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Abstract

An independent coalition in a graph G consists of two disjoint sets of vertices V; and
V4 neither of which is an independent dominating set but whose union V; U V5 is an inde-
pendent dominating set. An independent coalition partition, abbreviated, ¢c-partition, in a
graph G is a vertex partition 7 = {V;, V5, ..., V;} such that each set V; of 7 either is a
singleton dominating set, or is not an independent dominating set but forms an independent
coalition with another set V; € 7. The maximum number of classes of an ic-partition of
G is the independent coalition number of G, denoted by IC(G). In this paper, we study
the concept of ic-partition. In particular, we discuss the possibility of the existence of ic-
partitions in graphs and introduce a family of graphs for which no ic-partition exists. We
also determine the independent coalition number of some classes of graphs and investi-
gate graphs G of order n with IC(G) € {1,2,3,4,n} and the trees T' of order n with
IC(T)=n-1.

Keywords: Independent coalition, independent coalition partition, independent dominating set, ido-
matic partition.

Math. Subj. Class. (2020): 05C69

1 Introduction

Let G = (V, E) denote a simple graph of order n with vertex set V = V(G) and edge set
E = E(G). The open neighborhood of a vertex v € V is the set N (v) = {u|{u,v} € E},
and its closed neighborhood is the set N [v] = N (v)U {v}. Each vertex of N (v) is called a
neighbor of v, and the cardinality of N (v) is called the degree of v, denoted by deg(v) or
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deg(v). A vertex v of degree 1 is called a pendant vertex or leaf, and its neighbor is called
a support vertex. A vertex of degree n — 1 is called a full vertex while a vertex of degree 0
is called an isolated vertex. The minimum and maximum degree of G are denoted by §(G)
and A(G), respectively. For a set S of vertices of GG, the subgraph induced by S is denoted
by G[S]. For two sets X and Y of vertices, let [ X, Y] denote the set of edges between X
and Y. If every vertex of X is adjacent to every vertex of Y, we say that [X,Y] is full,
while if there are no edges between them, we say that [X, Y] is empty. A subset V; C V
is called a singleton set if |V;| = 1, and is called a non-singleton set if |V;| > 2. The join
G + H of two disjoint graphs G and H is the graph obtained from the union of G and H by
adding every possible edge between the vertices of GG and the vertices of H. We denote the
family of paths, cycles, complete graphs and stars of order n by P,, C,, K,, and K ,,_1,
respectively, and the complete k-partite graph with partite sets of order ny, no, ..., ng, by
K., ,...n.- A double star with respectively p and g leaves connected to each support vertex
is denoted by S, ;. The complete graph K5 is called a triangle, and a graph is triangle-free
if it has no K3 as an induced subgraph. The girth of a graph with a cycle is the length of its
shortest cycle. For a graph G, the girth of G is denoted by g(G). For a graph G of order n,
let G denote the complement of G with V(G) = V(G) and E(G) = E(K,) — E(G) [13].

Aset S C Vinagraph G = (V, E) is called a dominating set if every vertex v € V
is either an element of S or is adjacent to an element of S. A set S C V is called an
independent set if its vertices are pairwise nonadjacent. The vertex independence number,
denoted by «(G), is the maximum cardinality of an independent set of G. An independent
dominating set in a graph G is a set which is both independent and dominating.

A partition of the vertices of G into dominating sets (independent dominating sets)
is called a domatic partition (idomatic partition). The maximum number of classes of a
domatic partition (idomatic partition) of G is called the domatic number (idomatic number)
of G, denoted by d(G) (id(G)). The concepts of domination and domatic partition and their
variations have been studied widely in the literature. See, for example, [1, 2, 3, 4, 5, 6, 12].

The term coalition was introduced by Haynes et al, [7] and has been studied further
in[8, 9,10, 11].

Definition 1.1 ([7]). A coalition in a graph G consists of two disjoint sets of vertices
V1, Vs C V, neither of which is a dominating set but whose union V; U V5 is a dominating
set. We say that the sets V; and V5 form a coalition, and are coalition partners.

Definition 1.2 ([7]). A coalition partition, henceforth called a c-partition, in a graph G
is a vertex partition m = {V1,Va, ..., Vi } such that every set V; of  is either a singleton
dominating set, or is not a dominating set but forms a coalition with another set V; in 7. The
coalition number C'(G) equals the maximum order k of a c-partition of G, and a c-partition
of G having order C(G) is called a C(G)-partition.

Herein we will focus on coalitions involving independent dominating sets in graphs. In
other words, we will study the concepts of independent coalition and independent coalition
partition which have been introduced in [7] as an area for future research. We begin with
the following definitions.

Definition 1.3. An independent coalition in a graph G consists of two disjoint sets of
independent vertices V7 and V3, neither of which is an independent dominating set but
whose union V; U V5 is an independent dominating set. We say the sets V; and V5, form an
independent coalition, and are independent coalition partners (or ic-partners).
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Definition 1.4. An independent coalition partition, abbreviated ic-partition, in a graph G
is a vertex partition m = {V, V4, ..., Vi } such that every set V; of 7 is either a singleton
dominating set, or is not an independent dominating set but forms an independent coalition
with another set V; € w. The independent coalition number I1C(G) equals the maximum
number of classes of an ic-partition of G, and an ic-partition of G having order IC(G) is
called an IC(G)-partition.

Definition 1.5 ([8]). Let G be a graph of order n with vertex set V' = {v1,va,...,0,}.
The singleton partition, denoted 71, of G is the partition of V' into n singleton sets, that is,

™= {{Ul}v {Ug}, BRI {Un}}

This paper is organized as follows. Section 1 is devoted to terminology and definitions.
We discuss the possibility of the existence of ¢c-partitions in graphs and derive some bounds
on independent coalition number in Section 2. In Section 3, we determine the independent
coalition number of some classes of graphs. The graphs G with IC(G) € {1,2,3,4}
are investigated in Section 4. In Section 5, we characterize triangle-free graphs G with
IC(G) = n and trees T with IC(T) = n — 1. Finally, we end the paper with some
research problems.

2 Independent coalition partition: existence and bound

This section is divided into two subsections. In the first subsection, we show that not all
graphs admit an <c-partition, and in the second subsection, we present some bounds on
IC(G) whenever the graph G admits an ic-partition.

