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Analytical, Numerical 1D and 3D Water Hammer 
Investigations in a Simple Pipeline Apparatus 
Anton Bergant1,2  – Zlatko Rek2 – Kamil Urbanowicz3

1 Litostroj Power d.o.o., Slovenia
2 University of Ljubljana, Faculty of Mechanical Engineering, Slovenia
3 West Pomeranian University of Technology in Szczecin, Faculty of Mechanical Engineering and Mechatronics, Poland

 anton.bergant@litostrojpower.eu

Abstract  This paper deals with the analytical and numerical simulation of a water hammer in the reservoir-pipeline-valve (RPV) system. An analytical solution of 
the water hammer equations with unsteady friction term was derived for transient laminar pipe flow in a RPV system. For simulation of an arbitrary flow situation 
a number of one-dimensional (1D) numerical methods have been developed. The physically based method of characteristics proved to be computationally 
efficient and can handle complex boundary conditions. The accuracy of the 1D numerical model is increased by introducing terms that take into account 3D 
effects (example of an unsteady skin friction). The 3D model predicts these influences directly and represents an excellent tool for researching multidimensional 
properties of fluids (numerical laboratory). Calculation results based on 1D and 3D numerical models are in good agreement with results of measurements 
taking into account adequate prediction and modelling of influential physical parameters during laminar and low-Reynolds number turbulent water hammer 
events. Quantitative comparison analysis yields up to 2 % difference in maximum head at the valve and up to 5 % relative difference in pressure head drop at the 
midpoint of the pipeline monitored over the first four positive pressure pulses.

Keywords  pipeline, water hammer, analytical solution, method of characteristics, computational fluid dynamics, unsteady skin friction

Highlights
▪▪ Convolution-based unsteady friction model accurately captures water hammer wave mechanics.
▪▪ Analytical 1D laminar model effectively applies to low-Re number turbulent water hammer.
▪▪ Indirect 1D and direct 3D friction approaches yield similar responses to water hammer disturbances.
▪▪ 1D and 3D models successfully validated against rapid water hammer experiments.

1  INTRODUCTION

Hydraulic piping systems, such as those found in hydroelectric 
power plants, water supply networks, operate under different flow 
conditions. A change in flow rate causes a pressure rise and drop in 
the system. Hydraulic transients in piping systems (water hammer, 
hydraulic vibrations) can induce extreme pressures, formation of 
large local vapour cavities and distributed cavitating flow zones 
(zones of negative pressure), liquid and structural vibrations, 
and mass oscillations [1-3]. Transient loads are kept within the 
permissible limits by water hammer control means that include (i) 
alteration of operational regimes (valve closure time, limitation of 
hydraulic turbine maximum output, decrease of maximum flow rate), 
(ii) installation of surge control devices in the system (additional 
flywheel, air vessel, surge tank, pressure regulating valve, air 
valve) and (iii) redesign of the flow-passage system layout (pipeline 
diameter, pipe-wall material, change in elevation) [4-6]. In this paper, 
we investigate a water hammer, which is induced by an aperiodic 
change in the pipe flow velocity. The theoretical analysis of pressure 
changes in systems by solving the classic 1D water hammer equations 
gives reliable results as long as the conditions in the derivation of 
these equations are valid. In practice, the conditions in piping system 
may be far from the idealized situation described by the classic 
water hammer equations. For example, the steady skin friction 
model does not produce sufficient damping for rapid transient events 
[7,8]. Consequently, we use more advanced models of unsteady skin 
friction, which include the influence of two-dimensional (2D) and 3D 
effects [9-12].

In engineering practice, many other discrepancies can occur, 
such as: air (free and dissolved) in the liquid, transient cavitation, 
fluid-structure interaction (particularly if the pipes are not rigidly 
fixed or the excitation is severe), viscoelastic behavior of the pipe 
wall (in polymer pipes or if steel pipes deform plastically), as well 
as leaks and blockages in the pipeline [13]. In this paper, we will 
discuss the influence of unsteady skin friction indirectly with the 
help of a frozen-viscosity convolutional 1D model and directly with 
3D numerical calculations [14]. It is desirable to solve 1D water 
hammer equations analytically. Unfortunately an exact solution for 
the water hammer equations with consideration of unsteady skin 
friction exists only for transient laminar pipe flow situation [15]. 
Therefore, a numerical 1D model is used in industry for treatment 
of both transient laminar and turbulent pipe flows. In our paper 
the numerical 1D model is based on the method of characteristics 
(MOC), which is most suitable for solving water hammer equations 
[1]. However, we will test the analytical solution for transient laminar 
pipe flow for low-Reynolds number transient turbulent flow situation. 
Computational fluid dynamics (CFD) is today, with increasingly 
powerful computers, a very useful tool in the analysis of transient 
flows and phenomena in hydraulic pipelines and devices [16,17]. So, 
for example, in [18], Saemi et al. studied the phenomenon of water 
hammer and analyzed the influence of the outlet boundary condition 
(flow reduction curves and valve modelling). They also analyzed 
the 3D effects caused by valve closure and the turbulence structure 
during the occurrence of water hammer. In [19], Cao et al. presented 
an alternative 3D CFD model for the systematic investigation of 
the dynamic characteristics of flow under transient conditions in a 
hydraulic pipe. The characteristics of the ball valve under static and 
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dynamic conditions were analyzed in detail and the effect of closing 
time on the head loss coefficient and the discharge coefficient was 
carefully investigated. In addition, coupled 1D and 3D method can be 
used for flow situations where 3D effects prevail in a small part of the 
hydraulic pipeline system [20].

The objective of this paper is to extend the application of the 
analytical model developed for laminar water hammer [15] to low-
Reynolds number turbulent water hammer. The analytical model will 
be presented in a novel form with defined optimized upper limit of 
the nominally infinite sum in the solution. Similarly, the effectiveness 
of Zielke’s weighting function [21] in 1D unsteady friction models 
will be validated for low-Reynolds number turbulent transient pipe 
flow. In our 3D investigations the CFD package ANSYS Fluent 
Release 18.2 [22] will be used. A particular emphasis will be given 
to selection of the most appropriate turbulence model for a turbulent 
water hammer. The presented 1D and 3D models will be validated 
against the results of measurements in a simple pipeline apparatus 
[8]. Theoretical and experimental investigations in this paper should 
deepen the understanding of water hammer phenomena in liquid-
filled piping systems.

2  METHODS & MATERIALS

Water hammer describes the propagation of pressure waves in pipes 
with liquid. In most engineering applications the cross-sectional 
dimension of the pipe is negligible compared to the length of the 
pipe. Assuming uniform flow and neglecting small convective terms 
yields the following two 1D unsteady pipe flow equations, (i) the 
continuity equation and (ii) the equation of motion [1,2]
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in which H is piezometric head (head), t time, Q discharge, x  distance 
along the pipe, a pressure wave speed, g gravitational acceleration, A  
pipe cross-sectional area, f  Darcy-Weisbach friction factor and D inner 
pipe diameter. The symbols are explained as they first appear in the 
paper.

In Equation (2), we traditionally use the steady-state Darcy-
Weisbach friction coefficient f. In the case of fast transient 
phenomena, the steady friction coefficient is modified by introducing 
a non-stationary friction term. The friction coefficient f is expressed 
as the sum of a steady (or quasi-steady) part fq and the unsteady 
part fu. In this paper, we will use the frozen- viscosity convolution-
based unsteady friction model [21,23,24] in which the unsteady part 
is defined by the convolution of a weighting function W0 with past 
temporal accelerations 
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in which ν is kinematic viscosity and W0 weighting function.
The unsteady part is a result of inverse Laplace transformation 

of the quasi-2D water hammer Laplacian-solution in the frequency 
domain. Weighting functions have been developed for transient 
laminar [21] and turbulent pipe flow [25,26]. The frozen-viscosity 
convolution-based unsteady friction model is suitable for water 
hammer flows where pressure waves travel at sound propagation 
speed and decelerate/accelerate the flow in short time periods [27]. 
The importance of unsteady friction in water hammer flows is 
decreased with increasing pre-transient Reynolds number [28].

The classical 1D water hammer equations will be solved by (i) the 
analytical method and (ii) the MOC. Finally, (iii) the 3D numerical 

solution of the Navier-Stokes equations will be presented and applied 
to water hammer problems.

2.1  Analytical Solution of Water Hammer Equations

Analytical solutions of water hammer Eqs. (1) and (2) for frictionless 
pipe systems and for systems with consideration of quasi-steady 
friction have been developed by Rich in the middle of the previous 
century [29]. The time-domain solutions have been obtained by 
inverse Laplace transforms. Analytical solutions of water hammer 
equations by consideration of an unsteady state friction term are a 
difficult task [15]. The time-domain solution for transient laminar 
pipe flow dependent on the dimensionless water hammer number Wh, 
defined below Eq. (4), has been recently developed by Urbanowicz 
et al. [30]. Exact formulas for pressure (pressure head), flow velocity 
and wall shear stress have been applied for the case of instantaneous 
valve closure in a reservoir-horizontal pipe-valve system. In this 
paper we will validate pressure head solution for the transient laminar 
and low-Reynolds number turbulent cases in a nearly horizontal pipe. 
The novel analytical form for pressure head in transient laminar pipe 
flow is [30]
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in which λk,l = 2(k + l - 2) + (x/L)·(-1)k+1 is index, Tk,l = (a/L)t - λk,l 
time-index dependent function, L pipe length, h(x,0) = h(0,0) 
+ 8WhBV0A(x/L) pressure head, B = a/(gA) characteristic impedance, 
V0 initial average flow velocity, Wh = (Ma0/Re0)(4L/D) water hammer 
number, Ma0 = V0/a initial Mach number, Re0 = V0D/ν initial Reynolds 
number, h(0,0) pressure head at the valve (h = H for horizontal pipe), 
fWh-k,l time-index-water hammer function, and H Heaviside step 
function. The time-index-water-hammer function is defined by the 
following expression
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The infinite sum in the analytical solution, Eq. (4), does not mean 
that many terms need to be taken into account to define properly 
the calculated results. The upper limit of this sum determines the 
number of amplitudes that will be correctly simulated. In our case 
study (Section 3.1), during the first four theoretical periods of the 
pipeline (4Tp; Tp = 4L/a), the pressure head history can be properly 
calculated by just eight terms (l = 8). The small number of terms 
taken into account does not have an impact on the fit of the simulated 
results, so the proposed analytical solution is free of the typical Gibbs 
phenomenon present in other series solutions.

Zielke’s analytical unsteady friction formulation [21] has been 
previously validated for low Re-number turbulent pipe flow 
numerical solutions by Trikha [31], Bergant et al. [8] and Martins et 
al. [12]. An analytical solution for the transient turbulent pipe flow 
with consideration of unsteady skin friction is not available yet. It 
should be noted that semi-analytical methods for transient turbulent 
pipe flow including unsteady friction term have been developed by 
Hullender [32], and García García and Alvariño [33].

2.2  1D Method of Characteristics Water Hammer Model

The MOC transformation of Eqs. (1) and (2) produces the water-
hammer compatibility equations which are valid along the 
characteristic lines. The compatibility equations in the finite-
difference form are numerically stable unless the friction is 
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dominant and the computational grid is coarse and, when written for 
computational section i, are [1]
•	 along the C+ characteristic line (∆x/∆t = a)
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•	 along the C– characteristic line (∆x/∆t = –a)
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in which Dx is space step and Dt time step. The discharge at the 
upstream side of the computational section ((Qu)i) and the discharge 
at the downstream side of the section ((Qd)i) are identical for the pure 
water-hammer case where pressure remains above the liquid vapour 
pressure (transient liquid pipe flow). At a boundary (reservoir, valve, 
pump, turbine), a device-specific equation replaces one of the water-
hammer compatibility equations.

2.3  3D Computational Fluid Dynamics Water Hammer Model

3D CFD water hammer is simulated numerically as a time-dependent 
flow of a viscous compressible liquid under isothermal conditions. 
Flow is governed by the conservation laws for (i) mass
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and (ii) momentum. The corresponding equations are presented in 
tensor form with Einstein’s summation convention [34]. In the case of 
transient laminar flow, the momentum conservation equation is
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in which ui is flow velocity, p pressure, ρ density and μ dynamic 
viscosity. The Kronecker delta takes the values δij = 0 for i ≠ j and 
δij = 1 for i = j (i, j, l = 1, 2, 3).

In the case of transient turbulent flow, we use the model of 
Reynolds-averaged unsteady Navier–Stokes equations (URANS). 
The momentum conservation equation in this case is
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in which ui  is time averaged velocity and ui' velocity fluctuations. 
The Reynolds stresses ��u ui i' '  are modeled with an appropriate 
turbulence model. In the case of RANS turbulence models, we used 
the Boussinesq hypothesis for Reynolds stresses 
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in which μt represents the turbulent viscosity and can be expressed 
as a function of k and ε, or k and ω. Additional turbulence transport 
equations can include the following quantities: turbulent kinetic 
energy (k), dissipation rate of turbulent kinetic energy (ε) or specific 
dissipation rate of turbulence (ω). As the name suggests, Transition 
SST model predicts laminar-turbulent transition flow regime. Details 
of the mathematical  modelling of turbulence are given in [22,34,35].

In next two sub-sections, we present (i) the valve closure model 
and, (ii) the mesh model and simulation parameters, two important 
issues in 3D CFD water hammer modelling.

2.3.1  Valve Closure Model

The water hammer is triggered by a sudden stoppage of the steady 
flow in the pipe by the downstream end valve. In the numerical 
simulation, this can be implemented as instantaneous closure, which 
means that at the closure start time t0 the outlet boundary condition is 
changed to a wall boundary condition. This approach is appropriate 
for nearly instantaneous flow stoppage (tc << 2L/a) with nearly 
vertical pressure wave fronts. This does not correspond to the flow 
conditions, where the flow at the valve is continuously reduced to 
zero during the longer closing time tc. Here, we constructed a function 
that prescribes the time dependence of the flow at the valve position. 
Thus, the axial velocity vx(t) varies continuously from a fixed average 
value V0 to a value of zero as follows
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in which t0 = 0.2 s and tc = 0.009 s. Other authors have used a similar 
power function approach for the valve closure [36].

2.3.2  Mesh Model and Simulation 

The computational area is represented by a straight round tube of 
length L = 37.23 m and inner diameter D = 22.1 mm. The domain is 
discretized with a hexahedral mesh with cell size Δc ≈ 2 mm, Fig. 1. 
The number of cells is Nc = 3788484. Martins et al. in [37] suggested 
≈ 150000 as an optimal computational mesh for a geometrically 
(cross-sectional area of the pipe) and hydrodynamically similar 
case to ours cells for the laminar regime and ≈ 270000 cells for the 
turbulent regime. Since the two numerical models are comparable, 
we did not perform an analysis of the grid dependence of the results.

 
 

 
 
 

Fig. 1.  Pipeline 3D computational grid

Calculations were performed with the following data from the 
experiment: water temperature Tw = 15.4 °C, reference pressure 
p0 = 313.92 kPa, water density at reference pressure ρ0 = 999.14  
kg/m3 and pressure wave speed a = 1319 m/s. The dynamic viscosity 
of water at this temperature is μ = 1.12546×10–3 Pa·s. Because of 
pressure propagating waves that occur during the water hammer 
event, we should treat water as a compressible liquid. A compressible 
liquid model was used, which establishes a non-linear relationship 
between density and pressure under isothermal conditions. The model 
is derived from the simplified Tait equation of state [38]
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in which K0 = ρ0 a2 = 1.7383×109  Pa is a bulk modulus at reference 
pressure and n = 7.15 is density exponent.

For the numerical solution, we used a “pressure-based” transient 
type solver with either laminar or turbulent viscosity model. The 
turbulent flow regime was treated with the following three turbulence 
models: (i) Realizable k–ε model with standard wall functions, (ii) 
Shear–Stress Transport (SST) k–ω model and (iii) Transition SST 
model [22]. The boundary conditions were as follows: (i) at the inlet 
(x = 0) the total pressure p0 was prescribed, (ii) at the outlet (x = L) the 
valve closing function vx(t) was defined by Eq. (12) and (iii) at the 
pipe wall the velocity was v = 0. The initial condition for the pressure 
was p = p0. The initial velocity values in the laminar regime were 
prescribed as v = (2V0 [1–4r²/D²],  0) and in the turbulent regime as 
v = (V0, 0); r is pipe radius.

In the solver, the SIMPLE method was selected for velocity–
pressure coupling. Spatial discretization was: (i) “least squares cell 
based” for gradient, (ii) “second order” for pressure and (iii) “second 
order upwind” for density, velocity and turbulent quantities. The 
“first order implicit” formulation was used for the transient scheme. 
The under-relaxation factors were: 0.3 for pressure, 1 for density and 
turbulent viscosity, 0.7 for velocity and 0.8 for turbulence quantities. 
In the model, we selected two pipeline sections where we saved the 
pressure value in each time step, namely at the midpoint of the pipe 
at x = 18.615 m (index mp in the graphs) and at the downstream end 
valve at x = 37.23 m (index v in graphs). The numerical simulation of 
the water hammer event took place in three steps:

(i) First, a calculation was made for steady-state conditions to 
develop a steady-state pipe flow velocity profile.

(ii) A switch to transient calculation mode was made with a time 
step Δt = 10-3 s for a duration of t = 1 s.

(iii) This was followed by resetting the time to zero, turning on 
the pressure output at the observed locations and calculating until 
time t0 = 0.196 s, when the time step was reduced to Δt = 10-5 s. At 
time t = t0, the valve started to close. At time t = t0 + tc, the valve was 
completely closed.

After the valve was closed, the calculation took another 0.4 
s, which means that three full pressure fluctuations between the 
maximum and minimum values could be observed during this time. 
During this time period, the water flow was four times in the positive 
direction and three times in the negative direction. Such a small-time 
step was necessary, since the pressure rise in rapid downstream-end 
valve closure event is a very fast phenomenon.

2.4  Experimental Pipeline Apparatus

A versatile pipeline apparatus for investigating water hammer 
and column separation events was constructed at the University of 
Adelaide, Australia [39]. The apparatus comprises a straight 37.23 m 

(Ux = ±0.01 m) long sloping copper pipe of 22.1 mm (Ux = ±0.1 mm) 
internal diameter and of 1.63 mm (Ux = ±0.05 mm) wall thickness, 
see Fig. 2. The uncertainty in the measurement Ux is expressed as 
a root-sum-square combination of bias and precision error [40]. A 
water hammer event in the pipeline was induced by rapidly closing 
the downstream-end ball valve. The reference [39] describes the 
experimental pipeline apparatus in detail.

3  RESULTS AND DISCUSSION

The results of calculation with 1D analytical and numerical MOC 
models, and 3D numerical model (3D CFD) are validated against 
the results of measurements with the Adelaide pipeline apparatus 
(Fig. 2). We compare the computational and experimental results for 
the rapid closing of the valve installed at the downstream end of the 
pipe for two typical cases of water hammer with initial flow velocities 
V0 = {0.1; 0.3} m/s (initial laminar (Re0 = 1960) and turbulent pipe flow 
with low Reynolds number (Re0 = 5880), respectively) [8]. The static 
head in the upstream end pressurized tank HT,2 = 32 m is the same for 
both cases. The measured wave speed of the propagation of the first 
steep pressure head rise is a = 1319 m/s. The pressure head wave speed 
is slightly decreasing during the transient event because the liquid has 
an extra inertia due to the velocity distribution, which is related to 
the momentum correction factor [41]. The results are compared at the 
valve (Hv) and at the midpoint of the pipeline (Hmp) (Fig. 2). The goal 
of the analysis is the validation of the two 1D models by consideration 
of quasi-2D frozen-viscosity convolutional model of unsteady wall 
friction, and further to extract the differences in the way of treating the 
transient flow according to the 1D and 3D methods.

3.1  Comparison of 1D Analytical and Experimental Results

1D analytical calculations were performed for instantaneous valve 
closure. The results for the run with initial flow velocity V0 = 0.1 m/s 
are compared in Figs. 3a and b. The computational results obtained with 
the 1D analytical model (Eqs. (4) and (5)) developed for transient 
laminar pipe flow [30] agree well with the measured results in terms 
of attenuation, shape and timing of the pressure pulses. The maximum 
analytically calculated bulk head at the valve Hv–max–A = 45.7 m differs 
for 1 % from the measured one Hv–max–E = 45.8 m. The head trace at 
the midpoint has been selected for the assessment of the attenuation 
rate over the first four positive bulk pressure head pulses (time span of 
12L/a). The percentage of the pressure head drop Dhmp1–4 is calculated 
by the following equation
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h h
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 Fig. 2.  Adelaide experimental pipeline apparatus layout
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in which hmpi is pressure head at the midpoint of the pipeline at elevation 
of 1.02 m (i = 1, 2, 3, 4), see Fig. 2. The calculated percentage of the 
pressure head Dhmp1–4–A = 3.8 % is slightly lower than measured one 
Dhmp1–4–E = 5.4 % (1.6 % difference).  

The actual effective valve closure time is about 0.004 s, well below 
the wave reflection time 2L/a = 2·37.23/1319 = 0.0565 s. In our case the 
assumption of the instantaneous valve closure is acceptable as can be 
seen from the comparison between the measured first pressure head rise 
and the theoretical one in Fig. 3a.

The results for the test with initial pipe flow velocity V0 = 0.3 m/s 
are compared in Figs. 3c and d. The unsteady friction part based on the 
transient laminar flow does contribute to additional energy loss for the 
low Reynolds number turbulent flow (Re0 < 104) [31]. The maximum 
analytically calculated bulk head at the valve Hv–max–A = 73.0 m is 
slightly higher than the experimentally predicted head Hv–max–E = 71.9 m 
(1.7 % difference). The calculated percentage of the pressure head drop 
over the observed time span Dhmp1–4–A = 7.5 % is slightly lower than 
measured one Dhmp1–4–E = 9.8 % (2.3 % difference). The magnitude 
of the deviations between calculated and measured results for turbulent 
flow with low Reynolds number (Figs. 3c and d) is of the same order 
as the one for laminar flow case (Figs. 3a and b) Finally, it should be 
noted that in pipeline engineering practice, the acceptable difference 
bewteen the calculated and measured results is 5 % for the maximum 
water hammer head and 10 % for the estimated friction factor.

3.2  Comparison of 1D MOC Numerical and Experimental Results 

1D MOC calculations were performed for actual valve closing time 
tc = 0.009 s and the number of pipe sections in numerical model N = 16. 
The results for the laminar flow case are compared against the measured 
results in Figs. 4a and b. The computational results obtained with the 
frozen-viscosity convolutional model of unsteady friction [21] agree 
well with the measurement results in terms of attenuation, shape and 
timing of the pressure pulses. The maximum MOC calculated bulk 
head at the valve Hv–max–MOC = 45.8 m matches the measured head 
Hv–max–E = 45.8 m. There is a slight difference between the calculated 
Dhmp1–4–MOC = 4.3 % and the measured percentage of the pressure 
head drop at the midpoint of the pipeline Dhmp1–4–E = 5.4 % (1.1 % 

difference). The degree of discrepancies between the 1D MOC and 
the 1D analytically calculated results when compared to the measured 
results is small. There are slight differences between the shape and 
timing of the pressure histories (compare Figs. 3a and b, and Figs. 4a 
and b).

The results for the test with initial pipe flow velocity V0 = 0.3 m/s are 
compared in Figs. 4c and d. The maximum MOC calculated bulk head 
at the valve Hv–max–MOC = 73.1 m is slightly higher than the measured 
head Hv–max–E = 71.9 m (1.7 % difference). There is an excellent 
match between the calculated percentage of the pressure head drop  
Dhmp1–4–MOC = 9.9 % and the measured one Dhmp1–4–E = 9.8 %. The 
inclusion of weights for past velocity changes developed in the frozen-
viscosity convolutional model for transient laminar pipe flow [21] 
contributes to additional energy loss for transient turbulent flow with 
low Reynolds number (Re0 < 104) [31]. The magnitude of the deviations 
between calculated and measured results for turbulent flow with low 
Reynolds number (Figs. 4c and d) is similar to that for laminar flow 
case (Figs. 4a and b).

3.3  Comparison of 3D CFD Numerical and Experimental Results

Comparisons of 3D numerical and experimental results for transient 
laminar and low Reynolds number turbulent flow cases are presented 
in this section.

3.3.1  Laminar Flow Case

First, we carried out a numerical simulation of water hammer for the 
case of laminar pipe flow at initial Reynolds number Re0 = 1960. The 
average velocity of the steady water flow in the pipe was V0 = 0.1 m/s. 
The parallel calculation took 5.67 days on 23 cores of a Supermicro 
workstation with four AMD Opteron® 8439 SE processors at a 
frequency of 2.8 GHz. It should be noted that the calculation with the 
1D models only takes a few minutes.

Figure 5 compares head histories at the valve and at the midpoint. 
We may see a good agreement between experiment and numerical 
calculation. The maximum numerically predicted head at the valve  
Hv–max–CFDlam = 45.2 m is slightly lower than the experimentally 
predicted one Hv–max–E = 45.8 m (1.3 % difference). The calculated 
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percentage of the pressure head drop over the observed time span  
Dhmp1–4–CFDlam = 2.0 % is lower than the measured one Dhmp1–4–E = 5.4 % 
(3.4 % difference). 

The 3D CFD compressible liquid model, which establishes a non-
linear relationship between density and pressure under isothermal 
conditions, accurately predicts the water hammer wave mechanics. 
The head wave history is repeated periodically with a frequency of 
8.7 Hz, only the amplitude of the head rise decreases and attenuates 
during the transient event [8]. 

It should be pointed out that the damping time of the pressure 
fluctuation depends on the length of the pipe L at an assumed constant 
pipe diameter D; the unsteady friction part against the quasi-steady 
state friction part is decreasing as the pipe length is increasing. In case 
of unsteady friction dominated pipe flow situations for dimensionless 
quantities of L/D, quasi-steady friction factor fq0, Ma0 and Re0 one 
can calculate the steady part (fq0Ma0L/(2D)) and the unsteady part 
((2LMa0/(DRe0))0.5) of the friction damping coefficient. For our 
laminar flow case (  fq0 = 0.035) are 0.002 and 0.011, respectively, see 
details in Duan et al. [42].

3.3.2  Low-Reynolds Number Turbulent Flow Case

3D CFD numerical simulation of water hammer for the case of 
turbulent flow at Re0 = 5880 was carried out next. The average 
velocity of the initial pipe flow velocity was V0 = 0.3 m/s. The 

following three commonly used turbulence models were selected 
[22,34,35]: (i) the two-equation k–ε and (ii) k–ω models, and (iii) 
the four-equation Transition SST model. Parallel calculations on the 
same workstation as for laminar flow case took: 6.86 days for the k–ε 
model, 3.71 days for the k–ω model, and 5.53 days for the Transition 
SST model.

Figure 6 compares head histories at the valve and at midpoint for 
all three turbulence models. Even in this case, the agreement between 
experiment and numerical calculations is reasonable. The maximum 
3D CFD calculated bulk head at the valve Hv–max–CFDturb = {turbulence 
model k–ε: 71.5 m; k–ω: 72.6 m; Transition SST: 71.7 m} agree well 
with the experimentally predicted head Hv–max–E = 71.9 m {difference 
for k–ε: 0.6 %; k–ω: 1.0 %; Transition SST: 0.3 %}. The calculated 
percentage of the pressure head drop for the three turbulence models 
Dhmp1–4–CFDturb = {k–ε: 4.1 %; k–ω: 5.8 %; Transition SST: 5.1 %} is 
lower than the measured one Dhmp1-4-E = 9.8% {difference for k–ε: 
5.7 %; k–ω: 4 %; Transition SST: 4.7 %}. The Transition SST model 
approximates the experiment slightly better (Figs. 6e and f) than the 
two-equation models (Figs. 6a to d). In the first period, the calculated 
head differs very little from the measured one, and in the following 
periods the discrepancy slowly grows. The amplitude of the pressure 
rise does not decrease as fast as in the experiment, and the frequency 
of the pressure head fluctuation also decreases compared to the 
measured values. We may conclude that small discrepancies occur 
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Fig. 4.  Comparison of measured and 1D MOC computed head histories for laminar (Re0 = 1960) and for turbulent pipe flow case (Re0 = 5880): a), c) at the valve; b), d) at the midpoint
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because the Re number is very low; therefore, there is no turbulence 
model, which would have a distinct advantage.

