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Abstract. We studied in the refs. [1,2] properties of spinors in a toy modelind = (5 + 1),
when M+ breaks to an infinite disc with a zweibein which makes a disc curved on an
almost S and with a spin connection field which allows on such a sphere only one massless
spinor state, as a step towards realistic Kaluza-Klein theories in non compact spaces. In
the ref.[3] we allow on S? two kinds of the spin connection fields, those which are gauge
fields of spins in and those which are the gauge fields of the family quantum numbers, both
as required for this toy model by the spin-charge-family theory [4,5]. This time we study,
by taking into account families of spinors interacting with several spin connection fields,
properties of massless and massive solutions of equations of motion, with the discrete
symmetries [9,10] (Cnr, P, Tar) included. We also allow nonzero vacuum expectation
values of the spin connection fields and study the masses.

Povzetek. Da bi bolje razumeli zlomitve simetrij v teoriji spinov-nabojev-druZin in njhove
posledice, studirata avtorja zlomitve na preprostem modelu v prostoru-casud = (5 +1). V
tem modelu zvije vektorski svezenj neskonéen disk v peti in Sesti dimenziji v skoraj sfero S*,
spinske povezave pa poskrbijo za to, da je v opazljivem prostoru-¢asu (d=(3+1)) sodo stevilo
brezmasnih druZzin. Ko dovolita spinskim povezavam, da imajo nenicelno pri¢akovano
vrednost, naboj fermionov (5>°) ni ve¢ dobro kvantno stevilo. DruZine pridobijo maso, ki
jim jo dologijo skalarna polja. Studirata tudi diskretne simetrije brezmasnih in masivnih
druzin fermionov. Studij ponudi globji vpogled v skalarna polja, ki dolo¢ajo lastnosti
fermionov pred in po zlomitvi simetrije naboja. Medtem ko nosijo skalarna polja v teoriji
"spini-naboji-druZine”, kadar je dimenzija d = (13 + 1), polstevil¢ni $ibki in hipernaboj, tak
kot Higgsovo polje v standardnem modelu, pa je v preprostem modelu naboj skalarnih polj
celosteviléen.

12.1 Introduction

The spin-charge-family theory [4,5], proposed by one of us (N.S.M.B.), is offering the
explanation for the appearance of families of fermions in any dimension. Starting
in d = (13 4+ 1) with a simple action for massless fermions interacting with the
gravitational interaction only - that is with the vielbeins and the two kinds of
the spin connection fields, the ones originating in the Dirac kind of spin (y%’s)
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and the others originating in the second kind of the Clifford operators (y“’s) - the
theory manifests effectively at low energies the observed properties of fermions
and bosons, offering the explanation for all the assumptions of the standard model:
For the appearance of families, for the appearance of the Higgs’s scalar [6] with
the weak and the hyper charges (¥, =1, respectively), for the Yukawa couplings,
for the charges of the family members, for the vector gauge fields, for the dark
matter content, for the matter-antimatter asymmetry [7].

The theory predicts the fourth family, which will soon be observed at the
LHC, and several scalar fields, manifesting in the observed Higgs’s scalar [8] and
the Yukawa couplings, some superposition of which will also be observed at the
LHC.

A simple toy model [1-3], which includes also families in the way proposed
by the spin-charge-family theory [4,5]), is expected to help to better understand
mechanisms causing the breaks of symmetries needed in the case of d = (13 + 1),
where a simple starting action leads in the low energy regime after the breaks to
the observable phenomena.

This contribution is a small further step in understanding properties of the
families after the breaks of symmetries, caused by the scalar fields which are the
gauge fields of the charges of spinors and the scalar fields which are the gauge
fields of the family groups. The discrete symmetries of fermions and bosons in
the case of only one family are studied already in the ref. [10]. Here the discrete
symmetries are studied when the families are taken into account. We allow also
that the spin connection fields gain nonzero vacuum expectation values and study
solutions of the equations of motion for massive spinors.

We start with massless spinors [1-3,10] in a flat manifold M>*1), which
breaks into M3 1) times an infinite disc. The vielbein on the disc curves the disc
into (almost) a sphere S2

10 10
s —1 o
e’y ="~ ( 1>,f Sf<o1>, (121)

with
P \2 2
f=T4+(z—)"=+——
+(2p0) 1+ cosd’
x®) =pcosdp, x® =psing, E=f172. (12.2)

The angle 9 is the ordinary azimuthal angle on a sphere. The last relation follows
from ds? = e;ges-dxdxT = f~2(dp? + p?>dd?). We use indices (s,t) € (5,6) to
describe the flat index in the space of an infinite plane, and (o, T) € ((5), (6)), to
describe the Einstein index. Rotations around the axis through the two poles of

a sphere are described by the angle ¢, while p = 2p¢ 4/ ]ﬁgzg The volume of

this non compact sphere is finite, equal to V = 7 (2p0)?. The symmetry of S?isa
symmetry of U(1) group.