2.1 Existence

In the following definition, we construct graphs with arbitrarily large order for which no
ic-partition exists.

Definition 2.1. Let 3 be the set of all graphs obtained from the complete graph K,,, (n > 4)
with the vertices v;, (1 < i < n), and two additional vertices v;, 11, Upn42 such that v,, 11
and v, 42 are adjacent to v,,, and v, 41 is adjacent to v, 1. Figure 1 illustrates such a graph
forn = 4.

U1 V4

U2 U3 Us Vg

Figure 1: The graph G in B for n = 4.

Proposition 2.2. Let G be a graph. If G € B, then G has no ic-partition.

Proof. Suppose, to the contrary, that G has an ¢c-partition 7. The vertices v, va, ..., Vn—_1
are pairwise adjacent, so they must be in different classes. Further, v, is a full vertex, so
it must be in a singleton class. Since v,_; is adjacent to all vertices except v, 2, and
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{¥n-1,Un42} dominates G, it follows that {v,,_1} € m. Further, since {v,—1} can only
form an independent coalition with {v,, 2}, it follows that {v,, 42} € 7. If {v,41} € 7,
then 7 is a singleton partition. In this case, {v,1} has no ic-partner, a contradiction.
Hence, {v,11} ¢ m. It follows that 7 consists of a non-singleton set {v,,11,v;} such

that v; € {v1,v9,...,0,—2}, and n singleton sets. Assume, without loss of generality,
that {v,41,v1} € 7. Now for each 2 < i < n — 2, the set {v;} has no ic-partner, a
contradiction. O]
2.2 Bounds

Definition 1.4 implies that an ic-partition of a graph G is also a c-partition. Further, we
note that an ic-partition of G is a proper coloring as well. Hence, we have the following
two sharp bounds on IC(G). To see the sharpness of them, consider the complete graph
K,.

Observation 2.3. Let G be a graph. If G has an ic-partition, then IC(G) < C(G).
Furthermore, this bound is sharp.

Observation 2.4. Let G be a graph. If G has an ic-partition, then IC(G) > x(G). Fur-
thermore, this bound is sharp.

Given a connected graph G and an ic-partition 7 of it, the following theorem shows
that each set in = admits at most A(G) ic-partners.

Theorem 2.5. Let G be a connected graph with maximum degree A(G), and let 7 be an ic-
partition of G. If X € 7, then X is in at most A(G) independent coalitions. Furthermore,
this bound is sharp.

Proof. Let 7 be an ic-partition of G, and let X be a set in 7. If X is a dominating set,
then it has no ¢c-partner. Hence, we may assume that X does not dominate G. Let x
be a vertex that is not dominated by X. Now every ic-partner of X must dominate x,
that is, it must contain a vertex in N[z]. Hence, there are at most [N[z]| < A(G) + 1
sets in 7 that can form an independent coalition with X. Now we show that X cannot
form an independent coalition with A(G) + 1 sets. Suppose, to the contrary, that X has
A(G) + 1 ic-partners (name Vi, Vs, ..., Va11). Consequently, [ X, V;] is empty for each
1<i<A(G)+1. LetU = UiA:(IG)Jrl Vi, and G’ = G[U]. Consider an arbitrary vertex
v € U (say v € V;) and an arbitrary set V; such that 1 < j < A(G) + 1 and j # i.
Since X U V; dominates G and [X, V] is empty, it follows that v has a neighbor in V.
Choosing V; arbitrarily, we conclude that degq, (v) > A(G), and so degq, (v) = A(G).
Hence, for each v € U, we have deg (v) = A(G). Now since G is connected, there
is a path P = (vg,v1,...,v;) connecting U to X such that vy € U and vy, € X. Note
that [U, X] is empty, and so V(P) \ (U U X) # (. Let ¢ be the smallest index for which
v; ¢ UUX. It follows that v;_; € U, and so degq (v;—1) = A(G). Thus, we have
degq(vi—1) > dege (vi—1) + 1 = A(G) + 1, a contradiction.

To prove the sharpness, let G be the graph that is obtained from the complete graph
K,, with vertices v;, (1 < i < n), and a path P, = (a,b), where b is adjacent to v;. Let
A ={a}, B = {b}and V; = {v;}, for 1 < i < n. One can observe that A(G) = n and
that the singleton partition m; = {V4,V4,...,V,,, A, B} is an ic-partition of G such that A
forms an independent coalition with V;, for each 1 < ¢ < n. This completes the proof. [
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Note that the bound presented in Theorem 2.5 does not hold for disconnected graphs.
As a counterexample, consider the graph G = K5 U K> and the singleton partition 71 of
it. On can verify that 7r1 is an ic-partition of G such that each set in 7; has two ic-partners,
while A(G) = 1.

The next bound relates independent coalition number of a graph to its idomatic number.
As we will see in the proof of Theorem 2.6, any graph admitting an idomatic partition has
an ic-partition. However, the converse is not necessarily true. For example, the singleton
partition of the cycle Cj is an ic-partition of it, while C has no idomatic partition. Or the
cycle C7 has the ic-partition 7 = {{v1,v5}, {v2,vsa}, {vs}, {vs}, {vr}}, while it has no
idomatic partition.

Theorem 2.6. Let G be a connected graph, and let v > 0 be the number of full vertices of
G. If G admits an idomatic partition, then IC(GQ) > 2id(G) — r.

Proof. Let F = {vy,va,...,v,} be the set of full vertices of G, and let 7 = {V;, V5, ...,
Vidac)} be an idomatic partition of G of order id(G). Note that each full vertex must
be in a singleton set of m. Without loss of generality, assume that v; € V;, for each
1 < i < r. It follows that for each r + 1 < ¢ < k, we have |V;| > 2. Now for
each r +1 < i < k, we partition V; into two nonempty subsets V; ; and V; >. Note
that no proper subset of V; is a dominating set. Thus, neither V;; nor V;» is an in-
dependent dominating set, and so V;; and V; » are ic-partners. It follows that the par-
tition 7' = {V1,Va,..., Vi, Vig11, Vig12, Vg1, Va2, -+ Viaey 15 Via(a) 2} is an
ic-partition of G of order 2id(G) — r. Hence, IC(G) > 2id(G) — r. O

3 Independent coalition number for some classes of graphs
Let us begin this section with some routine results.
Observation 3.1. For n > 1, we have IC(K,) = n.
Observation 3.2. For n > 3, we have IC(K7 ,,—1) = 3.
Observation 3.3. For p,q > 1, we have IC(S, ) = 4.
For complete multipartite graphs, the following result is obtained.