4  CONCLUSIONS

It has been shown that both 1D analytical and 1D MOC models with 
consideration of laminar flow based unsteady state friction term [21] 
can be successfully used for low Reynolds number turbulent water 
hammer (Re0 < 104). The frozen viscosity convolutional model 
captures the multidimensional shape of the flow velocity profile, 
which is represented as an average velocity in the 1D model. The 
multi-dimensional CFD represents a very effective and accurate tool 
for the analysis of flow and pressure conditions in real engineering 
problems which was confirmed by 3D CFD simulation of the water 
hammer. The 3D CFD numerical model can be further extended 
with two-way interaction between liquid and solid (direct coupling). 
High pressure loads cause high pipe-wall stress and thus elastic 
deformation of the pipeline, which causes a reverse change in the 
flow. This would give us a tool that provides a precise insight into 
3D pipe flow conditions. The analytical 1D model is an excellent 
tool for the verification studies of numerical 1D and 3D models. The 
results of calculations based on the two 1D and 3D numerical models 
agree well with the results of the measurements obtained in a simple 
pipeline apparatus. Quantitative comparison analysis yields up to 
2 % difference in maximum head at the valve and up to 5 % relative 
difference in pressure head drop at the midpoint of the pipeline 
monitored over the first four positive pressure pulses. Naturally, 1D 
models are computationally less intensive compared to a 3D CFD 

model. Further research is sought in theoretical (analytical solution 
for turbulent water hammer) and experimental investigations of high 
Reynolds number water hammer (Re0 > 105), and in the future, in 
direct numerical simulations of water hammer events [27].
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Analitične, numerične 1D in 3D raziskave vodnega udara v 
enostavnem preizkusnem cevovodu 

Povzetek  Prispevek obravnava analitično in numerično simulacijo vodnega 
udara v sistemu rezervoar-cevovod-ventil (RCV). Razvita je bila analitična 
rešitev enačb vodnega udara z nestalnim členom stenskega trenja za 
prehodni laminarni tok v RCV sistemu. Za simulacijo poljubnega pretočnega 
stanja je bilo razvitih več 1D numeričnih metod. Fizikalno zasnovana 
metoda karakteristik se je izkazala za računsko učinkovito in prikladno za 
obravnavanje kompleksnih robnih pogojev. Natančnost 1D numeričnega 
modela se poveča z vpeljavo členov, ki zajemajo vpliv večrazsežnega prostora 
(primer nestalnega stenskega trenja). 3D model neposredno napoveduje te 
vplive in predstavlja odlično orodje za raziskovanje večrazsežnih lastnosti 
tekočin (numerični laboratorij). Rezultati izračunov, ki temeljijo na 1D in 3D 
numeričnih modelih, se dobro ujemajo z rezultati meritev, ob upoštevanju 
ustrezne napovedi in modeliranja vplivnih fizikalnih količin v stanjih 
laminarnega in turbulentnega vodnega udara z nizkim Reynoldsovim številom. 
Kvantitativna primerjalna analiza pokaže do 2 % razliko v maksimalni tlačni 
višini pri ventilu in do 5 % relativno razliko v padcu tlačne višine na sredini 
cevovoda, ki se spremlja v prvih štirih tlačnih pulzih.

Ključne besede  cevovod, vodni udar, analitična rešitev, metoda 
karakteristik, računalniška dinamika tekočin, nestalno stensko trenje
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Abstract  To enhance the operational stability of centrifugal pumps, this study investigates the influence of splitter blade length on the axial and radial forces 
of centrifugal pumps. Using the SST k-ω turbulence model and experimental research, the external characteristics, axial force, radial force, and time-frequency 
characteristics of pressure pulsation were compared among impellers without splitter blades and those with splitter blades of two different lengths. The results 
show that impellers with a conventional structure achieve higher efficiency near the design operating point. However, under low-flow conditions, the rectifying 
effect of splitter blades allows impellers with splitter blades to achieve higher efficiency. For impellers with splitter blades, the axial force shows a periodic 
behavior, presenting two peak values — one large and one small — within each cycle. The addition of splitter blades shifts the radial force acting on the impeller 
to one side, requiring an increase in the support strength and stiffness of the rotor system. Furthermore, splitter blades influence the pressure pulsation at the 
impeller's inlet and outlet, the original impeller has an additional pulsation energy at 145 Hz but the splitter blades are different. Thus, an impeller with splitter 
blades can reduce the frequency pulsation and optimizing flow conditions. This study provides valuable theoretical insights and data support for the hydraulic 
structural optimization of centrifugal pumps. 

Keywords  centrifugal pump, axial force, radial force, splitter blade length, pressure fluctuation

Highlights
▪▪ Influence of splitter blade length on the axial and radial forces of centrifugal pump is studied.
▪▪ Impellers with a conventional structure achieve higher efficiency near the design operating point.
▪▪ Splitter blades shifts the radial force acting on the impeller to one side.
▪▪ Splitter blades influence the pressure pulsation at the impeller's inlet and outlet.

1  INTRODUCTION

Centrifugal pumps, as one of the most commonly used fluid 
transportation devices, are widely applied in various fields such as 
water treatment [1], chemical production [2], energy conversion 
[3], and agricultural irrigation [4]. Their operational efficiency 
and stability directly impact the economic viability and safety 
of production processes. The fundamental working principle of 
centrifugal pumps is based on the action of centrifugal force. By 
rotating, the impeller draws fluid from the pump inlet into the blades 
and accelerates it to a high specific velocity under centrifugal force, 
simultaneously converting kinetic energy into pressure energy [5]. 
As such, the impeller serves as the core component of a centrifugal 
pump.

In the design and operation of centrifugal pumps, dynamic 
characteristics are a critical factor that cannot be overlooked. Al-
Obaidi used numerical calculation and experiment to study the 
complex hydrodynamic characteristics of axial flow pumps [6], 
including the influence of flow conditions [7], the influence of the 
number of blades [8], guide vane configurations [9], and the influence 
of cavitation characteristics [10]. Moreover, during operation, the 
blades are subjected to fluid dynamics forces, resulting in radial and 
axial forces [11]. Radial force primarily acts perpendicular to the 
rotational axis on the impeller and is caused by the centrifugal force 
of the fluid and the interaction between the impeller and the fluid. 
Axial force, on the other hand, is generated along the pump shaft 

and is mainly influenced by the flow direction of the fluid within the 
pump. Notably, the inlet and outlet angles of the pump play a crucial 
role in the distribution of these forces [12]. Radial and axial forces 
are the primary factors affecting the stability of centrifugal pumps. 
Excessive radial force can increase friction between the pump casing 
and the impeller, leading to heat generation and localized wear [13]. 
Similarly, excessive axial force may cause bending of the pump 
shaft, compromising operational stability and reducing the pump's 
lifespan. Therefore, effectively controlling these forces is a key task 
in centrifugal pump design. 

In recent years, advancements in computational fluid dynamics 
(CFD) have allowed researchers to delve deeper into the factors 
influencing radial and axial forces [14]. For instance, Zhu et al. [15] 
investigated the axial force of a guide vane mixed-flow pump using 
experimental and numerical simulation methods. They optimized 
the axial force by incorporating balance holes and balance disc 
structures, employing orthogonal experiments and BP neural network 
algorithms to achieve optimal efficiency and axial force. Liu et al. 
[16] studied the axial force characteristics of a centrifugal pump with 
a floating impeller structure, developing mathematical expressions 
for fluid leakage, fluid pressure, and axial force acting on a stainless 
steel disc in the axial gap. Their findings revealed that the floating 
impeller significantly reduces axial force. Dong et al. [17] examined 
the impact of particle flow on the axial force of a centrifugal pump, 
using a semi-open impeller pump as the study object. Their research 
showed that the total axial force in clear water conditions is greater 
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than in particle flow, but the total axial force increases as the solid-
phase volume fraction rises. Cao et al. [18] investigated the influence 
of the backflow hole structure on the pump's axial force and energy 
characteristics, finding that when the ratio of backflow balance hole 
area to sealing ring area exceeds six, better axial force balance can be 
achieved. Similarly, significant progress has been made in the study 
of impeller radial forces. Cui et al. [19] explored the effect of radial 
force on the vibration characteristics of centrifugal pumps using 
numerical simulations to examine the relationship between flow 
rate, radial force, and vibration characteristics. Their results showed 
that impeller radial displacement aligns with radial force variations 
but lags behind in phase. Moreover, radial force-induced vibrations 
increase flow losses within the pump, reducing efficiency. González 
et al. [20] studied the impact of the clearance between the impeller 
and volute on radial forces in centrifugal pumps through experimental 
and numerical analysis of both steady and unsteady radial forces. 
They found that, under certain flow conditions, larger diameters 
generate higher radial forces, although this does not apply universally 
to all operating points. Ou et al. [21] conducted numerical studies on 
the hydrodynamic radial force in mixed-flow pumps, discovering 
that the transient hydrodynamic radial force of the impeller shows 
periodic variation over time. Under uniform inflow conditions, the 
average transient radial force approaches zero, while in certain flow 
conditions, recirculation flow structures significantly affect pressure 
pulsation and hydrodynamic radial force. The aforementioned studies 
highlight that the hydraulic structure of the impeller has a substantial 
impact on the axial and radial forces within the entire rotor system, 
further influencing the vibration and noise characteristics of the 
pump's operational system. Consequently, reducing axial and radial 
force pulsations has remained a key focus for both academia and 
industry.

In recent years, with advancements in the hydraulic design 
methods of centrifugal pumps, the splitter blade design approach has 
been introduced to enhance pump performance [22]. Splitter blades 
are secondary blades added behind the main flow path of the pump. 
By altering the flow path on the blades, they optimize the fluid flow 
state, reduce flow losses, and thus improve the performance and 
stability of the pump [23]. In centrifugal pumps, the design parameters 
for splitter blades are particularly critical. Different configurations of 
blade shape, length, and angle can lead to variations in fluid flow 
characteristics within the pump, thereby affecting the operational 
state and lifespan of the entire system [24]. For instance, Yan et al. 
[25] employed unsteady CFD analysis to enhance the efficiency of a 
double-volute centrifugal pump and reduce the unsteady radial forces 
on the impeller. By introducing splitter blades, they improved the 
pump's hydraulic performance and mitigated unstable radial forces. 
Similarly, Zeng et al. [26], aiming to reduce pressure and radial force 
pulsations at the design point of a centrifugal pump, considered the 
circumferential position, leading-edge location, and deflection angle 
of splitter blades. They demonstrated experimentally that splitter 
blades are effective in suppressing secondary flows and reducing 
fluid-induced vibrations. Xie et al. [27] studied the resonant response 
of impellers to multi-frequency fluid excitations using an acoustic-
fluid-structure coupling method. They investigated the influence 
of the number and circumferential position of splitter blades on 
the natural frequency of impellers. Their findings revealed that 
adding splitter blades between the main impeller blades reduced the 
natural frequency of the impeller in both air and water, while the 
circumferential position of the splitter blades had minimal impact 
on the natural frequency. These studies collectively indicate that 
splitter blades significantly enhance the internal flow structure of 
pumps. However, the presence of splitter blades also influences the 
distribution characteristics of radial and axial forces on the impeller, 

particularly with respect to blade length [28]. Existing research 
suggests that different blade lengths can alter the magnitude and 
distribution of radial and axial forces [29]. Appropriately designed 
blade lengths can not only improve pump efficiency and flow rate 
but also effectively reduce vortex flows within the pump, minimize 
noise, and enhance stability [30]. Conversely, improperly designed 
blade lengths may increase these forces, leading to greater vibrations, 
increased noise, and premature equipment wear [31]. While these 
findings primarily focus on the main blades of the impeller, they also 
provide valuable insights for the design of splitter blades. Currently, 
research on splitter blades remains limited, and studies specifically 
addressing the effects of splitter blade length on impeller axial 
and radial forces have yet to be published. Therefore, an in-depth 
investigation of the hydrodynamic characteristics of splitter blades 
and their impact on centrifugal pump performance not only offers 
guidance for pump optimization and improved energy efficiency 
but also provides critical theoretical and practical references for the 
development of related industries.

This study will employ a combination of experimental and 
numerical simulation methods. By constructing centrifugal pump 
models with varying blade lengths, the research will investigate 
the variations in radial and axial forces under different operating 
conditions. Numerical simulations will be conducted using CFD 
software to capture the actual fluid flow characteristics within the 
pump, and these results will be compared with experimental data. 
Simultaneously, the experimental data will be used to validate the 
accuracy of the simulation model and further analyze the impact of 
different design parameters on pump performance. This systematic 
research approach not only allows for a comprehensive analysis of 
the effects of blade length on the pump’s dynamic characteristics but 
also provides practical guidance for future studies and applications.

2  METHODS & MATERIALS 

2.1  Pump Model and Splitter Blade Structure 

In this paper, we focus on the ISG25-220 model, a single-stage 
single-suction horizontal centrifugal pump, as our primary subject 
of research, illustrated in Fig. 1. The centrifugal pump is designed 
to have a flow rate (Q) of 88 m3/h , a head (H) of 12 m, and an 
operational speed (n) of 1450 rpm. For the design of the pump's 
hydraulic structure, we utilize a high-efficiency centrifugal pump 
model with a comparable specific speed, which is calculated as 
follows:

n
n Q
Hs = =

3 65
21

3 4

.
.

/
	 (1)

We primarily design two schemes: one with shunt blades and the 
other without, for comparative purposes. Additionally, to evaluate 
the impact of diverter blade length on the hydraulic performance of 
the centrifugal pump, we implement two different lengths of diverter 
blades for further analysis. Consequently, three distinct hydraulic 
design schemes for the impeller are selected, as depicted in Fig. 2.

Fig. 1.  Physical centrifugal pump model 
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The rotary bias method is mainly used in the design of the shunt 
blade. Since the original non-shunt impeller has 6 blades, the angle 
between each blade is 60°. Therefore, when designing the splitter 
blade, the original blade is rotated by 30° and its inlet edge is cut, 
leaving only the tail of the blade. In this paper, the length of the 
splitter blade is set to 0.7 times and 0.3 times of the original blade 
length respectively. The main parameters of the centrifugal pump 
model and the splitter blade are shown in Table 1.

Table 1.  Main parameters of the centrifugal pump model

Parameter Value
Designed flow rate, Qd [m3/h] 88

Designed rated head, H [m] 12

Rated speed, n [rev/min] 1450

Impeller inlet diameter, D1 [mm] 112.5

Impeller outer diameter, D2 [mm] 219

Number of blades, Z 6

Impeller outlet width, b2 [mm] 22.02

Blade inlet angle, β1 [°]
Blade outlet angle, β2 [°] 16.5
Blade wrap angle, ϕ [°] 90
Guide vane angle, α [°] 15
Volute base circle diameter, D3 [mm] 176.5

Volute outlet diameter, D4 [mm] 100

2.2  Pre-Processing of Numerical Calculation

Some preparatory work is required before numerical calculations are 
performed on a centrifugal pump model. The first is to model the 
computational domain through 3D design software. The hydraulic 
power of the model pump was modeled by UG NX software in 
three dimensions, including inlet section, outlet section, impeller, 
volute and pump gap chamber. In the three schemes in this paper, the 
clearance of the impeller mouth ring is equal and has little influence 
on the flow field in the shunt impeller, so it can be ignored in the 
modeling process. In addition, considering that inlet reflux and outlet 
reflux will lead to divergence of the calculation process, the inlet and 
outlet areas of the impeller are extended respectively [32]. The three-
dimensional water structure of the centrifugal pump is shown in Fig. 
3.

Grid is the carrier of simulation and analysis, and the quality 
of grid has an important impact on the calculation accuracy and 
efficiency [33]. In this paper, ANSYS ICEM is used to divide 
the hexahedral structure of the whole basin. In the process of 
discretization of the calculation domain, the mixed mesh method is 
mainly adopted, that is, hexahedral structured mesh is mainly used 
for the inlet segment, outlet segment, volute and pump cavity, which 
can not only accurately control the streamline distribution and the 
orthogonal direction of the boundary layer, but also flexibly adjust 

the distance between nodes to adjust the density of the boundary 
layer mesh [34]. As for the impeller, due to its high hydraulic 
structure complexity, the generated hexahedral mesh quality is poor, 
so the tetrahedral unstructured mesh is used to generate. For the three 
impeller schemes that need to be compared in this paper, the same 
mesh generation standard is adopted, and the final mesh quality is 
higher than 0.5. Figure 3 shows the meshing scheme and encryption 
details for different computing domains.

Fig. 3.  Mesh generation detail of the pump model

Fig. 4.   Mesh details of different simulation domain

The presence of boundary layer mesh can more accurately capture 
the flow in the near-wall region and reflect the flow characteristics 
in the near-wall region [35]. Thus, it is necessary to encrypt the 
boundary layer of blade surface and volute tongue to ensure 
calculation accuracy. In order to meet the requirements of different 
flow patterns on the number of grids in the near wall area, in order 

a)           b)            c) 
Fig. 2.  Splitter blades structure; a) impeller #A, b) impeller #B, c) impeller #C
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to ensure that there are enough nodes in the area, y+ value can be 
used to test the location of the node closest to the wall. Here, y+ value 
represents the distance from the node closest to the wall to the wall, 
and is a dimensionless variable, whose definition is as follows [36]:

y uy
v

� � ,  (2)

where, u represents the wall friction velocity, [m/s]; y represents the 
distance between the two nodes closest to the wall, [m]; v represents 
kinematic viscosity, [Pa·s]. The y+ values of blade surface and volute 
wall are shown in Fig. 5.

 
Fig. 5. Distribution of y+ on the blade 

2.2 Grid Independence Test

In the numerical calculation, it is necessary to analyze the influence 
of the number of grids on the calculation results to avoid the solution 
error caused by the size of the grid, that is, the number of grids [37]. 
Thus, it is necessary to use different mesh sizes for grid division. The 
grid independence analysis is carried out based on the change of the 
head with the number of grids under the design condition, and an 
appropriate number of grids is selected for further study.

To evaluate the sensitivity of the computational mesh, this 
study adopts the grid convergence index (GCI), a method initially 
introduced by Li et al. [38]. The GCI approach necessitates that the 
obtained results adhere to the condition of monotonic convergence 
to ensure reliability. In this work, three distinct grids with varying 
levels of refinement were constructed and analyzed under the rated 
operating conditions of the original impeller design. This process 
enables a systematic assessment of how mesh resolution influences 
the accuracy and stability of the simulation results. The formula for 
calculating GCI is as follow [39]:
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where Fs is the safety factor, taking values in the range 1.25 to 3.00, 
and 1.25 when three or more grids are used.
Symbol r denotes the grid refinement ratio and is defined as follows:
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where N is the number of control cells of the grid; D is the 
computational dimension; the subscript b represents different grid 
schemes, with larger b indicating a denser grid. 

Symbol φ is the relative error of the results obtained from 
numerical calculations using two sets of grids with adjacent 
quantities:
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where fb is the numerical discrete solution of the selected convergence 
parameter. 

Symbol κ is the convergence accuracy. When three sets of grids 
are used for GCI analysis, κ can be calculated iteratively based on Eq. 
(6) as follows:
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where g(κ) is the κ-order error term coefficient that does not vary 
with the grid. It should be noted that when (  f3 – f2) / (  f2 – f1) < 0, i.e., 
s	=	−1,	the	oscillatory	iterative	convergence	solution	is	prone	to	occur,	
and then the grid needs to be replaced and recreated.

As can be seen from Table 2, with the increase of the number of 
grids, the value of GCI decreases from 1.21 % to 0.62 %, meeting 
the requirement that the value required by the GCI convergence 
standard is less than 1. Therefore, in the final calculation scheme, the 
grid density scheme is selected for grid generation in all calculation 
domains.

Table 2. Calculated results of GCI with different sizes of grids

Mesh number×106 Relative error GCI [%]
20.3
23.6
30.5

0.000097 1.21

0.000034 0.62

2.2 Governing Equations and Boundary Conditions

The numerical calculation process of the flow field in centrifugal 
pump is actually a process of solving the governing equation, and 
in order to solve the governing equation, it is necessary to select a 
suitable turbulence model closed equations. Reynolds time average 
method uses time mean value and pulsation value to represent 
instantaneous value, which has high reliability and small calculation 
amount, and can basically meet the engineering application 
requirements, so it is the most widely used in practical engineering 
[40]. The turbulence model based on Reynolds-averaged Navier–
Stokes (RANS) equation can be divided into vortex viscosity model 
and Reynolds stress model. The vortex viscosity model is mainly 
used to solve the turbulence viscosity coefficient, which can be 
divided into zero equation model, single equation model and two-
sided equation model, among which the two-sided equation model 
is the most widely used. The standard Reynolds stress model is 
mainly used to solve the Reynolds stress transport equation [41] 
Because the SST k-ω model uses a mixed function combining the 
standard k-ω and the transformed k-ε	model,	the	standard	k-ω	model	
is	used	in	the	near	wall	region	and	the	transformed	k-ε	model	is	used	
away from the near wall region. At the same time, considering the 
transmission of turbulent shear force in the internal flow field, the 
flow separation amount of fluid under negative pressure gradient can 
be predicted very accurately, without excessive prediction of eddy 
viscosity, which is especially suitable for the simulation of boundary 
layer requiring high precision. Therefore, the SST k-ω model closed 
control equations are used in this paper to numerically calculate the 
internal flow field of low specific speed centrifugal pump under 
different working conditions.
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In the SST k-ω model, the eddy viscosity coefficient and k 
equation and k equation are expressed as

�
�

�
�
�

�
�
�

�
�

�
�

�

�
�
�
�

�

�
�
�

�

�
�
�
� �

( ) ( ) *� �
�

�



� � �
k
t

ku
x x

k
x

P ki

i i

t

k j
k

3

,, 	 (7)

�
�

�
�
�

�
�
�

�
�

�
�

�

�
�
�
�

�

�
�
�

�

�
�
�
�

�

( ) ( )�� ��





�

�
�
�




�t
u
x x x k

Pi

i j

t

j
k

3

3

33

2

1

2

2 1
1

�� �
��

�

�

� �
�
�

�
�

( ) ,F k
x xj j

	 (8)

� �
�t
a k
a SF

� 1

1 2max( , )
, 	 (9)

P u
x

u
x

u
x

u
x

u
x

kk t
i

j

j

j

i

j

k

k
t

k

k

�
�
�

�
�

�
�
�

�
�
�

�
�

�
�

�
�

�

�

�

�
��

�

�
��� � �

2

3
3 �� , 	 (10)

where, F1 and F2 serve as blending functions within the SST k–ω 
turbulence model, while S denotes the shear force constant. The model 
utilizes an empirical constant β, specifically set to 0.09, alongside a1, 
another empirical constant. The turbulent eddy frequency, ω [s⁻¹], 
while the turbulent kinetic energy, k [m²/s²]. These parameters work 
together to accurately represent and predict flow behavior within the 
model's two-equation framework.

The setting of boundary conditions will essentially affect the 
accuracy of the calculation results. The steady conditions of the low 
specific speed centrifugal pump model are set as follows: the inlet 
boundary condition is set as the total pressure, the outlet boundary 
condition is set as the mass flow, the impeller is set as the frozen 
rotor when it contacts with the inlet section and the impeller and the 
volute, and the rotation Angle is specified as 360°. Set the number of 
steady calculation steps of the model to 2500. The unsteady setting 
of the outlet and inlet of the model is the same as that of the steady 
setting. The difference is that the impeller wall is set to instantaneous 
rotation, the inlet of the impeller and the contact surface between the 
volute and the impeller are set to instantaneous freezing rotor total 
time 0.103448 s, and the time step is t = 1.72414 × 10 s, that is, the 
impeller of the centrifugal pump model rotates 5 times. The impeller 
is turned 3° at each time step. To ensure simulation accuracy, a 
convergence criterion of 10⁻⁴ was selected for both the continuity and 
momentum equations.

2.3  Experimental Equipment

Based on the open test bench of Zhenjiang Machinery, China industry 
testing institution, the performance test of the pump was carried out. 
Figure 4 shows a schematic diagram of the test bench. First let the 
motor no load, torque calibration at rated speed, and then connect 
the motor to the test pump shaft. Connect each test device and 
instrument according to the test standard, then fill the test pipe with 
normal temperature water, turn on the machine to check whether the 
instrument and equipment can work normally, open the pipe vent, 
and drain the air in the pipe. Before starting the test mixed-flow 
pump, the inlet and outlet valves on the test pipe are adjusted to the 
maximum opening, and then the speed is adjusted by the frequency 
conversion regulator to make the speed reach and maintain at the 
rated speed of 1450 r/min.

Keep the inlet valve open to the maximum, slowly reduce the 
outlet valve open, parameter measurement under different flow 
conditions. Observe the indicator number on the pump product 
parameter measuring instrument and system analysis program. When 
the indicator number is stable at a certain value or fluctuates back 
and forth within a small range of a certain value, it is considered as 
the measured value and the corresponding data is recorded. After the 
data measurement of the minimum flow condition is completed, the 
speed is still adjusted by the variable frequency regulator to slowly 
reduce to zero. After the shutdown is complete, wait for the water 
flow in the pipeline to stop, and then turn the outlet valve open to 
the maximum again. In order to minimize the accidental error and 
improve the reliability of the test data, the energy characteristic data 
recorded in the three repeated tests were arithmetically averaged and 
used as the final test result. 

2.4  Verification of Simulation

The pump data acquisition terminal and processing program can 
calculate the head of the test pump according to the inlet and outlet 
pressure of the test pipeline, the shaft power can be calculated 
according to the torque and speed data measured by the torque and 
speed measuring instrument, and the efficiency can be calculated 
according to the head and shaft power. The three expressions are as 
follows:
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Fig. 6.  Schematic diagram of experiment system; 1 water tank, 2 valve, 3 inlet pressure transmitter, 4 pump, 5 torque sensor, 6 motor,  
7 outlet pressure transmitter, 8 torque speed transmitter, 9 flowmeter, 10 valve, 11 data acquisition terminal, and 12 computer 
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In Equation (11), p1 and p2 are respectively pump inlet and outlet 
pressure, [Pa]; Z1 and Z2 are the installation heights of pump inlet and 
outlet respectively, [m]. In this test, the installation heights of pump 
inlet and outlet are the same, so Z1 = Z2; v1 and v2 are respectively the 
average flow rate of the inlet and outlet of the pump, [m/s], which can 
be calculated from the inner diameter of the inlet and outlet pipeline; 
M is the measured torque of the pump set, M0 is the no-load torque, 
[N·m]; n is the speed, [r/min]; Q is the flow rate, [m3/h]; H is the 
head, [m]; P is the shaft power of the mixed flow pump, [kW].

Fig. 7.  Comparison of simulations and experimental results

Figure 6 shows the performance curves obtained from numerical 
calculations and tests of the model pump. From the trend of the head 
and efficiency, the numerical and experimental results are in perfect 
agreement. At about Q = 95 m3/h, the efficiency of the centrifugal 
pump has the maximum value and is the optimal working condition 
point. With the decrease in flow condition, the head curve gradually 
increases. At about Q = 45 m3/h, the local lowest point of the lift 
curve appears, which is the point of stall condition, but the drop 
of the lift is not much, indicating that the flow loss is not serious. 
From the overall change of the head and efficiency, the head curve 
changes gently in the low flow condition, indicating that the flow 

structure in the pump shows a certain trend change. By comparing 
the experimental and numerical results, it can be found that the error 
between the numerical results and the experimental values is less 
than 10 % under each flow condition, and further the error is under 
0.2 for each test, which meets the accuracy required by the numerical 
calculation. Therefore, the numerical method adopted in this paper is 
feasible.