We take into account that there are two kinds of the Clifford algebra operators:
Beside the Dirac y* also ¥¢, introduced in [4,5,12]. Correspondingly the covariant
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momentum of a spinor on an almost S? sphere is

1 1 scd ~
Poa = f¥aPa+ E{ch»f(xaE}f - ESdeCda - ESdecdm
i & Lacb  <be
ST = 0P =Py ), ST =2y =YY, (12.3)

with E = det(e%) and with vielbeins f%, !, the gauge fields of the infinitesimal
generators of translation, and with the two kinds of the spin connection fields: i.
Waba, the gauge fields of S and ii. @qv«, the gauge fields of S¢°.

We make a choice of the spin connection fields of the two kinds on the infinite
disc as follows (assuming that there must be some fermion sources causing these
spin connections, the study of such sources of the scalar fields wts; and @qp are
in progress)

7% wsto = iFs6 f st eS/UX; = *l{Pc,Ef"s/}f €5t 4Fs6,
(po) 2E
fUS, Dsto = UESG fese % = _l{ptﬂ Efcs’}— Est 4]?56 )
(po) 2E
_ 1 - - -
7 Omno = _E{pﬁ yEf%s} 4Fmn s Fn = —Fum,
$=56, 0=(5),(6). (12.4)

We take the starting action in agreement with the spin-charge-family theory for
this toy model in d = (5 + 1), that is the action for a massless spinor (S¢) with the
covariant momentum poq from Eq. (12.3) interacting with gravity only and for the
vielbein and the two kinds of the spin connection fields (Sy)

S =358 +Ss, &:Jddeﬁf
Sb:Jdde(aR+&72), Li=1"Tyvpoah. (12.5)

The two Riemann scalars, R = Rabca %14 and R = Rapecan%19, are deter-
mined by the Riemann tensors

1

Raved = 7 1o fP o) (Wedp,a — WeeaWap),

Ravea = 3 %o fP o) (Dedp,a — Deea®Cap), (12.6)

where [a b] means that the anti-symmetrization must be performed over the two
indices a and b.

1 g, are inverted vielbeins to e with the properties e® % = 5%, e fPo =82 Latin
indices a,b,..,m,n, ., s,t,.. denote a tangent space (a flat index), while Greek indices
&, B, .., 1, V,..0,T.. denote an Einstein index (a curved index). Letters from the beginning
of both the alphabets indicate a general index (a, b, c, .. and «, 3,7, .. ), from the middle
of both the alphabets the observed dimensions 0, 1,2, 3 (m, n, .. and p, v, ..), indices from
the bottom of the alphabets indicate the compactified dimensions (s, t, .. and o, T, ..). We
assume the signature n®® = diag{1,—1,-1,...,—1}
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We assume no gravity in d = (3 + 1): f*;;; = 8} and Wmny = 0 for myn =
0,1,2,3), u=(0,1,2,3). Accordingly (a,b,...) run in Eq. (12.5) only over s €
(5, 6). Taking into account the subgroup structure of the operators S™™

1

Rig) = N® = 1(523 £1891 §31 44592, §12 1 1593

}

N

SR o Re LiRe2, R =R RO 1R, (127)

sl

we can rewrite the %SCdd)cda part of the covariant momentum (Eq. 12.3) as follows

1T . o e
—5 P8 mny = ) NTIAL 4 ) NOAY
i i

1
ol iol | eBied | Fo3 593
= N®FATY 4 N¥PATH 4 NP2 AT
ol ol | geBied | o3 io3
+ NEHACH 1 NOEADE + NS3AL?
(Dmni - (I)mnS -+ i(1‘)111116 . (128)
The notation was used
A?i = 1:Us A?i - 7.[:0'5{((1)230_ + iCUOhT)) (CUNG + 1"(I)OZG)s ((I)IZG + ia)(BG)}

L (po, Ef) 4 (FOT, FO2,F03)

~ @) ~ L e 1 - L
As%: 7(A@] :FIA@Z)» ASE: 7(Ase1 :'ZlAsez))

N

gol] _ (F23 £ F92) _i(4F31 4+ FO1),  FO3 = (F12—if93),
el _ (F23 £ FO2) 4 (73 4+ FO1), 93 = (F12 4493,
o=((5),(6)), s=(56), (12.9)

with wqpe and @qpe defined in Eq. (12.4).