Proposition 3.4. Let G = K, n,... n, be a complete k-partite graph with m > 0 full
vertices (m partite sets of cardinality 1). Then IC(G) = 2k — m.

Proof. Letm = {V1,Va,..., Vi } be the partition of G into its partite sets. Assume, without
loss of generality, that the sets V;, for 1 < ¢ < m, are those containing full vertices. Now
for each m 4 1 < i < k, we partition V; into two sets V; ; and V; ». Observe that V; ; and
Vi 2 are ic-partners, and so the partition 7/ = {{Vi }, {Va}, ..., {Vin }, {Vin+1.1, Vin+1.2},
{Vin+2,1, Vinr22}s -+« {Vi1, V2 }} is an ic-partition of G of order 2k — m. Thus,
IC(G) > 2k — m. Now let 7" be an ic-partition of G. We note that 7"’ has the following
properties:

* For any set S € «”/, all vertices in S are in the same partite set of G.
* For any set V; € m, the vertices in V; are in at most two sets of 7.

Hence, we have IC(G) < 2k — m, and so IC(G) = 2k — m. O
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Next we determine the independent coalition number of all paths and cycles.
Lemma 3.5 ([7]). For any path P,, C(P,) < 6.
Theorem 3.6. For the path P,
ifn<4
ifn=>5;

ifn=6,7,8,9;
ifn > 10.

IC(P,) =

o Wtk 3

Proof. Tt is clear that for 1 < n < 4, we have IC(P,) = n. Now let n = 5. Con-
sider the path P5 with V(Ps) = {vy,v2,v3,v4,v5}. It is easily seen that IC(Ps) # b.
Thus, IC(Ps5) < 4. The partition {{v1,vs}, {va}, {va}, {vs}} is an ic-partition of Ps, so
IC(Ps) = 4. Now assume n = 6. Consider the path Ps with V(Ps) = {v1, va, v3, v,
vs,v6}. It is clear that IC(FPs) # 6. The partition {{v1,vg}, {va}, {vs}, {va}, {vs}}
is an ic-partition of Pgs, so IC(Ps) = 5. Next assume n = 7. Consider the path P;
with V(P;) = {v1,v9,v3,v4,05,06,v7}. By Lemma 3.5 and Observation 2.3, we have
IC(P,) < 6. Now we show that IC(P;) # 6. Suppose that [C(P;) = 6. Let 7 be an
IC(P7)-partition. We note that 7 consists of a set (name A) of cardinality 2 and five sin-
gleton sets. Since ~y;(P7) = 3, each singleton set must be an ic-partner of A. On the other
hand, Theorem 2.5 implies that A has at most two ic-partners, a contradiction. The parti-
tion {{v1,ve}, {va, vr}, {vs}, {va}, {v5}} is an ic-partition of P;. Therefore, IC(P;) = 5.
Next we assume n = 8. Consider the path Py with V (Ps) = {v1, va, v3, v4, vs, g, U7, Us }.
By Lemma 3.5 and Observation 2.3, we have IC(P,,) < 6. Now we show that IC(Ps) #
6. Suppose that IC(Pg) = 6. Let 7 be an IC'(Pg)-partition. We consider two cases.

Case 1. 7 consists of a set (name A) of cardinality 3 and five singleton sets. Since
~i(Ps) = 3, each singleton set must be an ic-partner of A. On the other hand, Theorem 2.5
implies that A has at most two ic-partners, a contradiction.

Case 2. 7 consists of two sets of cardinality 2 and four singleton sets. Since v;(Ps) =
3, each singleton set must be an ic-partner of a set of cardinality 2. Therefore, using
Theorem 2.5, we deduce that for any two ic-partners C and D, it holds that |CUD| = 3. On
the other hand, vs and vg are not present in any independent dominating set of cardinality
3, a contradiction.

The partition {{v1,vs,vg}, {va, v7}, {vs}, {va}, {vs}} is an ic-partition of Ps. Therefore,
IC(Pg) =5.

Now let n = 9. Consider the path Py with V (Py) = {v1, va, v3, V4, U5, Ug, U7, Vs, Vg }.
By Lemma 3.5 and Observation 2.3, we have IC(P,,) < 6. Now we show that IC'(Py) #
6. Suppose that IC(Py) = 6. Let 7 be an IC'(Py)-partition. There exist three cases.

Case 1. 7 consists of a set (name A) of cardinality 4 and five singleton sets. Since
vi(Py) = 3, each singleton set must be an ic-partner of A. On the other hand, by Theo-
rem 2.5, A has at most two ic-partners, a contradiction.

Case 2. 7 consists of a set (name A) of cardinality 3, a set (name B) of cardinality
2 and four singleton sets. Since v;(Py) = 3, no two singleton sets in 7 are ic-partners.
Furthermore, by Theorem 2.5, A has at most two ic-partners, so at least two singleton
sets of 7 must be ic-partners of B, which is impossible, as Py has a unique independent
dominating set of cardinality 3.
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Case 3. 7 consists of three sets of cardinality 2, and three singleton sets. We note that
each singleton set in ™ must be an ¢c-partner of a set of cardinality 2, which is impossible,
as Py has a unique independent dominating set of cardinality 3.

The partition {{v1,vs3,vs}, {va, va,v9},{v6}, {v7},{vs}} is an ic-partition of Py.
Therefore, IC(Py) = 5.