3  RESULTS AND DISCUSSION

3.1  Comparison of Energy Performance

Figure 8 compares the head and efficiency curves of centrifugal 
pumps with and without splitter blades. The results reveal that pumps 
with splitter blades exhibit distinct performance characteristics 
compared to conventional impellers, especially under low-flow 
operating conditions. Unlike the consistent negative slope observed 
in conventional impellers, the head curve of pumps with splitter 
blades transitions from a negative slope to a positive slope, indicating 
the presence of a noticeable extremum point. In terms of specific 
head values, centrifugal pumps equipped with splitter blades achieve 
significantly higher head performance than conventional impellers. 
It is almost 8 % higher than the original impeller design under the 
condition of 70 m3/h. For longer splitter blade structures, the head 
is slightly higher, although the difference is marginal. Regarding 
efficiency curves, conventional impellers demonstrate higher the 
efficiency near the design operating point, whereas impellers with 
splitter blades achieve better efficiency under low-flow conditions 
due to the rectifying effect of the splitter blades. Consequently, while 
splitter blades positively influence the head curve of centrifugal 
pumps, this enhancement comes at the cost of some efficiency loss.

3.2  Analysis of Flow Field of Centrifugal Pump Blades  
with Different Splitter Blade Length

Figures 9 and 10 illustrate the pressure and velocity distributions 
within the impeller for different impeller designs. As shown in the 
figures, both pressure and velocity are relatively low at the impeller 
inlet but gradually increase as the fluid moves toward the impeller 
outlet, reaching their peak values at the exit. Comparing different 
impeller designs, it is evident that the addition of splitter blades 
results in a more uniform pressure distribution along the impeller 

a)            b) 
Fig. 8.  Impact on the pump performance of splitter blades; a) head, and b) efficiency



SV-JME   ▪   VOL 71   ▪   NO 5-6 ▪   Y 2025   ▪   163

Process and Thermal Engineering

periphery. Notably, near the volute tongue, the high-pressure region is 
significantly reduced, and the circumferential pressure uniformity is 
improved. This explains why the splitter blades contribute to a higher 
head in the centrifugal pump. However, the introduction of splitter 
blades also leads to the formation of a distinct low-velocity region 
near the tongue, which plays a crucial role in the development of 
vortex structures. The presence of these vortices increases hydraulic 
losses within the pump, ultimately leading to a reduction in efficiency 
under the design operating conditions.

3.3 Analysis of Axial Force of Centrifugal Pump Blades 
with Different Splitter Blade Length

Figure 10 illustrates the schematic diagram of the axial force acting 
on the impeller of the centrifugal pump under design operating 
condition. According to the pump fluid dynamics theory, the axial 
force of the impeller primarily originates from the fluid within the 
impeller flow passage and the fluid in the gaps between the front and 
rear shrouds of the impeller. Zhu et al. [42], developed a mathematical 
model of the axial force exerted on the impeller by the fluid in the 
front and rear gap regions under the rotational action of the impeller. 
The main expression of the model is as follows:

F * � � � � � � �

� � �

�

�

F F r P r dr

r P r dr

r

r

r

r

1 2 0

2 2

0

2 2

2
1

2

2
1

2

1

0

2

0

* *

.

� � �

� � �  (14)

Here, F1 represents the axial force acting on the front shroud 
of the impeller, while F2 denotes the axial force acting on the rear 
shroud. However, this model only accounts for the axial force caused 

by the gap fluid and needs to include the contribution of the fluid 
within the impeller flow passage to represent the total axial force 
acting on the impeller. Although some researchers have proposed 
empirical formulas to calculate the axial force caused by the fluid 
within the impeller flow passage, in this study, more accurate axial 
force values can be directly obtained through post-processing in 
simulation software. Therefore, the final axial force is the sum of 
three components: the axial force on the front shroud, the axial force 
on the rear shroud, and the axial force caused by the fluid within the 
impeller flow passage.

Figure 12 presents th  e time-dependent variations in the axial 
force acting on the impeller under design conditions for different 
impeller structures. To minimize random errors, the axial force over 
the last three revolutions at the same impeller phase was averaged 
arithmetically. Additionally, the axial forces for different flow field 
phases of the two splitter blade configurations were compared, 
with specific time points marked in the Fig. 12. Since the splitter 
blades are only located within the impeller flow passage, they do 
not affect the fluid in the gaps between the front and rear shrouds. 
Consequently, the axial force exerted by the splitter blades has only 
the flow passage component. From Fig. 10, it is observed that for 
the original impeller, the axial force shows a periodic variation 
over time, with a time interval of approximately 0.0069 s between 
two peak values, equivalent to 20-time steps. Moreover, the axial 
force is negative, indicating that its direction is toward the impeller 
inlet. The maximum axial force is approximately 114 N, while the 
minimum is around 62 N, nearly doubling within a single cycle. 
This suggests that the impeller is susceptible to fluid excitation 
forces during pump operation, potentially leading to vibrations. In 
contrast, for the impellers with splitter blades, the magnitude of the 

Fig. 9. Pressure distribution in different kinds of impeller

Fig. 10. Velocity distribution in different kinds of impeller
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axial force is significantly increased, but periodic behaviors similar 
to the original impeller are observed, with the same periodic interval. 
However, in this case, two peaks – one large and one small – are 
present within a single cycle, which is distinct from the original 
impeller. Additionally, the axial force direction for both splitter blade 
configurations remains the same as that of the original impeller. As 
the length of the splitter blades decreases, the axial force slightly 
increases, rising from approximately 149 N to 170 N. However, in 
terms of relative fluctuation amplitude, the increase in axial force is 
significantly reduced. This indicates that splitter blades play a role in 
mitigating axial vibrations of the impeller.

Fig. 11. Axial force diagram of impeller 

3.4 Analysis of Radial Force of Centrifugal Pump Impeller 
with Different Splitter Blade Lengths

Figure 13 shows the curves of the radial force acting on the impeller 
varying with time under different design conditions. Meanwhile, the 
radial force fluctuation curve within one impeller rotation period was 
selected and its schematic distribution along the circumference of 
the impeller was plotted, as shown in Fig. 14. It can be seen from 
the figures that the impellers under the three types of structures 
all exhibit certain radial force fluctuation characteristics, but the 
fluctuation characteristics of the original impeller and the impeller 
with splitter blades are significantly different. For the original 
impeller, the radial force pulsation curve has a more pronounced 
periodicity, with only one peak value within one period. However, 
for the impeller with splitter blades, the periodicity of the radial force 
is weakened. Comparing impeller #B and impeller #C, it can be seen 
that the difference in the extremes of the radial force over multiple 
rotation periods is large, exceeding 40 N, which is much greater 
than the radial force pulsation value under the design condition. This 
indicates that the existence of the splitter blades leads to a serious 
imbalance of the radial forces. From Figure 12, it can also be seen that 
the radial force on the original impeller shows a central symmetric 
structure along the rotation axis, but for impeller #B and impeller 
#C impellers, this pattern is broken, and the radial force acting on 
the impeller is biased to one side. This requires the rotor bearings of 
the centrifugal pump to have the ability to withstand larger support 
forces in order to reduce the radial excursion of the impeller during 
rotation and maintain relative stability. Therefore, in the actual pump 
design process, when splitter blades are added to the impeller, the 
support stiffness and strength of the rotor system bearings need to be 
further improved.

3.5 Analysis of Pressure Pulsation Characteristics 
in Impeller with Different Blade Structures

To further clarify the infl  uence of different impeller structures on 
the pressure pulsation characteristics within the pump, this section 
obtained the time-domain and frequency-domain distribution curves 

a) 

b) 

c) 
Fig. 12. Variation trend of axial force on impeller with time under different impeller structures; 

a) impeller #A, b) impeller #B, and c) impeller #C

Fig. 13. Variation trend diagram of radial force on impeller 
with time under different impeller structures

of pressure pulsation at three locations in the centrifugal pump under 
the design condition for different impeller structures. The locations 
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of the three pressure monitoring points are shown in Fig. 15. The 
time-domain diagrams of the pressure pulsation are shown in Fig. 
16. To reduce the random error, this paper selected the dimensionless 
pressure coefficient Cp for comparison, which is defined as:
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where p is the instantaneous pressure at the monitoring point, [Pa]; U 
is the peripheral velocity at the impeller outlet, [m/s].

Fig. 15. Schematic diagram of the location of pressure monitoring points

From the analysis of Fig. 14, it can be seen that at the impeller 
inlet (P1), the pressure pulsation curves for the three impeller 
structures all exhibit a certain periodicity, but within the same period, 
the original impeller has fewer oscillations than impeller #B and 
impeller #C, which is related to the number of blades. Although the 
splitter blades are added downstream of the impeller flow passage, 
they still have an influence on the pressure fluctuations at the 
impeller inlet. Additionally, the pulsation amplitude of the original 
impeller is significantly higher than that of impeller #B and impeller 
#C. The pulsation coefficient Cp of the original impeller reaches 0.3, 
while the pressure coefficients of the two diffuser blade impellers are 
both less than 0.2. This indicates that the flow at the impeller inlet 
becomes more stable after adding the splitter blades. At the impeller 
outlet (P2), the periodicity of the pressure pulsation curves still 
exists for the three impeller structures, but the extreme value of the 

pulsation coefficient for the original impeller is still slightly higher 
than the two diffuser blade impeller structures. This suggests that the 
flow stability at the outlet of impeller #B and impeller #C remains 
better. In the middle of the volute outlet pipe (P3), the pressure 
pulsation characteristics for the three impeller structures do not show 
significant differences, as this location is far away from the impeller 
and less influenced by the impeller.

To further extract the character istics of pressure pulsation, 
the time-domain signals at each monitoring point were subjected 
to fast Fourier transform (FFT) to obtain the frequency-domain 
distribution shown in Fig. 17. From the figure, it can be seen that at 
the impeller inlet, the dominant frequency of the original impeller is 
145 Hz, which is the blade passing frequency of the original impeller. 
Furthermore, the pulsation amplitude at the dominant frequency of 
the original impeller is the highest, followed by the second harmonic, 
and the third harmonic is further reduced. This phenomenon indicates 
that the energy at the inlet and outlet of the original impeller 
gradually attenuates with increasing frequency. For the two impeller 
structures with splitter blades, their dominant frequency is 300 Hz, 
which is twice the blade passing frequency of the original impeller. 
This is due to the addition of the splitter blades. In other words, the 
blade passing frequency of the splitter blades is twice that of the 
original impeller blades. In this case, the energy at the dominant 
frequency of the splitter blades is predominant, while the energy 
at other harmonics is relatively small. Ignoring the other harmonic 
ener gies and only comparing the blade passing frequency and the 
energy at twice the frequency among the three impellers, it can be 
found that the amplitudes at 300 Hz are not significantly different, 
but the original impeller has an additional pulsation energy at 145 Hz. 
This further indicates that the impeller with splitter blades can reduce 
the frequency pulsation at the impeller inlet and promote more stable 
flow. Comparing impeller #B and impeller #C, it can be found that 
the amplitude at the dominant frequency is slightly lower for impeller 
#C, which also suggests that the length of the splitter blades is an 
important factor affecting the pulsation at the impeller inlet.

At the impeller outlet, the frequency amplitudes for the three 
impellers have all decreased. The main frequency characteristics 
of the impellers with splitter blades are the same as at the impeller 
inlet, with the blade passing frequency still dominating, but the 
energy at twice the blade passing frequency is significantly increased. 
This indicates that the flow structure at the impeller outlet becomes 
more unstable, which is consistent with the physical reality. At this 
point, the dominant frequency of the original impeller is still the 

Fig. 14. Circumferential distribution of radial force of impeller
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blade passing frequency, but the energy at the second, third, and 
fourth harmonics gradually decreases, which is different from the 
rapid attenuation of the harmonic energy at the impeller inlet. Under 
different diffuser blade lengths, the shorter splitter blades have lower 
dominant frequency energy, and the flow condition is slightly better 
than the longer splitter blades. At the volute outlet, the frequency 

a) 

b) 

c) 
Fig. 16. Time domain of monitoring points at designed point; a) point P1, b) P2, and c) P3

characteristics of the three impellers do not differ significantly, with 
the dominant frequency energy concentrated at low frequencies, 
which is due to the unsteady flow structure at the volute outlet. In 
this case, the length of the splitter blades does not have a noticeable 
impact on the flow field at this location. Therefore, from the pressure 
pulsation frequency response at different locations, it can be further 
understood that the splitter blades can reduce the amplitude of the 
dominant frequency at the impeller inlet, optimize the flow structure 
at the impeller inlet and outlet, but the influence of the splitter blades 
on the flow structure within the volute is not significant.

a)

b)

c)
Fig. 17. Frequency domain of monitoring points at designed point; 

a) point P1, b) P2, and c) P3

4 CONCLUSIONS

The performance of pumps with splitter blades is significantly 
different from ordinary impellers, especially in the low flow rate 
operating range. The head curve of a centrifugal pump with splitter 
blades has a distinct peak, and there is a positively sloped region at 
low flow rates. The head is almost 8 % higher under low flow rate 
while the efficiency of the ordinary impeller structure is higher near 
the design operating point, but at low flow rates, the straightening 
effect of the splitter blades gives the impeller with splitter blades a 
higher efficiency.
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For the impeller structure with splitter blades, the axial force on 
the impeller shows a certain periodicity, with the same time interval 
as the impeller structure without splitter blades. However, within 
one period, the axial force on the impeller with splitter blades has 
two peak values – one large and one small. The length of the splitter 
blades can also affect the magnitude of the axial force, and can help 
reduce the axial vibration of the impeller.

After adding the splitter blades, the original radially symmetric 
force distribution on the impeller is changed, and the radial force 
acting on the impeller becomes biased to one side. This requires an 
increase in the support strength and stiffness of the rotor system. 
Additionally, the splitter blades can influence the pressure pulsation 
at the impeller inlet and outlet, optimizing the flow conditions, but 
their impact on the flow structure within the volute is not significant.

This article provides an in-depth analysis of the impact of splitter 
blade length on the axial and radial forces of a centrifugal pump. 
The findings are highly significant for optimizing pump design, 
enhancing operational stability, and extending service life under 
various working conditions. Future research should further explore 
the effects of the placement angle, degree of distortion, and number of 
splitter blades on pump performance to provide more comprehensive 
design guidance for centrifugal pumps.
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Raziskava vpliva dolžine vmesnih lopatic  
na radialne in aksialne sile v centrifugalni črpalki

Povzetek  Za izboljšanje obratovalne stabilnosti centrifugalnih črpalk 
ta študija preučuje vpliv dolžine vmesnih lopatic na aksialne in radialne 
sile v centrifugalnih črpalkah. S pomočjo SST k-ω turbulenčnega modela 
in eksperimentalne analize smo primerjali karakteristiko, aksialno silo, 
radialno silo ter časovno-frekvenčne značilnosti pulziranja tlaka med rotorji 
brez vmesnih lopatic in rotorji z vmesnimi lopaticami dveh različnih dolžin. 
Rezultati kažejo, da prvotni rotorji dosegajo višjo učinkovitost v bližini točke 
največjega izkoristka. Vendar pa pod pogoji nizkega pretoka usmerjanje 
toka z vmesnimi lopaticami omogoča, da rotorji z vmesnimi lopaticami 
dosegajo višji izkoristek. Pri rotorjih z vmesnimi lopaticami aksialna sila kaže 
periodičnost z dvema vrhovoma – enim večjim in enim manjšim – znotraj 
vsakega cikla. Dodatek vmesnih lopatic povzroči spremembo radialne sile 
na rotor, kar zahteva povečanje nosilnosti in togosti rotorskega sistema. 
Poleg tega vmesne lopatice vplivajo na tlačne pulzacije na vstopu in izstopu 
iz rotorja; prvotni rotor izkazuje tlačne pulzacije pri frekvenci 145 Hz, kar pa 
je pri rotorjih z vmesnimi lopaticami drugače. Tako lahko rotorji z vmesnimi 
lopaticami zmanjšajo frekvenčne pulzacije in izboljšajo pretočne pogoje. 
Študija daje pomemben teoretični vpogled in podatkovno podporo za 
hidravlično konstrukcijsko optimizacijo centrifugalnih črpalk.

Ključne besede  centrifugalna črpalka, aksialna sila, radialna sila, dolžina 
vmesnih lopatic, tlačne pulzacije
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Abstract  This work presents a multi-objective optimization design approach for the ejector plate, a critical component of rear-loader garbage trucks, with the 
goal of ensuring structural integrity and optimizing lightweight performance. A parametric finite element model of the ejector plate is developed with optimization 
objectives focused on minimizing mass, controlling deformation, and reducing the maximum von Mises stress. Through sensitivity analysis, seven key variables 
are selected for optimization. A Box-Behnken design (BBD) is used to systematically explore these parameters, and a Kriging surrogate model is constructed to 
approximate the objective function, with accuracy benchmarked against response surface methodology (RSM). The Non-dominated Sorting Genetic Algorithm 
II (NSGA-II) is applied to derive the optimal solution, achieving a lightweight design meeting all structural requirements. The results show that the mass of the 
ejector plate of the rear-loading waste compactor can be reduced by 6.06 % through structural optimization, while meeting the strength and deformation criteria. 
This improvement not only enhances waste transportation efficiency, but also lowers production costs and enhances material utilization.

Keywords   garbage truck, ejector plate, multi-objective optimization, NSGA-II, Kriging 

Highlights
▪▪ Optimizing the ejector plate considering the mass, maximum displacement and maximum von Mises stress of the ejector plate.
▪▪ Using sensitivity analysis to identify key design variables of the ejector plate.
▪▪ Using Kriging method to construct a highly accurate surrogate model.
▪▪ Applying the non-dominated sorting genetic algorithm II for multi-objective optimization of the ejector plate.

1  INTRODUCTION

As the global economy grows and urbanization accelerates, the 
generation of household waste has increased significantly. This 
trend is putting immense pressure on urban environmental health 
and poses challenges for sustainable urban development [1]. Given 
the substantial volume of urban waste, efficient transportation and 
disposal methods have become critical concerns for municipalities 
and related departments [2]. Rear loader garbage trucks are specialized 
vehicles designed to operate with waste compaction transfer stations. 
Their widespread adoption by sanitation and municipal departments 
can be attributed to their large loading capacity and effective 
sealing. The ejector plate, a key component of these trucks, plays a 
vital role in the loading and unloading of waste. Different types of 
waste impose varying demands on the strength of the ejector plate. 
During the compaction and loading/unloading processes, the ejector 
plate is subjected to forces from both the hydraulic cylinder and 
the waste itself, resulting in varying degrees of deformation. Such 
deformation can reduce the compaction ratio within the truck's box 
body, ultimately diminishing loading and unloading efficiency and 
affecting the truck's overall waste capacity. Therefore, research into 
the ejector plate is crucial for the effective design of garbage trucks.

The three dimensional (3D) model of the ejector plate was 
developed in SolidWorks software, which was then subjected to 
finite element analysis (FEA) to evaluate its stress and displacement 
distributions under operational conditions [3]. The garbage truck 
loading mechanism served as the research focus, with parametric 
analysis conducted to establish the functional relationships among 
compression-filling force, pusher stroke, and installation angle 
[4]. The garbage truck manipulator was digitally prototyped in 
SolidWorks for performance enhancement, followed by a multi-

domain simulation workflow: multi-body dynamic (MBD) analysis in 
ADAMS determined operational load spectra under various working 
conditions, FEA in HyperWorks assessed structural integrity, and 
topology optimization integrated with genetic algorithms achieved 
16.73 % mass reduction while maintaining mechanical performance 
[5].

Lightweighting vehicles is an essential strategy for saving energy 
and reducing emissions [6,7]. Reducing the weight of vehicles 
can reduce energy consumption while improving dynamics and 
braking performance [8,9]. The main approaches to lightweight 
design include structural optimization, process optimization and 
material lightweighting [10-12]. Structural optimization can be 
further categorized into size optimization, shape optimization, and 
topology optimization [13]. Currently, size and shape optimization 
are widely used in engineering applications [14,15]. Size optimization 
can be divided into discrete and continuous categories based on the 
continuity of design variables. Continuous size optimization results 
typically require rounding to fit available size parameters, making 
discrete size optimization more suitable for practical project needs 
[16]. Furthermore, discrete optimization allows for the simultaneous 
optimization of multiple variables, potentially yielding superior 
results.

In the realm of optimal design algorithms, Goldberg was the first 
to apply genetic algorithms (GA) to multi-objective optimization in 
1989 [17]. Subsequent research has built upon this foundation. For 
instance, Paz et al. [18] utilized multivariate adaptive regression 
spline techniques combined with multi-objective genetic algorithms 
to enhance the energy absorption properties of automotive 
components while reducing mass. Velea et al. [19] conducted 
multi-objective optimization of a composite body for electric 
vehicles, considering weight, cost, and stiffness. Duan et al. [20] 
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applied a multi-objective particle swarm optimization algorithm for 
lightweight design of body-in-white structures to meet reliability 
requirements. Jiang et al [21] employed the Kriging surrogate model 
alongside the non-dominated sorting genetic algorithm II (NSGA-II) 
for the multi-objective optimal design of suspension arms and torsion 
beams, achieving weight reduction without compromising structural 
or vehicle performance. Xie et al. [22] implemented a multi-objective 
optimization method incorporating the TOPSIS method for the 
lightweight design of commercial vehicle cabs, successfully meeting 
design requirements while achieving weight reduction.

The lightweight design of the ejector plate is directly related to 
the load capacity and reliability of the garbage truck. Therefore, 
pursuing a lightweight design for the ejector plate while considering 
both structural performance and load capacity is essential. This paper 
focuses on the ejector plate of a specific garbage truck, utilizing 
3D design software for parametric modeling and conducting finite 
element analysis based on actual working conditions. A sensitivity 
analysis of mass, displacement, and equivalent force concerning 
fourteen key parameters is performed, identifying 7 parameters 
with greater sensitivity as design variables. These variables are then 
optimized using a combination of the Kriging surrogate model and 
the NSGA-II algorithm to achieve the lightweight design of the 
ejector plate.

2  METHODS AND MATERIALS

2.1  Working Principle of the Ejector Plate

As shown in Fig. 1, the rear loader garbage truck consists primarily 
of several components, including the vehicle chassis, box body, 
hydraulic cylinder, packing mechanism, and ejector plate, as 
illustrated in Fig. 2. The box body is mounted on and rigidly 
connected to the chassis frame. At the rear of the truck, the packing 
mechanism is responsible for loading and initially compacting the 
waste. The waste is then pushed into the box body by the action of a 
scraper on the packing mechanism. After each compaction, both the 
compacted waste and the newly loaded waste are gradually pushed 
toward the rear of the box body, with the ejector plate continuously 
moving back as new waste is added.

Fig. 1.  Construction of the rear-loader garbage truck; 1 chassis, 2 cylinder  
3 ejector plate, 4 box body, and 5 precompressor

2.2  Design Requirements for the Ejector Plate

The ejector plate consists of the front plate, frame skeleton, guide 
rail skeleton, cylinder support, and other components. As a critical 
load-bearing element of rear-loader garbage trucks, the mechanical 
properties of the ejector plate significantly impact the overall 

performance of the vehicle. During operation, the ejector plate 
experiences the combined effects of hydraulic cylinder thrust, friction 
between the ejector plate and the guide rail, and the extrusion pressure 
from the refuse. The deformation of the ejector plate skeleton directly 
affects the gap between the ejector plate and the cargo area, which, in 
turn, influences the complete discharge of the waste.

Therefore, the design of the ejector plate must ensure that 
the deformation of the frame skeleton remains below 10 mm. In 
addition, under maximum external load conditions, the stress on all 
components should not exceed 355 MPa. To meet the performance 
requirements, the design of the ejector plate should also prioritize 
minimizing weight and maintaining high quality.

Fig. 2.  3D model of the ejector plate

2.3  Optimization Flow for the Ejector plate

This study employs a combination of the finite element method 
(FEM), Kriging Surrogate Model, and GA for optimization. The 
finite element method is utilized to calculate the maximum working 
load conditions of the ejector plate. Based on the results of the 
finite element analysis, a lightweight multi-objective structural 
optimization program is proposed which focuses on minimizing the 
total deformation, mass and von Mises stress. The Kriging surrogate 
model is known for its high accuracy, adaptability and scalability, 
making it widely applicable in the structural optimization design 
of various mechanical components [23,24]. Genetic algorithms 
are favored for multi-objective optimization due to their broad 
adaptability, global search capability, parallelism, and independence 
from derivative information [25]. The optimization process is 
illustrated in Fig. 3.

The specific steps are as follows: 
•	 Parametric modeling: The ejector plate is modeled parametrically 

in 3D modeling software, and its finite element model is created in 
HyperWorks software, followed by static analysis.

•	 Sensitivity analysis: 14 parameters within the ejector plate skel-
eton are analyzed for sensitivity, leading to the selection of 7 pa-
rameters that significantly influence the mass, total displacement, 
and von Mises stress of the ejector plate skeleton for further anal-
ysis.

•	 Experimental design: The 7 highly sensitive parameters are sam-
pled and tested using the Box-Behnken experimental design meth-
od.

•	 Surrogate model generation: A Kriging surrogate model is devel-
oped based on the experimental design parameters.

•	 Optimization: A multi-objective genetic algorithm (NSGA-II) is 
employed to obtain the optimal set of solutions and to validate the 
appropriateness of the selected optimization parameters.
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2.4  Finite Element Analysis of the Ejector plate 

2.4.1  Finite Element Model 

When modeling, capturing the essence of the research object and 
appropriately simplifying the original model are essential for 
improving simulation efficiency and quality. The rubber buffer 
blocks on the ejector plate, and the sealing plates on both sides serve 
auxiliary roles that have minimal impact on the forces in the model, 
allowing them to be omitted from the modeling process.

The focus is on the overall structural characteristics of the ejector 
plate rather than localized welding issues. Rigid units are employed 
to simulate the weld relationships between different components, 
facilitating the transfer of forces. This simplified approach enhances 
the fidelity of the finite element results while significantly improving 
solution speed, enabling a more efficient design process that can 
accommodate a large number of experimental simulations.

In the ejector plate assembly, the cylinder support is a casting 
and is simulated using 8 nodes hexahedron elements. The other 
components are sheet metal parts, characterized by smaller 
dimensions in the thickness direction and larger dimensions in 
length and width, and are simulated using 4 nodes shell elements. 
Considering the enterprise's specifications for mesh size, as well 
as the need to maintain computational accuracy while minimizing 
computational cost, an 8 mm mesh was adopted for the model. Upon 
completing the meshing of the ejector plate, the model consists of 
117,823 nodes and 117,117 elements, as shown in Fig. 4.

The material of the ejector plate is high-quality structural carbon 
steel (Q355B), with properties including a Young's modulus of 2.1 × 

105 MPa, a density of 7850 kg/m³, and a Poisson's ratio of 0.3, and a 
minimum yield strength of 355 MPa.

As one of the primary load-bearing components of the truck, the 
ejector plate is subjected to the thrust from the hydraulic cylinder, 
the force exerted by the waste on its front plate during loading, 
and the support force from the guide rail. Due to the considerable 
stroke length of the ejector plate, a multi-stage hydraulic cylinder 
is employed; the shorter the stroke of the hydraulic cylinder, the 
greater the thrust produced. According to the hydraulic cylinder's 
operating behavior, the ejector plate experiences the greatest load and 
deformation when the truck is nearly full of waste and the ejector 
plate is close to its innermost position within the box body.

