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Twin Journals

In 2018 we launched a purely electronic journal The Art of Discrete and Applied Math-
ematics (ADAM), which we like to see as a sibling of the AMC. Although the journals
are similar, in many ways they are complementary. While AMC publishes mostly longer
papers, ADAM welcomes shorter papers and notes.

The main reason for introducing the new journal was to relieve pressure of articles
submitted to AMC. Currently we publish 80 papers per year in AMC, a great leap from the
20 papers we published in 2008. But even with this increase, the acceptance rate remains
quite low: a little less than 28 %.

The current backlog for AMC is almost 20 months. In the second half of 2019, ADAM
was listed on MathSciNet and zbMATH, the leading bibliographic databases covering
Mathematical Research Journals. We hope that this will relieve some of the pressure that
authors put on AMC. Because of this continuing backlog, we encourage authors to trans-
fer their submissions from AMC to ADAM. And with ADAM now well established, we
also decided to stop expanding AMC. Not only that, in the next few years we will begin
to reduce the number of papers published in AMC, first from 20 papers per issue to 15 per
issue, and later to 10 per issue, and increase the number of papers we publish in ADAM
accordingly.

When ADAM is covered by the Web of Science, these two journals will indeed become
twin journals. This will enable us to transfer papers between the two journals in order to
pursue their respective goals and purposes. We hope this will happen in the forseeable
future.

Klavdija Kutnar, Dragan Marusi¢ and Tomaz Pisanski
Editors in Chief
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Abstract

The question of how to find the smallest genus of all embeddings of a given finite con-
nected graph on an orientable (or non-orientable) surface has a long and interesting history.
In this paper we introduce four new approaches to help answer this question, in both the
orientable and non-orientable cases. One approach involves taking orbits of subgroups of
the automorphism group on cycles of particular lengths in the graph as candidates for sub-
sets of the faces of an embedding. Another uses properties of an auxiliary graph defined
in terms of compatibility of these cycles. We also present two methods that make use
of integer linear programming, to help determine bounds for the minimum genus, and to
find minimum genus embeddings. This work was motivated by the problem of finding the
minimum genus of the Hoffman-Singleton graph, and succeeded not only in solving that
problem but also in answering several other open questions.

Keywords: Graph embedding, genus.
Math. Subj. Class.: 05C10, 05E18, 20B25, 57M15

*The authors are very grateful to Tomaz Pisanski for suggesting that they extend their initial development of the
orbit method on the Hoffman-Singleton graph to other graphs, which then led to them to develop the other methods
presented here, in order to find the answers to many open questions. The authors are also grateful to the referee for
some helpful suggestions about presenting their work. The first author is grateful to the N.Z. Marsden Fund for its
support (grant UOA 1626), and acknowledges the use of the MAGMA system [2] for computational experiments
and verification of a number of discoveries announced in this paper, as well as Sage [45] in combination with IBM
CPLEX for a small number of the ILP computations. The second author acknowledges partial support from the
Spanish MEC project ICWT (TIN2016-80250-R) and ARES (CONSOLIDER INGENIO 2010 CSD2007-00004).

E-mail addresses: m.conder @auckland.ac.nz (Marston Conder), klara.stokes @mu.ie (Klara Stokes)

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/



2 Ars Math. Contemp. 17 (2019) 1-35

1 Introduction

The question of how to find the smallest genus of those embeddings of a given finite con-
nected graph on an orientable (or non-orientable) surface is a natural extension of deter-
mining whether or not a graph is planar, and has a long and interesting history. It is also
quite an important question, with applications found in map colouring, topology, finite ge-
ometry (configurations and block designs), group theory, number theory and the design of
electronic circuits.

Pioneering work was done by Dyck and Heffter in the late 1800s [13, 22], but it was
not until the mid-1900s that significant progress was made, leading to the determination
by Ringel [38, 39] of the minimum non-orientable genus of the complete graph K,, (for
n > 7) and the minimum orientable and non-orientable genera of each of the complete
bipartite graphs K, ,,, and then the determination by Ringel and Youngs [40] of the mini-
mum orientable genus of the complete graph K, (as a key step towards their proof of the
Heawood Map Colouring Problem).

Youngs also gave the first proof of the (now) well known fact that every orientable
embedding of a connected graph is determined by the rotations of edges at its vertices [52],
and this was taken further by Duke [12] to show that the range of genera of embeddings
of a given connected finite graph is an unbroken sequence of non-negative integers (from
the minimum genus to the maximum genus of the graph). Similar theory was developed by
various people for embeddings on non-orientable surfaces; details may be found in [44].
It is worth noting here that a minimum genus non-orientable embedding of a graph is not
necessary a 2-cell embedding, but unless the graph is a tree, there is always at least one
minimum genus non-orientable embedding which is a 2-cell embedding; see [35].

In the later 1990s, the minimum orientable genus was found for several graphs and
families of graphs, some of which are given in [44, Tables I and II]. In many of these
families, the graphs have a large degree of symmetry, which can be helpful to a large extent
in finding nice embeddings. Various authors developed a range of techniques that can work
well for many classes of graphs, involving rotation systems, voltage graphs, edge insertions
and deletions, graph contractions, graph amalgamations and graph products. Some of these
are described nicely in Gross and Tucker’s book on topological graph theory [19].

On the other hand, some other examples proved quite challenging, even when they
were vertex-transitive. Notable cases include the Cartesian product C3 1C5 (5, a 6-
valent graph of order 27 which took some years to deal with (see [32, 4]), the 3-valent Gray
graph of order 54 (see [30]), and the associated Doyle-Holt graph, a 4-valent graph of order
27 (considered 13 years ago in [30] and dealt with at last in this paper).

The difficulty is not surprising, even for small graphs, in that a k-valent regular graph
of order n has ((k — 1)!)™ distinct embeddings into an orientable surface. Furthermore, in
1989 it was shown by Thomassen [47] that the problem of finding the minimum orientable
genus of a graph is NP-hard, and the problem of determining whether or not the minimum
orientable genus of a connected graph is a given non-negative integer g is NP-complete.

Also the problem of deciding whether or not a graph can be embedded in an orientable
surface of given genus g has been considered. A polynomial-time algorithm to solve this
problem was presented in 1979 by Filotti, Miller and Reif [14], but then shown in 2011 to
be flawed, by Myrvold and Kocay [34]. In the meantime, in 1999 Mohar [31] produced
an algorithm for this that runs in linear time in the graph order, but doubly-exponential in
the genus. In the case where the graph has no such embedding, the latter algorithm returns
a minimal subgraph that cannot be embedded in the given surface, and its validity gives
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a constructive proof of the theorem of Robertson and Seymour [42] for any given closed
surface, there are only finitely many minimal forbidden subgraphs.

In contrast, finding the maximum genus of orientable embeddings of graphs is much
easier, thanks largely to some work in the 1970s by Xuong, who in [51] gave a formula
for this number in terms of the minimum ‘deficiency’ of spanning trees for the graph. Ten
years later Skoviera and Nedela used Xuong’s work in [43] to prove that almost every
vertex-transitive connected graph is upper-embeddable (in the sense of having a maximum
genus embedding with just one or two faces), and indeed that this happens whenever the
graph has valency or girth greater than 3.

In this paper we make further progress on the problem of finding the minimum genus
of graphs (in both the orientable and non-orientable cases). Our work was motivated by a
question by the second author about the minimum genus of the Hoffman-Singleton graph,
which arose in joint work with Izquierdo on geometries associated with Moore graphs [46].

The Hoffman-Singleton graph is the unique Moore graph of valency 7 and diameter 2
(and indeed the largest known Moore graph of diameter 2), and accordingly, is a 7-valent
connected graph of order 50, diameter 2 and girth 5. The properties of this graph, includ-
ing its order and valency, made it challenging to find the minimum genus using existing
methods (as summarised in [50] for example), and so we had to take a new approach. By
considering the action of subgroups of the automorphism group of the graph on cycles of
small length, we were able to find a minimum genus embedding on a non-orientable sur-
face with pentagonal faces, and then adapt our approach to find a minimum genus orientable
embedding as well.

We wrote up an early version of this paper describing our approach and the results,
but perplexingly, had difficulty in getting it accepted by a good journal (despite finding a
solution to a very challenging problem and developing a significant new approach in order
to do that). Then we got some highly astute advice from TomaZz Pisanski, who suggested
that we should apply our new approach to more examples, to underline its effectiveness. So
we proceeded to do that, and used our new approach to find (for the first time) the minimum
orientable or non-orientable genus of several other graphs, and answer a number of open
questions about some of these.

The approach we took for the Hoffman-Singleton graph, which we call the subgroup
orbit method, is useful for finding embeddings of graphs on surfaces with a certain degree
of symmetry. The method considers candidates for a subgroup G of suitable order in the
automorphism group of the graph such that G induces a group of automorphisms of the
embedding, and this helps to reduce the complexity of the search for such an embedding.
The automorphism group of a graph embedding is a subgroup of the automorphism group
of the underlying graph, and acts semi-regularly on the ‘flags’ of the embedding (see Sub-
section 3.1), so |G| must divide the number of flags, which is four times the number of
edges of the graph. Orbits of GG on closed walks of chosen lengths in the graph are taken as
possibilities for the boundaries of faces of the embedding, and then tested for compatibility,
completeness and orientability.

The subgroup orbit method works well for finding embeddings with face-transitive au-
tomorphism group, but can also work well in other cases where the automorphism group
of the embedding has a small number of orbits on faces, and the lengths of those faces are
close to the girth of the graph. But of course it is a lot to expect such properties, and indeed
for some of the graphs we investigated, there were no such embeddings. For those, we had
to develop other methods, which appear to be new as well.
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These methods involve a more direct consideration of ways in which cycles in the graph
can bound the faces of an embedding. Our second method involves creating an auxiliary
graph, with vertices taken as particular cycles in the graph, and adjacency indicating when
two such cycles cannot be taken simultaneously as faces of an embedding, and then using
the independence number of the auxiliary graph to give an upper bound on the number of
faces (and hence a lower bound on the minimum genus). According to Carsten Thomassen
(in a private communication), this approach has not been taken before. Our third approach
uses (mixed) integer linear programming to achieve the same thing when the auxiliary
graph method is not helpful, and our fourth method uses integer linear programming di-
rectly for finding the faces of a minimum genus embedding of the graph.

All of these methods are quite general, in the sense that they do not expect the given
graph to possess some non-trivial symmetry, even though we developed each of them to
deal with graphs that do.

In particular, our new methods enabled us to prove the following:

(a) the minimum non-orientable genus of the Cartesian product graph C3 [ C3 0 Cy is
13, answering a 1998 question by Brin and Squier [4],

(b) the minimum non-orientable genus of the Gray graph is 13, complementing the de-
termination in 2005 of its minimum orientable genus in [30],

(c) the minimum orientable genus of the Doyle-Holt graph is 5, answering a 2005 ques-
tion by Marusic, Pisanski and Wilson [30],

(d) the minimum non-orientable genus of the Doyle-Holt graph is 8, complementing (c),

(e) the minimum orientable genus of the dual Menger graph of the Gray (273) configu-
ration is 6, answering two more questions from [30], and its minimum non-orientable
genus is 11,

(f) the minimum orientable genus of the second smallest semi-symmetric 3-valent graph
(which has order 110) is 15, answering the penultimate question in [30], and its
minimum non-orientable genus is 28, and

(g) the minimum orientable genus of the Ljubljana graph (which has order 112) is 13,
answering the final question in [30], and its minimum non-orientable genus is 27.

We also found the minimum orientable and non-orientable genera for several other
interesting graphs, including the Folkman graph and Tutte’s 8-cage.

Many of the discoveries mentioned above are described in this paper, in each case to
illustrate the particular method(s) we used to make them. Before that, we give some further
background in Section 2. Then we describe our ‘subgroup orbit’” method in Section 3,
our ‘independence number’ approach in Section 4, and our integer linear programming
approach in Section 5.

2 Further background

In this section we give further background on graph embeddings, known as maps, and we
briefly describe their connection with geometric realisations of certain set systems, and also
explain the use of voltage graphs to construct embeddings of particular kinds of graphs.
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2.1 Graph embeddings

By an embedding of a connected graph X we mean a 2-cell embedding of X on some
closed surface S. In particular, such an embedding has the property that when the graph is
removed from the surface .S, it breaks up S into simply-connected open regions (homeo-
morphic to open unit disks), called the faces of the embedding. (Note here that we do not
require the closure of a face to be homeomorphic to a closed unit disk.) Such an embedding
of a graph is also called a map, and then the graph X is the 1-skeleton of the map M.

Next, if we denote the sets of vertices, edges and faces of the map M by V, E and F
respectively, then by the well known Euler-Poincaré formula we have

VI =Bl +|F[ =X

where  is the Euler characteristic of the surface S. If S is orientable, then x = 2 — 2¢g
where g is the genus of S (and of M), and in that case; furthermore, in the special case
where ¢ = 0 (and x = 2), the map M is called planar or spherical, while if g = 1 (and
x = 0) then M is Euclidean or toroidal, and if g > 1 (and x < 0) then M is hyperbolic.
On the other hand, if S is non-orientable, then y = 2 — p where p is the genus of .S, with
p = 1 when S is the projective plane, or p = 2 when S is the Klein bottle, and so on.

A given graph X may have several different embeddings, and the Euler characteristic
(and hence also the genus) of each one is determined by the number of resulting faces, since
the numbers of vertices and edges are exactly the same as for the graph X . In the orientable
case, the smallest and largest achievable values of the genus g are called the minimum
orientable genus and the maximum orientable genus of X, respectively. The minimum
orientable genus is often called simply the genus of X, and denoted by (X ). Similarly, in
the non-orientable case, the smallest and largest achievable values of p are the minimum and
maximum non-orientable genus of X, respectively. The former is sometimes also called
the cross-cap number of X, and is denoted by 7(X). In both cases, the minimum genus
occurs when the number of faces is maximised, or equivalently, when the average face-size
is minimised.

As mentioned in the Introduction, every embedding of a connected graph X on an ori-
entable surface is uniquely determined by the cyclic orientation of the edges at each vertex,
giving what is known as the ‘rotation system’ of the embedding. Equivalently, the em-
bedding can be described by giving a set of closed walks (not necessarily simple cycles)
bounding the faces, with consistent orientation and folding well around each vertex. For
example, if the (anti-clockwise) rotations at the vertices 1 to 4 of K are taken as those
which induce the permutations (2, 3,4), (1,4, 3), (1,2,4) and (1, 3,2) on their neighbours,
respectively, and we trace faces anti-clockwise (by ‘turning left’ at each successive ver-
tex, then the faces are bounded by the cycles (1,2, 3), (1,3,4), (1,4,2), (2,4, 3), and this
gives an orientable embedding of characteristic y = 4 — 6 + 4 = 2 and minimum ori-
entable genus 0. If we then replace the rotation at vertex 4 by its inverse, then the faces
are bounded by the cycle (1,2,3) and the closed walk (1,3,4,2,1,4,3,2,4), giving an
orientable embedding with Y = 4 — 6 + 2 = 0 and maximum orientable genus 1.

For non-orientable embeddings, the situation is a little more complicated. Any such
embedding can also be described by cyclic orientation of the edges at each vertex, or by
a set of closed walks bounding the faces, but without consistent orientation. For example,
there exists a non-orientable embedding of K5 with x = 5 — 10 + 6 = 1 and mini-
mum non-orientable genus 1 with faces bounded by the cycles (1, 3,5), (1,3,4), (2,4, 3),
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(1,5,2), (2,5,4), (1,4,5,3,2), and for this, the local orientations at vertices 1 to 5 are
given up to reversal by the cyclic permutations (2, 5, 3,4), (1, 3,4,5), (1,4,2,5), (1,3,2,5)
and (1, 2, 4, 3) of their neighbours, but there is no consistent way of orienting these cycles
that gives an orientable embedding with the same face-bounding cycles. A connection be-
tween the two descriptions above can be made by ‘twisting’ some edges. Further details
are explained in [19, 44] for example.

Finally, before continuing, we make two more points. One is that we may assume that
the given connected graph X has no vertices of valency 1 or 2, as their presence does not
affect the minimum (or maximum) genus of the graph: in any embedding, a leaf can be
added to any vertex, and similarly, a new vertex of valency 2 can be inserted into any edge,
without altering the genus. Another is that sometimes for ease of expression we will use
F}, to denote the number of faces of size/length k, and F to denote the number of faces
that are larger than some prescribed integer k.

2.2 Connections with geometric realisations of block designs and configurations

Closely related to the study of embeddings of graphs in surfaces is the study of geometric
realisations of set systems, especially block designs and combinatorial configurations.

In 1897, Heffter observed that certain triangular embeddings of graphs in surfaces can
be used to construct two-fold triple systems, with the role of the blocks being played by the
faces of the map; see [23]. Subsequent work by others took this further, and showed a link
between partially balanced incomplete block designs (PBIBDs) and triangular embeddings
of strongly regular graphs, for example. Further details can be found in the surveys [16, 17].

A combinatorial configuration is a set system with intersection properties that mimic the
properties of geometric configurations of points and lines, or occasionally configurations
of other geometric objects such as circles, planes, and so on. Geometric realisations of
configurations make up an important and classical area of geometry, described for example
in books by Griinbaum [20], Hilbert and Cohn-Vossen [24] and Pisanski and Servatius [37].
Many authors consider embeddings of the Levi graph (incidence graph) of a configuration
in a surface to be a geometric embedding of the configuration — see for example the work
by Coxeter in [10]. Similarly, geometric realisations of neighbourhood geometries were
considered by Van Maldeghem in [48].

On the other hand, any isometric embedding of a graph on a surface gives a geometric
realisation of a point-circle configuration, by drawing a circle through the neighbourhood of
each vertex of the graph. This was first observed by Gévay and Pisanski for the Euclidean
plane [15], and later by Izquierdo and Stokes for other surfaces [46]. Note that this way of
realising configurations geometrically is essentially different from the embeddings of block
designs described above, because it is not the faces but rather the rotation systems of the
embedded graph that constitute the blocks (or circles) of the geometric set system. In par-
ticular, isometric embeddings of Moore graphs induce geometric realisations of balanced
pentagonal geometries, and this was the motivation for our initial work on embeddings of
the Hoffman-Singleton graph, as explained in [46].

2.3 Voltage graphs and covering graphs

Voltage graphs provide a very good way to describe or construct covers of a given smaller
graph (or multigraph), and can also be used to construct certain kinds of embeddings of
such covering graphs. Here we give a brief summary of some key points about these things,
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and refer the reader to [18, 19] for further details.

Let X be any finite graph whose automorphism group A = Aut(X) has a non-trivial
subgroup B that acts semi-regularly on V(X)) and E(X), meaning that every non-trivial
element of B fixes no vertex or edge of X. In this case, all orbits of B on V(X)) or E(X)
have the same length n = | B|. Then we may define a smaller graph Y whose vertices are
the orbits of B on V(X), and an edge joins two such vertices if and only if some edge of
X joins a pair of vertices in the corresponding orbits. In particular, Y is a quotient of X,
and X is a regular cover of Y.

Now choose a set of representatives of the orbits of B on V(X), and let ¥ be the
representative of the B-orbit containing a vertex v. If {v, w} is any edge of X, then so is
{,w"} for some 3 € B, and hence so is {v%,w"*} for all « € B. Accordingly, there is
an arc from @” to T in the quotient graph Y that we can label with the element /3 of B.
(Also the reverse are could be labelled with 51, but that is not necessary.) After doing this
for an edge from each orbit of B on E(X), we have a directed labelling of the edges of YV’
that gives enough information to define the covering graph X uniquely, with B considered
as a regular permutation group of degree n = |B|. When so labelled, the quotient graph
Y is called the voltage graph, and B is called the voltage group, while X is the derived
graph, constructible from the graph Y and the voltage assignments.

The vertex-set of the derived graph can be regarded as the Cartesian product V(Y') x B,
and its edges are of the form {(y, ), (2, Sa)} where « € B, and (y, z) is an arc of YV’
labelled with 5 € B. To see the connection with constructing Y from the derived graph X,
note that 3 and z may be viewed as T and @, and (y, &) as v = 7%, and (z, Ba) as W*.

The voltage graphs described above are also called regular voltage graphs, and they
correspond to regular coverings of graphs. Permutation voltage graphs were introduced by
Gross and Tucker in [18], where they proved that it is enough to use permutations from a
symmetric group as labels on the (possibly multiple) edges of a voltage graph, to represent
an ordinary covering of a given graph. Any regular voltage graph can be expressed as a
permutation voltage graph. More generally, a branched covering of a graph (which in the
literature is also known as a wrapped quasi-covering of a graph (see [27, 36])) is a pair of
graphs, similar to the pair consisting of a permutation voltage graph and its derived graph,
except that branched (or wrapped) vertices are also allowed.

Next, embeddings of the voltage graph Y can also be used to construct embeddings
of the derived graph X. To do this, simply assign a cyclic rotation of the edges at each
vertex of Y, and then use the voltage assignments to give the analogous rotations at the
corresponding vertices of X.

One particularly good feature of this process is that it preserves much of the symmetry
of the initial embedding — and indeed there are many cases where a highly symmetric or
minimum genus embedding can be described in terms of a voltage graph (see [29]). Not all
embeddings of the derived graph X can be obtained in this way, however, as we will see
with the Hoffman-Singleton graph. Given a nice embedding of a (branched) cover, it is not
certain that the quotient of this embedding is an embedding which is easily recognisable as
nice embedding for lifting. In other words, it is not usually clear in advance what kinds of
embeddings of the voltage graph (or even what voltage groups and voltage assignments)
will result in particularly nice embeddings of the derived graph.

In Section 3.4, we will compare one of our methods for finding graph embeddings with
methods that use coverings and voltage graphs.
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3 The subgroup orbit method

Here we present the method that we used successfully to find minimum genus embeddings
of many of the graphs mentioned in the Introduction. It works well for finding embeddings
of a graph with certain degree of non-trivial symmetry. The method uses selected elements
of the automorphism group of the graph to construct an embedding which will have an
automorphism group featuring at least the selected automorphisms.

3.1 Motivation

This method was inspired by properties of regular maps.

A flag of a map M is usually defined as an incident vertex-edge-face triple (v, e, f) in
M, but more technically it should be defined as follows, to avoid ambiguity in cases where
an edge e lies in just one face. Subdivide each face f of length k in M into 2k topological
triangles, with the vertices of each triangle being the centre of the face f, a vertex v of M
on the boundary of the face f, and the mid-point of an edge e incident with both v and f.
We then call each such triangle a flag of M. In this way, every edge of M lies in four flags
(with two for each choice of the vertex v).

An automorphism of map M is a bijection from M to itself that preserves its vertex-
set, edge-set and face-set, and preserves incidence between these sets. By connectness,
every automorphism of M is uniquely determined by its effect on any flag, so the automor-
phism group of M (denoted by Aut(M)) acts semi-regularly on flags, and it follows that
| Aut(M)| divides the number of flags, namely 4|E(M)].

A map M is called regular if Aut(M) is transitive (and hence acts regularly) on the
flags of M, or if M is orientable and the group of all orientation-preserving automorphisms
of M acts regularly on the arcs of M see [11] (or [9], for example). These two definitions
are not equivalent (indeed the two cases are different, but not mutually exclusive). In both
cases the automorphism group of M has a single orbit on faces, and if the face-size is small
enough then M can be expected to be a minimum genus embedding of X. (For example,
this always happens when all faces of M are triangular.) There are also non-regular maps
whose automorphism group has a small number of orbits on faces, and again if the faces
are small, then these can give minimum genus embeddings of the underlying graph.

Our method finds minimum genus embeddings for which some non-trivial subgroup
of the automorphism group of the graph induces a group of automorphisms of the map,
usually with a small number of orbits on faces, when such a subgroup exists.

Before describing it, we repeat the observation that the smallest genus embeddings have
the largest possible number of faces (in each of the orientable and non-orientable cases).
Also we note the following.

Lemma 3.1. If X is a connected finite graph of girth g, then in any embedding of X, every
face has size at least g, and the number of faces is at most 2| E(X)|/g.

Proof. The first conclusion is obvious, and the second follows by counting incident edge-
face pairs, which shows that the sum of the sizes of all faces at most 2| E(X)|. O

The above observations show that it makes sense to consider cycles in the graph of
relatively small length (either girth cycles, or ‘almost’ girth cycles) as possibilities for the
closed walks bounding the faces of a small genus embedding. We also use subgroups of
the automorphism group of the graph (of order dividing 4| E|) to reduce the search space.
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3.2 Description

Our subgroup orbit method proceeds as follows, for the given connected graph X:
Step 1. Find the set C of cycles of X of small lengths of interest.
Step 2. Find the automorphism group of X and its conjugacy classes of subgroups.

Step 3. For every representative subgroup G of order dividing 4| E(X)]| in Aut(X), taken
in decreasing order of G,

(a) find the set S of orbits of G on the cycles in C,
(b) find subsets of S whose union forms the set of faces of an embedding of X,
(c) for each such subset, determine the orientability and genus of the resulting map.

Note that Step 3(b) requires checking that the union of the chosen subsets of S uses
every edge exactly twice; in particular, the sum of the lengths of the cycles in the union
must be 2| E(X)|. Also, if some set S of orbits of G on cycles produces an embedding of
X, then G will induce a subgroup of the automorphism group of the resulting map, so its
order must divide 4| E(X)|.

Step 3(b) also requires that the cycles incident with each vertex v fold well around v,
providing a cyclic permutation of the edges incident with v. Testing this can be achieved
simply by constructing a ‘local’ graph, representing the vertex-figure on the neighbourhood
X (v) of v, with an edge between vertices u and w if and only if the union contains a
cycle with edges {u, v} and {v, w}, and then checking that this graph is a k-cycle, where
k = | X (v)| is the valency of v. The test for orientability in Step 3(c) then follows on easily
from that. Also Step 3(b) can be sped up by use of a backtrack search, adding and removing
G-orbits on cycles to and from a union of such orbits, with feasibility tests at each node of
the search tree.

In practice, the length of time needed for Steps 1 and 2 is relatively small, while most of
the time is required for Step 3. Also the time needed increases as the order of G decreases,
because the number of orbits of G on C increases. But usually we do not conduct Step 3
for every class of subgroups. Indeed we stop the search if it finds an orientable embedding
and/or non-orientable embedding of provably minimum genus, since there is then no need
to proceed further, and in that case we have found such an embedding (or embeddings)
with largest possible automorphism group. Also we can stop the search if it takes too long
or requires too much memory, but in principle it can work even when the subgroup G is
trivial.

3.3 Application to the Hoffman-Singleton graph

The Hoffman-Singleton graph is the unique Moore graph of valency 7 and diameter 2, and
hence has order 1 + 7 + 7 - 6 = 50 and girth 5.

It has a very nice ‘pentagons-and-pentagrams’ construction (due to Robertson [41]),
which may be described as follows: Take five pentagons Py, P, Ps, Py, P5, with each
Pi having vertices i1, Wiy i3, Uih and Uis and edges {uﬂ, Uig}, {uig, ’U,i3}, {’U,i3, Ui4},
{4, uis} and {u;s5,u;1 }, and five pentagrams (5-pointed stars) @1, Q2, Qs, Q4, @5, With
each Q; having vertices v;1, vi2, v;3, vi4 and v;5 and edges {v;1, viz}, {vi3, vis }, {vis, viz }
{vi2, via} and {vs,v;1}, and then add an edge from vertex w;; to vertex v,, whenever
s=ir+j (mod 5).
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Equivalently, it may be constructed as the derived graph of a graph T of order 10 whose
vertices are Py, Py, P3, Py, P5,Q1,Q2, Qs, Q4 and Q5, with a loop at each vertex and an
edge joining each of the 25 pairs of vertices P; and ();, and voltage group Zs (under
addition). In particular, this makes it a 5-fold cover of 7.

For ease of notation, we may re-label the vertices w1, w12, u13, U14, U135, U21, U2, - - - ,
uss as 1 to 25, and the vertices v11, v12, V13, V14, V15, U21, V22, . . . , Uss as 26 to 50. Then
for example, the neighbours of the vertex 1 are 2, 5, 27, 33, 39, 45 and 46.

The Hoffman-Singleton graph is vertex-transitive. Indeed its automorphism group has
order 252 000 and is isomorphic to PXU(3, 5), which is a semi-direct product of the simple
linear group PSU(3,5) by a cyclic group of order 2 generated by the Frobenius automor-
phism of GF(52). The stabiliser of a given vertex v is isomorphic to S7, which acts faith-
fully on the neighbourhood of v. In particular, the graph is also arc-transitive, or symmetric.

An easy computation with the MAGMA system [2] shows that the automorphism group
has 148 conjugacy classes of subgroups, of orders 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 16,
18, 20, 21, 24, 25, 32, 36, 40, 42, 48, 50, 60, 72, 80, 96, 100, 120, 125, 144, 168, 200, 240,
250, 336, 360, 480, 500, 720, 1000, 1440, 2000, 2520, 5040, 126 000 and 252 000 (with
many orders repeated). We can limit our attention to those of order dividing 4|F| = 700,
that is, of order 1, 2, 4, 5, 7, 10, 14, 20, 25, 50 or 100.

It is easy to check that there is no subgroup of order 50 that is complementary to the
vertex-stabiliser, and hence the Hoffman-Singleton graph is not a Cayley graph. Moreover,
it has no subgroup of order 175, 350 or 700, and hence has no subgroup that acts regularly
on the edges or on the arcs of the graph, or on the flags of any embedding. In particular, the
Hoffman-Singleton graph is not the underlying graph of a regular map, and this explains
why we started thinking about different kinds of embeddings. We collect some of our
findings in the following.

Proposition 3.2. The Hoffman-Singleton is not a Cayley graph, and is not the underlying
graph of a regular map.

Next, by Lemma 3.1, an upper bound on the number of faces of any embedding is
350/5 = 70, with the bound attained only when all faces are pentagonal.

We implemented our subgroup orbit method in MAGMA, and ran it on an Apple laptop.
With C chosen as the set of all cycles of length 5 (of which there are 1260), it took only
minutes to check and eliminate subgroups of order 20 or more, but the computation then
slowed down considerably once it reached subgroups of order 10. Because of this, we
restricted the search to cyclic subgroups of prime order, and that led us to discover some
minimum genus embeddings.

One of the first ones we found (taking only a few minutes in the restricted computation)
uses ten orbits on C of a cyclic subgroup of order 7 in the automorphism group of the graph,
generated by the automorphism « that induces the permutation

(2,5,27,33,39,45,46) (3,26,10,12,37,7,49) (4,29,9, 36,13, 6, 47)
(8,19,48,28, 50, 30, 20) (11,40, 38, 14, 35, 17,43) (15,25, 16,41, 32, 18, 23)
(21,34, 44,22, 31,24, 42)

on the re-labelled vertices. Note that this permutation does not act semi-regularly on the
vertices, since it fixes the vertex 1. The 70 faces of the embedding are bounded by the ten
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5-cycles
(1,2,34,32,5), (2,3,29,26,28), (2,3,35,17,47),
(2,28,23,38,40), (2,34,13,12,47), (2,40, 18,44, 41),
(3,35,32,8,48), (3,36,12,44,42), (4,30,16, 34, 31),
(

4,30,28,23,43),

and their images under non-trivial powers of the automorphism a.

This embedding is non-orientable, since the Euler characteristic x is 50 — 175 4+ 70 =
—55, which is odd. In particular, it is a non-orientable embedding of minimum genus, and
gives the cross-cap number of the graph as 2 — xy = 57. The embedding is illustrated in
Figure 1, and also in [46].

At this point, we note that the resulting map admits an automorphism of order 7 (acting
on the underlying graph in the same way as a above), and also that with the help of MAGMA
it is not difficult to show that there are no other map automorphisms apart from powers of
o, and so the full automorphism group of this map has order 7.

Another non-orientable embedding we found of the same genus uses 14 orbits of a
cyclic subgroup of order 5 generated by the automorphism § that induces the semi-regular
permutation

(1,6,12,19,22) (2,7,13,20,23) (3,8, 14, 16, 24) (4,9, 15,17, 25)
(5,10,11,18,21) (26,50, 43,40, 31) (27, 46,44, 36, 32) (28,47,45, 37, 33)
(29,48, 41, 38, 34) (30,49, 42, 39, 35).

The 70 faces of this embedding come from the orbits of the following 5-cycles:

(1,2,41,20,33), (1,33,23,48, 46), (1,46,16,42,45),
(1,45,13,14,27), (1,27,18,17, 39), (1,39, 36, 38,5),
(1,5,50,47,2), (2,3,4,37,40), (2,34,31, 18, 40),
(3,4,30,8, 48), (3,48,18,44,42), (3,42,9,26,29),
(4,5,32,11,43), (4,31,15, 39, 37).

We later used linear programming (as we will describe in Section 5) to find a large
number of non-orientable embeddings of minimum genus with trivial automorphism group,
and some further computations using MAGMA showed that 7 is the largest order of the
group of automorphisms of any such embedding.

We collect our findings in the following theorem.

Theorem 3.3. The minimum non-orientable genus of the Hoffman-Singleton graph is 57,
and occurs for embeddings with 70 pentagonal faces. Moreover, the maximum order of a
group of automorphisms of such an embedding of this graph is 7, and other possibilities
for the order are 1 and 5.

For orientable embeddings, an upper bound on the number of faces is 69, potentially
giving Euler characteristic y = 50 — 175 + 69 = —56 and genus 29. In theory, this could
be achieved in a number of ways: ranging from 68 faces of length 5 and one of length 10,
to 64 faces of length 5 and five of length 6.
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Figure 1: A minimum genus non-orientable embedding of the Hoffman-Singleton graph.
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We ran another version of our MAGMA procedure with .S’ chosen as a cyclic subgroup
of order 5 in the automorphism group of the graph, and C chosen as the set of all cycles of
length 5 and all the 6-cycles in a single orbit of .S, and found an orientable embedding of
minimum genus 29, with 64 faces of length 5 and five of length 6. This embedding came
from the subgroup of order 5 generated by the obvious automorphism v of order 5 that
induces the semi-regular permutation

(1,2,3,4,5) (6,7,8,9,10) (11,12, 13, 14, 15) (16, 17, 18, 19, 20)
(21,22,23,24,25) (26,27, 28,29,30) (31, 32, 33, 34, 35) (36, 37, 38, 39, 40)
(41,42,43,44,45) (46, 47, 48, 49, 50).

This subgroup is not conjugate to the subgroup generated by the earlier automorphism 3
mentioned above. The 69 faces of the embedding come from 11 orbits of (7) of length 5
on H-cycles, with representatives

(1,2,34,10,27), (1,5,38,7,45), (1,45,13,37,39),
(1,46, 11,12, 33), (6,35,17,47,7), (6,37,22,23,28),
(6,46,21,41,44), (11,29, 24, 34, 32), (11,43,17,26,29),
(11,46,48,18,40), (16,17,43,23,38),
plus another nine individual 5-cycles, which are all preserved by -y, namely

(6,7,8,9,10), (11,15,14,13,12), (16,20, 19,18,17),
(21, 25,24, 23,22), (26,28,30,27,29), (31, 33,35, 32,34),
(36,39,37,40, 38), (41,43,45,42,44), (46,49, 47,50, 48),

and a single orbit of (7) of length 5 on 6-cycles, with representative
(1,27,18,31,21, 46).

These 69 cycles are consistent, in that they give the rotation system for an orientable
embedding. For example, the seven of those 69 cycles that contain the vertex 1 are the six
5-cycles

(1,2,34,10,27), (5,1,33,9,26), (1,5,38,7,45),
(2,1,39,8,41), (1,45,13,37,39), (1,46,11,12,33),

plus the single 6-cycle
(1,27,18,31,21, 46),

and these are consistent with p = (2,39,45,5, 33,46, 27), which gives a rotation at ver-
tex 1. The rotations at other vertices can be found similarly.

The resulting orientable embedding admits v as a map automorphism of order 5, and
an easy MAGMA computation shows that there are no other automorphisms. In particular,
the above embedding is chiral (irreflexible), meaning that it does not admit an orientation-
reversing automorphism. Also an extended MAGMA computation showed that 5 is the
largest order of any group of automorphisms of an orientable embedding of minimum
genus 29.

We collect our findings in the following theorem.
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Theorem 3.4. The minimum orientable genus of the Hoffman-Singleton graph is 29, and
this is attainable by a chiral embedding with 69 faces, of which 64 have length 5 and five
have length 6, and with automorphism group of order 5. Moreover, 5 is the maximum order
of a group of automorphisms of any minimum genus orientable embedding of this graph.

3.4 Comparison with the voltage graph method

Here we make some observations that compare the voltage graph method (as described
near the end of Subsection 2.3) with our new subgroup orbit method, in response to a
suggestion by Tomaz Pisanski. Each of these two methods involves choice of an eventual
group of automorphisms of an embedding (or just a suitable set of permutations), in order
to reduce the size of the search space for nice embeddings, and this also makes it easy to
describe each embedding found.

But there are many important respects in which they differ.

The voltage graph method involves guessing a way of regarding the given graph as a
covering graph of a nice voltage graph (and then choosing suitable voltage assignments,
and so on), while the subgroup orbit method does not do this, even though those things can
sometimes be the outcome. In this sense, the subgroup orbit method is more systematic than
the voltage graph method (even without putting any extra restrictions on the set C of cycles
or the subgroup G, as we did when finding minimum genus orientable embeddings of the
Hoffman-Singleton graph). Also the subgroup orbit method can find embeddings that are
unlikely to be obtained by the voltage graph method. In particular, this may happen when
vertices in some face are identified in the quotient embedding while others are not, but also
in other cases where the quotient graph is not obvious or natural.

The minimum genus embeddings we found for the Hoffman-Singleton graph make a
good illustration of these arguments. Our orientable embedding with 69 faces can be con-
structed from an embedding of the quotient graph via the automorphism ~y of order 5, and
this graph happens to be the very nice voltage graph 7" from which the Hoffman-Singleton
graph is often constructed (as described at the beginning of Section 3.3). On the other
hand, the minimum genus non-orientable embeddings that we found have automorphisms
that define quite different voltage graphs: the automorphism 3 of order 5 gives a quotient
graph on 10 vertices with multiple edges but no loops, while the automorphism « of order
7 defines a quotient graph on 8 vertices (with one being a branched vertex). Every em-
bedding of one of these quotient graphs will give an embedding of the Hoffman-Singleton
graph in some surface. In the third case (using «), however, the quotient graph is not the
most obvious one to choose. Also the third case also shows that no particular difficulties
need arise from using an automorphism that is not semi-regular.

The next point we make is that it can be difficult to choose the quotient graph and
voltage assignments when we want control over the size of the faces and/or the number of
faces in the derived embedding, which of course is what we need to do when searching for
minimum genus embeddings. Indeed it can be difficult even to guess what lengths the faces
should have in the quotient embedding in order to get faces of the desired lengths in the
covering graph, without considering also the values of the voltages on the edges, and how
they compose. For example, some of the pentagonal faces of the non-orientable embedding
obtained from the automorphism /3 are lifted from closed walks of length 5 in the quotient
embedding, consisting of a triangular face together with a closed walk of length 2, but in
the voltage graph construction it would not be immediately clear if such a walk would lift
to a pentagonal face, or to something larger. In other examples, it may be easy to see how
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short closed walks will lift in the derived graph, and often they unwind simply as desired
(almost by pure luck), but in many cases the situation can be rather complicated, especially
when a face is created from a union of smaller closed walks.

Here we feel it is interesting to note that voltage graph methods cannot be used to
construct a minimum non-orientable genus embedding of the Hoffman-Singleton graph
from the natural 10-vertex voltage graph 7' (mentioned earlier). Such an embedding must
have 70 pentagonal faces, lifted from 14 closed walks of length 5 in 7' that use each arc
exactly once. According to [21], there are four types of cycles of length 5 in the Hoffman-
Singleton graph. Cycles of type I are lifted loops, cycles of type II and III are lifts of
closed walks of type (v,v,v,u,u), and cycles of type IV are lifts of a cycle of length 4
with an attached loop. Any walk that lifts to a cycle may use each arc no more than once,
and it follows that only cycles of types I and IV can be used in a lifted embedding. (Any
closed walk of type (v, v, v, u,u) in T could not unwind to a simple cycle of length 5 in the
derived graph if the loop at v was taken in both possible directions, and so would have to
traverse the loop at v twice in the same direction.) On the other hand, a counting argument
shows that we cannot cover each arc in 7" exactly once using quotient walks of cycles of
type I and IV, and so this voltage graph 7" cannot be used to construct an embedding of the
Hoffman-Singleton graph with only pentagonal faces.

The above example shows that the knowledge of a ‘special’ voltage graph does not
necessary help when looking for a minimum genus embedding. More generally, if a voltage
graph has a large number of vertices or edges, then it can be quite a challenge to find nice
embeddings of it, let alone nice embeddings of the derived graph, while the subgroup orbit
method is quite capable of easily finding nice embeddings also in those cases. In summary,
the subgroup orbit method can produce a greater range of embeddings than the voltage
graph method.

On the other hand, the subgroup orbit method works best when the graph has nice
embeddings with non-trivial symmetry, while the voltage graph method can be made to
work well also in cases where that does not happen (using permutation voltage graphs).

3.5 Some other examples

Example 3.5. The Cartesian product C5 0 C3 O Cs.

This is an arc-transitive graph of order 27, valency 6, girth 3 and diameter 3 (and is a
Cayley graph for the abelian group Zs @ Zs @ Z3). By Lemma 3.1, any embedding of this
graph has at most 162/3 = 54 faces. In 1985 it was shown to have a genus 7 orientable
embedding with 42 faces, by Mohar, Pisanski, Skoviera and White [32], and three years
later Brin and Squier proved in [4] that any embedding has as most 43 faces, and thereby
showed that the minimum orientable genus of C3 0 C3 [0 C's is 7, but they left open the
question of the minimum non-orientable genus.

With a natural vertex-labelling, our subgroup orbit method implemented in MAGMA
takes only a couple of minutes to produce a different and more symmetric orientable em-
bedding of minimum genus than the one found in [32]. This new embedding has automor-
phism group S of order 36, generated by elements that induce the permutations

(2,7) (3,4) (5,9) (10,19) (11,25) (12,22) (13,21)
(14,27) (15,24) (16,20) (17,26) (18,23)
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and

(1,14,27) (2,15,25) (3,13,26) (4,23,21,10,17,9)
(5,24,19,11,18,7) (6,22, 20,12, 16, 8).

The resulting map has 18 triangular faces, 18 quadrangular faces and 6 hexagonal faces,
coming from the orbits under .S of the 3-cycles (4, 6, 5), the 4-cycle (1,2,8,7) and the
6-cycle (2,3,21,24,23,5). In particular, the first of the two generators for S given above
reverses the 4-cycle (1,2,8,7), and it follows that this embedding is reflexible.

Our subgroup orbit method also quickly finds a non-orientable embedding of minimum
genus, with 43 faces, answering the question left open in 1988 by Brin and Squier [4]. This
embedding has 24 triangular faces, 12 quadrangular faces, and 7 hexagonal faces, and its
automorphism group is a dihedral group of order 12, generated by two elements that induce
the permutations

(2,3) (4,7) (5,9) (6,8) (10,19) (11,21) (12,20) (13,25)
(14,27) (15,26) (16,22) (17,24) (18,23)

and

(1,5,9) (2,8,7,4,6,3) (10,14, 18) (11,17,16,13,15,12)
(19,23,27) (20, 26, 25, 22, 24, 21).

The 43 faces come from the orbits of the cycles (1,2,3), (2,11,20), (10,11,12),
(1,2,11,10), (10,12,15,24,22,19) and (2, 3,6,4,7,8).
Thus we have proved the following improvement of what was achieved in [32] and [4].

Theorem 3.6. The minimum orientable genus of the Cartesian product CsdCsOC5is 7,
and this is attainable by a reflexible embedding with 42 faces, in which there are 18 faces of
length 3, plus 18 of length 4, and 6 of length 6, and with automorphism group of order 36.
The minimum non-orientable genus of the Cartesian product C's (1 C3 [ Cs is 13, and this
is attainable by an embedding with 43 faces, in which there are 24 faces of length 3, plus
12 of length 4, and 7 of length 6, and with automorphism group of order 12.

Example 3.7. Tutte’s 8-cage.

This is the smallest 5-arc-transitive 3-valent graph. It is bipartite of order 30, with
girth 8; indeed it is also the smallest 3-valent graph of girth 8. Its automorphism group is
isomorphic to Aut(Sg), of order 1440.

The number of faces of any embedding is bounded above by |2|E|/8| = [90/8| = 11.
Moreover, if there are exactly 11 faces, and Fg and Fy are the numbers of faces of length 8
and greater than 8, then 88 + 2F; = 8(Fg + Fy) + 2Fy, = 8F3 + 10F; < 2|E| = 90 and
so F; < 1, which implies that there are ten faces of length 8 and one of length 10.

Our subgroup orbit method quickly gives a minimum genus non-orientable embedding
with 11 faces, and cyclic automorphism group of order 10. With a suitable labelling of
vertices, the automorphism group is generated by an element inducing the permutation

(1,11, 25,20, 26, 3, 23,22, 28, 14) (2,5,13,29,19,7, 15,24, 12, 6)
(4,27,17,8,18,9, 16, 10, 21, 30),
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and the ten faces of length 8 come from the orbit of (1,2,5,11,23,16,8,4), while the
single face of length 10 is bounded by the cycle (2,6,12,24,15,7,19,29,13,5).

Also our subgroup orbit method gives an orientable embedding with 9 faces, and au-
tomorphism group of order 3. The automorphism group S is generated by an element
inducing the permutation

(2,3,4) (5,9,10) (6,7,8) (11,21,18) (12,19, 16)
(13,17,22) (14, 15,20) (23,28, 26) (24,29, 30),

and the embedding has three faces of length 8, three of length 10 and three of length 12,
which come from the orbits under S of the cycles

(1,2,5,11,23,16,8,4),  (5,13,25,17,30,14,26,18,27,11)  and
(2,6,14, 30,16, 23,15, 7,19, 29, 13, 5).

Our method found no orientable embedding with 11 faces, for a good reason. If there
existed one, then there would be ten faces of length 8 and a single face of length 10 (as
shown above). By transitivity of the automorphism group of Tutte’s 8-cage on 10-cycles,
we may choose any 10-cycle C' to bound the single face of length 10, and then consider
the way the other ten faces wrap around it. By inspection of the edge-set of the graph, it
is easy to see that there are exactly four possibilities for a cycle of length 8 containing any
edge, and it follows that there are 4! possibilities for how to arrange potential faces of this
length around the given 10-cycle C. But then an easy MAGMA computation shows that in
all 419 cases, some arc is repeated in two different faces, so this is impossible. (In fact there
are only two embeddings that can be found in this way, and both are non-orientable.)

Thus we have the following:

Theorem 3.8. The minimum orientable genus of Tutte’s 8-cage is 4, attainable by a chiral
embedding with 9 faces, in which there are three faces of length 8, three of length 10, and
three of length 12, and with automorphism group of order 3. The minimum non-orientable
genus of Tutte’s 8-cage is 6, attainable by an embedding with 11 faces, in which there are
ten faces of length 8 and one of length 10, and with cyclic automorphism group of order 10.

Further examples will be met in the next two sections.

4 The independence number approach
4.1 Motivation and description

Lemma 3.1 gives a theoretical upper bound on the number of faces of an embedding, and
hence a lower bound on the minimum genus. If an embedding attains that bound, then it
will automatically have minimum genus (whether orientable or not). Also if an orientable
embedding falls short by just one face, then it will have minimum orientable genus, since
in that case the Euler characteristic has to be even.

The two examples considered in Subsection 3.5 (and many other graphs besides those)
show that these theoretical upper bounds on the number of faces of an embedding are not
always attainable, and in such cases, some other information is required to help decide
whether a given embedding has minimum genus. This was already done for C5 0 C3 0 Cs
(in Example 3.5) by Brin and Squier [4], using knowledge of the structure of the graph
to reduce the bound from 54 to 43 faces, and similarly, in Example 3.7 we used some
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particular properties of Tutte’s 8-cage to decrease the bound from 11 to 9 in the orientable
case. These kinds of approach, however, are not likely to work well in general, so some
other approaches are needed.

The main idea of our new approach is that we analyse an appropriate set C of cycles of
the graph that are candidates for the faces, with the aim of finding an upper bound on the
number of members of C that can be combined together to form the faces of an embedding
or partial embedding. For example, the set C could be the set of all girth cycles, or all cycles
of length close to the girth.

We then define an auxiliary graph X with C as its vertex-set, and with two cycles in C
joined by an edge if and only they cannot occur together in the same embedding.

There are several ways of telling that two cycles cannot occur in the same embedding.
Here we use the fact that the local arrangement of neighbours of a vertex requires that any
given 2-path lies in at most one face (under the assumption that no vertex of X has valency
2), and accordingly, we define an edge between two members of C if and only if they have
a 2-path in common.

Next, we compute the independence number of the auxiliary graph X¢. This is the
maximum number of pairwise non-adjacent vertices of X¢, and can be found (for example)
in MAGMA using the MaximumIndependentSet command. The resulting number
gives an upper bound on the number of cycles from C that can bound faces of an embedding,
and hence can be used to find a lower bound on the average face size, and thereby obtain
an improved upper bound on the total number of faces.

The method can be summarised as follows:

Step 1. Choose an appropriate set C of cycles of interest in the given graph X.

Step 2. Define the auxiliary graph X¢ on the vertex-set C, with two elements of C joined
by an edge if and only if they cannot occur together in the same embedding.

Step 3. Find the independence number of the auxiliary graph X¢, which gives an upper
bound on the number of the cycles of C that can occur as faces of any embedding.

This approach works for both orientable and non-orientable embeddings alike, but can
be further improved for orientable embeddings by taking C as a suitable set of oriented
cycles, and by joining two elements of C by an edge when they have either an arc (ordered
edge) or an underlying 2-path (or both) in common.

Also at Step 3 in both cases, the MaximumIndependent Set command can produce
an independent set of maximum size, in case that is helpful.

As the examples below will show, this approach can lead to significant reduction in the
upper bound on the number of faces, and then help with determining the minimum genus.

4.2 Some applications

Example 4.1. The Gray graph.

This is the smallest cubic (3-valent) graph that is semi-symmetric, which means regular
and edge-transitive but not vertex-transitive; see [8]. It is bipartite with order 54, diameter 6
and girth 8, and has automorphism group of order 1296. An upper bound on the number of
faces of any embedding is |162/8| = 20, but this is not sharp. The minimum orientable
genus of the Gray graph was found in 2005 by Marusi¢, Pisanski and Wilson [30] to be 7,
via an embedding with only 15 faces, obtained from the embedding of Cs 0 C5 5 on a
surface of genus 7 given in [32].
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Our new approach also gives both this and the minimum non-orientable genus quite
easily. First, the Gray graph has 81 cycles of length 8, but none of length 10. With C
taken as the set of all 8-cycles, our independence number approach gives Fg < 9, and then
because there are no 10-cycles, all other faces have length at least 12, and so we find that
|F| <94 (2|E|—72)/12 = 9+90/12, which gives | F/| < 16. Hence every non-orientable
embedding of the Gray graph has at most 16 faces, while every orientable embedding has
at most 15.

Furthermore, our subgroup orbit method easily finds one of each kind of embedding
from a dihedral subgroup S of order 6 in the automorphism group of the graph: an ori-
entable embedding with Fg = Fj5 = 6 and F4 = 3, and a non-orientable embedding with
Fg =9, F12 =4 and F14 = 3.

With a suitable labelling of the vertices, the dihedral subgroup S can be generated by
the two elements of orders 2 and 3 inducing the permutations

(1,2) (3,15) (5,14) (6,8) (7,9) (11,13) (12,17) (16, 18) (19,21) (20, 27)
(23,24) (25,26) (29,31) (30, 32) (34,35) (36,37) (38,40) (39,47) (42,43)
(44, 45) (46,48) (49, 53) (50,52) (51,54)

and

(1,2,4) (3,9,11) (5,6,17) (7,15, 13) (8, 14, 12) (10, 27, 20) (16, 26, 23)

(18,24,25) (19,21, 22) (29,32, 34) (30,31, 35) (33,47, 39) (36,45, 42)
(37,43, 44) (38,40, 41) (46,52, 54) (48,51, 50),

and then the faces of the orientable embedding come from the orbits of S containing the
8-cycle
(3,29,8,42,23,46, 10, 33),

the 12-cycles

(1,29,3,36,14,41,5,37,15, 31,2, 28),
(1,30,5,41, 22,51, 27,52, 21, 40, 8, 29),

and the 14-cycle
(3,33,15,37,18,53,25,51, 22,54, 26, 49, 16, 36),

while those of the non-orientable embedding come from the orbits of S’ containing the
8-cycles

(1,28,2,31,15, 33, 3,29), (3,33, 10,46, 23, 49,16, 36),
the 12-cycles

(5,37,18,50, 19, 38,12, 45, 26, 54, 22, 41),
(10,48,21,52,27,51,22, 54,20, 50, 19, 46),

and the 14-cycle
(1,29,8,42,11,34,12,38,6,31, 15,37, 5, 30).
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The above orientable embedding is reflexible, since the 12-cycle
(1,29,3,36,14,41,5,37,15,31,2,28)

is inverted by conjugation by the first generator of .S.

Thus we have the following improvement of what was found in [30].

Theorem 4.2. The minimum orientable genus of the Gray graph is 7, attainable by a
reflexible embedding with 15 faces, of which six have length 8, six have length 12, and
three have length 14, and with dihedral automorphism group of order 6. The minimum
non-orientable genus of the Gray graph is 13, attainable by an embedding with 16 faces,
in which nine have length 8, four have length 12, and three have length 14, and with the
same automorphism group of order 6 as in the orientable case above.

Example 4.3. The Ljubljana graph.

This is the third smallest semi-symmetric cubic graph. It is believed to have been first
found by R. M. Foster in the 1970s, and first mentioned in [3]. It was later rediscovered
in [5], as well as in the computations that produced the list of all small semi-symmetric
3-valent graphs published in [8]. It is bipartite with order 112, diameter 8 and girth 10, and
has soluble automorphism group of order 168. Other properties of this graph are described
in [7].

The upper bound on the number of faces of any embedding given by Lemma 3.1 is
[336/10| = 33, but we can reduce this to 32 using our independence number approach.

If we take C as the set of all unoriented 10-cycles in the graph (of which there are 168),
then the auxiliary graph X has independence number 24, and so F1g < 24. Next, since the
graph is bipartite, every other face has length 12 or more, and so counting incident edge-
face pairs gives 336 = 2|E| > 10F o + 12(|F| — Fyo) = 12|F| — 2Fy¢ > 12|F| — 48, and
it follows that | F'| < (336 4 48)/12 = 384/12 = 32. Also if there are exactly 32 faces,
with 24 of length 10, then the inequality becomes an equality, and then the other eight faces
must all have length 12.

Our subgroup orbit method provides an orientable embedding with exactly 32 faces,
and automorphism group of order 24, isomorphic to A4 x Cs. In particular, this embedding
has minimum orientable genus.

With a suitable labelling of the vertices, the automorphism group S can be generated
by the elements of orders 2 and 3 inducing the permutations

(1,39) (2,56) (3,52) (4,45) (5,42) (6,34) (7,15) (8,48) (9,51) (10,30) (11, 14)
(12,46) (13,33) (16,43) (17,47) (18,54) (19,31) (20,24) (21, 44) (22, 41)
(23,29) (25,50) (26,28) (27,40) (32,49) (35,38) (36,55) (37,53) (57, 108)
(58,83) (59,89) (60, 110) (61, 112) (62,104) (63,100) (64,106) (65,75) (66,71)
(67,78) (68,86) (69,94) (70,95) (72,87) (73,93) (74,99) (76,88) (77,111)

(79,82) (80,102) (81, 109) (84,98) (85, 101) (90, 105) (91, 107) (92, 96) (97,103)

—_— o O T
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and

(1,50, 36) (2,26,13) (3,18,17) (4, 38,37) (5,21, 41) (6,45, 46) (7,19, 49)
(8,10,27) (9,35,31) (11,51,12) (14, 32, 20) (15,53,23) (16,39, 55)
(22,30, 56) (24, 34, 29) (28,54, 44) (33,40, 52) (42,47, 48) (57,103, 81)
(58,85,90) (59, 93, 80) (60, 75,88) (61,74, 64) (62,91,68) (63,82,77)
(65,107,92) (66,96,95) (67,108,102) (70,100, 110) (71,86, 111) (72,78,98)
(73,97,101) (76,79,104) (83,109, 84) (87,89, 105) (94, 99, 112),

and then the 32 faces of the orientable embedding come from the orbits of .S containing the
10-cycle
(1,57,2,61,18,91,35,79,11,59)

and the 12-cycle
(2,57,4,63,10,78,34,95, 41,80, 12, 60).

Also the first of the two generators above reverses orientation, so this embedding is reflex-
ible.

Next, by applying a ‘twist’ to a single edge that is common to the boundary of two
distinct faces, we can merge those two faces into one, and thereby obtain a non-orientable
embedding with 31 faces (with Fig = 22, F15 = 8 and Fhg = 1, or F1g = 23, F12 =7
and Fyy = 1, or Fig = 24, F12 = 6 and Fy4 = 1). In all cases, the embedding has trivial
automorphism group, or in other words, is asymmetric.

It turns out that all of the latter embeddings have minimum non-orientable genus, be-
cause there is just one embedding with 32 faces, namely the orientable one described above.
To see this, we can use our independence number approach a slightly different way.

First, an easy MAGMA computation shows that the set C of all 168 cycles of length
10 in the Ljubljana graph forms a single orbit under the action of its automorphism group.
Now take any one of these 10-cycles as a representative of C, say C, and let Z be the set of
all independent 24-sets in the auxiliary graph X that contain C'.

Next, partition the remaining 167 cycles from C into three subsets: forgettable 10-
cycles, which lie in no 24-set in Z, standard 10-cycles, which lie in exactly one set in Z,
and special 10-cycles, which lie in more than one set in Z. An easy computation shows that
there are 82 forgettable 10-cycles, plus 63 standard 10-cycles, and just 167 —(82+63) = 22
special 10-cycles. The forgettable 10-cycles can be ignored, as they cannot bound any face
in a 32-face embedding. and so we need only deal with the standard and special 10-cycles.

We do this by considering the ways in which a 2-subset of C can be extended to an
independent 24-set in the auxiliary graph X¢c. Note that every independent 24-set in 7
must contain a standard 10-cycle D, since there are only 22 special 10-cycles. Furthermore,
there is just one set 24-set in Z containing a given standard 10-cycle D, and hence just one
independent 24-set containing {C, D}. It follows that we can find all members of Z by
letting D run through the set of 63 standard 10-cycles, and for each one, determining the
largest independent subset of the induced subgraph of X¢ on the set of 10-cycles in C that
are independent of C' and D. When this subset has size 22, its union with {C, D} is a
member of Z, and conversely, every member of Z can be found in this way.

In fact, by a MAGMA computation we find that the set Z has only five members, with
each standard 10-cycle lying on just one of them, as follows:

e one containing 3 standard 10-cycles and 20 special 10-cycles,
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e one containing 11 standard 10-cycles and 12 special 10-cycles,

e one containing 12 standard 10-cycles and 11 special 10-cycles,

e one containing 18 standard 10-cycles and 5 special 10-cycles, and
e one containing 19 standard 10-cycles and 4 special 10-cycles.

A further MAGMA computation shows that the first one gives rise to our known orientable
embedding of the Ljubljana graph (with 32 faces), while the other four are mutually equiv-
alent under the action of the full automorphism group of the graph, and give rise to em-
beddings with fewer than 31 faces. Further details are available if necessary from the first
author on request.

In particular, there is just one embedding of the Ljubljana graph with 32 faces, namely
the orientable embedding we described earlier, and therefore every non-orientable embed-
ding has at most 31 faces, and | F'| = 31 gives the minimum non-orientable genus.

Hence we have answered the final question from [30], by proving the following.

Theorem 4.4. The minimum orientable genus of the Ljubljana graph is 13, attainable by
a reflexible embedding with 32 faces, of which 24 have length 10 and eight have length
12, and with automorphism group of order 24 isomorphic to Ay x Co. The minimum non-
orientable genus of the Ljubljana graph is 27, attainable by an embedding with 31 faces,
and trivial automorphism group.

S Use of integer linear programming
5.1 Background and description

Our independence number approach can be regarded as a constraint satisfaction problem
on a subset of the cycles of the graph, in the sense that it finds the maximum number of
cycles from the given set C that can be considered as bounding cycles for the faces of
some embedding. This approach can also be modelled as an integer linear programming
(ILP) problem, by using variables x¢ for cycles C' € C, with z¢c = 1 if C is included
as a bounding cycle, or 0 if not, and then maximising ) .. zc subject to appropriate
constraints.

This ILP variant is related to the successful use of the Kramer-Mesner method in the
search for block designs, as shown in [28] for example. Incidentally, ILP has been used also
to find planar embeddings of graphs [33], and drawings with minimum crossing number
in the plane [6]. Also at about the same time as we were using ILP for graph embeddings
and beginning to write up this work, another method using ILP was developed by Beyer,
Chimani, Hedtke and Kotrb¢ik [1], but the latter method differs from our one, and we
consider our method (and its variants) to be simpler.

In fact we developed four different ILP methods. The first two are particularly easy to
describe, and are used to provide lower bounds on the minimum genus of a graph. The
other two are modifications of the first two, and are used to construct actual embeddings of
a graph in a surface.

In all of them, we will assume that the given connected graph X has no vertices of
degree 1 or 2, and that X is is bridgeless (or in other words, 2-edge-connected), so that in
any embedding of X, every edge lies in two different faces. Also we use the term 2-arc for
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an ordered triple (u,v,w) of vertices such that « and w are neighbours of v in X, and the
term 2-path for the same triple when the order of v and w is unimportant.

We now describe our first ILP method, for producing helpful information about the
faces of embeddings of a given graph X, whether orientable or not. For this, we let C. be
the set of all cycles in the set C containing a given edge e, and C,, be the set of all cycles in
C containing a given 2-arc p = (u,v,w) or its reverse (w, v, u).

Step 1. Choose a suitable set C of unoriented cycles of interest in the given graph X, and
define a variable x¢ for each cycle C' € C, with z¢ to take the value 1 if C is
included as a bounding cycle of some face of the embedding, or 0 if not.

Step 2. Define the objective function as an linear combination of the variables z¢ with
appropriate integer coefficients.

Step 3. Set up the constraints as follows:

o zc € {0,1}forall C €C,

° Z zc < 2 for every edge e of X, and
Ccec.

° Z xc < 1 for every 2-path p in X.
cec,

Step 4. Find the maximum value of the objective function subject to the given constraints.

This gives an upper bound on the number of faces that can be bounded by the cycles
in C in any embedding. For example, if the objective function is the sum ). . , 2¢ then
the algorithm will search for the maximum number of cycles in the graph satisfying the
constraints. Since the faces of any embedding must satisfy these constraints, this gives
a simple computational method for bounding the number of faces in an embedding from
above. Note that the objective function does not need to be the simple sum > . . 2¢;
indeed in the first example below, we take it as a non-trivial weighted combination of the
variables x ¢ for the cycles of interest in C. Also the bound obtained might be less than the
number of faces in a minimum genus embedding, for example when we are interested in
what is possible for a partial embedding.

Our second ILP method is a modification of the first one, for orientable embeddings
only, and the same comments as above apply to it. Steps 1, 2 and 4 are the same, except
that C is taken as a set of oriented cycles of interest, and Step 3 is similar to the one above,
but we let C,, be the set of all oriented cycles in the set C containing a given arc a = (v, w),
and then set up the constraints as

e zc €{0,1}forallC €C,

° Z xc < 1forevery arc a in X, and
cec,

° Z xc < 1 for every 2-path pin X.
cec,
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Note that these two methods are designed to help provide good upper bounds on the
number of faces of an embedding, but are not designed to actually find a minimum genus
embedding. Some times they do find one, but as with the independence number approach,
it can happen that an optimum solution to the ILP problem does not produce even a par-
tial embedding, because the constraints are necessary but not sufficient. Nevertheless the
methods can be very helpful, as the examples in the next subsection will show.