Finally, let n > 10. Consider the path P, with V(P,) = {vi,vs,...,v,}. By
Lemma 3.5 and Observation 2.3, we have IC(P,) < 6. Now we consider the sets
Vi = {v1,v6} U{van—1 : n > 5}, Vo = {vg,v5} U {va, : n > 5}, V3 = {ws},
Vi = {va}, Vs = {vr}, Vs = {vs}. Then m = {V1, Vo, V3, V4, Vs, Vs} is an ic-partition
of P,, where V3 and V are ic-partners of Vi, and V5 and Vg are ic-partners of V5. So the
proof is complete. O

Lemma 3.7 ([7]). For any cycle Cy,, C(C,,) < 6.
Lemma 3.7 and Observation 2.3 imply the following result.
Lemma 3.8. For any cycle C,,, IC(C,,) < 6.
Lemma 3.9. For any cycle C,, withn > 8 andn = 0 (mod 2), it holds that IC(C,,) = 6.

Proof. LetV(Cy,) = {v1,va,...,v,}. Consider the sets V] = {v1, v6}U{van_1 : n > 5},
‘/2 = {’UQ,’U5} U {Ugn n Z 5}, V3 = {Ug}, V4 = {1}4}, ‘/5 = {U7}, VYG = {’Ug}.
Then © = {V3, Vo, Va3, Vy, Vs, Vs} is an ic-partition of C,,, for n > 8, where V3 and Vj
are ic-partners of Vi, and V5 and Vg are ic-partners of Vo. Hence, by Lemma 3.8 and
Observation 2.3, we have IC(C,,) = 6. O

Lemma 3.10. For any cycle C, with n > 8 and n = 0 (mod 3), it holds that
IC(Cy) =6.

Proof. Let V(On) = {Ul, V2, ny U3k}. Consider the sets V; = {1}31'_;,_1}, Vo = {U3,'+2}
and V3 = {vs;43}, for 0 < i < k — 1. Now for each 1 < i < 3, we partition V; into
two nonempty sets V; ; and V; 5. Observe that V; ; and V; o are ic-partners. Hence, by
Lemma 3.8 and Observation 2.3, we have IC(C,,) = 6. O

Lemma 3.11. For any cycle C, with n > 8 and n = 5 (mod 6), it holds that
IC(Cy) =6.

Proof. Assume n = 6k — 1, (k > 2). Let V(C},) = {v1, v, ..., v,}. Consider the sets

2k—1 2k—1

k—1
A= Jfosirad, A= U {vsina}, A2 = | {vai}s
i=k i=k

1=0

2k k—1 k-1
B=J{vsi1}, Bi = (J{vsiz1}, B2 = [ J{vai}-
i=k i=1 i=1

Let 1 = {A, Ay, Ag, B, By, Bo}. One can observe that 7 is an ic-partition of C,,
where A; and A, are ic-partners of A, and By and By are ic-partners of B. Now using
Lemma 3.8 and Observation 2.3, we have IC(C,,) = 6. O

Lemma 3.12. For any cycle C,, with n > 8 and n = 1 (mod 6), it holds that
1C(C,) =6.
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Proof. Assume n = 6k + 1, (k > 2). Let V(C),) = {v1,v2,...,v,}. Consider the sets

k 2k 2k
A= (U{U&'H}) U{vsers}, A= |J {vsi}, 2= |J {wsia},
i=0 i—k42 i=k+2

2% k k
B= ( U {'U3i+l}> U{vspt2}, Br = U{U3i—1}; By = U{Usi}-

i=k+1 i=1 i=1

Let m = {A, Ay, Ay, B, By, Bo}. One can observe that 7 is an ic-partition of C,,, where
Aj and As are ic-partners of A, and By and B, are ic-partners of B. Now using Lemma 3.8
and Observation 2.3, we have IC(C,,) = 6. O

Theorem 3.13. For the cycle Cy,

n ifn < 6;
IC(Cy) =15 ifn="T;
6 ifn>8.

Proof. If 1 < n < 6, then it is easy to check that IC(C,,) = n. Now assume n = 7. Con-
sider the cycle C; with V(C7) = {v1, va, v3, v4, U5, g, v7 }. First we show that IC'(C7) #
6. Suppose, to the contrary, that /C(Cr) = 6. Let 7 be an /C(Cr)-partition. We note that
m consists of five singleton sets and a set of cardinality 2 (name A). By Theorem 2.5, A has
at most two ic-partners. Hence, 7 contains two singleton sets that are ic-partners, which
contradicts the fact that v;(C7) = 3. The partition {{vy,v3}, {vs}, {ve}, {va,v7}, {v2}}
is an ic-partition of C7, so IC(C7) = 5. Furthermore, by Lemmas 3.9, 3.10, 3.11 and 3.12
we have IC(C,,) = 6, forn > 8. O

4 Graphs with small independent coalition number

In this section we investigate graphs G with IC(G) € {1,2, 3,4}. We will make use of the
following two lemmas.

Lemma 4.1. Let G be a graph of order n containing v > 1 full vertices, and let
F = {v1,va,...,v.} be the set of full vertices of G. Then IC(G) = k, if and only if
IC(GIV\F]) =k —r, wherer < k <n.

Proof. Assume first that IC(G[V \ F]) = k —r. Letw = {V4,Va,...,Vi_,} be an
IC(G[V\F])-partition. Now the partition 7’ = {V1, Vo, ..., Vi, {1}, {v2},.... {v - }},
is an ic-partition of G, so IC(G) > k. Now we prove that IC(G) = k. Suppose, to
the contrary, that IC(G) > k. Let w be an IC/(G)-partition. Now the partition 7’ = 7 \
{{v1},{v2}, ..., {v,}} is anic-partition of G[V'\ F| such that |7’| > k—r, a contradiction.
Hence, IC(G) = k. Conversely, assume that IC'(G) = k. Let 7 be an IC(G)-partition.
Now the partition 7/ = 7 \ {{v1},{v2},...,{v,}} is an ic-partition of G[V \ F], so
IC(G[V \ F]) > k — r. Now we prove that IC(G[V \ F]) = k — r. Suppose, to the
contrary, that IC(G[V \ F|) > k — r. Let w be an IC(G[V \ F])-partition. Now the
partition 7' = 7 U {{v1}, {va},...,{v,}} is an ic-partition of G such that |7'| > k, a
contradiction. Hence, IC(G[V \ F]) =k —r. O
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Lemma4.2. Let G be a graph containing a nonempty set of isolated vertices I. If IC(G) >
3, then for any IC(G)-partition w, there is a set V,. €  such that V,. = I.