The hydraulic system operates at a pressure of 17.6 MPa. The 
ejector plate cylinder is a 3-stages rod cylinder, with the diameters of 
the rods measuring 90 mm (1st stage), 70 mm (2nd stage), and 50 mm 
(3rd stage). The maximum thrusts exerted by these rod sections are 
calculated to be 111.9 kN, 67.7 kN, and 34.5 kN, respectively. When 
waste is loaded into the box body, the force exerted by the waste on 
the ejector plate must overcome both the hydraulic cylinder's force 
and the friction between the ejector plate and the guide rail before 
the ejector plate can move inward. Thus, the ejector plate experiences 
maximum load when the hydraulic cylinder's thrust is 111.9 kN. The 
ejector plate moves slowly within the box body, neglecting the effects 
of dynamic loading. The friction force, which cannot be directly 
measured, is assumed to be approximately 12 kN (about 10 % of the 
maximum thrust). During slow movement, the force from the waste 
on the front plate is balanced by the hydraulic cylinder's force and 
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Fig. 3.  Flow chart for optimization of the ejector plate structure
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the friction between the ejector plate and the guide rail, resulting in a 
pressure of 0.06 MPa acting on the front plate.

Fig. 4.  Mesh model of the ejector plate 

Fig. 5.  Constraints of the ejector plate 

Fig. 6.  Distribution of the load on ejector plate 

In accordance with actual working conditions, fixed displacement 
constraints in the y-direction (forward and backward) are applied at 
the cylinder support of the ejector plate. Displacement constraints in 
the x-direction (left and right) are applied to the lateral friction blocks 
of the ejector plate guide, and z-direction (vertical) displacement 
constraints are applied to the upper and lower friction blocks of the 
guide, as shown in Fig. 5. A uniform compressive pressure load of 
0.06 MPa is applied to the side of the front plate in contact with the 
waste. Considering that the waste cannot be loaded to the top of the 
box body, this load is applied only up to a height of 960 mm from the 
bottom plate, as illustrated in Fig. 6.

Taking into account the working conditions of the ejector plate, 
overload protection, personnel protection, material properties, etc., a 
safety factor of 1 is selected, and the allowable stress of the material 
is 355 MPa.

2.4.2  FEA Result Analysis

The finite element analysis yields to the static deformation and 
von Mises stress contours for the ejector plate and its skeleton, as 
illustrated in Fig. 7 through Fig. 10.

Fig. 7.  Static deformation of the ejector plate 

Fig. 8.  Static deformation of the ejector plate skeleton

As shown in Fig. 7, the maximum deformation of the ejector plate 
is approximately 21.4 mm, which occurs in the central and upper 
areas of the front plate. This deformation corresponds to the actual 
working conditions. The ejector plate has a width of 1800 mm and 
the front plate is made of a 2.3mm thick steel plate. Although this 
design results in a relatively low stiffness, the significant deformation 
of the front plate does not affect its performance, provided that the 
deformation of the ram skeleton remains within acceptable limits.

Figure 8 indicates that the maximum deformation of the ejector 
plate skeleton is approximately 7.36 mm, concentrated in the middle 
of the upper tube, with progressively smaller deformations further 
down. This deformation is within the allowable limit of 10 mm 
specified in the design, demonstrating that the current ejector plate 
meets the stiffness requirements and possesses a degree of stiffness 
redundancy.
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Fig. 9.  von Mises stress distribution in the ejector plate 

Fig. 10.  von Mises stress distribution in the ejector plate skeleton

From Figure 9, it can be seen that the maximum von Mises stress 
of the ejector plate is 304.7 MPa, which is located in the middle and 
upper sections of the front plate.

In Figure 10, the von Mises stress contour for the ejector plate 
skeleton shows a maximum stress of 292 MPa, which is located in 
the lower sections of the side tube and below the design allowable 
stress limit of 355MPa. 

To address the potential influence of mesh size on the simulation 
results, a systematic mesh sensitivity study was carried out 
specifically on the side tube (identified as the critical region with the 
highest stress concentration). Three different mesh configurations 
were tested: 8 mm, 6 mm, and 4 mm average element size. The 
corresponding results are summarized in Table 1 below.

Table 1.  Mesh sensitivity analysis for the side tube

Mesh size [mm] 8 6 4
Max stress [MPa] 291.7 295.5 296.9
Stress increment [MPa] - +3.8 +5.2
Maximum stress difference - +1.3 % +1.8 %
Number of side tube elements 2760 4450 9905

From Table 1, it can be seen that as the mesh is refined from 
8 mm to 4 mm, the maximum stress exhibits a monotonic but 
diminishing increase, with a total variation of 1.8 % (5.2 MPa 
absolute difference), and the number of side tube elements shows 
an increase in geometric multiples, with a total variation of 258.9 % 
(7145 elements difference). The relative stress change between 

successive refinements (6 mm vs. 8 mm: 1.3 %; 4 mm vs. 6 mm: 
0.5  %) demonstrates convergence behavior, indicating that further 
mesh refinement beyond 6mm yields marginal improvements in 
accuracy. The sub-2% discrepancy between the 8 mm and 4 mm 
meshes falls within typical engineering tolerance thresholds for such 
analyses [26], confirming that the 8 mm mesh provides sufficient 
accuracy while maintaining computational efficiency.

The results of finite element analysis indicates that the current 
ejector plate skeleton meets the strength requirements and has a 
significant material surplus, allowing for potential lightweighting 
studies of the ejector plate structure.

2.5  Sensitivity analysis 

2.5.1  Determination of Design Variables and objective functions

According to the structural characteristics and the stress distribution 
of the ejector plate’s skeleton , the upper tube thickness P1, reinforced 
tube Ⅰ thickness P2, side tube thickness P3, side steel tube thickness 
P4, angle iron thickness P5, bracket thickness P6, bottom skeleton 
thickness P7, reinforced tube Ⅱ thickness P8, reinforced steel tube 
thickness P9, angle brace thickness P10, bottom plate thickness P11, 
rail angle brace plate thickness P12, rail skeleton thickness P13, and 
rail support plate thickness P14 are used as the candidate design 
variables. The maximum static deformation D, maximum von Mises 
stress S, and mass M are used as objective functions. The position of 
each design variable of the ejector plate’s skeleton is shown in Fig. 
11.

Fig. 11.  Position of each design variable

2.5.2  Sensitivity analysis of design variables

Sensitivity analysis is a widely used tool in structural optimization, 
aimed at identifying design variables that significantly impact 
structural performance. The sensitivity value associated with 
changes in a design variable intuitively indicates both the magnitude 
and direction of its effect on performance, allowing for the rapid 
screening of critical design variables for optimization [27].

This analysis typically examines how the output response of a 
system is affected by its input parameters. For complex mathematical 
models, determining higher-order sensitivities can be challenging. 
Therefore, conventional sensitivity analysis focuses on the first-order 
partial derivatives of the design response with respect to the design 
variables. The mathematical expression is given by:

sen
g X
x

g X
xi i

( ) ( )
,

�

�
�

�

�
� �

�
�

	 (1)

where g(X) is the system performance index, X is the system design 
parameter vector, and xi is the ith parameter in the system design 
parameter vector.
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The sensitivity of the 14 design variables in the ejector plate 
structure corresponding to the three performance indicators of mass, 
maximum von Mises stress and total deformation are calculated, as 
shown in Fig. 12, respectively.

Fig. 12.  Sensitivity of the candidate design variable 

From Figure 12, we can see that: 
1.	 The significance of all variables for total mass is positively 

correlated, with P7, P9, and P12 having the greatest significance 
for total mass.

2.	 P3, P12, P13, and P14 exhibit the most significant negative 
correlation with maximum von Mises stress, while the other 
variables show less significant correlations.

3.	 All variables show a negative correlation with total displacement. 
P1, P2, P3, P4, P7, P11 and P12 are most significantly negatively 
correlated with maximum deformation, while the remaining 
variables have a lesser impact.
Considering the sensitivity of each design parameter to the 

response value, 7 parameters are selected as design variables for the 
final size optimization. The initial values of each parameter and their 
allowable range of variation are presented in Table 2.

Table 2.  Initial values and range of the ejector plate design variables [mm]

Design variables Parameters Original Value range
Upper tube P1 3 2~4
Reinforced tube I P2 3.2 2~4.4
Side tube P3 3.2 2~4.4
Side steel tube P4 3.2 2~4.4
Bottom skeleton P7 5 4~6
Guide rail angle brace plate P12 3.2 2~4.4
Guide rail skeleton P13 4 3~5

2.6  Surrogate Model

A surrogate model is a mathematical representation constructed 
from a finite set of data obtained through computational or physical 
experiments. Complex models that require significant computational 
resources can be approximated using finite element-based models or 
less computationally intensive statistical models as surrogate models 
[28]. In optimization contexts, where evaluating objective and/or 
constraint functions demands considerable computational effort, a 
surrogate model effectively replace these functions [29]. The original 
model can be accurately predicted only if a highly precise surrogate 
model is developed.

The design of experiments (DOE) is a crucial step in creating a 
surrogate model, utilizing mathematical analyses such as probability 
theory and linear generation to identify reasonable discrete sample 
points. The distribution of these sample points within the design 

space significantly influences the construction of the Kriging 
surrogate model, making the selection of an appropriate experimental 
design method critical for subsequent optimization. Commonly 
used experimental design methods include central composite design 
(CCD), Box-Behnken design (BBD), Latin hypercube design (LHS), 
and optimal space filling design (OSF). For this study, the Box-
Behnken design method was chosen due to its advantages of requiring 
fewer trials and not necessitating the measurement of vertex points 
compared to other design methods.

2.6.1  Box-Behnken Design (BBD)

Using the upper tube thickness P1, the reinforced tube Ⅰ thickness P2, 
the side tube thickness P3, the side steel tube thickness P4, the bottom 
skeleton thickness P7, the rail angle brace thickness P12, and the rail 
skeleton thickness P13 as independent variables, and the total mass 
(M) of the ejector plate, the maximum displacement (D), and the 
maximum von Mises stress (S) as the evaluation indices, a total of 62 
experimental samples and their corresponding response values were 
extracted, as shown in Table 3.

Table 3.  Test samples and response values for BBD tests

Tests P1 
[mm]

P2 
[mm]

P3 
[mm]

P4 
[mm]

P7 
[mm]

P12 
[mm]

P13 
[mm]

M 
[kg]

D 
[mm]

S 
[MPa]

1 3 3.2 3.2 2 4 2 4 169.4 7.856 414.3
2 3 3.2 3.2 4.4 4 2 4 174.8 7.509 418.4
3 3 3.2 3.2 2 6 2 4 178.9 7.685 415.3
4 3 3.2 3.2 4.4 6 2 4 184.2 7.341 419.4
5 3 3.2 3.2 2 4 4.4 4 175.7 7.530 224.5
6 3 3.2 3.2 4.4 4 4.4 4 181.0 7.195 226.6
7 3 3.2 3.2 2 6 4.4 4 185.1 7.386 224.4
8 3 3.2 3.2 4.4 6 4.4 4 190.5 7.052 227.0
… … … … … … … … … … …
60 3 3.2 3.2 3.2 5 3.2 4 180.0 7.36 291.7
61 3 3.2 3.2 3.2 5 3.2 4 180.0 7.36 291.7
62 3 3.2 3.2 3.2 5 3.2 4 180.0 7.36 291.7

2.6.2  Kriging Surrogate Model

Kriging refers to a surrogate model based on Gaussian process 
modeling, which first originated in a geostatistical paper by Krige 
[30], and is now one of the most widely used surrogate modeling 
methods. The Kriging surrogate model can be expressed as follows:

y x f x Z x( ) ( ) ( ),� � 	 (2)
where y(x) is an unknown function of the optimization objective, f(x) 
is a polynomial function on the variable x, and Z(x) is a stochastic 
function mainly used to correct the error of the global model.

The expression for f(x) is:
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where k is the number of design variables, in this paper k = 7, β is the 
coefficient to be determined for each equation.

Z(x) is a random function that follows a Gaussian normal 
distribution with zero mean.
E Z x( ) ,� � � 0 	 (4)

V Z x( ) .� � � � 2 	 (5)
Z(x) creates a ‘local’ deviation that satisfies Eq. (4) with minimum 

variance to obtain the best valuation of the response surface of 
the kriging model interpolated to the N sample data points. The 
covariance matrix of is given by the following equation:
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Cov Z x Z x R r x xi j i j( ), ( ) [ ( , )] ,�� �� � � �� 2 	 (6)
where R is the N × N symmetric positive definite correlation matrix; 
r(xi, xj) is a Gaussian correlation function, which can represent the 
spatial correlation between any two sample points xi and xj. The 
expression is as follows:
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where θk is the unknown parameter used for fitting; M is the number 
of design variables; xki and xkj are the components of the kth sampling 
point xi, xi.

Based on the unbiasedness of Z(x) and the minimum variance 
of the estimate, the relevant parameter θk given by the maximum 
possible estimate, i.e. when θ > 0, is derived to maximize the 
following equation:

A
n R xl� �

�ln( ) ln ( )
,

�
2

2
	 (8)

where nl is the number of response values, σ
2

 is the variance 
estimate, and |R(x)| is the correlation value between the point to be 
measured and the sampling point. In other words, turn to find the 
minimum value. 

min ( ) ( ) .
x

mx R x
�
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0

1
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2.6.3  Surrogate Model Accuracy Validation

The surrogate model may have some errors in the process of 
establishment, in order to verify the accuracy of the established 
surrogate model, the deterministic coefficient R2, root mean square 
error (RMSE) are introduced. The value of R2 ranges between [0, 1], 
when the value of R2 tends to be closer to 1 and the value of RMSE 
tends to be closer to 1, they indicate that the accuracy of the fitted 
surrogate model is higher, and vice versa is lower. The formulas for 
calculating are as follows: 
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where yi are true values of the test point, yi  predicted values of the 
surrogate model for the test point, yi  average of true values, and N 
number of sample points.

The fitting accuracy of the Kriging surrogate model and response 
surface methodology (RSM) surrogate model are obtained by solving 
Eq. (10) and Eq. (11), as shown in Fig. 13, and the specific values 
are shown in Table 4. It can be seen that the fitting accuracy values 
between the three objective functions of the ejector plate and the 7 
key design variables are all greater than 0.90, while the coefficient 
of determination R2 of the general engineering requirements for the 
response surface model should not be less than 0.9 [31]. 

Table 4 shows the specific index values of the accuracy test results 
of each surrogate model.

Table 4.  Accuracy of objective function

Performance
Kriging surrogate model RSM surrogate model

R2 RMSE R2 RMSE
mass 0.9505 0.0538 0.9468 0.0583
displacement 0.9659 0.0411 0.9503 0.0623
stress 0.9327 0.0601 0.9031 0.0736

The results show that both Kriging model and RSM model exhibit 
high accuracy, with R² values exceeding 0.9 and RMSE values falling 
below 0.08. Overall, the Kriging model slightly exceeds the RSM 
model in terms of accuracy. Therefore, the Kriging surrogate model 
will be used for the subsequent multi-objective optimization.

2.7  Multi-Objective Optimization of the Ejector Plate

2.7.1  Mathematical Modeling

In order to achieve the purpose of lightweighting of the ejector plate, 
according to the Kriging surrogate model established by fitting, 
the mass of the ejector plate M, the maximum static deformation 
of the ejector plate skeleton D and the maximum von Mises stress 
S are taken as the optimization objective function, the maximum 
static deformation of the ejector plate skeleton D and the maximum 
von Mises stress S are taken as the constraints, and a total of 7 key 
dimensions of the ejector plate obtained from screening P1~P4, P7, 
P12 and P13 are taken as the independent variables of the objective 
function, so that the following multi-objective optimization 
mathematical model can be established. The multi-objective 
optimization mathematical model of ejector plate is as follows:

	 Find	 xi (i = 1~4, 7, 12, 13)
	 min:	 {M(x)}
	 max:	 {D(x), S(x)}		  ,		          (12)
	 subject to   	 D(x) ≤ 10 mm,   
			   S(x) ≤ 355 MPa,   
			   ximin ≤ xi ≤ ximax

Fig.13.  Surrogate model accuracy validation; a) mass b) displacement c) Von Mises stress
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where x is the set of design variables; M(x) is the mass of the ejector 
plate [kg]; D(x) is the displacement of the ejector plate skeleton 
[mm]; S(x) is the von Mises stress of the ejector plate skeleton [MPa]; 
ximin and ximax are the lower and upper bounds of each design variable.

2.7.2  Multi-Objective Optimization Using NSGA-II

NSGA-II is one of the most widely used and effective multi-objective 
evolutionary algorithms, originally proposed by Deb [25]. Unlike 
traditional genetic algorithms, NSGA-II introduces a fast non-
dominated sorting method, an elite maintenance strategy, and an 
efficient congestion distance estimation process. These enhancements 
significantly accelerate iterative convergence, reduce computational 
complexity, and ensure population diversity [32].

In this paper, the NSGA-II algorithm is employed to address the 
multi-objective optimization problem. The population size is set to 
120, with a maximum of 200 iterations. The algorithm utilizes a 
crossover probability of 0.9, a crossover distribution exponent of 
10.0, and a mutation distribution exponent of 20.0.

3  RESULTS AND DISCUSSION

After 240,001 iterations, 742 non-dominated solutions were 
obtained. The Pareto front for the multi-objective optimization of 
the lightweight design of the ejector plate, produced by the NSGA-
II algorithm, is shown in Fig. 14. In multi-objective optimization 
problems, the global optimal solution is typically not unique; instead, 
it consists of multiple optimal solutions, collectively known as the 
Pareto optimal solution set. After solving the developed response 
surface model, three sets of candidate solutions were identified, as 
presented in Table 5.

Fig. 14.  Pareto solution set

Table 5 displays the optimized design parameters suggested by the 
software platform after problem resolution. Considering its superior 
performance in minimizing mass, displacement, and stress, Scheme 
3 is identified as the most favorable design for the ejector plate. The 

optimal design variables obtained after optimization were rounded 
for correction, and the finite element model of the ejector plate was 
re-analyzed for static characteristics based on this set of parameters. 
The performance indices corresponding to the design sizes of the 
ejector plate before and after optimization are summarized in Table 6.

Table 6.  Comparison of the design variables before and after optimization

Design variables Original Optimal Variation Error
P1 [mm] 3.0 2.3 –0.7

P2 [mm] 3.2 2.5 –0.7

P3 [mm] 3.2 3.0 –0.2

P4 [mm] 3.2 2.5 –0.7

P7 [mm] 5.0 4.0 –1.0

P12 [mm] 3.2 3.2 0

P13 [mm] 4 3.5 –0.5

M [kg] 180.0 169.1 –10.9 6.06 %

D [mm] 7.36 8.20 +0.84 11.4 %

S [MPa] 291.7 345.8 +54.1 18.5 %

As seen from Table 6, it demonstrates that the maximum 
displacement of the ejector plate skeleton has increased by 0.84 mm 
from 7.36 mm before optimization to 8.20 mm after optimization 
and the maximum equivalent stress of the ejector plate skeleton has 
increased by 54.1 MPa from 291.7 MPa before optimization to 345.8 
MPa after optimization. Although both indicators have increased, 
they meet the design requirements. After optimization, the ejector 
plate's total mass decreased from 180 kg to 169.1 kg, achieving a 
reduction of 10.9 kg (6.06 %) compared to the original design. The 
optimization effect is clear, achieving the intended optimization 
goals. The effectiveness of the proposed scheme has been validated 
in actual production, as illustrated in Fig. 15. The mass of the ejector 
plate has been reduced, material utilization has improved, and safety 
is maintained.

Fig. 15.  Application of the ejector plate optimization

Table 5.  Candidate combinations for design parameter optimization

No
Optimized design parameters Optimal results

P1 [mm] P2 [mm] P3 [mm] P4 [mm] P7 [mm] P12 [mm] P13 [mm] M [kg] D [mm] S [MPa]
1 2.4278 2.5407 2.6980 2.5852 4.1747 3.1341 3.5848 167.1 8.901 355.0
2 2.4408 2.5404 2.7123 2.5228 4.1790 3.1284 3.4678 167.0 8.862 355.0
3 2.4231 2.4693 2.7431 2.5534 4.1815 3.1013 3.5779 167.0 8.853 355.0
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4  CONCLUSIONS

This work presents an innovative lightweight design framework 
for rear-loader garbage truck ejector plates, which integrates multi-
objective optimization algorithms with surrogate modeling techniques 
to achieve balanced improvements in structural performance and 
economic efficiency. Through systematic optimization, the final 
design demonstrates a total mass reduction to 169.1 kg (6.06 % 
lighter than the original design) while satisfying all operational 
constraints. The main findings can be summarized as follows:
•	 Comparative analysis of surrogate modeling approaches shows 

that the Kriging model exhibits superior prediction accuracy com-
pared to the RSM model, particularly in capturing the response 
characteristics of the ejector plate system.

•	 The implementation of global sensitivity analysis allows effective 
identification of critical design parameters that have dominant in-
fluences on key performance indicators, thereby reducing compu-
tational costs by reducing experimental design parameters.

•	 The NSGA-II evolutionary algorithm is shown to be effective in 
generating Pareto optimal solutions for push plate parameters, 
achieving convergence within 200 generations while maintaining 
solution diversity through tournament selection and simulated bi-
nary crossover mechanisms.
In particular, the developed methodology demonstrates strong 

scalability and provides a generalized framework for the optimization 
of various load-bearing components in heavy-duty vehicles, including 
but not limited to chassis structures and actuator systems. Future 
work should focus on experimental validation of optimized designs 
under real-world operating conditions and extension.
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Večkriterijska optimizacija zasnove iztisne plošče  
za smetarska vozila z zadenjskim nakladanjem

Povzetek  V delu je predstavljena večkriterijska optimizacija zasnove iztisne 
plošče, ključne komponente smetarskih vozil z zadenjskim nakladanjem, z 
namenom ohranjanja trdnosti ob hkratni optimizaciji mase. Zasnovan je bil 
parametrični model s končnimi elementi iztisne plošče, pri čemer so bili cilji 
optimizacije usmerjeni v zmanjšanje mase, maksimiranje omejitev deformacij 
ter zmanjšanje maksimalne von Misesove napetosti. Z analizo občutljivosti 
je bilo identificiranih sedem ključnih spremenljivk. Sistematična zasnova 
parametrov je bila izvedena s pomočjo Box-Behnkenovega načrtovanja 
eksperimentov (BBD), ciljna funkcija pa je bila približana s Krigingovim 
nadomestnim modelom, katerega učinkovitost je bila primerjana z metodo 
odzivne površine (RSM). Za določitev optimalne rešitve je bil uporabljen 
večkriterijski genetski algoritem NSGA-II, ki omogoča lahkotnejšo zasnovo 
ob izpolnjevanju vseh strukturnih zahtev. Rezultati kažejo, da je možno maso 
iztisne plošče smetarskega vozila z zadenjskim nakladanjem z optimizacijo 
zmanjšati za 6,06 %, pri čemer so izpolnjeni kriteriji trdnosti in deformacij. 
Ta izboljšava ne poveča le učinkovitosti transporta odpadkov, ampak tudi 
zmanjša proizvodne stroške in izboljša izkoriščenost gradiv.

Ključne besede  smetarsko vozilo, iztisna plošča, večkriterijska optimizacija, 
NSGA-II, Kriging
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Identification Method of Tire-Road Adhesion Coefficient 
Based on Tire Physical Model and Strain Signal  
for Pure Longitudinal Slip
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Abstract  To precisely calculate the tire-road adhesion coefficient of rolling tires at various slip rates, and enhance the safety and stability of vehicle operation, 
an approach for estimating the tire-road adhesion coefficient based on strain sensors and brush models was proposed. First, a finite element model of 
205/55R16 radial tire was established, and the effectiveness of the model was verified through static ground contact and radial stiffness experiments. Then, 
the circumferential strain signal of the inner liner centerline of the tire during braking was extracted, utilizing the average peak angle spacing of the first-order 
and second-order circumferential strain curves, and the contact area length was estimated using the arc length formula. Subsequently, the braking simulation of 
rolling tires confirmed the asymmetry of pressure distribution within the ground contact area, estimating the position of slip points within the contact area based 
on arbitrary pressure distribution function and brush model, while nonlinear regression was utilized to fit the estimation function of slip point under various slip 
rates. Finally, a functional relationship was developed between tire-road adhesion coefficient and slip rate, considering the friction characteristics between tire 
rubber and road surface, while the friction model is based on exponential decay. The results suggest that the methods described above enable estimation of the 
tire-road adhesion coefficient under different slip rates, providing valuable insights for intelligent tire applications in vehicle dynamics control.

Keywords  intelligent tire, tire-road adhesion coefficient estimation, slip point, slip rate, nonlinear regression

Highlights
▪▪ Estimated ground contact mark length using strain signals from the tire’s inner liner.
▪▪ Analyzed pressure distribution in tire contact areaes under pure longitudinal slip.
▪▪ Estimated slip points in contact areas and derived a function for various slip rates.
▪▪ Created a function to estimate road adhesion under slip with successful validation.

1  INTRODUCTION

The tire is the only part of the vehicle in contact with the road 
surface, transmitting the forces and torques required to move the 
vehicle. Therefore, it is important to accurately obtain the adhesion 
coefficient between the tire and the road surface during vehicle 
driving to improve the braking performance, driving smoothness, and 
handling stability of the vehicle [1,2]. At the same time, as one of the 
key components of the vehicle dynamics control system, the tire plays 
a "passive" role in vehicle dynamics control. The adhesion coefficient 
between the tire and the road surface cannot be directly obtained. With 
the continuous development of vehicle intelligence, the concept of 
the intelligent tire was proposed by installing sensors inside the tire to 
make the tire an ‘active’ component in vehicle dynamics control and 
to obtain contact information between the tire and the road surface 
directly [3]. At present, most researchers' methods of estimating tire-
road adhesion coefficient through intelligent tires are mainly divided 
into experiment-based methods and model-based methods. 

In estimating the tire-road adhesion coefficient through 
experiment-based methods, most researchers try to measure the 
parameters related to friction between tire and road, such as tire noise, 
longitudinal and lateral tire deformation, and find the correlation 
between the sensor signal characteristics and the tire-road adhesion 
coefficient. Alonso et al. [4] utilized the different noise levels of 
cars driving on roads with different adhesion conditions to build a 
system architecture and signal processing algorithm for measuring 
noise, which was used to measure road adhesion conditions. Some 
other researchers estimate road conditions by using microphones to 

record distinct noise data vehicles generate as they traverse different 
roads [5,6]. Kuno et al. [7] studied a real-time monitoring method for 
asphalt pavement conditions based on charge-coupled device (CCD) 
cameras, using average absolute deviation and reference brightness 
signals to detect the glossiness of the pavement, determine the 
pavement condition, and improve the accuracy of vehicle avoidance 
control systems. Xu et al. [8] designed an intelligent tire system by 
installing a three-axis acceleration sensor in the center of the tire 
lining layer to extract the three-direction acceleration signal of the 
tire and analyze the characteristic parameters of the circumferential 
acceleration. Using the support vector machine algorithm, this 
approach can classify and recognize different road surfaces. 
Estimation of tire-road adhesion coefficients through experiment-
based method is relatively demanding. Since the sensor needs to 
be installed inside the tire, the signal is easily interfered by external 
noise during vehicle driving and faces problems such as sensor 
power supply and high price [9]. At the same time, a large amount of 
signal data needs to be tested for signal characterization and feature 
extraction as training samples for artificial intelligence algorithms 
such as neural networks. Although the accuracy of the estimation 
is high, once it deviates from the training conditions, the accuracy 
of the estimation is greatly reduced. Usually, the estimated tire-road 
adhesion coefficient is a constant value and does not describe the 
process of tire-road adhesion coefficient variation with tire slip rate 
[10].