We looked in the ref. [3] for the chiral fermions on this sphere, that is for the
fermions of only one handedness in d = (3 + 1) and accordingly mass protected,
without including any extra fundamental gauge fields to the action from Eq.(12.5).

In this contribution we study the influence of several spin connection fields
on the properties of families, looking for the intervals within which the parameters

of both kinds of the spin connection fields (Fse, Fse, f:@%, Fe3, ?@E’ F©3) allow
massless solutions of the equation

1 .
Yoy ™pm + FYOyS 88 (Poo + 57 Por Efl b =0, with
1 14
Pooc = Po — 7SStwstG - 7Saba)abay (1210)

2 2

for several families of spinors.

We also allow nonzero vacuum expectation values of the scalar (with respect
to d = (3 + 1)) gauge fields and study properties of spinors.

The discrete symmetries of the equations of motion and of solutions are
studied in sections (12.3.1, 12.3).
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We look for the properties of spinors and gauge fields, scalars and vectors
with respecttod = (3 + 1).

In section 12.2 we present spinor states in “our technique” (see appendix in
the ref. [7]). In section 12.2.1 we discuss massless and massive states of families of
spinors. In section 12.3.1 we present discrete symmetry operators introduced in
the refs. [9,10], in section 12.3 we discuss the properties of spinors and the gauge
fields, the zweibein and the two kinds of the spin connection fields, under the
discrete symmetry operators.

12.2 Solutions of equations of motion for families of spinors

We first briefly explain, following the refs. [5,1-3], the appearance of families in
our toy model, using what is called the technique [12].

There are 24/2~! = 4 families in our toy model, each family with 2¢/2~1 =4
members. In the technique [12] the states are defined as a product of nilpotents
and projectors

ab. 1 a ﬂb. ] a aa
(F0): = S (v Fv°), Bil= 5 (1 £y%y®),  for n®n®" =1,
ab 1 a ‘.0 ab 1 c,,a0,b aa,,bb
(£):= EW +1iy”), [i]:ziﬂ +iy%y?), forn®n”” =1, (12.11)
which are the eigen vectors of S@° as well as of S as follows
ab ab ab ab ab ab ab ab
59° (k)= % (i), s9° fid= % I, §°° (i9= (i), §* (= —% ], (1212)
2 2 2 2
ab ab ab ab

with the properties that y¢ transform (k) into [—k], while ¥¢ transform (k) into [k]

ab ab ab ab ab ab ab ab
v (k) =1 [kl, v° (k)= —ik [=K], v* [KI=(=k), ¥* [Kl= —ikn®® (—k),
5 ab ab _ ab ab 5 ab ab _ ab ab
ve (k) = —in®* [k], v (k)= =k [k], v* [k]= 1 (k), v® [k]=—kn** (k)(12.13)

After making a choice of the Cartan subalgebra, for which we take: (5°3, S12, $5¢)
and (593,52, §5¢), the four spinor families, each with four vectors, which are eigen
vectors of the chosen Cartan subalgebra with the eigen values from Eq. (12.12) [3],
follow

56 03 12 56 03 12

@11 =(+)(+1)(+) Wo, @1 =() [+ Vo,
56 03 12 56 03 12

@31 =(H)[—il[=] Vo, @3 =(+)(—1)(—) Wo,
56 03 12 56 03 12

3! =[—I[—il(+) Vo, @3 =[] (—1)[+] Wo,
56 03 12 56 03 12

@3' =[-1(+1) ] Yo, @3 =[[+il(—) Wo,
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56 03 12 56 03 12
@I =[H][+1](+) o, o1 =) o,
56 03 12 56 03 12
e =1 ](—1) [ o, 3T =[+][-1(—) Vo,
56 03 12 56 03 12
oM =(=) (= (+) o, @i =)= o,
56 03 12 56 03 12
3" =(=) [+ o, 03" =(=)(+1) (=) o, (12.14)

where )¢ is a vacuum for the spinor state. One can reach from the first member
@11 of the first family the same family member of all the other families by the
application of $%°. One can reach all the family members of each family by ap-
plying the generators S¢° on one of the family member. If we write the operators
of handedness in d = (5 + 1) as T+ = y0yTy2y3y5y6 (= 23{503512856) in
d=(34+1)as B = —{y0yTy2y3 (= 22i5°35'?) and in the two dimensional
space as I'?) = iy>y® (= 25°°), we find that all the states of all the families are
left handed with respect to r6G+1) with the eigen value —1, the first two states of
the first family, and correspondingly the first two states of any family, are right
handed and the second two states are left handed with respect to I'?), with the
eigen values 1 and —1, respectively, while the first two are left handed and the
second two right handed with respect to 3! with the eigen values —1 and 1,
respectively.

