 4Q we get

SJ(Da,b) ∼
1

2

(
r − 1−Q+

√
(r − 1−Q)2 − 4Q

)
+ 1 +Q

+
2Q

r − 1−Q+
√
(r − 1−Q)2 − 4Q

=
1

2

(
r +

√
(r − 1−Q)2 − 4Q+ 1 +Q

+
4Q

r +
√

(r − 1−Q)2 − 4Q− 1−Q

)
=

1

2
·
2r2 + 2r

√
(r − 1−Q)2 − 4Q− 2r − 2rQ

r +
√
(r − 1−Q)2 − 4Q− 1−Q

= r.

Although we have a conjecture that for graphs G on large number of vertices

SJ(G) ≥ 1 +Q+ 2
√
Q

(see Corollary 8 and Conjecture 9 in [14]), it is proved only that

SJ(G) ≥ 4 + o(1)

(see Theorem 2 in [14]). Hence, if our conjecture is false, then the problem of accumulation
points of sum-Balaban index for values in interval [4, 4.47934) remains open.
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