In model-based research, most researchers attempted to use 
simplified mathematical models to determine the adhesion coefficient 
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between tire and road. There are three main types of mathematical 
methods used for this purpose: the vehicle dynamics model, the 
glide-based method, and the tire model. Matsuzaki et al [11] installed 
an acceleration sensor on the tire lining to extract the acceleration 
signal. They obtained deformation information and tire force in the 
tire connection area by integrating the signal. Finally, the obtained 
data parameters are plugged into the adhesion coefficient calculation 
formula, which is derived from the tire brush theory model, to estimate 
the tire-road adhesion coefficient. Rajamani et al. [12] delve into 
developing an independent friction coefficient estimation algorithm 
for each vehicle wheel. Three distinct parameters are formulated 
to estimate slip ratio and longitudinal tire force. Subsequently, a 
recursive least squares parametric formula is employed to estimate the 
friction coefficient. Nishihara et al. [13] defined the concept of grip 
margin using the brush model and friction circle theory, re-derived 
and analyzed the brush model theory, and completed the estimation of 
the tire-road adhesion coefficient. However, the pressure distribution 
of the brush model used was a quadratic parabolic distribution. The 
model-based method avoids the need for extensive experiments or 
simulations for data collection and is more generalizable than the 

training models of intelligent algorithms such as neural networks. 
However, in the model-based method, the estimation of the tire-
road adhesion coefficient often requires an accurate mathematical 
model to describe the mechanical characteristics of the tire-road 
contact, such as the contact pressure distribution. At the same time, 
in the process of constructing the algorithm, the issue of necessary 
grounding parameter inputs is sometimes overlooked because of the 
limitations of the on-board sensors, which do not allow real-time 
access to certain feature parameters.

In summary, the goal is to improve the vehicle's drive braking 
performance under purely longitudinal slip conditions and promote 
the development of intelligent chassis technology. This paper designs 
a method for estimating the tire-road adhesion coefficient at different 
slip rates by combining the sensor signals with a mathematical model 
of the tire, used to calculate the optimum slip rate and peak adhesion 
coefficient of a tire, as shown in Fig. 1. First, the finite element 
model of a passenger car tire 205/55R16 was established, and it is 
validated using the contact sizes and radial stiffness in S1. Second, 
based on the circumferential strain signal characteristics of the 
centerline of the inner liner of the rolling tire, the estimation methods 

Fig. 1.  Flowchart for identifying tire-road adhesion coefficient
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for contact angle and contact area length were designed in S2. In S3, 
synthetic application of a tire arbitrary pressure distribution function, 
pure longitudinal slip model, and a computing method for the tire-
road adhesion coefficient are proposed. To complete the computing 
method, the S3 includes three substeps: an arbitrary pressure 
distribution function based on the UniTire model is introduced to 
reflect the rolling tire contact pressure in the substep of S3.1. Then, 
with the help of the theoretical analysis of the pure longitudinal slip 
brush model, the calculation methods for tire longitudinal force and 
slip point position are pit forward in the substep S3.2. Finally, in S3.3, 
according to the friction theorem, and taken tire physical parameters 
and vehicle speed into consideration, the estimation function of 
the tire-road adhesion coefficient under different slip rates is built. 
Estimations of the tire-road adhesion coefficients under different slip 
rates of rolling tire are also achieved.

2  METHODS & MATERIALS

2.1  Tire Model

Simplifications and assumptions were employed in the development 
of the finite element model of the passenger car tire 205/55R16. 
These are deemed less influential in terms of simulation precision 
and are outlined as follows:
1.	 To facilitate computations, define a two-dimensional plane as a 

rigid surface body for simulating the road surface.
2.	 Ignore the influence of temperature during tire rolling.
3.	 Ignore the effects of road surface roughness.

A tire is not made of a single rubber material but various 
materialswith relatively complex structure. Therefore, a finite 
element model is established, which is divided into structural and 
tread pattern models [14]. First, the 205/55R16 tire was cut in the 
laboratory to obtain the cross-sectional structure of the tire. A two 
dimensional (2D) axisymmetric structure model was established 
based on the actual tire structure profile and material distribution, in 
which the rubber element types are CGAX3H and CGAX4H, and the 
reinforcing materials, such as the carcass and belts, are established by 
the SFMGA1 plane element. The rubber solid element is embedded 
with rebar elements to simulate the features of the tire cord rubber 
composite material. The geometric parameters of the reference tread 
pattern blocks are used to import a 2D cross-section tire model into 
ABAQUS software. The 2D cross-section tire model is rotated to 
create a 3D solid mesh model as shown in Fig. 2.

a)

b) c) d)

Virtual strain 
sensor

Fig. 2.  Finite element model for the passenger car tire 205/55R16;  
a) 2D cross-section tire model, b) tread pattern block, c) one tire patch, and d) 3D tire model

The single-pitch 3D tread pattern solid model is established using 
the CATIA software and imported into the HYPERMESH software 
to generate the 3D mesh. Considering the incompressibility of rubber 
materials, the corresponding grid type is the hybrid element C3D8RH 
[15]. The 3D tire model, including the complex tread pattern, is 
shown in Fig. 2d with 123842 elements and 155703 nodes. 

We specified the contact properties between the tire tread and road 
as hard contact and model the variation of the friction coefficient 
between the tire tread and road with slip speed using the Coulomb 
friction model.

The tire's rubber material exhibits typical viscoelastic, 
incompressible, and doubly nonlinear characteristics of both material 
and geometry. The accuracy of the material model significantly 
impacts the analysis's convergence during tire dynamic performance. 
Building upon our team's prior research [16,17], the Yeoh model 
represents the rubber material and is defined as:

W = c1(I1 – 3)+c2(I1 – 3)2+c3(I1 – 3)3,	 (1)
where W is strain energy density, in which c1, c2, c3 are material 
constants and I1 is the first strain invariant.

I1 1

2

2

2

3

2� � � �� � � tr( ),C 	 (2)

where λi (i = 1, 2, 3) are stretch ratios and the square root of the right 
Cauchy-Green strain tensor (C).

The selection of intelligent tire sensors mainly includes three-axis 
accelerometers, strain sensors, optical sensors, and others. Strain 
sensors offer advantages such as high precision, wide measurement 
range, fast response, durability, reliability, and ease of installation 
and integration. Compared to accelerometers, the signals from strain 
sensors are less susceptible to interference from tire noise. Based on 
the previous research conducted by the research team on the force-
sensitive response regions of tires, it was found that under braking 
conditions, the deformation caused by the contact between the tire and 
the ground primarily occurs at the tread. Therefore, circumferential 
strain signals were extracted and analyzed by comparing the strain at 
the tread and the inner liner centerline, as shown in Fig. 3. The tread 
pattern significantly influences the circumferential strain signal at the 
tread centerline, resulting in large fluctuations in the signal, which 
are particularly evident at the signal's troughs. These fluctuations 
hinder the effective extraction of sensitive signal features.

Fig. 3.  Strain signal extraction locations

Compared to the circumferential strain signal at the tread 
centerline, the strain signal at the inner liner centerline is less affected 
by the tread pattern as seen in Fig. 4. The signal curve is smoother 
and more stable, with its trend opposing the tread centerline strain 
signal. This discrepancy is primarily related to the tire's structure, 
material properties, and load distribution. When the tire is subjected 
to external loads and in contact with the ground, the tread experiences 
compression and elongation due to frictional forces, resulting in 
significant localized deformation. The tire structure is multi-layered 
and composite, and due to the differing elastic moduli and response 
characteristics between the tread and the inner liner, the inner liner 
undergoes deformation that is opposite to that of the tread. Therefore, 
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by extracting the circumferential strain signal of the point in the inner 
liner centerline under the rolling tire braking condition, the signal is 
selected to represent the real-time strain sensor signal of the rolling 
tire. The specific location of this point is shown in Fig. 2d.

Fig. 4. Comparison of circumferential strain signals between tread and inner liner

2.2 Experimental Verifi cation

To verify the accuracy of the tire finite element model established, 
the results were verified using the tire static ground contact 
distribution characteristics test and tire radial stiffness test. A static 
ground contact test was performed using a tire drum testing machine; 
during the test, the tire was loaded to a rated load of 3800 N, and the 
inflation pressure was set to 210 kPa. The ground contact area of the 
tire under static loading is obtained through red ink printing, and the 
ground contact geometric parameters are extracted, as shown in Figs. 
5 and 6. 

 
Fig. 5. Tire stiffness test benchP

Fig. 6. Comparison of the sizes of tire contact ar ea

Table 1. The tire ground contact characteristics

Title Experiment values [mm] Simulate values [mm] Error [%]
Contact width 147 148 0.67
Contact length 161 163.8 1.74

Table 1 shows that the error between the tire contact geometric 
properties obtained by finite element simulation and the test result is 
less than 2 %, indicating that the tire finite element model established 
in this paper can accurately describe the tire ground contact 
characteristics.

To further verify the accuracy of the tire finite element model, 
a comprehensive strength testing machine was used to conduct tire 
radial stiffness tests. The test and simulation results of tire sinkage 
and static loading radius under different test conditions are shown 
in Table 2, and the test and simulation results of radial stiffness are 
shown in Fig. 7. It can be seen from the Table 2 and Fig. 7 that the 
tire sinkage, static loading radius, and radial stiffness of the test and 
simulation are consistent.

2.3 Estimate Contact Patch Length

According to the simulation results of the circumferential strain 
signals of the liner centerline and tread centerline of rolling tire 
[18], this paper introduces a virtual strain sensor that utilizes strain 
information from a node on the longitudinal centerline of the tire 
inner liner, as illustrated in Fig. 2d. When the tire is subject to the 
8 % slip rate, a 3800 N load, and 0.21 MPa inflation pressure, the 
circumferential strain signal of the tire inner liner centerline during 
braking is obtained through the virtual strain sensor. The ground 
pressure signal at the centerline of the tire's inner liner is obtained and 
analyzed. The results are shown in Fig. 8.
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where ϕQP is actual rolling tire contact angle, ϕCD is the peak angle 
spacing of the second-order, ϕEF is the peak angle spacing of the first-
order, ϕGH is the peak spacing of the circumferential strain.

Table 2. Comparison of test and simulation results of tire sinkage and static loading radius 

Experiment values Simulation values
Test conditions 210 kPa 250 kPa 210 kPa 250 kPa

/ Sinkage [mm] Static radius [mm] Sinkage [mm] Static radius [mm] Sinkage [mm] Static radius [mm] Sinkage [mm] Static radius [mm]
123 kg 6.01 308.14 5.49 309.01 6.48 309.47 5.98 309.97
246 kg 12.28 301.87 11.13 303.37 12.17 303.78 11.62 304.33
369 kg 18.06 296.09 16.29 298.21 18.28 297.67 16.99 298.96
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ϕQP is the actual rolling tire contact angle. It can be obtained that 
the difference between the rolling tire contact angle and the peak 
angle spacing of the first-order and second-order derivative curves 
of the circumferential strain is about 3°, and the difference with the 
peak angle spacing of the circumferential strain signal is about 10°. 
Therefore, the rolling tire contact angle can be estimated by averaging 
the circumferential strain signal's first- and second-order peak pitch 
angles, as shown in Eq. (4).

� � �� �� �CD EF / ,2 	 (4)      
where ϕ is estimated contact angle.

Fig. 8.  Comparison between peak angle difference of circumferential strain  
of tire inner liner and contact angle

To investigate the influence of rolling tires on the tire contact 
angle during braking, we conducted simulation analysis of pure 
longitudinal slip conditions under free rolling and slip rates of 2 %, 4 
%, 6 %, 8 %, and 10 %, with load of 3800 N and inflation pressure of 
0.21 MPa. Figure 9 shows the simulation results. During free-rolling, 

the front and rear contact angles are equal. When the tire begins to 
slip, the position of the midpoint of the tread in the finite element 
simulation starts to move toward the front. As the slip ratio increases, 
the front contact angle increases while the rear contact angle 
decreases, increasing the asymmetry of the contact angles. When 
the tire is in a high slip ratio, the trend of increasing contact angle 
asymmetry slows down, consistent with the results in [19]. Therefore, 
when estimating the tire's contact area length during braking based 
on the contact angles, the assumption of equal front and rear contact 
angles should not be used. Instead of using trigonometric functions, 
the arc length formula does not require distinguishing between the 
magnitudes of the front and rear contact angles. This makes it more 
suitable for estimating the contact area length of a rolling tire during 
the braking process. The formula for estimating the contact area 
length is given by Eq. (5)
L R� �( / ) ( ),� �360 2 	 (5)

where L is estimated contact area length.

Fig. 9.  Comparison of asymmetric contact angles

a)          b)
Fig. 7.  Comparison of tire radial stiffness under different inflation pressure; a) 210 kPa, and b) 250 kPa
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Figure 10 shows a rolling tire’s estimated contact area length 
under different loads, compared with the contact area length obtained 
from finite element simulation. It can be observed that since the arc 
length is greater than the straight-line length, the estimated contact 
area length is larger than the simulation result, with a relative error 
exceeding 6 %. Under low and high load conditions, the error 
between the estimated and simulated values is minor, and it becomes 
larger under moderate load. To reduce the error in the estimated 
contact area length, a correction factor β accounts for the length 
difference between the arc and the straight line, as shown in Eq. (6).
L R� � �( / ) ( ) .� � �360 2 	 (6)

Fig. 10  Estimation and simulation values of contact area length under different loads

To determine the value of the correction factor β, values of β were 
chosen as 1 mm, 2 mm, 3 mm, and 4 mm to calculate the relative error 
in the contact area length for each correction factor, as shown in Fig. 
11. It can be observed that as the value of β increases, the estimation 
accuracy of the contact area length improves. After considering the 
overall performance for different values of β, a correction factor β of 
3 mm was selected.

Fig. 11.   Relative error of different correction factor values

Simulation results were further used to obtain ϕ1 of the grounding 
angle and L1 of the contact area length under different loads. 
Estimated values for the contact angle ϕ2 and the contact area length 
L2 are determined using Eqs. (4) and (6). Comparison shown in Fig. 
12 reveals that the disparity between simulated value ϕ1 and estimated 
value ϕ2 of the contact angle is less than 1°, and the maximum error 
between simulated value L1 and estimated value L2 of the contact 

area length does not exceed 3 mm, verifying the accuracy of this 
estimation method.

Fig. 12.  Comparison of contact parameter estimation results under different loads

3  RESULTS AND DISCUSSION

3.1  Contact Pressure Distribution of Rolling Tires

Accurately describing the pressure distribution within the tire's 
contact area is crucial for ensuring the accuracy of estimates 
concerning longitudinal forces, slip point, and tire-road adhesion 
coefficients. Typically, pressure distribution within the tire's contact 
area is assumed to follow a symmetrical parabolic distribution. 
However, this symmetrical parabolic distribution only applies when 
the tire is in a state of free rolling within small loads. Under varying 
working conditions, a symmetrical parabolic distribution cannot 
accurately represent actual tires. Hence, according to the tire contact 
pressure distribution function presented in UniTire model [20], this 
article utilizes arbitrary pressure distribution within the UniTire 
model to uniformly express the pressure distribution of rolling tires 
during braking. The pressure distribution of the tire is defined as 
follows:

q u F
a
A u Buz

z n( ) ( ) ( ),� � � � �
2

1 12 	 (7)

where Fz is the vertical load, a is the half-length of the contact area, 
and A, B are undetermined coefficients.

The vertical load offset of the tire is set to ∆. According to the 
mechanical characteristics of the tire, the relationship between 
contact pressure distribution and tire vertical load Fz needs to be 
satisfied:
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while the following boundary conditions should be met:
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According to the boundary conditions the expression of A and B 
can be defined as:

A n
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The influence of n and ∆ / a on the contact pressure distribution 
function is shown in Fig. 13. The parameter n significantly influences 
the uniformity of pressure distribution, while parameter ∆ / a mainly 
affects the peak distribution on either side of the tire.

Table 3.  Simulation schemes

Number Load [N] Inflation pressure [MPa] Friction coefficient
1 2800 0.21 0.5
2 3800 0.21 0.5
3 4800 0.21 0.5
4 3800 0.26 0.5
5 3800 0.31 0.5
6 3800 0.21 0.1
7 3800 0.21 0.9

To verify the contact pressure distribution characteristics of a 
rolling tire during braking, it is necessary to determine the values 
of the parameters for the arbitrary pressure distribution function 
and assess whether this function can accurately describe the contact 
pressure distribution between the tire and the ground during braking. 
We designed seven different finite element simulation schemes using 
the control variable method to determine the effect of load, inflation 
pressure, and longitudinal force on pressure distribution under free 
rolling and braking conditions. The details of each simulation scheme 
are shown in Table 3.

Figure 14 illustrates the pressure distribution within the contact 
area of rolling tires under varying loads. The tire inflation pressure is 
0.21 MPa, the speed is 70 km/h, the friction coefficient is 0.5, and the 
slip rate of rolling tires during braking is 8 %. For the convenience 
of research, the pressure distribution simulation result is obtained 
by extracting the longitudinal centerline of the tire contact area. As 
shown in Fig. 14a, as the weight on a tire increases or decreases, 
and the length of its contact area with the ground also changes. 
When the tire bears more weight, the contact area becomes longer 
due to radial deformation of the tire. This happens because the tire 
deforms radially when subjected to greater loads. Additionally, as 
the weight increases, the highest-pressure point in the center of the 

a)           b)
Fig. 13.  Arbitrary pressure distribution with different parameters; a) ∆ / a = 0.04, n =1, 2, 3, 4, 5, and b) n = 2, ∆ / a = –0.04, –0.02, 0, 0.02, 0.04

a)           b)
Fig. 14.  Comparison of contact pressure distribution under the different loads: a) free rolling; b) braking
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tire's contact area decreases while the highest pressure on both sides 
increases. Similar simulation results are obtained under braking 
conditions, as shown in Fig. 14b. The comparison of contact pressure 
between the free rolling and the braking conditions shows that 
pressure distribution is approximately symmetric in free rolling but 
asymmetric in braking conditions.

Figure 15 illustrates the pressure distribution within the contact 
area of rolling tires under varying inflation pressure; the tire load is 
3800 N, the speed is 70 km/h, the friction coefficient is 0.5, and the 
slip rate of rolling tires during braking is 8 %. Figure 15a indicates 
that when the inflation pressure is 0.31 MPa, the contact area length 
of the rolling tires is less than that of 0.21 MPa. The tire's overall 
stiffness changes with the inflation pressure when the load remains 
unchanged. The higher the tire's inflation pressure, the less it deforms 
against the ground and the smaller the ground contact area becomes. 
Similar results are obtained under braking conditions. 

Figure 16 illustrates the pressure distribution within the contact 
area of rolling tires under varying friction coefficients; the tire 
inflation pressure is 0.21 MPa, the speed is 70 km/h, the load is 3800 
N, and the slip rate of rolling tires during barking is 8 %. Figure 16a 
shows that under free rolling conditions, the peak value of tire contact 
pressure increases with the increase of friction coefficients. However, 
the increasing trend is relatively small, and the length of the tire 
contact area remains unchanged. In Figure 16b, it can be observed 
that under braking conditions with an 8 % slip ratio, the pressure 
distribution between the tire and the ground shifts toward the front. 

Furthermore, as the road surface friction coefficient increases, the 
higher friction coefficient intensifies the frictional force between 
the tire and the ground, making the changes in the front end of the 
contact pressure distribution more pronounced.

Based on the finite element simulation results of contact pressure 
distribution under different operating conditions shown in Figs. 14-
16, it is demonstrated that the contact pressure distribution during 
tire braking is not parabolic symmetrical. Instead, the pressure 
distribution shifts toward the front end of the contact area depending 
on changes in operating conditions. In Figure 13, the arbitrary 
pressure distribution function solved in MATLAB can be adjusted 
by changing the values of parameters, thereby modifying the shape 
of the pressure distribution. Therefore, to describe the forward shift 
in contact pressure distribution during braking, parameters are set to 
–0.04 and 2, respectively, to approximate the characteristics of the 
contact pressure distribution between the rolling tire and the ground 
under braking conditions.

3.2  Estimate the Slip Point Based on Tire Brush Model

Under the condition of pure longitudinal slip, the tire only slips in 
the rolling direction, and the slip angle and lateral speed are zero, 
therefore, the linear speed of the tire is equal to the vehicle speed. 
During a vehicle's braking process, the tires undergo three phases: 
free-rolling, sliding while rolling, and pure slip, which is a dynamic 
and progressive process. Under braking conditions, a tire's slip rate 

a)           b)
Fig. 15.  Comparison of contact pressure distribution under the different inflation pressures; a) free rolling, and b) braking

a)             b)
Fig. 16.  Comparison of contact pressure distribution under the different friction coefficients; a) free rolling, and b) braking
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is calculated from the linear and rolling tire angular velocities at a 
known effective rolling radius, which is defined as shown in Eq. (11).

S v r
vx �
�� ,  (11)

where v and ω represent the vehicle speed and wheel angular speed 
respectively; r is the free-rolling radius of the wheel.

Fig. 17. Vehicle dynamics modeling

Accurate calculation of a tire's slip rate during vehicle braking 
requires accurate determination of the tire's linear and angular 
velocities as well as the size of the effective rolling radius. Wheel 
speed sensors on current vehicles can accurately measure the 
rolling tire's angular velocity while the vehicle is in motion, and the 
tire's linear velocity can be obtained from a body viewer or global 
positioning system (GPS). Several researchers have implemented the 
observation of longitudinal and transverse vehicle velocities using 
whole-vehicle dynamics models. However, the observed velocities 
represent the traveling speed at the vehicle's center. In order to study 
the relationship between the linear velocities of the four tires and 
the longitudinal and transverse velocities at the center of mass of 
the vehicle when the vehicle is moving, the relationship between the 
linear velocities of the four tires and the longitudinal and transverse 
velocities at the center of mass of the vehicle can be obtained by 
analyzing the whole vehicle's seven-degree-of-freedom dynamics 
model, which can be expressed as:

v v B r v l r
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,  (12)

where vfl, vfr, vrl, and vrl denote the tire speeds of the left front wheel, 
right front wheel, left rear wheel, and right rear wheel, respectively; 
δ is the tire angle of rotation; B is the wheelbase between the tires of 
the vehicle; lf and lr denote the axle distances between the front and 
rear axles of the vehicle.

A uniform definition of the slip rate of a tire based on the update 
of the imprint coordinates is used in the Unitire tire model. Based on 
this idea, this paper expresses the bristle slip within the contact area 
by determining the slip rate at a point in the center of the contact area 
to simplify the description of the bristle slip at different parts.

The brush model is a basic physical representation of a tire. It 
simplifies the tire as a rigid ring connected to a set of bristles. This 
model assumes that the bristles undergo elastic deformation when 
the tire touches the ground and carries the vertical, longitudinal, and 
lateral loads.

During pure longitudinal slip of the rolling tire, the contact area is 
partitioned into a slip zone and an adhesion zone [21]. The location of 
the slip point is critical for delineating the slip zone and the adhesion 
zone. Moreover, the slip points vary with different slip rates, 
influencing the longitudinal force's magnitude within the contact 
area, as shown in Fig. 18.

When there is a re lative slip between the tire and the road contact 
area, the friction between the tire and the ground is dynamic. In such 
cases, the longitudinal force can be calculated by taking the integral 
of the vertical load of the bristles and the friction coefficient. This is 
shown in Eq. (13):

F a u q u dusl s z
uc

� � ( ) ,

1

 (13)

where a is half the length of the tire contact area; uc is the slip point; 
us is the friction coefficient; qz(u) is a function for arbitrary pressure 
distribution in the tire contact area.

When there is no relative slip between the tire and the road surface, 
the longitudinal force at each point of the tread in the adhesion zone 
is the product of the longitudinal stiffness and the longitudinal 
deformation of the tread, expressed as:

q u k x k S
S
aux tx

tx x

x

( ) .� � �
�1

 (14)

where ktx is the longitudinal stiffness of the element bristles. Our 
research group has identified the stiffness of 205/55R16 radial tires 
[22], and the longitudinal stiffness of the tire selected in this article 
is 3680000 N/m2. The normalized coordinate of the tire contact area 
is defined wit symbol u; through integration, the longitudinal force 
expression of the grounding imprinting adhesion area can be obtained 
as:

F a k S
S
auduad

tx x

x

uc

�
��

� 1
1

.  (15)

Fig. 18. Slip zone  and adhesion zone in the contact area

The slip point is the demarcation point between the adhesion and 
slip zones. At the slip point, the longitudinal forces in the adhesion 
and slip zones are equal. Therefore, the joint Eqs. (13) and (15) will 
lead to Eq. (16).

k S
S
au u q utx x

x
c s z c

1�
� ( ).  (16)

Upon inputting known pa rameters into Eq. (16) and utilizing 
MATLAB software to solve the calculation, the expression is further 
articulated as:
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where zi (i = 1, 2, 3, 4, 5) results in the equation having a total of 5 
roots.

By analyzing Eq. (17) for the slip point uc, it can be concluded 
tha t the slip rate, load, and longitudinal stiffness directly affect the 
calculation results of the slip point uc. Meanwhile, since Eq. (17) 
for the slip point uc is a complex equation with 5 roots, the process 
of solving is too cumbersome, and sometimes judgment failure 
may occur under the condition of small slip rates. Therefore, it is 
meaningful to simplify the solution process. As shown in Fig. 19, the 
tire-road adhesion coefficient estimation function designed in this 
paper for different slip rates is mainly for the tire’s braking condition, 
and the longitudinal stiffness of the tire tread does not change during 
the vehicle's driving process. Based on the slip point solu tion in Eq. 
(17), the conjecture assumes the formula defined in Eq. (18) for 
calculating the slip point at different slip rates. 

Fig. 19. Variable analysis of the fitting formula

The process of assumption of the fitting formula Eq. (18) is as 
follows:
1. This paper mainly estimates the tire-road adhesion coefficient 

under different slip rates, so the slip rate is set as a main variable. 
2. According to the analysis of the slip point solution formula in Eq. 

(17), it is found that tire load and longitudinal stiffness of tread 
also affect the calculation accuracy of slip point.

3. Tire load and longitudinal stiffness of tread are introduced into the 
assumption of slip point fitting formula into Eq. (18).

4. Finally, through adjusting the order of the fitting equation function 
defined in Eq. (18), the slip point fitting function was established 
and solved.

u a S a S a k S a Fc x x tx x z� � � � � � � �1 2 3 4

3 2
.  (18)

Figure 20 demonstrates the slip point fitting results for different 
slip rates at a load of 4000 N with constant longitudinal tire tread 
stiffness. Equation (18) can be fitted fairly good, which proves that 
the assumptions made in Eq. (18) in this paper are correct. This article 
exploits the calculation method to obtain the split point uc under six 
load conditions of 2000 N, 2500 N, 3000 N, 3500 N, 4000 N, and 
4500 N for data fitting, the slip rate ranges from 0.02 to 0.6 with 
intervals of 0.02, the friction coefficient is set at 0.5, and the tire’s 
rolling speed is maintained at 19.44 km/h. Table 4 shows the values 
of a1, a2, a3 and a4 under six groups of load conditions.

Fig. 20. Data fitting process

From Table 4, it is evident that with the increase in load, the values 
of fitting coefficients a1, a2 and a3 exhibit a gradual decrease, and 
the rate of decrease diminishes progressively. The fitting coefficient 
a4 undergoes a fluctuating pattern with increasing load, showing a 
nonlinear relationship. To make the formula of split point uc respond 
to the changing trend of tire load, the relationship between a1, a2, a3 
and a4 coefficients and load is analyzed respectively, nonlinear fitting 
is carried out in the MATLAB fitting toolbox. The fitting relationship 
between a1, a2, a3 and a4 and the load is shown in the following 
equation:
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Table 4. Fitted values of a1, a2, a3, a4 under six sets of loads

Load [N] a1 a2 a3 a4 RMSE
2000 –177.6 110 –0.000006653 0.0005979 0.02931
2500 84.13 66.7 –0.000005148 0.0005864 0.02986
3000 –55.04 49.68 –0.000004399 0.0005921 0.02685
3500 –30.6 33.89 –0.00000363 0.0005819 0.03029
4000 –19.68 25.36 0.000003129 0.000289 0.0324
4500 –18.63 24.41 0.00000308 0.0006173 0.02453

Table 5 shows the fitting data of a1, a2, a3, a4. To further validate 
the accuracy of the fitted slip point estimation formula, we substituted 
the estimated slip point into the longitudinal force formula and 
compared it with the longitudinal force obtained through finite 
element simulation. Three simulation scenarios were established to 
simulate the transition of the rolling tire from free rolling to lock up 
under load conditions of 2800 N, 3800 N, and 4800 N. The inflation 
pressure was set at 0.21 MPa, and the coefficient of friction was set 
to 0.5.