Our other two ILP methods go further, by requiring that cycles are chosen in a way
that actually gives an embedding. These methods can be obtained from the first two by
modifying the constraints, as we explain below.

First, let Sy, 1} be the set of subsets of size & of the neighbourhood X (v) of a vertex v,
and for any such subset S € Sy, 1}, let Cs be the set of cycles in C that contain a 2-arc of
the form (a, v, b) such that a,b € S.

We now alter the constraints in our first method (which does not distinguish between
non-orientable and orientable embeddings), to the following:

e o €{0,1} forall C € C,

° Z xc = 2 for every edge e of X, and
cece

d
. Z zo < kforevery S € Sy 1y, foreveryv € V(X)and2 < k < {egz(”)J
CeCg

Similarly, we alter the constraints in our second method (for finding orientable embeddings
only), by considering arcs instead of edges in the second constraint. The following lemma
explains why these modifications help us find minimum genus embeddings.

Lemma 5.1. In the third and fourth ILP methods presented above, a feasible region con-
sists of the set of all embeddings and all orientable embeddings of X, respectively, and
every feasible solution that maximises the objective function ) . . . Tc gives a minimum
genus embedding of X.

Proof. The constraint ) - .. ¥c = 2 ensures that every edge is used in the embedding
exactly twice. In particular, every edge lies in two faces, and so every vertex v occurs
deg(v) times among the set of faces in a feasible solution. Next, the constraints of the form
Yce ¢s T¢ < k ensure that the faces around each vertex can be arranged into a rotation
system. For if that were not possible, then the faces around some vertex v would partition
into rotation sub-systems, and at least one of those sub-systems would consist of k faces
for some k£ < LdegT(U)j, but the relevant constraint makes that impossible.

An arbitrary embedding of X is given by selection of cycles with the property that
each edge occurs twice, each vertex occurs deg(v) times, and there is a rotation system
around each vertex. Hence the feasible region consists of all possible embeddings. More-
over, replacing the constraint on edges with the corresponding constraint on arcs is exactly
what’s needed to reduce the feasible region to orientable embeddings. In particular, in the
orientable case only one orientation can be chosen for each cycle. O

Note here that it is also possible to discard the objective function, and instead calculate
the feasible region after adding a further constraint of the form ) ., . . xc = F, where F'is
the expected number of faces. Similarly, we may separate this constraint into a number of
other constraints specifying the number of cycles that can bound faces of particular lengths.
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5.2 Some applications

Example 5.2. The Folkman graph.

This is the smallest semi-symmetric finite graph. It is bipartite of order 20, with valency,
diameter and girth 4, and its automorphism group has order 3840. An upper bound on the
number of faces of any embedding is 2| F|/4 = 80/4 = 20. An easy computation shows
there are 30 cycles of length 4, and 80 cycles of length 6.

Using our independence number approach with C taken as the set of all 4-cycles, we
find that any embedding (whether orientable or non-orientable) has at most 10 faces of
length 4. Then taking C as the set of all 4-cycles and all 6-cycles, the independence number
approach does not help, because the bound it gives is too large. (A reason for this is that it
can allow three cycles that are pairwise independent in the auxiliary graph X¢ but cannot
occur simultaneously as bounding cycles of faces of an embedding.)

On the other hand, the ILP method works very well, and tells us easily that any em-
bedding has at most 15 faces of length up to 6. Together these 15 faces would use up at
least (10 -4 +5-6)/2 = 35 of the 40 edges, and it then follows that the number of faces
is at most 16. But also our subgroup orbit method finds many embeddings with exactly 16
faces, which are therefore of minimum genus.

The most symmetric non-orientable embeddings of minimum genus have ten faces of
length 4, five of length 6 and one of length 10, with a dihedral automorphism group of order
10. With a suitable labelling of the vertices, one such group S is generated by the elements
that induce the permutations

(2,3) (4,5) (7,8) (9,10) (11,19) (12,16) (14, 18) (17, 20)

and
(1,4,2,3,5) (6,9,7,8,10) (11,17,13,20,19) (12,14, 15, 18,16),

and then the 16 faces come from the orbits of S containing the 4-cycle
(1,11,6,14),

the 6-cycle
(1,11,9,15,10,19)

and the 10-cycle
(1,14,3,16,4,15,5,12,2,18).

The most symmetric orientable embeddings of minimum genus have ten faces of length
4, four of length 6 and two of length 8, with elementary abelian automorphism group of
order 8. With the same vertex-labelling as above, one such group S is generated by the
elements inducing the involutions

2,7) (3,8) (4,9) (5,10),
(1,2) (4,5) (6,7) (9,10) (11,12) (13,14) (16,20) (17,19)
and

(1,4) (2,5) (6,9) (7,10) (13,20) (14,16) (15, 18) (17,19),
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and then the 16 faces come from the orbits of .S containing the 4-cycles
(1,11,6,14), (1,18,6,19), (3,14,8,16),

the 6-cycle
(1,14,3,13,2,18)

and the 8-cycle
(1,19,10,12,7,17,4,11).

Also the three given generators of S all reverse orientation, so this embedding is reflexible.
Accordingly, we have the following theorem.

Theorem 5.3. The minimum orientable genus of the Folkman graph is 3, attainable by a
reflexible embedding with 16 faces, of which ten have length 4, four have length 6, and two
have length 8, and with elementary abelian automorphism group of order 8. The minimum
non-orientable genus of the Folkman graph is 6, attainable by an embedding with 16 faces,
in which ten have length 4, five have length 6, and one has length 10, and with dihedral
automorphism group of order 10.

Example 5.4. The Doyle-Holt graph.

The Doyle-Holt graph is the smallest finite graph that is half-arc-transitive, meaning
that it is vertex- and edge-transitive but not arc-transitive. It was discovered independently
by Doyle (and mentioned in his Harvard thesis in 1976) and Holt in 1981 (see [25]). This
graph has order 27, valency 4, diameter 3 and girth 5, and its automorphism group has
order 54. It is also isomorphic to a spanning subgraph of the Menger graph of the dual of
the Gray configuration, which we deal with in the next example.

An upper bound on the number of faces of any embedding is [108/5| = 21, and an
easy computation shows there are 54 cycles of length 5, and 63 cycles of length 6. Our
independence number method gives 27 as an upper bound on the number of faces of length
5, but our ILP method gives an upper bound of 18. Also if an embedding has 21 faces, with
Fy of length greater than 5, we have 108 = 2|E| > 5F5 + 6Fy = 5(F5 + F;) + F; =
105 + Fy, and so Fy; < 3, and it follows that (F5, Fy) = (18, 3).

Our orbit method gives such a non-orientable embedding with 21 faces, and automor-
phism group isomorphic to D3 x Cs, of order 18. With a suitable labelling of the vertices,
this group can be generated by the elements inducing the permutations

(1,2,3) (4,5,6) (7,8,9) (10,11,12) (13,14, 15)
(16,17,18) (19, 20, 21) (22,23, 24) (25, 26, 27),

3) (5,6) (8,9) (10,21) (11,20) (12,19) (13,24)

(2,
(14,23) (15,22) (16,27) (17,26) (18,25)

and

(1,4,7) (2,5,8) (3,6,9) (10,13,16) (11,14, 17)
(12,15, 18) (19, 22, 25) (20, 23, 26) (21, 24, 27),

and then the 21 faces of the embedding come from the orbits containing the 5-cycle

(1,13,8,19,18)
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and the 6-cycle
(10,23, 16, 20,13, 26).

For orientable embeddings on the other hand, the second version of our ILP method
(applied to oriented cycles of length 5) shows that the number of faces of length 5 is at
most 14. Similarly, the oriented version of our independence number method shows this
number is at most 15. In particular, it follows that an orientable embedding cannot have 21
faces (and characteristic —6), so the total number of its faces is no more than 19.

Using our orbit method, we found there exists an orientable embedding with 19 faces,
indeed with F5 = 14, Fs = 1 and Fg = 4. With the same vertex-labelling as previously, the
automorphism group of this embedding is the group of order 2 generated by the involutory
automorphism given for the non-orientable embedding above, and then the faces come from
the seven orbits of containing the 5-cycles

(1,13,20,5,25), (1,18,19,8,13), (2,14,21,7,22),
(2,16, 20,9, 14), (2,22,18,6,26), (2,26, 10,23, 16),
(4,16, 23,8,19),

the 6-cycle
(12,25,15, 19,18, 22),

and the orbits of the 8-cycles
(4,12,22,7,10, 5, 20, 16) and (5,10,26,13,8,11,24,17).
Also the given generator preserves the face bounded by the 6-cycle
(12,25,15, 19,18, 22)

as well as its orientation, and so this embedding is chiral.
In particular, we have found the minimum orientable genus of the Doyle-Holt graph,
thereby answering a question posed in [30] and taking it further, as follows:

Theorem 5.5. The minimum orientable genus of the Doyle-Holt graph is 5, attainable by a
chiral embedding with 19 faces, of which 14 have length 5, one has length 6, and four have
length 8, and automorphism group of order 2. The minimum non-orientable genus of the
Doyle-Holt graph is 8, attainable by an embedding with 21 faces, of which 18 have length
5 and three have length 6, and automorphism group of order 18 isomorphic to D3 x Cs.

Example 5.6. The dual Menger graph of the Gray configuration.

The Gray configuration is a configuration of 27 points and 27 lines, which can be re-
alised in 3-dimensional Euclidean space via a 3 x 3 x 3 grid, with the lines as pairwise
intersections of 9 planes, partitioned into three triples, each being parallel to one of the
three planes with equations x = 0, y = 0 and z = 0.

The Gray graph is the Levi graph (or incidence graph) of this configuration, namely
the bipartite graph whose vertices are the points and lines and whose edges represent inci-
dence (between points and lines). Also the Menger graph of the Gray configuration, which
indicates collinearity of points, is isomorphic to the Cartesian product Cs 1 C5 3. On
the other hand, the Menger graph of the dual of the Gray configuration, which indicates
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copunctuality of lines, is another graph of order 27, valency 6, diameter 3 and girth 3, with
automorphism group of order 1296. It was studied in some detail in [30].

Let X be this dual Menger graph. As with C3 [0 C3[JC3, an upper bound on the
number of faces of an embedding of X is 162/3 = 54, but that bound is far from sharp.
By inspection (or an easy application of our ILP method) there can be at most 27 faces of
length 3, and from this it follows that the number of faces is bounded above by 47. Better
still, if we take C; as the set of all cycles of length j for j € {3,4}, and then C = C3 U C4,
our ILP method gives a maximum value for the objective function 2 e T docee,
as 66, and so 2F5 + F4 < 66. Hence if F; denotes the number of faces of length greater
than 4, we have

162 = 2|E| > 3F3 + 4Fy + 5F, = 5(F5 + Fy + Fy) — (2F3 + Fy) > 5|F| — 66,

which gives |F| < [(162 + 66)/5] = 45.

Our subgroup orbit method provides a non-orientable embedding with 45 faces, such
that (F3, Fy) = (18,27). Its automorphism group has order 108, and is isomorphic to
a semi-direct product of the non-abelian group of order 27 and exponent 3 by the Klein
4-group V,. With a suitable labelling of the vertices, this group can be generated by the
elements inducing the permutations

(1,25) (2,11) (4,22) (5,24) (6,9) (7,27) (8,17) (10,26) (12,20)
(13,21) (14,15) (16,19)

and

(1,2,15) (3,14,4,5,9,10) (6,19,7,11,18,8) (12,13,24, 26,17, 16)
(20,23,21,27,25,22),

and then the 18 4 27 = 45 faces of the embedding come from the orbits of the 3-cycle
(1,4, 8) and 4-cycle (1,2, 3, 7). The characteristic of this embedding is

X = 27 — 81 445 = —9.

Next, for orientable embeddings, there can be at most 44 faces (in order to have even
characteristic), and our orbit method produces one with (F3, Fy, Fg) = (26,12,6). With
the same vertex-labelling as previously, the automorphism group of this one is cyclic of
order 6, generated by the second of the two automorphisms given for the non-orientable
embedding above. The 44 faces come from the eight orbits containing the five 3-cycles

(1,4,8), (3,8,17), (3,27,7), (12,23, 20), (12,24, 17),
the two 4-cycles
(1,8,3,2), (3,17,25,27),

and the single 6-cycle
(4,18,26, 16, 20, 8).

Also the given generator reverses orientation, and so this embedding is reflexible.
In particular, we have found the minimum orientable genus of this graph, thereby an-
swering a question posed in [30], and taking it further, as follows:
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Theorem 5.7. The minimum orientable genus of the dual Menger graph of the Gray con-
figuration is 6, attainable by a reflexible embedding with 44 faces, of which 26 have length
3, and 12 have length 4, and 6 have length 6, with a cyclic automorphism group of order 6.
The minimum non-orientable genus of the same graph is 11, attainable by an embedding
with 45 faces, of which 18 have length 3, and 27 have length 4, and automorphism group
of order 108 isomorphic to a semi-direct product of the non-abelian group of order 27 and
exponent 3 by the Klein 4-group.

Also in [30] it was noted that if H and D are the Doyle-Holt graph and the Menger
graph of the dual Gray configuration, respectively, then 4 < v(H) < (D) < 7. We have
now shown that y(H) = 5 and y(D) = 6, so that in fact 4 < v(H) < (D) < 7.

Moreover, it was shown in [30, Proposition 1] that if L is the Levi graph and M is the
Menger graph of any (vs3) configuration, then y(M) < (L), and near the end of [30] the
authors asked about finding such a configuration for which that inequality in strict. Our
work provides an answer to this question as well, because the Levi graph of the dual of
the Gray configuration is the Gray graph (giving (L) = 7), while its Menger graph is the
above graph D, with y(D) = 6 < 7. Hence we can strengthen Proposition 1 of [30] to the
following:

Theorem 5.8. If L is the Levi graph and M is the Menger graph of any (v3) configu-
ration, then (M) < ~(L), and this inequality is strict for the dual of the Gray (273)
configuration.

Example 5.9. The second smallest semi-symmetric cubic graph.

This graph is also the smallest ‘lofinova-Ivanov graph’, constructed in [26], and so we
will call it I7;. It was the most challenging of all the examples we considered in this work.
It is a bipartite graph of order 110, diameter 7 and girth 10, with automorphism group of
order 1320, isomorphic to PGL(2,11); see [8] for more details.

The naive upper bound on the number of faces of any embedding of I7; is 330/10 = 33,
but again this is not sharp. Using our ILP approach on cycles of length 10 and 12, it can
be shown that 2F7 + Fio is at most 48, and hence if Fy is the number of faces of length
greater than 12, we have

330 = 2|E| 2 10F10 + 12F12 + 14Fg
= 14(F1o + Fio + Fy) — 2(2F10 + Fi2)
> 14|F| — 96,

and therefore |F| < [426/14] = 30.

Now this improved upper bound is sharp, because our orbit method produces a non-
orientable embedding with exactly 30 faces, and F19 = F12 = 15. With a suitable labelling
of vertices, the automorphism group S of this embedding is cyclic of order 3, generated by
the automorphism inducing the permutation

(1,33,46) (2,52,18) (3,10,24) (4,17,13) (5, 15,41) (6,53, 32) (7,31,27)
(8,26,42) (9,47,22) (11,38,51) (12,44, 16) (14, 34,28) (19,36, 43) (20,40, 54)
(21,45,30) (23,48, 35) (25, 39,29) (49,55,50) (56,91,84) (57,74, 93)
(58,80,103) (59,110, 65) (60, 101,94) (62,86, 77) (64,82,92) (66,102, 104)
(67,95,97) (68,72,99) (69,73,105) (70,79,78) (71,90, 100) (75,85, 106)
(76,108, 83) (83,87, 107) (89,96, 98),
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and then the faces of the embedding come from the S-orbits of the five 10-cycles

(1,56,2,59, 6,66, 19, 68,8, 57),
(2,56,4,62,11, 83,29, 78, 14, 60),
(3,64,23,96,45,73,26,74,10,61),
(5,70,25, 76,12, 82, 48,100, 32, 65),
(6,71,20,88,29, 83,43, 104, 37, 66),

and the five 12-cycles

(1,56,4,63,13,77, 16,88, 20, 67, 7, 58),
(1,57,3,64,16,77,51, 106, 34, 70, 5, 58),
(2,59,15,80, 31,99, 42, 105, 47, 81, 9, 60),
(7,67,30,98,49,109, 55,106, 51, 107, 36, 72)  and
(9,60, 14, 85,49, 98, 48, 100, 54, 97, 45, 73).

The characteristic is y = 110 — 165 + 30 = —25.

Our subgroup orbit method also produces an orientable embedding with 27 faces, in-
deed with (Fyg, Fi2, F14) = (6,12,9), from the same cyclic subgroup S of order 3. In
particular, this embedding is chiral, because S has odd order. Its faces come from the nine
S-orbits containing the two 10-cycles

(1,56,2,60,9,73,26,72,7,58),
(11, 75,50, 96,23, 64, 16, 88, 29, 83),

the four 12-cycles

(1,57,8,69,21,95,40, 76, 12, 62, 4, 56),
(1,58,5,70,34,106,51, 77,16, 64, 3,57),
(2,56,4,63,17, 86, 38,87, 19, 66, 6, 59),
(5,65,32,100, 54,97, 27, 68, 19, 87, 25, 70),

and the three 14-cycles

(2,59,15,80, 31,95, 21, 89, 55, 109, 49, 85, 14, 60),
(3,64,23,90, 53,102, 37,104, 43,99, 42,93,24,61) and
(9,60, 14, 78,29, 88, 20, 71, 35, 89, 21, 69, 22, 81).

In turns out that this is an orientable embedding of minimum genus, because there exist
none with 29 faces (and characteristic 110 — 165 + 29 = —26). We were not able to prove
that by using the standard forms of our independence number and ILP methods, because
the size and girth of the graph create too many cycles for consideration as face boundaries.
But we were still able to prove it by a slightly different approach, using restricted forms of
those methods, and we now give a brief outline of the proof.

Assume there exists an orientable embedding with 29 faces, and again let F}, denote
the number of faces of length k. Then an easy computation of weighted sums shows there
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are 435 possibilities for the sequence (Fig, Fi2, F14, F16, Fis, . . .), with the integer Fiq
ranging from 9 to 23. These possibilities can be dealt with in groups or individually, with
the aim of eliminating all of them.

For example, suppose F15 > 1, and let C be the set of all directed 10- and 12-cycles in
II;. Now let C' and D be any directed 10-cycle and 12-cycle that are independent in the
auxiliary graph X¢, and let C¢ p) be the subset of C consisting of all directed 10-cycles that
are independent of both C' and D in X. We then compute the independence number of the
auxiliary graph Xc .., for all such pairs (C, D), up to equivalence in the automorphism
group of the graph. This computation shows that the maximum of these independence
numbers is 21, from which it follows that Fg < 22 when Fj5 > 1. This eliminates 70
possibilities for the sequence (Fig, Fi2, F14, Fi6, Fis, - - .)-

Similarly, another 57 possibilities can be eliminated in the case where F2 > 2, for in
that case the corresponding independence number computation shows that Fjo < 21, and
another 71 can be eliminated when Fj> > 4, for in that case Fy < 19, and then another
30 when Fis > 5, and another 42 when F4 > 1 (with no assumption on Fi5). Other cases
that help eliminate possibilities include those where both F74 > 1 and Fj¢ > 1, and so on.

This kind of approach reduced the problem to just six possibilities, namely those for
which

(Floa F127F147 Flﬁa F18> = (18767 1a4a 0)7 (18767 2a 27 1)7 (177 7a 2a 3) 0)7
(19,4,2,4,0), (16,6,7,0,0) and (20,3, 1,5,0),

all but one of which could be eliminated by similar means. For some of them, we used the
ILP method in place of the independence method, when the independence method gave too
large a number.

The trickiest case was the last of the above six possibilities, namely the one where
(Fro, F12, F14, F16) = (20, 3,1, 5). For this, we took C be the set of all directed 10-, 12-,
14- and 16-cycles in 111, and ran through all possibilities for a quintuple ) of independent
vertices in the auxiliary graph X, consisting of three 12-cycles, one 14-cycle and one 16-
cycle, and for each one, determined the maximum size of a set 7' of 10-cycles for which
@ U T is an independent set in Xc. The maximum size found was 18, indicating that
if F1o = 3 and Fy4 = 1 and Fig > 1, then Fig < 18. In particular, this shows that
(Fl(), Fio, F14, F16) cannot be (207 3,1, 5)

Hence the number of faces of an orientable embedding of II; cannot be 29, and we
have an answer to the penultimate open question in [30]. We state this the first part of the
following, to complete the paper:

Theorem 5.10. The minimum orientable genus of the second smallest semi-symmetric cu-
bic graph I1, is 15, attainable by a chiral embedding with 27 faces, of which six have
length 10, twelve have length 12, and nine have length 14, and with cyclic automorphism
group of order 3. The minimum non-orientable genus of the same graph is 27, attainable
by an embedding with 30 faces, of which 15 have length 10, and 15 have length 12, and
with cyclic automorphism group of order 3 (acting in the same way on the graph).

6 Final remarks

In this paper we have presented four new methods that are helpful for determining the
minimum genus of embeddings of a graph on a surface. Also we have shown in some
detail how counting arguments can be of great use in solving this kind of problem.
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Our first one (the subgroup orbit method) considers possibilities for a group of au-
tomorphisms of the embedding, of suitable order, thereby reducing the search space. A
suitable set of candidate faces is formed from closed walks of appropriate lengths in the
graph, and then the faces are chosen from orbits of the chosen group on those walks.

The second one (the independence number method) uses the independence number of
an auxiliary graph to bound the maximum number of faces of given lengths. This method
can be very useful when taken in combination with other approaches. In particular, it can
be used to determine that no embedding of a given graph can have certain numbers of faces
of given lengths, even when counting arguments do not help.

Our third and the fourth methods translate the problem of choosing faces from a set
of candidate closed walks into a linear programming problem. The third method can help
find upper bounds on the number of faces of particular lengths that can be used in an
embedding, while the fourth method aims to find an actual embedding of the graph with
minimum genus. This is based on an approach that translates the conditions for a set of
closed walks of the graph to give an embedding into to a set of linear constraints and an
objective function for minimising the genus.

All of these methods use a set of closed walks of the graph (for bounding candidate
faces). Since the set of all closed walks of up to given length in the graph can be enormous,
it is best to use these methods in combination with counting arguments, to limit (or rule out)
the lengths of candidate faces. This is often easily done by hand, but can also be automated.
Also our methods can be used more generally to find embeddings of a graph with given face
lengths, and are not necessarily restricted to finding minimum genus embeddings.

Our linear programming method for calculating an explicit embedding provides a rel-
atively fast way of finding a minimum genus embedding of a graph, without considering
symmetries. It is possible to combine this with prescription of symmetries (indeed, this is a
standard trick in linear programming), but the obvious way of doing that involves reducing
the problem to finding an embedding of a quotient (voltage) graph. Also it can be difficult
to prescribe the lengths of faces of the latter embedding, as seen in Subsection 3.4). The
subgroup orbit method is better suited in many cases, because it provides complete control
over the lengths of the faces of the cover. Indeed, this has proven very successful in the
cases of vertex-, edge- or arc-transitive graphs.

Finally, we have demonstrated how to use these methods with several examples, in
which we determined the minimum genus of embeddings of several well-known inter-
esting graphs, either for the first time, or in a different (and sometimes better) way than
achieved previously. We have stored details of these minimum genus embeddings at the
AMC website associated with this article.
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Abstract

For any graph G = (V, E)) with maximum degree A and without isolated edges, and a
positive integer r, by X/E,'r (G) we denote the r-distant sum distinguishing index of G. This
is the least integer & for which a proper edge colouring ¢: F — {1,2,...,k} exists such
that ) o, c(e) # > .5, c(e) for every pair of distinct vertices u, v at distance at most r in
G. Tt was conjectured that x5, ,.(G) < (1 + o(1))A"~! for every r > 3. Thus far it has
been in particular proved that x4 ,.(G) < 6A" ! if » > 4. Combining probabilistic and
constructive approach, we show that this can be improved to x5 ,.(G) < (4 + o(1))A™*

if the minimum degree of G equals at least In® A.

Keywords: Distant sum distinguishing index of a graph, neighbour sum distinguishing index, adjacent
strong chromatic index, distant set distinguishing index.

Math. Subj. Class.: 05C15, 05C78

1 Introduction

Integer edge colourings were initiated in the paper of Chartrend et al. [8], where the graph
invariant irregularity strength, s(G), was introduced as a possible measure of the ‘level of
irregularity’ of a graph G. This referred to the well known phenomenon in graph theory
that there are no irregular graphs, understood as graphs whose all vertices have pairwise
distinct degrees (see also [7] for possible alternative definitions of irregularity in graphs),
except the trivial 1-vertex case. For a given graph G = (V, E), s(QG) is defined as the least
k for which one is able to construct an irregular multigraph (defined analogously as in the
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case of graphs above) of G by multiplying some of its edges — each at most k times. In
terms of integer colourings, the same value is equivalently defined as the least & so that
an edge colouring ¢: E — {1,2,...,k} exists attributing every vertex v € V a distinct
weighted degree defined as:

d.(v) == Zc(e).

edv

This we shall also call the sum at v, see e.g. [3, 5,9, 10, 12, 13, 15, 18, 21, 22, 24, 25, 26] for
a few out of a vastness of results concerning s(G), which also gave rise to a whole discipline
devoted to investigating this and other related problems. One of the most intriguing direct
descendants of the irregularity strength is its local correspondent, where we necessarily
require an inequality d.(u) # d.(v) to hold only for adjacent vertices u, v in G. The least k
admitting a colouring ¢: E — {1,2, ..., k} with such a feature we shall denote by s1(G).
In the first paper [19] concerning this the authors conjectured that k£ = 3 suffices for every
connected graph of order at least 3. This presumption is commonly referred to as the /—-2—3
Conjecture nowadays. This was investigated e.g. in [1, 2, 35]. The best thus far general
result is however the upper bound s;(G) < 5 from [17]. A generalization of this concept,
forming a link between s;(G) and s(G), was introduced in [27]. Let d(u,v) denote the
distance of vertices u, v in G. We shall call « and v, r-neighbours if 1 < d(u,v) < 7 in
G, where r is a positive integer. For every vertex v in G, the set of its r-neighbours shall
be denoted by N (v), and we set d"(v) = |N"(v)|. The least k so that an edge colouring
c: E — {1,2,...,k} exists with d.(u) # d.(v) for every r-neighbours u,v € V in G
is denoted by s,(G) (note it would be justified to set soo(G) = s(G) in the same spirit),
see e.g. [27] and [30] for a few results concerning this concept, which refers to the known
distant chromatic numbers (see [20] for a survey of this topic in turn).

In this paper we shall investigate a related problem referring to distant chromatic num-
bers. Given a positive integer r and a graph G = (V, E) without isolated edges, the
r-distant sum distinguishing index of G, denoted by XIE,T‘ (G), is the least integer k such
that there exists a proper edge colouring ¢: E — {1,2,...,k} which sum-distinguishes
r-neighbours in G, i.e. such that d.(u) # d.(v) for every u,v € V with 1 < d(u,v) < 7.
In [31] the following conjecture, approximating the investigated lower bounds discussed
e.g.in [27, 31], was posed.

Conjecture 1.1 ([31]). For every integer r > 3 and each graph G without isolated edges
of maximum degree A, x5, ,.(G) < (14 o(1))A™.

It was also conjectured under the same conditions, that xy, ,(G) < (2 + o(1))A [31],
and that x5 (G) = x5 ,(G) < A + 2 for every connected graph G of order at least 3
non-isomorphic to C5 [14]. Thus far for r > 4, the following is known.

Theorem 1.2 ([31]). Let G be a graph without isolated edges and with maximum degree
A > 2 andletr > 4. Then X’z,r(G) < BATTL,

Upper bounds of orders conjectured above are also known for » = 2,3, but with
slightly worse multiplicative constants than in Theorem 1.2 above, see [31], while the
upper bound of the form x5 (G) < (1 + o(1))A(G) was proved in [29] and [32], see
also [6, 11, 14, 28, 33, 34] for other results concerning the case » = 1. In this paper we
combine probabilistic approach with a special constructive algorithm in order to provide the
following improvements of the best known upper bounds for all » > 4 from Theorem 1.2,
under assumption that the minimum degree of a graph is larger than some poly-logarithmic
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function of the maximum degree. (The value of this function, which seems unavoidable
within our approach, could still be optimized — we did not try to do this for the sake of
clarity of the presentation.)

Theorem 1.3. For every integer v > 4 there exists a constant g such that for each graph
G with maximum degree A > Ay and minimum degree 6 > n® A,

3
/ r—1
X5.(G) < 4A (1 + 21nA> + 384,

hence X%, ,.(G) < (44 o(1))A""! for all graphs with § > In® A and without isolated
edges.

2 Probabilistic tools and preliminary lemmas

The following standard tools of the probabilistic method shall be applied: the Lovasz Lo-
cal Lemma, see e.g. [4], the Chernoff Bound, see e.g. [16, Theorem 2.1, page 26] and
Talagrand’s Inequality, see e.g. [23]. Details follow.

Theorem 2.1 (The Local Lemma). Let A, Ao, ..., A, be events in an arbitrary proba-
bility space. Suppose that each event A; is mutually independent of a set of all the other
events Aj but at most D, and that Pr(A;) < pforall1 <i <n. If

ep(D+1) <1,
then Pr (N, 4;) > 0.
Theorem 2.2 (Chernoff Bound). Forany 0 <t < np,

2 +2

2 t
Pr(BIN(n,p) >np+1t) <e 3> and Pr(BIN(n,p)<np—t)<e 2w <e 3np

where BIN(n, p) is the sum of n independent Bernoulli variables, each equal to 1 with
probability p and 0 otherwise.

Theorem 2.3 (Talagrand’s Inequality). Let X be a non-negative random variable deter-
mined by | independent trials T4, . .., T;. Suppose there exist constants c,k > 0 such that
for every set of possible outcomes of the trials, we have:
1. changing the outcome of any one trial can affect X by at most ¢, and
2. for each s > 0, if X > s then there is a set of at most ks trials whose outcomes
certify that X > s.

Then for any t > 0, we have

+2
Pr(|X — E(X)| >t +20c\/EkE(X) + 64c%k) < de” sZk®E0OT0 @2.1)

We note that knowing that E(X) < h we may also apply Talagrand’s Inequality e.g.
to the variable Y = X + h — E(X), with E(Y) = h to obtain the following counterpart
of (2.1) provided that the assumptions of Theorem 2.3 hold for X:

Pr(X > h+t+20cVkh 4 64c*k) < Pr(Y > h +t + 20cVkh + 64c2k)
2
< 46_m,
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Similarly, the Chernoff Bound can be applied e.g. when we know that X isasumofn < k
random independent Bernoulli variables, each equal to 1 with probability at most g, to
prove that

+2
Pr(X > kg+1t) <e 3

(ift < |k]g).
In order to prove our main result we shall need the following observation.

Lemma 2.4. If A is large enough, then for every graph G’ of maximum degree A’ < A
and with minimum degree &' > In® A, there exists a spanning subgraph F' of G with

1<dp(v) < dlgé(z) foreachv € V(G").

Proof. We assume that A is large enough so that all inequalities within the proof below
hold. Independently for every vertex v € V(G’) choose one of its incident edges, each
with equal probability, and denote the subgraph induced in G’ by the set of all the chosen
edges by F’. We shall show that with positive probability such F’ complies with our
requirements. For every v € V(G’) denote by X, the random variable representing the
number of all edges incident with v and chosen to E(F’) by any of the neighbours of v
in G’, and note that dp/(v) < X, + 1 (as at most one more edge incident with v in G’
might be chosen to E(F”) by v itself). Note that for any given vertex v € V(G’) and its
neighbour u € Ngv(v), the probability that uv was chosen by u equals 1( 5 <

= 1[15 A°
hence 2 ; ,
B(x,) < 2o _ da) 1
In° A 2 m*A 2
By the Chernoff Bound (with ¢ = 2604 — 1 > In2A) we thus obtain that
ar(v) “wa 1
Pr XU> —1)<e 1B < —. 22
( In® A ) A3 (2.2)
As any event X, > dﬁé (2) — 1 is mutually independent of all other events X,/ > df;’s(g) -1

with d(v,v") > 2, i.e. all except at most (A’)? < A2, by (2.2) and the Lovész Local Lemma

. .. e der (v
we may conclude that with positive probability for every v € V(G'), X, < 16'3(A) -1,

hence dp/(v) < le;,g) A desired F’ must thus exist. O

We shall also need to guarantee a special ordering of the vertices of a graph G =
(V, E). For any linear ordering of V and a vertex v € V, a neighbour or r-neighbour of
v which precedes it in the ordering shall be called a backward neighbour or r-neighbour,
resp., of v. The remaining ones in turn shall be referred to as forward neighbours or r-
neighbours, resp., of v, while the edges joining v with its forward or backward neighbours
shall be called forward or backward, resp., as well. For any subset S C V, let also N_(v),
NT (v), Ns(v), N§(v) denote the sets of all backward neighbours, backward r-neighbours,
neighbours in .S and r-neighbours in S of v, respectively. Set finally d_(v) = |N_(v)],
d” (v) = |[N"(v)], ds(v) = |Ng(v)|, d§(v) = |N&(v)|, and for any subset of edges
Ey CE,dg,(v) =|{u € N(v) : uv € Ep}|.

The following lemma was proved in [30]. Here we only outline the main ideas behind
its proof — the remaining part of the argument can however be reconstructed by an interested
reader, as in general it is based on a similar combination of the Chernoff Bound and Local
Lemma as the (less complex) proof of Lemma 2.4 above.
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Lemma 2.5 ([30]). There exists a constant A{y such that for every graph G = (V, E)
with maximum degree A > A{ and minimum degree § > In® A, there is an assignment
attributing every vertex v € V a distinct real number X, € [0, 1] such that if we denote:

A= { X, < 21}
In“ A
1 1
B:{U: - <Xy <1-—-— },
In“ A In° A

C:{v:Xv>1—31}
In° A

and order the vertices in 'V into the sequence vy,va, . .., v, consistently with this assign-
ment, i.e. so that v; < v; whenever X,; < X, then for every vertex v in G:

v)Ar—l
In2A

() d (v

) <
(mw(>2”N7
(v)

(i) 379 < da(v) < 2058%,

(v) 31256% < do(v) < 2082

I
V) ifv € B, then: d_(v) > X,d(v) — /X,d(v)In A,
(vi) ifv € B, then: d” (v) < X,d(v)A™! + \/X,d(v)A"~1In A.

Proof. Independently for every v € V we randomly and uniformly choose a real value
X, € [0,1] (i.e., we associate with every v an independent random variable X, ~ U|[0, 1]
having the uniform distribution on [0, 1]). With probability one, these values are pairwise
distinct for all vertices. It is also straightforward to note that for every vertex v € V,

. d(v)Ar—1

B () < W0
v r—1
B () < T
B(da(v) = 5%
d(v

Bdo()) = s
E(d_ (1)) = X,d(v),
E(d" (v)) < X,d(v)A™!

Then one may prove a concentration of all the corresponding random variables using the
Chernoff Bound, which implies that the probability of a contradiction of each of the events
(i) — (vi) is bounded from above by A~3". As each of the 6 events associated with v is
mutually independent of all other such events associated with vertices at distance exceeding
2r, analogously as in the previous proof, the thesis is implied by the Lovasz Local Lemma,
see [30] for details. O
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3 Proof of Theorem 1.3

Let r > 4 be a fixed integer and let G = (V, E) be a graph with maximum degree A

and with minimum degree § > In® A. We shall assume that A is large enough so that all

explicit inequalities below hold and A > A( (from Lemma 2.5), so we shall not specify its

value (but assume in particular that § > In® A > 2, i.e. there are no isolated edges in G).
Let g be the least integer divisible by 3 - 25 = 96 such that

A1 Ar-1
A §q<m+96, 3.1
and let ) be the least integer divisible by ¢ (thus also by 96) such that
anr1 1 AT o o102 g 3.2)
InA — In A
Fix a vertex ordering vy, ve, ..., v, of V consistent with Lemma 2.5 above. Our goal

shall be to show that x5, ,.(G) < 2Q + 2¢. For every vertex v € A U B we choose
one edge joining it with a vertex in C' and denote this edge by e, — it exists by (iv) (from
Lemma 2.5). A desired colouring shall be constructed via algorithm developed consistently
with the fixed vertex ordering, starting from v;. Prior launching it we first fix an initial
proper edge colouring

of G, which exists due to the Vizing’s Theorem. Note that this is also a proper edge colour-
ing modulo ¢ (thus also modulo ()), i.e. no two adjacent edges in G have colours congruent
modulo q. We shall require this feature within the process of constructing a desired edge
colouring from ¢y, admitting only temporary deviations from this rule or replacing ¢ with
@ in the final part of our argument. While modifying our colouring, by ¢(e) we shall al-
ways mean the contemporary colour of an edge e (hence d..(v) shall stand for the up-to-date
weighted degree of a vertex v), and d(v) shall denote the degree of v in G. In step one of
our modifying procedure we shall analyze v, in step two we analyze v2, and so on. In
general, in step ¢ we shall be modifying only colours of the edges incident with v; (via
rules specified below). Every vertex v;, the moment it is analyzed (i.e. in step %), shall be
associated with a 2-element set, denoted by .S,,, expressing its two admissible sums, and
belonging to the family (of pairwise disjoint sets):

S={{l,I+Q}[1€ZA(I=0 (mod2Q)V
=1 (mod2Q)V...VI=Q -1 (mod2Q))}.

Starting from the end of step 4, we shall require d..(v;) € Sy, till the end of the construction.
The key restriction concerning the choice of such set is so that

(¥) S, is disjoint with S, for every j < i such that v; € N"(v;).

This shall be strictly required for all v; € AU B.
While modifying colours of the edges, we shall obey the following rules. Suppose a
vertex v is being analyzed in a given step. We allow:

(1°) adding @ or subtracting ) (or doing nothing) from the colour of every backward
edge of v joining v with a neighbour u € A U B (so that d.(u) € S,, afterwards);
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(2°) adding 0 or g to the colour of every forward edge of v € A U B except e,;

(3°) switching the colour of e, to any integer in [Q 4 ¢, Q + 2q] for every v € AU B, as
long as the edge colouring obtained remains proper modulo q.

Note that after introducing such changes we shall always have
g— A <cle) <2Q+2q (3.3)

for every e € E (as desired). Special rules shall be applied to edges e with both ends in C.
These however shall be consistent with (3.3), see details below. Let us however note here
that by the bounds from (3.1), (3.2) and (3.3) above, since 2{?_%2’1 < 5In A, we shall have
the following.

Remark 3.1. Any r-neighbours u, v with
d(u) > d(v)5In A
shall certainly be sum-distinguished in G within our construction.

Suppose now we are about to analyze a consecutive vertex v € A, whose degree we
denote by d, and thus far all our rules and requirements have been fulfilled. Note that using
admissible modifications (1°), (2°) and (3°) of the colours of the backward and forward
edges of v (since less than 2A residues modulo ¢ might be blocked for the colour of e,
due to the required properness of edge colouring modulo ¢), we may obtain more than
d(q — 2A) integer sums at v. At least d(% — 2A) of these are divisible by 3. The set of
these (at least) d(4 — 2A) integers contains elements (not necessarily both) from no less

than d(§ — A) > 2‘%;: pairs from S. On the other hand, by (i) (from Lemma 2.5), v has

r—1 . . . .
at most Qﬁﬁ ~— backward r-neighbours. We may thus perform admissible alterations of the

colours of some of the edges incident with v so that afterwards d..(v) belongs to some pair
in S with elements congruent to 0 modulo 3 which is disjoint with all .S,, associated with
backward r-neighbours u of v. We set this pair as S,,. We continue in the same manner
with all vertices in A.

Suppose now that we have reached a vertex v € B of degree d, and thus far all our
rules and requirements have been fulfilled. Similarly as above, admissible modifications
(1°), (2°) and (3°) of colours of the edges incident with v, due to (iv) and (v), provide us a
list of attainable sums at v of cardinality (where we in particular additionally use the fact

that (iv) implies that v has at least ﬁ > % forward edges):

(Cj (de— \/XlenA) + {d— (de— \/XlenA)D (4 —24)

i L
> [2A71 (de— s/delnA) Jrcl?nA (1 _ m)

I AT1T 0 2A 2A A1
> [2A" 1 (X, d — v/ X,dIn A — AT Xd - =
— ( vd dn )+dlnA_ q d qdlnA
r Arfl' 1 Arfl
> r—1 _ _ =
> |24 (de \/delnA) FA x| T AAmAd - Sdp

Arfl
InA°

\Y]

2AT—1 (de ~/X,dln A) + id
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These attainable sums for v contain representatives of at least A"~ (X, d — v/X,dIn A) +
d?{T—; pairs from S. On the other hand, (vi) implies that

INT (v)] € XodA™ ' + /X, dAT=1In A,

where

AT Xd — /X,dIn A) +dA >XdN L4 /X, dA™1TIn A.

Therefore there is a choice of admissible alterations of the colours of edges incident with v
so that afterwards d.(v) belongs to some set in S disjoint with S, for all u € N7 (v). We
perform these alterations and set the corresponding set from S as S,,. We continue in the
same manner with all vertices in B.

We are thus left with the analysis of the vertices in C. Let G’ = G[C], hence for
the maximum degree A’ of G’ we have A’ < A. Note also that by (iv), ¢’ := §(G’) >
%lng N % In® A, Therefore, by Lemma 2.4, for A sufficiently large, there exists a span-
ning subgraph F’ of G’ with dp:(v) < dlgé,(g) for every v € V. Denote the edges of
F' by E' (hence F’ = (C,E")), and note that for every v € C, dc(v) — dg/(v) >
der(v)(1 = —3x) > 1 (for A sufficiently large), hence the edges in E” := E(G') \ E' =

el ey, ..., el } also induce a spanning subgraph of G’.

At this point our edge colouring of G is proper modulo ¢ (hence also modulo Q). We
shall now admit a temporary deviation from this rule by setting c(e) = ¢ for every e € F'.
Next we analyze consecutively all edges €/, ..., ell in E” (note that their initial colours,
defined by cg, have not been yet altered within our construction, thus all are in the range
[¢+Q — A, g+ Q)), and add to a colour of every such subsequent e/ = wv an integer in
[0, 6A], what is consistent with (3.3), so that the obtained sums at u and v are not congruent
to 0 modulo 3 and so that the colour of e/ is not congruent to the colours of its adjacent
edges in G modulo ¢. This is always feasible, as the later requirement blocks at most
2(A — 1) of at least 2A available options in [0, 6A] with an adequate residue modulo 3.
After analyzing all edges in E” (inducing a spanning subgraph of G[C), for every vertex
v € C we have d.(v) = 1 (mod 3) or d.(v) = 2 (mod 3) (contrary to the vertices
in A). Now we shall randomly adjust the colours of the edges in E’ (which are all set
to g) to guarantee relatively regular distributions of the sums residues modulo @) in the
r-neighbourhoods in C'. In particular we shall show the following.

Lemma 3.2. We may add to the colour of every edge in E’ an integer divisible by 3 from
the set {0,3,6,...,Q — 3} so that the obtained edge colouring of G is proper modulo Q,
and for each vertex v € C and every integer t € [0,Q — 1] which is not congruent to 0
modulo 3, the number of vertices u in N&(v) with (5In A)~1d(v) < d(u) < d(v)5InA

and with d.(u) =t (mod Q) is upper-bounded by 6000 ligf&.

Proof. We first partition the set {0,3,6,...,Q — 3} into 32-element sets of consecutive
integers congruent to 0 modulo 3: Ly, Lo, ..., Lg/gs (hence e.g. Ly = {0,3,6,...,93}).
For every e € E’, as it has less than 2A adjacent edges in G' (which might block at most
2A residues modulo @ for c(e)), i.e. less than 2A integers in [0, — 1] might not be
admissible as the additions to the colour of e (equal to ¢ prior to this addition) due to
the required properness (modulo @) of the randomly constructed edge colouring. Thus

out of Ly, Lo, ..., Lg g, at least Q/96 — 2A > A4 lists (sets) are entirely available
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for e, where a set L; is called entirely available for e € E’ if neither element of ¢ + L;
is congruent modulo @ to the colour of an edge in E \ E’ adjacent to e in G (we shall
distinguish colours of adjacent edges in E’ within our construction below). Out of these
at least % entirely available lists for e we randomly and independently for every edge
in E’ choose one with uniform probability and denote it by L.. We also temporarily set
¢(e) = min L.

We claim that at the end of such random procedure, with positive probability, for every
v € C the following event appears:

R,: there are at most 31 edges incident with v (and with both ends in C') with a feature
that each such edge e is adjacent with an edge ¢’ (with both ends in C') such that
Le= L.

For this goal we shall estimate the probability of the complement of the above for v € C:

R,: there exist 32 edges incident with v (and with both ends in C') with a feature that each
such edge e is adjacent with an edge ¢’ (with both ends in C') such that L, = L,/.

Fix any v € C and denote its degree by d. Note first that there are at most (1) < (%)

32
ways of choosing 32 distinct edges incident with v. Now for a fixed choice of such 32
edges B = {e1,ea,...,e32}, each of them is supposed to have an adjacent edge coloured

the same (with the same list randomly chosen) as itself, so for each edge e; € B we
choose its adjacent edge 69 which is supposed to have the same colour as e, and estimate
the probability of eq, . .., e32 being witnesses for R, to appear, by examining all possible
configurations of the choices of their correspondents €], . . ., e},, which we divide into 33
groups with respect to the number of the edges e;. belonging to B (note that e} does not
have to be distinct from €] for j # [). For every ¢ = 0,...,32 (and fixed B), there are at
most (°?)317(2A)32~" choices of edges €], €}, ... , ek, so that |{j : €} € B}| = i. Then for
each fixed choice of edges €], . . . , €4, with this feature, denote B” = BU{e}, e, ..., €4}
(hence 32 < |B”| < 64 — i), and let us consider an auxiliary graph H with vertex set B”
and the set of edges: {e;e; : { = 1,2,...,32}. Note that all its components have order
at least 2. Fix any subset By C B of minimal size such that each component of H has at
least one vertex in (B” \ B) U By, and note that |By| < | %], as there are 32 — i edges
e; € B (which are vertices of H) adjacent in H with ¢; € B” \ B, while among the
remaining at most ¢ edges in B which do not belong to any component including a vertex
in B” \ B (which induce the remaining components of H) it is sufficient to choose at most
half to form By (one for each of these remaining components of H). Note that edges of G
inducing (as vertices of H) any component in this auxiliary graph H must have the same
colours (lists) chosen to be witnesses for R, to take place, hence if we fix colours (lists)
for all edges in (E’ \ B) U By, the probability that independent choices for the remaining
at least 32 — L%J edges in E’ (from B \ By) shall guarantee R, is bounded from above by

(<28 .)32-L3]. By the law of total probability, we thus obtain that:

Pr(R,) < <3A2> i (3i2)31i(2A)32i (;8_1>32L5J

i=0
32
< 3132 . 932, 483232 Z A(32—¢)—(32—[5‘J)(r—1)
i=0
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< 10% . 10%4A32 . 33A16(r—1) _ 1(l14 g —4r—12(r—4)
(3.4

(forr > 4).

Now for each vertex v € C of degree d in G and every integer ¢ € [0, Q — 1] which is
not congruent to 0 modulo 3, let X, ; denote (the random variable expressing) the number
of vertices u in N (v) with d.(u) € [t—31-93,t4+31-93] (mod Q) (where c(e) = min L.
forevery e € E’)and (51In A)~'d < d(u) < d51n A. In order to prove the thesis we shall
also need to guarantee (with non-zero probability) for every v € C of degree d (in G) and
every integer ¢ € [0, Q — 1] which is not congruent to 0 modulo 3 the event:

Ty Xy < 600045

We thus upper-bound the probability of the complement of this. As to every edge e € E’
we have assigned the colour being the minimal element min L. from the randomly chosen
list L., which may differ by the multiplicity of 96 between distinct lists, there are at most
[(2-31-93+1)/96] = 61 distinct values in the interval [t — 31 - 93,¢ + 31 - 93] the sum
at v may possibly attain within our random process. Therefore for every u € N/ (v) with
(5InA)~td < d(u) <d5InA,
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Pr (d.(u) € [t —31-93,¢+31-93] (mod Q)) < 61

(what can be also easily proved by the law of total probability via analysis of the possible
at least % choices of lists, hence also additions to the colour, of ‘the last edge’ in E’
incident with w, at most 61 of which might assure that d.(u) € [t — 31 - 93,¢ + 31 - 93]
(mod Q) regardless of any fixed choices for the remaining edges), by (ii) we thus obtain

that )
61 - 48 2dA"~ d
B(X,,) < — 207 5856——.
(Xo) < T s A 3 A

Note also that a change of choice for any edge in E’ may influence X, ; by at most 2.

Moreover, for any s, the fact that X, ; > s can be certified by the outcomes of at most

S- ligdA trials, i.e. choices committed on the edges in E’ incident with some s r-neighbours

2d51nA

uof v in C with (5InA)~'d < d(u) < d5InA, each of which has at most —2- =
10d

5« incident edges in E’ by (iv) and Lemma 2.4. Thus by Talagrand’s Inequality (and
comments below it),

d d
Pr(T,;) <Pr(X,;>586—— + —— +
(Tot) ( * n*A  In*A

10d d 10d
+20-2 5856 +64-22 )

A" I’ A In® A
_ (wda) 10114
< de S.z2ﬁé’%-(5ssﬁﬁ3‘%+m‘%) < TR 3.5)

As any event T, ; and R, is mutually independent of all other events T ;s and R,, with
d(v,v") > 2r + 1, i.e., all except at most A" +1 . (% + 1) < A%+ such events, by



J. Przybyto: Distant sum distinguishing index of graphs with bounded minimum degree 47

the Lovasz Local Lemma, (3.4) and (3.5) we thus obtain that there is a choice of lists
(and additions to the colours) of the edges in E’ so that none of the events T, ; and R,
holds for any v € C. This implies among others that each subgraph induced in G’ by
the edges associated with any fixed list L; has maximum degree at most 31. Thus by
Vizing’s Theorem we may arbitrarily recolour properly each such subgraph, if necessary,
using additions from its corresponding L; (where |L;| = 32) instead merely the addition
min L;. Note that then the obtained edge colouring of G is proper modulo ), while colours
of some edges could be increased — each by at most 93. As at he same time, every vertex
v is by R, incident with at most 31 edges whose colours could be increased, by T, ; with
veCCandt € {1,2,4,5,7,8,...,Q —2,Q — 1} we obtain the thesis. O

We fix any additions to the colours of the edges in E’ consistent with the thesis of
Lemma 3.2. We shall not alter the colour of any edge with both ends in C' anymore, while
the remaining ones might be modified by (). Therefore the edge colouring of G shall remain
proper modulo (), while the sums at vertices in A shall remain distinguished from the sums
at vertices in C, as the first ones are congruent to 0 modulo 3, unlike the second ones. As by
(iv) every vertex in B has a neighbour in C, we may subtract () if necessary (or do nothing)
from the colour of one such edge for every vertex in B so that the weighted degree for every
vertex v € B is set on the smaller element of its associated two-element list S,,. (This is
feasible, as prior to these changes, every such edge had its colour between @Q + ¢ — A and
@+ 24, since it has not been analyzed as a backward edge yet, and therefore (3.3) shall hold
for this edge after any of the described changes). The thesis of Lemma 3.2 above obviously
still holds afterwards. The sums at vertices in B shall not be altered anymore.

In the final stage of the construction we shall be subsequently analyzing the vertices in
C, and modifying colours of the edges joining them with A consistently with (1°) in order
to dispose of all the remaining sum-conflicts between vertices in C' and their r-neighbours
in BUC. This time however we shall admit placing weighted degrees of two r-neighbours
in the same 2-element list from S, but in such a way that these weighted degrees are distinct.
Note that for every consecutive v € C we have available d4(v) +1 > % + 1 (by
(iii)) distinct sums, which form an arithmetic progression of difference (), via admissible
changes on the edges joining v with A. These are all congruent to some ¢t modulo @) (not
divisible by 3) and include at least 4[1ir(112’) ~ options which are not fixed as weighted degrees of
vertices in B, as these are all set to the smaller elements from their associated lists. So it is
sufficient to choose one of such options for v distinct from the contemporary sums at all -
neighbours of v in C with (51n A)~!d(v) < d(u) < d(v) 51n A (cf. Remark 3.1) and with
weighted degrees congruent to ¢ modulo ). This is however feasible, as by Lemma 3.2
above the number of such r-neighbours of v equals at most 6000 f}?;g < 4‘1115’2’)A. We
choose one of these and perform admissible changes on the edges joining v with A to set it
as the sum at v. After analyzing all vertices in C, the construction is completed, while the
obtained edge colouring ¢ is proper (even modulo @), uses colours in [¢ — A, 2¢ + 2Q)] and
guarantees sum-distinction between 7-neighbours in G. O
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Abstract

We investigate the minimum number ¢y(G) of faces in a Hamiltonian triangulation
G so that any Hamiltonian cycle C of G has at least to(G) faces that do not contain an
edge of C'. We prove upper and lower bounds on the maximum of these numbers for all
triangulations with a fixed number of facial triangles. Such triangles play an important
role when Hamiltonian cycles in triangulations with 3-cuts are constructed from smaller
Hamiltonian cycles of 4-connected subgraphs. We also present results linking the number
of these triangles to the length of 3-walks in a class of triangulation and to the domination
number.

Keywords: Graph, Hamiltonian cycle, domination, 3-walk.

Math. Subj. Class.: 05C45, 05C10, 05C38

1 Introduction

In this article all triangulations are simple triangulations of the plane with at least 4 vertices.
A triangulation or a graph is said to be Hamiltonian if it contains a Hamiltonian cycle. For
a triangulation G with a Hamiltonian cycle C' of G, a type-i triangle with i € {0,1,2} is
defined as a facial triangle of G which shares exactly i edges with C. We define ¢;(G, C)
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as the number of type-i triangles. If the triangulation and Hamiltonian cycle are clear from
the context, we will also just write ¢;.

A triangulation G can be extended by inserting a 4-connected triangulation or poly-
hedron in a triangle 7" to obtain a larger graph G’. If there is a Hamiltonian cycle C' in
G, then we can extend C to a Hamiltonian cycle of G’ — unless T is a type-0 triangle.
If there is a Hamiltonian cycle C' without any type-0 triangles such as in a double wheel
or the majority of small 4-connected triangulations (e.g. more than 80% for 4-connected
triangulations on 20 vertices), then for the graph G’ obtained by inserting a 4-connected
triangulation or polyhedron in each triangle in a set of disjoint facial triangles we can ex-
tend C' to a Hamiltonian cycle of G’. In [3] it is proven that the — still open — question
whether all triangulations with at most four 3-cuts are Hamiltonian can be reduced to the
question whether for each set of four disjoint triangles in a 4-connected triangulation there
is a Hamiltonian cycle so that none of them is a type-0 triangle. More properties of triangu-
lations with a Hamiltonian cycle with few or even without type-0 triangles are described in
Section 4. Investigating whether there always exists a Hamiltonian cycle with few type-0
triangles is the main target of this paper.

We denote the number of facial triangles of G by ¢(G). Euler’s formula implies that
(with |G| the number of vertices of G), t(G) = 2|G| — 4, so it is always an even number.
For i € {0, 2} we further define

t;(G) = min{t;(G, C) | C is a Hamiltonian cycle of G},
and forevent > 4
t;(t) = max{t;(G) | G is a Hamiltonian triangulation with exactly ¢ facial triangles}.

In some cases we might want to restrict the class to 4- or 5-connected triangulations. Note
that there are no 4-connected triangulations G with ¢(G)) < 8 and no 5-connected triangu-
lations G with ¢(G) < 20. So for j = 4 and even ¢t > 8, and for j = 5 and even ¢ > 20 we
define

t/(t) = max{t;(GQ) | G is a j-connected triangulation with exactly ¢ facial triangles}.
In this paper, we show the following theorem.
Theorem 1.1. Let t be an integer. Then the following hold.

(i) Fort > 8 we have ty(t) < %, and for 4 < t < 8 we have ty(t) = 0.
(ii) Fort > 10 we have t3(t) < =12, and for t = 8 we have t3(t) = 0.
(iii) Fort > 20 we have t3(t) < =12,

w

<
<

In Section 3, we discuss lower bounds on to(t), t3(¢) and t5(t).

As we will see in Section 4.1, also the number of type-i triangles on one side of a
Hamiltonian cycle is relevant, so we also define ¢,(G, C') as the number of type-i triangles
on that side of C' with fewer type-i triangles. The numbers ¢;(G), ¢;(t), and ¢ (¢) are
defined correspondingly. By definition

ti(G,C) < t;(G,0)/2, (G) <ti(G)/2,
() < t;(t)/2 and () <t(t)/2
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fori € {0,2} and j € {4,5}.

An outer plane graph is a plane graph in which all vertices are incident with the outer
face. In particular, an outer plane graph with maximal number of edges is called a maximal
outer plane graph, which is, in other words, an outer plane graph in which all inner faces
are triangles. For a triangulation G with a Hamiltonian cycle C, the inside as well as the
outside of C' together with C' form a maximal outer plane graph. For a 2-connected plane
graph G, the boundary of the outer face is called the boundary cycle of G. In particular,
vertices and edges in the boundary cycle of G are boundary vertices resp. boundary edges
in G. A cycle C' in a plane graph such that the inside as well as the outside (not including
C) contain a vertex is called a separating cycle. Note that in a triangulation, any triangle
that is not facial is a separating cycle.

Let G be a triangulation with a Hamiltonian cycle C. If we take the dual of the max-
imal outer plane graph consisting of the inside of C together with C' and delete the vertex
corresponding to the outer face, then we obtain a subcubic tree in which the vertices of
degree (3 — i) correspond to type-i triangles of the triangulation. Using these relations, we
get the following proposition.

Proposition 1.2. Let G be a triangulation with a Hamiltonian cycle C. Then
EQ(G, C) = Lro(G, C) +2 and tQ(G, C) = tQ(G, C) + 4.

Note that the number of facial triangles on the inside is equal to the number of facial
triangles on the outside. As t(G) = to(G, C) + 1 (G, C) + t2(G, C), we have

(G, C) = t(G) — 2t(G, C) — 4.

So finding the minimum value for ¢o(G, C) is equivalent to finding the minimum value for
t2(G, C), and finding the maximum value for ¢, (G, C).

Let GG be a triangulation and let C' be a Hamiltonian cycle in G. We say that two facial
triangles are adjacent if they share an edge. An (i, j)-pair (i,j € {1,2}) is defined as a
pair of adjacent facial triangles consisting of a type-¢ triangle and a type-j triangle such
that the common edge is contained in C. Note that each type-1 triangle is contained in at
most one (1, 2)-pair.

2 Upper bounds for to(t), t3(t) and ¢} (t)

To prove Theorem 1.1 in this section, we first show some lemmas. A vertex v in a graph G
is said to be dominating if v is adjacent to all other vertices in G.

If a type-2 triangle T is contained in two (2, 2)-pairs, we call the three triangles involved
a(2,2,2)-triple and T the central triangle of the triple.

Restricted to minimum degree 4 the first part of the following lemma was proven in
[13, Lemma 2.1].

Lemma 2.1. Let G be a triangulation with a Hamiltonian cycle C, but without a domi-
nating vertex. Then there exists a Hamiltonian cycle C" in G such that C' has no (2,2, 2)-
triples.

If G has minimum degree 4, then C' can be chosen in a way that it also has at least as
many (1, 1)-pairs as C.
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Proof. Assume that there is a (2,2, 2)-triple with central triangle 7" and let v denote the
vertex contained in all three triangles involved. As v is not dominating, there is a first
vertex vg in counterclockwise orientation from 7" around v that has a neighbour on C' that
is not a neighbour of v. Numbering the neighbours of v in clockwise orientation around

V@S V0, V1, - - -, Udeg(v)—1, there is also a first vertex vy with & > 0 and a neighbour on C
that is not a neighbour of v. We can reroute the part of C' containing v, vy, . . ., vy, along the
path vg, vy, ...,vk—1, v, vx. This operation is displayed in Figure 1. Of course the roles of

v and vy, are symmetric and we could do the same with their roles interchanged.

Figure 1: Rerouting a Hamiltonian cycle to remove a (2, 2, 2)-triple.

If all vertices have degree at least 4, any new type-2 triangle contains v and the number
of (2,2, 2)-triples is decreased. Furthermore, no (1, 1)-pairs without a triangle containing
v can be destroyed and after rerouting at least the edges vivs, vovs, ..., V—3Vk—2 are
common edges of a (1, 1)-pair. These are & — 3 (1, 1)-pairs, but note that £ — 3 can be 0.
Depending on whether vgv; is the common edge of a (1, 1)-pair in C, the triangles under
discussion can belong to k — 3 or k — 4 (1, 1)-pairs before rerouting — so the number of
(1, 1)-pairs does not decrease.

The vertices vy and vy always have degree at least 4, but if one of vy,...,v_o has
degree 3, it is contained in a type-2 triangle not containing v. For vy, ..., v;x_3 (note that
this set of vertices can be empty) this type-2 triangle has type-1 triangles on the other side
of the edges in the Hamiltonian cycle and is therefore not contained in a (2, 2)-pair. If vj_o
has degree 3 we would produce a (2,2, 2)-triple. If vy has degree larger than 3, we can
apply the operation with the role of vy and vy, interchanged, so let us assume that v, as well
as vi_2 have degree 3. As no two vertices of degree 3 can be neighbours in a triangulation
different from K, this implies that & > 3.

Let ¢ > 0 be minimal so that there is an edge v;v;_1. Such an ¢ is sure to exist, as k — 3
is a candidate. We then reroute the cycle along vg, v1, ..., Vi, Vk—1,Vk—2, - - -, Vi+1, UV, Vk
to obtain C’. An example of this rerouting is given in Figure 2.

After rerouting, the only edges that can be the common edge of the two triangles in a
new (2, 2)-pair are v;11v;42 and v;vi_1. As v;v; isnotin C’ forany i < j < k — 1,
v;Uk—1 can only be in a (2, 2)-pair if v;_jvg_2 is contained in the same triangle, which
gives i = k — 3, SO v;41V;12 = Vg_2Vk_1 is the common edge of a (2, 2)-pair too and only
the case that v;11v;42 is the common edge of a (2, 2)-pair remains to be discussed.

Assume that v; 1 ov; 11 iS contained in two type-2 triangles — v; 1 ov; 4 1v and T”. If the
degree of v; 12 is 3, then T" = v;41v;2v;+3 and the second neighbour triangle of 7" along
(' is a type-1 triangle, so in that case v;2v;11 is not part of a (2, 2, 2)-triple.
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Figure 2: Rerouting a Hamiltonian cycle to remove a (2, 2, 2)-triple if vy _o has degree 3.

If the degree of v, is at least 4, the other edge of 7” in the Hamiltonian cycle must be
V;4+2v;, Which can only be contained in a type-2 triangle v;42v;41v; if ¢ +2 = k — 1, that
is ¢ = k — 3. In order to be contained in a second type-2 triangle, there must be an edge
Vi—1Vk—4. Due to the minimality of ¢ we get k = 4, so we have the situation depicted in
Figure 3 on the left hand side. Rerouting the Hamiltonian cycle along vg, v, v, v1, V3, V4
(right hand side of Figure 3) gives a Hamiltonian cycle with one (2, 2, 2)-triple less. 0

Figure 3: Rerouting a Hamiltonian cycle to remove a (2, 2, 2)-triple if v _o has degree 3
and the default method produces a (2, 2, 2)-triple.

Using a result by Whitney [17], we can prove the existence of a Hamiltonian cycle with
at least one (1, 1)-pair in a 4-connected triangulation. Below we first give the lemma by
Whitney, but use a simplified version of the formulation from [7].