Having the rotational symmetry around the axis perpendicular to the plane
of the fifth and the sixth dimension we require that (¢ is the eigen function of
the total angular momentum operator M>® = x%p® — x°p® + §°¢ = —i % + §°°

M6 (&) = (n + %)xp(@ . (12.15)

Accordingly we write, when taking into account Eq. (12.14), the most general
wave function }(®) obeying Eq. (12.10)in d = (5+ 1) as

. 56 . . . 56 ; .
PO =N Y AL B e ) e (12.16)
i=1,I1,1I1,1V
where A%, and B, depend on x”, while 11)%11)) and Eii)) determine the spin and the
coordinate dependent parts of the wave function { () in d = (34 1) in accordance
with the definition in Eq.(12.14), for example,

a1) L0312 [ 03 12
Ib(+] = &, (+1) () + B+ [—i] [,
@D [ 03 12 [ 03 12
b = ok [ () + B () [ (1217)
56 56 56 56 56 56
(+)* = (+), fori =1L, ITand (+)* = [+] for i = III, IV, while [-]* = [-] for i = [, II

56 56
and [-]* = (—) fori = III, IV. Using ¥ (®) in Eq. (12.10) and separating dynamics in
(143) and on S?, the following relations follow, from which we recognize the mass

1
Xy

term mb: S (p° —p?) — B (p! —ip?) =mi, F(p°+p®) - FE(p! +ip?) = mf,
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2= (p0+p3)+ E= (p! —ip?) = mi, B (p0—pd)+ ‘g"* (p‘ —ip?) = m. (One notices
+ + + +
that for massless solutions (m! = 0) 1|)Ei and 1]) for each i = LI IIL, IV,
decouple.)
For a spinor with the momentum p™ = (p°,0,0,p3) in d = (3 + 1) the spin
03 12
and coordmate dependent parts for four famﬂles are: II) 41) o (+1) (+), 11)%11)]) =
12 12 12
o L1 G, 9T = o (41 (), 1Y) = o (3 1.

Taking the above derivation into account (Egs. (12.16, 12.2, 12.4,12.17,12.7,
12.8, 12.9)) the equation of motion for spinors follows [3] from the action (12.5)

se O 128%¢ 9 1 of
Sl (5 -

0p p (GJ0) Zfa
—2FOHNOH _2FOE NOE _ 2F93 2N©3
—2FOHN®E _2FOE NGB _ 2F93 2N®3) ] jp(©)

+ Yy’ my® =o. (12.18)

if {et®? (1 — 2F5¢ 258%° — 2F54 25°°

One easily recognizes that, due to the break of M+ 1) into M©3+1) x an infinite
disc, which concerns (by our assumption) both, S and S$¢° sector, there are two
times two coupled families: The first and the second, and the third and the fourth,
while the first and the second remain decoupled from the third and the fourth. We
end up with two decoupled groups of equations of motion [3] (which all depend
on the parameters F5¢ and Fse):

i. The equations for the first and the second family

o n. 10of
—if{[(= — =) — 52 2= (1 — 2F5¢ — 2F5¢ — 2F°3)] A!
1f{[( p) 2fap( 56 56 AL
1 of Fol 411
Zfasz Al +mBl L, =0,
n+1 1 of
—1f{ p 5 —) - 3720 —(1+ 2Fs6 — 2F56 — 2F3)1 B,
1 of Fol ol Ii
~ % ap 2P B+ mALL (12.19)
o n. 10of
—if{[(-= — =) — 52 2= (1 — 2F5¢ — 2F5¢ + 2F°3)] A
lf{[(ap p) Zfap( 56 56+ AL
13f com o1
_TfFZFe A }+mBn+] —O,
9 n+1 1 of
—Af{[(s= + ——) — == —(1 4 2F5¢ — 2Fs5¢ + 2F°3
lf{[( + > ) 2 9p (1+ 2Fs6 56 1+ ) BIL
1 of
FGE'BIHHmA“

C2f 6p
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ii. The equations for the third and the fourth family

—if{[( aap = %) — zlfggm 2Fs56 + 2F56 — 2F93)1 AL

— Zlf% (—ZT:@E)ALV} —l—mBIII] -0,

—if{l( 7p + n: ! ) — %f%“ + 2Fs6 + 2Fs6 — 2F93)1 BI,

2]“?;( 28 BIV  pmAlll =0, (12.20)
i {( aap -2)- Zlf gf (1 — 2Fs6 + 2Fs + 2F93)] ALY

_ Zlfai:)( F@El Am}-i-mBnH -0,

—if{[(a% + “%F]) — %%(1 + 2Fs6 + 2Fs6 + 2F93)1 B,

1 0f

~ 33p (—2F9) B } +m ALY =
Let us look for possible normalizable [1,2] massless solutions for each of the two
groups in dependence on the parameters which determine the strength of the spin
connection fields. Both groups, although depending on different parameters of
the spin connection fields, can be treated in an equivalent way. Let us therefore
study massless solutions of the first group of equations of motion.