Proof. First we show that all vertices in [ are in the same set of 7. Suppose, to the contrary,
that there are sets V; € 7 and V; € 7 such that both V; and V;; contain isolated vertices.
Let Vi, € m be an arbitrary set in 7 such that Vi, ¢ {V;, V;}. (Since IC(G) > 3, such a set
exists). Then V} has no ic-partner, a contradiction. Now let V,. be the set in 7 containing
isolated vertices. Further, let v be an arbitrary vertex in V;., and let v € V(G) be an
arbitrary vertex such that u # v. If u € V., then u is not adjacent to v. Otherwise, the
set in 7 containing u is an ¢c-partner of V,., which again implies that u is not adjacent to v.
Hence, we have deg(v) = 0. Choosing v arbitrarily, we conclude that V,. = I. O

Proposition 4.3. Let G be a graph of order n. Then
(1) IC(G) =1lifand only if G ~ K.
(2) IC(G) =2ifand only if G ~ K5 or G ~ K, for some n > 2.

Proof. (1)1tis clear that IC(G) = 1 if and only if G ~ Kj;.

(2) If G ~ K3, then we clearly have IC(G) = 2. Now assume G ~ K, for some n > 2.
Let 7 be an ic-partition of G. Note that no more than two sets in 7 contain isolated vertices,
for otherwise, no two sets in 7 are ic-partners. Thus, |7| < 2. Partitioning vertices of G into
two nonempty sets yields an ic-partition of G. Hence, IC(G) = 2. Conversely, suppose
that IC(G) = 2. Let m = {V1, V2} be an IC(G)-partition. If both V; and V; are singleton
dominating sets, then G ~ K. Hence, we may assume that at least one of them (say V1)
is not a singleton dominating set. It follows that V5 is not a singleton dominating set either,
for otherwise, G is a star, and so by Observation 3.2, we have IC(G) = 3. Hence, V; and
V5 are ic-partners, and so V' = V; U V5 is an independent set. Hence, G ~ K,,, for some
n > 2. O

Definition 4.4. Let B; represent the family of bipartite graphs H with partite sets H; and
H> such that |H1| > 2, |H2| > 2, 5(H) > 1 and ’Ld(H) =2

Definition 4.5. For m > 1, let B, represent the family of graphs H U K,,, where H is a
bipartite graph with 6(H) > 1 and id(H) = 2.

Definition 4.6. For m > 1, let B3 represent the family of graphs H U K,,,, where H is a
3-partite graph with §(H) > 1 and id(H) = 3.

Proposition 4.7. Let G be a graph. Then IC(G) = 3, ifand only if G € {K3, K1 ,—1} U
Bs.

Proof. Observations 3.1 and 3.2 imply that IC'(K3) = 3 and that [C(K; ,—1) = 3, re-
spectively. Now let G € Bs. Let I be the set of isolated vertices of G, and let {H1, Ho}
be a partition of G — [ into its partite sets. We observe that the partition {I, Hy, Ho} is an
ic-partition of G, so IC(G) > 3. Now we show that /C(G) = 3. Suppose, to the con-
trary, that IC(G) > 4. Let m = {V4,Va,..., Vi } be an IC(G)-partition. By Lemma 4.2,
we have I € {V1,V5,...,Vi}. Assume, without loss of generality, that I = V. Now
for each 2 < ¢ < k, V; forms an independent coalition with V7, and so V; dominates H.
Hence, the partition {V5, ..., V;} is an idomatic partition of H, which contradicts the as-
sumption. Hence, IC(G) = 3. Conversely, let G be a graph with IC(G) = 3, and let
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m = {V1, V2, V3} be an IC(G)-partition. We consider four cases depending on the number
of full vertices of G.

Case 1. G has three full vertices. In this case, the sets V7, V5 and V3 are all singleton
dominating sets, so G ~ K3.

Case 2. (G has two full vertices. Note that this case never occurs.

Case 3. G has one full vertex. Let v, be the full vertex of G. Lemma 4.1 implies that
IC(G — v1) = 2. Thus, by Proposition 4.3, either G — v; ~ K>, implying that G ~ K3,
or G — vy ~ K, for some n > 2, which implies that G ~ Ky y,—1, for some n > 3.

Case 4. G has no full vertex. Let I be the set of isolated vertices of G. First we
note that V7, V5 and V3 are not pairwise ic-partners, for otherwise, we have G ~ K,,
and so by Proposition 4.3, we have IC(G) = 2, a contradiction. Hence, 7 contains a set
(say V1) that forms an independent coalition with V5 and V3, while V5 and V3 are not ic-
partners. Therefore, each vertex in V; is an isolated vertex, so it follows from Lemma 4.2
that I = V3. Further, the sets V5 and V3 are independent dominating sets of G[V> U V3],
implying that id(G[V, U V3]) > 2. It remains to show that id(G[V; U V3]) = 2. Suppose,
to the contrary, that id(G[Vo U V3]) > 3. Let «/ = {Uy,Us,...,Ux}, (k > 3), be an
idomatic partition of G[V, U V3]. Then the partition 7/ = {Uy, Us, ..., Uy, V1 } is clearly
an ic-partition of G, implying that IC(G) > 4, a contradiction. Hence, G € Bs. O

Proposition 4.8. Let G be a graph. If IC(G) = 4, then G € {K,, Ko + K,,, K1 + B} U
By U Bs, wheren > 2 and B € Bs.

Proof. Letm = {V,Va, V3, V,} be an ic-partition of G. We consider two cases.

Case 1. G has a full vertex. Let v; be a full vertex of G. Lemma 4.1 implies that
IC(G —wvy) = 3. Thus, by Proposition 4.7, we have G — v; ~ K3, implying that G ~ Ky,
or G — vy ~ K, for some n > 2, implying that G ~ Ky + K, for some n > 2, or
G — v1 € By, which implies that G ~ K7 + B, where B € B,.