Lemma 2.2. Let G be a 4-connected triangulation. Consider a cycle D in G together with
the vertices and edges on one side of D (referred to as the outside of D). Let a and b be
two vertices of D dividing D into two paths Py and P» each of which contains both a and
b. If

e 1o two vertices of Py are joined by an edge which lies outside of D and
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e there is a vertex z (distinct from a and b) dividing Ps into two paths Ps and Py each
of which contains z such that no pair of vertices in P and no pair of vertices in Py
are joined by an edge which lies outside of D,

then there is a path from a to b using only edges on and outside of D which passes through
every vertex on and outside of D.

Using this lemma, we can give the following result. Note that for triangulations being
k-connected is equivalent to having no separating cycles of length shorter than k.

Lemma 2.3. Let G be a 4-connected triangulation which is not isomorphic to the octahe-
dron. There exists a Hamiltonian cycle C' in G such that C has at least one (1, 1)-pair.

(75} z Un

u U1
m a T b

Figure 4: Construction of a Hamiltonian cycle with at least one (1, 1)-pair in a 4-connected
triangulation.

Proof. As a consequence of the Euler formula and the fact that G is not isomorphic to the
octahedron, there exists a vertex = of degree at least 5 in G. Let wvx be an arbitrary triangle
containing x. The edge uv is contained in a second triangle, say uvz. Let the vertices
adjacent to u (in counterclockwise order) be v, z,u1, ..., un, a,x (note that there are no
u; vertices if u has degree 4), and let the vertices adjacent to v be u, x, b, vy, . .., v,, 2 (note
that there are no v; vertices if v has degree 4) (see Figure 4).

As G is 4-connected, D = axbvy - - - vpzu; - - - uma is a cycle in G. The vertices a
and b partition D into two paths satisfying the conditions of Lemma 2.2 with P, = axb.
Indeed, the path P, is divided into P53 and P, by the vertex z. As z has degree at least 5, a
and b are not adjacent. All vertices of Ps, resp. Py, are adjacent to u, resp. v, so any edge
which lies outside of D and joins two vertices of P5 or two vertices of P, would be part of
a separating triangle.

Let P be the path from a to b described in Lemma 2.2. The Hamiltonian cycle C' =
P U auwb contains the (1, 1)-pair (uvvz, uvz). O

In the case of 5-connected triangulations, we can prove a slightly stronger result.

Lemma 2.4. Let G be a 5-connected triangulation. There exists a Hamiltonian cycle C'in
G such that C' has at least two (1, 1)-pairs.
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Figure 5: Construction of a Hamiltonian cycle with at least two (1, 1)-pairs in a 5-connected
triangulation.

Proof. Let v be a vertex of G which has degree 5, and let v and w be two neighbour-
ing vertices of v which are not adjacent to each other. Let the vertices adjacent to u be
v, Z,U1, ..., Uny, a, T, and let the vertices adjacent to w be v, y, b, w1, ..., w,, 2 (see Fig-
ure 5).

As G is 5-connected, D = axybw; - - - wyzug - - - upma is a cycle in G. The vertices a
and b partition D into two paths satisfying the conditions of Lemma 2.2 with P, = azyb.
Indeed, the path P is divided into Ps; and P, by the vertex z. As all vertices have degree
at least 5, any edge outside of D connecting two vertices of P; is contained in a separating
triangle or a separating quadrangle. All vertices of Ps, resp. Py, are adjacent to u, resp. w,
so any edge which lies outside of D and joins two vertices of P3 or P4 would be part of a
separating triangle.

Let P be the path from a to b described in Lemma 2.2. The Hamiltonian cycle C' =
P U auvwb contains the (1, 1)-pairs (vvz, uvz) and (vwy, vwz). O

Lemma 2.5. Let G be a triangulation with a dominating vertex v and t triangles. Then
to(G) < § —1ifGisnot Ky and to(Ky4) = 0.

Proof. We can easily check K4 by hand, so assume that G is not K.

G — {v} is an outer plane graph, so it has a vertex w of degree 2. Let w’ be a vertex
sharing a boundary edge of G — {v} with w and let C' be the Hamiltonian cycle of G
containing {v, w}, {v,w’} and the boundary cycle of G — {v} without the edge {w, w'}.
Let to,a,t1,a and t2 A be the number of facial triangles of type 0, 1 and 2 on the side of
C containing the triangle v, w,w’. All triangles on the other side of C' contain v and as

no type-0 triangle in G contains v, we have to(G) = to.a. Since each side of C' contains

@. Furthermore (as G is

exactly ¢(G)/2 facial triangles, we have tg A + t1 A + t2.A = d
not K4) we have t; A > 1 (the unique triangle containing w but not v). So tg A + 2, A <
toa +t1,A +toa = % By Proposition 1.2, we have t3 A = £9 A + 2, and hence we get

2to,a +2 = 2tg + 2 < £ and finally ¢o(G) < & — 1. O
By combining the results above, we are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. For t < 20 the theorem was checked by testing all triangulations.

The triangulations were generated by the program plantri [2] and a straightforward ex-
haustive search for Hamiltonian cycles with the smallest number of type-0 triangles was
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performed. Thus, we may assume ¢ > 20. Let G be a Hamiltonian triangulation with
t > 20 facial triangles.

Suppose that G has a dominating vertex v. Since G — {v} has a vertex of degree two,
G has a 3-cut, and hence G is not 4-connected. Since i —-1< %, Lemma 2.5 implies the
result.

Assume now that G has no dominating vertex. Suppose that G has a Hamiltonian cycle
with p (1, 1)-pairs. Lemmas 2.3 and 2.4 imply that p > 1 if G is 4-connected, and p > 2
if G is 5-connected. Due to Lemma 2.1, G contains a Hamiltonian cycle C” which has at
least p (1, 1)-pairs and in which each type-2 triangle is contained in at least one (1, 2)-pair.
A type-1 triangle is contained in a (1, 1)-pair or a (1, 2)-pair. There are at least 2p type-1
triangles in (1, 1)-pairs of C’ and therefore at most (t1 (G, C’) — 2p) type-1 triangles in
(1,2)-pairs. Since each type-2 triangle forms a (1, 2)-pair with at least one of the type-1
triangles in a (1, 2)-pair, we get

t2(G,C") < t1(G,C") — 2p.
By Proposition 1.2, we have t2(G, C") = to(G,C") + 4, and hence
t1(G,C") > to(G,C") + 4 + 2p.
Combining these results with ¢(G) = to(G, C") + t1 (G, C") + t2(G, C"), we get
tG) = to(G,C") +to(G,C") + 4+ 2p + to(G, C") + 4.

This can be rewritten as

t(G) —8—2
to(G.C") < %
and so we also have t_8_9
to(t) < %.

Using the values for p from Lemma 2.3 and Lemma 2.4, we get the given bounds. [

3 Lower bounds for ¢o(t), t5(¢) and t3(t)

In order to prove lower bounds for #o(t), t3(t) and t3(t), we will construct families of
graphs in which each Hamiltonian cycle has at least a certain number of type-0 triangles.

Theorem 3.1.

| =5andty(t) > | 2] - 3.

o Lett > 16 be even. Then to(t) > |
= 0. Fort < 14 we have to(t) = to(t) = 0.

t
_ 3
We have t(14) = 1 and to(14)

(

o Lett > 18 be even. Then tj(t) > 2(| &) — 3) and t§(t) > | £] — 3.
Fort < 18 we have t§(t) = t3(t) = 0.
o Lett > 20 be even. Then t3(t) L%J —20.

For t < 66 we have that t3(t)

Proof. tg(t) and £3(t):

The results for ¢ < 18 were determined by a computer using the program plantri [2] for
the generation of all 4-connected triangulations and a straightforward algorithm to compute
to and t_o.
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First consider the case where ¢ is a multiple of six, and let k = %. Consider the fragment
B shown in the left part of Figure 6. Take k copies By, ..., By—1 of B and identify all
vertices labelled /V and all vertices labelled S, respectively, (we call the resulting vertices
the poles) and for 0 < ¢ < k identify vertex y in B; with vertex x in By (mod k)-
This graph has 6k facial triangles, and we denote it by G;. It is easy to check that Gy, is

4-connected.

N N

S S

Figure 6: The fragment B used to construct a family of triangulations establishing a lower
bound on t§(¢) and £3(t) and the most common way for a Hamiltonian cycle to pass through
this fragment.

% 3 by induction on k. Computational
2k — 6 and to(Gy) = k — 3. Since Gy,
Gyr) =t —6andty(Gy) = £ — 3, and

We show to(G) > 2(& —3) and £o(Gy, C) >
results give that for 3 < k < 8 we have ¢((Gj) =
contains 6k triangles, we can also write this as ¢q(
we are done. So we may assume that k£ > 9.

Let C be a Hamiltonian cycle in G. An edge of C' which is incident to a pole is
contained in at most two fragments. Since there are two edges incident to each pole, there
are at most 8 fragments that contain an edge of C that is incident to a pole. Since k& > 9, we
may assume that C' visits the fragment By_1 — up to symmetry — as shown in the right part
of Figure 6. This part of the Hamiltonian cycle C' produces two type-0 triangles in By_1 —
one on each side of C. So, by removing two inner vertices of Bj_1, identifying the vertex
1y in the copy Bj—2 and the vertex x in the copy By, we obtain a Hamiltonian cycle, say C”,
in Gi_1. By the induction hypothesis, to(Gg_1,C") > 2( ) and to(Gg—1,C") >
% — 3. Since to(Gk,C) to(Gk 1,0) + 2 and to(GkHC) fo(kal,Cl) + 1, we
obtain the desired inequality.

For the case where ¢ is not a multiple of six, we let k = [éJ We apply the same
construction, but for a pair of neighbouring fragments we connect the z- and y-vertex by
an edge instead of identifying them — see the left part of Figure 7 — or with an extra vertex of
degree 4 that is also connected to the poles. This gives 2, resp. 4 extra triangles. Confirming
the formulas for these modified triangulations with 3 to 8 fragments with a computer, one
can apply the same argumentation as above to prove the equations in the lemma.

to (t) and t_g (t):

For to(t) and #o(t), where 3-cuts are allowed, we use the same fragment and the same
constructions as for t3(¢) and £3(¢), but for two fragments we do not identify x and y but
instead connect [V and .S by an edge between these segments — see the right part of Figure 7.
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Figure 7: Modifications of the construction for the 4-connected case when ¢ is not a multiple
of 6 and for the 3-connected case.

This construction with % fragments gives triangulations with 6% + 2 facial triangles that can
be extended to triangulations with 6k + 4 and 6(k + 1) facial triangles by inserting vertices
of degree 3 in one or both triangles containing the edge between the poles.

Computational results for £ < 8 fragments combined with the same reduction argument
as before give that to(t) > |£| — 5and {y(t) > | 2] — 3.

Remark. For small values of ¢ a double wheel where triangles are subdivided with a vertex
of degree 3 alternatingly on both sides of the rim gives a larger result for ¢o(t) and #o(¢),
but the linear factor is only i, so that the advantage compared to the sequence described is
only for small values.

t3(t) and £5(¢):

For t < 130 we have that t3(t) > 0 > 2[75| — 20. So assume that ¢ is even and
t > 130.

For even ¢t > 130 we can construct triangulations in a similar way as for the cases
t4(t) and £§(t), but use the fragments depicted in Figure 8. We use r = (¢t — 12| {5])/2
copies B, ..., B_; of the right fragment with 14 triangles and | = | ] — r copies
By, ..., B, ;_, of the left fragment with 12 triangles.

We identify all vertices labelled N and all vertices labelled S, respectively, and for
0 <4 < r+ [ identify the vertices y,y’ in B; with the vertices z,z" in B]_, (mod (1))
respectively. It is easy to check that the resulting graph G ; is 5-connected.

Checking the different ways how a Hamiltonian cycle can pass the left fragment in
Figure 8 without using the poles and saturate the 4 interior vertices (some boundary vertices
can also be saturated from outside the segment), gives that each such segment contains at
least 2 type-2 triangles. As the fragment on the right hand side of Figure 8 contains the one
on the left hand side, the same is true for the fragment on the right hand side too.

Sofort > 130 and consequently r+! > 11 any Hamiltonian cycle C'in G ; has at least
r—+[—8 fragments not containing an edge of C incident with a pole and therefore containing
at least 2 type-2 triangles. So t2(G,;,C) > 2(r + 1 — 8) and therefore to(G,,;,C) >
2r+1—8)—4=2(r+1)—20. Asr+1 = | 5] we get t3(t) > 2| L] — 20.

The result for £5(t) was proven by a computer search testing graphs constructed by the
program plantri [2]. All 5-connected triangulations G' with up to 66 triangles were found
to have ¢o(G) = 0. It should also be noted that the graphs G,.; constructed for the first part
all allow a Hamiltonian cycle C' with £5(G, C) = 0. O
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N N

S S

Figure 8: The fragments used for the 5-connected case.

Computational results for 7 = 0 and I < 8 suggest that t3(¢) > 2| £ ] — 8, but a proof
similar to the one for ¢o(¢) and t3(¢) is out of reach on the computational side for the basic
step in the induction and would be very lengthy on the theoretical side.

For to(t), to(t), t3(t), and £3(¢) the upper and lower bounds differ only by an additive
constant, so there is not much room for improvement. For ¢3(t), and especially £3(t) the
upper and lower bounds are far apart and have a different growth rate. In these cases there
is not only room, but also need for improvement.

4 Applications different from Hamiltonian cycles

Type-0 triangles are of their own interest in the context of Hamiltonicity of triangulations,
as they are the problematic case for the extendability of partial Hamiltonian cycles to the
inside of separating triangles (see e.g. [9]), but the number ¢o(G) has also an impact on
invariants that are not that obviously related to Hamiltonian cycles. In this section, we
describe two other topics in graph theory for which the value of ¢y (&) is relevant.

4.1 The domination number of a triangulation

A vertex subset S of a graph G is said to be dominating if every vertex in G — S has a
neighbour in .S. The cardinality of a minimum dominating set of G is called the domination
number of G and is denoted by ~(G). For a triangulation G, Matheson and Tarjan [11]
proved that v(G) < % and they conjectured that v(G) < ‘%l. This conjecture is still
open, even when restricted to 4- or 5-connected triangulations.

Plummer, Ye and Zha [13] proved that v(G) < min { [@] , [Sﬁlj } for any
4-connected triangulation G. This is the currently best approach towards the Matheson-
Tarjan conjecture. The idea of their inductive proof is to find a Hamiltonian cycle with
certain properties of type-2 triangles and to use these for reduction of the graph.

If we can find a Hamiltonian cycle with few type-2 triangles, then (as implicitly used in
[13]) we can bound the size of a dominating set as follows: Let C' be a Hamiltonian cycle.
By symmetry we can assume that the number of type-2 triangles on the inside of C' is less
than or equal to that on the outside of C'. Let G’ be the maximal outer plane graph consisting
of the inside of C' together with C'. Note that G’ contains 5(G, C') type-2 triangles. It
is shown in [5, 16] that any maximal outer plane graph H satisfies v(H) < W,
where k(H) denotes the number of vertices of degree 2 in H. Any vertex of degree two
in G’ is the common end vertex of two edges of C' in a type-2 triangle. Thus, we have
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k(G") =t2(G, C). Since t2(G, C) = to(G, C) + 2, we obtain by Proposition 1.2

G+ k(G |Gl +1(G,C) |G| +t(G,C)+2
< N < | = =
1(G) <UE) < Ty ; 1

< 2|G| + to(G,C) + 4
< 3 :

So for a given Hamiltonian triangulation, a Hamiltonian cycle C' with few type-0 triangles
possibly gives a good upper bound on the domination number in that triangulation. In
general though, the impact of the values of ¢ (¢) is a negative one: the lower bounds given
in Theorem 3.1 show that at least for 4-connected triangulations a direct application of this
method cannot lead to improved bounds for the domination number.

4.2 3-walks with few vertices visited more than once

A k-tree of a graph G is a spanning tree of G in which every vertex has degree at most k. A
k-walk is a spanning closed walk that visits every vertex at most k times. It is well-known
that a graph that contains a k-walk also contains a (k + 1)-tree, see [8] (but the converse
does not hold in general). Furthermore, the vertices visited k times in a k-walk correspond
to vertices of degree k + 1 in the (k + 1)-tree that is constructed.

Every 3-connected planar graph admits a 3-tree [1] and a 2-walk [6]. The result about
3-trees was strengthened in [12] where it is shown that every 3-connected planar graph G
admits a 3-tree with at most [%I=7 vertices of degree 3.

As in the construction of 3-trees from 2-walks in [8], vertices visited twice in a 2-walk
correspond to vertices of degree 3 in the 3-tree, it was natural to consider the following
problem, which was already mentioned in [12].

Problem 4.1. Is there for every 3-connected planar graph G a 2-walk such that the number
of vertices visited twice is at most % — c for a constant ¢?

Note that for a 2-walk in a graph G, the number of vertices visited twice is at most ¢
if and only if its length is at most |G| + ¢. With this formulation of the problem in mind,
the result that every 3-connected planar graph G contains a spanning closed walk of length
at most % (proven in [10]) can be considered as a first step towards the solution of
Problem 4.1. However, a spanning closed walk constructed in [10] may visit a vertex many
times, so Problem 4.1 is still open.

In this section we describe a different step towards the solution of Problem 4.1, by
limiting the number of times a vertex is visited to 3. The class for which the result is proven
is a subclass of all triangulations, but in fact a class containing cases for which Problem 4.1
would hold with equality. Type-0 triangles play an important role in the construction of the
walks.

In the language of [9] the triangulations in the class of graphs we will describe now are
those triangulations where the so-called decomposition tree is a star. In order not to refer
the reader to [9] and to fix notation, we will give an independent description of the class
here. To simplify notation, we consider K, also as a 4-connected graph in this section.
Let K be the set of all graphs G that can be constructed as follows: Take any 4-connected
triangulation H and let F' be a subset of facial triangles of H. For each facial triangle
f = xyz € F, take a 4-connected plane graph Gy (not necessarily a triangulation) where
the outer face is a triangle and let x 7,y and z; be the three boundary vertices of G ;. Then
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G is obtained from H by adding G inside f for f € F), so that x,y, z are identified with
xy,Yyr, 2f, respectively. Except for the case when G is a triangulation with exactly one
separating triangle the graph H is uniquely defined for each G € K and we write H(G) for
it. In the case of one separating triangle there are two possible candidates for H and H (G)
denotes an arbitrary one of them.

For example, the face subdivision of a 4-connected triangulation H belongs to K. In
the definition above, F' is the set of all facial triangles of H and for any face f we have
Gy ~ K4. Asin [12, Section 2], the face subdivision of a 4-connected triangulation shows
that we cannot decrease the coefficient % of |G| in Problem 4.1. So, in this sense, some
graphs in /C belong to the most difficult ones for Problem 4.1.

The following result shows that a Hamiltonian cycle C'in a 4-connected triangulation T’
with small ¢o(7, C') can be used to construct a 3-walk of short length for the graphs G € K
with H(G) = T. Using Theorem 1.1, in Corollary 4.3 we obtain a general upper bound
depending only on the number of vertices in G.

Theorem 4.2. Let G € K be given and C a Hamiltonian cycle in H = H(G). We write
to(H, C) (or short t},) for the number of those type-0 triangles of H that are not faces in

G. Then G contains a 3-walk of length at most AHGH%%
exactly once.

which visits each vertex not in H

Proof. Let F, H, and for each facial triangle f € F' also Gy, x,yy, and 25 be as in the
definition of . We denote the length of a walk W by I(IW), and let |R|- = |R| — 3 for a
plane graph 1. With this notation we have |G| = [H| + > ;. |G|

Claim 4.2.1. For a 4-connected plane graph R where the outer face is a triangle (including
K,) with vertices x,y, z in the boundary and a,b € {x,y, z} (with possibly a = b), there
is a (possibly closed) walk Pg 1, of length |R|_ + 1 from a to b in R visiting exactly all
vertices in R except those in {x,y, z} \ {a,b} and visiting vertices not in the boundary
exactly once.

Proof. The case G = K4 can be easily checked by hand, so assume that G is not K.

If a = b (wlo.g. a = b = x) then according to [15, (3.4)] there exists a Hamiltonian
cycle in G — {y, z}, which is a closed walk with the given properties starting and ending
in a.

If a # b (wlo.g. a = x, b = y), due to [14, Corollary 2] there is a Hamiltonian cycle
C'in G through {a, z} and {b, z}. C' — {{a, 2}, {b, 2} } is the walk Pg 4 p. O

For a given cycle C with a fixed vertex ¢; we define a linear order along one of the
directions of C' starting from ¢y as ¢; < ¢3 < - -+ < ¢,,. For each facial triangle f of H we
fix the notation of z ¢, yy, 2z sothat vy < y; < 25.

With this notation we have:

Claim 4.2.2. For any two triangles | and [’ that belong to the same side of C we have
Yyr # g

Proof. Assume x; < xy. C is divided into three segments by the vertices x ¢,y and 2
and —as x s,y and zy are all at least xy and smaller than c,,, they occur in one of these
segments in the order x s/, y+, zy.. This implies that only ;- and ;s can be one of the end
vertices of the segment and ¥ is in fact different from each of z ¢,y and 2. O
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We consider the following spanning subgraph H¢, of the dual of H: The vertex set of
H{, is the set of triangles of H, and two faces are adjacent in H¢, if and only if they share
an edge in C. Note that for i € {0, 1,2}, a type-i triangle has degree exactly i in Hf.
In particular, each component of H, is an isolated vertex, a path or a cycle. We can give
an orientation to the edges of such a component P*, so that each vertex in P*, except for
isolated vertices and one of the end vertices when P* is a path, has out-degree one. In
cases where only one end vertex v of such a path P* belongs to F', we choose v to have
out-degree one.

Recall that F' is the set of facial triangles of H into which a graph was inserted. We can
partition F into two sets F and F. We define for i € {0,1}:

F_ = { f € F| f has out-degree exactly z}

With ¢} (H, C) (or short t}) for the number of those type-1 triangles of H that are no
faces in G our construction gives | Fy| < t( + %
Now we modify C' using Claim 4.2.1 so that for each triangle f € F' it visits each

vertex inside Gy exactly once:

e Suppose that f € Fy. Then we add the walk Pg, ,; ,, to C. This increases the
length of C by |G |- + 1.

e Suppose that f € Fy. Let f be the out-neighbour of f, and let {a, b} be the edge in
C that is shared by f and f.

Then we replace {a,b} in C' by Pg, 4. This increases the length of C' by only
|Gs|— as one edge in C' is also deleted.

The resulting walk C’ is a 3-walk because, by Claim 4.2.2, the number of times a vertex
is visited is increased by at most 1 for each side of C'.

We will first give some equations we will use to compute the length of C’. For the
given Hamiltonian cycle C' we denote to(H,C), t1(H, C) and t5(H, C), by tg, t1, ta, re-
spectively.

Astyg+t1 +ta = t(H) = 2|H| — 4 and t2 = to + 4 (by Proposition 1.2), we get
[H| = Hoft g > 2040 4 g

As in each face of F at least one vertex is inserted, we get |G| > |H| + t{ + t}. So
together with the previous equation |G| > % +4 = M + 4 — t{, which can be

t |G|+ty—4
2 < 3

rewritten as tf + we get

UC) =1UC)+ D 1Ge-+ D (IGsl-+1) =UC)+ Y |Gyl + | Fy|
fer feFy feF
!

= [H|+ ) 1Gs|- + |Fo| = |G| + | Fo| < |G|+ ty + —

fer 2
Gl+ty—4 4G +ty,—4
3 3
This completes the proof of Theorem 4.2. O

Using Theorem 1.1(ii) we obtain the following corollary.
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Corollary 4.3. Except for K4, any graph G € K contains a 3-walk of length at most

22|G| — 34
15

Proof. Applying the construction of a walk from Theorem 4.2, we get that any graph G €
K with Ky = H(G) is Hamiltonian, so we just have to check whether |G| < w,
which is the case for all graphs except Ky itself (that is if F' = ().

Assume now that t(H (G)) = 8, so H(G) is the octahedron. If G is Hamiltonian, then
there is a walk of length |G| < %{;34. Otherwise it follows directly from Theorem 16
in [4] that |F| > 4. As that result is still unpublished, one can alternatively use our con-
struction of a walk from Theorem 4.2 together with Theorem 4.1 from [9] to obtain that
|F'| > 4. Furthermore one can easily find a Hamiltonian cycle with |Fy| < 2. With v; > 4
the number of vertices added inside a triangle of the octahedron, the construction gives a
3-walk with length at most 6 + v; +2 and 6 4+ v; +2 < W
on assume that H (G) has at least 10 faces.

Let C be a Hamiltonian cycle in H = H(G) with to(H) type-0 triangles. Let ¢{, denote
the number of type-0 triangles of C' in H that are not faces in G. As each triangle in F’
contains at least one vertex, we have that |G| > |H| + t;. By Theorem 1.1(ii), we get
ta(t(H)) < =10 ang

for v; > 4. From now

2|H| — 14 2(|G| —th) — 14
th < 4 = i 2] - 4) < 2HLZ 1 26— o)

3 - 3
which implies
< 2|G|5— 14.
Substituting this into the equation given in Theorem 4.2, we get Corollary 4.3. O

5 Correctness of the computer programs used

The programs constructing Hamiltonian cycles and computing o(-) and £q(-) are straight-
forward branch and bound programs that can be obtained from the authors or be down-
loaded from http://caagt.ugent.be/type0/ to check the source code, to check
the computational results in this paper, or to be used otherwise. Two independent programs
were developed and implemented and the results were compared for each of the around
150000000 triangulations with up to 30 triangles generated by plantri. There was full
agreement. The computation of #y(-) for 5-connected triangulations was done indepen-
dently up to 60 triangles and for larger values only by the faster of the two programs.
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1 Introduction

We denote by V(G) and E(QG) the vertex set and the edge set of a simple graph G, respec-
tively. Also, we denote by tG the vertex-disjoint union of ¢ > 0 copies of G.

A factor F of G is a spanning subgraph of G, namely, a subgraph of G such that
V(F) = V(G); also, if F is i-regular, we call F' an i-factor. In particular, a 1-factor of G
(also called a perfect matching) is the vertex-disjoint union of edges of G whose vertices
partition V(G), while a 2-factor of G is the vertex-disjoint union of cycles whose vertices
span V(G). A 2-factor of G containing only one cycle is usually called a Hamiltonian
cycle. We say that a factor is uniform when its components are pairwise isomorphic. Hence,
a 1-factor is uniform, whereas a 2-factor might not be.

As usual, we denote by K, the complete graph on v vertices; also, we use K to denote
the graph K, when v is odd and K, — I, where [ is a 1-factor of K, when v is even.
Further, we denote by K[z] the complete equipartite graph with s parts of size z. Note
that, K ~ K, [1] or K, /5[2], according to whether v is odd or even, respectively. Finally,
we denote by C a cycle of length ¢ > 3 (briefly, an ¢-cycle), and by (g, 21 ...,2Te—1)
the ¢-cycle with edges o1, 2122, ..., 2Z¢—129. A uniform 2-factor whose cycles have all
length ¢ is referred to as a Cy-factor.

A 2-factorization of a simple graph G is a set F of 2-factors of G whose edge sets
partition E(G). If F contains only Cy-factors, we speak of a Cy-factorization of G. It is
well known that a regular graph has a 2-factorization if and only if every vertex has even
degree. However, if we specify ¢t 2-factors, say Fy, Fy, ..., F}, and ask for the factorization
F to contain «; factors isomorphic to F;, then the problem becomes much harder. Much
attention has been given to the cases where ¢ € {1, 2} and either G = K or G = K;|[z].

For ¢ = 1, we have the “classic” Oberwolfach problem, which is well known to be
hard. A survey of the most relevant results on this problem, updated to 2006, can be found
in [15, Section VI.12]. For more recent results we refer the reader to [6, 9, 11, 29].

Although the Oberwolfach problem is still open, it has been completely solved for
uniform factors when G = K [2, 3, 22] or when G is the complete equipartite graph [24].
We recall these results below.

Theorem 1.1 ([2, 3, 22, 24]). Let ¢, s and z be positive integers with £ > 3. There exists
a Cy-factorization of K[z if and only if £ | sz, (s — 1)z is even, further { is even when
s=2 and (£,5,2) & {(3,3,2), (3,6,2), (3,3,6), (6,2,6)}.

For ¢t > 1, we refer to this problem as the generalized Oberwolfach problem. More
precisely, given a simple graph G, given ¢ 2-factors of G, say Iy, Fy, ..., F;, and given

t non-negative integers o, s, . . . , 4, the generalized Oberwolfach problem, denoted by
OP(G; F1, Fs, ..., Fy;a1,a0,...,q4), or briefly by OP(G; (F}); («;)), asks for a fac-
torization of G into «; Fj-factors for ¢ € {1,2,...,t}. In the case where each F; is

uniform, namely, F; is a Cy,-factor, we denote the problem by OP,(G; N1, Na, ..., Ny;
a1, 00, ..., o), or briefly by OP.(G; (N;); («;)). Further, we use v in place of G when
G = K. The following necessary conditions are trivial.

Theorem 1.2. If there exists a solution to OP¢(G; (N;); (cv;)), then the following condi-
tions hold:

(1) G is regular of degree 2 - 22:1 ;,
(2) lem(Ny, No, ..., Ny) is a divisor of the order of G.
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The case in which ¢ = 2 is known as the Hamilton-Waterloo problem. Although it
has received much interest recently, it is still open even in the uniform case. Some of the
most important results up to 2006 can be found in [15, Section VI.12]. More recent results
can be found in [4, 7, 8, 10, 12, 13, 16, 23, 25]. For more details and some history on the
problem, we refer the reader to [12, 13].

Much less is known on OP,(v; (F}); (o;)) when t > 2. In [1, 18, 19] the problem is
solved for odd orders v up to 17, and even orders v up to 10 (see also [15, Sections VI.12.4
and VIL.5.4]). In [6] the problem is settled whenever v is even, each F; is bipartite (namely,
F; contains only cycles of even length), a; > 3 is odd, and the remaining «; are even. In
[14, 17] the problem is solved whenever v = p” with p a prime number, t = n, and F; is a
C,i-factor, except possibly when p is odd and the first non-zero integer of (ov1, a2, . .., ay,)
is 1. A partial asymptotic existence result has recently been given in [20], provided that v
is sufficiently large and «; scales linearly with v. Further results covering specific cases
can be found in [5, 26, 28].

In this paper, we focus on the “uniform” generalized Oberwolfach problem OP;(v;
(N;); (e;))- In view of Theorem 1.2, for such a problem to be solvable v must be a multiple
of each N; and %51 = S agsclearly, 1 < t < 2=1. Since OP;(v; (N;); (a;)) has
been solved for ¢t = 1 (Theorem 1.1), from now on we assume that ¢ > 1. Also, we denote
by [a, b] the set of integers from a to b inclusive; clearly, [a, b] is empty when a > b.

The main result of this paper is the following.

Theorem 1.3. Let v > 3 be odd, let 3 < N; < Ny < -+ < N; and set N =
lem(Ny, Na, ..., Nt) and g = ged(Ny, Na, ..., Ny); also, let aq, aa, . ..,y be positive
integers. Then, OP:(v; (N;); («;)) has a solution if and only if N is a divisor of v and
ZZ:I o = % except possibly when t > 1 and at least one of the following conditions is
satisfied:

(I) a; =1 for somei € [1,t];
(1) o; € 2, 531U {2} for every i € [1,1);
() g =1;
(IV) v = N.
Given a graph G, G[n] denotes the lexicographic product of G with the complement of
K, namely, G[n] is the graph whose vertex set is V(G) X Z,,, and two vertices (z, j) and
(y,j’) are adjacent if and only if = and y are adjacent in G.

The proof of the main theorem relies on the solvability of OP.(Cy[n]; (gn;); (o)).
More precisely, we prove the following result.

Theorem 1.4. Lett > 1landlet1 < ny < ng < --- < ny < nbe odd integers such that n;
is a divisor of n for each i € [1,t]. Then OP(Cy[n]; (gni); (o)) has a solution whenever
g >3 Zle a; =n, and a; > 2 for everyi € [1,1].

In the next section we introduce some tools and provide some powerful methods which
we use in Section 3 where we prove Theorem 1.4. In Section 4 we prove the main results.
2 Preliminary results

We will make use of the notion of a Cayley graph on an additive group I', not necessarily
abelian. Given Q C T\ {0}, the Cayley graph Cay(T',)) is a graph with vertex set
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I' and edge set {y(w+v) | v € T,w € Q}. WhenI' = Z,, this graph is known as
a circulant graph. We note that the edges generated by w € (2 are the same as those
generated by —w € —{, so that Cay (T, ) = Cay(T", ), and that the degree of each
point is [Q U (—=Q)].

Given a subgraph G of Cay(T",2) and an element v € T, we denote by G + ~ the
translate of G by ~, that is, the graph obtained from G by replacing each of its vertices,
say x, with « + . It is not difficult to check that G + +y is a subgraph of Cay(I", ). For a
subgroup X of T, the orbir of G under 3 (briefly, the X-orbit of G) is the set Orby (G) of
all distinct translates of G by an element of 3, that is, Orby;(G) = {G + ¢ | o € £}. The
Y -stabilizer of G is the set Staby(G) of the elements o € X such that G + 0 = G. By
the well-known orbit-stabilizer theorem (see [27, Theorem 5.7]), Stabs (@) is a subgroup
of ¥ of index Orbx(G), and therefore | Orbs(G)| - | Stabs (G)| = |X].

Given a set Q@ C T, we denote by Cy[Q2] (¢ > 3) the graph with point set Z; x T" and
edges (7,7)(1 + j,w + ), with j € Zy, v € T and w € Q. In other words, C[Q}] =
Cay(Ze x T, {1} x ); hence, it is 2|Q|-regular. It is straightforward to see that if I" has
order n, then Cy[n] = Cy[I']; hence, C;[] is a subgraph of Cy[n]|. We call the elements of
Q (mixed) differences.

Finally, given a set of cycle factors, C, of Cy[n], and a set Q C T" we say that C exactly
covers ), or Cy[Q], if C is a factorization of Cy[Q].

The following result, which generalizes Theorem 2.11 of [13], provides sufficient con-
ditions for the existence of a solution to OP;(Cy[€2]; (¢n;); («;)), where € is a subset of an
arbitrary group I of order n and each n; is a positive divisor of n.

Theorem 2.1. Let I be an additive group of order n not necessarily abelian, and let 1 <
ny < ng < --- < ng < nbe odd integers such that n; is a divisor of n for each i €
[1,t]; also, let Q2 be a subset of T', and let o, g, . . . iy be non-negative integers such that
22:1 a; = |Q. If there exists an || x £ matrix A with { > 3 and entries in Q) satisfying
the following properties:

(1) for each i € [1,t] there are c; rows of A whose right-to-left sum is an element of
ordern; in T,

(2) each column of A is a permutation of ),
then OP+(Cy[Q]; (¢n;); (a;)) has a solution. Moreover; if we also have that
(3) Qs closed under taking negatives,
then OP(Cy[Q; (gns); () has a solution for any g > £ with g = ¢ (mod 2).

Proof. Let A = [apg] be an Q| x £ matrix with entries from Q2 C T" and satisfying condi-
tions (1) and (2); also, set 09 = 0, 0; = 23:1 ajandlet R; = [o,—1 + 1, 04] fori € [1,¢].
Note that the R;s partition the interval [1, |©|] since by assumption oy = 22:1 a; = Q|
By condition (1) and reordering rows if necessary, we can index the rows of A whose right-
to-left sum is an element of order n; by the elements of R;. Thus, we may assume that the
right-to-left sum of the h-th row of A is an element of order n; if and only if h € R,.
Forl1 <h<|Qland1 <k </ sets,o=0and sy =ank+ ank—1+- - +api.
Note that s, ¢ is the right-to-left sum of the i-th row of A and, by the above, s, , has order
n; if and only if h € R,; in this case, n;sp ¢ = 0 and psp ¢ # 0 for any p € [1,n; — 1].
Therefore, for each i € [1,t] and h € R;, the following ¢/n;-cycle is well defined:
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ch = (cg,c}f7 . ,cﬁizfl), where CZ+#Z = (U, Sp,u + (4Sn¢), for
uel0,£—1], pel0,n; —1].

We start by showing that Orbs(C"), where ' = {0} x T, is a Cy,, ¢~factor of Cy[n]. First,
note that C" + (0, sp,¢) = C"; in fact, ¢l + (0, sp,) = ¢} ,. for each w € [0,n:¢ — 1],
where the subscript w + ¢ is taken modulo n;f. In other words, addition by (0, s, ¢) is
equivalent to a rotation of C" by ¢. This means that (0, s, ¢) lies in Stabf(Ch). Since the
order of (0, 5h7g) coincides with the order of sy, ¢, which by assumption is 7n;, we have that
| Stab(C")| > n;. Therefore,

| Orby(CH)| = [T/| Stabr(CM)| < n/n,.

Hence, Orbr(C™") contains at most n/n; Cy,,¢-cycles. To show that Orbg(C") is actually
a C,,,¢-factor of Cy[n], it is then enough to check that it contains all vertices of Cy[n] at least
once. Given the point (u, z) € Z; x I', we have that z = sy, ,, + x,,, for a suitable z,, € T'.
Therefore, (u,z) = c! + (0, z,); hence, (u, z) is a vertex of C" + (0, x,,) € Orbw(C™).

We claim that F = {Orb=(C") | h = 1,2,...,|Q|} is a 2-factorization of C;[(2]. Note
that the factors of F contain between them at most {n|Q2| = |E(C([2])| edges, counted
with their multiplicity. Therefore, it is enough to show that every edge of C;[Q] lies in
some translate of C", for a suitable h. First recall that each edge of C;[Q] has the form
(u,2)(1 + u,w + x) for some (u,z) € Zy x I' and w € . Since, by assumption, any
column of A = [ayy] is a permutation of ), there is an integer h such that aj 41 = w.
Note that (u, s )(1 + U, $put1) € E(C") and sp 411 — Shouw = apur1 = w. Therefore,
(u,7)(1 + u,w + ) is an edge of C"* + (0, —sy, ,, + ) and the assertion follows.

In order to prove the second part, let g = £ + 2¢, Q@ = {wi,ws, ..., w)q}, and let A’
be the || X 2¢ matrix defined below:

w1 —Ww1 N w1 —Ww1

, w2 —W?2 . w2 —W?2
A =

Wil TWiel oo Wlop TWQ

Since 2 = —2 (condition (3)), it is easy to check that the matrix [A A’] isan || X g
matrix satisfying conditions (1) —(2), and this completes the proof. O

We point out that while the above theorem is proved for an arbitrary group I', in this
paper it is always used when I'' =2 Z,,. Also, note that if ¢ = 1, then Theorem 2.1 constructs
a Cyp, -factorization of Cy[T] or a Cl,,, -factorization of C,[T].

The following corollary is a straightforward consequence of the above theorem by tak-
ingQ=I=127Z,.

Corollary 2.2. Lett > landlet1 < nj3 < ng < --- < ny < n be odd integers such
that n; is a divisor of n for any i € [1,t]; also, let a1, o, . .., oy be non-negative integers
such that Zle a; = n. If there exists an n x { matrix A with { > 3 and entries from Z,,
satisfying the following properties:

(1) foreachi € [1,t], A has a; rows each of which sums to an element of order n; in Z,

(2) each column of A is a permutation of Z.,
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then OP(Cy[n]; (gn:); (a;)) has a solution for any g > £ with g = ¢ (mod 2).

We end this section by recalling the following result proven in [21] which is here stated
in a slightly different, but equivalent, form.

Lemma 2.3 ([21]). Let T' = {y1,72,...,Vn} be an additive abelian group of order n,
and let 61,03, ...,0, be elements of T, not necessarily distinct, such that Z?:l 6; = 0.
Then there exist a permutation ¥ of T and a permutation @ of the interval [1,n] such that

W (i) =i = Ox(q) for every i € [1,n].

3 Solving OP;(C,[n]; (gn;); (c))

In this section, by exploiting our preliminary results, we provide sufficient conditions for
OP(Cy[n]; (gni); () to be solvable.

Theorem 1.4. Lett > landlet1 < ny < no < --- < ng < nbeoddintegers such that n;
is a divisor of n for each i € [1,t]. Then OP(Cy[n]; (gni); (o;)) has a solution whenever
g >3, 23:1 a; =n, and a; > 2 for every i € [1,1].

Proof. Let a; > 2 for i € [1,t] be integers such that >.'_ a; = n. Also, let A =
{01, 02, ...,0,} be the list of elements of Z,, defined as follows: set s = 0, s; = Z;zl o
for every i € [1,¢], and let

(’—ﬂ—’—?,...,’—?,—ﬁ) if o; is even,
n; n; n; n;
(651'—1“1’17 68171+2’ ) 631’) =
n n n n n n 2n . :
(57—57...,”7,_?1_,5,”*1‘,_77) lfailsodd,
Oéi—g
for every i € [1,¢]. By recalling that n is odd, we have that §, , 11, ds,_,+2,..., 05, are

all elements of Z,, of order n;, and they sum to 0. It follows that the elements of A sum to
0, and Lemma 2.3 guarantees the existence of two permutations ¥ and 7 of Z,, such that
U (i) —i = dr(; foreveryi € Z,.
Now for each ¢ € {3,4}, let A; be the n x ¢ matrix whose i-th row is either
[(W(i) —% —i] or [V() i —i —i
according to whether ¢ = 3, or 4, respectively. It is not difficult to check that A3 and A,
satisfy the following conditions:

(i) for each i € [1,t], As (resp., A4) has a; rows each of which sums to an element of
order n;,
(i1) each column of Aj (resp., A4) is a permutation of Z,,.

In other words, A3 and A, satisfy the assumptions of Corollary 2.2 which guarantees the
solvability of OP;(Cy[n]; (gn;); (o;)) whenever g > 3. O

We point out that Theorem 1.4 holds also when g = 2. In this case, Ca[n] is taken
to be the complete bipartite graph with parts of size n whose edges are taken with multi-
plicity two. This can be seen by following the proof of Theorem 1.4 but using the matrix

[U(i) —i.
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4 Solving OP¢(v; (IV;); ()
We say that OP(G; (N;); (a;)) and OP,(G; (M;); (85)) are equivalent if D _ o =
ZMj:x B; for any x > 3. For example, OP4(G;4,4,5,7;4,6,8,2) is equivalent to
OP5(G;4,4,4,5,7;2,3,5,8,2).

Moreover, for any non-negative integer o we define the integer f(«) as follows:

f(oz):a;p, where {0,2,4} > p=a (mod 3).

Clearly, & = 3f(a) + pand f(a) = « (mod 2).
The following result provides sufficient conditions for the existence of a solution to
OP(G; (gn;); (o)) for an arbitrary graph G.

Theorem 4.1. Lett > 2, andlet 1 < ny < no < --- < ng < n be odd integers such
that n; is a divisor of n for each i € [1,t]. Also, let G be a graph having a factorization
into v Cy[n]-factors with g > 3. Then, OP4(G; (gn;); (o)) has a solution whenever the
following conditions simultaneously hold:

(1) 22:1 o; = 1n;

(2) 0 < a; #1 foreveryi € [1,t];

(3) Xicy flaw) >

(4) [{i € [1,t] | ajisodd}| <7 (2| %52] +1).

Proof. Letn = 6q+p where p € {3,5,7} and let F = {F}, F>, ..., F,.} be a factorization
of G into r Cy[n]-factors. We proceed by induction on 7. If » = 1, the assertion follows
from Theorem 1.4. Now, let » > 2 and assume that the assertion holds for any graph having
a factorization into r — 1 Cy[n]-factors. It is enough to show that OP.(G; (gn;); (o)) is
equivalent to a problem of the following form:

OP.(G; (N;);(B5)), where 3; € {2,3} and @1

r<do=[{jelul|B=3}<r2¢+1). '
In fact, assuming this equivalence, we only need define 3;s so that OP (Fy; (N;); (5;))
and OP,(G — Fi; (N;); (B; — B;)) are solvable; it follows that the problem in (4.1), and
hence, the original problem has a solution. We first assume (without loss of generality) that
B; = 3if and only if j € [1, §] and consider the following two cases:

1. if 6 € [r,7 + 2¢], set

7 - B ifjef{1us+1,6+ 53);
/ 0  otherwise;

2. if§ € [r +2q + 1,7(2g + 1)], we define 3; as follows,

B =

— B ifi=[1,2q+ U+ 1,6+ 23]
0  otherwise.
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By Theorem 1.4, there exists a solution to OP,,(F; (N;); (B;)). It is not difficult to check
that OP, (G — F1; (N;); (B; — B;)) satisfies all the assumption of this theorem, therefore,
by the induction hypothesis, it is solvable.

We now show that OP;(G; (gn;); (a;)) is equivalent to a problem of the form (4.1).
We reorder the ;s so that the even «ys appear first. For every ¢ € [1,t] we define the
quadruple of integers (y2;—1, V2, N2i—1, No;) as follows:

Nai_1 = Noy; = gn,.

(07 3, 3 if 07 is Odd;
(721'71,’721‘) = {( )

(;,0) if a; is even;

It follows that 71,72, . ..,Y2t—q are even, whereas v; = 3 for any 7 € [2t — d + 1, 2¢],
where d = [{i € [1,#] | «;isodd}| is the number of odd a;s. We point out that
OP:(G; (gn;); (a)) is equivalent to OPo(G; (NV;); (7:)); also, since by assumption
S flag) > 7, it follows that 320 f(v;) > 7.

We first assume that d < r. Now, let k € [1,2¢ — d] be the greatest integer such that
Zfik f(y:) > r,and set ' = E?ikﬂ f(4:). Clearly, ' < r; also, r — r' is even, since:

k 2t 2 2
Tzrn:Z%Jr Z v = Z v = Z f(vi)=7" (mod 2).
i=1

i=k+1 i=k+1 i=k+1

We proceed by defining a suitable partition (71, Vi2, - - -, Vi, ) of the integer y; such that
vi; € {0,2,3}. First, for each i € [k, 2¢] set (g;, p;) = (f(7i),7 — 3f(7:)) and note that
pi € {0,2,4}. Recall now that v, = 3qx + py is even, hence gy, is even; also, r — 7’ is
even and g, > r — 1. Therefore, v, = 3(r — ') + 2y where y = w. We now
define a partition (y;1,Vi2, - - -, Vi,t;) Of i as follows:

o ific[l,k—1],sett; =~;/2and~,;; = 2forany j € [1,t;];

3 ifjell,r—r;

o ifi=F sett,=r—1r+yand~;; =
! Y i {2 otherwise.

o ifie[k+1,2t],sett; =¢q; +2and

3 ifje(l,ql;
Yij =40 if (4,p:) € {(¢ +1,0), (¢ +2,0),(g; +2,2)};
2 otherwise.

Finally, for any ¢ € [1,2¢] and j € [1,¢;] set N;; = N, and u = Zfil t;. Clearly, the
original problem OP;(G; (N;); (vi)) is equivalent to OP,,(G; (Nij); (i) Where ;5 €
{0,2,3} and there are exactly 7 ;s equal to 3. By removing all pairs (IN;;,;;) with
vi; = 0, we obtain a problem of the form (4.1).

We finally consider the case where d > r. As before, we define a partition
(Vi1s Vi, - - - s Vi,t, ) of the integer ; as follows:

(ti7i5) = (%,2) ifie[l,2t—d)andje[1,%];
v (1,3)  otherwise;
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and set N;; = N, for any j € [1,¢;], and v = Zfil t;. Clearly, the original problem

OPo (G5 (N;); (74)) is equivalent to OP (G5 (Ny;); (vi;)) where ~;; € {2,3} and there
are exactly d v;;s equal to 3. Since, d < r(2¢+1) by assumption, then OP,(G; (Ny;); (7i5))
is of the form (4.1), and this completes the proof. 0

We now provide a result for the complete equipartite graph.

Theorem 4.2. Let s,w > 3 be odd integers, let 3 < N1 < Ny < --- < Ny, and let
a1, Qa, . .., 04 be positive integers. Ifzzzl o = % and each N; is a divisor of w,
then OP(K[w]; (N;); («v;)) is solvable, except possibly when t > 1 and at least one of
the following conditions is satisfied:

(A) o; =1 for somei € [1,t];
(B) ng(N15N27"'7N) =1

Proof. We assume that ¢t > 2, since the case ¢ = 1 is solved in Theorem 1.1.

Now, set N = lem(Ny, N, ..., Ny) and g = ged(Ny, No, ..., Ny); also, let n; =
N;/g, set n = lem(ny, ne, ..., n;) and note that N = gn. By assumption, we have that
each N; is a divisor of w, that is, N is a divisor of w, hence w = gnw for some integer
w > 0. By Theorem 1.1, there exists a Cy-factorization of K, [gw] with r Cy-factors,
where r = gw(s — 1)/2. By expanding each vertex of this factorization by n, we get a
Cjy[n]-factorization F of K,[gw][n] = K [w] with r Cy[n]-factors.

We first assume that n > 7. In this case, to solve OPt( s[w]; (N3); (a)) it is enough
to show that conditions (1)—(4) of Theorem 4.1 are satisfied. By assumption Zi:l o =

w = rn, and by exception (A) we have that ; > 2 for every ¢ € [1,¢]. Further,

r<2 {”QZJ +1> zr(”;4) :gw(sﬁ—l)(n_4)2n_42

w3

and since n has at most | % | distinct divisors, we have that 2 > ¢, hence r (2 252 | +1) >
t. Finally, we have that

t t
-3 o z:zafaz +4—4t+32f041 <4r+32faz
i=1 i=1

i=1 i=1

and since n > 7, it follows that Z§=1 f(a;) > r(n —4)/3 > r. Therefore, all conditions
of Theorem 4.1 are satisfied, hence OP, (K [w]; (N;); (c;)) is solvable.

It is left to consider the cases where n € {3,5}. Since V; is a multiple of ¢ and a
divisor of gn, then N; € {g,gn} for any i. By recalling that N; < Ny < --- < N; and
t > 2, we have that t = 2 and (N1, N3) = (g, gn). Now, let as = zn +y where x > 0 and
y € [0,n — 1], and since az > 2 (exception (A)), then (x,y) # (0,1). If y # 1, we apply
Theorem 1.4 to fill z Cy[n]-factors of F with a solution of OP2(C,[n]; g, gn;0,n), one
Cy[n]-factor with a solution of OP2(Cy[n]; g, gn;n — y,y), and the remaining r — = — 1
factors of F with a solution of OP2(Cy[n]; g, gn;n,0). Similarly, if y = 1, since z > 0
and r > g > 3 (exception (B)), we again apply Theorem 1.4 and fill x — 1 Cy[n]-
factors of F with a solution of OP2(Cy[n|; g, gn;0,n), one Cgy[n]-factor with a solu-
tion of OP2(Cy[n]; g, gn; 1,n — 1), one Cy[n]-factor with a solution of OP(Cy[n]; g, gn;
n—2,2), and the remaining r—z—1 factors of F with a solution of OP5(Cy[n]; g, gn; n,0).

O
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We are now ready to prove the main result of this paper.

Theorem 1.3. Let v > 3 be odd, let 3 < Ny < Ny < -+ < N; and set N =
lem(Ny, No, ..., N;) and g = ged(Ny, Na, ..., Ny); also, let ay, s, . .., ay be positive
intfgers. Then, OP(v; (N;); (o)) has a solution if and only if N is a divisor of v and
Zi:l Q; = ’U;l .

satisfied:

(I) a; =1 for somei € [1,t];

(1) «; € [2, 3] U {2EL) for every i € [1,t];
(1) g =1;
(IV) v=N

Proof By Theorem 1.2, if OPy(v; (N) (cv;)) has a solution, then N is a divisor of v and
Z’L 1% =
is solved in Theorem 1.1. Let v = N s for a suitable odd 1nteger S. By exception (IV) we
have that s > 3.

We first factorize K, into Gq = sKy and G; = K[N]. By exception (II), there exists
k € [1,¢] such that either oy, = N— or a; > # Then, we apply Theorem 1.1 to fill G
with a Cy, -factorization. It remains to solve OP.(Gy; (N;); (@7)) where a@; = a; — Y51
if © = k, and &; = «; otherwise. By taking into account exceptions (I) and (III), we have
that:

(a) a; # 1forany: € [1,¢], and
(b) g = 3.

Therefore, Theorem 4.2 guarantees the solvability of OP;(G1; (IV;); (a3)) and the assertion
is proven. 0

Corollary 4.3. Let v > 3 be odd, let 3 < Ny < Ny < -+ < N, set N = lem(NVy,
Na, ..., Ny), and let a1, s, . . .,y be positive integers. Then, OPy(v; (N;); () has a
solution whenever N is a divisor of v, Zle o = ”7*1, and the following conditions are
satisfied:

(1) a; # 1 foranyi € [1,t);
(2) ged(Ny1, No,...,Ny) > 3;
(3) v>(t+1)N.
Proof. The case t = 1 is solved in Theorem 1.1, therefore, we let ¢ > 2. By condition

(3) and considering that 2;;1 o; = 2L, it follows that there exists k& € [1,] such that

Qg > % If we also take into account conditions (1) and (2), we have that all assumptions
of Theorem 1.3 are satisfied, and the assertion follows. O

5 Conclusions

This paper deals with the generalized Oberwolfach problem, denoted by OP;(v; N1, Na,

.y Nisaq, aa, ..., o), which asks for a 2-factorization of the complete graph K, into o
copies of a Cy,-factor, for i € {1,2,...,t}. For a solution of this problem to exist, v must
be odd, each N; must be a divisor of v, and Zl o; = ”51 (Theorem 1.2).
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This problem has been widely studied when ¢ = 1 or 2. The case ¢ = 1 represents
the ‘uniform’ Oberwolfach problem which has been solved in 1989 [3]. When t = 2, this
problem is known as the Hamilton-Waterloo problem. Although this version of the problem
is still open, by using techniques similar to those adopted in this paper, the current authors
were able to make significant progress in the challenging case where the cycle lengths are
odd [12, 13].

This paper makes significant progress (Theorem 1.3) on the generalized Oberwolfach
problem by showing that the above necessary conditions suffice whenever v > (¢ + 1)N,
each «; is greater than 1, and g > 3, where ¢ = gcd(Ny, No, ..., Ny) (Corollary 4.3).
This result and its stronger version (Theorem 1.3) rely on Theorem 1.4 which concerns
the existence of a factorization of Cy[n] into o; Cyy,-factors for i € {1,2,...,t} (that
is, the generalized Oberwolfach problem over Cy[n]). Theorem 1.4 shows that the trivial
necessary conditions suffice whenever g > 3, and «; > 1 for each ¢. Clearly, removing
this last condition from Theorem 1.4 would automatically yield a similar improvement of
our main theorem.

More generally, we provide sufficient conditions (Theorem 4.1) for the solvability of
the generalized Oberwolfach problem over an arbitrary graph G. As a consequence, we
provide, with Theorem 4.2, a result for the complete equipartite graph, similar to those
mentioned above.
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Abstract

An H-packing of G is a collection of vertex-disjoint subgraphs of G such that each
component is isomorphic to H. An H-packing of G is maximal if it cannot be extended
to a larger H-packing of GG. In this paper we consider problem of random allocation of
a sequential resource into blocks of m consecutive units and show how it can be success-
fully modeled in terms of maximal P,,-packings. We enumerate maximal P,,-packings
of P, of a given cardinality and determine the asymptotic behavior of the enumerating se-
quences. We also compute the expected size of m-packings and provide a lower bound on
the efficiency of block-allocation.

Keywords: Maximal matching, maximal packing.
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1 Matchings and packings

A matching M in a graph G is a collection of edges of G such that no two edges from M
have a vertex in common. The number of edges of M is called the size of the matching.
Small matchings are not interesting — they are easy to find and enumerate. Hence, we are
mostly interested in matchings that are as large as possible. There are two ways to quantify
the idea of “large” matchings, one of them based on their cardinality, the other based on
the set inclusion.

A matching M is maximum if there is no matching in G with more edges than M.
The cardinality of any maximum matching in G is called the matching number of G and
denoted by v(G). The matching number of a graph on n vertices, obviously, cannot exceed
[n/2], since each edge saturates two vertices. A matching that saturates all vertices of G
is called a perfect matching.
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A matching M in G is maximal if it cannot be extended to a larger matching in G,
i.e., if no other matching in G contains it as a proper subset. Obviously, every maximum
matching is also maximal, but the opposite is generally not true. The cardinality of any
smallest maximal matching in G, denoted by s(G), is the saturation number of G; the
largest size of a maximal matching is, of course, v(G).

Matchings are natural models for many problems in natural, technical and social sci-
ences. Worth mentioning are applications of perfect matchings in organic chemistry and
solid state physics. For a general background on matching theory and terminology we refer
the reader to the classical monograph by Lovasz and Plummer [14]. For graph theory terms
not defined here we also recommend [3, 19].

A closely related concept of packing is a generalization of matching. There are several
varieties of packing; we consider here only the simplest case. An H-packing of G is a
collection of vertex-disjoint subgraphs of G such that each component is isomorphic to H
[3]. Hence, a matching of G is a Py-packing in GG, where P, denotes a path on 2 vertices.
Again, we are interested only in large packings. If a packing is a spanning subgraph, we
say that the packing is perfect; if no other H-packing has more components, the packing is
maximumnt; finally, if an H-packing cannot be extended to a valid H-packing, we say that it
is a maximal H-packing. The H-packing number and H -saturation number are defined in
the same way as for matchings. When H = P,;, we denote these two quantities by v, (G)
and s,,,(G) and call them the m-packing number and m-saturation number, respectively.
We refer the reader to [12, 13] for some aspects of P3-packings in claw-free and in subcubic
graphs and to [15] for similar problems in directed graphs.

Maximal matchings and packings can serve as models of several physical and technical
problems such as the block-allocation of a sequential resource or adsorption of dimers
and/or polymers on a structured substrate or a molecule. When that process is random, it
is clear that the substrate can become saturated by a number of units much smaller than
the theoretical maximum. The respective saturation numbers provide an information on
the worst possible case of clogging; they measure how inefficient the adsorption or the
allocation process can be. However, in order to assess its efficiency, we also need to know
how likely it is that a given number of units will saturate the substrate. Hence, we must
study the enumerative aspects of the problem.

For the matching case, the question has been answered in [7]. The main goal of this
paper is to contribute to the corpus of knowledge about the enumerative aspects of max-
imal P,,-packings in paths and cycles. Specifically, we compute the efficiency of block-
allocation of length m of a sequential linear or cyclic resource. In some cases we provide
explicit formulas for the number of maximal m-packings of a given cardinality, while in
other cases we establish the recurrences for the enumerating sequences and then use their
uni- and bivariate generating functions to determine their asymptotic behavior.

Finally, in the concluding section we discuss some open problems and indicate some
directions of possible future research.

2 Paths and cycles

2.1 Paths

We remind the reader that throughout this paper P,, denotes the path on n vertices, hence of
length n — 1. As a motivation, we consider a parking lot made of n parallel concrete strips
such that a car can be parked on any two neighboring strips. In ideal situation, when all
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drivers take care and park responsibly, the lot can accommodate |n/2] cars. However, if
the drivers are careless, the lot can become saturated by a smaller number of cars, as shown
in Figure 1. In the worst possible case, it can become saturated by as few as |[(n + 1)/3]

Figure 1: A saturated parking lot and the corresponding maximal matching.

cars. Hence, it is of interest to find out how likely is this to happen, and what is the expected
number of cars under the random regime.

In the continuous setting, this problem is known as the random car-parking problem
of Rényi [16, 17], while in discrete setting it has a natural representation as a problem of
maximal matching in P,,, as shown in Figure 1; it was considered in detail in [7], where
its full solution was obtained, including the explicit formulas for the number of different
configurations accommodating a given number of cars. Also, the expected number of cars
under the random regime was computed, and the asymptotic behavior of the sequence
enumerating all possible parking arrangement was determined.

But what happens if we wish to park trucks such that each of them is twice as wide as
a car? Each truck will then consume three consecutive strips, as shown in Figure 2, and the
corresponding graph-theoretical model will not be a matching, but a packing of copies of

Figure 2: A parking lot saturated with trucks.

Ps in P,. Obviously, the structure of the problem remains the same if instead of parking
lots and cars and trucks we consider any sequential resource of length n which is allocated
in blocks of m > 2 consecutive units. All such situations can be studied as problems of
packing copies of P, in P,. We call such a packing an m-packing. In this subsection we
consider the enumerative aspects of m-packings in paths. Before counting them, we state
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(without proof) two results about the smallest and the largest possible size of m-packings
in P,.

Proposition 2.1. Let P,, be a path on n vertices. Then

s(Py) = Vwm—lJ

Te— and U (Pp) = {EJ .

We now start counting all maximal m-packings in P,,. Let 1/)27 Y,? denote the total number
of maximal m-packings in P,, with exactly k copies of P,,.

Proposition 2.2. The sequence 1/)7(:7;) is given by the recurrence

2m—1

(m) Z ww(lml k-1

for n > 2m — 1 and with the initial conditions
P =l = =gl =1

and 1/11(7%1) = 0 for all other values of 1.

Proof. Let us label the vertices of P, by v1,...,v,. Let v; be the vertex with the highest
label that is covered by a copy of P, in a maximal m-packing of size k. Clearly, v; €
{Un—m+1,--.,0n} (otherwise there would be enough place to pack one more copy of P,
contrary to the assumption of maximality), and the remaining k£ — 1 copies of P,, must
form a valid maximal packing of P, of size k — 1 in the remaining portion of P,, i.e., in
P,_,,+1. The initial conditions count trivial packings of size zero. O]

From the above recurrence one can immediately compute the bivariate generating func-

tion for the numbers w,(:,? by multiplying them throughout by 2" and summing over all
n > 2m — 1, k > 1. We state the result omitting the computational details.

Theorem 2.3. Let Fi(z,y) = 3, 150 z/J k )2 "y* be the bivariate generating function of

1/)1(:7,? Then

pm ()

Fo(z,y) = ————,
1= ygm(z)

where pp, (x) = 1;””: and @ () = 2Py, ().

Corollary 2.4. The bivariate generating function of wsr,? is given by

1—azm
1—z—am(1l—am)y’

Fm(l‘,y) =

The generating function F,,(z) = >, <, () 2m for the sequence enumerating the

total number of m-packings in P, is now obtained by substituting iy = 1 into the expression
for F,,(z,y).
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Corollary 2.5. The generating function of the sequence enumerating the total number of
maximal m-packings in P, is given by

1—gm
1—x—zam4 g2m’

Fm(x) =

From the above result we can deduce the recurrence satisfied by w;m).

Corollary 2.6. The numbers wﬁlm) satisfy the recurrence

d) quzm)m -+ qurﬁém%»l
for n > 2m — 1 with the initial conditions wém) =-..= fnm> 1 and wm_H =i+ 1for

1<i<m-—2.

The numbers 1/1( ™) form a triangular array with rows indexed by n and columns indexed
by k. It can be deduced from the form of the bivariate generating function that the columns
are, in fact, shifted rows of the triangle of multinomial (m-nomial) coefficients. Recall that
the (p, ¢)-th m-nomial coefficient

La/m)] N (pta—1—im
(m) _ i -
= ()

=0

is the coefficient of #7 in (1 + z + - - - + 2™ 1)P. (See, for example, sequence A035343
in [18] for m = 5.) The observation can be formally stated in the following way.

Corollary 2.7.

As a consequence, we can obtain formulas for %(:Z) and qpém). We refer the reader
to the On-Line Encyclopedia of Integer Sequences for more details on multinomial coeffi-
cients [18].

Corollary 2.8.

) L;;z-:kj 1y (k j 1) <n +k f;n(i + k)>;

=0

o — ZJ Z (k+1)<n+k—;n(i+kz)>.

When m = 2, the above formulas reduce to known results about the number of maximal
matchings [7].

As a further consequence, we note that the number of all maximal m-packings of size
k in all paths is given by m*+1.

Our next goal is to determine the asymptotic behavior of the enumerating sequences
and then use it to compute the expected size of a maximal m-packing in P,. We rely on
the following version of Darboux’s theorem [2].
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Theorem A. If the generating function f(x) = Y <, anx™ of a sequence (a,) can be

written in the form f(z) = (1 — %)a h(x), where w is the smallest modulus singularity of

h(w)n~ 1

f and h is analytic in w, then a,, ~ oy

where I denotes the gamma function.