For m = 0 the equations for Al and A!! in Eq. (12.19) decouple from those
for B!, and B!., ;. We get for massless solutions

1(1_ _oF \/m
A]Iq_:t =ay pTL fZ“ 2F56—2Fs56) fj: (F )2+F F ,

i\/(]’ies)z + foBfeB 4 o3

AE:I: - fZeEH AL:‘: )
BTI-Lji] — bﬁ: p,n,] f%(]+2F56*2?56) f:‘:\/ (]363]2+]’59EEF‘65 ,
i\/(?es)z + foBfeB 4 o3
Bl = = B (12.21)

n is a positive integer. The solutions (AL", AL*) and (AL, ALl7) are two indepen-
dent solutions, a general solution is any superposition of these two. Similarly is

I+ plix
true for (B, 5, B, ;1)
LI+

In the massless case also AL decouple from B "
One can easily write down massless solutions of the second group of two
families, decoupled from the first one, when knowing massless solutions of the
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tirst group of families. It follows
ALIIi —ayp" f%(1—2F56+2?56) fiw/(ﬁ®3)2+i‘:®ﬂﬂﬁ®5 )

i\/(fzem)z + folfeB 4 o3

ALV:&: _ —Fom A;II:&: ,
B;IHE — by p7n71 f%(1+2F56+2ﬁ56) fi\/(fi‘%)zﬁﬂéﬂﬂi‘:@ﬁ )
i\/(?%)l + FoHFeE 4 FO3
BIVE = = Bl (12.22)

n is a positive integer, a4 and b, are normalization factors.
Requiring that only normalizable (square integrable) solutions are acceptable

2 J Epdp (A¥ AL + B¥Bl) < oo, (12.23)
0

i € {I,II, 11,1V}, one finds that Al and Bi are normalizable [1,2] under the
following conditions

AR =1 <n < 2(Fse + Fse & \/(?93)2 +FOBFes ),

B 2(Fsg—Fse £ \/(?93)2 +FOBFEBE )y <n <1,

.ALH’IV D =T <n<2(Fsg— ?56 + \/(?@3)2 + FoBFeS )y

BULIV . )(Fyq 4+ Fag + \/(13693)2 4 FOBEOE ) cn < 1. (12.24)

One immediately sees that for Fs5¢ =0 = F5¢ there is no solution for the zweibein
from Eq. (12.2). Let us first assume that F®* = 0; i € {1, 2,3}. Eq. (12.24) tells us
that the strengths Fsg, Fs¢ of the spin connection fields (ws¢s and Wses) can make
a choice between the massless solutions (AL, AILIV) and (BLIL BIILIVY:

For

0 < 2(Fse + Fs6) <1, Fse < Fse (12.25)
there exist four massless left handed solutions with respect to (3 + 1). For
0 < 2(Fse+Fse) <1, Fsg=Fse (12.26)

the only massless solution are the two left handed spinors with respect to (3 + 1)

_ ) 56
11)(%6 LINm=0 =Ny fFse —Fse+1/2 (+) w%i)lyu). (12.27)
The solutions (Eq.12.27) are the eigen functions of M?> 6 with the eigen value 1/2.
Since no right handed massless solutions are allowed, the left handed ones are
mass protected. For the particular choice 2(Fs¢ + Fsg) = 1 the spin connection
fields —S°®wsee — $7° W56, compensate the term 51-{po, Ef}_ and the left handed
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spinor with respect to d = (1 4 3) becomes a constant with respect to p and ¢. To
make one of these two states massive, one can try to include terms like oL,

Let us keep F' = 0 i € {1,2,3} and Fs¢ = Fsg, while we take F&3 ,?@%
non zero. Now it is still true that due to the conditions in Eq. (12.24) there are
no massless solutions determined by A"V and BILIV, There is now only one
massless and mass protected family for Fs¢ = Fse. In this case the solutions Aj~
and A}~ are related

1 i = Folfed
- __ — ¢ [1—2F56—2F5¢6—2 (F93)2+Fe FoH]
A, _NO f2 ,

(\/(?93)2 + FeBfes + ?93)
feH

AT =~ A (12.28)

There exists, however, one additional massless state, with Aé* related to .A(I)I+
and B;" related to By'", which fulfil Eq. (12.24). But since we have left and right
handed massless solution present, it is not mass protected any longer.