Case 2. G has no full vertex. First assume that G contains a nonempty set I of isolated
vertices. Then by Lemma 4.2, we have I € w. Without loss of generality, assume that
I = Vy. Now for each 1 < ¢ < 3, V; must form an independent coalition with I. Thus,
U = G[V1 UV, U V3] is a 3-partite graph with id(U) > 3. Since IC(G) = 4, the case
id(U) > 3 is impossible. Hence, id(U) = 3, and so G € B3. Now assume that G contains
no isolated vertex. Since G has neither full vertices nor isolated vertices, each set of 7 has
either one or two ic-partners. If there is a set of 7, (say V) having one ic-partner, (say V5),
then it follows that V3 and V are ic-partners, and so G is a bipartitie graph with partite sets
V1 U Vs and V3 U V. Otherwise, assume, without loss of generality, that V5 and V3 are
ic-partners of V;. It follows that Vj has an ic-partner in {V5, V3}. By symmetry, we may
assume that Vy and V3 are ic-partners. Then G is again a bipartitie graph with partite sets
V1 U V3 and V3 U V. Now using Theorem 2.6, we have id(G) = 2, and so G € B;. O

5 Graphs with large independent coalition number

Our main goal in this section is to investigate structure of graphs G of order n with
IC(G) = n, under specified conditions. In addition, we will characterize all trees T" of
order n with IC(T') = n — 1. Let us begin with an observation that characterizes all
disconnected graphs G of order n with IC(G) = n.

Observation 5.1. Let G be a disconnected graph of order n. Then /C(G) = n if and only
if G ~ K;UK,., forsome s > 1,and r > 1.
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Now we introduce two sufficient conditions for a graph G of order n to have indepen-
dent coalition number 7.

Observation 5.2. If G is a graph of order n with a(G) = 2, then IC(G) = n.

Proof. Let G be a graph of order n such that «(G) = 2. Consider the singleton partition
71 of G. Note that for any two non-adjacent vertices v and u in V(G), the sets {v} and
{u} in 7y, are ic-partners. Hence, 7 is an ic-partition of G, and so IC(G) = n. O

Observation 5.3. Let G be a graph of order n. If G admits a partition of its vertices into
two maximal cliques, then IC(G) = n.

51 Graphs Gwithd(G) =1and IC(G) =n

In this subsection, we characterize graphs G of order n with 6(G) = 1 and IC(G) = n.
We need the following definition.

Definition 5.4. Let G be a graph of order n, (n > 3), and let §(G) = 1. Furthermore, let
x be a pendant vertex of (G, and let y be the support vertex of . Then G € F if and only
if V(G) \ {z,y} induces a clique.

Theorem 5.5. Let G be a graph of order n with 6(G) = 1. Then IC(G) = n if and only
if either G ~ Ky, or G € F.

Proof. Obviously, IC(K5) = 2. Now assume that G € F. Let x be a pendant vertex of G,
and let y be the support vertex of x. Further, let U = V(G) \ {«, y}. Note that U contains
no full vertex. If y is a full vertex, then G is obtained from the complete graph K,,_1, where
one of its vertices is adjacent to a leaf. In this case, we clearly have IC(G) = n. Thus,
we may assume that y is not a full vertex, that is, there is a vertex u € U such that u is not
adjacent to y. Then it is easy to verify that the sets {y} and {u} are ic-partners, and that
each vertex in U \ {u} forms an independent coalition with {z}. Therefore, IC(G) = n.
Conversely, suppose that G is a graph with §(G) = 1 and IC(G) = n. Let z be a leaf
of G, and let y be the support vertex of z. Consider the singleton partition 7, of G. Note
that each set in 71 \{{«}, {y}} must be an ic-partner of {2} or {y}, to dominate . Let
A=N(y)\{z},and B=V(G) \ ({x,y} U A). We consider four cases.

Case 1. A = () and B = (. In this case, we have G ~ K.

Case 2. A = () and B # (). By Observation 5.1, we have G ~ K, U K., for some
r > 1. Thus, G € F.

Case 3. A # () and B = (). For each v € A, the set {v} cannot be an ic-partner of {y},
so it must be an ic-partner of {z}. This implies that A induces a clique. Hence, G € F.

Cased. A # () and B # (. For each v € A, the set {v} cannot be an ic-partner of
{y}, so it must be an ic-partner of {x}. This implies that [A, B] is full and that A induces
a clique. Now for each vertex u € B, in order for the set {u} to be an ic-partner of {z}
or {y}, v must be adjacent to all other vertices in B. Hence, B induces a clique, and so
G € F, which completes the proof. O

As an immediate result from Theorem 5.5 we have:

Corollary 5.6. Let T be a tree of order n. Then IC(T) = n if and only if T € {Py, P,
Ps, Py}.
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5.2 Triangle-free graphs G with IC(G) = n

In this subsection, we characterize graphs G of order n with g(G) = 4 and IC(G) = n.
This will lead to characterization of all triangle-free graphs G of order n with IC(G) = n.
We will make use the following lemmas.

Lemma 5.7. Let G be a triangle-free graph of order n with IC(G) = n. Then g(G) < 6.

Proof. Let G be a graph of order n with IC(G) = n, and suppose, to the contrary, that
g(G) > 7. Let C C G be a cycle of order g(G). Consider an arbitrary vertex v € V(C).
Note that ;(C) > 3, and so {v} is not an ic-partner of any set {u} C V(C). Therefore,
it must be an ic-partner of a set {u} C V(G) \ V(C). It follows that, {u} dominates
V(C) \ N,[v], which implies that G contains triangles, a contradiction. O

Lemma 5.8. Ler G be a graph of order n with g(G) = 6. Then IC(G) = n if and only if
G~ CG~

Proof. Let G be a graph of order n with g(G) = 6. If G ~ Cg, then by Theorem 3.13,
we have IC(G) = 6. Conversely, assume that IC(G) = n. Let C C G be a cycle of
order 6, and suppose, to the contrary, that V(G) \ V(C) # (). Consider an arbitrary vertex
v e V(G)\ V(C). If {v} is an ic-partner of a set {u} C V(C), then {v} must dominate
V(C) \ N¢[u], which implies that G contains triangles, a contradiction. Otherwise, {v}
must be an ic-partner of a set {u} C V(G) \ V(C). Now since {u,v} dominates C, it
follows that G’ contains triangles, or induces cycles of order 4, a contradiction. O

Our next result can be established almost the same way as Lemma 5.8, so we state it
without proof.