As a consequence, the expected size of a maximal m-packing in P, 7,,(P,), can be

computed as

OFy, (x,
g 2Emle) |

[z Fm (2,9) [y=1
where [z"]F(z) denotes the coefficient of 2™ in the expansion of F'(z).

We refer the reader to [2, 20] for more information on obtaining the asymptotics of a
sequence from its generating function.

We start by observing that F),,(z) = F,,(z,y) |y=1 and M’gigf’y) |y=1 can be repre-

sented as
a\7' p (x) z \ "
Fm(‘rI;) = <1 - w’rn) 17qm(;1.j) = (1 - w"L) gm(‘r)

7Tm(Pn) =

and

@h@@, Qf)QFMW%@@x>2mw)

y=1 Wi, w, 1;%1(:::)} 2 Wiy
Here w,,, denotes the smallest (and the only) real solution of the equation ¢,,,(z) = 1. By
plugging this into Theorem A we obtain following results.

Theorem 2.9. The asymptotics of the number of m-packings in P, is given by

w;m) ~ Gm (W) - w0y,

Theorem 2.10. The expected size of a maximal m-packing in P, is given by

1
AT

where w,y, is the only real solution of q,,,(z) = 1.

Now we can define the efficiency of random m-packing in P,, as the quotient of the
expected and the optimal size of an m-packing. Since the size of any largest possible
m-packing in P, is |n/m|, the efficiency is given by

m

e(m) = ot (0] )’

It is, hence, of interest to investigate the behavior of the above quotient for large values of
n and m. (We will assume that n > m, since the opposite case is not very interesting.)
Numerical computations indicate that it initially decreases from 0.823 for m = 2 and
achieves the minimum value of 0.758317 for m = 9, and then increases slowly (apparently
monotonously) so that for m = 100 it has the value of approximately 0.796. In the rest of
this subsection we show that (m) remains bounded from below for all values of m.
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For the beginning, we transform the expression for ¢/, (z) as follows:

m—1 m m
, mx my 21 —a™)
= 1-2 ruzr)
dinle) = " 1 gy 4 T
™l —a™) [2m 1 m 1
N 1—-2z x l—-z x1-—-2am

By plugging in x = w,,, the first term on the right-hand side becomes 1, and by multiplying
the resulting equation through by w,,,, we obtain

’ 1 W,
Win Gy, (W) = (2— 1wm>m—|— T

We would like to estimate the right-hand side and give some upper bound. The first term
never exceeds m it is enough to note that w,, > 1/2 for all m > 2, and from there it
follows 2 — —— < 2 — < 1. In order to bound the second term, we notice that

m 1 2 m

for large enough values of m we must have w,, <1 — % Indeed, this is equivalent to

m 2m
(22
m m m

and this is true, since the left-hand side tends to e 2 — e~% ~ 0.047308, while the right-
hand side tends to zero. Numerical computations show that “large enough” here means
m = 68. By plugging in the upper bound w,, < 1 — E into the second term, we obtain
- o < . Now the right-hand side can be bounded from above by =3 dm Thijs gives us a
lower bound on the efficiency.

Proposition 2.11. The efficiency of m-packings is bounded from below. For all m > 2,

g(m) > %

The same argument as above could be used to show that for large enough values of m
and for any real a > 0, an expression of the type 1 — - will be an upper bound on wy,.
This implies that the right-hand side of the expression for w,,q,, (w;,) can be bounded
from above by “*1 m, and consequently, that lim,,,_, o, £(m) = 1.

Our results 1ndlcate that longer blocks achieve better efficiency of random block allo-
cation of a sequential resource. The dependency is rather mild, and the growth is slow. For
example, a hundredfold increase of the block length from m = 1000 to m = 100 000 re-
sults in the moderate increase of efficiency from £(1000) = 0.844 to £(100 000) = 0.903.
Still, the block length of nine seems to be a bad choice.

Before we move to the cycles, we mention that our analysis assumes that all packings
are equally probable. It is known for maximal matchings that the efficiency is slightly better
if instead one considers dynamics, i.e., the situation where the dimers arrive sequentially
and try to bind to the substrate [9]. It would be interesting to see how such approach would
affect the efficiency here.

2.2 Cycles

Let us now consider the number of maximal m-packings in a cycle C,, of length n > 3,

n > m. We denote it by ¢\™,

by Lp(m)

and the number of maximal m-packings in C,, of size k
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Proposition 2.12. The numbers wiﬁ) are given by

m—1
‘PS?? = mwfﬁ)m,kq + Z iwﬁl@zmq,kd
i=1

forn >3, k > 2, where z/JfL"L) count maximal m-packings of size k in P,,.

Proof. Let us consider vertex v,, in C),. If it is not covered by a copy of P,, in an m-
packing, then it must be in a “hole” of size ¢ for some 1 < i < m — 1. At each side of
the hole there must be a copy of P,,,. Hence the remaining k& — 2 copies of P,, must form
a valid m-packing in P, _s,,—1, and those are counted by 1/)7(1@2771_17 x_o- As there are i
holes of size ¢ containing vertex v,,, the second term in the right-hand side of the above
expression counts all of them. The first term counts the m-packings in C,, that cover v, by
acopy of P,. O
Proposition 2.13. The numbers @SZ”) satisfy the same recurrence as the numbers v
ie.,

gn)

O = O+ O

with the initial conditions

A =l =1

andgp(m) =m+1 for0<i<m-—1

m+i

Hence, the asymptotic behavior, the expected size and the efficiency of m-packings in
C,, are the same as in P,,.

3 Future developments

This manuscript presents a systematic attempt to address enumerative aspects of maximal
P,,-packings in some classes of graphs with simple connectivity patterns. It continues the
line of research of a recent paper concerned with maximal matchings [7]. As this is, to the
best of my knowledge, the first paper of this type, it leaves unanswered many questions that
arise in the course of research. In this last section we outline some of the open problems
and suggest some possible directions for future research.

The most natural thing would be to count m-packings in some other families of graphs
with repetitive structure that have low connectivity. Examples of such graphs are cactus
chains, such as those considered in [5, 6, 7]. Due to their simple structure, it is reasonable
to expect that the enumerating sequences will satisfy (rather short) linear recurrences with
constant coefficients, yielding thus to the same type of asymptotic analysis as obtained
here. Besides finding the asymptotics, an interesting problem would be to find the extremal
chains. For maximal matchings (m = 2) the problem is solved for hexagonal cacti and it
would be interesting to see if the pattern persists for larger values of m.

Another promising class could be the so-called thorny graphs. From a given graph G
one obtains the t-thorny graph T;(G) by appending ¢ pendent vertices to every vertex of
G. When G has a simple structure, the methods of this paper could be employed to obtain
the recurrences for the number of m-packings in 7T;(G). As an example, we consider 3-
packings in T3 (P,,).
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Proposition 3.1. Let pﬁf’) denote the number of 3-packings in Ty (P,,). Then

t . .
B0 = (o) + 2l 12

for n > 3 with the initial conditions than can be verified by direct computation.

The next step could be to consider linear polymers of connectivity 2. Among them,
the most interesting are without doubt the benzenoid chains. Again, there are some results
for maximal matchings [6, 7] for benzenoid and polyomino chains, but for other classes of
fascia- and rota-graphs [11] not even that case is investigated.

Another direction could be to consider structural and enumerative problems of m-
packings in composite graphs, i.e., in graphs that arise from simpler building blocks via
various binary operations known as graph products. We have considered here one such ex-
ample of low connectivity (the thorny graph, that could be thought of as the corona product
of G and K;). However, many interesting operations such as, e.g., the Cartesian product,
actually increase the connectivity. It would be too optimistic to expect that complete results
of the type presented here could be obtained in general cases, but we believe that the cases
when one component is a path or a cycle should be feasible. Another interesting problem
would be to determine the m-saturation number of such graphs, in particular for the finite
portions of grids and lattices. Also, nanostructures and fullerenes are natural candidates for
investigation of structural properties related to m-packings. The results would generalize
those for maximal matchings [1, 4].

A graph G is equimatchable [10, 14] if every maximal matching in G is also maximum,
i.e., if all maximal matchings are of the same size. What can be said about equipackable
graphs in which every maximal m-packing is also maximum m-packing?

Finally, it would be interesting to see if packing polynomials and maximal packing
polynomials, modelled after their matching counterparts [7, 8, 14], would be useful in the
study of packing enumeration.
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Abstract
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The original problem of K&nig [20], to describe finite abstract groups that are isomor-
phic to automorphism groups of simple graphs, quickly found an answer due to Frucht [5],
namely, each finite group is isomorphic to the automorphism group of some simple graph.
A related question, asking which permutation groups on a given set are automorphism
groups of graphs on that set of vertices, proved to be much more difficult.

The simplest example of a permutation group that has no graph representation in this
sense is the trivial group on two elements. Both simple graphs on two vertices admit the
full permutation group So as automorphisms.

In the present paper, we deal with a generalization of the original problem. We study
permutation group representability on directed simple graphs (digraphs). Note that the
trivial group of the above example, while having no graph representation, obviously does
have a digraph representation.

There are, however, groups that have neither graph nor digraph representations. The
smallest example is the Klein four group S x S; (even symmetries of a square), and that
is despite the fact that both factors do have graph representations. This observation led us
to study the representability of direct products of representable groups.

Our main result is Theorem 2.1 that says that, given two permutation groups (A, V)
and (B, W) that have digraph representations, their direct product (A x B,V x W) also
has a digraph representation, unless A x B is one of the four exceptional groups D4 X Sz,
Dyx Dy, SyxS9%xS3, C3xCs, or amember of the infinite family of groups S, XS, n > 2.
It is a digraph counterpart of Theorem 2.10 of [8] by Grech for undirected graphs.

Although it might seem that this generalization should be straightforward, it turns out
that we are in need, in addition to the conclusions of the aforementioned paper, of a whole
collection of new techniques. The reason is that, as we have already seen in the intro-
duction, there are plenty of permutation groups that are not the automorphism groups of a
graph but are the automorphism groups of a digraph with at least one directed edge.

Research on the problem of representability of a permutation group A = (A, V') as the
full automorphism group of a digraph (graph) G = (V, E) started with studies of regular
permutation groups (see [15, 16, 18, 23, 24, 25, 29, 30], for instance). In particular, it was
established that abelian groups and generalized dihedral groups have no simple graph rep-
resentation. Moreover, 13 other groups with this property were found. The solution of the
problem for undirected graphs was completed by Godsil [7] in 1979. He proved that with
the exception of the groups mentioned above, all other regular permutation groups are au-
tomorphism groups of graphs. For digraphs, L. Babai [1] in 1980 used the result of Godsil,
and proved that, except for the groups S3, S5, S5, C2 and the eight element quaternion
group @, each regular permutation group is the automorphism group of a digraph.

The fact that all digraphs and graphs can be interpreted as complete digraphs (graphs)
in which the edges and non-edges are distinguished by assigning them one of two col-
ors provides motivation for working with edge-colored digraphs (or graphs) rather than
with plain digraphs (graphs). This subject was introduced by H. Wielandt in [32], where
permutation groups that are automorphism groups of edge-colored digraphs were called
2-closed, and those that are automorphism groups of edge-colored graphs were referred to
as 2*-closed. In [19] Kisielewicz introduced the notion of graphical complexity of permu-
tation groups and suggested studying products of permutation groups in this context. We

E-mail addresses: mariusz.grech@math.uni.wroc.pl (Mariusz Grech), imrich@unileoben.ac.at (Wilfried
Imrich), anna.krystek @pwr.edu.pl (Anna Dorota Krystek), lukasz.wojakowski @nokia.com (Lukasz Jan
Wojakowski)
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denote by DGR/(k) (GR(k)) the class of automorphism groups of k-edge-colored digraphs
(graphs), and by DGR (GR), the union of all classes DGR(k) (GR(k)). A k-edge-colored
digraph (graph) is a complete digraph (graph) with every edge colored in one of £ colors.
It is obvious that GR (k) C DGR(k), for every k. Note that the class DGR(2) (GR(2)) is
the class of automorphism groups of digraphs (graphs).

The most general open question in this field is to find all permutation groups that be-
long to the class DGR. Another problem is to describe all the classes DGR(k). Several
results on DGR/(k) membership for basic classes of permutation groups are known, see for
instance [1, 12, 34].

A closely connected topic is research on factorization of digraphs, see [3, 6, 22] and the
bibliography given there. The same problem as before is considered, but from a slightly dif-
ferent point of view. Special attention is devoted to homogeneous factorization of complete
digraphs [12, 21].

Also, various products of automorphism groups of digraphs were considered, see for
instance [10, 11, 14, 28, 31]. In particular, in [10], the direct product of automorphism
groups of edge-colored digraphs was studied. One of the results, worked out there, is that,
for k > 2, the direct product (A x B,V x W) of two permutation groups (A, V) and
(B, W) from the class DGR(k) belongs to the class DGR(k + 1).

In [9] the study of the direct product was carried on and gave an improvement of the re-
sult from [10]. It was shown that for k£ > 3, the direct product of two groups from DGR (k)
is either in DGR(k) or is equal to S5. The same holds for the case of automorphism groups
of edge-colored graphs. The result of the present paper can be seen as an extension of the
above result for the case k& = 2.

1 Preliminaries

We assume that the reader has basic knowledge in the areas of graphs and permutation
groups, so we omit an introduction to standard terminology. If necessary, additional details
can be found in [2, 11, 33].

We recall the most important definitions. A digraph G is a pair (V, E'), where V is the
set of vertices. The set of oriented edges, E, is a subset of V x V' \ {(v,v) : v € V'} (the
set of ordered pairs of different elements of V). By G we denote the complement of G. A
complete digraph with n vertices is denoted by K.

An undirected edge is a pair {v, w} such that both (v, w) and (w,v) belong to E. By
d& (v) we mean the number of undirected edges of the form {v, w},w € V in a digraph G
(the number of 1-neighbors of the vertex v). We define the number of non-neighbors (or 0-
neighbors) of a vertex v by d2 (v) = dla(v) If a digraph G is regular, then we denote these
numbers d*(G) and d°(G), respectively. A directed edge is an edge (v, w) € E such that
(w,v) ¢ E. Forevery v € V, by dé(v), we denote the number of its forward-neighbors,
that is, of directed edges of the form (v, w),w € V (with (w,v) ¢ E).

In the case when a digraph G has no directed edges, we say that G is an undirected
graph (a graph). For a digraph G we let s(G) denote the undirected graph (shadow graph)
that is obtained from G by replacing all directed edges by undirected ones. We will also
use the notion of weak neighbors of a vertex v in a digraph G, that is, of vertices that
are neighbors of v in s(G). Similarly, a digraph is said to be weakly connected if s(G) is
connected.

We define two products of digraphs G; = (V4,E;) and G2 = (Va, E3). Their
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Cartesian product G1 O G is a digraph GO0 Ge = (V, E), where V = V; x Vj, and
((v1,v2), (w1, ws)) € E if either (vy,w;) € Ey and vy = wsy, or v1 = w; and (ve, we) €
FE>. We say that a digraph is prime if it is not the Cartesian product of two nontrivial
digraphs. It is not hard to show that Cartesian multiplication of graphs is commutative,
associative, and that /; is a unit.

The second product G1 xGs = (V, E), first studied by Watkins [28], is a digraph where
V = Vi x Vz and ((v1,v2), (w1, we2)) € E if and only if either (vy,w;) € Ey and vy =
wa, Or V1 7é w1 and (UQ, ’wg) € EQ.

For a digraph G with vertex set V' x W, the subdigraphs of G induced by sets V' x {w}
will be called rows, and the subdigraphs induced by sets {v} x W will be called columns.
An edge that belongs neither to a row nor to a column will be called a slant edge. When
G = G1OGy, for given v € V (G) and i € {1,2} we will use the notation layer for the
row or column (image of G;) containing v and denote it G7.

A permutation o of the set V' is an automorphism of a digraph G = (V,E) (o €
Aut (@) if, for v, w € V, a pair (v, w) € FE if and only if (0(v),o(w)) € E. It is obvious
that Aut (G) is a group and that Aut (G) = Aut (G).

All groups considered here are groups of permutations. They are considered up to
permutation group isomorphism. S, denotes the full group of permutations of an n-element
set. By C},,n > 2, we denote the cyclic group on n elements (i.e. the group generated
by the cycle (1,2,...,n)). And finally, by D,,n > 2, we denote the dihedral group
acting on an n-element set (i.e. the group generated by (1,2,...,n)and (1,n)(2,n—1)...
(In/2),n — [n/2] + 1)).

We define two kinds of products of permutation groups. Let A and B be permutation
groups acting on the sets V' and W, respectively. The direct product A x B is the permu-
tation group consisting of the elements {(a,b) : a € A,b € B} acting on the set V x W
as follows: (a,b)((v,w)) = (a(v),b(w)), for v € V,w € W. The group A x A is denoted
A?. A wreath product Awr B acting imprimitively on the set V' x W is the permutation
group consisting of the elements {(a,by,...,b,) : a € A,b; € B,n = |V|} acting on the
set V' x W as follows: (a,by,...,b,) (0, w) = (a(i),b;(w)), wherei € {1,...,n} =V,
w € W. (A acts on the set of columns, B acts on each column independently.)

The class of groups which are the automorphism groups of digraphs with at least one
directed edge will be denoted by EDGR.

Lemma 1.1. Ler G be a digraph and v, w,z,y € V (GQ), such that the only edges joining
any two of them are (v,w), (y,z) € E(G) and {w,y},{v,xz} € E(G). Then, for every
cartesian decomposition of the digraph G = G1 0 Gy, there is ani € {1,2} such that all
the arcs between v, w, x,y belong to G7.

Proof. Without loss of generality assume that the layer G} contains w. Vertex y can now
be in the layer Gj = GY or in the layer GY. Assume the latter. Then, = has to be at
the intersection of Gll’ and GGY, as there are no slant arcs in G, but then the orientations
of (v, w) and (y, z) are inconsistent with the definition of the cartesian product. Hence,
vertex y must be in the layer Gj = GY. Since the vertex x is a weak neighbor of both
y and v which are in a single layer, it also must belong to that layer, because there are no
slant arcs. O

In contrast to the undirected case, where Imrich [14] found a short list of exceptional
graphs for which both the graph and its complement are connected and not prime, for
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digraphs with at least one directed edge there are no exceptions, as the following theorem
shows:

Theorem 1.2. For every digraph G with at least one directed edge either G or G is weakly
connected and prime.

Proof. Assume the digraph G with at least one directed edge is not prime, that is G =
G1 O G5. We have to show that G is weakly connected and prime.

Let (v, w) = ((v1,v2), (w1, w2)) € E(G) be one of the directed edges of G. Without
loss of generality, assume that (v1,w1) € E (G1) and v3 = ws. Since the cartesian decom-
position is not trivial, there exists a vertex vh € V' (G3), vh # va. Then ((vy,v}), (w1, v}))
is also a directed edge in E(G). If between (v1,v5) and (vq, v2) there is no edge or there
is a directed edge, then it is easy to see that the subdigraph of G induced by the vertices
(w1, v2), (v1,v2), (w1, vh), (v1,v5) contains edges (directed or undirected) between ev-
ery pair of vertices, and therefore belongs to a single layer of G. If there is an undirected
edge between (v1,v5) and (v1,v2) then the same holds by Lemma 1.1. Now, all other
vertices of G can be split into three categories according to their adjacence in G to the ver-
tices (w1, v2), (v1,v2), (w1, vh), (v1,v4). First, those in GY are neighbors of both (v1, v5)
and (wy,v}), and those in val’vé) are neighbors of both (v1,v2) and (wy,v2). Second,
those in G} are neighbors of both w and (w1, v5) and those in G¥ are neighbors of both v
and (v1,v5). Third, all other vertices are neighbors of all four vertices (w1, v2), (v, v2),
(wh v/2)’ (U17 ’Ué)

Because a vertex can be a neighbor of two vertices in one and the same layer only if it
also belongs to that layer, we conclude that all vertices in G belong to a single layer, so G
is prime. It is easy to see that it also is weakly connected.

Assume now that G is prime and not weakly connected. Its complement G is connected.

If G were not prime, then, by the previous paragraph, G = G would have to be weakly
connected, contrary to assumption. Thus G is weakly connected and prime. O

In what follows we need a result analogous to the Sabidussi-Vizing [26, 27] theorem
about the automorphism group of the Cartesian product of connected coprime graphs. To
prove it, we use a result on unique prime factorization of digraphs with respect to the
Cartesian product. This result can be traced back to Feigenbaum [4], but for an easy proof
in a more general setting we refer to the recent paper by Imrich and Peterin [17]:

Theorem 1.3. Every weakly connected digraph has a unique prime factor decomposition
with respect to the Cartesian product.

We can now state our two simplified versions of the Sabidussi-Vizing theorem for
digraphs.

Theorem 1.4. Let G, H be non-isomorphic weakly connected digraphs, where |V (G)| >
|V (H)| and G is prime. Then Aut (GO H) = Aut (G) x Aut (H).

Proof. Tt is clear that Aut (G) x Aut (H) C Aut (GO H). We shall prove the opposite
inclusion. To that end, it suffices to show that every a € Aut (G H) maps G-layers to
G-layers and H-layers to H-layers in GO H.

We know that Aut (GO H) C Aut (s(GOH)) and, in general, the factors of the
shadow graph s(GOH) = s(G)Os(H) need not be prime. Take a € Aut (GO H).
A G-layer in GO H has the form GO{h} for h € V (H). Consider s (GO {h}), a
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cartesian product of subgraphs of s (G) and s (H). Using the terms defined in Chapter 6
of [13], it is a convex subgraph of the shadow graph s (G H), and so, by a corollary
that leverages the convexity preserving property of automorphisms, obtained as a step in
the proof of Theorem 6.8 therein (first paragraph on page 69), the image of s (GO {h})
under the automorphism a is again a cartesian product of subgraphs of s (G) and s (H),
that is, a(s (GO{h})) = s(G1)0Os(H;y), where G; C G and H; C H. But, since
the vertex sets of the shadows are the same as those of the digraphs, we also have that
a(GO{h}) = Gy OH;. Suppose |V (G1)| = 1, that would imply that H; = H with
|V (H)| = |V (G)| and that G is isomorphic to H, which is contrary to assumption. Now
suppose that 1 < |V (G1)| < |V (G)|. This would imply that the digraph G has a nontrivial
cartesian product decomposition, which is also contrary to assumption. We are, thus, left
with the case |V (G1)| = |V (G)|, which proves that a maps G-layers to G-layers.
Because we have no slant arcs and H is weakly conected this means that a maps H -
layers into H -layers. O

Theorem 1.5. Let G be a weakly connected, prime digraph with at least one directed edge.
Let H be an undirected and connected graph. Then Aut (GO H) = Aut (G) x Aut (H).

Proof. Similarly as above, we get that a(s (GO{h})) = s(G1)0s(Hy). We do not
assume that the digraph G has at least as many vertices as H, so we need to exclude the
case |V (G1)| = 1 differently. Here this would imply that G is a subgraph of H, but this
is not possible as G has a directed edge while H does not. The conclusion follows as
above. O

The following proposition is modelled on an observation made in the proof of Theo-
rem 6 of Watkins [28]:

Proposition 1.6. Ler G1 = (V1, E1) and Gy = (Va, Es) be digraphs where G4 is weakly
connected. Suppose that every automorphism a of the digraph G = Gy * G5 maps rows
onto rows. Then Aut (G) = Aut (G1) x Aut (Gs).

Proof. Let wy and wy be weak neighbors in G2 and let v € V3 be arbitrarily chosen. Write
a(v,w;) = (a1(v,w;), az(v,w;)). Since rows are mapped onto rows, as does not depend
on v. Hence, ay € Aut (G3).

By the definition of the *-product, (v,ws) is the only vertex in G\ that is not
weakly adjacent to (v,w;). Hence a(v,ws) = (a1(v,ws), az(ws)) is the only vertex in
G(f(”’wz) that is not weakly adjacent to (a1 (v, w1),az(w1)), so ai(v,w;) must be equal
to a1 (v, wsy). By the weak connectivity of G this means that a; only depends on v. It is
easily seen that it is an automorphism of G;. Thus, for any (v,w) € V(G) we conclude
that a(v, w) = (a1 (v), az(w)), where ay, as are a automorphisms of G, resp. Ga. O

2 Main result

The following theorem settles the problem when the direct product of automorphism groups
of digraphs is an automorphism group of a digraph.

Theorem 2.1. Let A, B € DGR(2). Then A x B € DGR(2), unless A x B is Dy x So,
Dy X Dy, S4 X So x So, C3 x Cs, or one of the groups Sy, X Sp,n > 2.
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The proof is broken up into a series of lemmas. Let us note first that we are given
permutation groups A = (A,Va), B = (B,Vp) and graphs G4 = (Va,E4), Gp =
(V, Ep), where Aut (G4) = A and Aut (Gp) = B. Since Aut (G) = Aut (G) for any
G we may assume without loss of generality that both G 4 and G g are weakly connected.
Moreover, by Theorem 1.2 we may also assume that they are prime if they have at least one
directed edge.

We begin by extending Theorem 2.10 of [8] by Grech for undirected graphs to directed
graphs.

Lemma 2.2. Let A, B € GR(2). Then A x B € DGR(2) if and only if A x B € GR(2).

Proof. By Theorem 2.10 of [8], A x B € GR(2), unless A x B is Dy x So, Dy X Dy,
S4 %S9 xSy 015, xS, forn > 2. In the exceptional cases the pair (v2, v1) belongs to the
orbit of the pair (v1,v2) in the natural action of the group (A x B, V') on pairs of elements
of V. Thus, every digraph G such that A x B C Aut (G) has to be an undirected graph.
Hence, in all the cases, A x B € DGR(2) would imply A x B € GR(2). Consequently,
in the exceptional cases, A x B € DGR(2). O

Notice that this takes care of all exceptional groups of Theorem 2.1 that are different
from C3 x Cs. The proof also shows that in what follows it suffices to consider only the
cases where either A or B admits a digraph representation with at least one directed edge.
We can thus assume without loss of generality that A € EDGR.

Lemma 2.3. Assume that A, B are non-isomorphic groups, where A € EDGR and B €
DGR(2). Then Aut (G4 OGp) = Aut (G4) x Aut (Gp)

Proof. As noted above, G4 and G can be chosen to be weakly connected, the comple-
ment being taken if necessary, with G 4 being prime. Then, if B € EDGR so that G can
also be chosen to be prime, the proof follows from Theorem 1.4, and from Theorem 1.5
otherwise. O

This means that we can assume that B = A. Moreover, if we are able to find two
non-isomorphic weakly connected digraphs, at least one of which is prime, with the same
automorphism group A, then Theorem 1.4 also gives us a positive answer.

It therefore remains to consider the case A x A, where A is the automorphism group of
a weakly connected prime digraph G 4 with at least one directed edge. In other words, we
can assume that A € EDGR and that G 4 is prime.

Lemma 2.4. Let A € EDGR with prime G 4. If A is intransitive, then A x A € DGR(2).

Proof. 'We consider two copies G, = (V;., E,.) and G. = (V,, E..) of G 4 and will define a
digraph G = (V,. x V¢, E) such that Aut (G) = A x A. We call G, the row copy and G,
the column copy of G 4.

Since A is intransitive, G4 # K|y, |. Let W C V. be one of the orbits of A in its action
on G.. The edge set E of the digraph G = (V,. x V., E) is then defined as the set of all
pairs ((v,, ve), (w,, w.)) satisfying one of the following conditions:

(@) (ve,we) € E; and v, = w,;
(b) v. = w, and

e citherv,. € W
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e orv. & W,and (v, w,) € E,.

Notice that there are no slant edges and that the subgraphs induced by the columns
{v,} x V. are isomorphic to G 4, whereas the the subgraphs induced by the rows V. x {v.}
are isomorphic to K|y, if v. € W, otherwise they are isomorphic to G 4.

In other words, V. x W induces the Cartesian product K|y, | (W), where (W) de-
notes the subgraph of G 4 induced by W, and V,. x {V,.\ W} induces G 4 O (V. \ W).

It is easy to see that A x A C Aut (G). We have to prove the converse. To that end it
suffices to show that Aut (G) maps rows onto rows and columns onto columns.

Consider a row V;. x {v.}, where v. € W. The row induces a complete subgraph.
Because we have no slant edges, automorphisms can only map it into rows or columns. As
all rows and columns have the same number of vertices and since G4 # K|y, |, it can only
be mapped onto a V. x {w.}, where w. € W.

We will now prove that automorphisms of G map columns onto columns. Pick a v, €
W to single out one of the rows of W, and let (w,., w.) be any vertex of G. As there are
no slant edges in G, the paths realizing the weak distance of (w,, w,) to points (v, v.) in
the chosen row will be built of column edges and row edges. By analogy to the reasoning
behind the distance formula for the cartesian product, the column edges of any such path
projected onto the column graph G, will form a weak path from w,. to v. in G, just as in
a cartesian product, but the row edges can go through regular rows or through Ky, | rows.
When v, equals w,., row edges are eliminated. That means that given a vertex (w;., w.)
there is a unique vertex in the chosen row V,. X {v.}, to which weak distance p in G is
minimal, this unique vertex (w,., v.) is in the same column as (w,., w..) and is unique in the
above sense for all vertices (w;, w,) of that column.

Consider now an automorphism a € Aut (G). We already know that it will map the
row V,. x {v.} onto some other row V,. x {z.}. If the vertices (z,,z.) = a(w,,v.) and
(Yr, ye) = a(w,., w,.) were in different columns, that is if x,. # y,., there would be a vertex
(yr, z¢) in row z, closest to (Y., y.) and different than (z,., z.):

p (@, 2e), (YrsYe)) > p (Yrs ), (Yrs Ye)) s

while after having applied ¢! on both sides we would get

P ((wr7 Ve), (wrv we)) > p ((w;,, v6)7 (wrv w6>) )

with w!. # w, because of =, # y,, but that cannot be true. Hence, any automorphism maps
columns onto columns, as vertices of GG follow their closest vertices in the chosen row.
Since column edges are mapped by automorphisms onto column edges, row edges are
mapped only to row edges, thus, the only way the image of a row can preserve its weak
connectedness is for automorphisms to map entire rows onto entire rows. O

Lemma 2.5. Ler A € EDGR with prime G 4. If A is transitive and |V4| < 4, then
A x A e EDGR unless A = Cs.

Proof. The group A is one of C5 and Cy. By a result of Babai [1], C3 x C3 ¢ EDGR.
Cy x C4 € EDGR by Theorem 1.4 for G¢, and G¢,. O

Observe that this takes care of the last exceptional case of Theorem 2.1.

Lemma 2.6. Let A € EDGR with prime G 4, where A is transitive and |Va| > 4. If G4
is weakly connected, then A x A € EDGR.
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Proof. Denote n = |V4|. Since the graph G 4 is weakly connected, we only need to
consider the case G4 = G 4 (otherwise the conclusion follows from Theorem 1.4). This
implies that d°(G4) = d'(G 4). Because G 4 is not undirected, we infer that 2d7 (G 4) >
1. Then d°(G4) + d*(G a) + 2d (G 4) = n — 1 implies 2d* (G 4) = 2d°(G4) < n — 2.

We shall now prove that the graph G = G, * G, where G,. = (V,., E,) and G. =
(Ve, E.) are copies of G4, has the property Aut (G) = A x A. To this end, we will
show that every undirected edge that is contained in a row is mapped, under the action of
Aut (G), onto an undirected edge which is contained in a row, and that the same is true for
directed edges.

Let us compare the numbers of the common 1-neighbors of the ends of an undirected
edge which is contained in a row, with the same number for the ends of an undirected slant
edge. Denote the ends of the edge e by (v, v.) and (w,.,w.). If e is contained in a row
(ve = w,), then the common 1-neighbors of (v, v.) and (w,, w,) are those contained in
that row, together with all but two vertices in rows corresponding to 1-neighbors of v. = w,
in G, hence their number is equal to

N§ (vp,wr) + (n—2)d" (G.), .1

where Nclzr (v, w,.) is the number of common 1-neighbors of the vertices v, and w;, (in
G,). If e is a slant edge, the common 1-neighbors of (v, v.) and (w,,w,) are the 1-
neighbors contained in both rows (excluding the vertex directly in front of the other end
if it also is such a 1-neighbor), together with all but two vertices in rows corresponding to
common 1-neighbors of both v, and w, in G.. Thus, their number is

(n = 2)N¢,_ (v, we) +2d" (G,) — 26, (2.2)

where Néc(vc, w,) is the number of common 1-neighbors of the vertices v. and w,. (in
G.),and 6 € {0,1}.
The assumption that the numbers (2.1) and (2.2) are equal, implies

(n—2)(d"(Ge) = N&_(ve, we)) + N (vr, wy) — 2d'(G,) + 26 = 0.

Since d'(G.) > N§_(ve, we) and 2d" (G,) < n—2, it cannot be true. Hence, an undirected
edge which is contained in a row cannot be mapped onto a slant undirected edge. Since
there are no undirected edges in columns of a *-product, the set of the undirected edges
that are contained in the rows is preserved by automorphisms.

We continue with a similar calculation for directed edges. Let e be a directed edge with
ends as above. If e is contained in a row, then by similar reasoning as in the undirected
case, the number of common forward-neighbors of (v,., v.) and (w,., w.) equals

N (v, w,) + (n = 2)d! (G.), (2.3)

r

where Nér (vy, wy) is the number of common forward-neighbors of the vertices v, and w,
(in G,.). If e is a slant edge, then this number is

(n = 2)NL (ve, we) + d (G,) — 6, (2.4)

c

where N, éc (ve, we) is the number of common forward-neighbors of the vertices v, and w,
(in G.),and ¢ € {0,1}.
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If it were possible for an automorphism from Aut (G) to map a directed slant edge onto
a directed row edge, the numbers (2.3) and (2.4) would need to be the same, which would

imply

(n—2)(d*(Ge) — NL (v, we)) + NY (vp,wp) —dF (Gr) +6=0.  (2.5)
If e = ((vy, ve), (wy,w)) is a directed slant edge, then (v, w,) is a directed edge of G..
The equality d/ (G.) = Néc (ve, we) would then imply that the set of forward-neighbors
of each of the vertices v, and w, be identical, but this cannot be true, since w, is a forward-
neighbor of v, but not of itself. Hence, d/(G.) > ch;c (ve, we). Note that since A is
transitive, every vertex has as many backward neighbours as forward neighbours. Therefore
since n > 4, we infer d/ (G,) < n — 2. Thus, equation (2.5) cannot be true and the set of
directed edges that are contained in rows is preserved by automorphisms also in this case.

Because G 4 is weakly connected, it follows by Proposition 1.6 that Aut (G) = Ax A. O

Lemma 2.7. Let A € EDGR, with prime G 4, be transitive. If G 4 is disconnected, then
A x A € EDGR.

Proof. We first consider the structure of G 4. Because A is transitive, the subgraphs of
G 4 induced by the vertices belonging to common weakly connected components of G 4
are isomorphic, so V4 = W’ x W, where the weakly connected components of G 4 are
grouped as columns, with column size s = [W| = n/t, where t = |W’| > 2 is the number
of weakly connected components of G 4. Thus, the group A acts on the set of columns
as S, and on every column independently as some A;, hence A = S; wr A;. Since there
are no edges between columns of G 4 we infer that (v,w) € E(G.) if v and w belong
to different columns. Because A is transitive, and GG 4 is not undirected, we conclude that
either s > 4 or A; = C3.

In the latter case, we define G = G, * G, where both G,. and G are isomorphic to
G 4. Then, it is easy to see that the ends of the undirected edges in the rows have common
forward-neighbors, and the ends of the undirected slant edges do not. Since the undirected
edges in rows form spanning connected subgraphs of the rows, Aut (G) maps rows onto
rows. By Proposition 1.6 we conclude that Aut (G) = A x B.

In the case s > 4, we define a graph G = (V,. x V., E) such that ((v,, v¢), (w,, we))
is in E if either v, = w, and (v,,w,) € E(G,) or (ve,w.) € E(G.), v # w,, and the
vertices v, and w, belong to the same weakly connected component in G,

If a connected graph H has a disconnected complement, then the subgraphs of H that
are induced by the vertices of the weakly connected components of H are sometimes called
Zykov components of H. Our graph G thus consists of ¢ copies of the R * G, where R is a
Zykov-component of GG, and the row-edges that are not in a copy of R x G.. We say these
row-edges are of type Q).

We wish to show that Aut (G) = A x A. Itis easy to check that A x A C Aut (G).
We have to prove that the converse also holds. To this end, we count the common weak
neighbors of the ends of the edges that are contained in a row. These edges have the form
{(vr,ve), (W, we)}, Where v, = w,. If v, and w, do not belong to the same Zykov
component in GG, then these edges are of type ). The number of common weak neighbors
of the endpoints of edges of type @ is

x=(t —2)s+ 2dw, (2.6)
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where dyy is the number of those weak neighbors of a vertex in GG, that belong to the same
Zykov component of G,.. (The notation dyy is chosen, because all Zykov components are
isomorphic to W as defined in the beginning of the proof.) For row-edges that are not of
type @ the number of common weak neighbors of their endpoints is

y=(t—1)s+ Ny (v, w.) + (s —2) ((t — 1)s +dw), 2.7

where Ny, (v,, w,) is the number of the common weak neighbors of the vertices v,. and w,.
in their Zykov component. Since z < (t — 1)s + dyy, it is obvious that z < y.
Moreover, the number of common weak neighbors of the ends of the slant edges of G
is
2(dw —€) + (s — 2) Ny (ve,we) + (s — 2)(t — 1)s
for some ¢ € {0,1} if the endpoints of {v., w.} € E(G.) belong to the same Zykov
component of G, and

2dw — €) +2(s — 2)dw + (s — 2)(t — 2)s

for some ¢ € {0,1} if the endpoints of {v.,w.} € E(G.) belong to different Zykov
components of G.. It is easy to see that under our assumptions both numbers are strictly
greater than . Observe that the graph G has no edges that are contained in its columns.

This calculation implies that Aut (G) preserves the set of edges of type Q. Since these
edges form spanning subgraphs for all graphs induced by the rows of G, every a € Aut (G)
maps rows of G onto rows. Moreover, a maps any copy of a Zykov component of GG, that
is contained in a row in G onto a copy of a Zykov component of G- that is contained in the
image of that row.

To complete the proof, we have to show that each column of G is mapped onto a
column. If we remove edges of type @ we are left with ¢ identical subgraphs R; * G where
1 =1,...,t. As any automorphim a of G maps rows into rows, it also maps subrows of
the form R; x {v.} into subrows of the same form R; x {a(v.)}.

Note that by assumption R has s > 4 vertices. Thus, every R, *G .. is weakly connected.
From this we infer that automorphisms of G map entire subgraphs R; * G onto entire
subgraphs R; * G, as in G there are no slant edges between vertices belonging to different
Zykov components.

Call subrows R; x {v.} and R; x {w,} of G adjacent if there is an edge or directed edge
between some vertices of them, that is, when there is an edge or a directed edge between
ve and w, in G and i = j.

If R; x {v.} and R; x {w,} are adjacent, so are R; x {a(v.)} and R; x {a(w,)} and
the non-edges between vertices of the subrows are mapped to non-edges between vertices
of the images of the subrows. But the non-edges of adjacent subrows span subgraphs that
are isomorphic to copies of G and whose vertex sets are the columns. Therefore, columns
of G are mapped onto columns. O

This also completes the proof of the main theorem.
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Abstract

A signed graph is called integral if its spectrum consists entirely of integers, it is
r-regular if its underlying graph is regular of degree r, and it is net-balanced if the dif-
ference between positive and negative vertex degree is a constant on the vertex set (this
constant is called the net-balance and denoted p). We determine all the connected integral
3-regular net-balanced signed graphs. In the next natural step, for r = 4, we consider only
those whose net-balance is a simple eigenvalue. There, we complete the list of feasible
spectra in bipartite case for o # 0 and prove the non-existence for o = 0. Certain ex-
istence conditions are established and the existence of some 4-regular (simple) graphs is
confirmed. In this study we transferred some results from the theory of graph spectra; in
particular, we give a counterpart to the Hoffman polynomial.

Keywords: Signed graph, switching equivalent signed graphs, adjacency matrix, net-balanced signed
graph.

Math. Subj. Class.: 05C50, 05C22

1 Introduction

A signed graph G is obtained from a (simple) graph G by accompanying each edge e
by the sign o(e) € {1,—1} (chosen in any way for any edge). The (multiplicative) sign
group {1, —1} can also be written {4, —}. We say that G is the underlying graph of G.
The set of vertices of G is denoted V(G) The number of vertices and the number of edges
of G are denoted n and m, respectively. Clearly, every graph can be interpreted as a signed
graph.

*This research is partially supported by the Serbian Ministry of Education, Science and Technological Devel-
opment, Projects 174033 and 174012. The author is grateful to the anonymous referee for valuable suggestions.
E-mail address: zstanic@math.rs (Zoran Stanic)

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/



104 Ars Math. Contemp. 17 (2019) 103114

The n x n adjacency matrix A of G is obtained from the standard (0, 1)-adjacency
matrix of G by reversing the sign of all 1’s which correspond to negative edges. The
eigenvalues of A are real and form the spectrum of G. A detailed introduction to spectra
of signed graphs can be found in [7, 10].

A graph is integral if its spectrum consists entirely of integers. The problem of identi-
fying such graphs was posed by Harary and Schwenk [3] in 1974. Since then, a number of
results concerning integral graphs have appeared in various references, including research
articles, thesis and book chapters (not listed here).

Integral signed graphs are defined in the same way. Transferring the problem to the
domain of signed graphs — to the author’s knowledge, no one has considered this problem
for signed graphs — results in various solutions, some of them having interesting and, at
first glance, interesting properties. For example, the signed graph illustrated in Figure 1
is integral and has only two eigenvalues: 2 and —2 (both with multiplicity 3). Moreover,
every switching equivalent signed graph is also integral (since it has the same spectrum;
see the next section for the details).

Figure 1: An integral signed graph. (Here and following, negative edges are dashed.)

Our results are announced in the abstract. In Section 2 we introduce the terminology
and notation, and give some preliminary results. Sections 3 and 4 are devoted to integral
signed graphs which are 3-regular and 4-regular, respectively. An existence condition and
certain integral 4-regular (simple) graphs are established in Section 5.

2 Preliminaries

We write djr and d; for the positive and negative vertex degree (i.e., the number of posi-
tive and negative edges incident with 7). The existence of a positive (resp. negative) edge
between the vertices 7 and j is designated by i ~ j (resp. i ~ j).

A walk in a signed graph is a sequence of alternate vertices and edges such that the
consecutive vertices are endpoints of the corresponding edge. A walk is positive if the
number of its negative edges (with possible repetitions) is not odd. Otherwise, it is negative.
Since every cycle in a signed graph is a walk, we may talk about positive or negative cycles,
as well.

We say that a signed graph is bipartite or regular (of degree r) if the same holds for its
underlying graph. (There is a different approach for regularity in [10].) The spectrum of a
bipartite signed graph is symmetric with respect to the origin. The net-balance of a vertex
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1 is defined by d:r —d; . We also say that a signed graph is net-balanced if the net-balance
is a constant on the vertex set; in that case the net-balance is denoted p.

For U C V(G) let GV be the signed graph obtained from G by reversing the sign of
each edge between a vertex in U and a vertex in V() \ U. The signed graph GV is said to
be switching equivalent to G. Switching equivalent signed graphs share the same spectrum.

The reverse rev(G) of (3 is obtained by reversing the sign of all edges of G.

We use the following facts without proofs (for details, see [8, 10]):

* The eigenvalues of 'rev(G) (with repetitions) are obtained by reversing the sign of
the eigenvalues of G.

* Signed graphs G and rev(G‘) are switching equivalent if and only if G is bipartite.

* A signed graph.G is switching equivalent to GG (the underlying graph) if and only if
the vertices of GG can be divided into two sets (one of them possibly empty) in such a
way that an edge is negative if and only if it joins vertices from different sets.

¢ The spectrum of every net-balanced signed graph contains its net-balance.

It is known that the largest eigenvalue p of a signed graph does not exceed the largest
eigenvalue of its underlying graph. The proof follows by the next chain of (in)equalities
derived on the basis of the Rayleigh principle:

p(G) =2 inxj - Zmlx] <2 Z |ziz| + Z lziz;| | <p(G), (2.1)
A+ . L= -+ . L— .
i~ i~j i~j i~

where x = (x1,%2,...,%y,)" is a unit eigenvector associated with p(G). What we need
here is the opposite implication.

)T

Lemma 2.1. For a connected signed graph G, tfp(G) = p(G) then G and G are switching
equivalent.

Proof. Since p(G) = p(G), all the inequalities in (2.1) reduce to equalities. This, in
particular, means that |x| is an eigenvector associated with p(G), and so it holds z; # 0,
for all 4. Applying switching with respect to the set of vertices that correspond to negative
coordinates of x, we arrive at the signed graph, say H, such that |x| is associated with
p(H ), as well. (The matrix transformation is realized by A, = DflAGD, D being the
diagonal matrix of =1 where the sign of a diagonal entry is determined by the sign of the
corresponding coordinate of x. Then, |x| = Dx.)

Since p(H) = p(G), it follows (by (2.1), with H and |x| in the roles of G and x) that F
does not contain negative edges, i.e., Hisa graph isomorphic to GG, and we are done. [

Connected integral regular net-balanced signed graphs of vertex degree 0, 1 or 2 are
easily determined. In what follows, we move up to 7 = 3 and r = 4.
Obviously, if G is an integral net-balanced signed graph with ¢ > 0, then the re-

verse rev((Q) is also integral net-balanced with ¢ < 0, and vice versa. Thus, it is sufficient
to consider only those with ¢ > 0.
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3 Caser =3

Recall that connected 3-regular graphs are determined in [2, 4]; there are 13 such graphs.
In what follows, we refer to the notation of the latter reference.

By Lemma 2.1, if an r-regular signed graph G has r as an eigenvalue, then G is switch-
ing equivalent to its underlying graph. If » does not belong to the spectrum of G, but —r
does, then rev(G‘) is switching equivalent to its underlying graph. This observation leads
to the following result.

Theorem 3.1. If a connected 3-regular net-balanced signed graph G of non-negative
net-balance o is integral and at least one of the numbers 3 or —3 is its eigenvalue, then G
is determined in the following way.

(a) If 3 is an eigenvalue of G, then

(i) foro =3, G is one of the 13 connected 3-regular graphs G+, . . ., G13 obtained
in [4];

(ii) foro=1, Gis switching equivalent to one of the graphs G2, G4, G5, G7,G1g
or G2 of [4].

(b) If 3 is not an eigenvalue of G, then

(i) case o = 3 cannot occur;

(ii) for o =1, G is switching equivalent to Gg or G13 of [4].

Proof. (a): By Lemma 2.1, G is switching equivalent to its underlying graph, and then (a.i)
follows directly by the result of the corresponding reference.

(a.ii): Here, G is obtained by identifying a perfect matching in one of Gy, ..., G113 and
reversing the sign of all edges in the matching. In addition, this reversing must produce a
switching equivalent graph. In particular, this means that the vertex set can be partitioned
into two sets such that an edge is negative if and only if it joins vertices from different sets.
Inspecting all 13 graphs, we conclude that such an action can be performed for the 6 graphs
listed. (The procedure is simplified by excluding the signed graphs which do not have the
net-balance as an eigenvalue.)

(b): Case (b.1) follows directly.

(bii): Here, G is non- bipartite and 3 is an eigenvalue of rev(G). Considering
Gy, ...,G13 as candidates for a graph which is switching equivalent to reV(G), we arrive
at the 2 solutions: Gg and G13. O]

A transfer of a result from the domain of simple graphs is needed. For signed graphs G,
and Gy, the (tensor) product i x G is the signed graph with the vertex set
V(G1) x V(Gs) in which two vertices (uy,us) and (v1,v;) are adjacent if and only if
u; and v; are adjacent in Gi, for 1 < ¢ < 2. The sign of an edge of Gl X Gg is equal
to the product of signs of the corresponding edges of G; and G,. The adjacency matrix
of G x Gy is then identified with the Kronecker product A L ® A, . Accordingly, if
A1, A2, ..., A\, are the eigenvalues of G1 and p1, fo, .- .y fhm are the elgenvalues of GQ,
then the elgenvalues of their product are A\;p; (1 < ¢ < n, 1 < j < m). In particular, if
G is a connected integral non-bipartite signed graph, then G x K, is a connected integral
bipartite signed graph, since the eigenvalues of K are 1 and —1. The signed graph Gx K,
is called a bipartite double (of G).
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Figure 2: Representatives of signed graphs of Theorem 3.1(a.ii)&(b.ii).

Therefore, any non-bipartite signed graph G can be extracted from the decompositions
of bipartite ones having the form G x K5, and so the essential part in determining connected
integral signed graphs consists of searching for those that are bipartite. If, in addition, a
signed graph is regular then it has the same number of vertices in each colour class, and we
may assume that the number of its vertices is 2n.

Returning to connected integral 3-regular net-balanced signed graphs, it remains to
determine those that avoid £3 in the spectrum. According to the previous observation, we
may consider the bipartite ones, so those with 2n vertices and the spectrum

[sza 1m17 OQmo’ (_1)7”17 (_2)1712] ’

where the exponents stand for the multiplicities.

Counting the difference between the numbers of positive and negative closed walks
and considering the spectral moments, we get mo + m1 + mo = n,4mo + m; = 3n and
16ms + m1 = 15n + 4q, where q is the difference between the numbers of positive and
negative quadrangles contained.

At this point, one could continue by the spectral moments of higher order to obtain the
feasible spectra, but this situation can easily be resolved in a different way. Solving the
previous system, we get mq = —(n+ %q) (and certain parametrizations of other multiplic-
ities which are not important). The last equality implies that ¢ must be negative, that is our
signed graph, say 7, must contain a negative quadrangle. If every vertex is at distance at
most 1 from such a quadrangle, then G has at most 8 vertices. Otherwise, if there exists a
vertex at distance 2 from a fixed negative quadrangle, then the vertex between them is ad-
jacent to only one vertex of the quadrangle (otherwise, the largest eigenvalue of that signed
subgraph would be greater than 2, and then the same would hold for G as follows by the
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interlacing argument). So, G contains a negative quadrangle with a pendant path of length
2. Considering the possible neighbourhoods of the vertices of such a subgraph and bearing
in mind the other conditions (3-regularity and net-balancedness), we conclude by hand that
the largest eigenvalue of G must be greater than 2.

Therefore, it remains to consider connected signed graphs with at most 8 vertices.
This is easily performed by reversing the signs of edges of connected bipartite 3-regular
graphs with 4, 6 and 8 vertices (in each case, there is only one such graph). Obviously, the
net-balance cannot be equal to 3, and since G is bipartite, it cannot be equal to —3, either.
The result is summarized in the next theorem.

Theorem 3.2. If G is a connected integral bipartite 3-regular net-balanced signed graph
avoiding +3 in the spectrum, then G is the signed graph illustrated in Figure 3 or its
reverse.

Clearly, signed graphs obtained in the previous theorem are switching equivalent and
none of them is a bipartite double.

Figure 3: Integral signed graph from Theorem 3.2.

4 Caser =4

The next natural case is made up of connected integral 4-regular net-balanced signed
graphs. We first recall that connected integral 4-regular graphs (so, signed graphs with
net-balance equal to 4) are not fully determined. What we do know are the feasible spectra
of such bipartite graphs, and [9] lists 828 such spectra (in the future this number could be
decreased). The existence of the corresponding graphs is confirmed for a small number of
those spectra — by the same reference, in 19 cases; in the next section we confirm 2 more.

Accordingly, it would be illusory to expect all the integral bipartite 4-regular signed
graphs to be identified, even if we impose that they are net-balanced. Considering the fea-
sible spectra, if £4 is an eigenvalue, then they are the same as those listed in [9]. For
an integral 4-regular graph, the corresponding signed graphs can be obtained as in Theo-
rem 3.1. This will not be performed here; instead, we determine the feasible spectra of our
signed graphs that avoid +4 in the spectrum, but with the additional condition that they
contain the net-balance as a simple eigenvalue. It occurs that there is a comparatively small
number of such spectra. Before that, we prove a ‘signed’ variant of the result concerning
the Hoffman polynomial of a graph [6, Theorem 2.1.6].
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Theorem 4.1. For a signed graph G, if there exists a polynomial P such that P(Ay)=J
(J being an all-1 matrix), then G is a connected net-balanced signed graph.

Conversely, if in addition the net-balance o is a simple eigenvalue of G, then the poly-
nomial exists and has the form

- A
P(z) = nH %, 4.1)

where n is the number of vertices and the product goes over all distinct eigenvalues, ex-
cluding o.

Proof. The proof is similar to that of the original result, along with certain adaptations
tailored for signed graphs. For the sake of completeness, we give all the details. Denote
A = A, The existence of P implies the identity AJ = JA. Since the (i, j)-entry of AJ
is d;r — d; and the same entry of JA is d;r — d;, we have that dj — d; is a constant on
the vertex set.

Clearly, G cannot be disconnected, since for i and j belonging to different components
the (i, 7)-entry of any power of A would be zero, giving P(A) # J.

T
it follows (A — o)W (A) = O, giving AW (A) = oW (A). Now, the unit vector j is an
eigenvector associated with g, but since this is the simple eigenvalue, the dimension of its
eigenspace is 1, and by the last identity, every column of W (4) is a multiple of j. Moreover,
the symmetry of W (A) implies

Denote W (z) = %, where £ stands for the minimal polynomial of A. As u(A) = O,

W(A) =cJ, (4.2)

for some ¢ # 0. Thus, the polynomial exists and, so far, has the form P(z) = %W(x)

Further, the identity ay A*j = ax0"j (for a real ay) yields W (A)j = W (p)j, which
together with (4.2) gives cJj = W (p)j, i.e., nc = W (p), which finally gives (4.1). O

This result covers net-balanced signed graphs which need not be regular. The converse
statement requires the multiplicity of o to be 1, which will be an essential condition in our
further considerations. Another consequence of (4.1), when G is additionally integral, is
that n divides the product [[(¢ — A); this condition was exploited in many searches for
integral regular graphs.

Let

[37713 , 277127 1M ’ 02mo7 (—1)m1 ’ (_2)77127 (_3)m3]

denote the spectrum of our connected bipartite signed graph that avoids the eigenvalues 4
and —4.

Theorem 4.2. If G is a connected integral bipartite 4-regular signed graph with 2n ver-
tices, then the multiplicities of its eigenvalues are parametrized by

1 1

= 54 26 3h = 6n — 16g — 3h
ms 180< n + 26q + 3h), mo 30( n q ),
1 5 1
= —(2 — = ——
mi 4( n+h)—|—6q, mo 18(8(1—!—3h)7

where q and h respectively denote the difference between the numbers of positive and
negative quadrangles and hexagons contained.
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Proof. Considering the spectral moments up to the 6th order and counting the differences
between the numbers of positive and negative closed walks, we arrive at the following

Diophantine system:
3
Z mmio = 2n,

i=—3

3

E mmiz = 8n,
i=—3

(4.3)

3
> myyi* = 56n + 8,
i=—3
3
> myyi® = 464n + 144g + 12h.
i=—3
where, say for the 3rd equation, the first term on the right-hand side counts closed walks
of length 4 traversing along at most 2 distinct edges. Observe that such walks are positive
independently of the edge signature. Similarly, the second term counts the same walks
traversing along quadrangles.
Solving this system for msg, . .., mg, we get the result. O

Table 1: Feasible parameters of signed graphs described in Theorem 4.3.

n m  m3z Mo My My q h

6 24 2 1 2 1 3 —14
10 40 4 1 0 5 15 —70
15 60 6 1 2 6 21 —92
20 80 8 1 4 T 27T -—114
30 120 11 1 17 1 21 —62
30 120 12 1 8 9 39 —158
60 240 23 1 29 7 57 —194
60 240 24 1 20 15 75 —290
60 240 25 1 11 23 93 —386
60 240 26 1 2 31 111 —482

Include now the announced condition.

Theorem 4.3. A connected integral bipartite 4-regular net-balanced signed graph
whose net-balance is 2 and appears as a simple eigenvalue has one of the spectra shown
in Table 1. Each row contains one half of the number of vertices, the number of edges,
the multiplicities of positive eigenvalues, one half of the multiplicity of 0 and previously
defined parameters q and h.

Proof. Solving the system (4.3) for mo = 1, we get

1
m3:E(6n+q—3), my = =(2n—q—>5),

1
6(7371 +4¢+15) and

=
I

1
my = 2nf§6q710.
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Now, since the net-balance is a simple eigenvalue, it follows that 2n divides

3

II @-i) =120,

i£2, i=—3

giving a finite number of possibilities for n. Observing the expressions of m; and mg, we
conclude that ¢ satisfies

3
—~(n—5) <q<2n-5,

4
giving a finite range for this parameter. Concerning the possible values for n and using the
previous inequalities, we arrive at solutions listed in the table. O

The existence of the signed graph with data as in the first row is confirmed by hand.
Namely, we have considered connected bipartite 4-regular graphs with 12 vertices (there
are 4) and arguing as in the proof of Theorem 3.1(a.ii). The resulting solution is illustrated
in Figure 4.

Figure 4: Integral signed graph with spectrum [32,2,12,02, (—1)2, -2, (—3)?].

Remark 4.4. What about non-bipartite signed graphs? Let G be such a si gned graph (with
all the remaining conditions as in Theorem 4.3). Although the multiplicity of 2 in the
spectrum of G is 1, the same eigenvalue does not need to be simple in G x K. Therefore,
the feasible parameters of the bipartite double are given by Theorem 4.2. The number
of vertices (of G x K5) now divides 240, and the numbers of quadrangles and hexagons
are bounded in terms of n (see [1]) giving the magnitudes for our parameters g and h.
Therefore, the sets of feasible spectra can be obtained, but there are many, and we skip
their presentation. Alternatively, one may consider the spectra of G directly, and include
the odd spectral moments, but again, there are many.

Set now o = 0.

Theorem 4.5. There is no connected integral 4-regular net-balanced signed graph avoid-
ing 4 in the spectrum whose net-balance is 0 and appears as a simple eigenvalue.
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Proof. First, such a signed graph cannot be bipartite (see the multiplicity of 0). Let G be
a non-bipartite signed graph described in this theorem (if any). Then the number of its

vertices (denoted n) divides
3

II (- =36

i#£0, i=—3

i.e., the number of vertices of its bipartite double divides 72. In addition, 0 is an eigenvalue
of G x K5 of multiplicity 2. Solving the system (4.3) for mo = 2 and every possible n, we
arrive at exactly 9 solutions: one for n = 6, one for n = 9, one for n = 12, 2 forn = 18
and 4 for n = 36.

There is another condition to be included: the parameter q of G x K 5 cannot be odd.
Indeed, by definition of the product, every quadrangle of G produces its two copies in
G x K, and vice versa, every quadrangle of G x K, has a copy and both of them arise
from the isomorphic quadrangle of G. Therefore, the parameter g of G x K, is twice the
same parameter of G, i.e., it cannot be odd.

Now, only the solution for n = 9 passes this test for ¢ (with ¢ = —6), which means
that G could only have 9 vertices. Since for G, ¢ = —3, the number of quadrangles
in the underlying graph G must be odd, and this is not satisfied in the case of 6 (out of
16) connected 4-regular graphs with 9 vertices. For the remaining 10, one may choose
between a computation by hand (which reduces to searching for cyclic decompositions and
checking the spectra) or brute force performed by computer. In any case, there are no
solutions (note that some of those underlying graphs produce signed graphs satisfying all
but the last condition of the theorem — regarding the simplicity of 0). O

Remark 4.6. In this section we restricted ourselves to net-balanced signed graphs whose
net-balance appears as a simple eigenvalue. Of course, there are examples of those that are
connected integral 4-regular and net-balanced, yet the net-balance is not a simple eigen-
value; at the end of the proof of Theorem 4.5, we mentioned that we met some of them.
Another example is a net-balanced 4-dimensional cube with negative quadrangles. Indeed,
its adjacency matrix can be written as

A A
A A

where A is the adjacency matrix of the cycle Cg and A* is obtained from A by reversing
the sign of all the entries corresponding to 4 non-adjacent edges. We have o = 2, and the
spectrum is given by [2%, (—2)8].

S An existence condition for bipartite regular graphs

Following our idea of [5], we establish an existence condition for bipartite r-regular graphs
with ¢ = 0. Namely, the adjacency matrix of such a graph can be written in the form

O BT
AG - (B 9] ) ’
and then the top-left block BT B — r1I,, of A% — rls, represents the adjacency matrix of
an r(r — 1)-regular graph, say H. Moreover, if r, Ao, ..., Ay are (distinct) non-negative

eigenvalues of G, then the eigenvalues of H belong to {r? — r, A\ —r,..., A2 —r}.
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Therefore, in the search for GG, we may check whether H exists or not, and if it does not
then GG does not exist, either. Conversely, if H exists then G can be reconstructed from it.

Accordingly, we confirm the existence of bipartite 4-regular graphs with 2 spectra listed
in [9].

Theorem 5.1. There exists a connected bipartite 4-regular graph with data
(15,0,10,4,0,0,210) and (16,0,12,0,3,0,192)

(both given in the form (n,ms, ms, m1, Mo, q, h), where the parameters are defined in
Theorem 4.3).

Proof. Considering the first data for our graph, say G, we arrive at a putative 12-regular
graph H with 15 vertices and whose eigenvalues belong to {12, 0, —3}. Thus, H is strongly
regular (see [6, Theorem 3.4.7]). Moreover, since 0 is one of the eigenvalues, it must
be complete multipartite [6, Theorem 3.4.9]. This graph is unique, and we can use it to
construct G by obeying the following rules:

* the vertices of H correspond to the vertices of one colour class of G|
* the vertices from the same colour class of H do not have common neighbours in G;

* every two vertices from different colour classes of H have exactly one common
neighbour in G.

Finally, G is the incidence graph of a block design with points 1,2,...,15 arranged
into the following 15 blocks:

4 7 10 13 1812 13 1510 15 16714 14911
5 8 11 14 2910 14 26 11 13 24815 25712
69 12 15 3 7 11 15 34 12 14 35913 36 8 10

The second data is considered in the same way. Now, H has 16 vertices, its eigenvalues
belong to {12,0, —4}, and thus H is again a unique complete multipartite graph. Using the
same method, we arrive at G determined by the following blocking:

15 913 1 2 7 8 13 10 12 1414 15
2610 14 3 4 5 6 24 911 2 313 16
3711 15 9 10 15 16 5 7 14 16 5 8 10 11
4 8 12 16 11 12 13 14 6 8 13 15 67 9 12

The proof is complete. O
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Abstract

Given a proper edge-coloring of a loopless multigraph, the palette of a vertex is defined
as the set of colors of the edges which are incident with it. The palette index of a multigraph
is defined as the minimum number of distinct palettes occurring among the vertices, taken
over all proper edge-colorings of the multigraph itself. In this framework, the palette pseu-
dograph of an edge-colored multigraph is defined in this paper and some of its properties
are investigated. We show that these properties can be applied in a natural way in order to
produce the first known family of multigraphs whose palette index is expressed in terms of
the maximum degree by a quadratic polynomial. We also attempt an analysis of our result
in connection with some related questions.

Keywords: Palette index, edge-coloring, interval edge-coloring.

Math. Subj. Class.: 05C15

1 Introduction

Generally speaking, as soon as a chromatic parameter for graphs is introduced, the first
piece of information that is retrieved is whether some universal meaningful upper or lower
bound holds for it. This circumstance is probably best exemplified by mentioning, say,
Brooks’ theorem for the chromatic number and Vizing’s theorem for the chromatic index.
In either instance the maximum degree A is involved and that probably explains the trend
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to consider A as a somewhat natural parameter, in terms of which bounds for other chro-
matic parameters should be expressed. In the current paper we make no exception to this
trend and use the maximum degree A as a reference value for the recently introduced chro-
matic parameter known as the palette index. To this purpose we introduce an additional
tool, that we call the palette pseudograph, which can be defined from a given multigraph
with a proper edge-coloring. Some properties of the palette pseudograph are investigated
in Section 2 and we feel they might be of interest in their own right. In the current con-
text, we use these properties in connection with an attempt of finding a polynomial upper
bound in terms of A for the palette index of a multigraph with maximum degree A. As a
consequence of our main construction in Section 3, we can assert that if such a polynomial
bound exists at all then it must be at least quadratic.