One can make a choice as well that none of solutions would be massless.

According to Eq. (12.38) from sect. 12.3 the equation of motion presented
in Egs. (12.5, 12.3) are covariant with respect to the discrete symmetry operator
Cu - Pn (Eq. (12.35)), what means that the antiparticle feels the transformed gauge
fields and carry the opposite charge with respect to the starting particle.

Let us conclude this section by recognizing that for T:@% =0and T:@% =0all
the families decouple. There is then the choice of the parameters (Fs¢, Fse, Fo3,
F©3) which determine how many massless and mass protected families exist, if
any.

12.2.1 Solutions after the scalar gauge fields gain nonzero vacuum
expectation values

Let us now assume that the spin connection fields gain nonzero vacuum expecta-
tion values

(56) (56)

my =< Wse+ >, My =< D564+ >,
~ (Ngi) | - .~ - . . - .~
my = (< D23+ — 101+ >, < D314+ — 102+ >, < D124 — D03+ >),
_ (Npi) | - .~ - . . - .~
my t= (< D234 +1do1+ >, < D31+ +1Do2+ >, < D124 + 103+ >,

(12.29)

breaking the charge S°° symmetry, as well as all the “tilde charges” (5°°, N(RD)),
Then the equation of motion (12.10) can be rewritten as

0 0 56
Y y™pom +v E (£) poxtb =0,
+,—
Pom = Pm — $°° Wsem,

3 3 o
Pox =P — 8§70 mZ® — S OmPY — 3 NgmMY — 3 N wml*12.30)
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One finds that requiring the hermiticity of the equations of motion (Eq. (12.30))
leads to the relations

(56) (56)

—mP =mbB mp B8 M = g (Nt gy (N — o (NeH 2 37)

We also must require, to be consistent with the definition and the Egs. (12.35, 12.36,
12.37,12.38) and Eq. (12.30), that

(56 _ 56
(CNPNmi HCpPa) ' = —mPY

) -
CaPy L (CaPy) ™" =ml®,
CnPu iy NR” (CaPy) " =Ny
Cy - PN (Cp - ) ! = MY, (12.32)
Eq. (12.30) has then the solutions
- 1 N
mps =5 (mP —ml+ [y (ml)2,
i
. 1 S
mis = 5 (mP% +m%) & (mNety2 (12.33)
i
with the spinor states with no conserved charge S°° any longer
< - 03 12 56 03 12 56

W) = NS RN [ M2 ) (BRI - (S)E)5)
. - 03 12 56 03 12 56 .o
+Am N () H I = [ ()je ™

< - R 03 12 56 03 12 56
PN NNe () 5 \/Z—N () — (S D

4 (mNRD g (Ne2)y (fi)(f) (5+6) - [gsi](]j) - Ne L (12.34)

while handedness in the “tilde” sector is conserved.

12.3 Discrete symmetries of spinors and gauge fields of the toy
model

In the subsection of this section 12.3.1 the discrete symmetry operators for particles
and antiparticles in the second quantized picture are presented, as well as for
the gauge fields. This definition for the discrete symmetry operators, as they
manifest from the point of view of d = (3 + 1), is designed for all the Kaluza-Klein
like theories. At least this way of looking for the appropriate discrete symmetry
operators from the point of view of d = (3 + 1) can be helpful in all the Kaluza-
Klein cases to find the appropriate discrete symmetry operators in the observable
dimensions.
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One sees that the operators of discrete symmetries, presented in Egs. (12.39,
12.41,12.42), do not depend on the family quantum numbers ¥¢, which means that
every particle, described as a member of one family, transforms under the product
of the two discrete symmetry operators Cyr and Py, presented in Eq. (12.39) and
Eq. (12.42), into the corresponding antiparticle state, which belongs to the same
family (carrying the same family quantum numbers).

The discrete symmetry operator Cp -Par (Egs. (12.39, 12.42)) is in our case
with d = (5+ 1) equal to

Cn-Pv =77 I, Ly, . (12.35)

It has an even number of y%’s, which guarantees that the operation does not cause
the transformation into another Weyl representation in d = (5 + 1), which means
that we stay within the Weyl representation from which we started.

Let us check what does this discrete symmetry operator Cyr -Py do when
being applied on several operators.