Lemma 5.9. Letr G be a graph of order n with g(G) = 5. Then IC(G) = n if and only if
G~ 05.

In order to characterize graphs G of order n with IC(G) = n and g(G) = 4, we need
the following definitions.

Definition 5.10. Let Ky represent a bipartite graph with partite sets Hy = {v1,v9, v3,v4}
and Hy = {u1,us,us, us} such that for each 1 < ¢ < 4, v; is adjacent to all vertices in
H,, except u; (see Figure 2).

Definition 5.11. Let K represent a family of 4-partite graphs with partite sets
Hy = {vi,v9,v3,v4}, Hy = {ui,us,us,us}, Hs = {ni,ne,...,n;} and
Hy = {mi,ma,...,my}, for k > 1, with the following properties:

* [Hy, Hs) is full and [Hy, Hy] is full,

* [Hy, Hy) is empty and [Hy, H3] is empty,

* Foreach 1 <1 < 4, v; is adjacent to all vertices in Hs, except u;,
e Foreach 1 < i < k, n; is adjacent to all vertices in Hy, except m;.

Figure 3 illustrates such a graph for k = 3.
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U1 U2 U3 V4

(U5 u2 us U4

Figure 2: The graph KCy.

Figure 3: The graph in K for k = 3.

Theorem 5.12. Let G be a graph of order n with g(G) = 4. Then IC(G) = n if and only
ifG e {O4,ICO} UK.

Proof. 1t is easy to check that IC(C4) = 4 and that IC(Ky) = 8. Now let G € K.
We observe that for each 1 < i < 4, {v;} and {u;} are ic-partners, and that for each
1 <4 <k, {n;} and {m;} are ic-partners. Thus, IC(G) = n. Conversely, let G be a
graph of order n with g(G) = 4 and IC(G) = n, and let C be a cycle of G of order 4
with V(C) = {x,y, 2,t} and E(C) = {zy,yz, zt, tx}. If G = C, then the desired result
follows. Hence, we assume that G # C. Since z is adjacent to y and ¢, neither {y} nor {t}
is an ic-partner of {«}. Now consider two cases.

Case 1. {z} and {z} are ic-partners. In this case, G is dominated by {z, z}. Let
A= N(z)\{y,t} and B = N(z) \ {y,t}. If A # (), (say v € A), then it is not difficult
to check that {v} has no ic-partner. Thus, A = (), and so by symmetry, we have B = ().
Hence, G ~ C4.

Case 2. {z} and {z} are not ic-partners. Let {e} be an ic-partner of {x}. Since {z, e}
dominates G and z is not adjacent to z, it must be adjacent to e. Let A = N(x) \ {y,t}
and B = N(e) \ {z}. It is not difficult to verify that AN B = (. Now if A = (), then
{z} cannot form an independent coalition with any other set, so A # ). Let {f} C A be
an ic-partner of {z}. We note that if a set {g} forms an independent coalition with {y},
then g € B. Further, if a set {h} forms an independent coalition with {¢} then h € B. Let
{g} and {h} be ic-partners of {y} and {t}, respectively. Observe that {g} # {h}. Now let
A=A\ {f}and B’ = B\ {g, h}. There exist the following subcases.
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Subcase 2.1. A’ = () and B’ = (). In this case, we have G ~ K.

Subcase 2.2. A’ = () and B’ # (). Let v € B’. One can verify that {v} cannot form an
independent coalition with any other set. Thus, this case is impossible.

Subcase 2.3. A’ # () and B’ = (). Let v € A’. One can verify that {v} cannot form an
independent coalition with any other set. Thus, this case is impossible.

Subcase 2.4. A’ # (0 and B’ # (. Letv € A’. If a set {u} forms an independent
coalition with {v}, then u € B’. Furthermore, for each vertex u € B’, {u} cannot form
an independent coalition with more than one sets {v} C A’. Thus, |A’| < |B’|. Using
a similar argument, we deduce that |B’| < |A’|, and so |A’| = |B’|. Consequently, the
following statements hold in the graph G

* G[{z,y,2,t,e, f,g,h}] is a bipartite graph with partite sets V; = {x, z,g,h} and
Vo = {y,t, e, f}, which is isomorphic to Ko,

o [V4, A’} is full and [Va, B'] is full,
 [V4, B'] is empty and [V5, A’] is empty,

* G[A’'UB']is abipartite graph with partite sets A" and B’ such that deg 4/ 5/ (v) =
|A'| —1=|B'|—1,foreachv € A’UB'.

Hence, G € K and the proof is complete. O

Using Observation 5.1, Corollary 5.6, Lemmas 5.7, 5.8 and 5.9, and Theorem 5.12, we
infer the following result.

Corollary 5.13. Let G be a triangle-free graph of order n. Then IC(G) = nif and only if
G € {C4,C5,C6, P1, P, P3, Py, Ko, K1 U Ko, Ko U Ko, Ko} UK.

53 TreesT with IC(T) =n—1

The following theorem characterizes all trees T' of order n with IC(T) =n — 1.

Theorem 5.14. Let T be a tree of order n. Then IC(T) = n — 1 if and only if T €
{Ps, Ps, 81,2, K13}

Proof. By Theorem 3.6, we have IC(Ps) = 4 and IC(Ps) = 5. Further, by Observa-
tion 3.2, we have IC'(K; 3) = 3 and by Observation 3.3, we have IC(S72) = 4. Con-
versely, let T' be a tree of order n with IC(T) = n — 1, where « is a leaf, and y is the
support vertex of z. Define A = N(y) \ {z} and B = V(G) \ ({z,y} U A). Further,
let ™ be an IC(T)-partition. Note that 7 contains a set of cardinality 2 (say Vi = {u,v})
and n — 2 singleton sets. Since x and y are adjacent, we have V7 # {z,y}. Note as well
that any set in 7 must be an ¢c-partner of the set containing x, or the set containing y, to
dominate z. We consider two cases.

Case 1. B = 0. If A =0, then we have T' ~ Ko, and so IC(T') = 2 # n — 1. Hence,
A # (,and so T ~ K ,_1, for some n > 3. Now by Lemma 3.7, we have IC(T") = 3.
Hence, T' ~ K 3.