Throughout the paper, following a standard terminology (see for instance [7]), we use
the term multigraph to denote an undirected graph with multiple edges but no loops, while
we use the term pseudograph for a graph admitting both multiple edges and loops. For any
given multigraph G, we always denote by V(G) and E(G) the set of vertices and the set
of edges of G, respectively. We further denote by G the underlying graph of G, that is
the simple graph obtained from G by shrinking to a single edge any set of multiple edges
joining two given vertices.

By a coloring of a multigraph G we always mean a proper edge-coloring of G. A
coloring of G is thus a mapping ¢: E(G) — C, where C is a finite set whose elements are
designated as colors, with the property that adjacent edges always receive distinct colors.
We shall often say that (G, ¢) is a colored multigraph, meaning that ¢ is a coloring of the
multigraph G.

Given a colored multigraph (G, ¢), the palette P.(z) of a vertex = of G is the set of
colors that ¢ assigns to the edges which are incident with z.

The palette index §(G) of a simple graph G is defined in [9] as the minimum number of
distinct palettes occurring among the vertices, taken over all proper edge-colorings of the
graph G. The definition can be extended verbatim to multigraphs. The exact value of the
palette index is known for some classes of simple graphs.

e A graph has palette index 1 if and only if it is a class 1 regular graph [9, Proposi-
tion 1].

e A connected class 2 cubic graph has palette index 3 or 4 according as it does or it
does not possess a perfect matching, respectively [9, Theorem 9].

e If nis odd, n > 3 then 3(K,) is 3 or 4 depending on n = 3 or 1 (mod 4), respec-
tively [9, Theorem 4].

e The palette index of complete bipartite graphs was determined in [8] in many in-
stances.

The quoted result for complete graphs shows that it is possible to find a family of
graphs, for which the maximum degree can become arbitrarily large, and yet the palette
index admits a constant upper bound, namely 4 in this case.

As it was remarked in [4], the fact that a class 2 regular graph of degree A always
admits a (A + 1)-coloring forces A + 1 to be an upper bound for the palette index of such
a graph (namely, A + 1 is the number of A-subsets of a (A + 1)-set of colors).

That is definitely not the case for non-regular graphs: it was shown in [3] that for each
positive integer A there exists a tree with maximum degree A whose palette index grows
asymptotically as Aln(A).
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Consequently, one cannot expect for the palette index any analogue of, say, Vizing’s
theorem for the chromatic index: the palette index of graphs of maximum degree A cannot
admit a linear polynomial in A as a universal upper bound.

It is the main purpose of the present paper to produce an infinite family of multigraphs,
whose palette index grows asymptotically as A2, see Section 3. Our method relies essen-
tially on a tool that we define in Section 2, namely the palette pseudograph of a colored
multigraph. This concept is strictly related to the notion of palette index and it appears to
yield a somewhat natural approach to the study of this chromatic parameter.

2 The palette pseudograph of a colored multigraph

For any given finite set X and positive integer ¢ we denote by ¢ - X the multiset in which
each element of X is repeated ¢ times.

The next definition will play a crucial role for our construction in Section 3. Given a
colored multigraph (G, ¢), we define its palette pseudograph T'.(G) as follows.

The vertex-set of I'.(G) is V(T'.(G)) = {P.(v) : v € V(G)}. In other words the
vertices of I'c(G) are all pairwise distinct palettes of (G, ¢).

For any given pair of adjacent vertices x and y of GG, we declare the (not necessarily
distinct) palettes P.(x) and P.(y) to be adjacent and define the corresponding edge in the
palette pseudograph I'.(G).

More precisely, if 2 and y are adjacent vertices in G such that their palettes P.(z)
and P,.(y) are distinct, then P.(z) and P.(y) yield two distinct vertices connected by an
ordinary edge in the palette pseudograph I'.(G), see vertices x1 and x5 in Figure 1. If,
instead,  and y are adjacent vertices in G with equal palettes P.(z) and P, (y), these form
a single vertex with a loop in the palette pseudograph I'.(G), see vertices x5 and x5 in
Figure 1.

If two (equal or unequal) palettes appear on several pairs of adjacent vertices of G, then
each such pair yields one edge in I'.(G) (either a loop or an ordinary edge). It is thus quite
possible that the palette pseudograph I'.(G) presents multiple (ordinary) edges between
two given distinct vertices as well as multiple loops at a given vertex.

An example of a pair (G, ¢) and the corresponding palette pseudograph I'.(G) is pre-
sented in Figure 1.

The number of vertices of the palette pseudograph I'.(G) is thus equal to the number
of distinct palettes in the colored multigraph (G, ¢), while the number of edges (loops
and ordinary edges) in I'.(G) is equal to the number of edges in the underlying simple
graph G;.

The following proposition is also an easy consequence of the definition of the palette
pseudograph: note that each loop in I'..(G) contributes 2 to the degree of its vertex.

Proposition 2.1. For any given colored multigraph (G, c), the degree of a vertex P.(x) in
the palette pseudograph T .(G) is equal to the sum of the degrees in the underlying simple
graph G of all vertices whose palettes in (G, ¢) are equal to P.(z).

3 The main construction

The main purpose of this Section is the construction of a multigraph G with maximum
degree A, whose palette index is expressed by a quadratic polynomial in A.
For the sake of brevity we shall assume A even, A > 2: a slight modification of our
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Figure 1: A multigraph GG with a proper edge-colouring and the associated palette pseudo-
graph.

construction yields the same result for odd values of A. Even though our graph G* is not
connected, a connected example can easily be obtained from G* as follows. Introduce a
new vertex oo which is declared to be adjacent to each vertex of degree A in G*». The
resulting multigraph G2 is connected with maximum degree A + 1. The palette index of
the multigraphs G is again bounded from below by a quadratic polynomial in A. We feel
appropriate at this stage to stress a peculiar property of the palette index, in comparison with
other chromatic parameters: it is not true in general that the palette index of a multigraph is
equal to the maximum of the palette indices of its connected components (see Proposition
3 in [4]). This says that there is no particular reason to prefer connected examples to
disconnected ones in this context.

The multigraph G* is obtained as the disjoint union of multigraphs H2, for t =
1,2,...,A — 2, which are defined as follows.

Let H* be the simple graph with vertices u, 1%, v', ..., v~ and edges uv®, uv?, ...,
w1 w00t w203, . w2 720271 The graph H? is sometimes called a windmill graph
[6] and can also be described as being obtained from the wheel Wa (see [2]) by alternately
deleting edges on the outer cycle.

The multigraph H? is obtained by replacing each edge v7v7 ! which is not incident
with the central vertex v with ¢ parallel edges between the same vertices v/ and v/ 1!,

In detail, define fort =1,2,..., A —2

V(HtA) = {ug, ) v}, ... ,vtA_l}
EHA) =t-{vlvl™ :jef0,2,4,....A=2}YU{uw! :j€{0,1,2,...,A —1}}
H{ = (V(HP), E(HP))

Forj =0,1,..., A—1 we denote the edge utvtj by e{ or simply by e? once ¢ is understood.
Furthermore, for any index j € {0,1,...,A — 1} there is a uniquely determined index
J€{0,1,...,A -1}, j # j/ such that v{/ is the unique vertex, other than w;, which is
adjacent to v in HA.

The submultigraph of H2 which is induced by the vertices u;, vg , vg " will be denoted
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by L7. The edges of L7 are e/, e/’ and the ¢ repeated edges having v? and v? " as endver-
tices. By definition, we have L7 = L7,

Figure 2: The graph HS.

We now assume that a k-edge-coloring c¢: E(HP) — C = {cg,c1,...,cx_1} is given
and study some properties of the palette pseudograph I'.(H2). Since the central vertex
uy has degree A in H; A we have A < k and may assume, with no loss of generality,
that ¢(e’) = ¢; holds for j = 0,1,...,A — 1. The inequality ¢ < A — 2 yields in turn
t+ 1 < A. Consequently, since each non central vertex vf has degree t + 1, we see
that the palette P.(u¢) = {0,1,...,A — 1} is distinct from every other palette P.(v}).
For that reason, rather than looking at the palette pseudograph I'.(H2) we consider the
subpseudograph I', (HA) = T.(HP) \ P.(u;) obtained by removing the palette P.(uy;)
(as a vertex of the palette pseudograph).

Lemma 3.1. The pseudograph T (HP) is a simple graph and is a forest.

Proof. We prove first of all that T', (H2) has no loop, that is P.(v]) # P, (v1t ) for all j.

Consider the two adjacent vertices vi and vt . The corresponding edges e/ and e/ have

distinct colors ¢; and ¢;- in {0, ..., A — 1}, respectively. The color ¢; cannot appear on
one of the edges between vg and v{ /, since c is a proper coloring. Hence, c; belongs to
P.(v!) and does not belong to P, (v} /), and the two palettes are distinct, as claimed.
Next, we prove that I'_ (H; A) has no multiple edges, by showing that if P.(v]) =
P.(v}) for b # j, 4, then P.(v] ) # P.(v]l"). Suppose the vertices v/ and v} share the
same palette. The edges e/ and e” are colored with colors c;j and cp, respectively Hence
{¢jyen} C Po(v]) (= Po(v})). In partlcular one of the edges between v}' and v} has

color ¢; and so we have ¢; € P.(v} "). On the other hand, c; does not belong to Pc(vt )
because c is a proper coloring, and the claim follows.

In order to complete our proof, we need to prove that ', (HA) has no cycle and is thus
a forest.

Assume, by contradiction, that I, (H, tA) has a cycle I'. Without loss of generality, we
may assume that I" contains the vertices P.(v?) and P.(v}) of I', (H). Since P.(vY) has
degree at least two in I, (H2), there exists h # 0 such that P,(v?) = P,(v}') and P.(v}")
belongs to I'. Recall that ey has colour cg in c¢. Therefore, the colour ¢y belongs to both
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palettes P.(v?) and P.(v), since they are the same palette. Furthermore, the edge e}, has
colour ¢y, different from cy. Then ¢y is the colour of one of the edges between vf and vf/.
Hence, the colour cg also belongs to the palette Pc(vth,). Repeating the same argument, we
obtain that ¢y belongs to each palette of the cycle I'. That is a contradiction, since ¢y does
not belong to the palette P.(v}). O

Lemma 3.2. The degree of a vertex P.(v]) in U7 (HP) is exactly equal to the number of
vertices of HY having the same palette P,(v]) in the colouring c.

Proof. The underlying simple graph of HA \ {u;} is the disjoint union of isolated edges,
that is every vertex has degree exactly 1 in the underlying simple graph. It follows from

Proposition 2.1 that when a given palette P is viewed as a vertex in ', (H7), then its
degree is equal to the number of vertices in H/ sharing the palette P. O

The next Proposition states a well-known property of forests.
Proposition 3.3. The average degree of a forest is strictly less than 2.

Proof. Suppose that the forest F' has n vertices. Then F' has at most n — 1 edges and

> dv) =2(E(F)| <2(n—1)

veV(F)

so that the average degree is

—1

Z W <= o O
n

V

:\H

By the previous proposition and Lemma 3.2, the average number of vertices in H>
sharing the same palette is less than 2 and that implies the following lower bound for the
palette index of H/:

A
3(HR) > - L
Theorem 3.4.
A
S A-2< 5(GY) < (A+1)(A-2) 3.1
Proof. The second inequality is an immediate consequence of the fact that the number of
vertices in G2 is (A + 1) (A — 2).

For the first inequality, it is sufficient to observe that all vertices of degree ¢ + 1 in G2
belong to the subgraph H2, so they cannot share the same palette with a vertex in another
subgraph Hﬁ, with ¢ # t. On the other hand, the vertex u; of degree A in H2 could share
the same palette with every other vertex of degree A, one in each subgraph H. We obtain

5(G?) >Z (HA) —1) (A—Z)%. O
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4 Some considerations on a related parameter

We introduce a new natural parameter related to the palette index of a multigraph. Consider
an edge-coloring ¢ of G which minimizes the number of palettes, that is the number of
palettes is exactly §(G): how many colors does ¢ require? More precisely, we consider
the minimum & such that there exists a k-edge-coloring of G with §(G) palettes. We will
denote such a minimum by x%(G). Obviously, x%(G) > x'(G) because we need at least
the number of colors in a proper edge-coloring. In [9], the authors remark that in some
cases this number is strictly larger than the chromatic index of the graph. How much larger
could it be?

An upper bound for the value of xs(G) for some classes of graphs can be deduced from
an analysis of the proofs of the corresponding results for the palette index.

e [9] Let K,, be a complete graph with n > 1 vertices. Then,
X:(K,)=A if n=0 (mod2)

3A
X:(Ky) < - if n=1 (mod2)

In particular, if n = 4k 43 then it is proved that the palette index is equal to 3 and the
proof is obtained by using three sets of colors of cardinality 2k+1. If n = 4k+5, the
proof works by using three sets of colors of cardinality 2k + 1 and three additional
colors, that is 6(k + 1) colors. The number of colors is exactly % in both cases.

e [9] Let G be a cubic graph. Then,

X5(G) <5.
In particular, five colors are necessary if GG is not 3-edge-colorable and has no perfect
matching.

e [4] Let G be a 4-regular graph. Then,

X;5(G) <6.
In particular, six colors are used in some examples with palette index 3 (see the proof
of Proposition 11 in [4]).

e [3] Let G be a forest. Then,
x5(G) = A.

e [8] Let K, ,, be a complete bipartite graph with 1 < m < n. This situation is a
little more involved, in the sense that we cannot always obtain a good upper bound
for x5 (K pm,n) using the proofs of the results in [8]. In some cases, see for instance
Proposition 11 in [8], the number of colors is twice the maximum degree A (recall
that minimizing the number of colors was not important in that context). Never-
theless, we analyze some small cases and obtain the same number of palettes (the
minimum) by using a smaller number of colors.

One such example is obtained by considering the graph K5 ¢ (i.e. case K = 3 in
Proposition 11 of [8]). Denote by {u1,...,us} and {v1,...,vs} the bipartition of
the vertex-set of K5 ¢. The proof of Proposition 11 in [8] furnishes an edge-coloring
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with 12 colors and 6 palettes. Following the notation used in [8] we represent the
coloring with a matrix, where the element in position (i, j) is the color of the edge

U;Vj.
1 2 3 4 5 6
31 2 6 4 5
Msg=1{2 3 1 5 6 4
7 8 9 10 11 12
8§ 7 12 11 10 9

The following coloring has only 8 colors and again 6 palettes.

1 23 45 6
3126 45
Mig=12 315 6 4
457 8 1 2
548 7 2 1

We would like to stress that, even if we can obtain similar colorings for some other
sporadic cases, we are not able to generalize our results to all infinite families con-
sidered in [8].

All previous results and the study of some sporadic cases suggest that x%(G) cannot be
too large with respect to A. In particular, we believe there exists a linear upper bound for
X5(@G) in terms of A. The following is thus an even stronger conjecture.

Conjecture 4.1. Let G be a (simple) graph. Then,
3
XH(G) < [2A].

As far as we know, this conjecture is new and completely open. We believe any progress
in that direction could be useful for a deeper understanding of the behavior of the palette
index of general graphs.

S Concluding remarks and open problems

In this final Section we propose some further open questions and indicate a few connections
with other known problems.

In Section 3, we have presented a family of multigraphs whose palette index is ex-
pressed by a quadratic polynomial in A. We were not able to find a family of simple
graphs with such a property and so we leave the existence of such a family as an open
problem.

Problem 5.1. For A = 3,4, ..., does there exist a simple graph with maximum degree A
whose palette index is quadratic in A?

As far as we know, the best general upper bound in terms of A for the palette index of
a simple graph G is the trivial one, which is obtained from a (A + 1)-edge-colouring ¢ of
G" in principle, each non-empty proper subset of the set of colours could occur as a palette
of (G, c), whence 5(G) < 22! — 2. On the other hand, all known examples suggest
that this upper bound is far from being tight. In particular, we raise the question whether a
polynomial upper bound holding for general multigraphs may exist at all.
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Problem 5.2. Prove the existence of a polynomial p(A) such that $(G) < p(A) for every
multigraph G’ with maximum degree A.

We slightly suspect that if a polynomial p solving Problem 5.2 can be found at all, then
some quadratic polynomial will do as well.

Finally, we would like to stress how this kind of problems on the palette index is some-
how related to another well-known type of edge-colorings, namely interval edge-colorings,
introduced by Asratian and Kamalian in [1].

Definition 5.3. A proper edge-coloring ¢ of a graph with colors {cy,ca, ..., ¢} is called
an interval edge-colouring if all colours are actually used, and the palette of each vertex is
an interval of consecutive colors.

The following relaxed version of the previous concept was first studied in [10] and then
explicitly introduced in [5].

Definition 5.4. A proper edge-colouring ¢ of a graph with colors {c1, ¢, ..., ¢t} is called
an interval cyclic edge-colouring if all colours are used and the palette of each vertex is
either an interval of consecutive colors or its complement.

Both interval and interval cyclic edge-colorings are thus proper edge-colourings with
severe restrictions on the set of admissible palettes.

There are many more results on interval edge-colourings (see among others [12]). In
particular, it is known that not all graphs admit an interval edge-colouring. Furthermore,
it is proved in [11] that if a multigraph of maximum degree A admits an interval edge-
colouring then it also admits an interval cyclic A-edge-colouring.

The following holds:

Proposition 5.5. Let G be a multigraph of maximum degree /A admitting an interval edge-
colouring. Then, 5(G) < A2 — A + 1.

Proof. Since G admits an interval edge-colouring, then it also admits an interval cyclic
A-edge-colouring ¢ (see [11]). Each palette of (G, ¢) is thus an interval of colors in the set

{c1,ca,...,ca} or its complement is one such interval. For ¢ = 1,..., A — 1, there are
exactly A such subsets of cardinality ¢, and a unique one for t = A. We have thus at most
A(A — 1) + 1 distinct palettes in (G, ¢), thatis §(G) < A% — A + 1. O

In other words, the previous Proposition assures that a putative example of a family of
multigraphs whose palette index grows more than quadratically in A should be searched
for within the class of multigraphs without an interval edge-colouring.

In this paper, we also introduce the palette pseudograph of a colored multigraph (G, ¢).
A precise characterization of the palette pseudograph of the family introduced in Section 3
is the key point of our main proof. It suggests that a study of palette pseudographs in a
general setting could increase our knowledge of the palette index. Possibly, it could also
help in the search for an answer to some of the previous problems. Hence, we conclude our
paper with the following:

Problem 5.6. Let H be a pseudograph. Determine whether a colored multigraph (G, ¢)
exists, such that H is the palette pseudograph of (G, ¢).
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Abstract

We present a new class of totally positive Toeplitz matrices composed of recently in-
troduced hyperfibonacci numbers of the r-th generation. As a consequence, we obtain that

all sequences F,(LT) of hyperfibonacci numbers of r-th generation are log-concave for r > 1
and large enough n.
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1 Introduction and preliminary results

A matrix M is totally positive if all its minors are positive real numbers. When it is allowed
that minors are zero, then M is said to be totally non-negative. Such matrices appears in
many areas having numerous applications including, among other topics, graph theory,
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Pélya frequency sequences, oscillatory motion, symmetric functions and quantum groups
among these areas [1, 2, 12, 13, 18]. The notion of total positivity is closely related with
log-concavity and more on this one can find in a paper by Stanley [21]. A classical result by
Whitney, Loewer and Cryer [8] says that any totally non-negative matrix M can be factored
as a product of totally non-negative matrices M = Ly ---L,,DU; ---U,,, where D is a
diagonal matrix with non-negative elements, L; is a matrix of the form I + cE; 1 ;, U; is
a matrix of the form I + cF; ;41 and Fy; is the matrix which has a 1 on the £, position
and zeros elsewhere. There is also a connection between totally non-negative matrices and
planar networks proved by Karlin and McGregor [15], and Lindstrom [16]. The famous
Lindstrom lemma gives combinatorial interpretation of a minor through the weights of
collections of vertex-disjoint paths in a planar network.

An important notion when testing a matrix on total positivity is initial minor. We let
I, J denote column set and row set, respectively. A minor Ay ; where both I and .J consist
of several consecutive indices and where I U J contain 1, is called initial. Thus, each
matrix entry is the lower-right corner of exactly one initial minor. In this work we use
Theorem 1.1, which is proved by Gasca and Peiia [14].

Theorem 1.1. A square matrix is totally positive if and only if all its initial minors are
positive.

The notion of total positivity can be refined as follows. A matrix M is said to be fotally
positive of order p (or TPy, in short) if all its minors of all orders < p are positive.

The concept of total positivity extends in a straightforward manner also to (semi)infinite
matrices. It turns out that many such triangular matrices appearing in combinatorics are
indeed TP [3]. Recently, Wang and Wang proved total positivity of Catalan triangle via
Aissen-Schonberg-Whitney theorem [22]. Further general results on triangular matrices
and Riordan array have been obtained by Chen, Liang and Wang [5, 6] as well as Zhao and
Yan [23], while Pan and Zeng give combinatorial interpretation of results on total positivity
of Catalan-Stieltjes matrices [20].

A Toeplitz matrix T = [t; ;] is a (finite or infinite) matrix whose entries satisfy ¢; ; =
ti4+1,j+1- In finite case,

to  t-1 - tonta
1 to 0 tongo
T =
tnfl tn72 e tO

In words, elements of a Toeplitz matrix are constant along diagonals descending from left
to right. If the elements of a matrix are constant along diagonals ascending from left to
right, the matrix is called a Hankel matrix. An example is given here,

to ty th—1
t1 ta th—2

H = .
tho1 th—2 -+ Top—2

Obviously, each Toeplitz (or Hankel) matrix of order n gives rise to a unique sequence (of
length 2n — 1 in the finite case) of its elements. The connection also works the other way:
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Given an (infinite) sequence (a,,) and given integers n, and m, we can construct a Toeplitz
(or a Hankel) matrix of order m having a,, in the upper left corner. In what follows we
present a class of totally positive Toeplitz matrices whose entries are hyperfibonacci num-
bers [4, 17, 24]. These sequences of numbers were recently introduced by Dil and Mez6 in
a study of a symmetric algorithm for hyperharmonic and some other integer sequences [9].

Definition 1.2. The hyperfibonacci sequence of the r-th generation (F,S"))nzo is a se-
quence arising from the recurrence relation

n

FO=3N"F"Y, B0 =F, F"’ =0 F" =1, (1.1)
k=0
where » € N and Fj, is the n-th term of the Fibonacci sequence, F,, = F,_1 + F},_o,

Fy=0,F, =1
Proposition 1.3 gives some basic identities for hyperfibonacci sequences [7].

Proposition 1.3. For hyperfibonacci sequence (Fér))nzo we have

(i)
F{) = F\D) + B (1.2)
(ii)
Fr(zl)Q — FO R, = BV 14 (-1
(iii)
1 1) L0 1 n
VR, — LY, = F 51
(iv)
r—1
+r+k
F) = Fopar =Y (" . L.
n n+2r Z <T' _1_ k) (1.3)

k=0

Explicit formula for determinant of the Hankel matrix of hyperfibonacci sequence of
r-th generation

(r) (r) ()

O

A _ Fn+1 Fn+2 T Fn+7'+2
TN T . . . .
(") ) (r)

Fn+r+1 Fn+r+2 e Fn+2r+2

has been obtained in [19] and here we state it in Theorem 1.4. We will find it useful in
establishing our main result, the total positivity of the Toeplitz matrix of the same sequence
with odd-indexed hyperfibonacci number in the upper left corner.

Theorem 1.4. For the sequence (F, ,gr))kzo, r € Nand n € N a determinant of a matrix
Ay takes values %1,

det(A,.) = (—1)+ =]
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The TP, property of Toeplitz and Hankel matrices is closely related to log-concavity
and log-convexity, respectively, of the associated sequences. Recall that a sequence (a,,) of
positive numbers is log-concave if afl > Gp—10n+1 holds for all n > ng for some ng € N.
If the inequality is reversed, the sequence is log-convex. The literature on log-concavity
and log-convexity is vast. Besides already mentioned classical papers by Stanley [21] and
Brenti [3], we refer the reader also to [10, 11, 20, 22] for some recently developed tech-
niques. In particular, the log-concavity of hyperfibonacci numbers of all generations r > 1
has been established in [24] by using recurrence relations. Here we proceed to prove more
general claims that will imply the log-concavity results of reference [24].

2 Positivity of hyperfibonacci determinant

We let B,(q:)n = [b; ;] denote the matrix of order m consisting of hyperfibonacci numbers
of the r-th generation,

o
B(T) .: Fn+1 Fn e Fn—m,—i—Q
F’I’S,:}m*l Fr(zi)me Fér)

with the constraint 7 > m — 1. In what follows we will show that there exist ¢(r) € N such
that det(B{,) is positive for n > q(r).

From the elementary properties of the Fibonacci sequence known as Cassini identity
we immediately have that the matrix

F2n+1 F2n+2
M =
(F om+2  Fonis
is positive for n € Ny and the matrix
Fony1 P
M/ —_ n+ n
(F on+2  Fantl

is positive for n € N. In Proposition 2.1 we extend the property of positivity to matrices of
order 2 consisting from first generation of hyperfibonacci numbers while a general result,
involving 7-th generation of hyperfibonacci numbers is given in Theorem 3.5.

(1)

Proposition 2.1. For n,r € N determinant of the matrix B, ,, is positive,
(1) 1
det(BY') = det (Fg) an}) > 0.
FnJrl F"

Proof. We apply relations presented in Proposition 1.3 to get FT(LU — FT(BI = F},. Now, by
the properties of determinant (column subtraction and then row subtraction) we obtain

F(l) F(l) F F(l) < r F(l) )
det [ 7} oL | = det " nob | = det " n—1
(F(l) Fr(Ll) Fn+1 F}Ll) Fn—l Fn

n+1
F, F -1
_ n n+1
= det <Fn_1 = ) > 0. O
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Theorem 2.2. Let m € N. Then there is n,, € N such that det (B,(n”?n_l)) > 0 for
alln > n,,.

Proof. Employing elementary transformation on matrices and using relation (1.2) we get

1 2 m—1
F, F%l F{LQ_;Q . Fi_m 1*;1
det (B{m D) = det +1 n -1 2
| ) 2) m—1
F7L+m—1 Ffr(LJBm_2 ng-l-)m—S ces Fé )
F,  FY F%z F{ff;gl
Fn—l Fn Fn—l e Fn—7n+2
= det : : : : @
1
anerQ Fn7m+3 anm+4 R Frsjl
anm+1 anm+2 Fn7m+3 L. Fn

Having in mind relation (1.3) we immediately obtain

r—1 n+ k

F (r) = Lntr —
n—r + Z ('I" 11— k)

k=0

and furthermore
F = Fuyr =Sy, 2.2)

where

r—1
n+k
S’"'_kz<r—1—k)'

=0

Thus, S; = 1,8, =n+1, S5 = w—&—n—i—l Sy = #%Em—kn—i—?),etc. Now, we
substitute entries in (2.1) according to (2.2) to get

£y Fn+1 — 51 Fn+2_52 Fnerfl = Sm—1
P F, F, oy~ - Fy > Sus
det (B D) =det | " . o e L @3)
anerl Fn7m+2 Fn7m+3 e Fn

In the following steps of this proof we let Aj, As, A3 denote matrices we deal with.
We will show that determinants of these matrices are equal to each other. In order to make
the proof more readable, the elements of the last two columns of A, Ay, Ag are denoted
by ¢; ;, cg’ > c;' o respectively. On the other hand, the elements of the first m — 2 columns
of these matrices are denoted by b; ; and they do not change their values under performed
transformation.
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When performing elementary transformations on matrix columns of (2.3) we obtain

52 - Sl SS - SQ - Sl e Fn+m72 - Sm72 Fnerfl - Smfl

Sl SZ - Sl tee Fn+m73 - Sm73 Fn+m72 - Sm72

0 Sl LR Fn+m74 — Sm74 FnJ,»me - S’ITL73
det (B V) = det : . .

0 0 . F, Foi1— S

0 0 - F, . F,

= det(Al)

where we get Ay = [b; ;| by similar transformation on rows,

Sy —251 S3—-25—-51 -+ —=Sm—1+ Sm—2+ Sm-3
S1 So — 25, o =Sm2+ Sm_3 +Sm_4
0 Sl - m—3+Sm—4+Sm—5
A= : : :
0 0 S — S
0 0 Foi1 =51
0 0 F,
bi7j=bi+1,j+1, i=1,...,m—1, j:l,...,m—3,
biJ‘:Ci,j, i:1,...7m, j:Tn—lﬂn7
Ci,mfl = CiJer, ’L = ]., e, — 3

and where entries b; ; get values

biy = Ss — 28
bro— S5 — 25, — 5,

b1,z =54 — 253 — S +25;

b4 =S5 —25,—S3+25, + 51
bis = Sg — 285 — Si + 255 + Sy

bl,m72 = Smfl - 2Smf2 - Smffi + 2Sm74 + Smen
while for entries ¢; ; we have

Clm—1 = —Sm—2+ Sm-3+ Sm—a
C2m—-1 = _Sm73 + Sm74 + Sm75

Cm—3,m—1 = —S2 + 51
Cm—2,m—1 = *Sl
Cm—1m—-1 = F,

Cm,m—1 = Fn+17
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and
Cm—1,m = Lf'n4+1 — Sl
Cm,m = F.
. - . o .
Furthermore, we form matrix Ay = [b; ;] with b; ; = ¢} ;, i=1,...,m, j=m—1,m,

by performing row transformations

m—3

/ .
Cim—1 = Ciym—1 T E bij, i=1,...,m
j=1

m—2

/ .

Cim = Ciym + g bij, i=1,...,m.
Jj=1

As a consequence of these two operations for the last two columns of A, we obtain

—Sm—-a+ Sm—6+Sm-7+--+S52 —Sn-3+ Sm-5+Sm-6+-+ 52
-S4+ 55 —S54+ 53+ .5
—S3 -S4+ Ss
_SZ —Sg
*Sl 782
0 -5
0 0
Fn Fn+1
Fn—l Fn

(while the other entries of Ay are equal to those of Aj). Clearly, det(A;) = det(As).
Furthermore, we perform row transformations

C;‘/,m—l = c;‘7m_1 + bi,?n—5 + Qbi,nL—G + 4bi,7n—7 R (Fm—S - l)bi,l
Gom = Cimo1 F bim—a+ 2bigms +4bimg+ -+ (Fo2 — 1)bi1
to get matrix Az = [b; ;] where b; j = ¢}, i =1,...,m, j =m — 1,m. Then, the last
two columns of Az are
—L'm-2 —L'm-—1
0 0
0 0
Fn Fn+1
Fn—l Fn

Namely, a straighforward but tedious algebraic manipulation give us a nice value for ¢/ m—1>

Clll,m_l = (F»m_ﬁ — I)Sl —|— (Fm—5 — 1)251 — (Fm—4 — 1)51 — (Fm_g — 1)251

—L'm-2-
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In the same fashion one can prove that ¢}, = —F,,_yand ¢/, =0,i =2,...,m — 2,
7 =m — 1, m. Again, determinant is not affected under these transformatlons det(A )=
det(Ag).

We shall now separately treat the matrix Ag, for even and odd n. Using the Fibonacci
recurrence relation, for even n we immediately obtain

b1 big - bim—2 —Fpm_2 —Fna
b1 by - b2m—2 0 0
0 bzo -+ b3m—2 0 0
det (B{" D)= det| : : : :
0 0 bm72,m72 0
0 0 F,_1 0 1
0 0 e —F,_5 1 1
bii bio - Wim—o —Fms —Fmo
ba1 bao - b2, m—2 0 0
0 b32 -+ b3m—2 0 0
—— det . . : . .
0 0 bm_oms 0 0
0 0 0 1 0
0 0 0 0 1

where b/1,n72 = b1, m—2 + Fpy—3F,_1 — F,,_2F,,_>. This determinant can be represented
as the sum of the upper triangular determinants. Now we use the fact that there is ¢ € N
such that the Fibonacci number Fj, is bigger that the value P(q), F, > P(q), where P(n)
is a polynomial of any degree. The only element in the matrix above containing Fibonacci
numbers is b ,,, o. The fact that the term F}, _;F},, 3 has a positive contribution in the
determinant completes the proof for case when n is even.

When n is odd we have

big bio - bim—2  —Fpm—2 —Fnoa
ba1 bao - b2, m—2 0 0
0 bz2 -+ b3m-2 0 0
det (B V) =det | 1 : z :
0 0 - bm_2m-2 0 0
0 0 - F,_o 1 1
0 o - —F, 0 1

Now, analogue arguments as when n is even completes the proof. O

In particular, when m = 4 we have

Sy—2 S3—-25-1 -1 —2
3)y 1 Sy —2 0 0

det (B4’n) = det 0 1 F,  Fou
0 0 F F,
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When n is even then

So—2 S3—25,-1 -1 -2

3)y _ 1 Sy —2 0 0
det (B4’n) = det 0 P, 0 1
0 —Fh_2 1 1
Sy —2 S3-2S —1—Fy o+ F,; —1 —1
_ 1 Sy —2 0 0
=det | 0 0 1
0 0 1 0
So—2 0 0
=—($%-2| 0o 10
0 0 1
S3—28% —1—-F, o+ F,1 -1 -1
+ 0 1 0
0 0 1
-1
:7(n71)2+%—n71+&_3.
The inequality
—1
Fn_3>(n—1)2—m+n+1

holds true for n > 15 and consequently det (BA(LSBL) > 0 for n > 15 when n is even.
Similarly, when n is odd

s -2 0 0 S3—28 —-1—-F,_3 -1 -1
G ; 01

-1
= (n—1)2—%+n+1+Fn73.
Thus, it follows from these two cases that det (Bf,)l) > (0 forn > 15.
Note that the proof of Theorem 2.2 can be used to efficient calculation of determinants
of matrices Bfn"?n_ Y We will illustrate this on the example for m = 4 and n = 5. In that
case, when applying the proof of Theorem 2.2 we have

51 25 11 4 6 11 -1 -1

@3y 97 51 25 11| 1 4 0 0

det (By’5) = det 176 o7 51 25| =g 0 1 o
309 176 97 51 00 0 1

=24-11=13.

Corollary 2.3. Let m,n,r € Nandr > m — 1. Then there is ¢ € N such that determinant

of the matrix B,(,C)n is positive for all n > q,

det (B(),) > 0.
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Proof. We proceed by induction on r. The base case, 7 = m — 1, is provided by Theo-
rem 2.2. Let us now assume that the claim is true form — 1 < p < r — 1. Our task is to
show that the determinant

F\" Y .. F ’;m
det(B$),) = det m , nome
0. B R

is also positive. We first recall (1.2) and then start subtracting rows of By(,:)n ‘We subtract
(m—1)-st row from m-th, then (m — 2)-nd from (m — 1)-st, and continue all the way down
till we subtract the first row from the second. Since the determinant remains unchanged,
we obtain

1;';2”1) Z?(Qh N F{QWNI
F Frb ..o gl

det(BS)) =det [ " _ et
r;1 r.fl . 7:71

F7(z+m)fl F7(1+m)72 T F7(l )

We expand the determinant on the right hand side over the elements of the first row.

det(B{),) = FOA +---+ F7 A,

(r) (r)
= 1?” SECTVAL %F(T%Am,
FnT Fnr—m+1
where A; denotes the determinant obtained from det(BS,f?n) by omitting the first row and
()
1-th column for 1 < 7 < m. Let us denote z; = ?}:jfﬁ and define a function f: R™ — R

n—i+1
by

f(.’L‘h N ,,CCm) = sz+1Fr(lizl>Az
=0

Obviously, £(1,...,1) = det(B ") > 0, and hence f(c, ... c) = c-det(BSn") > 0,
for any positive constant c. In particular, f(¢2, ..., ¢*) > 0, where ¢* = %
Since f is continuous, there must exist a neighborhood
W = (¢2 _617¢2+61) X X (¢2 _6m7¢2+5m)

such that f is positive on W. Now we use the explicit expression

r—1
+r+k
E{) = Foior = (” )
o\~ 1—-k

from Proposition 1.3. By dividing it through by analogous expression for F,(Lr_l) and
passing to limit when n — oo, one readily obtains

2L
L, e = O
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()

That further implies that, for large enough n, the coefficient z; = F}‘;ff)l falls into
n—it1
(¢? — 6;, ® + §;) for all 4, and hence
B R
f ( Gy o | = det(B),) > 0.
Fn Fn7m+1
That completes the proof. O

3 Main results

We let T ,, denote the matrix of order r + 2 consisting of hyperfibonacci numbers of the
r-th generation,

i
F2n+2 F2n+1 T F2n—r+1

Tr,n = . . .
F2(:z)+r+2 F2(:L)+r+1 T F2(2)+1

Lemma 3.1. For n € N and the hyperfibonacci sequence (F,E”)n> o the matrix

Fyha  Fi) o F)
Tin=|Fil Fiia By
Fils Falte Fily

is totally positive.

Proof. According to Proposition 2.1 the three initial minors of order 2 of 77 ,, are positive.
It is immediately seen from Theorem 1.4 that determinant det (77 ,,) is positive. These facts
complete the proof. O

Note that the matrix T, = [tm-] is a Toeplitz matrix, with the element ¢; ; being
hyperfibonacci number of the first generation having odd index. If we allow both even and
odd indices for ¢; ; then the property of total positivity is lost. Such determinant of order 3
in not positive for even indices (by Theorem 1.4), while it keeps the positivity of minors of
order 2. We express this fact, that follows from the proof of Lemma 3.1, in Corollary 3.2.

Corollary 3.2. Forn € N and the hyperfibonacci sequence (F,(Ll))n>0 the matrix

Y RY FY,

n

Tl/,n — F(l) Fr(zl) F(l)

A p) g
n+2 n+1 n

is TP».

Lemma 3.3. Forn > 4 and the hyperfibonacci sequence (F'(’2))n> o the matrix

2 2 2 2
T o Py
(O T T
7 F2n+3 F2n+2 F2n+1 Fn

2
2 2 2 2
FQ(TL)-{-4 F2(n)+3 F2(n)+2 FZ(n)-',-l
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is totally positive.

Proof. According to Proposition 2.1 the five initial minors of order 2 of T5 ,, are positive.
Furthermore, the three initial minors of order 3 are positive when n > 3 by Corollary 2.3.
However, when n = 3 determinant det(7% ,,) is negative (by Theorem 1.4) so the matrix
T, , is totally positive for n > 4. O

Having in mind Proposition 2.1 and the fact that the matrix B:§27)1 has positive determi-
nant for n > 7 we immediately derive Corollary 3.4.

Corollary 3.4. Forn > 8 and the hyperfibonacci sequence (Fnz))n> o the matrix

© F®, PO, PO

’ F7L+2 F2n+1 Fn Fn—l

Els Filo Bl B
is TPs.
Furthermore, it holds true that
det(BY)) >0, n>15
det(Bé(;l)) >0, n>5.

\n
When r > 5 there is no constraint on the value of n when asking for positivity of det(BfJT)L).

Theorem 3.5. For the hyperfibonacci sequence (F,(LT))n>O there is ¢ € N such that the
matrix T;. , of order r + 2 -

o

F2n+2 F2n+1 T anrJrl
Tr7n = . . .

FT(LT-BT’—',-Q FQ(:L)—Q—T—‘,-l T F2(2)+1

is totally positive for n > q.

Proof. First we prove that 2n + 1 initial minors of order 2 are positive. These submatrices
are of the form Bg:,)nz where my > 2n — r, so there they have positive determinant for
r > 1and n > 1, according to Corollary 2.3. Obviously, another initial minors are of the
form

B(T) B(T)

3,ms3? T 4d,myr

. B(T)

r+1l,myi1”

According to Corollary 2.3 there exist numbers ¢s, g4, - - ., ¢r4+1 € N such that
det(B{")

7m3) >0, mg > q3
det(B

(
3
(r
4,my

) >0, my>qa

det(Bii)Lmrﬂ) >0, Mry1 2 Gria-
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It remains to show that det(T;.,,) is itself positive. We start by noticing that T,.,, can
be obtained from A, ,,_, by reversing the order of columns. That corresponds to right
multiplication of A, 2, by U,2, where U, is a square matrix of order r + 2 whose
elements are (Uy42);; = 1if i + j = r 4+ 3 and zero otherwise. It is immediately seen
that det(U, o) = (—1)L"+2/2]. Now we have det(T}.,,) = det(A, 2,_)det(U,12),
and Theorem 1.4 implies

det(T).,) = (_1)2n*T+L(T+3)/2J+L(T+2)/2J _ (_1)2 =1,
for all r. That completes the proof. O
We conclude the section with another result that follows directly from Corollary 3.4.

Corollary 3.6. For the hyperfibonacci sequence (FT(LT))R> o there is ¢ € N such that the
matrix T;., of order r + 2 -

T L L
D IR C R i)

n+r+1 n+r

is TP,41 forn > q.

4 Concluding remarks

In this paper we have considered several classes of Toeplitz matrices associated to se-
quences of hyperfibonacci numbers of given generation. We have established various pos-
itivity results for such matrices. In particular, we showed that such matrices with odd-
indexed hyperfibonacci numbers on the main diagonal are totally positive for large enough
values of index n. When the restriction to odd-valued indices is omitted, the total positivity
is not preserved, but we established that those matrices are TP,.; for a given generation r
and large enough n. That implies (at least asymptotical) log-concavity of hyperfibonacci
numbers of all generations » > 1. Our results thus extend and strengthen results of refer-
ence [24] established by a different approach. It would be interesting to have combinatorial
proofs of log-concavity of Fr(f) for » > 1; at the moment, we are not aware of any.

We have also tried to explore the form of dependence of ¢, on r. The numerical evi-
dence, collected in Table 1, suggests that 2¢,. 4 1, the index in the upper left corner, behaves
as 7r — 5 for even r and 7r — 4 for r odd. It would be interesting to examine whether the

Table 1: Some values of parameter g, in Theorem 3.5.

12 3 4 5 6 7 8 9 10 11
5 9 17 23 31 37 45 51 59 65 73

pattern (or at least a linear dependence) persists for larger r, and if it does, to find some
explanation.

We are fairly confident that the methods and results presented here could be extended
S0 as to encompass also other sequences defined by two-term recurrences and their iterated
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partial sums. It would be worthwhile to explore whether the same approach could be appli-
cable to the sequences defined by longer linear recurrences with constant coefficients, such
as the sequence of tribonacci numbers.
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Abstract

Let A be a (0, 1)-matrix such that P A is indecomposable for every permutation matrix
P and there are 2n + 3 positive entries in A. Assume that A is also nonconvertible in a
sense that no change of signs of matrix entries, satisfies the condition that the permanent of
A equals to the determinant of the changed matrix.

We characterized all matrices with the above properties in terms of bipartite graphs.
Here 2n + 3 is known to be the smallest integer for which nonconvertible fully indecom-
posable matrices do exist. So, our result provides the complete characterization of extremal
matrices in this class.
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1 Introduction

Let M, ,(X) denote the set of matrices of size m x n with entries from a certain algebraic
set 2. Unless explicitly stated otherwise, > C Z is a subset of integers. Typically ¥ =
{0,1} or ¥ = {—1,1} and in these two cases we will write M,, ,(0,1) or M,, ,,(£1),
and if m = n, then we write shortly M, ,,(3) = M, (X). We consider two well known
functions of matrices, permanent and determinant, which are defined by formulas:

per A = Z ﬁaig(i)7 det A = Z ﬁsgn(a)aia(i)>

oeSy i=1 oeS, i=1

where S, is the group of permutations of order n and sgn (o) is a sign of permutation o.

Permanent is a good counting function in combinatorics and applications, but there is
no fast algorithms known for computing the permanent function itself on arbitrary matrices.
Ryser formula which requires O(n2"~!) multiplication operations is still one of the best
known algorithms, for details see [1] or [9]. Moreover, Valiant proved that computing
even a permanent of (0, 1)-matrix is #P-complete problem ([12]). Recent investigations of
permanents of (0,1) and (—1, 1) matrices can be found in [6] and [3], correspondingly,
and references therein. In comparison, the determinant which is very similar to permanent
can be easily computed by Gauss elimination algorithm. One of the possible approaches
to compute permanent is to convert it by a certain transformation to the determinant. The
sign-conversion is one of the classical possibilities to construct such a transformation.

We say that matrix A € M,,(0, 1) is sign convertible or just convertible if there is matrix
X € M, (£1) such that per A = det(A o X), where operation o is the Hadamard, i.e.,
entrywise product. The notion of convertibility was presented by Pélya in [10] and studied
by different mathematicians (for details see [4, 5, 9]). Convertibility of (0, 1)-matrices is
equivalent to many problems in graph theory (for details see [7, 8, 11, 13]). Thus the class
of (0, 1)-matrices is particularly important.

In [4] different notions of bounds of convertibility were presented. We say that integer
Q,, is an upper bound for convertibility if for any A € M,,(0, 1) with per A > 0 and with
more than (2,, nonzero entries it follows that A is not convertible. We say that w,, is a lower
bound for convertibility if any matrix A € M,,(0, 1) with less than w,, positive entries is
convertible. It is known that ,, = ”2"’% (see [5]) and w,, = n + 6 (see [4]).

In [2] lower bounds for convertibility were found under additional assumption that ma-
trices are indecomposable or fully indecomposable. Note that instead of indecomposable
some authors use other terminology like irreducible, see a book by Brualdi and Ryser [1].
Since the present paper is a continuation of our previous work [2] we use the same ter-
minology as in [2]. Notice that the term fully indecomposable” is also used in the same
monograph (see [1, page 112]). Let us state the corresponding definitions below.

E-mail addresses: mbudrevich@yandex.ru (Mikhail Budrevich), gregor.dolinar @fe.uni-lj.si (Gregor
Dolinar), guterman@list.ru (Alexander Guterman), bojan.kuzma@famnit.upr.si (Bojan Kuzma)
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Definition 1.1. A matrix A € M,,(0, 1) is called decomposable if there exists permutation
matrix P € M, (0, 1) such that

_p(B 0\
e (Z )
where B, D are square matrices and C' is possibly a rectangular matrix. If A is not decom-
posable, it is called indecomposable.

Definition 1.2. A matrix A € M, (0,1) is called partially decomposable if there exist
permutation matrices P, Q € M,,(0, 1) such that

B 0
A=P ( s D) Q
where B, D are square matrices and C' is possibly a rectangular matrix. If A is not partially
decomposable, it is called fully indecomposable.

Remark 1.3. One observes easily that A € M,,(0, 1) is not fully indecomposable if and
only if for some integer p € {1,...,n — 1} there exists a zero block of size p x (n — p)
in A.

Remark 1.4. We note that a fully indecomposable matrix is always indecomposable, but
the converse may not be true. Observe that in each row and in each column of a fully
indecomposable matrix there are at least 2 positive entries.

In [2, Example 4.3] we showed that lower bound for indecomposable matrices equals
n + 6 and can not be improved. For fully indecomposable matrices better lower bound was
found in the same paper.

Theorem 1.5 ([2]). Let A € M, (0,1) be a fully indecomposable matrix with less than
2n + 3 positive entries. Then matrix A is convertible.

Our aim is to describe extremal case of Theorem 1.5. Namely, we classify all fully
indecomposable matrices with 2n 4 3 positive entries which are nonconvertible. Our paper
is organized as follows. In Section 2 we reformulate the notion of convolution (introduced
in [2]) in terms of bipartite graphs and describe the properties of this operation. In Section 3
we prove our main result Theorem 3.13 on the characterization of the extremal case using
the language of the graph theory.

2 Convolution via bipartite graphs

The following notion of convolution was presented in [2].

Definition 2.1. Let A € M, (0,1) and let the first row of A has exactly two non-zero
entries a11, aj2. Then the convolution of A by the first row is the following matrix S1(A) €
M,_1(0,1),

max(az;, azz) as3 o azn
maX(asl, a32) azs3 s a3n

S1(A) =

max(anl, an2) an3 e Ann
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Here we delete the first row and take the maximum between the corresponding elements in
the first and second columns.

Similarly, if the i-th row of A has exactly two nonzero entries a;j, a;k, j < k, the
convolution S;(A) € M, _1(0,1) of A by the i-th row is defined as the matrix obtained
from A by deleting the i-th row and k-th column and exchanging the j-th column by the
maximum of j-th and k-th columns.

Notation 2.2. Let A € M,, ,(X), « C {1,...,m}and 8 C {1,...,n}. By A(a|B) we
denote the matrix obtained from A by removing rows with indexes from « and columns
with indexes from . By A[«|5] we denote the submatrix of A located on intersection of
rows with indexes from « and columns with indexes from /3. We will write shortly A(|1,2)
instead of A({}|{1,2}) etc.

Our main goal in this section is to present the notion of convolution with the help of
graphs. Let ' = T'(V, W, E) be a simple bipartite graph with V' U W as the set of vertices
and E as the set of edges. Write V' = {vy,..., v} and W = {wy,...,w,}. We say
that matrix A € M,, ,,(0, 1) is biadjacency matrix of I if the following holds: a;; = 1 if
and only if {v;, w;} € E. Thus |V| is equal to the number of rows in A and |W| is equal
to the number of columns in A. The number of edges of a vertex v is a valency of this
vertex. Since we study square (0, 1)-matrices we will consider only bipartite graphs with
V| = |Wl.

Remark 2.3. Let ' = I'(V, W, E) be a simple bipartite graph and A € M, (0, 1) its biad-
jacency matrix. Then permutation of rows of A corresponds to renumbering of vertices in
V', permutation of columns of A corresponds to renumbering of vertices in W and transpo-
sition of A corresponds to exchange of sets V' and W. Thus these transformations do not
change the structure of the graph.

Suppose that convolution can be applied to a matrix A € M, (0, 1), i.e., suppose A
has a row with exactly two nonzero entries. By Remark 2.3 we can assume that A has
two positive elements a1; and a1 in the first row and S(A) is a convolution of A by the
first row. Let A be biadjacency matrix of I' = I'(V, W, E), see Figure 1(a), and S;(A) be
biadjacency matrix of I'y, see Figure 1(b).

U3 on () U3 V4

.. M. B & . & Bec

S A
o |/

\
':""o e o 0 0 0 0 0 0 o J. o o 0 0 0 0 0 0 o
w1 Wa w2
(a) the original graph (b) the result of convolution

Figure 1: Convolution.
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Lemma 24. Let A € M, (0,1). Let the first row of A has exactly two non-zero entries
a11, a12, and let S1(A) be the convolution of A. Then bipartite graph 'y with biadja-
cency matrix Sy(A) is constructed from bipartite graph T with biadjacency matrix A by
the following steps:

(1) Vertices v, and w1 are removed.

(2) Every edge in T of the form {xz,w; } for x € {va,...,v,} is replaced by an edge in
T’y of the form {x, w2} .

Proof. To obtain S;(A) from A the following transformations are done.

1. The first row and the first column of A are removed. Thus vertices v; € V and
w1 € W are removed from I'.

2. Since A(1]1,2) = S1(A4)(]1) the corresponding subgraphs in I and I'; coincide.

3. In S;(A) elements of the first column are represented by max(a;1, a;2), where ¢ =
2,...,n. Since we consider (0, 1)-matrices there are four possible options.

3.1. Suppose a;; = a;2 = 0. Then max(a;1,a;2) = 0 and no edges in I" and I’y
correspond to these entries of A and S;(A).

3.2. Suppose a;; = 1 and a;2 = 0. Then there is an edge {v;, w1} in T'. Since
max(a;1, a;2) = 1 this edge in Ty is replaced by {v;, wo}. For ¢ = 2 this case
is represented in Figure 1(a) for I" and in Figure 1(b) for I'; by dash-dotted
edges.

3.3. Suppose a;; = 0 and a;2 = 1. Then there is an edge {v;, w2} in T'. Since
max(a;1, a;2) = 1 this edge remains also in I'y. For ¢ = 4 this case is repre-
sented in Figure 1(a) for I' and in Figure 1(b) for I'; by dotted edges.

3.4. Suppose a;; = a;z = 1. Then there are edges {v;, w1} and {v;, wy} in T.
Since max(a;1, a;2) = 1 these edges are replaced by the edge {v;, wa} in T'y.
For 7 = 3 this case is represented in Figure 1(a) for I' and in Figure 1(b) for I';
by dashed edges. In this case we will say that edges are merged. 0

3 Main result

We will use the following results obtained in [2].

Theorem 3.1 ([2, Theorem 3.6]). Let A € M,,(0,1). Let the first row of A have exactly two
nonzero entries a1 and a12, and let S1(A) be the convolution of A. Then A is convertible
if and only if S1(A) is convertible.

Theorem 3.2 ([2, Theorem 3.8]). Let A € M, (0, 1) be a fully indecomposable matrix with
at most 2n + 2 positive entries. Then A is convertible.

Now we prove that the convolution of a fully indecomposable matrix is fully indecom-
posable.

Lemma 3.3. Let A € M, (0,1). Let the first row of A have exactly two nonzero entries
a11 and aya, and let S1(A) be the convolution of A. Let A be fully indecomposable. Then
S1(A) is fully indecomposable.
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Proof. Assume on the contrary that S7(A) is partially decomposable. Then there exists a
k x (n —k — 1) zero submatrix B = S1(A)[i1,...,ik|j1,- -+, Jn—k—1] forsome 1 < k <
n—2andsome iy < --- < i and j; < --- < jp—_k—1. We consider two cases depending
on whether B includes the first column of Sy (A) or not.

1. Suppose j; > 1. Since A(1]1,2) = S1(A)(|1) then B is a submatrix of A as well,
ie,B=Ali1+1,...,i+1j1+1,...,Jn—k—1+1]. Since a; ; = 0 for I > 2 and
since j; + 1 > 2 it follows that A[1,i; +1,...,ix+1|j1+1,...,jn—k—1+ 1] isa
(k+1)x (n—k—1) zero submatrix. So A is partially decomposable, a contradiction.

2. Suppose ji = 1. Let S1(A) = (s;5). Since 0 = s;,,1 = max(a;,+1,1, @i, +1,2) for
any [ =1,...,kitfollowsthat Ali; +1,...,ix + 11,51 +1,...,dn—k—1 + 1] isa
k x (n — k) zero submatrix. So A is partially decomposable, a contradiction. O

The following example shows that the converse does not hold, i.e., if S1(A) is fully
indecomposable, then A is not necessarily a fully indecomposable.

Example 3.4. The matrix A, defined below, is partially decomposable while S; (A) is fully
indecomposable.

oo o
e
=== O
=== O

Notation 3.5. Let A € M,,(0,1). By v(A) we denote the number of positive entries of A.
By Ji € M(0,1) we denote the k-by-k matrix with all entries equal to 1.

Lemma 3.6. Let A € M,,(0,1), n > 3, be a fully indecomposable nonconvertible matrix
with v(A) = 2n+ 3. Then the convolution can be applied recursively to obtain J3. On step
k of the process we obtain fully indecomposable, nonconvertible matrix of order (n — k)
with 2(n — k) + 3 positive entries.

Proof. By Remark 1.4 in each row of A there are at least two positive elements. Since
v(A) = 2n + 3 by Pigeonhole principle there is a row in A with exactly 2 positive entries.
With no loss of generality these entries are a1 and a12. Since the convolution S; removes
the first row of A it follows that v(S1(A)) < 2(n — 1) + 3. By Theorem 3.1, S1(A) is
nonconvertible and by Lemma 3.3, S;(A) is fully indecomposable. Thus by Theorem 3.2,

v(S1(A)) > 2(n—1)+ 3.
Combining both inequalities we obtain v(S7(A4)) = 2(n — 1) 4+ 3 and matrix S;(A)
meets all the conditions of this lemma. Repeating the arguments n — 3 times we obtain J3.
O

Lemma 3.7. Let A € M, (0,1), n > 3, be a fully indecomposable nonconvertible matrix
with v(A) = 2n + 3 and with exactly two positive entries a11 = a2 = 1 in the first row.
Let A and S1(A) be the biadjacency matrices of bipartite graphs T" and T'1, respectively.
Then T’y is constructed from I" without merging edges.

Proof. Suppose the edges {x,w;} and {x, ws} of I are merged by convolution. It means
that there is ¢ > 1 such that a;; = a;2 = 1. These two positive entries are replaced by
one in matrix S1(A). Thus v(S1(A)) < 2n+ 3 — 3 = 2(n — 1) 4 2, which contradicts
Lemma 3.6. O
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Lemma 3.8. Ler A € M, (0,1), n > 3, be a fully indecomposable nonconvertible matrix
with v(A) = 2n + 3. Then in A there are n — 3 columns (rows) with exactly two positive
entries and 3 columns (rows) with exactly three positive entries.

Proof. By Remark 1.4 in each row of A there are at least two positive entries. By Lem-

ma 3.6 we can construct sequence of n— 3 convolutions to obtain matrix JJ3. By Lemma 3.7

there are no merges of edges, hence after applying a convolution the number of positive
entries in non-deleted rows does not change.

To prove the statement for columns we transpose the matrix and repeat our arguments.

O

A chain of three edges is any sequence of edges of the form {a, vy}, {v1, va}, {ve, b}
which constitute a path of length 3 for some vertices a, v1, v, b.

Lemma 3.9. Ler A € M, (0,1), n > 3, be a fully indecomposable nonconvertible matrix
with v(A) = 2n + 3 and with exactly two positive entries a1 = a12 = 1 in the first
row. Then the first or the second column (or both) contains exactly two nonzero entries.
Moreover, suppose the first column of A contains exactly two nonzero entries and let A and
S1(A) be the biadjacency matrices of bipartite graphs T' and Ty, respectively. Then T'y is
obtained from I by replacing a chain of three edges by a single edge and deleting the two
intermediate vertices of this chain.

Remark 3.10. No generality is lost in assuming that first column contains exactly two
nonzero entries — we can always swap the first two columns to achieve this.

Remark 3.11. Conversely, under the assumptions and notations of Lemma 3.9, I' is ob-
tained from I'; by subdividing an edge with two additional vertices. Note that this proce-
dure preserves bipartiteness of graphs.

Proof of Lemma 3.9. By Lemma 3.8 in each column of A there are either 2 or 3 positive en-
tries. Since permutation of columns does not change the structure of the graph we consider
three cases.

1. Suppose that in the first and in the second columns of A there are three positive en-
tries. By Lemma 3.7 no edges were merged in S1(A). Thus there are four positive
entries in the first column of S;(A). Note that by Lemma 3.6, S1(A) is fully inde-
composable nonconvertible matrix of order n — 1 and v(S1(4)) = 2(n — 1) + 3,
so by Lemma 3.8 in each column of S;(A) there are at most three positive entries, a
contradiction.

2. Suppose there are two and three positive entries in the first and in the second column
of the matrix. With no loss of generality we can permute columns of the matrix to
obtain two positive entries in the first column and three positive entries in the second
column. By Lemma 3.7 no edges are merged thus a;1a,20 = 0 for any 7 > 2. We
may assume that a;; = ag; = 1 in the first column and a1 = ags = aq2 =
1 in the second column. The structure of the graph is represented in Figure 2(a).
By Lemma 2.4 convolution S;(A) remove vertices v and w; and edges {vy,w;}
and {v1,wz} and the edge {vq, wy } is replaced by the edge {va,ws}. The resulted
graph is represented in Figure 2(b). The removed elements of I' are represented by
dotted edges (Figure 2(a)) the added element of I'; are represented by dashed edge
(Figure 2(b)). Thus the chain {ws,v1}, {v1, w1}, {w1, v2} is replaced by the edge
{wa, v2} to obtain graph I'y. The lemma is proved in this case.
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Figure 2: Convolution of matrix with 3 positive entries in 1st column and 2 positive entries
in 2nd column.

3. Suppose there are two positive entries in the first column and two positive entries in
the second column. By Lemma 3.7 no edges are merged thus a;;a;,2 = 0 for any
1 > 2. We may assume that a1; = ag; = 1 in the first column and a2 = ags = 1
in the second column. The structure of the graph is represented in Figure 3(a). By
Lemma 2.4 convolution S7(A) remove vertices v; and w; and edges {v1,w; } and
{v1, w2} and the edge {va, w1 } is replaced by the edge {v2, w2 }. The resulted graph
is represented in Figure 3(b). Thus the chain {wa,v1}, {v1, w1}, {w1,v2} (dotted
edges, Figure 3(a)) is replaced by the edge {w2,v2} (dashed edge, Figure 3(b)) to

obtain graph I'y. The lemma is proved. O
U1 V2 V3 (%] V3
Q . . e o o o o . . e o o o o
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w1 w2 w2
(a) the chain before convolution is marked by the (b) the same chain after convolution
dotted edges is the dashed edge

Figure 3: Convolution of matrix with 2 positive entries in 1st column and 2 positive entries
in 2nd column.

Lemma 3.12. Let T" be a graph obtained from the bipartite graph I'1 by subdividing one
or more its edges with even number of points. Let A(T'1) and A(T") be the corresponding
biadjancency matrices. If A(T'1) is fully indecomposable then same holds for A(T).

Proof. We use the notation from the proof of Remark 3.11. It suffices, by induction, to
consider the case when I' is obtained from I'; by subdividing only one of its edges with two
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vertices. Without loss of generality we may assume that the subdivided edge is {v1, w1}
and that we are adding vertices vy, wg. Then, the matrix corresponding to I" has the form

wo 1 1 0 0
A= w2 | 0 Kk Kk *
w, | 0 Sk Sk ... Kk

where % denote the entries of the biadjacency matrix A(T';). It follows from Remark 1.3
that A(T") is fully indecomposable if and only if it does not contain a zero block of size
p X (n+1—p) for some p = 1,...,n where n + 1 is the size of A(T"). Now, by the
induction, the n x n matrix A(T';) is fully indecomposable so it does not contain a zero
block of size 1 x (n — 1). It follows that the (n + 1) x (n + 1) matrix A(T") has at least
two ones in each row, i.e. has no zero block of size 1 x n. The first row of A(I") contains
n— 1 zeros. However, at the corresponding columns (2)—(n+ 1) (the starting column being
indexed by 0), the other rows of A(T") consists of elements of A(I';) so cannot have n — 1
zero entries. That is, A(T") does not contain a zero block of size 2 X (n — 1). Likewise
we see that inside columns (3)—(n) the matrix A(I';) does not contain a zero 2 x (n — 2)
which implies that A(T") contains no 3 x (n — 2) block. Proceed inductively to deduce that
A(T") contains no zero p x (n + 1 — p) block. Hence, A(T') is fully indecomposable. I

Theorem 3.13. Ler A € M, (0,1), n > 3, be a fully indecomposable nonconvertible
matrix with v(A) = 2n + 3. Let ' = T'(V,W, E) be a simple bipartite graph with A
as its biadjacency matrix. Then up to renumbering of vertices, I has the following three
properties.

(1) Vertices v;, wj, where i,j € {1,2,3}, have valency 3, and every other vertex has
valency 2.

(2) Ifi,j € {1,2,3} and {v;, w;} ¢ E, then there is a unique path connecting v; to w;
whose intermediate vertices are all of valency 2.

(3) The graph is connected.

Remark 3.14. The disjoint union of a complete bipartite graph and an even cycle K3 3 +
Ca,,—¢ satisfies all the assumptions of Theorem 3.13 except the third item. This graph is
not a biadjacency graph of fully indecomposable n-by-n matrix with 2n + 3 units.

Proof. By Lemma 3.6 there is a sequence of n — 3 convolutions to obtain matrix JJ3 from
A. Matrix J3 is a biadjacency matrix of a complete bipartite graph K3 5. This graph fulfills
the conditions of the theorem. Let us reverse these convolutions to obtain graph I'. Note
that by Remark 3.11 on each reverse step the resulted graph is bipartite.

By Lemma 3.9 each convolution replaces a chain of three edges by a single edge. Thus
the reverse operation will add two vertices with valency 2 and replace a single edge by a
chain of three edges, hence the valencies of vertices which were added on the previous steps
do not change. Thus Condition (1) of the theorem is satisfied after each reverse operation.