Figure 21 presents the tire’s estimated and simulated longitudinal 
forces under three different load conditions. It can be observed that, 
with the increase in slip rate, the simulated longitudinal force of the 
tire increases almost linearly, reaching a maximum value around a 
slip rate of 10 %, after which it remains constant. The load influences 
the estimated longitudinal force. When the load is 2800 N, the trends 
of the simulated and estimated longitudinal forces are generally 
consistent. As the load increases, the estimated longitudinal force 
rises more slowly in the low-slip region, and the peak shifts to a 
higher slip rate. In the high-slip region, the estimated longitudinal 
force aligns closely with the simulated values, indicating that the 
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tire’s longitudinal force estimated at the slip point under Coulomb 
friction is accurate, with virtually no error in the high-slip region.

Fig. 21.  Longitudinal force estimate and simulation values under the Coulomb friction model

3.3  Tire-road Adhesion Coefficient Estimation

According to the friction theorem, the tire-road adhesion coefficient 
is defined as the ratio of the longitudinal force and the vertical force 
of the tire contact area, which is expressed as:
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Given the tire longitudinal stiffness and load one needs to decide 
upon the appropriate fricrion model. The friction mechanism between 
tire rubber and the road surface is complex, involving factors such as 
the viscoelasticity of the rubber material, road surface roughness, and 
deformation in the tire contact area. It can be divided into adhesive 
friction and hysteresis friction [23]. The friction between tire rubber 
and the road surface is nonlinear, meaning the friction coefficient is 
not constant. When the slip ratio is low, adhesive friction plays the 
primary role during braking. As the slip ratio increases, hysteresis 
friction gradually becomes more prominent. When the slip ratio 
approaches full slip, the friction force tends to saturate and slightly 
decrease. Therefore, this paper adopts an exponential decay friction 
model to describe the nonlinear friction characteristics between tire 
rubber and the ground, aiming to improve the accuracy of friction 
force prediction under dynamic conditions, as shown in Eq. (21).
u u u u es k h k

s� � � � �( ) ,� 	 (21)
where uk is the dynamic friction coefficient at the highest slip speed,  
uh is the static friction coefficient at zero slip velocity, α is a self-
defined attenuation coefficient according to road roughness, and s is 
the slip speed.

The static friction coefficient is closely related to the roughness 
of the road surface, while the decay coefficient is highly dependent 

on surface roughness [23]. In [23], the authors compared the friction 
forces under Coulomb friction and exponential decay friction models 
for a static friction coefficient of 0.3. By selecting decay coefficient 
values of 0.05 and 0.5 to represent good and poor surface roughness, 
respectively, they compared the variation in friction coefficient with 
sliding speed, as shown in Fig. 22.

Fig. 22.  Slip starting position under different slip rates

To validate the Eq. (20), which incorporates an exponential decay 
friction model and can accurately estimate the longitudinal force 
and friction characteristics between tire rubber and road surface, 
we obtained the optimal slip ratio and peak adhesion coefficient 
during braking, and provided accurate inputs for active safety control 
of vehicles. This study used finite element simulation software 
(Abaqus) to perform simulation analysis of the tire transitioning from 
free rolling to full slip under three load conditions: 2800 N, 3800 N, 
and 4800 N. A comparison between the finite element simulation 
results and the estimates from Eq. (20) is shown in Fig. 23, which 
illustrates the comparison between the simulated longitudinal force 
and the estimated longitudinal force obtained using the exponential 
decay friction model. Using the exponential friction model, the peak 
longitudinal force changes with the load increase; when the load is 
2800 N, 3800 N, and 4800 N, the peak longitudinal force appears 
near the slip rate of 14 %, 18 %, and 22 %. After that, it began to 
decline, and the simulation results were consistent with the estimated 
results.

Based on the simulation results, the feasibility of Eq. (20) in 
estimating the tire-road adhesion coefficient at different slip rates was 
verified. The vehicle speed sensor and wheel speed sensor measure 
the tire’s linear and angular velocities, and the tire’s slip rate is solved 
according to Eq. (7). Finally, the estimation of the tire-road adhesion 
coefficient at different slip rates is completed based on the method of 
estimating the contact area length and the slip point solution method 
established in Section 2.3 and 3.2. Finally, the tire-road adhesion 
coefficient under different slip rates can be estimated by inputting 

Table 5.  Fitted values of p1, p2, p3, p4, p5, p6

p1 p2 p3 p4 p5 p6 R2

1.822×10–8 2.158×10–4 0.8604 –1179 / / 0.9925
–5.586×10–9 7.201×10–5 –0.3165 498.5 / / 0.9947
–6.392×10–21 9.935×10–17 –6.044×10–13 1.8 ×10–9 –2.622 ×10–6 0.001489 0.9999
3.744×10–19 –5.771×10–15 3.489×10–11 –1.035 ×10–7 1.505 ×10–4 –0.08527 0.9998
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vehicle speed, tire angular velocity, longitudinal stiffness, load, and 
slip point. 

Fig. 23.  Longitudinal force estimate and simulation values under the exponential friction model

Fig. 24.  Estimation results of tire-road adhesion coefficient under different slip rates

Figure 24 shows the estimated values of tire-road adhesion 
coefficient under different slip rates when the decay coefficient of 
the exponential decay friction model is 0.05, 0.1, 0.2, 0.3, 0.4, 0.5. 
It can be obtained that the estimated tire-road adhesion coefficient 
rises rapidly in an approximately linear relationship before reaching 
the peak adhesion coefficient when the slip rate is 15 % to 20 %, 
and then begins to decline slowly. This is due to the local increase of 
relative slip in the tire contact area before reaching the peak adhesion 
coefficient, resulting in slower tire-road adhesion coefficient with the 
increase of slip rate. Because the dynamic friction factor between 
friction pairs is smaller than the static friction factor, the estimated 
tire-road adhesion coefficient gradually decreases after reaching the 
peak adhesion coefficient, consistent with the resulting trend in the 
references [24,25]. As noted in the previous discussion and based on 
[26], the decay rate is related to the surface roughness of the road. 
It can be observed that a higher decay rate results in a lower peak 
adhesion coefficient between the tire and the road surface, as well as 
a lower optimal slip rate, which is consistent with [27,28]. Therefore, 
the tire-road adhesion coefficient estimation under different slip rates 
designed in this paper can effectively identify the optimal tire slip 
rates and the vehicle’s peak tire-road adhesion coefficients during the 
driving process. It provides accurate inputs for the whole vehicle’s 
drive anti-skid control and, simultaneously, can improve the control 

accuracy of the vehicle’s anti-lock breaking system (ABS) and other 
active safety control systems [29].

4  CONCLUSION

This study combines strain sensors with a brush model to develop 
a method for estimating the tire-road adhesion coefficient of rolling 
tires at various slip rates during braking. The following conclusions 
were drawn from this study:
1.	 During the braking process of rolling tires, the average peak angle 

spacing between the first-order and second-order curves of the 
tire's inner layer centerline circumferential strain can effectively 
represent the tire contact angle, and an estimation method for 
the contact angle of rolling tires is put forward by using the 
circumferential strain signal characteristics. Considering the 
asymmetry of the front and rear contact angles of rolling tires in 
a braking state, an arc length formula is employed to estimate the 
rolling tire contact area length; the arc length formula calculates 
the arc length based on the central angle and radius, with a defined 
factor aimed at minimizing the discrepancy between the arc length 
and the straight line. The maximum relative error of the estimated 
values using the arc length formula compared with the simulation 
results is less than 3 mm. This method offers an approach for 
utilizing innovative tires to estimate the contact area length.

2.	 Considering that the rolling tire contact pressure distribution is 
affected by conditions such as load, inflation pressure, friction 
coefficient, etc., an arbitrary pressure distribution function 
is selected to describe the pressure distribution of the rolling 
tire during braking. The slip point is the pivotal factor for 
distinguishing between the adhesion and slip zones. Given the 
influence of load, tire longitudinal stiffness, and slip rate on the 
rolling tire slip point, as well as the high-order function of the 
pressure distribution function, a nonlinear regression equation is 
used to establish the estimation function for the slip point. The 
comparison between simulation values and estimated values of 
longitudinal force confirms the accuracy of the estimation method 
using the nonlinear regression equation.

3.	 An estimation method based on the designed contact area length 
and slip point, employing the brush model, developed a method 
for estimating tire-road adhesion coefficient. This method 
establishes the functional relationship between the tire-road 
adhesion coefficient and the slip rate, determining the required 
input parameters: slip rate, load, tire longitudinal stiffness, slip 
point, and contact area length. Assuming a known load, the tire-
adhesion coefficient estimation method presented in this paper 
enables the estimation of the road adhesion coefficient of rolling 
tires at various slip rates during braking. By integrating sensors 
and mathematical models, this method offers a technical solution 
for applying intelligent tires in vehicle control, contributing 
positively to the future development of intelligent tire technology.

4.	 Due to the difficulty of controlling the slip rate and measuring 
the slip point location, this study did not conduct actual vehicle 
experiments on various road surfaces. The method designed 
in this paper for estimating the tire-road adhesion coefficient 
under different slip rates mainly considers the pure longitudinal 
slip condition of the tire. It does not take into consideration the 
vehicle's lateral slip, composite conditions during driving, and 
estimation of parameters such as wheel steering, slip angle, 
wheel alignment angle, etc., which has some limitations on the 
prospect of the vehicle's application. In future research work, 
contact pressure distribution tests of rolling tires, identification 
and calibration tests of the parameters in the slip point fitting 
equations, and tests of tire-road adhesion coefficients at different 
slip rates will be conducted to optimize further the method of tire-
road adhesion coefficient estimation established in this paper.
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Metoda določanja koeficienta oprijema med pnevmatiko 
in cestiščem na podlagi fizikalnega modela pnevmatike in 
deformacijskega signala pri čistem vzdolžnem zdrsu

Povzetek  Za natančen izračun koeficienta oprijema med kotalno 
pnevmatiko in cestiščem pri različnih stopnjah zdrsa ter izboljšanje varnosti 
in stabilnosti vozila je bila predlagana metoda ocene koeficienta oprijema 
med pnevmatiko in cestiščem, ki temelji na deformacijskih senzorjih in 
ščetkastih (brush) modelih. Najprej je bil izdelan FEM model radialne 
pnevmatike dimenzij 205/55R16, katerega učinkovitost je bila potrjena s 
poskusi statičnega stika s podlago in merjenjem radialne togosti. Nato je bil 
med zaviranjem pridobljen signal obodne deformacije vzdolž sredinske linije 
notranje površine pnevmatike, dolžina kontaktne površine pa je bila ocenjena 
z uporabo formule za dolžino loka na podlagi povprečne razdalje med vrhovi 
prvega in drugega reda krivulj obodne deformacije. Simulacija zaviranja 
kotalnih pnevmatik je potrdila nesimetričnost porazdelitve tlaka na kontaktni 
površini. Položaj točke zdrsa znotraj kontaktne površine je bil ocenjen na 
podlagi poljubne funkcije porazdelitve tlaka in ščetkastega modela. Za 
določitev ocenjevalne funkcije točke zdrsa pri različnih stopnjah zdrsa je 
bila uporabljena nelinearna regresija. Vzpostavljena je bila funkcionalna 
zveza med koeficientom oprijema pnevmatika–cestišče in stopnjo zdrsa, ki 
upošteva značilnosti trenja med gumijasto površino pnevmatike in cestiščem, 
pri čemenr je bil uporabljen model trenja na osnovi eksponentnega upadanja. 
Rezultati kažejo, da opisana metoda omogoča oceno koeficienta oprijema 
med pnevmatiko in cestiščem pri različnih stopnjah zdrsa, kar zagotavlja 
dragocena spoznanja za aplikacije inteligentnih pnevmatik na področju 
nadzora dinamike vozil.

Ključne besede  inteligentna pnevmatika, ocena koeficienta oprijema med 
pnevmatiko in cestiščem, točka zdrsa, stopnja zdrsa, nelinearna regresija
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Abstract  This study investigates the tooth flank contact characteristics of a beveloid gear pair through the lens of higher-order curve tooth modification of 
the involute beveloid gear. The machining coordinate system of the modified gear pair is established, and its tooth surface equations are derived based on 
the principle of gear meshing and coordinate transformation. In this context, a contact analysis of the modified gear is conducted, examining the impact of 
varying parameters on the contact trace and contact ellipses, as well as the implications for meshing characteristics in the presence of assembly errors. 
The findings indicate that the contact form of the high-order curve axial modification of the beveloid gear pair is point contact. Furthermore, the maximum 
modification magnitude and the order of the modification curve influence the meshing performance of the beveloid gear pair. Additionally, the beveloid gear pair 
demonstrates enhanced tolerance to the center distance and the axis crossed error, while exhibiting reduced tolerance to the axis intersected error.

Keywords  involute beveloid gear, higher order curve axial modification, tooth contact analysis, transmission error, assembly error

Highlights
▪▪ The model of involute beveloid gear pair with higher-order curve axial modification is constructed.
▪▪ The contact paths and contact ellipses of the modified beveloid gear pair are derived.
▪▪ The transmission error of the modified gear pair is calculated.
▪▪ The transmission error difference of the modified gear pair with different assembly errors is analyzed.

1  INTRODUCTION

Involute beveloid gears offer a number of advantages, including 
ease of manufacture, low cost and high accuracy. As a result, 
they are suitable for a range of applications, including fast ferries, 
all-drive automobiles, aerospace precision machinery and other 
instances of power transmission. However, the beveloid gear pair 
exhibits transmission error, uneven contact stress distribution, and 
other factors during operation, which result in vibration impact and 
a reduction in load-bearing capacity and transmission performance. 
Consequently, there is a need to enhance the durability of the gear 
pair's surface and improve its load-bearing transmission performance.

The load-bearing capacity represents a crucial criterion for 
evaluating the performance of gear transmissions. The accuracy of 
the model of tooth contact stress and inter-tooth load distribution 
coefficient is a fundamental prerequisite for ensuring the precision 
of the calculated results of gear bearing contact mechanics [1]. 
Modification can effectively enhance the gear dynamic load change 
gradient, mitigate shock, vibration and noise, and thus improve the 
quality of gear transmission. Axial modification is one of the methods 
of tooth modification, which can also be termed micro-geometric 
design. It is an effective approach to augment such performance.

The modelling of involute beveloid gears provides the foundation 
for related research. Chen et al. [2] proposed a method for 
machining a straight-toothed beveloid internal gear pair with tooth 
blanks parallel to the gear shaping tool. Additionally, they derived 
theoretical models for the beveloid internal gear and the beveloid 
external gear, and conducted a load-bearing contact analysis. Sun et 
al. [3] put forth a novel approach to modelling the tooth surface of 
involute beveloid gears, employing the theory of minimum potential 
energy in conjunction with the slicing method. They also investigated 
the impact of design parameters on the contact characteristics of 

parallel axis beveloid gears. Şentürk and Fetvacyi [4] developed a 
mathematical method for the prevention of root cuts on the model 
of beveloid gears. They also developed a mathematical method for 
the prevention of root cuts on the model of parallel shaft variable 
thickness gears. Furthermore, they developed a mathematical method 
for the prevention of root cuts generated on beveloid gear. 

The meshing stiffness is also a frequently studied topic in the digital 
modelling of gears. Wen et al. [5] derived the contact line equations 
of a parallelled beveloid gear pair, proposed an analytical algorithm 
for calculating the meshing stiffness of a beveloid gear based on the 
slicing method, and analyzed the effect of changing parameters on 
the meshing stiffness of a beveloid gear. Song et al. [6] put forth a 
methodology for calculating the meshing stiffness of parallelled 
beveloid gears based on the potential method. They also investigated 
the impact of parameters such as pressure angle, pitch cone angle, 
gear displacement coefficient, and others. Zhou et al. [7] developed an 
alternative meshing stiffness model that considered the influence of 
parameters like the direction of inter-tooth friction. The influence of 
specific parameters on the meshing stiffness was examined, including 
pressure angle, pitch cone angle, and gear displacement coefficient. 
Mao et al. [8] enhanced the existing Weber energy method, which is 
based on the gear slicing method, constructed a time-varying mesh 
stiffness solution model for involute beveloid gears, and calculated 
and verified the time-varying meshing stiffness of beveloid gears. Liu 
et al. [9] constructed a three-dimensional model of a beveloid gear 
transmission and a gear dynamics model of a parallelled beveloid 
gear, based on the processing principle of a beveloid gear. They then 
proceeded to analyse the influence factors of the transmission error of 
a beveloid gear.

The microgeometric design of the beveloid gear, also referred 
to as the modification of the beveloid gear tooth, has constituted 
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a significant field of investigation in recent years. Wang et al. [10] 
put forth a methodology for calculating modifications to tooth 
profiles for the purpose of analysing tooth contact. Fuentes et al. 
[11] proposed an enhanced solution for intersecting beveloid gears 
with two distinct types of tooth profile bulge modification, with the 
objective of enhancing load-carrying capacity and reducing noise 
and vibration response. Şentürk et al. [12] developed a computer 
programme to obtain generating and generated surfaces of beveloid 
gears with modification. Morikawa et al. [13] examined the impact 
of tooth profile modifications on tooth surface damage through the 
utilization of a tooth fatigue test. In a further contribution to the 
field, Brecher et al. [14] put forward a method for the design of the 
tooth surface of intersected beveloid gears, taking into account the 
tolerance field for functional tolerance. Brimmers et al. [15] also 
made a significant contribution to the design of tooth flanks of 
variable thickness gears, investigating the possibility of free flank 
modification by means of a weighted objective function of beveloid 
gears with respect to the operating behavior. Ni et al. [16] designed 
a rack cutter with a parabolic modification to enhance the contact 
characteristics of helical beveloid gears. They then proceeded to 
investigate the impact of the parabolic modification on the contact 
path and contact ratio. Finally, they conducted an in-depth analysis 
to determine the sensitivity of beveloid gears to mounting errors. 
Liu et al. [17] put forth a numerical design methodology to augment 
the meshing characteristics of alternated beveloid gears through 
modification on the contact ellipse, contact path, transmission error, 
and relative curvature. Cao et al. [18] introduced the rack cutter with 
parabolic modification into the design of intersected beveloid gear 
pairs and investigated the effects of the modification coefficients on 
the mesh characteristics of the gear pair, including contact mode, 
transmission error, mesh stiffness, contact force, and tooth root stress. 
Zhang et al. [19] proposed a differentiated modification method based 
on a sine function, analyzed the dynamic characteristics and noise 
of gear pairs, comparing unmodified, normally, and differentially 
modified gears.

Presently, the majority of modification designs for involute 
beveloid gears are based on previous design experience. 
Consequently, the innovative modification method for beveloid gears 
is of great significance, as it offers a promising avenue for enhancing 
the meshing characteristics of beveloid gear pair. The involute 
parallelled beveloid gear is distinguished by a distinctive tooth 
surface configuration, which exhibits the phenomenon of automatic 
backlash adjustment. However, modifications to this configuration 
are not recommended for significant alterations in the central portion 
of the tooth surface. Instead, high-order curves are employed to the 
axial modification, resulting in a notable discrepancy between the 
two ends and a relatively minor discrepancy in the central region. 
This paper derives the mathematical equations of the tooth surface 
of the beveloid gear under the corresponding design parameters, 
including the maximum amount of thickened gears. It clearly outlines 
the design steps of the modelling method of the high-order curve axial 
modification model and carries out a tooth contact analysis (TCA) 
for the modification of the parallelled beveloid gear. This aims to 
establishing a perfect modification theory of the involute parallelled 
beveloid gear transmission and promoting the development and 
application of the beveloid gear.

2  METHODS & MATERIALS

The tooth profiles of the involute beveloid gear, as they exist in 
their unmodified state, can be considered to be generated under the 
tooth profile envelope of a usual rack cutter. In accordance with this 
principle, the tooth surface equations of the beveloid gear can be 

derived by undertaking a series of coordinate transformations through 
the rack cutter surface equations, as illustrated in Fig. 1. In the figure, 
the angle formed by the normal coordinate system Sn(xn, yn, zn) and the 
end coordinate system So(xo, yo, zo) of the rack cutter is the helix angle 
β, while the angle formed by the end coordinate system So and the 
pitch coordinate system Sc(xc, yc, zc) is the pitch angle γ. Coordinate 
system Sj(xj, yj, zj) is a movable coordinate system attached to the 
blank of the beveloid gear, while coordinate system Sb(xb, yb, zb) is 
a stationary coordinate system with its origin located at the center of 
the end face of the blank of the beveloid gear. The coordinate origin 
position On of Sn is jointly determined by the variable u = Oo On and 
the helix angle β. The angular velocity during the rotation of the 
beveloid gear blank is ω, the radius of the dividing cylinder of the 
beveloid gear is r, the translation speed of the rack cutter is v = ω·r, 
and the real-time rotation angle of the beveloid gear during the 
machining process is φj.

Fig. 1.  Coordinate system for the generation of the beveloid gear

In the normal coordinate system Sn of the rack cutter, the normal 
tooth profile vector of the rack cutter is given by

rn n n nx y z= [ ]1 T 	 (1)
The rack cutter surface in the pitch coordinate system, designated 

Sc, can be obtained by combining the normal tooth profile vectors 
with the following coordinate transformations:
r M rc cn n c c cx y z= = [ ],1 	 (2)

where rc is the position vector of the rack cutter surface in the 
coordinate system Sn; The transformation matrix, designated as Mcn, 
is employed for the purpose of effecting a change from the coordinate 
system Sn to the coordinate system Sc, and the transformation matrix 
is given by:
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The position vector rc of the tooth face of the rack cutter in the 
section coordinate system Sc is combined with the relative motion 
relationship between the rack cutter and the gear blank during the 
machining process. Consequently, the equation representing the tooth 
face of the beveloid gear in coordinate system Sj is derived as:
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where xj, yj, zj represent the position vectors of the tooth surface of 
the beveloid gear, and nxc, nyc and nzc denote the unit normal vectors 
of the rack cutter surfac e.

In accordance with the tooth equation, a computer program has 
been developed to generate the point set of the tooth profile of an 
involute beveloid gear. Figure 2 illustrates the point cloud model of 
the tooth profile of the beveloid gear with the parameters outlined in 
Table 1.

Table 1. Basic parameters of involute beveloid gears

Parameters Pinion Gear
Normal modules [mm] 2.5
Center distance [mm] 80
Pressure angle [°] 20
Tooth number 27 37
Tooth width [mm] 26 24
Pitch angle [°]) 6 6

Fig. 2. Point cloud model of beveloid gear tooth surface

In the event of a high-order curve axial modification being applied 
on the involute beveloid gear, the amount of modification at each 
location in the axial direction can be expressed as follows:

�u m ma B u a� ��
�
�

�
�
� �0

2

1

1

2
,  (5)

where ami represents the modification factor of gear thickness 
modification (i = 0, 1), B denotes the length of the tooth width of the 
beveloid gear, and u signifies the distance from the end face in the 
axial direction at that specific point.

Fig. 3. Beveloid gear with higher order curve axial modification

Figure 3 illustrates the modification of the involute beveloid gear 
under conditions of high-order curve axial modification. The dotted 
and solid lines indicate the tooth surface of the beveloid gear before 

and after modification, respectively. The maximum modification 
magnitude	of	the	beveloid	gear	is	represented	by	Δmax.

3 RESULTS AND DISCUSSION

3.1 Tooth Contact Analysis of Involute Beveloid Gear Based 
on High-Order Curve Axial Modifi cation

Following the axial modification of the involute beveloid gear, the 
tooth face of the beveloid gear assumes a drum-shaped configuration, 
and the equations governing this tooth face exhibit greater complexity 
compared to those of the ordinary involute gear. In order to study the 
meshing characteristics, a meshing coordinate system is established 
for the beveloid gear. The TCA mathematical model of the involute 
beveloid gear pair is then obtained by transforming the coordinate 
system so that the modification of the pinion and the gear can achieve 
the correct meshing under this coordinate system. 

In accordance with the tooth surface equation of the high-
order curve axial modification of the beveloid gear outlined in the 
preceding section, the tooth position vectors rp and rg and normal 
vectors np and ng of the pinion and gear can be derived using the 
following expressions:
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where the functions xp, yp, zp, npx, npy, and npz are defined with respect 
to two independent variables, up and vp. Similarly, the functions xg, 
yg, zg, ngx, ngy, and ngz are defined with respect to two independent 
variables, ug and vg.

The beveloid gear pair transmission introduces two new variables, 
designated as ψp and ψg, which represent the position angles of the 
pinion and the follower, respectively. These variables satisfy the 
conditions at a ratio of i:

� �g p i/ .�  (7)
Following the implementation of the high-order curve axial 

modification scheme, the configuration of tooth contact is 
characterized by point contact. Furthermore, the two position vectors 
and the two normal vectors of the two conjugate tooth surfaces at the 
contact point are equal [20]. In consequence, the mathematical model 
for contact analysis of a beveloid gear pair is given by:
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The partial vectors in the x, y, and z directions corresponding to 
the position and normal vectors in Eq. (8) are equal. Furthermore, 
by coupling Eq. (7), four relatively independent sets of equations 
can be obtained. In the contact analysis calculation of the beveloid 
gear pair, the position angle ψp of the pinion can be regarded as a 
known quantity and solved separately by substituting a number of 
values within the meshing range. This results in the original set of 
equations becoming composed of four independent equations with 
four independent variables. Consequently, the solution to the set 
of contact equations can be achieved. The initial meshing point is 
designated as the reference point for calculation, and the resulting 
tooth contact trajectory points are shown as discrete red points in Fig. 
4.

In order to analyze the contact area of the tooth surface of the 
beveloid gear pair, it is necessary to calculate the curvature of the 
tooth surface. The first-order and second-order partial derivatives 
of the position vector r can be derived from the first and second 
fundamental quantities of the surface, as follows:
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where the ru and rv represent the first-order partial derivatives of the 
position vector r with respect to u and v, respectively. Meanwhile, 
ruu, ruv and rvv denote the second-order partial derivatives of the 
position vector r. E, F, and G are the first fundamental quantities of 
the surface, and L, M, and N are the second fundamental quantities of 
the surface. The unit normal vector n at point (u, v) is given by Eq. 
11.

Fig. 4.  Contact path for the tooth surface with high-order curve axial modification

The variation of curvature at the tooth contact point can be 
obtained from the principal curvature, which in turn allows for the 
calculation of the size and location of the contact area. The tooth 
profile direction principal curvature (K1) and the tooth width direction 
principal curvature (K2) are solved by the Gaussian curvature (K) and 
the mean curvature (H). This process is described by Eqs. (12) to 
(15):
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The tooth contact form of the beveloid gear with high-order curve 

axial modification is characterized by point contact. However, in 
actual conditions, this contact will extend into an elliptical contact 
area due to elastic deformation, as illustrated in Fig. 5.

Fig. 5.  Tooth contact area

In Figure 5, a and b represent the lengths of the semi major axis 
and semi minor axis of the contact ellipses, respectively. The angle 
α denotes the angle between the normal vector z at the contact point 
and the principal direction e of the tangent plane at that point. The 
dimensions and orientation of both the semi major axis and semi 
minor axis of the contact ellipses can be inferred from the curvature 
characteristics of the tooth surface:
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Given that tooth contact analyses are typically conducted under 
light load conditions, the elastic deformation δ in Eq. (16) to Eq. (17) 
is typically assumed to be 0.00025 inch, or 0.00632 mm. K∑

1  and 
K∑

2  are obtained by adding K1 and K2 for the pinion and the gear, g1 
and g2 are obtained by subtracting K2 from K1 for the pinion and the 
gear, respectively. Figure 6 illustrates the variation in contact ellipses 
of the modified beveloid gear pair throughout the meshing process. 