Case 2. B # (). Since T is connected, we have A # (). We divide this case into some
subcases.

Subcase 2.1. u € A and v € B. We first show that | A| = 1. Suppose, to the contrary,
that |A| > 2. Then there is a vertex z € A such that z # w. Since z and y are adjacent,
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{z} cannot be an ic-partner of {y}, so it must be an ic-partner of {x}. Since {«} does not
dominate u, u must be adjacent to z, which is a contradiction, since y, z and u induce a
triangle. Now {y} cannot be an ic-partner of {z} or {u, v}, so it must have an ic-partner
in B. This implies that |B| > 2. Let {¢} C B be an ic-partner of {y}. we show that
B\ {v,t} = 0. Suppose that B \ {v,¢} # (. Let z € B\ {v,t}. Note that v and ¢ are
adjacent. Now {z} must be an ic-partner of {z} or {y}, so z must be adjacent to ¢ and
v, which is a contradiction, since z, t and v induce a triangle. Hence, B = {v,t} and so
T ~ P5.

Subcase 2.2. {u,v} C B. An argument similar to the one presented above implies
that |[A| = 1. Now we show that B \ {u,v} = 0. Suppose that B \ {u,v} # (. Let
z € B\ {u,v}, and let A = {t}. Since ¢ and y are adjacent, {¢} cannot be an ic-partner
of {y}, so it must be an ic-partner of {x}. Thus, ¢ must be adjacent to u, v and z. Now
{z} must be an ic-partner of {2} or {y}, so z must be adjacent to « and v, which is a
contradiction, since z, u and ¢ induce a triangle. Hence, T' >~ S .

Subcase 2.3. {u,v} C A. We first show that A\ {u, v} = (). Suppose that A\ {u, v} #
(. Let z € A\ {u,v}. Since z is adjacent to y, {z} must be an ic-partner of {x}, so z must
be adjacent to v and v, which is a contradiction, since z, u and y induce a triangle. Now
we show that |B| = 1. Suppose that | B| # 1. First assume |B| > 3. Let z, ¢, w € B. Now
z, t and w induce a triangle, since the sets containing each of them, must be an ic-partner
of {z} or {y}, a contradiction. Now assume |B| = 2. Let B = {z,t}. Each of the sets
{z} and {t} must be an ic-partner of {} or {y}. Thus, z must be adjacent to ¢. Now
{u,v} must be an ic-partner of {z}, so z and ¢ must be dominated by {u,v}. Now the
induced subgraph T'[{u,v, z,t}] contains at least one cycle, a contradiction. Hence, we
have T" ~ 51,2.

Subcase 2.4. u = y and v € B. we first show that |A| = 1. Suppose that |A| > 2.
Let z,¢t € A. Since z and ¢ are adjacent to y, {z} and {¢} cannot be an ic-partner of y,
so each of them must be an ic-partner of {«}. Thus, z must be adjacent to ¢, which is a
contradiction, since z, ¢ and y induce a triangle. Now we show that | B| = 2. Suppose that
|B| # 2. If |B| = 1, then T ~ Py, a contradiction. Otherwise, let {v, z,t} C B and
A = {w}. Now {w} cannot be an ic-partner of {u, v}, so it must be an ic-partner of {x}.
Thus, w must be adjacent to v, z and t. Now observe that {u, v} must have an ic-partner
in B. Assume, without loss of generality, that {u, v} and {z} are ic-partners. This implies
that ¢ is adjacent to z or v, which is impossible, since both cases lead to existence of an
induced triangle. Hence, T' >~ S .

Subcase 2.5. v = z and v € A. We first show that |B| < 2. Suppose that |B| > 3.
Let {z,t,w} C B. Note that {y} must have an ic-partner in B. Assume, without loss of
generality, that {y} and {z} are ic-partners. It follows that z is adjacent to ¢ and w. Now if
{y} is an ic-partner of {¢} or {w}, then ¢ must be adjacent to w, which is impossible, since
z, t and w induce a triangle. Hence, both ¢ and w must be ic-partners of {u, v}, which
implies that ¢ is adjacent to w. Now z, t and w induce a triangle, a contradiction. Now we
show that | A| < 2. Suppose that |A| > 3. Let {z,¢,v} C A. The sets {z} and {¢} must be
ic-partners of {u,v}. This implies that z is adjacent to ¢. Now z, ¢ and y induce a triangle,
a contradiction. Further, we observe that the case |[A| = |B| = 2 is impossible. Hence,
either |A| = 2 and | B| = 1, which implies that 7' ~ S; o, or |A| = 1 and |B| = 2, which
implies that 7" ~ Ps.

Subcase 2.6. v = x and v € B. We first show that |[A| = 1. Suppose that |A| > 2.
Let {z,t} C A. Now each of the sets {z} and {¢} must be an ic-partner of {u,v}. This
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implies that z is adjacent to ¢, which is a contradiction, since y, z and ¢ induce a triangle.
Now we show that |[B| < 3. Suppose that |B| > 4. Let {v,t,w,h} C Band A = {z}.
Note that {y} must have an ic-partner in B. Assume, without loss of generality, that {y}
and {t} are ic-partners. It follows that ¢ is adjacent to w, h and v. Now {w} must be an
ic-partner of {y} or {u,v}. One can observe that both cases lead to contradiction. Hence,
either | B| = 2, which implies that T' ~ P, or |B| = 3, which implies that 7" ~ Ps. O

6 Discussion and conclusions

In Proposition 2.2, we introduced a family of graphs admitting no ¢c-partition. This result
motivates the following problem:

Problem 6.1. Characterize graphs admitting an ¢c-partition.

In Observations 2.3 and 2.4, we presented the sharp inequalities /C(G) < C(G) and
IC(G) > x(G). This raises the following problems:

Problem 6.2. Characterize graphs G in which the equality /C(G) = C(G) holds.

Problem 6.3. Characterize graphs G in which the equality IC(G) = x(G) holds.

In Theorem 5.14, trees T' of order n, with IC(T) = n — 1 have been characterized.
This raises the following problem:

Problem 6.4. Characterize graphs G of order n with IC(G) =n — 1.
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