One easily finds

Cx Py (YY" Y2732 Y0) (Ca - Pa) ! = (v, v v3, y2, =2, ve),
Cu - Pn (%0, 9% 03,9, 0%) (Cu - Pa) ' = (p%, —p', —p%, —p>, %, —p°),
56 56
Cn Py (£) (Cy-Py) ' =
Cn - PvYe (Cpr - Pa)~ ' =9, for each a,

A

Cu - Py (wses(x%, %3, %%, x°), wsee(x0, X3, %%, x°%)) (Cr - Pyr) ' =
(*w565(xo>*X3>X5»*X6)»w566( >*X3>X5>*X6))>

Cw - P (5g5(x%, %3, %%, x°), D556 (x°,%3,%°,%°)) (Cpr - Pn) ™' =
(@

565 (X0, —%3, %%, —x®), —W356(x°, —X3,x%, —x°)),  (12.36)

where we write sz, s = (5, 6) to point out that the first two indices belong to the

— 56
SO(5, 1) group. We also use the notation (£)=  (y® £ iy®).
One correspondingly finds, taking into account Egs. (12.7, 12.9)

CnPn S°® (CaPy) ' =8¢,
CnPy 5°° (CaPy) ' =8¢,
CAPr wsem (X%, %3) (Cy - Pa) ' = —wsem (x%,—%3),
CaPr (A2, %), A2 (5,x0)) (CaPr) " = (A2 (5, ), ~AL (%, ) ,
CaPy AZ(3, %) (CaPA) T = A2 (5, —x°),
CaPr AP (x°,x%) (CaPy) ! =—AF (X, —°), (12.37)

with A§|:6 = (w565 + iCU566)~
From Egs. (12.36, 12.37) it follows

Cn - Prv (Y2Y™ (P — S°® wsem (x°,%3))} (Cor - Par) ™!

= {(—¥°) (~ym) (P™ — (=S°°) (—ws6™)(x°, —%3))}
= (YOY™ (P — S°® Wsem (x°, —X3))}
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56 1 .
Cn Py Y0 () (px — S wser (x°,x°) — Esab Dape (x°,x%))} (Car - Pu) ™!
56 1.
={Y° (F) (P — S wsex (x*, =x%) = 5 89 @ (67, —x°))}

(12.38)

Taking into account Eq. (12.4) and the equations of (12.38), we see that the equa-
tions of motion are covariant with respect to a particle and its antiparticle: A
particle and its antiparticle carry the same mass, while the antiparticle carries the
opposite charge $°° than the particle and moves in the transformed U(1) field
—wse™(x%, —x*) [15].

The equations of motion for our toy model (Egs. (12.10,12.4), and correspond-
ingly the solutions (Eq. (12.16)) manifest the discrete symmetries Cr- Py, Tar and
Cnr- Py -Tar, with the operators presented in Egs. (12.39, 12.42). Both, Crr- Par y(e)
and Cp -Py¥(®) (12.42) solve the equations of motion, provided that wsem (x°,X3)
is a real field. The field wsem (x°,%X3) transforms under Cyr -Par and Cpr -Pyr to
—wse™(x%, —%3), like the U(1) field must [15].

The starting action (12.5) and the corresponding Weyl equation (12.10) man-
ifest discrete symmetries Cpr- Ppr, Tar and Car- Py -Tar from Egs. (12.39,12.42).
Correspondingly all the states with the conserved charges M>° respect this sym-
metry, transforming particle states into the antiparticle states.

12.3.1 Discrete symmetry operators

To discuss properties of the representations of particle and antiparticle states and
of the gauge fields with which spinors interact let us first define the discrete
symmetry operators as seen from the point of view of d = (3 + 1) in the second
quantized picture as proposed in the ref. [9], where the definition of the discrete
symmetries operators for the Kaluza-Klein kind of theories, for the first and the
second quantized picture was defined, so that the total angular moments in higher
dimensions manifest as charges in d = (3 + 1). The ref. [9] uses the Dirac sea
second quantized picture to make presentation transparent.
The ref. [9] proposes the following discrete symmetry operators

Cn = H ,ym r(3+1) KIXG,XS,...,xd )
Jy™m,m=0

Rym,m=1

Py =y0rGep@ (12.39)
The operator of handedness in even d dimensional spaces is defined as
ra =2 TTvamvye), (12.40)
a

with products of y¢ in ascending order. We choose Y°, y! real, y? imaginary, v3
real, y° imaginary, y® real, alternating imaginary and real up to y¢ real. Operators
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I operate as follows:

Lox% =—x%
Ix® = —x9
IXoXa = (_Xo)%);
I;ﬁ_(': —)_(’;
I, x® = (x%, —x', —x%, —x3, x5, x8, ..., x);
Lis 37, xa— (xo,x1,xz,x3,x5,x6,x7,x8,...,xd’1,xd) =
(x0, x', %%, x3, —x>,x°, —x7, ..., —x47 1T x9);
Ixs,xs,...,xd (XO,X])Xzaxa)xs»xé)x7»X8)---)Xdiuxd) =
(x0, x1, %%, x3,x%, —x°, x7, —x8, ..., x4, —xd), d = 2n.