Fig. 6.  Tooth contact ellipses

Figure 7 illustrates the variation in the area of the contact ellipses 
over time for different modification magnitudes. It can be observed 
that an increase in the magnitude of the modification results in a 
reduction in the contact ellipse area, which consequently gives rise 
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In conjunction with the tooth contact trajectory, the theoretical 
transmission error of the modified beveloid gear pair in the 
transmission process can be derived [21], as illustrated in Fig. 8. 
Figure 9 illustrates the cumulative transmission error of the beveloid 
gear pair following the superimposition of the transmission error of 
a single pair of teeth under varying modification curves. Figure 10 
depicts the corresponding peak-to-peak transmission error. It can be 
observed that an increase in the order of the modification curve is 
associated with a reduction in the transmission error of the beveloid 
gear pair. This is accompanied by a decrease in the peak-to-peak 
value of the transmission error, which is conducive to the smooth 
transmission of the gear pair.

3.2  Influence of Assembly Error on Contact Characteristics of 
Involute Beveloid Gear with High-Order Curve Axial Modification

In involute beveloid gear pair, three principal forms of assembly 
errors may occur: center distance error, shaft staggering error, and 
shaft intersection angle error. These are illustrated in Fig. 11.

In the event of a solitary assembly error, the positive and negative 
assembly errors exert an opposing influence on the meshing path, 
while the impact of center distance errors is comparatively negligible. 
In the event of equality between the error values, the shaft intersection 
angle error exerts a more pronounced influence on the meshing path 
than the shaft staggering error.

Fig. 10.  Peak-to-peak value of the transmission error of beveloid gear pair

In order to investigate the impact of assembly errors on the 
meshing characteristics of the beveloid gear pair, a series of 
assembly errors have been introduced into the calculation of tooth 
contact analysis, with the resulting contact paths and contact ellipses 
illustrated in Fig. 12.

Figure 13 illustrates the variation in transmission error for the 
beveloid gear pair in the presence of a center distance error of 0.5 
mm, a shaft staggering error of 0.3°, and a shaft intersection angle 
error of 0.3°, respectively. Figure 14 depicts the peak-to-peak value 
of transmission error for the aforementioned three cases. It can 

          
Fig. 11.  The forms of assembly errors of beveloid gear pair; a) center distance error; b) shaft staggering error; and c) shaft intersection angle error

to an augmentation in the contact stress experienced by the tooth 
surface.

Fig. 7.  Changes in the contact ellipse area

Fig. 8.  Theoretical transmission error

Fig. 9.  Transmission error of beveloid gear pair
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be observed that any assembly error results in an increase in the 
transmission error of the beveloid gear pair, with the peak-to-peak 
value also being affected. The largest increase in transmission error 
is caused by the presence of shaft intersection angle error, while the 
largest increase in the peak-to-peak value of transmission error is 
caused by the presence of shaft staggering error.

Fig. 13. Transmission error of beveloid gear pair with assembly errors

The combination of the results of the aforementioned analyses 
indicates that the beveloid gear pair with high-order curve axial 
modification exhibits superior tolerance performance with regard 
to center distance error and shaft staggering error. Conversely, the 
tolerance performance with respect to shaft intersection angle error 
is relatively poor.

Based on the aforementioned analysis, the transmission 
characteristics of the variable thickness gear pair were simulated 
using simulation software. The resulting transmission error, as 
depicted in Fig. 15, exhibits a trend that is largely consistent with the 
theoretical transmission error. This finding corroborates the accuracy 
and reliability of the analytical method presented in this study.

The beveloid gear pair with high-order curve axial modification 
shows strong tolerance to center distance error and shaft staggering 
error, but it is relatively poorly tolerated for shaft intersection 
error. The shaft intersection error can cause the contact point of 
gear meshing to shift, leading to significant transmission errors 
and uneven load distribution. This not only affects the stability 
and accuracy of the system but also reduces the service life of the 
gears. Consequently, while beveloid gears with high-order curve 
axial modified can tolerate other forms of assembly errors to some 
extent, their sensitivity to shaft intersection errors necessitates more 
precise control and compensation strategies in practical engineering 
applications.

Fig. 14. Peak-to-peak value of transmission error of the beveloid gear pair with assembly errors

4  CONCLUSIONS

This paper presents a modelling and analysis of a beveloid gear pair 
with high-order curve axial modification. The conclusions drawn 
from this analysis are as follows:

                    
Fig. 12.  Contact paths and contact ellipses of the beveloid gear pair with assembly errors; a) center distance error; b) shaft staggering error; and c) shaft intersection angle error

              
Fig. 15.  Theoretical transmission error and simulated transmission error of beveloid gear pair with assembly errors;  

a) center distance error; b) shaft staggering error; and c) shaft intersection angle error
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1.	 Following the axial modification, the tooth surface of the beveloid 
gear pair exhibits point contact. The contact trace is concentrated 
in the middle of the tooth surface, and the contact ellipse gradually 
increases from the root to the top of the tooth, before decreasing 
with the increase of the maximum amount of modification. This 
affects the smoothness of transmission of the gear pair.

2.	 It can be observed that an increase in the order of the modification 
curve is associated with a reduction in the transmission error of 
the beveloid gear pair. Consequently, the peak-to-peak value of 
the transmission error is also diminished.

3.	 The transmission error of the beveloid gear pair and its peak-
to-peak values are observed to increase in the presence of 
assembly error. Conversely, the effect is observed to be smaller 
in the presence of center distance error and shaft staggering error. 
The largest effect is observed to occur in the presence of shaft 
intersection angle error.
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Analiza zobnega kontakta evolventnega stožčastega zobnika na 
osnovi aksialne modifikacije s krivuljo višjega reda

Povzetek  V tej raziskavi so preučene kontaktne značilnosti bokov zob 
evolventnega stožčastega zobniškega para z vidika aksialne modifikacije 
zobne površine s krivuljo višjega reda. Postavljen je koordinatni sistem 
obdelave modificiranega zobniškega para, izpeljane pa so tudi enačbe 
zobnih površin, ki temeljijo na principu zobniškega ubiranja in koordinatnih 
transformacijah. Izvedena je analiza kontakta modificiranega zobnika, pri 
čemer so preučeni vplivi spreminjajočih se parametrov na kontaktno sled in 
kontaktne elipse ter posledice za lastnosti ubiranja ob prisotnosti montažnih 
napak. Ugotovitve kažejo, da je oblika kontakta pri aksialni modifikaciji s 
krivuljo višjega reda pri stožčastem zobniškem paru v obliki točke. Poleg 
tega maksimalna velikost modifikacije in red krivulje modifikacije vplivata 
na lastnosti ubiranja stožčastega zobniškega para. Stožčasti zobniški par 
izkazuje izboljšano toleranco glede napake medosne razdalje in napake 
križanja osi, obenem pa kaže manjšo toleranco do napake presečišča osi.

Ključne besede  evolventni stožčasti zobnik, aksialna modifikacija s krivuljo 
višjega reda, analiza zobnega kontakta, napaka prenosa, napaka pri montaži
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Abstract  Based on the space curve meshing theory, a lightweight line gear mechanism (LLGM) was proposed in this paper. The LLGM can achieve the objective 
of lightweight design by reducing the radial dimension of the gear, which has an improvement in terms of size reduction. The outstanding advantage of the LLGM 
is its ability to achieve a high transmission ratio. Three aspects were proposed to design the LLGM: first, the primary design method was obtained; second, an 
approach to simply and effectively establish the analytical model of the LLGM was presented, which showed that the lightweight characteristic of the LLGM is 
mainly reflected in the radial dimension; third, the discriminant condition of the LLGM was built. The simplicity and effectiveness of the LLGM were demonstrated 
by a design example, while gear contact simulation and kinematics experiments were carried out to verify the theoretical basis. The lightweight design method 
proposed in this paper belonged to structural lightweight design, which can effectively solve the lightweight design issue in gear transmissions characterized by 
light loads and high transmission ratios.

Keywords  lightweight design, space curve meshing, gear design, kinematics experiments, high transmission ratio 

Highlights
▪▪ A novel lightweight line gear mechanism (LLGM) was proposed. 
▪▪ The outstanding advantage of the LLGM is the high transmission ratio.
▪▪ The LLGM contributes to material amount savings.
▪▪ Kinematics experiments have been carried out on a homemade test rig.

1  INTRODUCTION

Gear transmission is widely recognized for its high meshing 
efficiency and reliability [1-4]. With the explosive growth of 
electromechanical products, the application of gears has become 
increasingly widespread [5]. Green transmission has emerged as 
a mainstream trend in the development of gears for the future. 
Achieving energy conservation and emission reduction has become 
a critical issue in the gear industry [6]. Among various solutions, 
structural lightweight design of gears has drawn the attention of many 
researchers and engineers [7-9].  Additionally, the miniaturization 
of electromechanical products has imposed higher requirements 
for lightweighting [10,11]. At present, lightweight gears have been 
important components in mini-electromechanical products, such as 
unmanned aerial vehicles and mini-robots [12,13]. 

Designing lightweight gears has been a key research issue for 
decades. In order to achieve the goal of lightweight, many design 
methods have been proposed. Some gears adopt a small module [14], 
others undergo topological optimization [15], and some are designed 
as specific gear devices [16,17]. Among the lightweight approaches, 
the simplest lightweight design method is to reduce the gear modulus 
and the number of teeth [18]. However, the load capacity of the gear 
decreases as the gear modulus decreases [19]. Besides, the teeth 
number of gears is normally not less than 17 to avoid undercut 
[20]. Therefore, the simplest lightweight gear design method is not 
universally effective. On the other hand, there are typically more than 
three gears when the transmission ratio of a gear device is more than 
6 — a factor that obviously increases the difficulty of lightweight 
design due to the number of gears [21,22]. The lightweight gear pairs 
are also restricted by the radial dimension limitation of the two gears, 

that is, the diameter of the driven gear is approximately equal to the 
product of the diameter of the driving gear and the transmission ratio. 
Once the diameter of one gear and the value of the transmission ratio 
are determined, the radial dimension of the other gear cannot be 
reduced. In summary, the previous lightweight designs leave room 
for improvement in terms of size reduction, especially under high 
transmission ratios.

To address the challenge of lightweight, this paper presents a 
lightweight design method based on a new theory. The method 
proposed in this paper belongs to structural design, and it 
can effectively address the challenge of lightweight design in 
mechanical transmissions with low-load and high-transmission-
ratio characteristics. The research foundation of this paper primarily 
relies on the space curve meshing theory [23,24], called line gear 
(LG) [25]. Different from involute gears, LG can realize stable 
meshing transmission through two contact curves. Also, LG has 
the characteristics of a small number of teeth and no undercutting, 
making it suitable for lightweight design.

In this paper, a novel LG, named lightweight line gear mechanism 
(LLGM) is proposed. The LLGM can break through the radial 
dimension limitation of the two gears and achieve the objective of 
lightweight design by directly reducing the radial dimension of 
the gear, thereby achieving better size reduction performance than 
previous lightweight gears and LG. The design of the LLGM was 
proposed from three aspects: first, the primary design method was 
obtained through research; second, a simple approach for establishing 
the LLGM was presented; third, the discriminant condition of the 
LLGM was built. After that, a design example of the LLGM was 
put forward and a comparison was carried out between the LLGM 
and an ordinary LG pair. Gear contact simulation was carried out to 
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verify the contact characteristics. Finally, kinematics experiments 
were carried out to verify the proposed design theory. The LLGM is 
suitable for mini-electromechanical products, offering a new solution 
in mechanical transmissions characterized by high transmission 
ratios, lightweight design and compact size. 

2  METHODS AND MATERIALS

2.1  Primary Design Parameters of the LLGM

The LLGM is build in accordance to the space curve meshing theory. 
Therefore, the LLGM mainly involves the design of two conjugate 
curves that present cylindrical helices [25], as shown in Fig. 1.

Two cylindrical helices denoted as A and B respectively, are 
rotated around their respective axes. Two fixed coordinate systems 
determine the relative position of curves A and B, and are named 
O1 – x1y1z1 and O2 – x2y2z2, respectively. The distance between them 
is expressed as a. The parameter equations of curves A and B were 
represented in the coordinate system Oa – xayaza and Ob – xbybzb, 
respectively. The O1 – x1y1z1 and O2 – x2y2z2 coincided with the 
Oa – xayaza and Ob – xbybzb at the initial position. The curve A rotated 
through an angle φa at a uniform angular velocity ωa and the curve B 
rotated through an angle φb at a uniform angular velocity ωb while the 
two curves conducted conjugate motion. 

Curves A and B can be expressed as Eqs. (1) and (2) in the 
coordinate system Oa – xayaza and Ob – xbybzb, respectively.
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wherein t is the independent variable, ma and mb represent the helix 
radius, na and nb  represent the pitch parameter.

The transformation matrix between the above coordinate systems 
can be expressed as:
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where M21, M1a and M2b represent the transformation relationship 
between the coordinate systems O1 – x1y1z1 and O2 – x2y2z2, O1 – x1y1z1 
and Oa – xayaza, O2 – x2y2z2 and Ob – xbybzb, respectively.

The equation of curve A can also be expressed in the coordinate 
system O1 – x1y1z1 by Eq. (6), which defines rotation of curve A 
around the z1 axis.
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1� �a a
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The equation of the curve B can be similarly expressed in the 
coordinate system O2 – x2y2z2 by Eq. (7), defining rotation of curve B 
around the z2 axis.
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According to the conjugate condition, the curve A is tangent to the 
curve B while they are rotating, which can be expressed as:
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1= . 	 (8)
The two sides of Eq. (8) represented the equations of the curve A 

and B in the coordinate system O2 – x2y2z2. The solution to Eq. (8) is 
the position of the contact points of the two curves. 

Further, Eq. (9) is obtained by substituting the known parameters 
into Eq. (8).
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Fig. 1.  Primary theory of the LLGM
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At the initial position, φa and φb are both equal to 0. At other 
positions, the relationship between φa and φb is expressed as Eq. (10) 
by the gear transmission principle.

� �a bi� , 	 (10)
where i is the transmission ratio. By substituting the parameter i 
into Eq. (9), Eq. (11) can be obtained according to the space curve 
meshing theory. 

i n
n
b

a

= . 	 (11)

Equation (11) reveals the main factor influencing the transmission 
ratio of the LLGM, is the pitch ratio of the two curves.

2.2  Lightweight Design Method of the LLGM

Since the transmission ratio of the LLGM is directly related to the 
pitch ratio according to Eq. (11), the lightweight design of the LLGM 
can be mainly reflected in the radial dimension. A simple approach 
to establish the LLGM model was proposed for analysis, as shown 
in Fig. 2.

In Figure 2, the LG tooth was generated by sweeping, where the 
cylindrical helix was used as the path and the tooth profile was as 
used as the profile. There were two gear pairs, one was the ordinary 
LG and the other was the LLGM. As Figure 2 shows, both of the 
two gear pairs have the same driving gear, but the driven gear of 
the LLGM is smaller than that of the ordinary LG, while they have 
the same transmission ratio. In other words, the LLGM can achieve 
lightweight design by reducing the radial dimension.

2.3  Lightweight Condition of the LLGM

2.3.1  The Discriminant Condition of the LLGM

It can be seen from Fig. 2 that the LLGM and the ordinary LG 
have a similar structure. Therefore, it is necessary to introduce the 
discriminant condition of the LLGM. The main difference between 
the LLGM and the ordinary LG is the radial dimension. The change 
of the radial size brings a different sliding rate simultaneously. 
Therefore, the lightweight condition of the LLGM can be illustrated 
in terms of the sliding rate. According to the design theory of LG 
[26], the sliding rate can be calculated by Eq. (12).
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where Sr represents the sliding rate. For the ordinary LG, the 
parameter mb is approximately equal to ima [26]. The relationship 
between the parameters na and nb can be expressed as Eq. (11). 
Therefore, the sliding rate of the ordinary LG can be derived from 
Eq. (12).
Sro ≈ 0. 	 (13)
For the LLGM, the parameter mb is smaller than ima and the 

parameter nb is equal to ina. Therefore, n mb b
2 2+  is smaller than

i n ma a
2 2+ , and the sliding rate of the LLGM can be expressed as 

the inequality:
Srl > 0, 	 (14)

where Srl is the sliding rate of the LLGM. As shown in Eq. (13) and 
inequality in Eq. (14), the sliding rates of the LLGM and the ordinary 
LG are different. In short, the discriminant condition of the LLGM 
can be derived as follows.
1.	 mb < ima;
2.	 Sr > 0.

2.3.2 Degree of Lightweight of the LLGM

The degree of lightweight of the LLGM can be described by 
comparing the radial sizes of the LLGM and the ordinary LG. The 
degree of lightweight of the LLGM can be expressed as:
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The larger Li, the greater the degree of lightweight. According to 
Eq. (12), the sliding rate increases with the degree of lightweight. 
Generally, the degree of lightweight of the LLGM is limited by 
sliding speed, which can be calculated by:
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where Sv is the sliding speed of the LLGM, and nr is the rotating 
speed of the driving wheel. The sliding speed can be selected 
according to the lubrication conditions [27]. Also, Eqs. (15) and (16) 

Fig. 2.  Lightweight schematic of the LLGM
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demonstrate that the LLGM maintains a sliding ratio greater than 0, 
with the sliding rate increasing as the degree of lightweight increases. 
In contrast, the sliding rate of LG gears remains constant and 
theoretically approaches zero, while the sliding rate of involute gears 
continuously varies throughout the meshing process and reverses 
direction at the pitch point. In short, the basic design method of the 
LLGM can be derived as follows:
1.	 Provide the conjugate curves according to the lightweight 

requirements;
2.	 Design the two gears;
3.	 Check the sliding speed.

2.4  Experimental

2.4.1  Design Example of the LLGM

An example of the LLGM was proposed to show the basic design 
method of the LLGM directly. For comparison, an ordinary LG pair 
was also proposed. The transmission ratios of the two gear pairs were 
both set to 8. The equations of the driving contact curves were set the 
same:
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where Ra
a  represents the equation of the driving contact curves. In 

this example, to achieve over 50 % lightweighting, the equations of 
the contact curves for the driven gears are as follows:
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where Rb
b  represents the equation of the contact curves on the driven 

gear of the LLGM and Rc
c  represents the equation of the contact 

curves on the ordinary driven LG. 
Next, the tooth profile was set as a rounded equilateral triangle 

with a height of 2.5 mm and a fillet diameter of 1 mm; the tooth 
width was set to 40 mm; the tooth numbers of the ordinary LG pair 
were set to 4 (driving gear) and 32 (driven gear), while those of the 
LLGM were set to 2 (driving gear) and 16 (driven gear), respectively. 
The geometry of the LG resembles that of a worm, and among its 
parameters, the pitch parameter is the most critical. Specifically, the 
pitch values of the driving LG and the driven LG were set to 40 mm 
and 320 mm, respectively. 

The 3D models of the two gear pairs can be obtained according to 
the above settings. The main difference between the two gear pairs 
lies in the two driven gears, as shown in Fig. 3.

The comparison between the ordinary LG pair and the LLGM was 
conducted, some comparative parameters were tabulated as shown in 
Table 1.

Table 1.  Comparisons between different gear pairs

Comparative items The ordinary LG pair The LLGM
Transmission ratio 8 8
Number of gears 2 2
Material amount [cm3] 681 120

Fig. 3.  Model of the design example

Fig. 4.  The three reducers

According to Eq. (15), the degree of lightweight of the LLGM 
design example was equal to 58.33 %. As shown in Table 1, the 
LLGM achieves significant lightweighting, saving 82.37 % material 
usage compared with the ordinary LG.

2.4.2  Testing of the LLGM Reducer

For the convenience of analysis, an involute gear pair was also 
proposed. The modulus of the involute gear was set to 2 mm since 
the LG tooth size was equivalent to 2 mm modulus. For the involute 
gear, the tooth width was set to 40 mm; the tooth numbers were set 
to 10 (driving gear) and 80 (driven gear). The three reducers were 
designed on the basis of the above settings and then manufactured by 
3D printing technology, as shown in Fig. 4.

The three reducers (LLGM reducer, LG reducer and involute 
gear reducer) were successively installed on a homemade test rig for 
kinematics experiments, as shown in Fig. 5.

Subsequently, kinematics experiments were carried out to test 
the performance of the three reducers on the homemade test rig, 
following the experimental methodology detailed in [28]. During the 
testing, the servo motor provided rotational speed to the reducer while 
the magnetic brake applied the load. The speed data were collected 
by the two encoders fixed on the input and output shafts, respectively. 
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The input speed was set to 750 r/min, the sampling frequency of the 
encoder was set to 10 Hz, and the load was set to 1 N·m.

3  RESULTS AND DISCUSSION

The experimental results were obtained after conducting the tests 
with the given experimental parameters. The transmission ratio data 
was obtained from the collected speed data. The transmission ratio 
diagram was drawn after using the six-point median filtering in data 
processing [25], as shown in Fig. 6. Then, according to the collected 
transmission ratio data, the error analysis was carried out, as shown 
in Table 2. Furthermore, simulation analysis was carried out for the 
three gear drives in ANSYS software, and the tooth surface contact 
stress results were shown in Fig. 7.

Fig. 6.  Transmission ratio diagram of the three reducers

Table 2.  Some transmission ratio errors of the three reducers

Comparative items LLGM reducer LG reducer Involute gear reducer
Average transmission ratio 8.006 7.988 8.031
Standard deviation 0.192 0.423 0.340
Range error 0.903 1.811 1.970

According to the simulation results in Fig. 7, both the LLGM 
and LG exhibit point contact, while involute gears feature line 
contact. The contact points of the LLGM are distributed along the 
tooth direction position parallel to the axis, and the trajectory of the 
meshing points is consistent with that shown in Fig. 2.

The main experimental results (Fig. 6 and Table 2) indicate that the 
three reducers exhibit similar transmission ratio errors, demonstrating 
comparable kinematic performance. The results also show that the 
LLGM can realize stable transmission with a high transmission ratio, 
which explains the correctness of the geometric design method of 
the LLGM directly. During the testing, the input speed was given 
based on the rated speed of the motor. According to the Eq. (16), 
the sliding speed of the LLGM reducer was calculated as 0.314 nr, 
which can inform speed limitations or lubrication design. However, 
there were considerable transmission errors during the testing mainly 
due to manufacturing error. These errors could be mitigated through 
improved manufacturing precision. According to the simulation 
results, the contact stress of the LLGM is greater than that of the 
other two gears, which is unfavorable for its load bearing capacity. 
There are two key factors accounting for the relatively high contact 
stress. One is the presence of point contact, and the other is the lack 
of tooth profile optimization in the LLGM design. Despite using a 
simple tooth profile, we proved the geometric feasibility of its design. 
The simplicity and effectiveness of the LLGM were demonstrated by 
kinematics experiments and simulation analysis.

Furthermore, floor cleaning robot gearbox composed of four-
stage involute gear pairs was used for comparison with the LLGM 
reducer, as shown in Fig. 8. The main comparisons between the 
LLGM reducer and the floor cleaning robot gearbox were shown in 
Table 3. As shown in Table 3, the LLGM reducer achieves a 48% 
volume reduction and a 50 % reduction in the number of gears 
compared with the floor cleaning robot gearbox. Overall, the LLGM 
demonstrates significant advantages in lightweight design and high 
transmission ratio capability, which are especially suitable for small-
scale electromechanical products.

Table 3.  Comparisons between the LLGM reducer and the floor cleaning robot gearbox

Comparative items The LLGM reducer The floor cleaning robot gearbox
Modulus [mm] 0.5 0.5
Transmission ratio 64 62.24
Number of gears 4 8
Overall size [mm] 43 × 28 ×21 85 × 36 ×16

Fig. 5.  Testing for the three reducers
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4  CONCLUSIONS

In this paper, a lightweight line gear mechanism (LLGM) was 
proposed, and the main work is summarized as follows:
1. 	Based on the theory of space curve meshing, the geometric design 

method of the LLGM was studied, while the lightweight objective 
was achieved by directly reducing the radial dimensions of gears. 

2.	 An approach to establish a simple and effective analytical model 
of the LLGM was presented. The outstanding advantage of the 
mechanism is its ability to obtain a high transmission ratio in a 
compact size.

3.	 An LLGM example was given, and experimental tests were 
conducted. The results proved that the LLGM reducer can achieve 
as stable transmission as other gear transmissions under light 
loads.
It has been verified that the geometric design method of the LLGM 

is correct and that the methodology can provide new solutions for the 
lightweight design mechanical transmissions. However, numerous 
challenges remain; such as torque measurement, lubrication 
optimization, strength characterization, dynamic response analysis, 
and precision manufacturing requirement. We aim to carry out more 
in-depth studies in the future to solve these problems.

Fig. 7.  Simulation analysis of tooth surface contact conditions

Fig. 8.  The floor cleaning robot gearbox
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Nomenclature

O1 – x1y1z1   Reference coordinate system for driving gear
O2 – x2y2z2   Reference coordinate system for driven gear
Oa – xayaza   Body coordinate system of driving gear
Ob – xbybzb   Body coordinate system of driven gear
ωa		 Uniform angular velocity of driving gear, [rad /s]
ωb		 Uniform angular velocity of driven gear, [rad /s]
ma		 Helix radius of driving space curve, [mm]
mb		 Helix radius of driven space curve, [mm]
na		  Parameters related to driving space curve pitch, [mm]
nb		  Parameters related to driven space curve pitch, [mm]
i		  Transmission ratio
nr		  Rotating speed, [r/min]
t		  Independent variable
φa		  Rotation angle of driving gear, [rad]
φb		  Rotation angle of driven gear, [rad]
M21	 Transformation matrix between O2 – x2y2z2 and O1 – x1y1z1
M1a	 Transformation matrix between O1 – x1y1z1 and Oa – xayaza
M2a	 Transformation matrix between O2 – x2y2z2 and Ob – xbybzb
Ra

a 	 Equation of driving space curve in Oa – xayaza
Rb

b 	 Equation of driven space curve in Ob – xbybzb
R1

1 		 Equation of driving space curve in O1 – x1y1z1
R2

2 	 Equation of driven space curve in O2 – x2y2z2
Sro		 Sliding rate of the ordinary LG
Sr		  Sliding rate
Srl		 Sliding rate of the LLGM
Li		  Degree of lightweight
Sv		  Sliding speed, [m/s]
Rc		 Equation of driven space curve for ordinary  LG
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Geometrijska metoda zasnove lahkega  
linijskega zobniškega mehanizma

Povzetek  Na osnovi teorije ozobljenja prostorskih krivulj je v tem članku 
predstavljen lahek linijski zobniški mehanizem (LLZM). LLZM omogoča 
dosego lahke konstrukcije z neposrednim zmanjšanjem radialne mere 
zobnika, kar zagotavlja pomembno izboljšavo glede zmanjšanja velikosti. 

Posebna prednost LLZM je možnost doseganja visokih prenosnih razmerij. Za 
zasnovo LLZM so bili predlagani trije vidiki: prvič, določena je bila osnovna 
metoda zasnove; drugič, predstavljena je bila enostavna in učinkovita metoda 
vzpostavitve analitičnega modela LLZM, ki je pokazala, da se lahka zasnova 
LLZM odraža predvsem v zmanjšanju radialnih mer; tretjič, postavljen je bil 
kriterij za presojo ustreznosti LLZM. Preprostost in učinkovitost LLZM sta 
bila prikazana s konkretnim primerom zasnove ter preverjena s simulacijo 
zobniškega stika in kinematičnimi poskusi, ki potrjujejo teoretične osnove. 
Metoda zasnove, predstavljena v tem članku, spada med strukturne metode 
lahke zasnove in učinkovito rešuje problem lahkih zobniških prenosov, ki 
prenašajo majhne obremenitve in zagotavljajo visoka prenosna razmerja.