All edges in the graph K3 3 can be represented as a chain of length 1 from vertex
v; to vertex w;. Thus each reverse operation replaces a single edge by a chain of three
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edges whose both intermediate vertices are of valency 2 in some chain of edges. Obviously
this operation preserves chains of edges from v; to w;, where 7,5 € {1,2,3}, possibly
extending a length of one of these chains by 2. Thus Conditions (2) and (3) are satisfied.

O

Remark 3.15. With the help of Remark 3.11 and Lemma 3.12 we can formulate Theo-
rem 3.13 also in the following way. A bipartite graph I" corresponds to a fully indecompos-
able nonconvertible biadjacency matrix A with v(A) = 2n + 3 if and only if I" is obtained
from K3 3 by subdividing each edge with an even number of vertices (possibly 0).

Recall that if two matrices are the same modulo permutations of rows/columns and
transposition, then their biadjacency graphs are isomorphic. Conversely, assume the bi-
adjacency graphs I'; and I's of two fully indecomposable nonconvertible n-by-n matrices
Ay, As € M, (0, 1) with 2n 4 3 units are isomorphic. The two graphs are bipartite having
two maximum sets of independent vertices V; and W;. Their graph isomorphism must ei-
ther map V1 bijectively onto V5 and W bijectively onto W, or it maps V3 bijectively onto
W, and W bijectively onto Va. The first case corresponds to permuting rows/columns of
matrix A; to obtain A, while the second case composes this with transposition.

Therefore, the cardinality of the set 2 of equivalent classes of fully indecomposable
nonconvertible matrices A € M,, (0, 1) with v(A) = 2n+ 3, modulo permutations of rows,
columns, and transposition, equals the number of pairwise nonisomorphic graphs, obtained
from K3 3 by subdividing each edge with an even number of vertices (possibly 0) such that
in total we place additional 2(n — 3) vertices.

Theorem 3.16. Up to a permutation of rows and columns and up to a transposition, any
Sully indecomposable nonconvertible matrix A € M, (0,1) with v(A) = 2n + 3 can be
described by a matrix C € Ms(Z..), such that the sum of elements of C is n — 3.

Proof. In the proof of Theorem 3.13 it is was shown that any bipartite graph I' with a fully
indecomposable nonconvertible biadjacency matrix A € M,,(0,1), ¥(A) = 2n + 3, can be
constructed by a sequence of n — 3 replacements of a single edge by a chain of three edges.
Thus for a full description of I' we must define lengths of chains from v; to w;, where
1,7 € {1,2,3}. Each chain has length 2k + 1, where k& > 0 is a number of times when an
edge from this chain was replaced by a chain of three edges. Equivalently, it is a number of
convolutions that modified this chain. By Lemma 3.6 total number of convolutions to obtain
K33 from I' is n — 3. It follows that I' can be described by 9 numbers k;, ¢ € {1,...,9},
such that Z?Zl ki=n—3.

Let us arrange these numbers in a matrix C' = (¢;;) € M3(Z4) such that ¢;; is equal
to a number of convolutions corresponding to a chain from v; to w;. Permutation of rows
(columns) is equivalent to renumbering of vertices v;, i € {1,2,3} (w;, ¢ € {1,2,3}).
Transposition of C'is equivalent to a permutation of sets of vertices V and W of a graph I'.
Thus the structure of I' does not change and the theorem is proved. O

Example 3.17. For n = 7 there are 16 not equivalent nonconvertible (0, 1)-matrices with
2n + 3 ones. They are described by the following nonnegative integer matrices with the
sum of elements equal to 4.

4 0 0 310 3 00 2 20
0 0 O 0 0 O 01 0 0 0 O
0 0 O 0 0 O 0 0 O 0 0 O
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2 00 2 11 2 10 2 10
0 2 0 0 0 O 0 0 1 0 1 0
0 0 O 0 0 O 0 0 O 0 0 O
210 2 00 2 0 0 1 11
1 00 011 010 1 00
0 0 0 0 00 0 01 0 0 0
1 10 1 10 1 10 1 1 0
011 1 10 010 0 01
0 0 0 0 0 01 0 0 1
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Abstract

We determine the 26 families of irreducible polyhedral quadrangulations of the projec-
tive plane under three reductions called a face-contraction, a 4-cycle removal and a 23-path
shrink, which were first given by Batagelj in 1989. Every polyhedral quadrangulation of the
projective plane can be obtained from one of them by a sequence of the inverse operations
of the reductions.

Keywords: Quadrangulation, projective plane, generating theorem.

Math. Subj. Class.: 05C10

1 Introduction

A quadrangulation (resp., triangulation) of a closed surface is a simple graph cellularly
embedded on the surface so that each face is quadrilateral (resp., triangular); in particular,
a 2-path on the sphere is not a quadrangulation in this paper. It is known that every quadran-
gulation G of any closed surface is 2-connected and hence the minimum degree of G is at
least 2. For quadrangulations of closed surfaces, we introduce typical three reductional op-
erations called a face-contraction, a 4-cycle removal and a 23-path shrink, which were first
given by Batagelj [2]. (See Figure 1. For a formal definition, see the next section.) In this
paper, we call the above three operations P-reductions, while call the inverse operations
P-expansions.

A quadrangulation of a closed surface is irreducible if no face-contraction is applicable
without making a loop or multiple edges. In [20], it was proved that a 4-cycle is the unique
irreducible quadrangulation of the sphere, and that there exist precisely two irreducible
quadrangulations of the projective plane which are the unique quadrangular embeddings
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Figure 1: P-reductions.

of K, and K3 4 on the projective plane, respectively (see Figure 2). The irreducible quad-
rangulations of the torus and the Klein bottle had also been determined in [15] and [14],
respectively.

Figure 2: Irreducible quadrangulations of the projective plane where antipodal points of
the hexagon and the octagon are identified respectively.

There are some results of quadrangulations of closed surfaces with some conditions.
Batagelj [2] proved that any 3-connected quadrangulation on the sphere can be deformed
into a cube by a sequence of P-reductions preserving 3-connectedness. However his proof
contained a small mistake, and Brinkmann et al. [3] pointed out it and gave a corrected
proof. Observe that a 3-connected quadrangulation of the sphere corresponds to a 4-regular
3-connected graph on the same surface by taking its dual. Broersma et al. [4] considered
the same problem of the dual version with weaker conditions than Brinkmann et al. [3].
Nakamoto [17] discussed quadrangulations with minimum degree 3 and proved that any
quadrangulation of the sphere (resp., the projective plane) with minimum degree 3 can be
deformed into a pseudo double wheel (resp., a Mobius wheel or the unique quadrangular
embedding of K3 4 on the projective plane) by a sequence of face-contractions and 4-cycle
removals, preserving the minimum degree at least 3. Brinkmann et al. [3] also proved the
same result only on the sphere using a restricted face-contraction. Furthermore, the results
in [13] implies that every 3-connected quadrangulation of a closed surface 2 except the
sphere can be reduced into one of irreducible quadrangulations of F'? by P-reductions,
preserving the 3-connectedness. In addition, the recent study [25] discussed another reduc-
tional operation defined for 3-connected quadrangulations of closed surfaces.
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Let G be a graph embedded on a non-spherical closed surface F'2. The representativity
of G, denoted by r(G), is the minimum number of intersecting points of G and -y, where -y
ranges over all essential simple closed curves on the surface. A graph G embedded on F2
is r-representative if r(G) > r (see [22] for the details). A graph G embedded on a closed
surface F'2 is polyhedral if G is 3-connected and 3-representative. For example, each of
two quadrangulations in Figure 2 is 3-connected but not polyhedral since these embeddings
have representativity 2. Observe that all facial walks in a polyhedral embedded graph G
are cycles, and any two of them are either disjoint, intersect in one vertex, or intersect in
one edge. From such a point of view, polyhedral embedded graphs are frequently regarded
as “good” embeddings in topological graph theory (see e.g., [8, 9, 10, 11]); note that ev-
ery simple triangulation of a closed surface is polyhedral, while simple quadrangulations
are not necessarily so. Furthermore, it is known that there is one to one correspondence
between the set of polyhedral quadrangulations of a nonspherical closed surface F? (resp.,
3-connected quadrangulations of the sphere) and the set of optimal 1-embeddings of F?
(resp., optimal 1-planar graphs of the sphere, see [5, 6, 12, 21, 23, 24] for definitions and
some results).

A face f = wovivpvs of a polyhedral quadrangulation G of F? is P-contractible (or
simply contractible) if a face-contraction at either {vg, v2} or {v1,v3} results in another
polyhedral quadrangulation of the same surface. Similarly, we define “P-removable (or
simply removable)” and “P-shrinkable (or simply shrinkable)” for a 4-cycle C' and a 2-
path P, both of which are induced by vertices of degree 3, respectively. A polyhedral
quadrangulation G of F? is P-irreducible if G has none of a contractible face, a removable
4-cycle and a shrinkable 2-path. The following is our main theorem in this paper. In the
figures, to obtain the projective plane, identify antipodal pairs of points of each hexagon or
octagon.

Theorem 1.1. There are precisely 26 families of P-irreducible quadrangulations of the
projective plane presented in Figures 8, 11 and 16. Every polyhedral quadrangulation of
the projective plane can be obtained from one of them by a sequence of P-expansions.

This paper is organized as follows. In the next section, we define basic terminology and
reductional operations for quadrangulations. In Section 3, we show some lemmas to prove
Theorem 1.1. In Section 4, we determine inner structures of 2-cell regions bounded by 4,
5 or 6-cycles of P-irreducible quadrangulations. Furthermore in Section 5, we consider
ones bounded by several 6 or 8-walks. Before proving the main theorem, we classify P-
irreducible quadrangulations with attached cubes into five types in Section 6. The last
section is devoted to prove Theorem 1.1.

2 Basic definitions

We denote the vertex set and the edge set of a graph G by V(G) and E(G), respectively.
A k-path (resp., k-cycle) in a graph G means a path (resp., cycle) of length k. (We define
the length of a path (or cycle) by the number of its edges.) We say that S C V(G) is a cut
of a connected graph G if G — S is disconnected. In particular, S is called a k-cut if S is a
cut with |S| = k. A cycle C of G is separating if V(C) is a cut.

Let G be a graph 2-cell embedded on a closed surface F2. That is, each connected
component of 2 — (3 is homeomorphic to an open 2-cell (or an open disc), which is called
a face of G. We denote the face set of G by F'(G). A facial cycle C of a face f is a cycle
bounding f in G;i.e., C = 0f. Furthermore in our argument, we often discuss the interior
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of a 2-cell region D bounded by a closed walk W of G, i.e., W = 0D, which contains some
vertices and edges. (Note that a 2-cell region implies an “open” 2-cell region in this paper.)
Then, D (resp., f) denotes a closure of D (resp., f),i.e., D = DUJD (resp., f = fUOf).
Let f1,..., fx denote the faces of G incident to v € V(G) where deg(v) = k. Then, the
boundary walk of f; U - -- U fj, is the link walk of v and denoted by lw(v). Clearly, lw(v)
bounds a 2-cell region containing a unique vertex v.

A simple closed curve y on a closed surface F? is trivial if -y bounds a 2-cell on F2, and
~ is essential otherwise. Furthermore, vy is surface separating if F> —  is disconnected.
Clearly, a trivial closed curve on F? is always separating, whereas an essential one is either
separating or not. We apply these definitions to cycles of graphs embedded in the surface,
regarding them as simple closed curves. It is an important property of the projective plane
that any two essential simple closed curves are homotopic to each other.

Let G be a quadrangulation of a closed surface F'? and let f be a face of G bounded
by a cycle vgvivevs. (For brevity, we also use the notation like f = vgvivovs.) The
face-contraction of f at {vp,v2} in G is to identify vy and ve, and replace the two pairs
of multiple edges {vov1,vov1} and {vovs, vov3z} with two single edges respectively. In
the resulting graph, let [vgvs] denote the vertex arisen by the identification of vy and vs.
See the left-hand side of Figure 1. The inverse operation of a face-contraction is called a
vertex-splitting. If the graph obtained from G by a face-contraction is not simple, then we
do not apply it.

Let G be a quadrangulation of a closed surface F?, and let f be a face of G bounded
by vouivovs. A 4-cycle addition to f is to put a 4-cycle C' = uguiusug inside f in G
and join v; and w; for each ¢ € {0,1,2,3}. The inverse operation of a 4-cycle addition is
called a 4-cycle removal (of C'), as shown in the center of Figure 1. We call the subgraph
H isomorphic to a cube with eight vertices u;, v; for i € {0,1,2, 3} an attached cube. We
denote O(H) = vgv1v9v3, and we call C' an attached 4-cycle of H.

As mentioned in the introduction, there exist some results of 3-connected quadrangu-
lations (or quadrangulations with minimum degree 3) of closed surfaces; see [2, 3, 13, 17]
for example. In those results, the 4-cycle removal is necessary by the following reason: Let
G denote the resulting graph obtained from a 3-connected quadrangulation G of a closed
surface by applying 4-cycle additions to all faces of G. Clearly G is 3-connected, however
we cannot apply any face-contraction to G without making a vertex of degree 2.

In [3, 17], pseudo double wheels Wy (k > 3) and a Mobius wheels W2k—1 (k > 2) are
treated as minimal quadrangulations of the sphere and the projective plane, respectively;
for their formal definitions, see [17]. However, the following third reduction can reduce a
pseudo double wheel Wy, (kK > 4) into Wy(x—1)- Thatis, Way, can be deformed into a cube
by k — 3 such reductions.

Assume that a polyhedral quadrangulation G of a closed surface £ has a vertex u of
degree 3. (Every 3-connected quadrangulation of either the sphere or the projective plane
has such a vertex of degree 3, by Euler’s formula.) Let vgv; - - - v5 be a 6-cycle bounding a
2-cell region D on F2, which contains a unique vertex u and we assume that vy, v and vs
are neighbors of u. The 23-vertex splitting of u is the expansion of G, defined as follows:

(i) Delete u and the three edges incident to wu.

(i1) Puta 2-path ugu;us into the interior of D and add edges ugvy, ugvs, u1vg, ugvs and
U2Vs5.



Y. Suzuki: Generating polyhedral quadrangulations of the projective plane 157

Note that each of ug, u; and ug has degree 3 in the resulting graph. The inverse operation of
a 23-vertex splitting is called a 23-path shrink, as shown in the right-hand side of Figure 1.

Similarly to the case of 4-cycle removals, it is not difficult to see that 23-path shrinks
are necessary, when considering P-irreducible quadrangulations; replace an attached cube
with a graph having a long path consisting of vertices of degree 3 under some conditions.
Now, we have defined all the operations in the paper. Note that all of them preserve the
bipartiteness of quadrangulations of closed surfaces.

3 Lemmas

To prove our main theorem, we show some lemmas which state properties of polyhedral
(P-irreducible) quadrangulations of closed surfaces. We first give the following proposition
which is however clear by the definition of polyhedral quadrangulations.

Proposition 3.1. A polyhedral quadrangulation has no vertex of degree 2.

The following holds not only for quadrangulations but also for even embeddings of
closed surfaces F'2, that is, a graph on F? with each face bounded by a cycle of even
length. Taking a dual of an even embedding and using the odd point theorem, it is easy to
show the following.

Lemma 3.2. An even embedding of a closed surface has no separating closed walk of odd
length.

The length of two cycles in an even embedding of a closed surface F'? have the same
parity if they are homotopic to each other on F2 (see [1, 7, 16]). Furthermore, it is well-
known that any two essential closed curves on the projective plane are homotopic to each
other, and hence the following holds.

Lemma 3.3. The length of two essential cycles in an even embedding of the projective
plane have the same parity.

When classifying P-irreducible quadrangulations in the latter half of the paper, we
focus on whether such a quadrangulation is bipartite or non-bipartite.

Lemma 3.4. If a quadrangulation G of the projective plane admits an essential cycle of
even (resp., odd) length, then G is bipartite (resp., non-bipartite).

Proof. If G admits an essential cycle of even length, then every essential cycle of G has
even length by the previous lemma. Of course, all trivial cycles of G is separating and
hence have even length by Lemma 3.2. Therefore, G is bipartite. O

We denote the set of vertices of a graph G with degree i by V;(G) (or simply V;). In
this paper, we often focus on the subgraph of G induced by V3, and denote it by (V3)¢. In
[17], the following lemma was proved.

Lemma 3.5. Let G be a quadrangulation of a closed surface F* with minimum degree at
least 3 and assume that (V3) G contains a cycle C of length k. Then k > 3 and one of the
followings holds;

(i) if k = 4, then G is a cube on the sphere or C'is an attached 4-cycle of an attached
cube in G,
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(ii) if k is odd, then G is a M&bius wheel W, on the projective plane,
(iii) if k is even and at least 6, then G is a pseudo double wheel Wy, on the sphere.

Let G be a quadrangulation of a closed surface F2 and let f = wovivvs be a face
of G. Then a pair {v;,v;42} is called a diagonal pair of f in G for each i € {0,1}.
A closed curve v on F? is a diagonal k-curve for G if  passes only through distinct
faces fo,..., fr—1 and distinct k vertices xg, ..., xr_1 of G such that for each 4, f; and
fit1 share x;, and that for each i, {x;_1,x;} forms a diagonal pair of f; of G, where the
subscripts are taken modulo k. Furthermore, we call a simple closed curve v on F2 a semi-
diagonal k-curve if in the above definition {x;_1,x;} is not a diagonal pair for exactly one
i; note that x;_1z; is an edge of Jf; in this case.

Lemma 3.6. Let G be a quadrangulation of a closed surface F? with a 2-cut {x,y}. Then
there exists a surface separating diagonal 2-curve for G only through x and y.

Proof. Observe that every quadrangulation of any closed surface F? is 2-connected and
admits no such closed curve on F'2 crossing ¢ at most once. Thus there exists a surface
separating simple closed curve  on F'? crossing only  and y, since {z,y} is a cut of G.
We shall show that v is a diagonal 2-curve. Suppose that v passes through two faces
f1 and f> meeting at two vertices = and y. If -y is not a diagonal 2-curve, then x and y are
adjacent on df; or df2. Since G has no multiple edges between = and y, and since {z, y}
is a 2-cut of G, we may suppose that = and y are adjacent in 0 f1, but not in 0 f2. Here we
can take a separating 3-cycle of G along . This contradicts Lemma 3.2. O

Lemma 3.7. Let G be a 3-connected quadrangulation of a closed surface F?, and let
f = wovivavs be a face of G. If the face-contraction of f at {vg,ve} violates the 3-
connectedness of the graph but preserves the simplicity, then G has a separating diagonal
3-curve passing through vo, vo and another vertex v € V(G) — {vg,v1, v, v3}

Proof. Let G’ be the quadrangulation of F'2 obtained from G by the face-contraction of
f at {vg,va}. Since G’ has connectivity 2, G’ has a 2-cut. By Lemma 3.6, G’ has a
separating diagonal 2-curve ~' passing through two vertices of the 2-cut. Clearly, one of
the two vertices must be [vgvs] of G’, which is the image of vy and vy by the contraction
of f; otherwise, G would not be 3-connected, a contradiction. Let = be another vertex of
G’ on v/ other than [vgvs]. Note that « is not a neighbor of [vgvs] in G”.

Now apply the vertex-splitting of [vgvs] to G’ to recover G. Then a diagonal 3-curve
for G passing through only vg, v2 and z arises from ' for G'. [

Lemma 3.8. Ler G be a 3-representative quadrangulation of a non-spherical closed sur-
face F? and let f = vov1v2v3 be a face of G. If the face-contraction of f at {vo,vo} yields
another quadrangulation with representativity at most 2 but preserves the simplicity, then
G has either an essential diagonal 3-curve or an essential semi-diagonal 3-curve, which
passes through vy, v2 and another vertex x € V(G) — {vg,v1, v2,v3}.

Proof. Let G’ be the quadrangulation of the non-spherical closed surface F'? obtained from
G by a face-contraction of f at {vg, vo}. If the representativity of G’ is at most 1, then G
would have an essential simple closed curve crossing with G at most twice, contrary to
G being 3-representative. Thus G’ has representativity 2 and hence G’ admits either an
essential diagonal 2-curve or an essential semi-diagonal 2-curve. Similarly to Lemma 3.7,
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one of the two vertices passed by the curve must be [vgv2] of G’ and G has an essential
diagonal (resp., semi-diagonal) 3-curve when the former (resp., the latter) case happens.
O

The following lemmas show properties of P-irreducible quadrangulations of non-sphe-
rical closed surfaces. To simplify our statements, we suppose that G represents a P-
irreducible quadrangulation of a non-spherical closed surface F'? hereafter in this section.

Lemma 3.9. If G has a 4-cycle C' = vgvivavs bounding a 2-cell region D, then there is
no face f of G in D such that one of the diagonal pairs of f is {vo, va} or {v1,v3}.

Proof. Suppose, for a contradiction, that G has a 4-cycle C' = vgv;v2v3 bounding a 2-cell
region D and a face f bounded by av;cvs in D. We assume that D contains as few vertices
of i as possible. We denote the subgraph of G in D by H; note that H can be regarded as
a quadrangulation of the sphere.

Since C'is separating, we have 0f # C. Furthermore, G is P-irreducible and hence f
is not P-contractible at {a, c}. If the face-contraction at {a, c} breaks the simplicity of the
graph, then G has edges {az, cz} for ¢ € V(G) — {v1,v3}. (Clearly, it does not have a
loop.) If z € V(G) — V(H), we would have 0f = C, contrary to our assumption. Thus,
we may assume that x is either vy or vo, now say vg; observe that vy # a, ¢ in this case.
Now G would have an edge avg (or cvg) and it contradicts Lemma 3.2.

By the above argument, the face-contraction at {a,c} does not break the simplicity,
hence it breaks the 3-connectedness or the property of representativity at least 3. That is,
we find either a surface separating diagonal 3-curve or an essential diagonal 3-curve (or an
essential semi-diagonal 3-curve) passing through f and {a, ¢} by Lemmas 3.7 and 3.8. In
each case, if {a,c} N {vg,v2} = 0, then f could not be passed by such a diagonal curve.
Therefore we may suppose that a = vg and ¢ # vs.

By Lemma 3.2 again, there is not an edge joining ¢ and vo. Thus, we can find a face
f" of H one of whose diagonal pairs is {c, v2}. Let C’ be the 4-cycle v1vzvzc of G. Since
deg(c) > 3, we have 0f’ # C'. Therefore, C’ and f’ are a 4-cycle and a face which satisfy
the assumption of the lemma, and moreover, C’ can cut a strictly smaller graph than H
from G. Thus, this contradicts the choice of C. O

Lemma 3.10. Let f = vovivavs be a face of G. If the face-contraction of f at {vg,va}
breaks the simplicity of the graph, then there is a vertex x € V(G) — {v1, vs} adjacent to
both of vy and vs such that vov1 v is an essential 4-cycle in G. In particular, if F? is the
projective plane, then G is bipartite.

Proof. First, assume that the face-contraction yields a loop. Then, we have vgvs € E(G).
By Lemma 3.2, vyv;v2 should be an essential 3-cycle. However, we would find an essential
simple closed curve intersecting G at only vy and vo, contrary to G being 3-representative.

Therefore, we may assume that the face-contraction yields multiple edges. Under the
conditions, there should be a vertex = € V(G) — {vg, v1,v2,v3} which is adjacent to both
of vy and wvy. If a 4-cycle vouyvox is trivial and bounds a 2-cell region D, then D and f
would satisfy the conditions of Lemma 3.9, a contradiction. Therefore vyv;vez should be
essential. If F'2 is the projective plane, then G is bipartite by Lemma 3.4. O

Lemma 3.11. If G has a trivial diagonal 3-curve =y, then the disc bounded by ~ contains
the unique vertex, which has degree 3.
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Proof. Suppose that -y passes through three vertices {vg, v1, v2 } and three faces { fo, f1, f2}
where each f; is bounded by v;a;v;41b; so that the 6-cycle vobyv1biv2bs bounds a 2-cell
region D including f; and a; for i € {0,1,2} (v3 = vp). Suppose, for a contradiction, that
D contains at least two vertices. That is, this implies that ag, a; and as could not be iden-
tified to one vertex. Thus, we can find a vertex a; # a;+1, @12, NOW say ag (ag # a1, az).

If there is an edge joining ag and vo, then we can find a 2-cell region D’ bounded by
agv2bavg. Since ag # az, D’ is not a face of G. Furthermore we have deg(as) > 3 and
hence the region bounded by agvaaqvy is not a face of GG and includes at least one vertex.
This means that D’ satisfies the conditions of Lemma 3.9, a contradiction. Therefore, we
conclude that agve ¢ E(G).

Now consider the face-contraction of fy at {ag,bp}. Since G is P-irreducible, G
should have a diagonal 3-curve or a semi-diagonal 3-curve passing through three vertices
{ag,bo,z} for z € V(G) — {ap, bp}. (Note that the face-contraction clearly preserves the
simplicity of the graph by the above argument, i.e., apve ¢ E(G).) Since ag is an inner
vertex of D, x must be a vertex of 9D.

However, since ag # a1, ag,  must coincide with vy. Since agve ¢ F(G) again, there
should be a face whose diagonal pair is {ag, v2}, but it contradicts Lemma 3.2. Hence, we
can conclude that D contains exactly one vertex ag (= a1 = ag) and the lemma follows.

O]

Lemma 3.12. Let f = vgviv9v3 be a face of G with deg(vp), deg(vy) > 4.

(i) If F? is the projective plane, then a face-contraction of f at {vi,v3} preserves the
3-connectedness.

(ii) If F? is not the projective plane and if a face-contraction of f at {v1,vs} breaks
the 3-connectedness, then G has an essential separating diagonal 3-curve vy passing
through vy, vs and another vertex x € V(G) — {vo, v1,v2,v3}.

Proof. The statement (ii) immediately follows from Lemmas 3.7 and 3.11. In the projective-
planar case, we cannot take such an essential separating diagonal 3-curve . O

Lemma 3.13. The induced subgraph (Vs) has no vertex of degree 3.

Proof. Suppose, for a contradiction, that G has a vertex v with deg(v) = 3 and each of
its three neighbors also has degree 3 (see the left-hand side of Figure 3). Note that the
boundary of the hexagon is a cycle of G; otherwise, it would disturb the simplicity of G,
Lemma 3.2, Lemma 3.9 or the property of representativity at least 3. We can easily find a
trivial separating diagonal 3-curve passing through {vg,v1, v2} and that the 3-cut cuts off
the four vertices, contrary to Lemma 3.11. O

Suppose that the induced subgraph (V3)¢ of a P-irreducible quadrangulation G has a
path P = uguquo of length 2. Then the configuration around P becomes the center of
Figure 3. The following lemma refers to the non-shrinkability of P.

Lemma 3.14. Let P = ugujus be a 2-path in G induced by vertices of degree 3 (as shown
in the center of Figure 3) and assume that deg(vy) > 4. Then, there is an essential diagonal
3-curve or an essential semi-diagonal 3-curve passing through {vg, u1,va}.
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Figure 3: Partial structures of P-irreducible quadrangulations.
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Proof. Apply the 23-path shrink to P and denote G’ be the resulting graph. Let u be a
vertex of G’ which is the shrunk image of P; note that u is adjacent to vy, vo and v4. Since
G is P-irreducible, G’ is not a polyhedral quadrangulation. If G’ is not simple, uvg and
uve must be multiple edges. This implies that vy = vo, however this also implies that G is
not simple or v; has degree 2 in G, a contradiction.

Next, we assume that G’ has a 2-cut. By Lemma 3.6, G’ has a separating diagonal
2-curve ~' passing through {vg, v2}; otherwise, G would have a 2-cut. Now we can find
a separating diagonal 3-curve v in G corresponding to 7' naturally. Note that ~y is not a
semi-diagonal 3-curve by Lemma 3.2. Let f = wvoxvey be the third face passed by 7,
which lies outside of the hexagon bounded by vgv;vavzvavs. If v is essential, then we are
done. Therefore, we assume that v is trivial. If neither of  and y corresponds to v1, then
we have got a contradiction by Lemma 3.9. Thus, one of x and y, say x, corresponds to v1.
This means that deg(v;) = 3, however, it contradicts Lemma 3.13.

Finally, assume that G’ has representativity at most 2. Similarly, G’ has an essential
diagonal 2-curve or an essential semi-diagonal 2-curve passing through {vg, v2}. We can
easily find our required essential curve passing through {vg, u;,v2} of G. O

Lemma 3.15. The induced subgraph (V3)¢ has no path of length at least 3.

Proof. Suppose to the contrary that G has such a path P = ugujusvs (see the right-hand
side of Figure 3). By the above lemma, z should coincide with vg. However, v;z would
become multiple edges, a contradiction. O

Lemma 3.16. Assume that G has an attached cube H with O(H) = vov1v2vs, an attached
4-cycle C = uguyugus and u;v; € E(G) for each i € {0,1,2,3}. Then there is an essen-
tial diagonal (or semi-diagonal) 3-curve ~y passing through {vo, u1,v2} or {v1, ua, v3}.

Proof. Apply the 4-cycle removal of C' to G and let G’ denote the resulting graph. It is clear
that the 4-cycle removal clearly preserves the simplicity of the graph. Thus, first suppose
that G’ is not 3-connected. By Lemma 3.6, we can find a separating diagonal 2-curve ' in
G’ passing through {vg,va} or {v1,vs}. If 4/ is trivial, then it contradicts Lemma 3.9. If
~' is essential, we can find our requied diagonal 3-curve v in G.

Therefore, we may assume that G’ has representativity at most 2 and has an essential
diagonal (or semi-diagonal) k-curve v' where k is at most 2. If v/ does not pass through a
face f = vgv1v9vs, then G also has representativity at most 2, contrary to our assumption.
Thus, ' passes through f and two vertices {vg, v2} or {v1, v3} and we got our conclusion.
(Note that 7" does not pass through two neighboring vertices of vovvov3. Otherwise, v/
would be an essential semi-diagonal 2-curve also in G.) O
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For an attached cube H with 9(H) = vgv1v9v3, we call a pair of two vertices {v;, v;j12}
a cube diagonal pair of H for each i € {0, 1}. In particular, a cube diagonal pair is facing
if they are on a boundary cycle of a face f of G outside the 2-cell region bounded by 9(H).
According to the above argument, an essential diagonal (or semi-diagonal) 3-curve passes
through f.

4 Regions bounded by 4-, 6- or 8-cycles

Consider a disk D bounded by a cycle C' = vgvy - - - va,,,—1 of length 2m. Put a vertex x
into the center of D and join it to ve; for each ¢ € {0,...,m — 1}. Then, the resulting disk
quadrangulation is a pseudo wheel and denoted by W, ..

Lemma 4.1. Let G be a quadrangulation of a closed surface F? and let D be a 2-cell
region bounded by a closed walk C of length 4,6 or 8 such that

(i) there is at least one vertex inside D,
(ii) all vertices inside D have degree at least 3 and
(iii) D does not have a unique vertex x of degree 4 such that lw(z) = C (when |C| = 8).
Then, there exists a vertex of degree 3 inside D.

Proof. Let H be a graph contained in D. It suffices to prove the case when C' is a cycle.
(Even if C' is not a cycle, i.e., there exists a vertex appearing twice on C, the analogous
proof works.) We use induction on |V (H)|. Let v, . . . , v, —1 be vertices lying on C'in this
order for some m € {4, 6,8}. The initial step of the induction is the case that |V (H)| = 7.
In this case, I must be isomorphic to W~ and its center vertex has degree 3. (When the
length of C' equals 4, it is not difficult to list up all the (disc) quadrangulations with at
most 7 vertices, e.g., see [19]. Every such graph has a vertex of degree 2 not lying on any
specified outer cycle.) Thus, we suppose that |V (H)| > 8 in the following argument.

First, assume that there is a diagonal of C. Since at least one of the two regions sepa-
rated by the diagonal satisfies Conditions (i) — (iii), there is a vertex of degree 3 inside the
region by the induction hypothesis. Thus, we suppose that there is no diagonal in D.

Furthermore, suppose that there is a vertex z joining two vertices v; and v;o. Then, the
2-path v;xv; 1o separates D into a quadrilateral region D’ and the other region D". If D’
contains a vertex, then the induction hypothesis works immediately. Thus, we may assume
that D’ contains no vertex. Further, if D’ contains at least one vertex and G N D" is not
isomorphic to Wy, then we can also apply the induction hypothesis. When the case that
G'N D" is isomorphic to Wy, the unique inner vertex y of D" should be adjacent to x, and
hence x has degree 3; otherwise, the degree of x would become 2.

Therefore, we suppose that D’ contains no vertex. Under the condition, there should
be edges joining x and alternate vertices on C' so that H becomes disc quadrangulation
since C' has no diagonal. Then, H is isomorphic to Wy since |V (H)| > 8. However, it
contradicts (iii).

By the above arguments, we may assume that D contains no diagonal and no 2-path
joining v; and v; . This implies that all vertices v; of C have degree at least 3. When |C|
is equal to 6 or 8, add an extra vertex & outside D and join it to alternate vertices to obtain a
quadrangulation H of the sphere; if |C| = 4, then we do nothing and let H = H. Observe
that F has minimum degree at least 3.
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By Euler’s formula, we have |V3(H)| > 8. Even if [C'| = 8, the number of vertices of
degree 3 on C' is at most 4 by our construction of H. Therefore, the lemma follows. O

The following lemma is important to determine the inner structures of 2-cell regions of
‘P-irreducible quadrangulations bounded by closed walks of length 4, 6 or 8.

Lemma 4.2. Let G be a P-irreducible quadrangulation of a non-spherical closed surface
and let D be a 2-cell region bounded by a closed walk W = wowy - - - wg_1 for some
k € {4,6,8}. Suppose that W does not bound a face of G and that GN D is not isomorphic
to an attached cube. Then G N D includes;

(i) a diagonal edge (when k € {6,8}),
(ii) a 2-path w;xw; 42,
(iii) a 2-path w;xw; 4 (When k = 8 and w; # w;44),
(iv) a 3-path (or a 3-cycle if w; = w;4+3) w;xyw;+3 (when k € {6,8}) or
(v) ad-cycle w;xyzw;+q (When k = 8 and w; = w;44),
where x,y and z are distinct inner vertices of D and the indices are taken modulo k.

Proof. In this proof, we call a path (or a cycle) in the statement a short path of D. Suppose,
for a contradiction, that D includes no short path. By Lemma 4.1, D contains a vertex of
degree 3 as an inner vertex; since if D has a unique vertex, then it clearly includes a short
path of type (ii). First, assume that D contains a vertex u; of degree 3 of an attached
cube @; where @ consists of a 4-cycle C' = ugujusus induced by vertices of degree 3
and 9(Q) = vyvivavs with an edge u,;v; for each i € {0,1,2,3}. We consider the cases
depending on the order of V/(C) N V(W).

Case L. |[V(C) NV (W)| = 1 (assume wy = up): Then u would have a vertex of degree
at least 4, contrary to the assumption.

Case IL. |V (C) N V(W)| = 2: If such vertices are diagonal vertices of C, say uo and
ug, then we have deg(ug) > 4, as well as the above case. Thus, we suppose that such
two vertices are adjacent on both of C' and W, say wy = wuo and w; = w;. Note that
ug and ug are inner vertices in this case. Since deg(wg) = deg(wi) = 3, vy (resp., v1)
should coincide with wy_; (resp., ws). In this case, vy and v3 are inner vertices of D;
otherwise D would contain a short path (ii) or (iii). However, wevsv3wi—1 would become
(iv) if & € {6,8}; note that if & = 4, then wi_;ws would form multiple edges since
deg(wo) = deg(wy) = 3.

Case IIL. |V (C) N V(W)| = 3: We can easily exclude this case, since the unique inner
vertex of C' is adjacent to two vertices of W and it would form either (ii) or (iii).

Case IV. V(C) N V(W) = 0: By Lemma 3.16, at least one of cube diagonal pairs, say
{vg, v2}, should be facing. We further divide this case into the following subcases.

Case I'V-a. W is a cycle of G: Then both of vy and v, should be vertices of W. Note that
by Lemma 3.2, {vg, v2} coincides with {w;, w;y2} or {w;, w;+4}. If one of vy and vs is
an inner vertex of D, then D clearly would contain a 2-path of (ii) or (iii) in the lemma.
Therefore, they also should be vertices of W. However, if k equals 6 or 8, then D would
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have a diagonal edge (i), on the other hand, if k¥ = 4, then it corresponds to an attached
cube, contrary to our assumption.

Case I'V-b. W is not a cycle: Note that we only have to consider the case of k € {6, 8}.
This case is further divided into the following subcases.

Case IV-b-1. w; = w;43 (say wy = ws): Note that G is nonbipartite since it includes an
essential cycle of odd length. Now we may suppose that an essential simple closed curve
of Lemma 3.16 passes through such a vertex wg = ws. We may suppose that vg = wy
in this case and there should be the edge vows (see (a) in Figure 4). In the figure, we find
a hexagonal region bounded by W’ = wqwiwowsvavy. If there is no identification of
vertices of W', then we would have a short path wovivows of type (iv). Even if there is
such an identification, we find either a short path (i) or (ii), a contradiction.

Case IV-b-2. w; = w;44 (assume wy = wy): Similarly to the above arguments, we assume
that vo = wy and there is a face bounded by voswyt in G where s,t € V(G). If there is no
identification of vertices of closed walk W' = wqw; wowswysvov1 bounding an octagonal
region, there would be a short path of type (v). When there is identification of vertices of
W', we pay attention to the simplicity and the representativity of the whole graph; e.g., if
v1 = s, we would have multiple edges wgv;. In any case, we find our required short path.

- T T
Vo Vo ‘ Vo uﬂ
MR KD
z p
Wy Wy Wy
(b) o) )

Figure 4: Inside of a region bounded by closed walks of length 4, 6 or 8.

Therefore after this, we may assume that D does not contain a vertex of a 4-cycle
induced by vertices of degree 3, that is, each inner vertex of degree 3 is on the path of
(V3) with length at most 2, by Lemmas 3.5, 3.13 and 3.15; note that a M6bius wheel in
Lemma 3.5 is not polyhedral. We can take an inner vertex x of degree 3 so as to be an
endpoint of a path of (V3)q; otherwise, each path of (V)¢ would join two vertices of W,
contrary to our assumption and Lemmas 3.2 and 3.15.

Let lw(x) = vov1v2v3v4v5 be the link walk of « and assume that vy, vo and v, are ad-
jacent to = and that deg(vp), deg(va) > 4. Now we apply the face-contraction of zvgv; vy
at {x, v }, and denote the resulting graph by G'.

We first assume that G’ is not simple. By Lemma 3.10, there is an edge joining vy
and v4 in G such that a cycle vvoxvy of G is essential. Suppose that the edge vivy4 is in
D. Clearly, W is not a cycle, and we may assume that £ = 8 and that wy = wy4 = vy.
However, it easily follows that there exists a short path passing through x. Also in the case
that v1v4 runs outside of D, v; and vy should be vertices of W and hence we can find a
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short path. Then, assume that G’ is simple in the following argument.

Next, we assume that either the representativity or connectivity of G’ is at most 2. In
each case, G has an essential diagonal (or semi-diagonal) 3-curve  passing through x and
v1 by Lemmas 3.8 and 3.12. In fact, there are some cases depending on the positions and
identifications of vertices in . However, in each case, the similar argument holds and
hence we prove only one substantial case below, for the sake of brevity.

Here, we consider the case that -y passes through {vy,z,v3} and that v; = w; and
vs = ws (see (b) in Figure 4). In this case, if vo # wy, D would contain a 2-path w;vows
of type (ii) in the lemma. Therefore we suppose vo = ws. Note that each of vy, v4 and
vs is an inner vertex of D and that there is no edge v;w for [ € {0,4,5} and w € V(W);
otherwise, there would be a short path.

Next, we assume deg(v4) > 4 and consider the face-contraction of voxvavs at {vs, x}.
By the above argument, v5 has no adjacent vertex of W and hence we do not have to care
about the simplicity of the resulting graph. Thus, similarly to the above argument, we can
find a face vsyws 2z in D by Lemmas 3.8 and 3.12, where either w; = ws or wy = ws, i.e.,
W is not a cycle of G. We assume w1 = ws here. (The case when wy = ws can be shown
in a similar way.) See (c) in Figure 4. Actually, k # 4 in this case. Note that y and z are
inner vertices of D and further note that {y, z} N {vg,v4} = @ by the above argument. It
also implies that deg(vs) > 4 and deg(ws) > 4.

By Lemmas 3.8 and 3.12 again and by Lemma 3.2, there should be diagonal 3-curve "
passing z,y and w € V(W); note that semi-diagonal 3-curve is not suitable since each of
y and z is not adjacent to a vertex of V (W). In this case, we have k = 8 and w = wg = wy
since if w = wy = wg, waws and wswg become multiple edges. However in this case, we
find a short path (iv) of length 3 linking w( and w5 (or a short path (iii) of length 2 linking
ws and wr).

Therefore, suppose that deg(v4) = 3 and there is a face wsv4vsp where p is an inner
vertex of D; otherwise we would find a short path. Observe that deg(w3) > 4 in this case.
Furthermore, if deg(vs) > 4, then we consider the face-contraction of wsv4vsp at {p, v4}.
Similarly to the above argument, there must be a face pswgt where we = wg since x and
vg are inner vertices of D and hence there is an essential diagonal 3-curve passing through
{wa,v4, p}. However, we find a short 3-path wspswg in this case.

Hence, we may assume that deg(v;) = 3 and there is a face vyovspq (see (d) in Figure 4).
Then there is a 2-path zv4v5 induced by vertices of degree 3. By Lemma 3.14, there should
be an essential diagonal (or semi-diagonal) 3-curve passing through {ws, v4, p}. Similarly,
we can find a short path around it. (For example, if wy = w; and the edge pws € E(Q)
exists, then we find a short path wspws of type (ii).) Thus, the lemma follows. ]

Figure 5 shows some partial structures of polyhedral quadrangulations of closed sur-
faces, each of which is bounded by a trivial 4-cycle vgvivovs. The center graph in the
figure has a 4-cycle upuiugous induced by vertices of degree 3 and hence this partial struc-
ture is an attached cube. Recall that if a polyhedral quadrangulation is P-irreducible and
has an attached cube, then one of two cube diagonal pairs is facing by Lemma 3.16. Next,
see the right-hand side of Figure 5. For a natural number n, Qén) represents the graph
having the following structure: There are n + 1 internally vertex-disjoint paths of length 2
between vy and vs, including vyv1 v and vov3v2, so that they divide the region bounded by
VU1 v2v3 into n quadrilateral regions each of which has the structure @5 having a facing
cube diagonal pair {vg, v2}. Note that le) corresponds to Q.
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Figure 5: Inside a quadrilateral region.

Lemma 4.3. Let C = vguivavs be a cycle of length 4 bounding a 2-cell region D in a
‘P-irreducible quadrangulation G of a non-spherical closed surface. Then, the interior of
D has one of the structures Q1 and an) (n > 1), as shown in Figure 5.

Proof. Use induction on the number of faces in D, say ' > 1. If I’ = 1, then it is clear
that D corresponds to a face of G and it has the structure ()1. Hence we suppose that /' > 2
below.

If G N D is not an attached cube @2, then there is a vertex x which is adjacent to both
v and vy (or v and v3) by Lemma 4.2. By the inductive hypothesis and Lemma 3.9, two
quadrilateral regions bounded by vovyvex and vovzvgx are filled with Qg) and Qém) for

n,m > 1. As a result, we obtain an) with n = [ + m and the induction is completed. [J

Note that replacing Q5 with Qé”) having the same facing cube diagonal pair preserves
the property being a P-irreducible quadrangulation for any n > 2. Hence, there exist
infinitely many P-irreducible quadrangulations of a non-spherical closed surface F2 if F*2
admits one with an attached cube. To avoid the complexity in figures, we use simply ()5 to
represent any Qé") after this.

In the following lemmas, we discuss inside structures of regions bounded by 6- and
8-cycles. For brevity, we shall omit routines in the proofs.

Lemma 4.4. Let C = vgv1v2v3v405 be a trivial cycle of length 6 bounding a 2-cell region
D in a P-irreducible quadrangulation G of a non-spherical closed surface. Then, the
interior of D has one of the structures H1, Ho, ..., H17, as shown in Figure 6.

Proof. As well as the previous lemma, we use induction on the number of faces in D, say
F > 2. If F = 2, then D has the structure H;. Hence we suppose that ' > 3. Observe
that the existence of a short path of (i), (ii) or (iv) is guaranteed by Lemma 4.2. We fill the
divided regions with pieces as follows.

If C has a diagonal, then we apply Lemma 4.3 and obtain H;, Hg and H; in Figure 6.
Further, if there is an inner vertex = which is adjacent to both vy and v, then the quadri-
lateral region bounded by zvguyvs is filled with @1 or Qén) (n > 1), and the hexagonal
region bounded by vozvavsv4vs is filled with H; for some ¢ € {1,...,17} by the inductive
hypothesis. Checking the whole cases is a routine, so we omit it, however, most cases are
excluded by lemmas in Section 3.

Furthermore, assume that D contains two inner vertices x and y such that 3-path vyzyvs
runs across D. Also in this case, we apply the inductive hypothesis to two separated hexag-
onal regions and obtain H;’s in Figure 6. O
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Figure 6: Inside a hexagonal region.

Lemma 4.5. Let C = vgv1v2v304v5v607 be a trivial cycle of length 8 bounding a 2-cell
region D in a P-irreducible quadrangulation G of a non-spherical closed surface. If D
has no diagonal edge and no attached cube, then the interior of D has one of the structures
01,03, ...,0s, as shown in Figure 7.

SERE
T\

Figure 7: Inside an octagonal region.

L @
S

Proof. In this proof, all subscripts of vertices are taken modulo 8. We also use induction on
the number of faces in D, say F'. If F'is at most 3, then D has a diagonal, contrary to the
assumption of the lemma. If F' = 4, then D includes a single vertex by Euler’s formula and
it should be adjacent to v;, v;+2, v;44 and v;¢; for otherwise, D would contain a diagonal.
This is clearly O in Figure 7. Therefore, we assume F' > 5 hereafter. Observe that D
contains a short path of type (ii), (iii) or (iv) by Lemma 4.2.



168 Ars Math. Contemp. 17 (2019) 153-183

First, we assume that D includes an inner vertex x which is adjacent to both vy and
v4. Then there are two hexagonal regions D’ and D” bounded by zwvgvivavsvy and
TV4V5V6V7V respectively. Note that each of D’ and D" contains no attached cube. Then
by the previous lemma, we fill them with Hy, Ho, H3, H4 and Hjy in Figure 6 so that the
whole configuration satisfies the condition of this lemma. By considering lemmas in Sec-
tion 3, most cases are excluded and we obtain O1, Oz, O3, Oy, Os, Og and Oy in Figure 7.
Therefore, after this, we suppose that D contains no such vertex.

Secondly we assume that there is an inner vertex x in D which is adjacent to both
v and vy. Then, there are a quadrilateral region D’ and an octagonal region D" divided
by the 2-path vgxvs. By the assumption and Lemma 4.3, D’ bounds a face of G. If D"
contains a diagonal edge, then it should be zv4 or xvg by Lemma 3.2. However, in each
case, there would be a forbidden 2-path; e.g., voxvy if the diagonal zv, exists. Hence, we
may assume that D" contains no diagonal. Now we apply the inductive hypothesis and fill
D" with O, ..., Og in Figure 7; note that most cases would contain a contractible face or
a shrinkable 2-path by lemmas in Section 3. As a result, we obtain O, ..., Og. Then we
also assume that D does not include such a 2-path.

Finally, we assume that D has a short path of type (iv) in Lemma 4.2. Actually, this
3-path divides D into a hexagonal region and an octagonal one. As well as the above case,
we use the inductive hypothesis and Lemma 4.4, and obtain our conclusion. O

Lemma 4.6. Let G be a P-irreducible quadrangulation of the projective plane. If G
has a hexagonal 2-cell region D such that G N D is isomorphic to either Hi3 or Hys
in Lemma 4.4, then G is one of I, Iy and I3 shown in Figure 8.

Proof. Let C' = vyv1v2v3v4v5 be a 6-cycle bounding a hexagonal region D such that GN.D
is isomorphic to either H;3 or Hy5. We may assume that each of vyvivex and vsvsvsy
bounds (2 where x and y are distinct inner vertices of D. Now, cube diagonal pairs
{vg, v2} and {vs,v5} are facing and there are such faces fi = vopv2q and fo = vzsvst
outside of D by Lemma 3.16, where p, ¢, s,t € V(G).

However, if fi # fa, the two essential diagonal (or semi-diagonal) curves in Lem-
ma 3.16 do not exist together on the projective plane. Therefore, we have f; = fo, that
is, vous, vvs € E(G) and fi = f> is bounded by vguzvavs. Under the conditions, the
6-cycle vgrvaovsyvs bounds a 2-cell region and it should be filled with either Hy3 or Hys
by Lemma 4.4. Actually we have three ways to take a pair {H;, H;} for ¢,j € {13,15}
and the lemma follows; for example, if we fill those hexagonal regions with two H;3’s then
we obtain /. O

5 Regions bounded by 6- or 8-walks

A boundary walk of a hexagonal region of a P-irreducible quadrangulation is not always
a cycle, and the same vertex often appears twice along it. Such a hexagonal region can
contain the following structure that generates an infinite series of P-irreducible quadran-
gulations of a non-spherical closed surface.

Let hy, ho and hg be three pieces with two terminals z; and x5 shown in the first three
configurations of Figure 9, and let [s1, ..., s,,] be a given sequence of 1,2 and 3 of any
length such that each of 2 and 3 does not continue; i.e., we do not permit a sequence
like [...,2,2,...]. Put hg, to hs  in a hexagon a;bjcasbod so that each z; coincides
with a; for ¢ € {1,2}, and identify paths between z; and x5 in each neighboring pair
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Figure 8: The 17 families of bipartite P-irreducible quadrangulations with attached cubes.
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of pieces. (See the rightmost configuration of Figure 9.) We denote the resulting graph
by Hisg[s1,. .., Sm]; note that we implicitly exclude H;g[2] and H;g[3] since they can-
not fill the hexagonal region solely. If Hig[si,...,Sm] is contained in a P-irreducible
quadrangulation G so that a; = as, then each attached cube is not removable and each
face is not contractible in this configuration; note that G is nonbipartite. We often denote
Hig[s1,. .., Sm] simply by Hisg.

T T x1 ai
d b1
b2 C
() X2 T2 a2
hy ho h3 H18[17273]

Figure 9: Inside a hexagonal region including an infinite series Hig.

a | ai
|
e b | e » b
|
|
I 8-
d c | d ¢ "4
ag ! ag
H19 H—l

Figure 10: Inside a hexagonal region bounded by a closed walk (1).

See Hig in Figure 10. Note that the hexagonal region is bounded by a closed walk
W = aibcasde where a1 = as (= a) and the other four vertices b, ¢, d and e are distinct.
Actually, Hg is appeared as a partial structure in P-irreducible quadrangulations of the
projective plane. (In Lemma 5.3, it will be mentioned.) However, the following lemma can
exclude Hig from the later arguments.

In the following three lemmas (Lemmas 5.1, 5.2 and 5.3), we let D be a hexagonal
region bounded by a closed walk W = ajbcasde in a P-irreducible quadrangulation G
of the projective plane where a; = as (= a) and the other four vertices b, ¢, d and e are
distinct.

Lemma 5.1. If G N D 2 Hyy, then G is isomorphic to Isg in Figure 11.

Proof. Note that G is nonbipartite since GG contains an essential cycle of length 3. There-
fore, G has an edge be outside of D by Lemma 3.16. Then there are two quadrilateral
regions bounded by abed and aebc. By Lemma 4.3, each of these regions is filled with
either 1 or Q2. However, if Q1 is used, that is, it corresponds to a face of GG, then we can
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Figure 11: The 3 families of nonbipartite P-irreducible quadrangulations.
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easily find an essential simple closed curve intersecting GG at only two vertices, a contra-
diction. Hence, we fill each of those regions with Q5 and obtain I5, in Figure 11. O

Lemma 5.2. G N D cannot be isomorphic to H_; in Figure 10.

Proof. Similarly to Lemma 5.1, G has an edge cd in this case by Lemma 3.14, and both
of two quadrilateral regions outside of D are filled with ()2 (see the right-hand side of
Figure 10). However in this case, we would find a contractible face at {e, b} by Lemmas 3.8
and 3.12. Therefore the lemma follows. O

Lemma5.3. GNDis isomorphic to either Hig or Hyg.

Proof. We use induction on the number of faces in D, say F. If F'is at most 3, then D
includes at most one inner vertex by Euler’s formula. In this case, although 9(D) is not a
cycle, G N D forms a structure like either H; or Hy in Figure 6; we have to identify the
top and the bottom vertices of H; for i € {1,2}. However, G would have representativity
at most 2, a contradiction. (Such an essential simple closed curve passes through a.) If
F = 4, D includes exactly two vertices and we have G N D = Hig[1]. Therefore, we
assume that F' > 5 after this. Similarly to the former lemmas, we discuss inner structures
of divided regions by a short path; we have to consider (i), (ii) and (iv) in Lemma 4.2.

First, we assume that D contains a diagonal edge. By Lemma 3.2 and the simplicity
of G, it should be ce or bd, now say ce, up to symmetry. Then each of two quadrilateral
regions bounded by ajbce and dasce should be filled with ()2; otherwise at least one of
those regions forms a face of GG, but we can easily find an essential simple closed curve
passing through only two vertices of G. Therefore, we obtain Hig[3,2] from this case.
Then, we assume that D contains no diagonal hereafter.

Secondly, we assume that D includes an inner vertex x which is adjacent to a; and
c. Then the quadrilateral region D’ bounded by ajbcz is filled with either Q1 or Q5. If
we have the former, that is, a;bcx bounds a face of GG, then we would find an essential
simple closed curve intersecting G only at a and ¢, contrary to the assumption. Therefore,
we assume the latter case. In this case, the hexagonal region D" bounded by a 6-walk
ajxcasde satisfies the assumption of this lemma. Thus, we use the inductive hypothesis
and fill the region with either Hig or Hig. If we use H;g, then the configuration becomes a
part of I3y by Lemma 5.1. However, this is not the case since b corresponds to d. Hence we
fill D" with H;g and obtain our desired conclusion. Then after this, we assume that there
is no such inner vertex like x. (We also exclude similar paths a;xd, asxb and asxe.)
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Thirdly, we assume that there is an inner vertex x which is adjacent to b and e (or ¢
and d). Then, there are a quadrilateral region bounded by a;bze and a hexagonal region
bounded by a 6-cycle bcasdex. We fill these regions by using the results of Lemmas 4.3
and 4.4 respectively. Most cases are excluded by lemmas in Section 3, but we obtain
ng[l], H18[3,2,3] and H19 by ﬁlhng them with {Ql,HQ}, {Q27H10} and {Q27H2},
respectively. (For reference, when we use {Q1, H4}, we obtain H_; in Figure 10, but it
had already been excluded by Lemma 5.2.)

Next, we consider the existence of an essential 3-cycle a;xyas where x and y are inner
vertices of D. In this case, we can apply the inductive hypothesis and fill two hexag-
onal regions with Hyg’s and obtain our conclusion; we do not have to consider Hig by
Lemma 5.1.

Finally we assume that there is a 3-path bxyd (or cxye) where both x and y are inner
vertices of D. Then the boundary of each hexagonal region divided by the 3-path is a cycle,
and we fill them by using Lemma 4.4. We only have to check H; for i € {3,4,5}, since
the existence of an attached cube, a diagonal edge and a single vertex of degree 3 clearly
yields a short path discussed above. However, there is no pair to satisfy the conditions from
this case. Hence, the induction is completed. O

In the following lemma, we discuss a hexagonal region bounded by a 6-walk in which
two vertices each appear twice.

Lemma 5.4. Let D be a hexagonal region bounded by a closed walk W = a1bycasbod in
a P-irreducible quadrangulation G of the projective plane with a; = az (= a) and by = by
(= b). Then G N D is isomorphic to one of Hyg, Hag and Hs;.

Proof. Since almost the same argument of the previous proof holds, we omit the proof of
this lemma. However, we should pay attention to the following points:

(1) When assuming that there is a 3-path cxyd where x and y are inner vertices of D,
we obtain Hyp in Figure 12; note that such a configuration was excluded in the
previous lemma, since at least one of shaded faces in the right-hand side of Figure 12
is contractible by Lemma 3.8.

(2) If there is an essential 3-cycle a;xyas (or by zybs), then we apply Lemma 5.3 to each
of two hexagonal regions divided by the cycle.

(3) Using Q2 and H19, we can construct Hs; in Figure 12. O
a a | ai
N .
d b d b3 @ b
[ A
[ '\‘ i
BARY
b c b c : - W’ c
a a I az
H20 H21

Figure 12: Inside a hexagonal region bounded by a closed walk (2).
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Figure 13: Octagonal structure generating infinite series.

See the graph denoted by Og(2) shown in the left-hand side of Figure 13. Observe
that the octagonal region D is bounded by a closed walk W = ajbcdaspigaps where
a1 = az (= a) and the other vertices are distinct. Now add two vertices ps and ¢3 so
that gopiasps and pagopsqs are quadrilateral faces. The resulting graph is denoted by
Og(3). We inductively define the general form Og(m) from Og(m — 1) by adding two
vertices py, and ¢y, s that ¢, — 1Py —2a2Pm and pp—1¢m—1Pmm (1€SP., A1 Pm—2¢m—1Pm
and P, @m—1Pm—1¢m) are quadrilateral faces if m is odd (resp., even); note that we define
Og(m) for m > 2. This Og(m) satisfies the followings:

(a) deg(q;) = 3 for each ¢ € {0,...,m — 1}, while deg(p;) = 4 for each i €
{1,...,m =2} ifm > 3.

(b) If m is odd, then degp(b) = 2, degp(c) = 0, degp(d) = 1, degp(pm) = 1,
degp(gm) = 0 and degp (pm—1) = 2.

(c) If m is even, then degp(b) = 2, degp(c) = 0, degp(d) = 1, degp(pm-1) = 2,
deg(¢m) = 0 and deg ) (py,) = 1.

Lemma 5.5. Let D be an octagonal region bounded by a closed walk W = a,bcdasefg
in a P-irreducible quadrangulation G of the projective plane such that a1 = as (= a) and
the other vertices are distinct. Suppose the following conditions hold:

(o) Each of degp(b),degp(d), degp(e) and degp(g) is at least 1.
(B) No two vertices of degree 3 in D are adjacent.
Then G N D is isomorphic to either Og(m) or Oy in Figure 13.

Proof. First of all, we show that D contains no diagonal edge. Suppose to the contrary that
there is a diagonal edge in D, say bf; note that a diagonal edge like a;d is immediately
excluded since it yields multiple edges. Then, there is a quadrilateral region D’ bounded
by a 4-cycle a1bfg. By Lemma 4.3 and the condition (/3) in the lemma, D’ should be filled
with Q1, that is D’ corresponds to a face of G. However, it contradicts («) in the lemma.
Therefore, we conclude that D has no diagonal.

Now, we use induction on the number of faces in D, say F' as well as previous lemmas.
If F'is at most 4, then D includes at most one inner vertex « by Euler’s formula. Since D
has no diagonal, G N D is a graph obtained from O; in Figure 7 by identifying a pair of
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antipodal vertices. However in this case, we would find an essential simple closed curve
intersecting G at only {a, z}, a contradiction. By careful observation, we have the unique
configuration Og(2) with F' = 5 faces in D; D includes exactly two inner vertices of
degree 3. Therefore, the first step of the induction holds.

Similarly to the former lemmas, we divide the following argument along Lemma 4.2;
other than (i) which is already excluded. Note that we shall implicitly exclude a short path
already discussed in the former arguments.

Case L. There exists a short 2-path (ii) or (iii): First, such a vertex x adjacent to a; and
c violates condition () in the lemma, since D does not contain an attached cube by (5).
(We also exclude such 2-paths a1« f, asxc and aszf.) Therefore, we assume that there
is such a vertex x adjacent to b and d. Then the 2-path bxd divides D into an octagonal
region D’ and a quadrilateral region D”’; note that D" corresponds to a face of G. If
degpy (b),degp (d) > 1, then we can apply the inductive hypothesis. However, if we use
Og(m), then = would become degree 2. On the other hand, if we fill D’ with Oy, then
the face-contraction of bedx at {c, x} can be applied by Lemma 3.8. If degp, (b) = 0 and
degp/(d) = 0, then we can easily find an essential simple closed curve intersecting G at
only a and x; we can take such a curve along a;bzdas.

Therefore, we assume that one of deg,, (b) and degp,, (d) is equal to 0 and the other is
at least 1. We may assume that deg, (b) = 0 and degp, (d) > 1 without loss of generality.
Under the condition, there is a face of G in D’ bounded by a,bzxy for y € V(G). If y
is a vertex of W, then we have either y = e or y = g by Lemma 3.2. If we assume the
former, then there would be multiple edges ae, contrary to our assumption. On the other
hand, if the latter holds, there is a hexagonal region D"’ bounded by a cycle dagefgx of
G. By Lemma 4.4 and the condition (3), D" is filled only with Hy and we obtain Og(2);
the unique inner vertex of degree 3 in D"/ must have neighbors {d, e, g}, otherwise, ()
cannot be held.

Therefore we may suppose that y is an inner vertex of D’. In this case, the octagonal
region D* bounded by ayyzdasefg satisfies the conditions of this lemma and hence we
can apply the inductive hypothesis to D*; observe that deg . (y) > 1. Under our assump-
tions, we fill D* with Og(m) so as not to have adjacent vertices of degree 3, and obtain
Og(m + 1); Oq is inappropriate since it yields two adjacent vertices of degree 3 in D.

Next, we assume that there is an inner vertex = of D adjacent to both of b and g. Let
D’ be an octagonal region bounded by bedase f gx; note that the 4-cycle a;bxg bounds a
face of G. If D’ has a diagonal edge, then the one end should be = since D admits no
diagonal. However, if there is such a diagonal, say xd, then there would be a forbidden
2-path bxd, which was already discussed above. Thus D’ has no diagonal edge and we can
apply Lemma 4.5 to the region. In fact, most cases are excluded by some conditions but
we obtain Og(3) and O1g by using O4 and Os, respectively. By the similar argument as
above, we obtain Og(2) (resp., O1p) if we assume that there is a 2-path bzxe (resp., cx f) for
an inner vertex x of D.

Case I1. There exists a short 3-path (iii): First, assume that such a short 3-path is a;xyd
where x and y are inner vertices of D. In this case, the hexagonal 2-cell region D’ bounded
by ajxydch should be filled with either H; or Hy by Lemma 4.4 and the condition (3)
in this lemma. However in each case, D would contain a diagonal or a forbidden 2-path
excluded by the above arguments. By the same reason, we do not have to consider a 3-path
like bzy f. (Of course, we exclude the paths of the same type, considering the symmetry;
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e.g., asxyg.)

Case III. There exists a short 4-cycle (iv): We assume that there exists an essential 4-cycle
ajxyzas for inner vertices , y and z of D. Then, D is divided into two octagonal regions
D’ and D" and they are bounded by a;xyzasdcb and aixyzasef g, respectively. Here, we
consider degrees of x and z and first, suppose that deg,, (z) = 0. In this case, D’ contains
a face bounded by a;xyw for w € V(G). (Note that degp,(z) > 1 and degp.(z) > 1;
otherwise there would be an essential simple closed curve passing through only a and y.
Also, degpy. () is clearly at least 1.) The vertex w is an inner vertex of D’ since if not,
D would have a diagonal or a forbidden 3-path by the above argument. Let D"’ be the
octagonal region bounded by a;wyzaadcb; note that degy,.»(w) > 1. Then both of D"
and D" satisfy the inductive hypothesis and we fill them with Og(m) or O1q so as not to
make two adjacent vertices of degree 3 in D. Under the conditions, we only obtain Og(1)
if D" and D" are filled with Og(I"") and Ogy(I"") respectively, where I =" + 1"’ + 1.
Therefore, we may assume that each of deg ), (), deg . (), degp, () and deg ./ (2)
is at least 1. Then we also use the inductive hypothesis into D’ and D”. However, every
case is inappropriate, since using Oy yields contractible face by Lemmas 3.8 and 3.12 and
using two Og(m)’s makes y to have degree 2. Thus, the lemma follows. O

6 Classification by attached cubes

Let G be a P-irreducible quadrangulation of the projective plane. Assume that G has an
attached cube H with 0(H) = wovivavs and an attached 4-cycle C' = ugujugug such
that w;v; € E(G) for each ¢ € {0,1,2,3}. Now, observe that any essential cycle of
bipartite quadrangulations of the projective plane has even length while that of nonbipartite
quadrangulations has odd length. This means that

(I) G has an essential diagonal 3-curve ~ if G is bipartite or

(II) G has an essential semi-diagonal 3-curve -~y if G is nonbipartite, such that -y passes
through {vg, u1,v2} by Lemma 3.16.