Cn transforms the state, put on the top of the Dirac sea, into the corresponding
negative energy state in the Dirac sea.

We need the operator, we name [11,10,9] it C»r, which transforms the starting
single particle state on the top of the Dirac sea into the negative energy state and
then empties this negative energy state. This hole in the Dirac sea is the antiparticle
state put on the top of the Dirac sea. Both, a particle and its antiparticle state (both
put on the top of the Dirac sea), must solve the Weyl equations of motion.

This C is defined as a product of the operator [11,10] "emptying’, (which is
really an useful operator, although it is somewhat difficult to imagine it, since it is
making transformations into a completely different Fock space)

"emptying' = H YeK = (—)2t! Hy“ ridg, (12.41)
Ry Jye

and Cys

d 3
(C/\/’ = H ’ya K H ,Ym F(3+” KIX6’X8’_”’Xd

Rys,a=0 Jy™, m=0

d
= J] 7 Lexe,xa- (12.42)
Rys,s=5

Let us present also the second quantized notation, following the notation in
the ref. [9]. Let \ﬂj [W,,] be the creation operator creating a fermion in the state ¥,

and let WI, (X) be the second quantized field creating a fermion at position X. Then
ATA J W1 (%) W (£)d1 4 Dx Hvae >

so that the antiparticle state becomes

{Cy ¥yl = J W, (%) (Cy Wy (%))d 4 V) vace > .
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The antiparticle operator W [W,], to the corresponding particle creation operator,
can also be written as

W W] vae > = Cy W) W,) vac >= J W1 (%) (Car ¥y (%)) A x vac >,
Cy ="emptying" - Cy. (12.43)

While the discrete symmetry operator Car has an odd number of y¢ operators
and correspondingly transforms one Weyl representation in d = (5 + 1) into
another Weyl representation in d = (5 + 1), changing the handedness of the
representation, stays the operator Cp -Pyr within the same Weyl. The same is true
for Txr and also for the product Car -Par- Tar-

12.4 Conclusions and discussions

We make in this contribution a small step further with respect to the refs. [3,10] in
understanding the existence of massless and mass protected spinors as well as the
massive states in non compact spaces in the presence of families of spinors after
breaking symmetries. We take a toy model in M>*!, which breaks into M3*!x
an infinite disc curled into an almost S under the influence of the zweibein.
Following the spin-charge-family theory we have in this toy model four families.
We study properties of families when allowing that besides the spin connection
field, which are the gauge field of S = X (ySy' —y'y*%), also the gauge fields of
Sst = (959" —9'9°), determining families, affect the behaviour of spinors.

We simplify our study by assuming the same radial dependence of all the
spin connection fields (Eq. (12.4)), while the strengths of the fields (Fsg, Fs6, Frun)
are allowed to vary within some intervals.

We found that the choices of the parameters allow within some intervals of
parameters (Fs¢, Fs6, Fn) four, two or none massless and mass protected spinors.

We allowed the nonzero vacuum expectation values of all the spin connection
fields, ¢ wsgs, %57 D5z, and 5, Owmaos, where o = ((5),(6)), s = (5,6),
m = (0,1,2,3). All indices @ belong to the SO(5,1) group, while indices a belong
to the SO(5, 1) group. The nonzero vacuum expectation values of all the gauge
fields causes that the U(1) charge (S°°) breaks, as well as also all the family
quantum numbers, while the handedness in the “tilde” degrees of freedom keep
two groups of families non coupled.

We studied also the discrete symmetries of equations of motion and of solu-
tions, for massless and massive states.

We found: a. Almost S? or any other shape with the symmetry around the
axis, perpendicular to the infinite disc, has the rotational symmetry around this
axis. But almost S has not the rotational symmetry around the axis which goes
through the centre of almost sphere because of the singular point on the southern
pole unless we make the translation of the axis. Equivalently the almost torus -
infinite disc curled into an almost torus - has no symmetry. b. Even number of
families stay massless and mass protected for the intervals of parameters. c. Non
zero vacuum expectation values of the scalar gauge fields break all the charges,
while the two handedness in the “tilde” sector keeps the two groups of families
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separated. d. Let us add that while the weak charge and the hyper charge have
fractional values in the spin-cahreg-family theory in d = (13 + 1), have the scalar
fields in this case of d = (5 + 1) integer valued charges.
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