Ključne besede  lahka zasnova, ozobljenje prostorske krivulje, zasnova 
zobnikov, kinematični poskusi, visoko prenosno razmerje
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Simulation Analysis and Experimental Study  
on Vibration Reduction Performance  
of Groove-Textured Friction Pair Surfaces
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Abstract  To further investigate the influence of surface texture on the vibration characteristics of friction pair surfaces, this study fabricated groove textured on 
45# steel surfaces using laser marking technology, forming a friction pair with chloroprene rubber. Numerical analysis of their friction processes under varying 
speeds was conducted via the finite element analysis software ABAQUS/Explicit (explicit dynamic solver).The results indicate that with increasing speed, the 
grooved-texture surface enhances its capability to reduce both the intensity and the continuity of contact stress concentration on the friction plate surface, while 
simultaneously accelerating the diffusion speed of contact stress from the leading edge to the trailing edge of the friction block, thereby better suppressing its 
concentration at the leading edge. Meanwhile, friction tests were conducted at varying speeds on the HCM-5 reciprocating friction and wear testing machine 
for the 45# steel-chloroprene rubber friction pair. The results show that at all speeds, the system damping of the freely decaying oscillation component on the 
surface of the groove texture after "groove-crossing fluctuations" is significantly increased compared to the non-textured surface. As the speed increases, the 
damping effect of the groove texture on the vibration of the friction pair surface gradually enhances, and the reduction in energy density at the main frequency of 
the friction pair surface becomes increasingly evident. This corresponds to the numerical analysis results, illustrating the influence of speed on the improvement 
of the vibration characteristics of the friction pair surface by the groove texture.

Keywords  groove textured, friction characteristics, numerical analysis, velocity

Highlights
▪▪ Groove textures reduce stress concentration at the friction block's front corner.
▪▪ Groove edges disrupt continuous stress concentration on the friction plate surface. 
▪▪ As speed increases, textures enhance the reduction in stress concentration continuity and intensity.
▪▪ Groove textures decrease vibration levels on friction surfaces.
▪▪ Friction surfaces exhibit a dominant frequency of 1116 Hz, with energy density decreasing as speed rises.

1  INTRODUCTION

Relative motion between friction pairs inevitably generates friction 
and wear. However, in practice, the failure of most mechanical 
components is not solely caused by friction and wear alone—
friction-induced vibration also plays a critical role [1]. Such 
vibration not only accelerates component wear but may also lead 
to loosening, fracture, and even systemic instability. Therefore, it 
is imperative to prioritize vibration issues arising from friction and 
implement effective damping measures to enhance the stability and 
reliability of mechanical systems [2-4]. Over the past few decades, 
surface texturing has gained significant attention as an effective 
surface modification technique for vibration suppression and 
stress distribution optimization. By designing specific micro-scale 
geometric patterns on friction pair surfaces, surface texturing can 
substantially modify the tribological behavior at the contact interface, 
thereby reducing vibration, improving stress distribution, and 
enhancing overall system performance [5-7].

Currently, research on surface texturing primarily employs a 
combination of experimental studies, numerical simulations, and 
theoretical analysis. Experimental studies utilize equipment such as 
friction and wear testers and vibration testing platforms to directly 
measure the friction coefficient and vibration acceleration of textured 
surfaces, thereby validating their vibration-damping effects. For 
instance, experiments have investigated the influence of laser surface 
texturing on the tribological behavior of gray cast iron [8]. Other 

studies have experimentally demonstrated the potential of surface 
texturing in non-metallic sliding-element bearings, revealing its role 
in reducing friction, minimizing wear, and optimizing lubrication 
mechanisms [9]. Additionally, experimental research has examined 
the fretting wear behavior of texture Ti-6Al-4V alloy under oil 
lubrication [10].

Numerical simulations, including finite element analysis (FEA) 
and computational fluid dynamics (CFD), model the contact stress, 
friction force, and vibration characteristics of textured surfaces 
to uncover underlying mechanisms, often in combination with 
experimental studies. For example, simulations and experiments 
have been jointly used to study the friction-reducing effects of fan-
shaped surface textures [11]. Similarly, laser-textured surfaces in 
reciprocating line contacts have been analyzed through combined 
numerical and experimental approaches to evaluate lubricant film 
thickness and friction forces [12]. Theoretical analysis involves 
establishing mathematical models to explore the influence of texture 
parameters (e.g., shape, size, distribution) on vibration reduction and 
stress distribution. For instance, theoretical studies have calculated 
frictional energy dissipation in mechanical contacts under random 
vibrations [13].

In terms of research objects, studies have primarily focused 
on metal-polymer friction pairs (e.g., steel-rubber, aluminum-
polytetrafluoroethylene (PTFE)). For instance, research has 
investigated the effect of metal surface texture on the friction and wear 
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performance of shale oil pumps in highly abrasive media [14], as well 
as the influence of lead-free bearing materials and surface textures 
on the performance of sliding bearings [15]. For metal-metal friction 
pairs (e.g., steel-steel, copper-aluminum), studies have examined the 
tribological behavior of gradient nanostructures on TB8 titanium 
alloy surfaces [16], the lubrication performance of femtosecond laser-
textured stainless steel surfaces [17], and the tribological properties 
of single- and multi-shape laser-textured surfaces under dry friction 
conditions [18].  Study the concentration of stress and strain on gear 
tooth surfaces and observe the reduction in wear [19]. Metal-polymer 
pairs have garnered significant attention due to their widespread 
engineering applications (e.g., bearings, seals). Common surface 
texture types include micro-dimples, grooves, and wave-like patterns, 
with groove textures being a research hotspot due to their ease of 
fabrication and excellent vibration-damping effects. Additionally, 
the influence of texture parameters (e.g., depth, width, spacing) on 
vibration reduction and stress distribution remains a key research 
focus.

In recent years, researchers have proposed various novel 
mechanisms for surface texturing to reduce vibration and improve 
stress distribution. For instance, the lubrication theory highlights 
that surface textures facilitate the formation of lubricating films, 
thereby reducing friction-induced vibration [20]. Additionally, 
synergistic mechanisms suggest that the combined effect of textures 
and lubricants can further enhance wear resistance. For example, the 
integration of laser texture with solid lubrication has been shown 
to significantly improve the tribological performance of titanium 
alloys [21]. Similarly, the synergistic interaction between self-
lubricating materials and laser-textured surfaces—such as MoS₂ and 
graphene coatings combined with laser texture—has demonstrated a 
remarkable enhancement in friction performance [22-23]. Tools with 
microstructures on both the front and rear cutting edges combined 
with solid lubricants can effectively improve cutting performance 
[24].

In summary, extensive research has demonstrated the critical role 
of surface texturing in reducing friction and wear across various 
tribological systems. However, existing studies have primarily 
focused on the dimensional parameters of textures, with limited 
investigation into how the vibration-damping performance of textured 
surfaces varies under different sliding velocities. To address this gap, 
this study employs laser processing to fabricate groove textures on 
45# steel surfaces. Using a face-to-face contact configuration with 
chloroprene rubber (synchronous belt material) as the counter face, 
reciprocating friction tests are conducted on a HCM-5 tribometer at 
varying speeds to examine the influence of velocity on the vibration-
suppression performance of textured surfaces. Furthermore, explicit 
dynamic simulations are performed using the finite element software 
ABAQUS/Explicit to numerically analyze the friction process and 
validate the experimental findings. This work lays a foundation 
for the future application of textured surfaces in synchronous belt 
tensioners.

2  METHODS AND MATERIALS

This study employs a combined approach of numerical analysis 
and experimental research to enhance the accuracy and reliability 
of the investigation. Firstly, a simulation model is established using 
numerical analysis to explore the variation patterns of contact stress 
and friction force in the friction system under different speeds. 
Secondly, to validate the accuracy of the numerical analysis and 
investigate subtle differences in practical operation, multiple 
experiments were designed and conducted to record changes in 
vibrational acceleration at the friction interface in detail, while 

comparing and analyzing the results of numerical simulations and 
actual tests in real time. This approach not only enables timely 
identification and optimization of potential issues in the numerical 
model but also accumulates practical experience, thereby enhancing 
the research's practical value.

2.1  Simulation, Numerical Models

The numerical model is designed to simplify the complex three-
dimensional system of subsequent experiments into a relatively 
straightforward three-dimensional model. Its primary purpose is 
to predict general trends during the experimental process, such 
as variations in friction force and contact stress on the friction 
pair surface. The three-dimensional model comprises two main 
components, as shown in Fig. 1, a friction block and a friction plate 
(specific dimensional parameters are listed in Table 1). The textured 
friction plate features groove textured with a spacing of 4000 μm, 
width of 400 μm, and depth of 30 μm. The figure also illustrates 
the boundary conditions for the numerical analysis: at t = 0.1 s, a 
fixed Z-direction load of F = 400 N is applied to the friction block; 
five degrees of freedom of the friction block are constrained (except 
for Z-translation); five degrees of freedom of the friction plate are 
constrained (except for X-translation); a constant translational 
velocity v is applied along the X-direction; and the friction type is set 
to "hard" friction with a coefficient of 0.4.

Table 1.  Part Size Parameters

Part L [mm] W [mm] H [mm]
Friction block 20 20 5
Friction plate 200 50 10

Fig. 1.  Numerical model of friction system

2.2  Experimental

2.2.1  Test Methods and Sample Preparation

To systematically investigate the influence of surface textures on 
friction performance, this study conducts comparative experiments 
using multiple sets of data. Smooth surfaces are used as the control 
group, while textured surfaces serve as the experimental group. 
During the experiments, consistent texture parameters and loads are 
maintained, with a focus on comparing the effects of surface textures 
on friction performance at different speeds. The test conditions are a 
dry state under atmospheric conditions (temperature: 22 °C to 25 °C). 
To account for the randomness of the test process, each test group is 
repeated at least 5 times to ensure accuracy.

The friction plates for both the control group and the experimental 
group are made of 45# steel, with a hardness of 650 HBS, elastic 
modulus E = 200 GPa, Poisson's ratio of 0.31, and density of  
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E = 6 MPa, Poisson's ratio of 0.4, density of 1240 kg/m³, and 
dimensions of 20 mm × 20 mm × 5 mm.

2.2.2 Test Equipment and Parameters

Friction tests at varying speeds for the 45# steel-chloroprene rubber 
friction pair were conducted using the HCM-5 universal reciprocating 
friction and wear testing machine. A schematic diagram of the 
experimental system is shown in Fig. 4a. The testing machine, as 
shown in Fig. 4b, has a maximum test force of 5000 N, a maximum 
reciprocating stroke of 200 mm, and a reciprocating frequency range 
of 1 to 60 cycles/min. Additionally, a KISTLER 3D accelerometer 
(8763B100AT) is used, with a range of ±100 g, Integrated electronics 
piezo-electric (IEPE) output sensitivity of 50 mV/g ± 3 mV/g, and 
a response frequency of 0.5 Hz to 7 kHz, as shown in Fig. 4c. The 
accelerometer is fixed at 10 mm to 20 mm above the friction plate 
in the direction of motion. Signal acquisition is performed using the 
DEWESOFT 8-channel data acquisition system (X-DSA) with a 
sampling frequency of 10 kHz, as shown in Fig. 4d. During the tests, 
a constant load of 200 N is applied vertically to the friction block, 
while the friction plate undergoes reciprocating motion at different 
speeds: 2 mm/s, 4 mm/s, 6 mm/s, and 8 mm/s, with a reciprocating 
stroke of 100 mm.

3 RESULTS AND DISCUSSION

3.1 Simulation results: Contact Stress Analysis 
of Friction Sub-Surface

The contact interface stress variations when the friction block is 
positioned at the center of the friction plate (t = 0.5 s) were analyzed, 
and the numerical results are presented in Fig. 5. The surface contact 
stress contour maps of the friction block at various speeds for smooth 
and textured friction pairs are shown in Figs. 5a and b, respectively. 

a)             b) 

c)             d) 
Fig. 4. Test equipment; a) schematic diagram of the experimental system, b) HCM-5 testing machine, c) KISTLER sensor, and d) X-DSA Data Acquisition System

Fig. 2. CX-Q100 laser marking machine

Fig. 3. Friction plate

7850 kg/m³. The surfaces are polished to maintain smoothness. 
The control group has no texture processing, and the friction plate 
dimensions are 200 mm × 50 mm × 10 mm, serving as the baseline 
reference. The experimental group's friction plates are processed with 
groove textures using a laser marking machine, as shown in Fig. 2, 
with	a	depth	of	30	μm,	width	of	400	μm,	and	spacing	of	4000	μm.	The	
actual processed friction plate is shown in Fig. 3. The counter friction 
blocks are made of chloroprene rubber, with an elastic modulus 
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It can be observed that the maximum contact stress in the smooth 
friction pair is primarily concentrated at the front corner and front 
edge of the friction block. In contrast, for the textured friction pair, 
the maximum contact stress is only concentrated at the front corner 
and shows a tendency to diffuse toward the rear corner, with minimal 
stress concentration at the front edge. Additionally, the maximum 
contact stress value decreases from 1.77×10⁷ Pa to 7.97×10⁵ Pa, a 
reduction of approximately 95.5  %. This demonstrates the role 
of groove textures in disrupting and dispersing interfacial contact 
stresses. Moreover, this effect becomes more pronounced as speed 
increases, as the diffusion of stress from the front to the rear corner 
accelerates.

To more intuitively observe the effect of groove texture edges, 
Figs. 5c and d show the contact stress contour maps of smooth and 
textured friction plate surfaces at various speeds. Significant stress 
concentrations are observed on all smooth surfaces, but as speed 
increases, the continuity and intensity of these concentrations 
decrease noticeably, as seen at points 1, 2, and 3 in Fig 5. Although 
the concentration intensity increases slightly when speed rises from 
2 mm/s to 4 mm/s, the stress concentration at point 4 has already 
disappeared. Overall, as speed increases, both the area and intensity 
of stress concentration on smooth surfaces gradually decrease.

Similarly, as shown in Fig. 5d, the contact stress contour maps of 
the textured friction plate surface reveal that, compared to the smooth 
surface, the maximum contact stress decreases from 1.099×10⁶ Pa 
to 4.885×10⁵ Pa, a reduction of approximately 55.56 %, with an 
overall significant decrease in stress values. Furthermore, at various 

speeds, as indicated at points 5, 6, 7, and 8 in the Fig 5d, high-
intensity stress concentrations are significantly reduced compared 
to the smooth surface, and this reduction trend is proportional to 
speed. This demonstrates that groove textures effectively reduce 
stress concentration and intensity at all speeds, and overall, the effect 
becomes more pronounced as speed increases.

3.2  Simulation results:  
Friction Analysis of Friction Sub-Surfaces

To further observe the "disruptive" effect of groove textures, the 
friction force on the friction plate surface over time at various speeds 
(with a friction coefficient of 0.6 for smooth surfaces and 0.4 for 
textured surfaces) is obtained through numerical analysis, as shown 
in Figs 6a and b. Firstly, all figures exhibit fluctuations in friction 
force caused by collisions between the edges of the friction block and 
the groove textures (as shown in the magnified views at point 1 in 
each figure). At speeds of 2 mm/s to 8 mm/s, the fluctuation ranges 
are approximately ±10 N, ±20 N, ±23 N, and ±26 N, respectively. 
This is because, during the collision process, the system's momentum 
is conserved, meaning the total momentum of the system remains 
constant before and after the collision. The higher the speed, the 
greater the momentum of the object, resulting in a larger impact 
force during collisions and more pronounced fluctuations in friction 
force. However, as the friction block continues to slide, the friction 
force returns to its previous level due to the area loss caused by the 
grooves. It is precisely this intermittent friction state that achieves 

 

Fig. 5.  Contact stress contour maps; a) smooth-friction block, b) textured friction block, c) smooth-friction plate, and d) textured-friction plate
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the goal of suppressing contact stress concentration on the friction 
pair surface, thereby preventing sustained vibrations in the friction 
system. Secondly, due to differences in speed, the frequency of edge 
collisions varies. Although higher speeds result in higher frequencies 
and more pronounced "disruptive" effects, they also imply greater 
impacts. Therefore, analyzing the vibrations of the friction system is 
essential.

3.3  Test Results:  
Time-Domain Analysis of Vibration Acceleration

Due to the presence of groove edges, the friction force can 
momentarily surge, which may lead to increased damping in the 
system during motion, thereby reducing vibration acceleration. 
Conversely, a decrease in friction force may result in increased 

vibration acceleration. In reciprocating friction tests, the periodic 
variation of friction force can cause periodic fluctuations in the 
vibration acceleration of the friction surface, directly affecting the 
amplitude and frequency of these fluctuations. Therefore, analyzing 
the vibration acceleration of the friction surface is essential. The 
average vibration acceleration amplitudes in three directions for 
groove-textured friction surfaces at different relative speeds are 
shown in Fig. 7. It is evident that at all speeds, the average amplitude 
in the Z-direction (normal to the groove edges) is significantly larger 
than those in the Y-direction (parallel to the groove edges) and 
X-direction (perpendicular to the groove edges). This is because the 
Z-direction is the load application direction during friction, making 
the friction force changes most pronounced during impacts, leading 
to more surface vibrations. Furthermore, as shown in Fig. 7b, the 

Fig. 6.  Friction time-domain diagram at different velocities: a) 2 mm/s, b)  mm/s, c) 6 mm/s, and d) 8 mm/s
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variation trends of the average amplitudes in the three directions are 
highly consistent with speed changes. Therefore, this study primarily 
focuses on analyzing the Z-direction, where the vibration acceleration 
signal changes are most significant.

a) 

b) 
Fig. 7.   Mean value of vibration acceleration; a) three-dimensional, and b) line graphs

The time-domain graph of the Z-direction vibration acceleration 
signals of the surface of the belt textured in two cycles at each speed 
is shown in Fig. 8a, which is processed by the short-time Fourier 
transform as well as its inverse transformation with low-pass filtering. 
From 0 to T1 is the friction block going, T1 to T2 is the friction block 
returning, and after T2 is the second reciprocal cycle.   

In the low-speed stage (2 mm/s), the system may be in a static 
friction-dominated state with significant periodic stick-slip effects, 
and although there is relative motion in the macroscopic view, there 
may be intermittent sticking and sliding, or stick-slip phenomenon, 
in the microscopic level. However, when the speed is increased to 
4 mm/s, the system is in the critical region of the transition from 
static friction to dynamic friction. The dynamic change of friction 
(static friction alternating with dynamic friction) is the most intense, 
resulting in a concentrated release of vibration energy and the 
formation of amplitude peaks. At higher speeds (6 mm/s to 8 mm/s), 
dynamic friction dominates, sliding tends to be continuous and 
stable, and the stick-slip effect is weakened. Therefore, the amplitude 
fluctuation is most obvious when the speed is 4 mm/s from the point 
of view of the overall amplitude of acceleration.

Figure 8b provides a magnified view of region 1 in Fig. 8a. The 
positions marked as G1 to G2 in the figure represent the amplitude 
surges caused by edge impacts at each speed, referred to as "groove-

crossing fluctuations" These fluctuations are prominent at 6 mm/s 
and 8 mm/s, while at 2 mm/s, the impact is minimal due to the 
slower groove-crossing speed. However, at 4 mm/s, in addition to 
the groove-crossing fluctuations caused by edge impacts, there are 
also amplitude surges marked at positions I and II, which occur when 
passing over the non-textured surface due to vibrations. Although 
vibrations are present on the non-textured surface at other speeds, the 
amplitude surges at positions I and II demonstrate that the vibration 
intensity is significantly lower compared to that at 4 mm/s.
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To observe the damping effect of the grooves more obviously, 
the free decaying oscillating part (Ⅰ-Ⅱ) after the "groove-crossing 
fluctuations" at each speed is targeted. The damping ratios were 
calculated according to Eqs. (1) and (2) and compared with the 
non-texture surface, where Xn and Xn+k are the peaks separated 
by k cycles, and if k = 1, it means the adjacent peaks, and δ is the 
logarithmic decreasing amount. The damping ratios of Ⅰ-Ⅱ positions 
at each velocity are in order ζ2(Ⅰ-Ⅱ) ≈ 0.5674, ζ4(Ⅰ-Ⅱ) ≈ 0.1587,  
ζ6(Ⅰ-Ⅱ) ≈ 0.5734, ζ8(Ⅰ-Ⅱ) ≈ 0.5884. The damping ratios of the non-
woven surface at each speed are ζ2(n–t) ≈ 0.1441, ζ4(n–t) ≈ 0.1248, 
ζ6(n–t) ≈ 0.1341, and ζ8(n–t) ≈ 0.1178. At a speed of 4 mm/s, the system 
damping after passing through the groove increased by approximately 
21.3 % compared to the non-textured surface, while at other speeds, 
the damping increased by nearly 75 % compared to the non-textured 
surface, indicating that texture can improve the vibration level of the 
surface at all speeds.

And if we want to further assess the change rule of groove 
vibration damping ability with velocity, it is inaccurate to use only 
the change of damping ratio after passing the groove. So, the mean 
value of the amplitude when the friction block passes through the 
non-textured surface was calculated, to visualize the effect of velocity 
on the vibration damping effect of the groove textured.

Thus, the vibration acceleration data during the t1 – t2 period when 
the friction block passes over the non-textured surface at each speed 
were extracted to calculate the average values, which were then 
compared with those of the smooth surface. The results are shown 
in Fig 9a. At speeds of 2 mm/s to 8 mm/s, the average values for 
the non-textured surface are 0.02897 m/s², 0.05132 m/s², 0.03245 m/
s², and 0.03479 m/s², respectively, while the corresponding values 
for the smooth surface are 0.03484 m/s², 0.06391 m/s², 0.04296  
m/s², and 0.04828 m/s². Therefore, as speed increases, the vibration 
of the friction surface gradually intensifies, which is directly related 
to the "groove-crossing fluctuations" of friction force observed in 
the numerical analysis—higher speeds result in larger fluctuations. 
However, compared to the smooth surface, the average amplitudes 
of the textured surface are all reduced. The reduction percentages 
are shown in Fig 9b at speeds of 2 mm/s to 8 mm/s, the reductions 
are 16.81 %, 19.69 %, 24.46 %, and 27.94 %, respectively. This 
demonstrates that as speed increases, the vibration damping capability 
of groove textures gradually improves, which is highly consistent 
with the enhanced disruption of contact stress concentration observed 
in the numerical analysis.

3.4  Test Results: 
Frequency-Domain Analysis of Vibrational Acceleration

Through short-time Fourier transform and filtering processing of the 
time-domain vibration acceleration signals, the frequency-domain 
diagram shown in Fig. 10 was obtained. Firstly, the Z-direction 
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vibration acceleration of friction surfaces at all speeds exhibited a 
dominant frequency around 1116 Hz. This dominant frequency is 
generally associated with the system’s natural frequency or external 
excitation frequency, and therefore remains stable without changing 
with speed variations.

Fig. 10.  Frequency-domain analysis of vibration acceleration

Secondly, comparative analysis of energy density at the dominant 
frequency under different speeds reveals specific values: 25.04 dB at 

2 mm/s, 28.43 dB at 4 mm/s, 24.77 dB at 6 mm/s, and 20.59 dB at 8 
mm/s. Overall, the energy suppression effect of groove texture at the 
dominant frequency enhances with increasing speed.

Additionally, all speed conditions exhibited elevated energy levels 
in low-frequency ranges (113.8 Hz, 125.6 Hz, 138.9 Hz, and 313.8 
Hz) induced by the groove texture. These frequency components 
directly correlate with friction fluctuations and amplified vibration 
amplitudes resulting from collisions between the friction block and 
groove edges. As speed increases, the collision frequency accelerates, 
consequently shifting the energy concentration frequencies associated 
with groove edge impacts to higher values.

4  CONCLUSIONS

To investigate the influence of speed on the improvement of vibration 
characteristics of friction pair surfaces by groove textures, this 
study combines numerical analysis and experimental research to 
analyze the variations in contact stress, friction force, and vibration 
acceleration on the friction surface at different speeds. The following 
conclusions are drawn:

Firstly, numerical analysis verifies that, at all speeds studied, 
groove textures can diffuse the concentration of contact stress 
from the front corner to the rear corner of the friction block, 
thereby suppressing excessive concentration at the front corner. 
Simultaneously, the presence of groove edges disrupts and 
disperses the contact stress on the friction plate surface, reducing 
its concentration intensity and continuity. Compared to the smooth 

a)          b)             
Fig. 8.  Time-domain of vibration acceleration; a) of texture surfaces, and b) at enlargement at “1”

a)           b) 
Fig. 9.  The mean value of vibration acceleration; a) Average amplitude, and b) percentage reduction
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surface, the maximum contact stress decreases from 1.099·10⁶ Pa to 
4.885·10⁵ Pa, a reduction of approximately 55.56 %.

Secondly, as speed increases, the diffusion of contact stress from 
the front corner to the rear corner of the friction block accelerates. 
The effectiveness of groove textures in reducing the continuity and 
intensity of stress concentration on the friction surface gradually 
improves. By analyzing the variations in friction force at different 
speeds, the differences in the "disruptive" effect of groove edges are 
validated.

The final test shows that, in the time domain analysis of the 
surface vibration of the friction sub-surface, the system damping of 
the freely decaying oscillating part of the groove surface after the 
“groove-crossing fluctuations”at a speed of 4 mm/s increases by 21.3 
% compared with the non-textured surface, and the increase in the 
rest of the speed is up to 75 %. The mean value of the acceleration 
amplitude on the grooved surface was lower than that on the non-
textured surface at the same velocity, and the decrease was positively 
correlated with the velocity. Frequency domain analysis shows that 
the dominant frequency of all surfaces is around 1116 Hz, but due to 
the effect of “groove-crossing fluctuations”, there is a low-frequency 
high-energy density region at different speeds. The main frequency 
energy density decreases with the increase of speed, which confirms 
that increasing the speed is conducive to improving the vibration 
characteristics of the groove structure, verifying the numerical 
analysis of the law, and laying a foundation for the application of 
synchronous belt tensioning wheel.
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Numerična in eksperimentalna raziskava vpliva teksture z utori na 
zmanjšanje vibracij kontaktnih površin

Povzetek  Za podrobnejše raziskovanje vpliva površinske teksture na 
vibracijske značilnosti površin kontaktnega para je bila v tej študiji izdelana 
tekstura z utori na površini jekla C45 s tehnologijo laserskega označevanja, 
ki je bila uporabljena v kontaktnem paru s kloroprensko gumo. Numerična 
analiza trenja med površinama pri različnih hitrostih je bila izvedena z 
eksplicitno dinamično analizo v programskem paketu ABAQUS/Explicit. 
Rezultati kažejo, da z naraščajočo hitrostjo med kontaktnimi površinami, 
uporaba teksture z utori zmanjša intenzivnost in zveznost koncentracije 
kontaktnih napetosti ter hkrati pospešuje prehod kontaktnih napetosti od 
vstopnega roba proti izstopnemu robu kontakta, kar učinkovito zmanjša 

koncentracijo napetosti na vstopnem robu. Eksperimentalni preizkusi trenja 
med jeklom C45 in kloroprensko gumo pri različnih hitrostih so bili izvedeni 
z izmeničnim gibanjem na preizkusnem stroju za trenje in obrabo tipa HCM-
5. Rezultati kažejo, da se pri vseh hitrostih, dušenje prostega pojemajočega 
nihanja na površini z utori po »nihanjih ob prečkanju prehodov« bistveno 
poveča v primerjavi z gladko površino. Z naraščanjem hitrosti se dušilni učinek 
teksture z utori na vibracije kontaktnih površin postopno krepi, zmanjševanje 
gostote energije pri glavni frekvenci vibracij pa postaja vse bolj izrazito. To 
sovpada z rezultati numeričnih analiz in kaže na vpliv hitrosti na zmanjšanje 
vibracij kontaktnih površin z uporabo teksture z utori.

Ključne besede  tekstura z utori, trenje, numerična analiza, hitrost
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