First, we consider the case (I). In this case, v is passing through three faces f; =
VoUpU1V1, f2 = viujugve and f = vgavsb for a,b € V(G). Since G is P-irreducible,
applying the face-contraction of f at {a, b} breaks the property. However, each of deg(vo)
and deg(v2) is clearly at least four and hence we do not have to consider the 3-connectedness
of the graph by Lemma 3.12. Thus, we further divide it into the following two cases:

(I-a) The face-contraction of f disturbs the simplicity of the graph.
(I-b) The face-contraction of f yields a quadrangulation with representativity at most 2.

In (I-a), there exists a vertex = adjacent to both a and b such that the 4-cycle C’ = vgaxb
is essential on the projective plane by Lemma 3.10. In this case, we cut the projective plane
along C’ and obtain (A) in Figure 14. In (I-b), G has a diagonal 3-curve passing through
{a,b,x} and three faces f, f’ = acxzd and f” = bc’zd’ by Lemma 3.8. Considering
the identification of vertices except u; for i € {1,...,4}, we obtain (B), (C) and (D) in
Figure 14 up to symmetry; we have to pay attention to the simplicity, the degree conditions
of the graph and Lemma 4.3, further and that it does not have the structure of (I-a). (For
example, if d’ = vq in (B), then we have (C). Furthermore, if x = v3 in (B), then d’ (resp.,
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Figure 14: Around an attached cube.

d) must also coincide with vy (resp., ¢) by Lemma 4.3 and hence we obtain (D) in the
figure. It is not so difficult to confirm that they are all.)

Secondly, we assume the case (II). In this case, G has an essential semi-diagonal 3-
curve passing through {vg, u1,vs}, that is, there is an edge joining vy and ve. We cut open
the projective plane along the essential 3-cycle vov1ve and obtain (E) in the figure.

In the first half of the next section, we determine P-irreducible quadrangulations of the
projective plane with attached cubes by filling each blank non-quadrilateral region of (A)
to (E) with results in Sections 4 and 5.

7 Proof of the main theorem

We shall classify P-irreducible quadrangulations of the projective plane in this section to
prove Theorem 1.1, using the lemmas proved in the former sections. For our purpose, we
divide our main result into the following four theorems, depending on the existence of an
attached cube and bipartiteness.

Theorem 7.1. Let G be a bipartite P-irreducible quadrangulation of the projective plane.
If G has an attached cube, then G is one of the graphs shown in Figure 8.

Proof. By the argument in the previous section, we first fill the two non-quadrilateral re-
gions of (A) shown in Figure 14 with Hq,..., Hi7 so as to form a P-irreducible quad-
rangulation. (However, we implicitly exclude H;3 and H;5 by Lemma 4.6.) In fact, we
consider the hexagonal regions bounded by vgviveaxb and vyvsvebxa and fill them with
H7, Hg, Hy, H11, Hi2, Hi4, Hi6 and Hy7 since we have {v1,v3} N {a, b} = 0; otherwise,
G would have multiple edges. When putting a pair of such pieces, we have to check the
polyhedrality of G, and the absence of contractible face, removable 4-cycle and shrinkable
2-path, by using Proposition 3.1 and Lemmas 3.8, 3.9, 3.12-3.16.

Checking all the cases is a routine, and hence we present two bad examples below.
First, see (i) of Figure 15, which is filled with a pair (H7, Hg). However, it is easy to see
that this graph has representativity 2. Secondly, see (ii) in the figure with a pair (Hy1, H12).
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In this case, we can easily find a removable 4-cycle by Lemma 3.16, which is presented
as the shaded region in the figure. Similarly to the above two bad cases, we can exclude
almost pairs.

Figure 15: Configurations in the proof of Theorem 7.1.

Asaresult, 8 pairs (H7, Hi1), (H7, H14), (H7, Hig), (H7, H17), (Ho, Hy), (Hg, H12),
(Hg, H14) and (Hy2, Hy2) are available and we obtain Iy, I5, Is, I, Is, Iy, I1o and I1; in
Figure 8, respectively.

Next, we consider (B) in Figure 14. Consider the face-contraction of the face bounded
by zdac at {c,d}. Observe that we have no identification of vertices ¢,d, ¢ and d’ to
other white vertices. (It was already done in the previous section.) Thus, we have that
deg(z),deg(a) > 4. By Lemma 3.12, the face-contraction breaks the simplicity or the
property of representativity at least 3. It is easy to see that the former does not happen
and hence we suppose the latter. That is, there is a diagonal 3-curve passing through either
{e,d,va} or{c,d,vp}.

Assume that the curve passes the {c, d, v2} and other two faces f; and f, are bounded
by dpvaq and veres respectively, for p, g, r, s € V(G). (Actually, by Lemma 4.3, one of p
and ¢, say g, coincides with a. See (iii) in Figure 15.) If s = « in the figure, then it would
yield the configuration (C) in the Figure 14; we discuss (C) next. Further, if s = b, then
the vertex c is adjacent to both of a and b and hence it would become (A); it was already
discussed. Moreover, if r = a, we would have multiple edges vsa. Therefore, we can
conclude that the unique possibility of the identification of such vertices is that r = vy;
note that we have considered all the possibility around f5, since G is bipartite and both of
r and s should be black vertices. However, regardless of the unique identification, we can
apply the face-contraction of f5 at {r, s} since there is no diagonal 3-curve passing through
r and s. This is contrary to G being P-irreducible. By the similar argument, we can find a
contractible face when assuming that the diagonal 3-curve passes through {c,d,vp}. As a
result, (B) cannot be extended to any P-irreducible quadrangulation.

As the third case, we consider (C) in Figure 14. By Lemma 3.16, there is no at-
tached cube in the hexagonal region D bounded by vgacrvovi. Therefore, we try to put
Hi,...,Hsinto D. However, by Proposition 3.1 and Lemmas 3.9, 3.15 and 4.3, it is easy
to confirm (but routine) that only H; is available and we have edge vicin D.

Next, we consider the octagonal region D’ bounded by vgvsveadzc’b. Assume that D’
contains another attached cube A such that 9(A) = v{v}vhvs. Then its one cube diagonal
pair, now say {v{, v5}, coincides with either {a, b} or {¢’, v2} since it should be facing by
Lemma 3.16. If the former occurs, then it clearly causes I, I5 or I3 by Lemmas 4.4 and 4.6.
Thus, we suppose the latter (see (iv) of Figure 15). Now we fill the two hexagonal regions
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H and H’ bounded by vovivov5c’b and veacac'vy, respectively. However, H admits only
Hi5 and Hy4, and H’ does only Hg by considering their partial structures. Therefore, we
obtain I15 and I3 in Figure 8 in this case.

Then, we consider the possibility of existence of diagonal edges in the octagonal region
D’ and conclude that either vsc’ or v3d is available by some lemmas and P-irreducibility.
If both of diagonals are taken as edges of GG, then G becomes I14. If one of two diagonals,
say v3c, is used, then we find the hexagonal region H bounded by ¢'vzvsacx; note that
H does not contain its diagonal. We put Hs, Hs, H4 and Hj into H, however each of the
resulting graphs has a contractible face; it is actually reducible into ;4. Furthermore, the
same argument works when we use the diagonal vsd.

Therefore we may assume that D’ in (C) contains no attached cube and no diagonal,
that is, it satisfies the condition of Lemma 4.5. Now, we try to put O, for j € {1,...,8}
into D’. Considering some lemmas in Section 3, we have only I5 from this case by filling
it with O in Figure 7.

Similarly to (C), we consider the inside of octagonal region O bounded by cycle
vouzveadvc'b in the case (D). However, the argument is almost the same as the previ-
ous one and just a routine and hence we omit it here. (We first discuss the existence of an
attached cube and diagonals in O. Next, we put the configurations of Figure 7.) As a result,
we obtain I1g I17 from (D). Therefore, the theorem follows. O

We define I1g[2;s1,...,5,] as a graph obtained from (E) in Figure 14 by putting
Hig[s1,. .., sy inside the hexagonal region. Recall that we forbid I15[2;...,2,2,...],
Lisl2;...,3,3,...], [18[2;2,...] and I15]2; . . ., 3], since we make it a rule to unify consec-
utive ()2’s to one.

Theorem 7.2. Let G be a nonbipartite P-irreducible quadrangulation of the projective
plane. If G has an attached cube, then G is one of I15(2; $1, . . ., 8n), I19 and Iz shown in
Figure 11.

Proof. By the argument in the previous section, we have (E) in Figure 14 in this case.
There is the unique blank hexagonal region D which satisfies the conditions of Lemma 5.4.

Hence, we fill D with Hig[s1,...,sy] (tesp., Hap) and obtain I1g[2; s1,. .., sy,] (resp.,
I19); note that Ho; was already discussed in Lemma 5.1 and we obtained 5.

In fact, some of I15[2; s1, . . ., $p,] with short sequences cannot satisfy the polyhedrality,
hence we should exclude such “bad” sequences, which are listed in Table 1. It is not
difficult to confirm that if n > 4, then any I15[2;s1,...,s,] satisfying the above rule
is acceptable. (Observe that there are different sequences [s1, ..., $n] # [s], ..., s},] such
that 118[2; S1y.eny Sn] = 118[2; 3/1, ey S;l]; c.g., 118[2; 1, 1, 2] = 118[2; 3, 1, 1] in the table.)

O

Figure 16 presents six bipartite P-irreducible quadrangulations of the projective plane
without attached cubes. In the figure, Io6(2n + 1) (n > 2) represents an infinite series of
such graphs. The center white vertex of Iog(2n + 1) has degree 2n + 1 and each its black
neighbors has degree 4. Furthermore, it has 2n + 1 vertices of degree 3 on the essential
simple closed curve drawn by dotted circle. (We obtain the projective plane by identifying
all pairs of antipodal points of the dotted circle.) In fact, the figure represents I(7) with
15 vertices.

Theorem 7.3. Let G be a bipartite P-irreducible quadrangulation of the projective plane.
If G has no attached cube, then G is one of the graphs shown in Figure 16.



Y. Suzuki: Generating polyhedral quadrangulations of the projective plane 179

Table 1: Good and bad sequences for [s1, ..., s,] (n < 3).
[$15.-.,8n] (n < 3)
[1] bad (rep. 2)
[1,1],[3,2] good
[1,2],[3,1] bad (rep. 2)
[1,1,1],[1,1,2],[1,2,1],[1,3,1],[1,3,2],[3,1,1],[3,1,2],[3,2,1]  good

Proof. For brevity, we write only the outline of the proof. We divide the proof into the
following three cases by Lemmas 3.5, 3.13 and 3.15. Note that we prove those cases in this
order, that is, we implicitly exclude a graph already appeared in the former cases.

Case L. G has a 2-path ugu; us induced by three vertices of degree 3: See (i) in Figure 17. In
the figure, each antipodal pair of points of the dotted circle should be identified to obtain the
projective plane. Note that vyv; vov3v4vs5 is a cycle of G since if vs = vs, then deg(vy) = 3
and G would contain an attached cube.

The 2-path ugu;us is not shrinkable and hence we have a face vgbvab’ by Lemma 3.14.
Furthermore, we consider the face-contraction of the face vovsviug at {vs,us}. Since
deg(v2), deg(vq) > 4, we do not have to pay attention to the connectivity of the resulting
graph by Lemma 3.12. Also, since u; is an inner vertex of the hexagon, the face-contraction
preserves the simplicity of the graph. Hence, by Lemma 3.8, we have a face vscvic’. By
the same way, we find a face vsavia’ (see the figure again).

Similarly to the argument in Section 6 and the previous theorem, we consider the possi-
bility of identification of vertices and fill blank non-quadrilateral regions with Hy, ..., Hs
in Lemma 4.4. As a result, we obtain I51, I52 and I>3 from this case.

I I

Iog Ins
Figure 16: The 6 families of bipartite P-irreducible quadrangulations without an attached
cube.
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Figure 17: Structures of bipartite P-irreducible quadrangulations with no attached cube.

Case II. GG has two adjacent vertices « and y of degree 3: See the inside of the hexagon
in (ii) of Figure 17. Note that each of deg(vy), deg(vs), deg(vs) and deg(vs) is at least 4
since there is no 2-path induced by vertices of degree 3 by the previous argument. As well
as Case I, we consider face-contractions of vyvexvg at {v1, x} and vsvavsy at {vy, y}. By
Lemma 3.8, we have two diagonal 3-curves « and ' passing through {v;, z} and {v4, y},
respectively. We may assume that v passes vz as the third vertex, up to symmetry.

If 4" passes vo, then it (resp., v) goes through veavsa’ (resp., v1busb’) in (ii) of Fig-
ure 17. We consider the identification of vertices and further fill the blank non-quadrilateral
regions, and obtain I54 and Is5. On the other hand, if 7/ passes v as the third vertex, then
both of v and 4/ pass a common face vgvivav3 (see (iii) in the figure). However, we can
fill the unique hexagonal region with neither H;, Hs nor Hs in Figure 6.

Case III. All vertices of degree 3 are independent: Let x be a vertex of degree 3 having
neighbors {vg, v, v4} and vovivavzv4vs as its link walk. By the assumption, each of
deg(vg), deg(v2) and deg(vy) is at least 4. We consider face-contractions of three faces
incident to x and have some cases depending on the forbidden structure of the resulting
graph. (For example, if each operation yields multiple edges, we have (iv) in Figure 17, but
it is immediately excluded since we can find a simple closed curve intersecting G at only
{vg, v2}.) Further, we try to identify vertices as well as the previous cases but most cases
are not suited other than the following one case.

See (v) in Figure 17 that has the unique blank octagonal region D bounded by a closed
walk vivavsavsvavsh. Note that each of degp(ve), degp(v4),degp(a) and degp(b) is
at least 1, since G has no vertex of degree 2 and no two adjacent vertices of degree 3.
Therefore, D satisfies the conditions of Lemma 5.5. However, putting either Og(2] + 1)
(I > 1) or Oy in Figure 13 into D would yield two adjacent vertices of degree 3. Actually,
when filling D with Og(21) (I > 1), we obtain I26(2] 4+ 3) = I26(2(l 4+ 1) 4+ 1). Then, we
got the conclusion of the theorem. O
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As well as I15[2; s1, . . ., S, |, we can naturally define I1g[1; s1, ..., s,] by using (iii) of
Figure 18 which also has the unique hexagonal region.

.......... Y1
U1
S o Y V2
- T Uy - : T -
: Y vy B ;
s 5 s Y,
V4 l
S - Ny

(i) (i) (i)

Figure 18: Structures of nonbipartite P-irreducible quadrangulations with no attached
cube.

Theorem 7.4. Let G be a nonbipartite P-irreducible quadrangulation of the projective
plane. If G has no attached cube, then G is isomorphic to I1g[1;1,...,1].

Proof. As well as the proof of Theorem 7.3, we divide our argument into the following
three cases.

Case I. G has a 2-path ugujius induced by three vertices of degree 3: See (i) in Fig-
ure 18. Since G is nonbipartite, we have three semi-diagonal 3-curves passing through
{vo,u1,v2}, {v1,u2,uz} and {vi,ug,vs}, respectively. (Consider the 23-path shrink
uouq s and face-contractions of vovzvaus and v4vsvgug.) Under the conditions, there
should be three edges vove, v1v3 and v1vs since vov1v2v3V4vs forms a cycle of G. By
Lemma 4.3, the quadrilateral region v;v2vgvs corresponds to a face of G. However, there
is an essential simple closed curve passing through only vy and v4, a contradiction.

Case I1. G has two adjacent vertices x and y of degree 3: See (ii) in Figure 18. Note that
each of deg(vy), deg(vz), deg(vs) and deg(vs) is at least 4. Suppose that vgv1v2U3V4V5 is a
cycle of G. We consider the face-contraction of vgvyvex (resp., vsvavsYy) at {vy, x} (resp.,
{v4,y}). Then, there are two semi-diagonal 3-curves and hence we have vivs, vovy €
E(G), up to symmetry. Clearly, we find an essential simple closed curve intersecting G at
only {vz,v3}, a contradiction.

Therefore, we assume that vgv;vav3v4v5 is not a cycle of G. Under the conditions,
v1 and v4 must coincide and the other vertices of the closed walk are distinct (see (iii) in
Figure 18). Then the configuration contains a blank hexagonal region v, v2v3v4(= v1)vov5
and it satisfies the conditions of Lemma 5.3. Now, we apply the result of the lemma. But,
Hjg is excluded immediately since it contains an attached cube. In this case, Hig[1,...,1]
only fits the region. The resulting graph is clearly I15[1;1,...,1].

Case III. All vertices of degree 3 are independent: Do the same procedure as in the previous
theorem. (Begin with considering face-contractions of three faces incident to a vertex of
degree 3.) However, we obtain no P-irreducible quadrangulation from this case; since two
adjacent vertices of degree 3 often appear. Therefore, the theorem follows. O
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Abstract

In this paper we consider a distance-regular graph I'. Fix a vertex = of I" and consider
the corresponding subconstituent algebra 7' = T'(z). The algebra T is the C-algebra gener-
ated by the Bose-Mesner algebra M of I' and the dual Bose-Mesner algebra M* of I" with
respect to x. We consider the subspaces M, M*, MM*, M*M, MM*M, M*MM*, ...
along with their intersections and sums. In our notation, M M* means Span{RS | R €
M,S € M*}, and so on. We introduce a diagram that describes how these subspaces are
related. We describe in detail that part of the diagram up to M M™* + M*M. For each
subspace U shown in this part of the diagram, we display an orthogonal basis for U along
with the dimension of U. For an edge U C W from this part of the diagram, we display
an orthogonal basis for the orthogonal complement of U in W along with the dimension of
this orthogonal complement.

Keywords: Subconstituent algebra, Terwilliger algebra, distance-regular graph.

Math. Subj. Class.: 05E30

1 Introduction

In this paper we consider a distance-regular graph I'. Fix a vertex x of I' and consider
the corresponding subconstituent algebra (or Terwilliger algebra) T = T'(x) [32]. The
algebra T is the C-algebra generated by the Bose-Mesner algebra M of I" and the dual
Bose-Mesner algebra M ™ of I with respect to x. The algebra 7' is finite-dimensional and
semisimple [32]. So it is natural to study the irreducible T-modules. These modules are
used in the study of hypercubes [14, 26], dual polar graphs [20, 38], spin models [6, 10],
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codes [13, 28], the bipartite property [4, 5, 9, 16, 21, 22, 23, 25, 27], the almost-bipartite
property [3, 8, 17], the Q-polynomial property [5, 7, 11, 12, 18, 19, 27, 35], and the thin
property [15, 24, 30, 31, 33, 34, 36, 37].

In this paper we discuss the algebra 7" using a different approach. We consider the
subspaces M, M* M M*, M*M, MM*M, M*MM*,... along with their intersections
and sums; see Figure 1. We describe the diagram of Figure 1 up to M M *+M* M. For each
subspace U shown in this part of the diagram, we display an orthogonal basis for U along
with the dimension of U. For an edge U C W from this part of the diagram, we display
an orthogonal basis for the orthogonal complement of U in W along with the dimension
of this orthogonal complement. Our main results are summarized in Theorems 6.1 and 6.2.
In the last part of the paper we summarize what is known about the part of diagram above
MM* 4+ M*M, and we give some open problems.

2 Preliminaries

In this section we recall some facts about distance-regular graphs. We will use the fol-
lowing notation. Let X denote a nonempty finite set. Let Mat x (C) denote the C-algebra
consisting of the matrices whose rows and columns are indexed by X and whose entries
are in C. For B € Matx (C) let B, BY, and tr(B) denote the complex conjugate, the
transpose, and the trace of B, respectively. We endow Mat x (C) with the Hermitean inner
product { , ) such that (R, S) = tr(R'S) for all R, S € Matx (C). The inner product
(, ) is positive definite. Let U,V denote subspaces of Matx (C) such that U C V. The
orthogonal complement of U in V is defined by U+ = {v € V | (v,u) = 0 forallu € U}.

Let ' = (X, &) denote a finite, undirected, connected graph, without loops or multiple
edges, with vertex set X and edge set £. Let 0 denote the shortest path-length distance
function for I'. Define the diameter D := max{d(z,y) | z,y € X}. Fora vertex vt € X
and an integer ¢ > 0 define I';(z) = {y € X | d(z,y) = i}. For notational convenience
abbreviate I'(z) = I'y(z). For an integer k£ > 0, we say that I is regular with valency k
whenever |I'(z)| = k for all z € X. We say that I is distance-regular whenever for all
integers h,4,7 (0 < h,i,j < D) and x,y € X with 9(x,y) = h, the number

piy = [Ti(@) N T (y)]

is independent of = and y. The integers p?j are called the intersection numbers of I'. From
now on assume that I is distance-regular with diameter D > 3. We abbreviate k; := pJ;
(0 <i< D).For0<i<D let A denote the matrix in Mat x (C) with (x, y)-entry

1 ifd(z,y) =1,
Aix = s c X.
Ao {o itoy) 2,

We call A; the i-th distance matrix of I'. We call A = A; the adjacency matrix of T'. Ob-
serve that A; is real and symmetric for 0 < ¢ < D. Note that Ay = I is the identity matrix
in Matx (C). Observe that Zio A; = J, where J is the all-ones matrix in Matx (C).
Observe that for 0 < 4,5 < D,

D
A A5 = plAn. 2.1
h=0
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For integers h,,j (0 < h,,j < D) we have
P6; = Ony» 22)
Py = 0ijk;. (2.3)

Let M denote the subalgebra of Mat x (C) generated by A. By [2, p. 44] the matrices
Ap, A1, ..., Ap form a basis for M. We call M the Bose-Mesner algebra of T'. By [1,
p- 59, 64], M has a basis Ey, E1, ..., Ep such that

(i) Eo =|X|7'J;
(i) P B =1;
(iii) Ef = B; (0 < i< D),
(iv) Ei = E; (0 <i < D)
(v) EiE; =0;;E; (0<14,5 < D).

The matrices Ey, E1, ..., Ep are called the primitive idempotents of I', and Ej is called
the trivial idempotent. For 0 < ¢ < D let m; denote the rank of E;. For 0 < ¢ < D let
6; denote an eigenvalue of A associated with F;. Let X\ denote an indeterminate. Define
polynomials {u;}2 ,in C[\] by ug = 1, u1 = \/k, and

)\ul- = CiUij—1 + a;u; + biui+1 (1 < ) < D — 1)

By [2, p. 131, 132],

D
Ay =k Y uy(0:)E; 0<j<D), 2.4)
1=0
D
Ej = |X|"'my Y ui(6;)A; 0<j<D). 2.5)
1=0

Since EzE] = 5ZJEZ and by (24) we have AjE,L' = kju](@)El = EiAj (O < ’L,j < D)
By [1, Theorem 3.5] we have the orthogonality relations

D
> wi(0r)ui(0) ki = 6remy X 0 <r,s<D), (2.6)
1=0
D
> wi(0p)u; (0, )my = 6;k; X 0 <i,j<D). .7
r=0

We recall the Krein parameters of I'. Let o denote the entry-wise multiplication in
Mat x (C). Note that A; 0 A; = §,;;4; for 0 < ¢,5 < D. So M is closed under o. By [2,
p- 48], there exist scalars qzhj € C such that

D
EioE; =|X|"' Y B (0 <i,j < D). 28
h=0
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We call the qlhj the Krein parameters of I'. By [2, Proposition 4.1.5], these parameters are
real and nonnegative for 0 < h,4,j < D.

We recall the dual Bose-Mesner algebra of I'. Fix a vertex x € X. For 0 < ¢ < D let
E¥ = Ef(x) denote the diagonal matrix in Matx (C) with (y, y)-entry

1 ifd(z,y) =1,
El)yy = X.
o {o oy £i. S

We call E} the i-th dual idempotent of I" with respect to x. Observe that
(i) X2 B =1

(i) Ef* = Ef (0<i< Dy

(i) Ef = Ef (0<i<D);

(iv) EfE} = 045 EF (0<4,j < D).
By construction Ef, Ef, ..., E}, are linearly independent. Let M* = M*(z) denote the
subalgebra of Mat x (C) with basis E, Ef, ..., E},. We call M* the dual Bose-Mesner
algebra of T" with respect to x.

We now recall the dual distance matrices of I'. For 0 < ¢ < D let A7 = A} (x) denote
the diagonal matrix in Mat x (C) with (y, y)-entry

(A7 )yy = [X[(Ei)ay y€X. 2.9)
We call A} the dual distance matrix of I' with respect to z and E;. By [32, p. 379], the
matrices A, A7, ..., A}, form a basis for M *. Observe that
i) A5 =1;

(i) 320 A7 = | X| B

(i) A7* = A7 (0<i< D)

(iv) AT = A7 (0 <i < Dy,

(V) AjA; = Y0 aly A} (0 < j < D).

From (2.4) and (2.5) we have

D
=0

D
B = X[y Y us(0) A7 0<j<D). @11
=0
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3 The subconstituent algebra T

In this section we study the subconstituent algebra of a distance-regular graph. For the
rest of the paper, fix a distance-regular graph I' and a vertex = of I'. Let T = T(z)
denote the subalgebra of Matx (C) generated by M, M*. The algebra T is called the
subconstituent algebra (or Terwilliger algebra) [32]. In order to describe 7', we consider
how M, M* are related. We will use the following notation. For any two subspaces R,S
of Matx (C) we define RS = Span{RS | R € R, S € S}. Consider the subspaces
M, M* MM*, M*M, MM*M, M*MM?*, ... along with their intersections and sums.
To describe the inclusions among the resulting subspaces we draw a diagram; see Figure 1.
In this diagram, a line segment that goes upward from U to W means that W contains U.

Consider the diagram in Figure 1. For each subspace U shown in the diagram, we seek
an orthogonal basis for U and the dimension of U. Also, for each edge U C W shown in
the diagram, we seek an orthogonal basis for the orthogonal complement of U in W along
with the dimension of this orthogonal complement. We accomplish these goals for that part
of the diagram up to M M* + M*M. Our main results are summarized in Theorems 6.1
and 6.2. Before we get started, we recall a few inner product formulas.

Lemma 3.1 ([11, Lemma 3.1, Lemma 4.1]). For0 < h,4,5,7,s,t < D,

(i) (Ef AjE;, EX ASEF) = 6i16j50ntknply,

(i) (E; A Ep, B ALEy) = 0i:0;50nmnq)l.

The following result is well-known.

Lemma 3.2 ([32, Lemma 3.2]). For0 < h,i,j < D,

(i) EfAnE; = 0ifand only if pl; = 0,

(ii) E;A} E; = 0 if and only lqu; =0.
Lemma 3.3 ([29, Lemma 10]). For0 < h,i,j,7,s,t < D,

D
(AE A, AcBEAY) = Y kuploph b
=0

4 The subspace M + M*

Our goal in this section is to analyze the inclusion diagram up to M + M *. We begin with
the trace of elements in M and M*.

Lemma4.1. For0<i <D,

( :
(iii) tr(E}) = ki,
(4

(iv) tr A*) = 60i‘X|.
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MM*M + M*MM*

MM *MM*

/\
\/

MM*M N M*MM*

MM* + M*M

MM*

/N
\/

MM*NM*M

M+ M*

/\
\/

M N M*

CI

Figure 1: Inclusion diagram.
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Proof. (1): Follows from the definition of A;.
(ii): Since F; is diagonalizable, we have tr(E;) = rank(E;) = m,.
(iii): Follows from the definition of E.
(iv): By (2.5) and since

D
Eo = X710 = [X]71) A,

we have
D

> (1= ui(6))Ai = 0.

=0

Since {Ai}fio are linearly independent, we obtain u;(6y) = 1 for 0 < i < D. By (2.6),
(2.10) and (iii), we have

D

D
tr(A7) =m; Yy ui(0;) tr(E)) = m; Y u;(0:)u;(00)k; = Jos| X|. O
j=0

j=0
Next we obtain some inner products.
Lemmad4.2. For0<1,57 <D,
(i) (Ai, Aj) =ik X,

(iii)

B; E7) = 0k,

?

(

(it) (Es, Ej) = di5m;,
(
(

Proof. (1): Use (2.1) and Lemma 4.1.
(ii): By Lemma 4.1 and since E; E; = 0;;F;.
(>iii): Since El*EJ* = 0;; 157 (0 <4,j < D) and by Lemma 4.1 (iii).
(iv): By (2.10) and (iii), we obtain

(A7, Af) = (my Z up(0:)EF, m; Z up(0 =m;m; Z up (0 0;)kp,.

By (2.6), we have (A}, A%) = mimjéijmj_ﬂX\ = 0;;m;| X]|. O

The algebra M has two bases {A;}2 and {E;}2 ;. The algebra M* has two bases
{AX}P  and {E;}P . Next we show that these bases are orthogonal.

Lemma 4.3. Each of the following is an orthogonal basis for M :

{Ai} 2o, {Ei} o
Moreover, each of the following is an orthogonal basis for M*:

{A* =0 {E: i’;O



192 Ars Math. Contemp. 17 (2019) 185-202

Proof. By Lemma 4.2 and the comment below it. O

Recall that Ay = I = A§. Next we compute some inner products between M and M *.

Lemmad4.4. For(0 <1, <D,
<Ai, A;> = 61050J|X|/€Z

Proof. Observe that (A;, A;‘) = (A; A Ao, AOA;TA()). By Lemma 3.3 and (2.2), (2.6) and
(2.10), the result follows. O]

The next results describe orthogonal bases for M + M* and M N M*.
Lemma 4.5. The following is an orthogonal basis for M + M*:

Ap,..., A, 1, AT ... A},
Proof. Immediate from Lemmas 4.2 and 4.4. O

Lemma 4.6.
dim(M + M*) =2D + 1.

Proof. Immediate from Lemma 4.5. O
Lemma 4.7. We have
MnNM*=CI and dim(MNM*)=1.
Proof. Observe that I € M N M*. By linear algebra, we have
dim(M N M*) = dim(M) + dim(M™) — dim(M + M™).

By construction dim(M) = D + 1, dim(M*) = D + 1. By this and Lemma 4.6,
dim(M N M*) = 1. The result follows. O

Lemma 4.8. The following statements hold:

(i) The matrices {A;}2 | form an orthogonal basis for the orthogonal complement of

M N M*in M.
(ii) The matrices { A;}2 | form an orthogonal basis for the orthogonal complement of
MO M*in M*.
(iii) The matrices {A;}2 | form an orthogonal basis for the orthogonal complement of
M*in M+ M*.
(iv) The matrices { A }2 | form an orthogonal basis for the orthogonal complement of
M in M + M*.
Proof. Follows from definitions of M, M* along with Lemmas 4.5 and 4.7. O

Lemma 4.9. Each of the following subspaces has dimension D:
(M N M**n M, (M N M**n M~
(M*)E N (M + M), M0 (M + M*).

Proof. ITmmediate from Lemma 4.8. O
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5 The subspace M M* + M*M

Our goal in this section is to analyze the inclusion diagram from M + M™* up to
MM* + M*M. We begin with a few inner product formulas.

Lemma 5.1. For0 <i,5,r,s <D,
(i) (AiAG, A7 As) = 0is0jr | X | kimju; (0;),
(ii) (AiA}, A AS) = 60| X [kimy,
(iii) (AfA;, AT Ag) = 0ir0j5| X |kim;.
Proof. (1): Since

(A A5 AT AL) = tr(AJAATA) = 3D (A7) gy (Ai)y: (A7) 22 (As) 2y

yeX zeX

and by (2.9), it follows that

(A AT AFA) = X1 > (B (Er)oz(As)zy
yeX zeX

= XYY (Bj)ay(Ai 0 Ay (Er)za
yeX zeX

Since A; 0 As = 6;54; (0 <i,s < D), we get

(A A7 AT A = X0 > (B (Ey) 2z

yeX zeX

Z Z(EJ)Iy(AZ)yz(ET)zx = |X|_1 JEI‘(.EJ'AZ-_ET)7

yeX zeX

Since

we have
(A; A* AT Ag) = | X0is tr(E; A Ey) = | X045 tr(ErEj A;).

Since E;E; = 6;;F; (0 < 4,5 < D), we obtain
(A A7, AT A,) = | X0i50;, tr(EjA;) = | X 045050 (Ej, As).
By (2.5) and Lemma 4.2 (i), we get (E;, A;) = m,u;(0;)k;. Hence
(A AT, AT AS) = 030, X [kimui(0;).
(ii): Since Ay = I, we get (AiA;,ATAQ = (AiA;AO,ATA;AO). By (2.10), we
obtain
(A A%, A ALY = mym, Zuh Z 0,)(AE; Ao, A Ejf Ag).

From Lemma 3.3 we have

(AiE; Ao, A B Ao) = > kel phepbo-
t=0
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By (2.2) and (2.3), we obtain

5]

(A;A5, A, A7) meSZuh ) > ue(0)kopSphe
£=0

= 0;rkim;jmg Zuh Dup(0s)kp,.
h=0

By (2.6), we get
(A AT, A AT) = ikimym8jsm [ X | = 65005 | X i
(iii): Since
(A7 A7 AT AL) = (AT A4)) TATAL)) = tr(A; A ATA,) = tr(A7 AT ALA,)
and

D
oA =Yl

and by (2.1), we get

D D
qhpl, tr(A Ay = Z Z qhpls tr(AcA)
h=0 (=0

D D
ghpls tr(AGA}) qu”pjs Ag, A7)
h=0 /=0

NE
NE

(A7Aj, ATA,) =

T
o
~
Il

=3

Il
WE
NE

>

02

Il
<

From Lemma 4.4, we have
D D D D
SN ahpl (A A =1X1D 0D alhphSudnoke = | X100 ko = | X100
h=0 £=0 h=0 £=0
By (2.3) and since q?r = 0;m;, We obtain
(ATA;, AT Ag) = 8i054| X kjm.
Next we obtain orthogonal bases for M M* and M* M.
Lemma 5.2. The following statements hold:
(i) The matrices {A; A5 | 0 <1, j < D} form an orthogonal basis for M M*.
(ii) The matrices {A5A; | 0 < i,j < D} form an orthogonal basis for M* M.
Proof. Tmmediate from Lemma 5.1.
Lemma 5.3. Each of the following subspaces has dimension (D + 1)2:
MM* M*M.

b
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Proof. Immediate from Lemma 5.2. O
Our next goal is to obtain an orthogonal basis for M M* + M*M.

Lemma 5.4. We have

D D
MM*+ M*M = Z Z Span{A; A}, A7 A;} (orthogonal direct sum).
i=0 j=0
Proof. Immediate from Lemma 5.1. 0
Corollary 5.5. We have
D D
dim(MM* + M*M) = > " dim(Span{A; A}, A} A;}).
i=0 j=0
Proof. Tmmediate from Lemma 5.4. O

Definition 5.6. For 0 < 4,5 < D let H; ; denote the 2 x 2 matrix of inner products for
AiA;, A;Ai.

Lemma 5.7. For(0 <14,5 < D,

1 U; 0
Hi,j = |X|klmJ <U,z((9j) (1J)> .

Proof. Immediate from Lemma 5.1 and Definition 5.6. 0
Lemma 5.8. For0 <1,j < D we have

det(H ;) = |X2K2m3 (1 — (ui(6,))?).
Proof. Immediate from Lemma 5.7. O
Corollary 5.9. For 0 <i,j < D, det(H; ;) = 0 if and only if u;(6;) = £1.
Proof. Immediate from Lemma 5.8. O

Lemma 5.10. The following elements are orthogonal for 0 < i,5 < D:

A AG + AT A, A AT — AT A;.
Moreover
HAzA; + A;AZHQ = 2\X|kzm](1 + ui(ﬁj)),
14i A7 — AF AP = 2| X [kim; (1 — wi(6;))-
Proof. Immediate from Lemma 5.7. O

Lemma 5.11. The following statements hold for 0 < i,5 < D:

(i) Assume u;(0;) = 1. Then A; A5 = A% A; and this common value is nonzero.



196 Ars Math. Contemp. 17 (2019) 185-202

(ii) Assume u;(6;) = —1. Then Al-A;'f = —A;f A; and this common value is nonzero.
(iii) Assume u;(0;) # +1. Then A; A}, A} A; are linearly independent.

Proof. (1), (i1): Immediate from Lemma 5.10.
(iii): Immediate from Lemma 5.8. O]

Lemma 5.12. For 0 < i,j < D we give an orthogonal basis for Span{A; A}, A7 A;} in
Table 1.

Table 1: An orthogonal basis for Span{A; A}, A7 A;}.

Case ‘ Orthogonal basis ‘ Dimension
Proof. Follows from Definition 5.6 and Lemmas 5.7 and 5.11. O

Corollary 5.13. The following is an orthogonal basis for M M* + M* M :
{AAS + AT A, AAG — AGA; | 0<4,5 < D, u;i(0;) # £1}
U{AAT|0<1i,j <D, u(0;) =£1}.
Proof. Immediate from Lemmas 5.4 and 5.12. O
Our next goal is to find the dimension of M M* + M* M.
Definition 5.14. Define an integer P as follows:
P=[{(i.j) | 1 <i,j < D,wi(8,) = £1}].

Remark 5.15. Recall that ug(#;) = 1 and u;(6y) = 1 for 0 < 4,5 < D. By [2, A.5], the
graph I is primitive if and only if I'; is connected for 1 < ¢ < D. From Definition 5.14
and [2, Proposition 4.4.7] we have P = 0 if and only if I is primitive.

Lemma 5.16.
dim(MM* + M*M) =2D*+2D +1 - P.

Proof. Immediate from Corollary 5.13 and Definition 5.14. O
Our next goal is to obtain an orthogonal basis for M M* N M*M.

Lemma 5.17.
dim(MM*NM*M)=2D+1+ P.

Proof. By linear algebra, we have
dim(MM*NM*M) = dim(MM*) + dim(M*M) — dim(MM* + M*M).

By Lemmas 5.3 and 5.16, the result follows. O
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Lemma 5.18. The following is an orthogonal basis for M M* N M*M:
Proof. Immediate from Lemmas 5.11 and 5.17. O

We now have orthogonal bases for M M*, M*M, MM*NM*M and MM*+ M*M.
The next results establish an orthogonal basis for certain orthogonal complements along
with the dimension for these orthogonal complements.

Lemma 5.19. The matrices {A; A} | 1 < i,j < D,u;(0;) = +1} form an orthogonal
basis for the orthogonal complement of M + M* in M M* N M* M.

Proof. Follows from Lemmas 4.5 and 5.18. O
Lemma 5.20. The following statements hold:

(i) The matrices {A; A} | 1 <1i,j < D,u;(0;) # +1} form an orthogonal basis for the
orthogonal complement of MM* N M*M in MM?*.

(ii) The matrices {AjA; | 1 <4,j < D, u;(0;) # £1} form an orthogonal basis for the
orthogonal complement of MM* N M*M in M*M.

Proof. Follows from Lemmas 5.2 and 5.18. O

Lemma 5.21. The following statements hold:

(i) The matrices {u;(0;)A; A} — A7 A; | 1 <14,j < D,u;(0;) # £1} form an orthogo-
nal basis for the orthogonal complement of MM* in MM* + M* M.

(ii) The matrices { A; A} —u;(0;)A5A; | 1 < 4,5 < D,w;(0;) # £1} form an orthogo-
nal basis for the orthogonal complement of M* M in MM* + M* M.

Proof. (1): By Lemma 5.1, for 0 < 4,5,r,s < D
= 5”«5]5|X|]€1mju1(9]) — 51T5JS\X|klmju1(0j)
+ (5ir6j5|X\kimj (ul(HJ))z — 6¢T5jS|X|k:imj
= 0ir0js| X ki ((ui(6;))* — 1).
By similar arguments,
(A AT — ATA ui(0;) A AT — ATA) = 65066 | X | kim (1 — (u;(65))?)
for0 <i,5,r,s < D.ByLemmaS5.1, for0 <i,j,r,s <D
= (5W5]S|X|klmjul(0j) — (5ir5js|X|kimjui(9j)
=0.

By Lemma 5.2 and Corollary 5.13, the result follows.
(i1): Similar to the proof of (i). O
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Lemma 5.22. The following subspace has dimension P:

(M + M*)* 0 (MM* N M*M).

Proof. Immediate from Definition 5.14 and Lemma 5.19.

Lemma 5.23. Each of the following subspaces has dimension D? — P:

(MM* N M*M)* n MM~
(MM*)*n

(MM* N M*M)* N M*M,

(MM* + M*M), (M*M)* 0 (MM* + M*M).

Proof. Immediate from Definition 5.14 and Lemmas 5.20 and 5.21.

6 Summary of main results

In Sections 4 and 5 we obtained an orthogonal basis and the dimension for each subspace
U in the diagram of Figure 1 up to M M* + M*M. Also, for each edge U C W shown
in this part of the diagram of Figure 1, we obtained an orthogonal basis for the orthogonal
complement of U in W along with the dimension of this orthogonal complement. The

results are summarized in this section.

Theorem 6.1. In each row of Table 2 we describe a subspace U in the diagram of Figure 1.

We give an orthogonal basis for U along with the dimension of U.

Table 2: An orthogonal basis for each subspace U in the diagram of Figure 1 along with its

dimension.
Subspace U Orthogonal basis for U Dimension of U
M N M* I 1
M {4} 2, D+1
M* {AYE, D+1
M+ M* {Ap,..., Ay, I, A%,... A%} 2D +1
MM*NM*M {AiA [0 <id,j < D,u;(0;) = £1} 2D+1+4+P
MM* {A;A5 ] 0<1i,j <D} (D+1)2
M*M {454, 10<4,j <D} (D+1)2
{AA + AT A A AT — AT A, |
MM*+ M*M 0<4,j < D,u;(0;) # £1} 2D? +2D+1-P

U{A;A7 [0 <45 < D,u(f;) = £1}
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Theorem 6.2. In each row of Table 3 we describe an edge U C W from the diagram of
Figure 1. We give an orthogonal basis for the orthogonal complement of U in W along
with the dimension of this orthogonal complement.

Table 3: An orthogonal basis for the orthogonal complement of U in W in the diagram of
Figure 1 along with the dimension of this orthogonal complement.

Orthogonal basis Dimension
U w forUtNW of ULt NW
MNM* M {A}R, D
MNM* M* {A}Y2 D
M M+ M* {A}Y2 D
M* M+ M* {A}R, D
M + M* MM* N M*M {AiA§|1§i,j§D,ui(0j):i1} P
MM* N M*M MDM* {AiA§|1§i,j§D,ui(0j)7éj:1} D?-p
MM* N M*M M*M {A;Ai|1§i,j§D,ui(9j)7éi1} D*?—-P
(0 A AT — AL A;
Mme | Mg g | O AA = A4 D*—p
1 S 1,7 S D, uz(ﬁj) 7& :tl}
A; AT —u;(0;)A%A;
MM | Mg g e | AT T u0) AT D*_p

7 Open problems

In this section, we give some open problems and suggestions for future research. Earlier in
the paper we discussed the diagram of Figure 1. In this discussion we analyzed the diagram
up to MM* 4+ M*M. The remaining part of the diagram is not completely understood.
We mention what is known. By Lemma 3.1 the subspace M*M M* has an orthogonal
basis {EfA;E; | 0 < h,i,j5 < D, pzhj # 0}. Similarly, the subspace M M*M has an
orthogonal basis { E; A% E}, | 0 < h,i,j < D, qfs # 0}.

Problem 7.1. Find an orthogonal basis for the following subspaces:

() MM*M 0 M*MM*,

(i) MM*M + M*MM*.

Problem 7.2. In each row of Table 4 we give an edge U C W from the diagram of Figure 1.
Find an orthogonal basis for the orthogonal complement of U in W for the following cases.
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Table 4: Subspaces U and W from the diagram of Figure 1.

U w
MM* + M*M MM*MNM*MM*
MM*MNM*MM* MM*M
MM*M N M*MM* M*MM*
MM*M MM*M + M*MM*
M*MM* MM*M + M*MM*
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1 Introduction

The classification of distance-regular Cayley graphs is an open problem in the area of al-
gebraic graph theory [28, Problem 71-(ii)]. Partial results have been obtained by Abdollahi
and the authors [2], Miklavi¢ and Potoc¢nik [20, 21], and Miklavi¢ and §parl [22], among
others.

Here we focus on distance-regular graphs with small valency. It is known that there
are finitely many distance-regular graphs with fixed valency at least 3 [7]. In addition,
all distance-regular graphs with valency 3 are known (see [11, Theorem 7.5.1]), as are
all intersection arrays for distance-regular graphs with valency 4 [13]. There is however
no complete classification of distance-regular graphs with fixed valency at least 5. It is
believed though that every distance-regular graph with valency 5 has intersection array as
in Table 3. Besides these results, all intersection arrays for distance-regular graphs with
girth 3 and valency 6 or 7 have been determined. We therefore study the problem of which
of these distance-regular graphs with small valency are Cayley graphs.

After some preliminaries in Section 2, we study several families of distance-regular
graphs that have members with small valency. Several of the results in this section are
standard. Besides these standard results, we obtain in Proposition 3.2 that the incidence
graphs of the Desarguesian affine planes minus a parallel class of lines are Cayley graphs.
In Section 3.7, we study generalized polygons. By extending a known method for general-
ized quadrangles, we are able to prove (among other results) that the incidence graphs of
all known generalized hexagons are not Cayley graphs; see Proposition 3.6. Moreover, we
show that neither are some other distance-regular graphs that come from small generalized
quadrangles or hexagons.

We then determine all distance-regular Cayley graphs with valency 3 and 4 in Sec-
tions 4 and 5, respectively. Next, we characterize in Section 6 the Cayley graphs among
the distance-regular graphs with valency 5 with one of the known putative intersection ar-
rays. Most of our new results (besides the above mentioned ones) are negative, in the sense
that we prove that certain distance-regular graphs are not Cayley graphs. However, we sur-
prisingly do find that the Armanios-Wells graph is a Cayley graph. This gives additional,
previously unknown, information about the structure of this distance-transitive graph on 36
vertices, as we remark after Proposition 6.1.

In the final section, we consider distance-regular graphs with girth 3 and valency 6 or
7. Most of these graphs have been discussed in earlier sections. As another exception, we
obtain that the Klein graph on 24 vertices is a Cayley graph.

2 Preliminaries

All graphs in this paper are undirected and simple, i.e., there are no loops or multiple edges.
A connected graph I is called distance-regular with diameter d and intersection array

{bo,b1,...,bg-1;¢1,C2,...,¢Ca}

whenever for every pair of vertices « and y at distance ¢, the number of neighbors of y at
distance ¢ — 1 from x is ¢; and the number of neighbors of y at distance ¢ + 1 from x is b;,
foralli = 0,...,d. It follows that a distance-regular graph is regular with valency k£ = by.
The number of neighbors of y at distance ¢ from x is denoted by a;, and a; = k — b; — ¢;.
The girth of a distance-regular graph follows from the intersection array. The odd-girth (of
a non-bipartite graph) equals the smallest ¢ for which a; > 0; the even-girth equals the
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smallest ¢ for which ¢; > 1. A distance-regular graph is called antipodal if its distance-d
graph is a disjoint union of complete graphs. This property follows from the intersection
array.

A distance-regular graph with diameter 2 is called strongly regular. A strongly regular
graph with parameters (n, k, A, i) is a k-regular graph with n vertices such that every pair
of adjacent vertices has A common neighbors and every pair of non-adjacent vertices has p
common neighbours. Thus, A\ = ay, ;1 = ¢o, and the intersection array is {k, k — 1 — X;
1, p}. For more background on distance-regular graphs, we refer to the monograph [11] or
the recent survey [28].

Let G be a finite group and S be an inverse-closed subset of G not containing the
identity element e of G. Then the (undirected) Cayley graph Cay(G, S) is a graph with
vertex set G such that two vertices a and b are adjacent whenever ab~! € S. Recall that
all Cayley graphs are vertex-transitive and a Cayley graph Cay(G, S) is connected if and
only if the subgroup generated by .S, which is denoted by (S), is equal to G. Following
Alspach [3], the subset S in Cay(G, S) is called the connection set. It is well-known that
a graph I' is a Cayley graph if and only if it has a group of automorphisms G that acts
regularly on the vertices of I".

The commutator of two elements a and b in a group G is denoted by [a, b]. Furthermore,
the center of G is denoted by Z(G).

2.1 Halved graphs

The following observation is straightforward but very useful. Let I' be a Cayley graph
Cay(G, S) with diameter d. Define sets S; recursively by S;+1 = SS; \ (S; U S;_1) for
i =2,...,d, where Sy = S and Sy = {e}. Then the distance-i graph T'; of T is again
a Cayley graph, Cay(G, S;). In particular, when T is bipartite, then its halved graphs (the
components of I'y) are Cayley graphs.

Lemma 2.1. The distance-i graph of a Cayley graph I with diameter d is again a Cayley
graph, fori = 2,...,d. Also the halved graphs of T are Cayley graphs.

Clearly, also the complement I" of a Cayley graph I' is a Cayley graph.

2.2 Large girth

In the later sections we will see many distance-regular graphs with large girth. The follow-
ing lemmas will then turn out to be useful.

Lemma 2.2. Let T be a Cayley graph Cay (G, S) with girth g, where |S| > 2. If G is
abelian, then g < 4 and I contains a — not necessarily induced — 4-cycle.

Proof. Let a and b be in S such that a # b=!. Thene ~ a ~ ba = ab ~ b ~ e, s0 T
contains a 4-cycle, and hence g < 4. O

Lemma 2.3. Let T be a Cayley graph Cay (G, S) with girth g > 4. Suppose that S contains
an element of order m, with m > 2. Then g < m and the vertices of I' can be partitioned
into induced m-cycles.

Proof. Suppose a € S has order m > 2. Then b ~ ab ~ a?b ~ --- ~ a™ b ~ b, for
every b € GG. Now suppose that this m-cycle is not induced. Then it follows that there is
an i, with 1 < ¢ < m — 1, such that a* € S. But then b ~ a’b ~ at1b ~ ab ~ b, which
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contradicts the assumption that ¢ > 4. So every vertex is in an induced m-cycle, and the
result follows. O

Note that the above partition of vertices into m-cycles is the same as the partition of G
into the right cosets of the cyclic subgroup H generated by a.

In general, if T is a Cayley graph Cay(G, S), and H is a subgroup of G, then the
induced subgraph on each of the right cosets of H is regular, and all these subgraphs are
isomorphic to each other.

2.3 Normal subgroups and equitable partitions

If T is a Cayley graph Cay(G, S) and H is a normal subgroup of G, then the partition
into the (distinct) cosets Hc is equitable, in the sense that each vertex in Hc has the
same number of neighbors in Hb, for each ¢ and b. This number is easily shown to be
|S N Heb™1|. The quotient matrix @ of the equitable partition contains these numbers, i.e.
Qe rp = |SN Heb™t|. Tt is well-known and easy to show (by “blowing up” eigenvectors
[12, Lemma 2.3.1]) that each eigenvalue of () is also an eigenvalue of I'. We will use this
fact in some of the later proofs, for example to show that the Biggs-Smith graph is not a
Cayley graph.

Note also that the quotient matrix is in fact the adjacency matrix of a Cayley multigraph
on the quotient group G/H, with connection multiset S/H = {Hs | s € S}. When I is
an antipodal distance-regular (Cayley) graph with diameter d, then it is easy to show that
Ny = S4 U {e} is a subgroup of G. If this group is normal, then it follows that there is
a Cayley graph over the quotient group G/N; with connection set {Nys | s € S} (cf.
[21, Lemma 2.2]). This quotient graph is the folded graph of I, and it is well-known to be
distance-regular, too.

2.4 Dihedral groups

Miklavic¢ and Potoc¢nik [20, 21] classified the distance-regular Cayley graphs over a cyclic
or dihedral group. They already observed in [20] that a primitive distance-regular graph
over a dihedral group must be a complete graph. In [21], they moreover showed the fol-
lowing.

Proposition 2.4 ([21]). A distance-regular Cayley graph over a dihedral group must be a
cycle, complete graph, complete multipartite graph, or the bipartite incidence graph of a
symmetric design.

We will see these graphs also in Section 3. More importantly, we will use this classifi-
cation in some of the results in the later sections.

2.5 Erratum

In [2], we claimed that in the distance-regular line graph I' of the incidence graph of a
generalized d-gon of order (g, ¢), any induced cycle is either a triangle or a 2d-cycle. This
is not correct however. Instead, every induced cycle in I' is either a 3-cycle or an even cycle
of length at least 2d. Consequently, Theorem 3.1 in [2] may not be correct. Instead, we
have the following result.

Theorem 2.5. Let d > 2, let T be the line graph of the incidence graph of a generalized
d-gon of order (q,q), and suppose that T is a Cayley graph Cay(G, S). Then there exist
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two subgroups H and K of G such that S = (H U K) \ {e}, with |H| = |K| = q+ 1 and
HNK = {e} ifand only if (a) C S U{e} for every element a of order 2i in S, with i > d.

The correction of the above result has no impact on the validity of the following result
in [2, Proposition 3.4]. In fact, by Lemma 2.2, the proof can do without the above theorem.

Proposition 2.6. The line graph of Tutte’s 8-cage is not a Cayley graph.

Proof. Let I' be the line graph of Tutte’s 8-cage, and suppose that it is a Cayley graph
Cay(G, S). Then |G| = 45 and |S| = 4. By Lemma 2.2, G cannot be abelian because T’
has no 4-cycles. But all groups of order 45 are abelian, so we have a contradiction. O

3 Some families of distance-regular graphs

It is clear that the cycle C,, is a distance-regular Cayley graph over the cyclic group. Thus,
every distance-regular graph with valency 2 is a Cayley graph. Here we mention some
other relevant families of distance-regular graphs with members of small valency.

3.1 Complete graphs, complete multipartite graphs, and complete bipartite graphs
minus a matching

The complete graph K,, and the regular complete multipartite graph K, «,, are distance-
regular Cayley graphs (with diameters 1 and 2, respectively). Indeed, K, is a Cayley graph
over any group of order n, whereas K, »,, (with m parts of size n) is a Cayley graph over
the cyclic group Z,,,, with connection set S = Z,,,, \ mZy,,. Note that the complete
bipartite graph Ko, is usually denoted by K, ,,.

A complete bipartite graph kK, ,, minus a complete matching, which is denoted by
K3, .., is distance-regular with valency n — 1 and diameter 3. Even though it may be
clear that this is also a Cayley graph, we will describe it as such explicitly. Indeed, let
Dy, = {a,b | a® = b*> = 1,bab = a~'). Then the Cayley graph Cay(Ds,,S), where
S = {ba' | 1 < i < n — 1} is the complete bipartite graph K, ,, minus a complete
matching, with two bipartite parts (a) and b(a). This graph can also be described as the
incidence graph of a symmetric design; see Section 3.5.

3.2 Paley graphs

The Paley graphs are defined as Cayley graphs. Let ¢ be a prime power such that ¢ = 1
(mod 4). Let G be the additive group of GF(g) and let S be the set of nonzero squares
in GF(q). Then the Paley graph P(q) is defined as the Cayley graph Cay (G, S). It is
distance-regular with diameter 2 and valency (¢ — 1)/2.

3.3 Hamming graphs, cubes, and folded cubes

The Hamming graph H(d, q) is the d-fold Cartesian product of K,. It can therefore be
described as a Cayley graph over (for example) Zg with the set of vectors of (Hamming)
weight one as connection set. It is distance-regular with valency d(q — 1) and diameter d.

The Hamming graph H (2, q) is also known as the lattice graph Ls(q). The Shrikhande
graph is a distance-regular graph with the same intersection array as Ly(4), and it is a
Cayley graph Cay(Z4 x Z4,{£(0,1),£(1,0),%(1,1)}). A Doob graph is a Cartesian
product of Shrikhande graphs and K,’s. These Doob graphs are thereby distance-regular
Cayley graphs as well.
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The Hamming graph H(d,2) is also known as the d-dimensional (hyper)cube graph
Q4. The folded d-cube can be obtained from ()41 by adding a perfect matching con-
necting its so-called antipodal vertices. This implies that it is a Cayley graph over ngl
with connection set the set of unit vectors and the all-ones vector. The folded d-cube is
distance-regular with valency d and diameter |d/2].

3.4 Odd and doubled Odd graphs

The Odd graph O, is the Kneser graph K (2n—1,n—1). Itis distance-regular with valency
n and diameter n — 1. Godsil [15] determined which Kneser graphs are Cayley graphs, and
it follows that the Odd graph is not a Cayley graph.

The doubled Odd graph DO, is the bipartite double of the Odd graph O,,. Itis distance-
regular with valency n and diameter d = 2n — 1. It is easy to see that if a graph I" is a
Cayley graph Cay (G, .S), then its bipartite double is again a Cayley graph over the group
G X Zo with connection set S = {(s,1) | s € S}. But the Odd graph is not a Cayley graph,
so we cannot apply this argument. Indeed, it turns out that the doubled Odd graph is also
not a Cayley graph.

Proposition 3.1. The doubled Odd graph is not a Cayley graph.

Proof. The distance-(d—1) graph of a doubled Odd graph DO,, (with diameter d = 2n—1)
is a disjoint union of two Odd graphs O,,. If this graph is a Cayley graph, then its distance-
(d — 1) graph is again a Cayley graph, by Lemma 2.1. But an Odd graph is not a Cayley
graph [15], so neither is the doubled Odd graph. O

Godsil’s results [15] also imply the classification by Sabidussi [25] of Cayley graphs
among the triangular graphs T'(n); these are Cayley graphs if and only if n = 2,3,4 or
n =3 (mod 4) and n is a prime power.

3.5 Incidence graphs of symmetric designs

Miklavic¢ and Potocnik [21] showed that there is a correspondence between difference sets
and connection sets for the incidence graphs of a symmetric design. Recall that a k-subset
D of a group G of order n is called an (n, k, A) difference set if every nonidentity element
g € G occurs ) times among all possible differences d1dy 1 (we prefer to use multiplicative
notation) of distinct elements dy and ds of D. The development {Dg | g € G} of such a
difference set is a symmetric 2-(n, k, A) design.

If D is a difference set in an abelian group G, then we can easily construct the incidence
graph of its development as a Cayley graph for the group G X Zj. The elements of this
group can be (identified and) partitioned as G U G'c, where ¢? = 1 and cgc = g~! for all
g € G. As a connection set, we take S = Dc. It follows that S is inverse closed, and that
the corresponding Cayley graph is indeed the incidence graph of the development (a block
Dy corresponds to the group element g~ 'c).

Because the Desarguesian projective plane (over GF(q)) is a symmetric 2-(¢% + q + 1,
g + 1,1) design, and can be obtained from a (Singer) difference set in the cyclic group, it
follows that the incidence graph of a Desarguesian projective plane is a Cayley graph. It
was shown by Loz et al. [18] that this Cayley graph is 4-arc-transitive. We note that all
projective planes of order at most 8 are Desarguesian, and hence all incidence graphs of
projective planes with valency at most 9 are Cayley graphs.
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We also note that if D is a difference set in G, then the complement G \ D is also a
difference set in G, and its development is the complementary design of the development
of D. This implies that also the incidence graph of the 2-(7, 4, 2) design is a Cayley graph.
Also the 2-(11,5,2) biplane comes from a difference set (the set of nonzero squares in
Z11), so its incidence graph is a Cayley graph. Note that also the (trivial) 2-(n,n—1,n—2)
design comes from a difference set (D = G \ {e}), which gives an alternative proof that
K3, ,, is a Cayley graph (see Section 3.1).

We denote the incidence graph of a 2-(n, k, \) design by IG(n, k, A). Such a graph is
distance-regular with valency %k and diameter 3.

3.6 Incidence graphs of affine planes minus a parallel class of lines

Similar to the case of symmetric designs, there is a correspondence between certain relative
difference sets and connection sets for the incidence graph of an affine plane minus a par-
allel class of lines. A k-subset R of a group G of order mn is called a relative (m,n, k, \)
difference set relative to a subgroup N of order n of G if every element of G \ N occurs A
times among all possible differences r175 ! of elements 7, and 75 of R. The development
of such a relative difference set is a so-called (m, n, k, \) divisible design. We will not go
into the details of the definition of such a divisible design, but restrict to the remark that an
(n,n,n, 1) divisible design is the same as an affine plane of order n minus a parallel class
of lines (for details, see [24]). Similar as in Section 3.5, if such a divisible design comes
from a relative difference set in an abelian group, then its incidence graph is a Cayley graph.

It is known that all Desarguesian planes correspond to relative difference sets, so the
incidence graphs of the Desarguesian affine planes minus a parallel class are all Cayley
graphs. These include all such distance-regular graphs with valency at most 8. In particular,
for odd prime powers g, the set {(z,2%) | * € GF(q)} is a relative difference set in
GF(q)?2. To include even prime powers, we need a more involved construction of a relative
difference set that actually works also for semifields (see [24, Theorem 4.1]). Indeed, if S is
a semifield of order g, then we define a group on S? using the addition (z1, z2)+ (y1, y2) =
(r1 + y1, 72 + y2 + w1y1). In this group, the set {(z,2?) | z € S} is a relative (¢, g, q, 1)
difference set. We note that if S is the field on 2™ vertices, then the constructed group is
isomorphic to Z} .

We denote the incidence graph of a the Desarguesian affine plane of order ¢ minus a
parallel class of lines (pc) by IG(AG(2,q) \ pc). Such a graph is distance-regular with
valency ¢ and diameter 4. We conclude the following.

Proposition 3.2. For every prime power q, the incidence graph of the Desarguesian affine
plane of order q minus a parallel class of lines, IG(AG(2, q) \ pc), is a Cayley graph.

3.7 Generalized polygons

The incidence graph of a generalized quadrangle or generalized hexagon of order (g, ¢) is
distance-regular with valency ¢ + 1 and girth 8 and 12, respectively. These graphs thus
arise in the tables in the following sections. In this section, we will first show, among other
results, that for ¢ < 4, none of these is a Cayley graph. Next to that, we will consider some
of the distance-regular line graphs and halved graphs (point graphs) of these graphs.
Indeed, first suppose that the incidence graph I" of generalized polygon of order (s, s)
is a Cayley graph. Then its automorphism group contains a subgroup that acts regularly on
the vertices of I'. It follows that there is an index 2 subgroup G that acts regularly on both
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the point set and on the line set, as an automorphism group of the generalized polygon.
This situation has been studied by Swartz [26] for generalized quadrangles. Using results
by Yoshiara [29] (who exploited an idea of Benson [9]; cf. [23, 1.9.1]), Swartz [26] showed
that s + 1 must be coprime to 2 and 3. Consequently, we have the following result.

Proposition 3.3. If the incidence graph of a generalized quadrangle of order (s, s) is a
Cayley graph, then s + 1 is not divisible by 2 or 3.

In particular, it shows that the incidence graphs of generalized quadrangles of orders
(2,2) and (3, 3) are not Cayley graphs.

We will next derive a similar result for generalized hexagons. The line of proof is the
same as for generalized quadrangles. By extracting the main ideas and fine-tuning them,
we are able to give a self-contained proof, which in the end even leads to a somewhat
stronger result. We note that similar more general techniques and results on generalized
hexagons (but not our main results) have also been obtained by Temmermans, Thas, and
Van Maldeghem [27].

As in the above, we assume that the generalized hexagon of order (s, s) has an auto-
morphism group G that acts regularly on points as well as on lines. Thus, the order of G is
(s 4 1)(s* 4+ 52 4+ 1). We start with a lemma.

Lemma 3.4. Let p = 2,3, or 5, and let g € G be of order p. Then x9 # x and x9 is not
collinear to z, for every point x.

Proof. Let x be an arbitrary point. Because G is regular, g fixes no points, and also no lines
(otherwise g = e) so &9 # x. In order to show that 29 is not collinear to x, we assume that
£ is a line through z and x9, and show that this leads to a contradiction.

If g has order 2, then ¢9 is a line through 9 and 29 = x, s0 ¢9 = ¢, which is indeed a
contradiction.

If g has order 3, then x, x9, and 29 are pairwise collinear. Similar as in the previous
case (order 2), these three points cannot all be on the line ¢, and it follows that they “gener-
ate” three lines ¢, ¢9, and ¢9° . This however gives a 6-cycle in the incidence graph, which
is a contradiction, because its girth is 12.

Similarly, if g has order 5, then this gives rise to a 10-cycle in the incidence graph,
which is again a contradiction. O

Note that the case p = 5 seems specific for generalized hexagons, whereas the cases
2 and 3 clearly also apply to generalized quadrangles, because their incidence graphs have
girth “only” 8.

Next, we consider the adjacency matrix A of the point graph of the generalized hexagon,
and let M = A+ I. Note that this matrix could also be used to obtain the results for gener-
alized quadrangles. Our matrix M has eigenvalue s2 + s+ 1 with multiplicity one (from the
constant eigenvector), 2s, 0, and —s. From an automorphism g we make a permutation ma-
trix ), where Q.. , = 1if y = z9. Because g is an automorphism, we have that QA = AQ),
and hence that QM = M (@. Using the eigenvalues of M, we obtain the following lemma.

Lemma 3.5.
trQM =1 (mod s).

Proof. If g has order n, then (QM)™ = Q"M™ = M™. It follows that QM has the
same eigenvalues as M, possibly multiplied by a root of unity. It has the same eigenvalue
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52 4 s + 1 with multiplicity one (from the constant eigenvector) as M. For each other
eigenvalue, also its conjugates are eigenvalues, and the sum of these is a multiple of the
“original” eigenvalue 6 of M (because the sum of the relevant roots of unity is integer; for
details, see the similar proof for generalized quadrangles by Benson [9]). It follows that
the sum of all eigenvalues equals s? + s + 1 plus integer multiples of 2s, 0, and —s. Hence
trQM =1 (mod s). O

We can now prove the following.

Proposition 3.6. If the incidence graph of a generalized hexagon of order (s, s) is a Cayley
graph, then s is a multiple of 6 and s + 1 is not divisible by 5.

Proof. Suppose that the incidence graph is a Cayley graph, and that (s + 1)(s* + s% + 1)
is divisible by 2, 3, or 5. Then the generalized hexagon has a regular group G of automor-
phisms, acting regularly on both the point set and the line set. Because the order of this
group is divisible by 2, 3, or 5, there is an automorphism g € G of order 2, 3, or 5. By
Lemma 3.4, 29 # x and 9 is not collinear to x, for every point x. It follows that both
Q@ and QA have zero diagonal, hence tr QM = 0. But this contradicts Lemma 3.5, hence
(s +1)(s* + s? + 1) is not divisible by 2, 3, or 5, and this implies that s is a multiple of 6
and s + 1 is not divisible by 5. O

Because generalized hexagons of order (s, s) are only known for prime powers s, it
follows that all the incidence graphs of the known generalized hexagons are not Cayley
graphs. Note that automorphisms of a putative generalized hexagon of order (6,6) have
been studied by Belousov [8].

Similarly, generalized quadrangles of order (s, s) are only known for prime powers s.
Among these known ones, Proposition 3.3 thus rules out all s except s = 4° (for i € N).
Among the distance-regular incidence graphs of generalized polygons with valency at most
5, we still need to consider the incidence graph of the generalized quadrangle of order
(4,4). For this, we also consider one of the halved graphs, i.e., the collinearity (or point)
graph.

Proposition 3.7. The incidence graph of the generalized quadrangle GQ(4,4) is not a
Cayley graph.

Proof. Suppose that this bipartite graph I' is a Cayley graph. By Lemma 2.1, its halved
graphs are also Cayley graphs. These halved graphs (one of them being the collinearity
graph of the generalized quadrangle) are again distance-regular, with intersection array
{20,16;1,5} [11, Proposition 4.2.2]. In other words, it is a strongly regular graph with
parameters (85,20, 3,5). By Sylow’s theorem, the only group of order 85 is the cyclic
group Zsgs. Using the properties of a generalized quadrangle and that the cyclic group is
abelian, it is easy to show that each line (a 5-clique) through e forms a subgroup of Zgs,
but there is only one such subgroup, which gives a contradiction, because there are 5 lines
through each point. O

We note that this result also follows from more extensive results by Bamberg and Giu-
dici [5, Theorem 1.1] and by Swartz [26, Theorem 1.3]. We remark that also the result that
Tutte’s 8-cage — the incidence graph of the unique generalized quadrangle of order (2, 2)
— is not a Cayley graph, can be obtained using the point graph. The latter is the comple-
ment of the triangular graph 7'(6). Sabidussi [25] determined the Cayley graphs among the
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triangular graphs (see also Section 3.4), and T'(6) is not one of them. Thus, Tutte’s 8-cage,
also known as the Tutte-Coxeter graph, is not a Cayley graph.

Also Tutte’s 12-cage — the unique incidence graph of a generalized hexagon of order
(2,2) — is not a Cayley graph for an elementary reason, i.e., because it is not vertex-
transitive. Note that there are two generalized hexagons of order (2, 2), and these are dual,
but not isomorphic, to each other. Thus, there are two orbits of vertices in the incidence
graph.

We note that similarly there are precisely two generalized quadrangles of order (3, 3),
and these are dual to each other. This implies that the corresponding incidence graph is not
vertex-transitive, and hence this gives another argument for why this graph is not a Cayley
graph.

Another argument for why Tutte’s 12-cage is not a Cayley graph is obtained by con-
sidering the point graphs of the two generalized hexagons of order (2, 2). These distance-
regular graphs have intersection array {6, 4, 4; 1, 1, 3} and automorphism group PSU(3, 3)
X Zs [4]. If such a graph would be a Cayley graph Cay (G, S), then G must be a subgroup
of order 63 of the above group. Moreover, because the graph has no 4-cycles, the group
must be nonabelian by Lemma 2.2. However, we checked with GAP [14] that there are
no such subgroups, so we conclude that these graphs are not Cayley graphs. A similar
argument applies to the line graph of Tutte’s 12-cage, the unique distance-regular graph
with intersection array {4,2,2,2,2,2;1,1,1,1,1,2}. Also this graph has automorphism
group PSU(3,3) x Zs [4] and no 4-cycles. Thus, after having checked that there are no
nonabelian subgroups of order 189, we conclude the following.

Proposition 3.8. The line graph of Tutte’s 12-cage and the point graphs of the two gener-
alized hexagons of order (2,2) are not Cayley graphs.

Similarly, we can show that the unique distance-regular graph with intersection array
{6,3,3;1,1,2}, the line graph of the incidence graph of the projective plane (generalized
3-gon) of order 3 is not a Cayley graph. Indeed, the automorphism group of the incidence
graph (and hence of its line graph) is PSL(3, 3) X Zs, and we checked again with GAP [14]
that it has no subgroups of order 52. We recall from Section 3.5 that the incidence graph
itself is a Cayley graph. We had already observed in [2, Theorem 5.8] that if the line graph
of the incidence graph of a projective plane of small odd order is a Cayley graph, then it
should come from a group of both collineations and correlations of the projective plane.

Proposition 3.9. The line graph of the incidence graph of the projective plane of order 3
is not a Cayley graph.

We next consider the line graph of the incidence graph of the generalized quadrangle
of order (3, 3).

Proposition 3.10. The line graph of the incidence graph of the generalized quadrangle of
order (3, 3) is not a Cayley graph.

Proof. Suppose that this graph I' is a Cayley graph Cay(G,S). Then G is a subgroup
of the automorphism group of the incidence graph of the generalized quadrangle that acts
regularly on its 160 flags. It follows that GG acts transitively on the point set P and on the
line set L. Hence |G| = |G¢| = 4 for every x € P and ¢ € L. This implies that for every
point (and similarly, for every line), there is an involution in G that fixes it. On the other
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hand, it is not hard to show that every involution in G fixes either a point or a line, using
Benson’s results [9] or the approach as in Lemma 3.5 (see also [6, Lemma 3.4]).

Now let H be a Sylow 2-subgroup of G. We claim that the intersection of Z(G) and H
is trivial. To show this, assume that it is not. Then H N Z (@) contains an involution o, say,
and suppose without loss of generality that o fixes a point z, say. Let £ be a line through z
and let 6 be an involution that fixes /. If y = 20, then it is easy to see that o also fixes ,
and hence /. But then it fixes a flag (x, £), which is a contradiction.

Because Z(G) is normal in G, it follows that HZ(G) is a subgroup of G such that
|HZ(G)| = |H||Z(G)|. This implies that |Z(G)| = 1 or 5. We checked with GAP [14]
that there is no group of order 160 with |Z(G)| = 5 and there exists only one group G of
order 160 such that |Z(G)| = 1; this group is (Z3 x Z5) x Zs.

Now G has a normal subgroup N = Z3 x Zs of index 2, and this group does not have
any dihedral subgroup, except the ones of order 2 and 4. Moreover, the two cosets of N
induce an equitable partition of the graph, with quotient matrix of the form

m 6—m
[6 —-m m ] ’
with m = | SN N|. This implies that I" must have an eigenvalue 2m — 6 (besides eigenvalue
6) and because the integer eigenvalues of I' are 6, 2, and —2, it follows that m = 2 or
m = 4.

By Theorem 2.5 and the fact that G only has elements of orders 1, 2, 4, and 5, it follows
that S = (K37 U K3) \ {e}, where K; and K are subgroups of G of order 4 such that
KiNKy = {6}

In both the cases m = 2 and m = 4, it follows that SN N contains involutions s; € K3
and sy € K. These two involutions generate a dihedral subgroup of NV, which implies that
this must be the dihedral group of order 4. But then s; and s commute, and it is clear that
e and s; s9 have at least two common neighbors, while being at distance 2, and we have a
contradiction. O

The last case we will handle in this section is that of the line graph of the incidence
graph of a generalized hexagon of order (3,3). Note that it is currently unknown how
many such generalized hexagons there are.

Proposition 3.11. The line graph of the incidence graph of a generalized hexagon of order
(3, 3) is not a Cayley graph.

Proof. Suppose that this graph T" is a Cayley graph Cay (G, S). Then by the same approach
as in the proof of Proposition 3.10, it follows that G = (Z3 x Z7) x Dag. Again, G has
a normal subgroup N = (Z3 x Z7) x Z13 of index 2, and from the eigenvalues of ', we
obtain that m = 2 or m = 4, where m = |S N N|.

Observe that N contains seven involutions, which generate an abelian subgroup Z3.
Because S N N contains an even number of elements, it also contains an even number of
involutions. But these involutions commute and there are no induced 4-cycles in I, so it
easily follows that S N IV contains no involutions. Because N only has elements of order
1,2,7,13,26, and 91, and I" contains no induces odd-cycles besides triangles, it follows
that S N N only contains elements of order 26. Thus, the connection set .S has at least two
elements of order 26.
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Next, we consider the normal subgroup K = Z3 x Dag, with quotient group G/ K
isomorphic to Z7. Note that all elements of order 26 in G are in K, so it follows that SN K
contains at least two elements. Because the quotient matrix corresponding to the equitable
partition of the cosets of K is symmetric and cyclic, it follows that there are essentially
only three options; the first row of the quotient matrix must be

4100001, 2200002, or 2011110

All three matrices have eigenvalues of degree 3 (related to eigenvalues of the 7-cycle; the
roots of % + 22 — 22 — 1). But I has no such eigenvalues, so we have a contradiction. [

Finally, we note that Bamberg and Giudici [5] claim that none of the classical gener-
alized hexagons and octagons have a group of automorphisms that acts regularly on the
points. This implies that none of the point graphs of the known generalized hexagons and
octagons are Cayley graphs.

4 Distance-regular graphs with valency 3

All distance-regular graphs with valency 3 are known; see [11, Theorem 7.5.1]. In Table 1,
we give an overview of all possible intersection arrays and corresponding graphs, and indi-
cate which of these is a Cayley graph. The latter will follow from the results in the previous
section, and the investigations in the current section, as commented in the table. Note that
for each intersection array in Table 1 there is a unique distance-regular graph. By n, d, and
g, we denote the number of vertices, diameter, and girth, respectively. The first graph in

Table 1: Distance-regular graphs with valency 3.

Intersection array n d g Name Cayley Comments
{3;1} 4 1 3 Ky Yes  Sec. 3.1
{3,2;1,3} 6 2 4 Ks3 Yes  Sec.3.1
{3,2,1;1,2,3} 8 3 4 Cube~ Kjj Yes  Sec.3.1
{3,2;1,1} 10 2 5 Petersen ~ O3 No  Sec.3.4
{3,2,2;1,1,3} 14 3 6 Heawood ~ IG(7,3,1) Yes Sec.3.5
{3,2,2,1;1,1,2,3} 18 4 6 Pappus ~ Yes  Prop.3.2
IG(AG(2,3) \ pc)
{3,2,2,1,1;1,1,2,2,3} 20 5 6 Desargues ~ DO3 No  Prop.3.1
{3,2,1,1,1;1,1,1,2,3} 20 5 5 Dodecahedron No  Folklore
{3,2,2,1;1,1,1,2} 28 4 7 Coxeter No  Prop. 4.1
{3,2,2,2;1,1,1,3} 30 4 8 Tutte’s 8-cage ~ No  Prop.3.3
16(GQ(2,2))
{3,2,2,2,2,1,1,1; 90 8 10 Foster No  Prop.4.2
1,1,1,1,2,2,2,3}
{3,2,2,2,1,1,1; 102 7 9 Biggs-Smith No  Prop.4.4
1,1,1,1,1,1,3}
{3,2,2,2,2,2; 126 6 12 Tutte’s 12-cage ~ No  Prop.3.6

1,1,1,1,1,3} IG(GH(2,2))
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the table that does not occur in the previous section is the dodecahedron. It is however well
known that this graph is not a Cayley graph; see for example [19], where it is shown that
the only fullerene Cayley graph is the football (or buckyball) graph.

Also the fact that the Coxeter graph is not a Cayley graph is folklore. In the literature,
e.g., [17], it is mentioned as one of the four non-Hamiltonian vertex-transitive graphs on
more than two vertices, and it is noted that none of these four is a Cayley graph. Indeed, the
automorphism group of the Coxeter graph is PGL(2, 7), and this group has no subgroups
of order 28.

Proposition 4.1. The Coxeter graph is not a Cayley graph.

The Foster graph is a bipartite distance-regular graph that can be described as the inci-
dence graph of a partial linear space that can be considered as a 3-cover of the generalized
quadrangle of order (2,2). Its halved graphs are distance-regular with intersection array
{6,4,2,1;1,1,4,6} (e.g., see [11, Proposition 4.2.2]). The halved graph on the points is
the collinearity graph of this partial linear space.

Proposition 4.2. The Foster graph is not a Cayley graph.

Proof. Suppose that the Foster graph is a Cayley graph. By Lemma 2.1, its halved graphs
are also Cayley graphs, and these are distance-regular with intersection array {6, 4,2, 1;
1,1,4,6} on 45 vertices. So suppose that this halved graph is a Cayley graph Cay(G, S),
with G of order 45 and S of size 6. By Sylow’s theorem, G must be abelian. By Lemma 2.2,
it follows that I" contains a 4-cycle, which contradicts the fact that both the intersection
numbers a; and co are equal to 1. Thus, a distance-regular graph with intersection array
{6,4,2,1;1,1,4,6} cannot be a Cayley graph, and hence neither can the Foster graph. [

As a side result, we have thus obtained the following.

Corollary 4.3. The collinearity graph of the 3-cover of the generalized quadrangle
GQ(2,2), the unique distance-regular graph with intersection array {6,4,2,1;1,1,4,6},
is not a Cayley graph.

What remains is to consider the Biggs-Smith graph. The eigenvalues of this graph are
very exceptional for a distance-regular graph. It has five distinct irrational eigenvalues, and
distinct rational eigenvalues 3, 2, and 0.

Proposition 4.4. The Biggs-Smith graph is not a Cayley graph.

Proof. Suppose that the Biggs-Smith graph I is a Cayley graph Cay(G, S). Then |G| =
102, so G has a subgroup H of order 51. It follows that the two cosets of H induce an
equitable partition for I'. Because I' is connected and not bipartite, the quotient matrix is

of the form
m 3—m
3—m m |’
where m = 1 or m = 2. This implies that I" has an eigenvalue —1 or 1, which is a
contradiction. O

Now we can conclude this section by the following result.

Theorem 4.5. Let I" be a distance-regular Cayley graph with valency 3. Then I is isomor-
phic to one of the following graphs:
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e the complete graph K4,
o the complete bipartite graph K3 3,

e the cube ()3,

e the Heawood graph 1G(7,3,1),
o the Pappus graph IG(AG(2,3) \ pc).

5 Distance-regular graphs with valency 4
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The feasible intersection arrays for distance-regular graphs with valency four were deter-
mined by Brouwer and Koolen [13]. In Table 2, we give an overview of these intersection
arrays and corresponding graphs, and indicate which of these is a Cayley graph, like in the
previous section. Note that for each intersection array in the table there is a unique distance-
regular graph, except possibly for the last array, which corresponds to the incidence graph

of a generalized hexagon of order (3, 3).

Table 2: Distance-regular graphs with valency 4.

Intersection array n d g Cayley Reference
{4;1} 5 1 3 Yes  Sec.3.1
{4,1;1,4} 6 2 3 Yes Sec. 3.1
{4,3;1,4} 8 2 4 Yes Sec. 3.1
{4,2;1,2} 9 2 3 P(9)~H(23) Yes  Sec.3.2
{4,3,1;1,3,4} 10 3 4 Yes  Sec.3.1
{4,3,2;1,2,4} 14 3 4 Yes Sec. 3.5
{4,2,1;1,1,4} 5 3 3 No [2, Prop. 5.1]
{4,3,2,1;1,2,3,4} 16 4 4 Yes Sec. 3.3
{4,2,2;1,1,2} 21 3 3 L(Heawood) Yes [2, Ex. 5.7]
{4,3,3;1,1,4} 26 3 6 Yes Sec. 3.5
{4,3,3,1;1,1,3,4} 32 4 6 IG(A(2,4)\pc) Yes Prop. 3.2
{4,3,3;1,1,2} 35 3 6 No  Sec.3.4
{4,2,2,2;1,1,1,2} 45 4 3  L(Tutte’s 8-cage) No Prop. 2.6
{4,3,3,2,2,1,1; 0 7 6 No Prop. 3.1
1,1,2,2,3,3,4}
{4,3,3,3;1,1,1,4} 80 4 IG(GQ(3,3)) No Prop. 3.3
{4,2,2,2,2,2; 189 6 L(Tutte’s 12-cage) No Prop. 3.8
1,1,1,1,1,2}
{4,3,3,3,3,3; 728 IG(GH(3,3)) No Prop. 3.6
1,1,1,1,1,4}

In [2], distance-regular Cayley graphs with least eigenvalue —2 were studied. It was,
among others, shown that the line graph of the Petersen graph is not a Cayley graph (see
[2, Proposition 5.1]), and that the line graph of Tutte’s 8-cage is not a Cayley graph (see
Section 2.5). On the other hand, it was shown that the line graph of the Heawood graph
is a Cayley graph, over Z; x Zs (see [2, Example 5.7]). In Proposition 3.8, we obtained
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that the line graph of Tutte’s 12-cage is not a Cayley graph. We can therefore conclude this
section with the following result.

Theorem 5.1. Let I" be a distance-regular Cayley graph with valency 4. Then T is isomor-
phic to one of the following graphs:

e the complete graph K,

o the octahedron graph Ko 5 o,

o the complete bipartite graph Ky 4,

e the Paley graph P(9),

o the complete bipartite graph K5 5 minus a complete matching,
o the incidence graph of the 2-(7,4,2) design,

o the cube graph Q,

o the line graph of the Heawood graph,

o the incidence graph of the projective plane over GF(3),

o the incidence graph of the affine plane over GF(4) minus a parallel class of lines.

6 Distance-regular graphs with valency 5

In Table 3, we list all known putative intersection arrays for distance-regular graphs with
valency 5. We expect that this list is complete, but there is no proof for this. It contains
all intersection arrays with diameter at most 7. This can be derived from the tables in [10]
and [28]. All of the graphs in the table are unique, given their intersection arrays, except
possibly the incidence graph of a generalized hexagon of order (4, 4) (the last case).

It is well-known that the icosahedron is a Cayley graph. By using GAP [14] and similar
codes as in [1, p. 3], we checked that we can indeed describe the icosahedron as a Cayley
graph over the alternating group Alt(4), with connection set S = {(123), (132), (12)(34),
(134),(143)}. According to Miklavi¢ and Poto¢nik [21], the icosahedron is the small-
est distance-regular Cayley graph over a non-abelian group, if we exclude cycles and the
graphs from Section 3.1.

Also the Armanios-Wells graph is a Cayley graph. As far as we know, this was not
known before.

Indeed, let G be the group generated by elements g;, with ¢ = 1,2, 3,4, each of order
2, such that [g;, g;] is the same element, a say, for all ¢ # j. This group is isomorphic to
(Zy x Qs) X Zo, where Qs is the group of quaternions. Now let S = {g1, g2, g3, 9,
91929394}- Then it is not hard to check that the Cayley graph Cay(G,S) is distance-
regular with the same intersection array as the Armanios-Wells graph I', and hence that it
must be the latter. In order to indeed check this, it is useful to know that I" is an antipodal
double cover with diameter 4, and that in this case Sy = {a}, and consequently S5 = Sa
(see Section 2.3). We double-checked this with GAP [14], and thus we have the following.

Proposition 6.1. The Armanios-Wells graph is a Cayley graph over (Za x Qg) X Za.

A few more observations that we should make are the following. The center of GG equals
(a), which is of order 2. The quotient G/(a) is isomorphic to the elementary abelian 2-
group Zj3, which leads to the well-known description of the quotient graph — the folded
5-cube — as a Cayley graph (see Section 3.3).
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Table 3: Distance-regular graphs with valency 5.

Intersection array d g Name Cayley Reference
{5;1} 6 1 3 Kg Yes  Sec.3.1
{5,4;1,5} 10 2 4 Kss Yes  Sec.3.1
{5,2,1;1,2,5} 12 3 3 Icosahedron Yes Folklore
{5,4,1:1,4,5} 12 3 4 Kgg Yes  Sec.3.1
{5,4;1,2} 16 2 4 Folded 5-cube Yes Sec.3.3
{5,4,3;1,2,5} 22 3 4 IG(11,5,2) Yes Sec. 3.5
{(5,4,3,2,1;1,2,3,4,5} 32 5 4 Qs Yes  Sec.33
{5,4,1,1;1,1,4,5} 32 4 5 Armanios-Wells Yes Prop. 6.1
{5,4,2;1,1,4} 36 3 5  Sylvester No Prop. 6.2
{5,4,4;1,1,5} 42 3 6 IG(21,5,1) Yes Sec. 3.5
{5,4,4,1;1,1,4,5} 50 4 6 IG(A(2,5)\ pc) Yes Prop. 3.2
(5,4,4,3;1,1,2,2} 126 4 6 Os No  Sec.3.4
{5,4,4,4;1,1,1,5} 170 4 8  IG(GQ(4,4)) No  Prop.3.7
{5,4,4,3,3,2,2,1,1; 252 9 6 DOs No  Prop.3.1
1,1,2,2,3,3,4,4,5}
{5,4,4,4,4, 4; 2730 6 12 IG(GH(4,4)) No  Prop.3.6
1,1,1,1,1,5}

The group G has a normal subgroup (g192, 9293, g3g1), which is isomorphic to Qs.
This gives rise to an equitable partition of I" into 4 cocliques of size 8.

In addition, the normal subgroup (g1 g2, 9293, g3g1, g4) is isomorphic to Zs x Qs, which
gives an equitable partition of I into two 1-regular induced subgraphs. Together these form
a matching, and removing the edges of this matching results in a bipartite 4-regular graph.
This turns out to be the incidence graph of the affine plane of order 4 minus a parallel class
(see Section 3.6 and Table 2). Alternatively, we obtain that the latter is isomorphic to the
Cayley graph Cay (G, {91, 92,93, 94})-

The remaining intersection array in Table 3 is that of the Sylvester graph. This graph
has distinct eigenvalues 5,2, —1, and —3 and full automorphism group Sym(6) x Zy [11,
p. 394].

Proposition 6.2. The Sylvester graph is not a Cayley graph.

Proof. Suppose that the Sylvester graph I is a Cayley graph Cay (G, S), then |G| = 36 and
|S| = 5. Because I has girth 5, the group G is non-abelian by Lemma 2.2. It is known that
there are 10 non-abelian groups of order 36, of which two do not have a normal subgroup
of order 9; these are Z3 x Alt(4) and (Zs X Za) % Zg.

If G is the latter group (and contains elements of order 9), then it has automorphisms of
order 9. This contradicts the fact that the full automorphism group of I equals Sym(6) X Zs.

Next, we will also show that G cannot be Z3 x Alt(4), and hence that G must have a
normal subgroup of order 9. Indeed, suppose that G equals Z3 x Alt(4). The center of this
group is isomorphic to Zs, say Z(G) = (c), with ¢ of order 3. Moreover, G has a normal
subgroup H isomorphic to Alt(4) (with cosets H, Hc, Hc? that form an equitable partition
of I).
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Now suppose that hc! € S for some h € H and i = 0,1,2. Then the order of h must
be 2, for if it were 3 (or 1, the only other options), then e ~ hc® ~ (hc')? ~ (hct)? = e,
which contradicts the fact that I has girth 5. Moreover, if h € S, then hc and he? = (he) -1
are not in S because that would imply that e ~ hc ~ ¢ ~ hc? ~ e, which again gives a
contradiction.

Because Alt(4) has only three involutions, there are also only three involutions hy, ha,
and hs, say, in H. Thus, it follows without loss of generality that S = {h1, hac, hac?, hsc,
h302}. However, now e ~ hoc ~ hshs ~ hoc? ~ e, which gives the final contradiction,
and hence G cannot be Zz x Alt(4).

Thus, the group G has a normal subgroup N of order 9. The four cosets of N form an
equitable partition of I with quotient matrix

ny Ng2 N3 N4
Ng N1 MNg N3
ng mng N1 N2
g N3 N2 M

for certain n1, ng, n3, ng summing to 5, and because I is connected, at most one of nq, ng,
n4 can be 0. Now the quotient matrix has eigenvalues n1 +mno +ns+mn4, N1 +n2 —ng —ny4,
ny — ng + ng — ng, and ny — no — n3 + ng. Because I' has no eigenvalues 3 and 1, it
follows that ny = 0,19 = 1,n3 = 2, and nqy = 2, up to reordering of the latter three (we
omit the easy but technical details).

So there is one coset that intersects S in no = 1 element. Let us call this element a,
then clearly O(a) = 2, and the subgroup N{a) is a normal subgroup (of index 2). Given
the quotient matrix, it follows easily that every vertex in the coset Na except a itself is at
distance 2 from e.

Now we claim that a is the only involution in N (a). Clearly there are no involutions
in N because it has order 9. Every other element in Na is at distance 2 from e, and hence
can be written as s1S for some si,s2 € S. Suppose now that O(sys2) = 2. Then
e ~ So ~ 8189 ~ S25152 ~ €, a contradiction since the girth of I" is 5, and we proved our
claim.

Now suppose that s € S, with s # a. Then s~'as € N{(a) since N{a) is a normal
subgroup. Because O(s‘las) = 2, it follows from our above claim that s~ 'as = a. Thus,
sa =asand e ~ a ~ sa = as ~ s ~ e, which is again a contradiction to the girth of I,
and which completes the proof. O

Now we can conclude this section with the following proposition.

Proposition 6.3. Let I" be a distance-regular Cayley graph with valency 5, with one of the
intersection arrays in Table 3'. Then T is isomorphic to one of the following graphs:

o the complete graph K,

the complete bipartite graph Ks s,

the icosahedron,
o the complete bipartite graph Kg ¢ minus a complete matching,

the folded 5-cube,

ICurrently, these are the only known putative intersection arrays for distance-regular graphs with valency 5.



220 Ars Math. Contemp. 17 (2019) 203-222

o the incidence graph of the 2-(11,5,2) design,

the cube graph Qs,
o the Armanios-Wells graph,

the incidence graph of the projective plane over GF(4),

the incidence graph of the affine plane over GF(5) minus a parallel class of lines.

7 Distance-regular graphs with girth 3 and valency 6 or 7

Hiraki, Nomura, and Suzuki [16] determined the feasible intersection arrays of all distance-
regular graphs with valency at most 7 and girth 3 (i.e., with triangles). Besides the ones
with valency at most 5 that we have encountered in the previous sections, these are listed
in Table 4. For each of the intersection arrays {6,3;1,2} and {6,4,4;1,1, 3}, there are
exactly two distance-regular graphs (as mentioned in the table). For all others, except pos-
sibly the last one with valency 6, the graphs in the table are unique, given their intersection
arrays. For this last case, it is unknown whether the generalized hexagon of order (3, 3) is
unique.

Table 4: Distance-regular graphs with girth 3 and valency 6 or 7.

Intersection array n d g Name Cayley Reference
{6;1} 7T 1 3 Ky Yes  Sec.3.1
{6, 1; 1, 6} 8 2 3 K2,272)2 Yes Sec. 3.1
{6,2;1,6} 9 2 3 Ks3gs Yes  Sec.3.1
{6,2;1,4} 10 2 3 T(5) No  Sec.3.4
{6,3;1,3} 13 2 3 P(13) Yes Sec. 3.2
{6,4;1,3} 15 2 3 T(6)~ GQ(2,2) No  Sec.3.4
{6,3;1,2} 16 2 3 Ls(4), Shrikhande  Yes  Sec.3.3
{6,4,2;1,2,3} 27 3 3 H(3,3) Yes Sec. 3.3
{6,4,2,1;1,1,4,6} 45 4 3 halved Foster No Cor. 4.3
{6,3,3;1,1,2} 52 3 3 L(IG(13,4,1)) No Prop. 3.9
{6,4,4;1,1,3} 63 4 3 GH(2,2)2x) No  Prop.3.8
{6,3,3,3;1,1,1,2} 160 4 3 L(IG(GQ(3,3))) No  Prop.3.10
{6,3,3,3,3,3; 1456 6 3 L(IG(GH(3,3))) No Prop. 3.11
1,1,1,1,1,2}

{7;1} 8 1 3 Ky Yes  Sec.3.1
{7,4,1;1,2,7} 24 3 3 Klein Yes Prop. 7.1

What remains is to consider the Klein graph. We observe that this is a Cayley graph on
the symmetric group Sym(4). Indeed, one can check? that with

S ={(123), (132), (12)(34), (13), (14), (1234), (1432)},

the Cayley graph Cay(Sym(4), S) is a distance-regular antipodal 3-cover of Kg, and hence
it must be the Klein graph. We note that in this case the set S3 = {(124), (142)}, and de-

2We double-checked this with GAP [14].
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spite the fact that N3 = S3U{e} is not a normal subgroup, its right cosets form an equitable
partition (with quotient Ky, of course); cf. Section 2.3. We thus have the following.

Proposition 7.1. The Klein graph is a Cayley graph over Sym(4).

We also note that the normal subgroup {e, (12)(34), (13)(24), (14)(23)} gives an eq-
uitable partition into 6 parts, with each coset inducing a matching (which together gives
a perfect matching). More interesting is the (normal) alternating subgroup Alt(4), which
gives an equitable partition into two parts. On each part, the induced subgraph is the trun-
cated tetrahedron, which is thus a Cayley graph Cay(Alt(4),{(123), (132), (12)(34)}).
This is also the line graph of a bipartite biregular graph on 4 + (2) vertices with valen-
cies 3 and 2, respectively (the Pasch configuration), and a subgraph of the icosahedron;
cf. Section 6.

We conclude with the following proposition.

Proposition 7.2. Let I' be a distance-regular Cayley graph with girth 3 and valency 6 or
7. Then T is isomorphic to one of the following graphs:

e the complete graph K7,

e the complete graph Ksg,

o the complete multipartite graph K 3 2 o,
o the complete multipartite graph K3 3 3,
o the Paley graph P(13),

o the lattice graph Lo (4),

o the Shrikhande graph,

o the Hamming graphs H (3, 3),

e the Klein graph.
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Abstract

Let m and n be two integers. In the paper we show that the orientable genus of the join
of a cycle C,, and a complete graph K, is [W] ifn=4andm >12,0orn > 5
and m > 6n — 13.
Keywords: Surface, orientable genus of a graph, join of two graphs.
Math. Subj. Class.: 05C10

1 Introduction

Let G and H be two disjoint graphs. The join of G with H, denoted by G + H, is the
graph obtained from the union of G and H by adding edges joining every vertex of G to
every vertex of H. A cycle with m vertices is denoted by C),,, and a complete graph with
n vertices denoted by K,.

Our investigation of the orientable genus of C,,, + K, is inspired by the problem of the
critical graphs on surfaces. A graph G is k-critical if x(G) = k but x(G’) < k for every
proper subgraph of G, where x(H) denotes the chromatic number of a graph H. If Gy is
k-critical and G is [-critical, it is known that G1 + G3 is (k + [)-critical. Since an odd
cycle is 3-critical and K, is n-critical, the join of an odd cycle and K, is (n + 3)-critical.
Also, there are only finite many k-critical graphs on a surface if & > 7 ([4, 6, 7, 13]). So
it is an interesting problem to explore the orientable genus of the join of an odd cycle (or a
cycle) and K,.
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Let us look back the history of studying the orientable genus of the join of two graphs.
Let K be the compliment graph of K. The complete bipartite graph K, ,, and K,, (n > 2)
can be viewed as K,,, + K,, and K1 + K,,_1, respectively. It is cheerful that the orietable
genera of K, and K, ,, have been determined ([10, 11]). Upon the orientable genus of
K,, + K, there are some results. Craft [3] verified that K,,, + K, has the same orientable
genus as that of K, ,, when n is even and m > 2n — 4. Ellingham and Stephens [5]
determined the orientable genus of K,, + K,, if niseven and m > n, orn = 2P + 2 for
p>3andm >n—1,orn =2P 4+ 1 forp > 3 and m > n + 1. Korzhik [8] contributed
many results on the orientable genus of K, + K, withm <n — 2.

Let m > 3 and n > 1 be two integers. If n = 1, then C,,, + K,, is a planar graph. If
n = 2, then C,,, + K, has a minor isomorphic to K. So the orientable genus of C},, + K>
is at least one. Since C,, + K5 can be embedded on the torus, the orientable genus of
Cwmn + Ko is one. If n = 3, then K, is exactly the cycle C3. Craft [2] has proved that
the orientable genus of Cy, + Cs is [™527. What is the orientable genus of Cy,, + K, if
n > 47 In the paper we shall show that the orientable genus of C,, + K, is [W}
ifn=4andm > 12,orn > 5and m > 6n — 13.

Since K, is a spanning subgraph of (), + K, a lower bound of the oreintable

genus of ', + K, is that of K, ,, which is [W} The key to determine the
orientable genus of C,,, + K, is the construction of an embedding of C,, + K, on the
orientable surface of genus [W] We mainly use two methods of adding tubes to
construct an embedding of C),, + K,,. Our general strategy of constructing an embedding
is as follows. First, we construct an embedding of a spanning subgraph of C,,, + K, which
contains C',, a spanning subgraph of K, and some edges between C,,, and K,, on some
orientable surface. Second, we apply the first method of adding tubes described in Section 2
to attach all the rest edges in K,, and some edges between C,,, and K,,. Third, we apply the
second method of adding tubes described in Section 2 to attach all the rest edges between
Cyn, and K,,.

The remainder of the section is contributed for some terms. The other undefined terms
can be found in [1, 9], or [14].

A surface is a compact connected 2-dimensional manifold without boundary. The ori-
entable surface S, (g > 0) can be obtained from a sphere with g handles attached, where g
is called the genus of Sy. A graph G is able to embed in a surface S if it can be drawn in
the surface such that any edge does not pass through any vertex and any two edges do not
cross each other. The orientable genus of a connected graph G, denoted by v(G), is the
smallest nonnegative integer g such that G can be embedded in the orientable surface 9.

An embedding II of a connected graph in a surface S is called 2-cell embedding if any
connected component of S — 11, called a face, is homeomorphic to an open disc. In a 2-cell
embedding of a connected graph G, the boundary of a face in II is a closed walk of G,
which is called the facial walk. If a facial walk is a cycle, then it is called a facial cycle.
Let v be a vertex of a graph G embedded on a surface. A local rotation 7, at the vertex v
is a cyclic permutation of the edges incident with v. Suppose that v is incident with edges

VU1, VU2, . . ., VUy, in this order. Then 7, can be written by u, us, . .., u,. Furthermore,
if 41,42, . .., are k continuous numbers in {1,2,...,n}, where 2 < k < n, then we call
Uiy, Wiys - - -, Uqy, @ segment of the local rotation at v.

A graph H is a supergraph of G if G is a subgraph of H. If a cycle with n (> 3) vertices
V1, Ve, ..., U, in this order, then it is written by v;vs ... v,v; and it is always oriented by

this order.
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2 Two methods of constructing embeddings

Let Dy and D5 be two facial cycles of a 2-cell embedding on a surface S such that the
orientation of D is the reverse of that of Ds. By adding a tube T to the surface .S between
D1 and D, we mean that we cut two holes A and A in S such that /\; is in the interior
of D; and orient the boundary of A; as that of D;, then the tube T" welds A; with Ay in
such a way that the rim of one of the ends of 7" coincides with the boundary of A; and the
rim of the other end of T" coincides with the boundary of A,.

Lemma 2.1. Suppose that G is a graph which has a vertex subset
{w07217z27"',zt}u{xi | i= 132a"'a2t}u{yj |] = 1723"'74t}7
where z1, za, . . ., 23 need not be different, and suppose that G contains no edges in the set

E' ={wox; |1 =1,2,...,2t} U{my; | i =1,2,...,2t;5 =1,2,...,4¢}
U({l‘i$i+1,...,xil‘2t|i:1,2,...,215—1}\{%22',1{1,‘27;|i:1,2,...,t}).

Suppose that 11 is a 2-cell embedding of G on the orientable surface S, with the following
properties:

(i) Fori = 1,2,...,t, Ro; = Woysi—3Ysi—2wo and Ry, ; = woyai—1yaiwo are facial
cycles of 1L

(ii) Fori=1,2,...,t, Qo = 2T2i—1%2:% is a facial cycle of 11 such that Q) ; has not
any common vertex with each of Ro 1, . .., Rot, Ry 1, ..., Ry 4.

Then there is a supergraph H of G satisfying the following conditions:

(i) E'is an edge subset of E(H).

(ii) H has an embedding on the orientable surface of genus g -+ 2t> such that it has a set
of t facial 3-cycles {Qy; | Qi = Y1, T2i—1Z2:Y1,, ¢ = 1,2,...,t}, where y;, is some

vertex in {Yai—3, Yai—2, Yai—1,Yai | 1 =1,2,...,t}.
wo
Tt 2t
Tot— ; :
921
X
X1

Figure 1: A local structure in II.

Remark 2.2.
(1) A local structure of II is shown in Figure 1.

(2) An application of Lemma 2.1 to the construction of an embedding of C},, + K, is as
follows. After an embedding of a spanning subgraph of C,, + K, on some orientable
surface has been constructed, all the rest edges of K,, and some edges between C,
and K, can be attached by applying Lemma 2.1.
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Proof. We shall construct an embedding on the surface of genus g + 2¢2 from the embed-
ding II by applying the operation of adding tubes ¢ times. Every time 2¢ tubes are added to
the present surface.

Fori =1,2,...,t, the tube T ; is added between )y ; and Ry ;. Next, the five edges
WoT2is £2i—1Y4i—35 L2i—1Y4i—2, L2;Y4i—3 and T2iY4i—2 are drawn on To,i in the way shown
in (1) of Figure 2. Fori = 1,2,...,t, let Q6,i = Y4i_2T2i_1T2;Ydi_2.

2 T2i—1 T2 Y4i—2 T2i—1 T2

wWo  Y4i—-3 Y4i—2 Wo  Y4i—1 Y4i

(1) 2)
Figure 2: Two drawings of five edges on a tube.

Fori = 1,2,...,t, the tube Tj , is added between Q ; and Ry, ;. Next, the five edges
WoT2i—15 L2i—1Y4i—15 L2i—1Y4i> L2iY4i—1 and T2;Y4; are drawn on T(;,z in the way shown
in (2) of Figure 2.

Need to say that the rectangle represents a tube and that the two dot curves are identified
with each other in Figure 2. In the rest of the paper we always use a rectangle to represent
a tube and the two dot curves in the rectangle are always identified with each other.

For the convenience of argument, the way of drawing edges shown in (z) of Figure 2 is
called the drawing of Type-i for © = 1, 2. To help the readers to understand how those 2¢
tubes are added and how five edges are drawn on each tube, we give an example thatt = 5
which is shown in Figure 3. The diagrams in Figure 3 are partitioned into four columns
from left to right. The three rectangles in the first column respectively represent Tp 1,70 2
and T} 3 from top to bottom, and the two rectangles in the third column respectively repre-
sent T 4 and T} 5 from top to bottom. Similarly, the three rectangles in the second column
respectively represent T ;, Ty , and T} 3, and the two rectangles in the fourth column re-
spectively represent 7¢ 4 and Tj 5.

After those 2t tubes have been added, there are three sets of facial 3-cycles which are

X1 ={Q1, | Q1 = Yai—1T2i—1T2Yai—1,0 =1,2,...,t},

Vi = {Rl,i | Rl,i = T9;_1Y4i—3Y4i—2T2;—1,1 = 1,2,... ,t}, and
Vi =A{R1; | Ry ; = Toiyai1yaitai,i = 1,2,...,t}.

For the convenience of argument, we now define ¢ permutations. Fork = 0,1,...,t—1,
we define the permutation 7, on the set {1,2,...,¢} as follows. For: = 1,2, ... t,

(i) =i+ (=1 (mod t),

where 0 < i+ (—1)*1k <t —1.
Obviously, 79 is the identity mapping on {1,2,...,t}. For0 < k <t — 1, we define

/i 7(1)  (mod t), ifk=0,
T.\1) =
g 7071 Tk(1) (mod t), ifl1<k<t—1,
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21 x1 2 Y2 Ty x2 Z4 X7 g Y4 T7 zs

z3 Yo Ts  Te
wo Yo Y10 wo Y11 Y12
Figure 3: The first operation of adding 2¢ tubes when ¢ = 5.
where 0 < 7;.(¢) <t — 1 and 797y - - - 7 is the product of 79, 71, ..., 7 in this order. For

example, 7071 (1) = 71 (19(1)) = 2.
Thus, Q1 ;, Ry,; and Rll,i can be alternately expressed as follows:
Qi = Yary(i)—1L2i—122i Y47 (i)~ 15
Ry = To2i-1Yary (i)—3Yars(i)—2T2i—1, and
/1,1' = L2iYarf(i)—1Y4r{ (i) T 2i-
‘We continue to add tubes, and consider two cases.
Case1l: t =1 (mod 2). In this case we firstly add ¢ tubes T4 1, . .., T ; to the present
surface such that 77 ; is between ()7 ; and Ry ;, (s)- Note that
Rl,n(i) = L2711 (4)—1Y47971 (1) —3Y41071 (i) —2L271 (i) — 15 ie.,
Ry 7, (i) = @27, (i) —1Yar] (i) —3Yar] (i) —2 %27, (i)—1-

Fori=1,2,...,1, the five edges ©2;—1Yar/ (i)—3> T2i—1Yar] (i) —2> T2iYdr] (i)—3> L2iYar] (i)—2
and x2;Tar (;)—1 are drawn on T3 ; in the way of the drawing of Type-1. Thus, there is a
set X7 of ¢ facial 3-cycles, where

X ={Q1; | Qi = Var()—2T2i1%2Yar! (i)—2,1 = 1,2,.. ., 1}

Next, the ¢ tubes 77 ;,..., 77 ; are added to the present surface such that 77 ; is between
1;and R} _ .. Then the five edges @2;—1ar (i)~ 1> T2i—1Yar{ (5)> T2iYar] () —1> T2iYar{ (i
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Y3 Ye x1 x2 Yyis  Tr zs Yyis 7 xg
z3 g Y1z Y18 10 Y19 Y20

yr r3 Ty Yio T3 T4 Y9 9 z10 Y2 Zg x10

Ts Yo Y10 Te Yy Y12

Yyin T Ze Yia T Ze

x7 Y13 Y14 g Yis  Yie

Figure 4: The second operation of adding 2t tubes when ¢ = 5.

and w2;Ty,, ;) are drawn on Tl’ﬂ- in the way of the drawing of Type-2. For example, if
t = 5, the above operation of adding 2t tubes is shown in Figure 4. The order of diagrams
in Figure 4 is as that in Figure 3.

After those 2t tubes have been added, there are three sets X, Vo, and ) of facial
3-cycles which are

Xy ={Q2 | Qa,i = Yar/(i)-1T2i-1%2iYarl(i)—1,1 = 1,2, ..., 1},
Vo = {Ra, | Rai = T2i—1Yar!(i)—3Yar](i)—2T2i—1,1 = 1,2,...,t}, and
Vo ={R5; | Ry; = Toi¥Yar! (iy—1Yar) (i) T2ir 0 = 1,2,...,t}.

In general, if the s-th operation (s > 1) of adding 2t tubes has been applied, then there
are three sets of facial 3-cycles, i.e.,

X ={Qs;|1=1,2,...,t}, Vs ={Rsi|i=1,2,...,t}, and
y;:{R;7i|i:1,2,...,t}.

Next, we apply the (s + 1)-th of adding 2t tubes T 1, ..., s+, T¢ 1, - - -, Ts ; to the present
surface satisfying the following conditions.

MHIf1 < s < %, then the tube T ; is added between Qs ; and Ry ; (;), where

P = 17 2, e 7t. In this case Rsﬂ-s(i) = mQTS(i)flyll‘ré(i)73y4T;(i)72$2Ts(i)71' NeXt,
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the five edges
T2i—1Yar! (i) —35 T2i-1Yar! (5)—2 T2iYar/(i)-3
T2iYar: (i)—2, and T2iTor, (i)—1

are drawn on T ; in the way of the drawing of Type-1. After those ¢ tubes have been
added, there is a set X of ¢ facial 3-cycles, where

Xy =1{Q% | QLi = Yar/(i)—2T2i102:Yar; (i) 2, © = 1,2,...,t}.
For i = 1,2,...,t, the tube T} ; is added between Q) ; and R;

$,7s (1)
/

5,75 (1)

Note that
= Tor, (i)Yar! (i) —1Y4r! () Tar, (i)- Next, the five edges

T2i—1Y4r!(i)—15 L2i—1Y47! () T2iY4ar!(i)—1,
%2iYar: (i), and T2i—1T27, (i)
are drawn on TS/J- in the way of the drawing of Type-2.
After the (s + 1)-th operation of adding 2t tubes has been applied, there are three
sets Xs11, Vst1,and V. 41 of facial 3-cycles which are
Xoy1 = {Qs11, i = Yar (i) —1T2i-122iYarr (i)—1, 1 = 1,2, 1},
ys+1 = {Rs1i | Rst1,i = T2i-1Yar: (5)—3Yar: (iy—2T2i-1, i = 1,2,...,t}, and
Vo1 ={Riy1i | Riy1i = T2iYars (i) —1VYar: () T2, = 1,2, 1}

If % < s <t — 1, suppose that k and &’ are the maximum even and odd numbers

which are not more than ﬂ, respectively. There are two cases to consider.

Ifs = &1 Bl 42 L 4 &, then the tube T} ; is added between @) ; and
/

572 (1) Next, the ﬁve edges
L2i—-1Y47!(i)—15 L2i—1Y47! (i) L2iY4r!(i)—1,
X2iY4rr (i), and T2iTar, ()
are drawn on T ; in the way of the drawing of Type-1. After those ¢ tubes have been
added, there is a set X; of t facial 3-cycles, where
= {Qsz ‘ Qsz Yar!(3)T2i—1L2iY47! (3)5 1= 1727~-~7t}~
Fori = 1,2,...,t, the tube T;i is added between Qs’i and R, . (;)- Then the five
edges
L2i—1Y47!(3)—3» L2i—1Y4r!(i)—2> L2iY47!(3)—3s
T2iY4r(i)—2, and T2i—1T2r, (3)—1
are drawn on Tgl in the way of the drawing of Type-2. In this case there are three
sets Xs11, Vs+1, and y;H of facial 3-cycles which are
Xoy1 = {Qs+1,i | Qsv1,i = Yarr(4)—3T2i-12iYar(i)—3, 1 = 1,2,..., 1},
ys-‘,—l ={Rst1,i | Rst1,i = T2iYar: (i)—3Yar: (i)—2%2i, i = 1,2,...,t}, and

Vey1 = {R1i | Rer1i = i 1Yars (i) —1Var: () T2i-1, 1 = 1,2, ...},
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If s = &L 1, 14 30 HL 41/ then the tube T ; is added between Q. ; and
2 2 2 ) ,

R, - (7). Next, the five edges
L2i—1Y47!(i)-3> L2i—1Y47!(i)—25 L2iYar!(i)-3;

T2iY4rr(i)—2, and L2iT27(3)

are drawn on T ; in the way of the drawing of Type-1. After those ¢ tubes have been
added, there is a set X! of ¢ facial 3-cycles, where X7 is the same as in (1). For

i=1,2,...,t,the tube T} ,; is added between @ ; and Rls,‘rs(i)' Then the five edges
L2i—1Y4r!(i)—15 L2i—1Y4r!(i)> L2iYar!(i)—15
T2iY4r (i), and T2 1%27,(i)—1

are drawnon T, ; in the way of the drawing of Type-2. In this case there are three sets
Xot1, Vsy1, and Y, 11 of facial 3-cycles which are the same as in (1), respectively.

Need to say that x2; and xg; 1 are connected with w5, ;) and xa, (;)—1 in (2), respec-
tively. However, wo; and xo; 1 are connected with x5 (;)_1 and wa, (;) in (1), respectively.

The above operation of adding 2¢ tubes is not stopped until the ¢-th operation of adding
2t tubes has been applied. Let IT' be the obtained embedding. Then II’ has a set X; of ¢
facial 3-cycles, where

Xy = {Qui | Qui = Yari(i)—3T2i-12Z2Yari(i)—3, if t = T + &, or

Qt,i = Yari(i)—1T2i—1T2Yari ()1, it t = L + K}

Since there are 2t x t (= 2t?) tubes being used all together, II’ is an embedding on the
orientable surface of genus g + 2t2.

Let H be the graph corresponding to IT'. We need to show that H satisfies the demands
of the theorem. Before the proof, we give an example that ¢ = 5 to illustrate how all
50 tubes are added and how all desired edges are attached. The former two operations
of adding 10 tubes are shown in Figure 3 and Figure 4, respectively. The latter three
operations of adding 10 tubes are shown in Figure 5. Need to say that the five rectangles
in the first column upon (3) respectively represent 15 1, . .., T5 5, and the five rectangles in
the second column upon (3) respectively represent 75 4, ..., Ty 5 in Figure 5. Similarly, the
first column upon (4) respectively represent T3 1, . . ., T3 5, and the second column upon (4)
respectively represent 7% ;, ..., T3 5 in Figure 5. The order in (5) in Figure 5 is the same
as that in Figure 3.

We now show that H satisfies all demands of the theorem.

Claim 2.3. wq is connected with each of x1, 2, ..., Tos.
According to the first operation of adding 2t tubes, Claim 2.3 is obvious.
Claim24. Fori=1,2,...,2tand j = 1,2,...,4, x; is connected with y; in H.

For i = 1,2,...,2t, each of x9;_1 and xs; is connected with Yar! (i)—3> Ydr!(i)—25
Yarr(i)—1, and Yy, () after the (s + 1)-th operation of adding 2¢-tubes has been applied,
where 1 < s < ¢ — 1. Considering that any two of Yu,/(i)—3, Yar’(i)—25 Yar!(i)—1, and
Yar:(;) are distinet, it is sufficient to show the following proposition.
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Y7 T T2

Yyis  T1 T2

Y19 T1 T2 T2

Figure 5: The latter three operations of adding 2¢ tubes when ¢ = 5.
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Proposition 2.5. Fori =1,2,...,t, 7, (i) # 7/,(i) if 1 < s1,50 <t — 1land sy # so.

Assume for the sake of contradiction that there are two distinct number s; and s, such
that 7/ (i) = 7/, (i) for some i. Without loss of generality, suppose that s; > s5. Since
7i(i) = 1011 - T5(i) (mod t) and 7;(i) =i + (—1)7T!j (mod t), we have that

- 1)k+1 1)1
7! ( fz+zk0 k= fz+z I(modt).
Hence . )
SLo Nk+1g — 52 NI
Do CDFR=DC (DTN (mod t).
Thus,

S (-)Mk=0 (mod ).

k=s2+1
Since 1 < s7 <t — 1, we have that

3 (~DME#0 (mod ).

k=so+1
Then there is a contradiction. Thus, the proposition is verified.

Claim 2.6. H contains the edge set
{xi$i+1,...,$i$2t | 1= 1,2,...,2t— 1}\{.@21',11'21' | 1= 1,2,...,t}.

In fact, there are 2t edges being added such that each has the form xz; (k # 7) except
for the form xo;_1x9; after the (s + 1)-th operation of adding 2¢ tubes has been applied,
where 1 < s < ¢ — 1. So there are 2¢(¢ — 1) edges of the form z,x; being added after the
t-th operation of adding tubes has been applied. We now show that any two edges in those
2t(t — 1) edges are different. We need the following proposition.

Proposition 2.7. Suppose that s1 and sy are two distinct integers such that 1 < s1, 89 <
t— 1. Ifs1+ s2 =0 (mod t), then 74, (i) = 7, (7).

In fact,
T () =i+ ()" sy =i+ (=) (¢t —s9) =i+ (—1)' 255 (mod ).

Since t = 1 (mod 2), (=1)!7°2 = (=1)*2*1. So 74, (i) =i + (—1)*2"1sy (mod t). In
other words, 75, (¢) = s, (4).

According to the rule of the (s + 1)-th operation of adding 2t tubes, z2; and xo;_; are
respectively connected with zo, (;y—1 and zo, ;) if 1 < s < t— , and x9; and x9;_1 are
respectively connected with o, ;) and o, ()1 if £ < s < t — 1. By Proposition 2.7,
the pair of vertices connected with the pair of xgi_l and x9; in the so-th operation of
adding 2t tubes is the same as the pair connected with the pair of x5;_1 and zs; in the s;-th
operation of adding 2¢ tubes if s;1 + s3 = 0 (mod ¢) and 1 < s1,s2 < ¢t — 1. But the
methods of two connections are different.

We now view the pair of xo;_; and x; as a vertex w;, where ¢ € {1,2,...,t}. In
order to show Claim 2.6, it is sufficient to show that u,, is connected with u,, where p, q €
{1,2,...,t} and p # q. For the purpose, it is sufficient to show that there exists some k
such that 7 (p) = q or 7,(q) = p. By Proposition 2.7, it is sufficient to show that for any
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two distinct number 4,j € {1,2,...,t}, there exists some k € {1,2,..., %} such that
Tk(1) = j (mod ¢) or 7, (j) =4 (mod t).

Without loss of generality, suppose that j > i. If j — 4 = 1 (mod 2), there are two
cases to consider. If j — ¢ < tgl, let k = j — 4. Then

() =i+ ()" k=i+(j—i)=j (mod?).
SoT(i) =j.1f j —i> L letk =t — (j — i). Then
@) =i+ (- k=i—t4+j—i=j (modt).

So 7,(i) = j. If j —i = 0 (mod 2), there are two cases to consider. If j —i < 51, let
k = 7 —i. Then

m() =i+ (D) k=5 —(G—i) =i (modt).
Thus, 7:(j) = i. If j —i > 5L let k =t — (j — ). Then
() =+ (D) k=j+t—j+i=i (modt).

So T, ( J ) =1.
Therefore, u,, is connected with u4, where p # ¢. Thus, Claim 2.6 has been proved.

Case 2: t = 0 (mod 2). We proceed the similar argument to that in Case 1. Let A,
Vs, and V!, be the sets of facial 3-cycles defined in Case 1. When the (s + 1)-th operation
of adding 2t tubes T 1, ..., Ts 4+, 1% 1, - -, 1%, will be applied, it satisfies the following
conditions.

HIf1<s< % — 1, then the ways of adding 2¢ tubes and drawing the five edges are
similar to that in (1) of Case 1.

(2) If s = 5, we consider two cases. If 1 <14 < 3, then the tube Tt ; 1s added between
Q%_’ and R; 7+ (i) and the five edges
2

L2i—1Y47", (i)—3> L2i—1Y47', (4)—2> T2iY4r', (i)—3»
2 2 2
T2iYar’, (i)—2, and T2i—1T2r, ()—1
2 2

are drawn on T% ; in the way of the drawing of Type-1.

If % +1 < < t, then the tube T’ ; is added between Q%J and ng,r% (i)? and the
five edges

$2i71y47’% (i)—1> T2i— 1y4‘r (%) 332iy47-’%(i)717

:E2iy47—'% (i) and !1721‘1’27% (i)

are drawn on T% ; in the way of the drawing of Type-1.

After those ¢ tubes have been added, there is a set X'} of ¢ facial 3-cycles, where
2

! ! ! . e t
L= {Q%,i \ Qi = Yar) (i) -202i-1 820l () -2; ifi=1,2,...,3, or
2 2

t i = Yar!, (i) T2i— 196211/47 G, ifi=5+1,L+2...t—1}
2
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Next, if 1 < i < %, then the tube T% p is added between Q’% i and R'% ) and the
five edges

9621—11/47% (i)—1> x2¢_1y47% () 3321'947-’% (i)—1>

T2ilfar (i) and L2i=1T27 (i)

are drawn on T _ in the way of the drawing of Type-2. If % + 1 < ¢ < t, then the
Z

tube T'; . is added between @', , and Ry ., (;)» and the five edges
2 2 g
L2i—-1Y47, (i)—3» L2i—1Y47', ()—25 L2iYar', (i)—3>
2 2 2
T2iY4r/, (i)—2, and T2i—1%27, ()1
2 2

are drawn on Té i in the way of the drawing of Type-2. There are three sets X’ L1

y% 41, and y'% 41 of facial 3-cycles, where

Xiy = Q141 | Qrpri = Yar, () 1%2i-1%20Yar, (-1, f i = 1,..., 5, or
2 2
Qi1 = Yar), (i)-3T2i-1%2:Yar/, (5)—3, if i = 541,
2 2
Vi1 =A{Rsi1i | Rig1i = T2i1Yar, (i)—8Yar, (i)—2%2i—1, ifi =1,..., %, or
2 2
Ry i = Toi1Yar, ()—1Yar, (i) T2i-1 if i = S41,.. 0t
2 2
y%H = {R/%H,i | R%Hﬂv = x2iy47—’% (i)—1y47—’% (i) 245 ifi=1,..., %, or
R/%"Flﬂ: = L2iYfar, (i) -3Yar, ()22 ifi==%4+1,...,t}.
3 If % +1 < s <t —1, then the tube T} ; is added between @), ; and R’S (i) Since
R’S () has two forms, we say that

° R’S)n(i) is of Class 1 if R;Ts(i) has the form ;Y4 (5)—1Yars (i) T2i, and
o R

s 7. (i) 18 of Class 2 if R;TS(Z.) has the form Z2;Yar (i) —3Yar: (i)—2%2i-

Similarly, we say that

o R, (i) isof Class 1if R, ; (;) has the form 22;1Y4r/ (i)~ 1Y4r/ (i) @2i—1, and
. Rs,‘rs(i) is of Class 2 if RS’.,-S(Z*) has the form T2i—1Y4r! (i) —3Y4r! (1) —2L2i—1-

If R;,Ts(i) is of Class 1, then the five edges
L2i—1Y47!(i)—1> L2i—1Y4r!(i)> L2iYar!(i)—1,
T2iYar1 (i), and T2iTor, ()

are drawn on T ; in the way of the drawing of Type-1. If R/, () is of Class 2, then
the five edges

T2i—1Y4r! (i) 3 T2i—1Y4ar! (i) -2 T2iYar)(i)—3>

T2iYar:(i)—2, and T2iTor, ()
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are drawn on T ; in the way of the drawing of Type-1. Then there is a set X of ¢
facial cycles, where

Xy =1{Q4; | Qs,i = Yar/(iy—2T2i-122iYar; (i) 2, if R, , ;) is of Class 1, or
Q%,i = Yar/(i)T2i-1%2Yar: (i), if R, ;) is of Class 2}.

Next, the tube T ; is added between Q) ; and Ry ;. (). If R ; ;) is of Class 1, then

the five edges
L2i—1Y4r!(i)—1> L2i—1Y4r! (i) L2iYar!(i)—1s
T2iY4r! (i), and L2iT2r, (i)

are drawn on Ts”i in the way of the drawing of Type-2. If R, . (;) is of Class 2, then

the five edges
L2i—1Y47!(i)—3 L2i—1Y47!(i)—25 L2iYar!(i)-3>
T2iY4rr(i)—2, and T2iTar, ()

are drawn on Ty ; in the way of the drawing of Type-2. Then there are three sets
Xot1, Vsy1 and Y., of ¢ facial cycles, where

X1 = {Qs41.

Qs+1,i = Yar: (i)—222i—182iYar: (i) 2, if R ;) is of Class 1,
Or Qst1,i = Yar: (i) L2i—122iYars (i), if R’S’Ts(i) is of Class 2},
Vst1 = {Rsv1i | Rsv1i = T2i-1Yars (i) —3Yar: (i) —2T2i—1, if R - (5) is of Class 1,

or Rsi1,i = T2i—1Yar! (i)—1Y4r! (i) T2i—1, if Ry (5) is of Class 2},
Ver1 = ARei1,; | Rosr i = 20z (i) —3Yars (i)—2%2i, if R ;) is of Class 1,

or R;—&-l,i = xgiy47§(i),1y475/(i)x2i, if R;,Ts(i) is of Class 2}.

The above operation of adding 2¢ tubes is not stopped until the ¢-th operation of adding
2t tubes has been applied. Let II’ be the obtained embedding and let H the graph corre-
sponding to IT’. Clearly, I’ is an embedding on the orientable surface of genus g + 2t2,
and II" has a set X of ¢ facial 3-cycles in which each has the form Q;; = y;,x2;—1%2:Y1,,
where Y, € {y4j_3, Y45—2,Ydj—1, Y45 | j=12... ,t}.

In order to help readers to understand the procedure of adding tubes in this case, we give
an example that £ = 4 which is shown in Figure 6. For : = 1,2, 3, 4, the four rectangles
in the first column of (¢) respectively represent 7} 1, ..., T} 4 from top to bottom, and the
four rectangles the second column of (z) respectively represent Ti’)l, e sz‘/, 4 from top to
bottom.

We need to show that H satisfies the demands of the theorem. Obviously, wy is con-
nected with each of x1,xs,..., 29 in H. By the similar argument as in Case 1, one can
show that fori = 1,2,...,2tand j = 1,2, ...,4¢, x; is connected with y; in H.

Claim 2.8. H contains the edge set

{.’L‘iﬂji+1,...,$i$2t|i:172,...,2t—1}\{$2i,1$2i|i:1,2,...,t}.
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Y2 T X2 Y3 T X9

Yyio T3 T4

Ts5 Yo Y10 Te Y11 Y12
Y10 Ts L6 Y11 Y4 Ts L6

wo Y11 12 x7 Y13 Y14 zg Y15 Y16

(4)

Figure 6: The operations of adding 2¢ tubes when ¢ = 4.
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We proceed the similar argument to that in Claim 2.6. Obviously, there are 2¢(t — 1)
edges of the form xx; (K # 7) except for the form xo;_1x9; after the ¢-th operation of
adding 2¢ tubes has been applied. According to the rule of the (s + 1)-th operation of
adding 2¢ tubes, xg; and x2;—; are connected with xo, (;)_1 and xa, (4, respectively, if
1<s<i—-lors=Landi=1,2,...,L andzy and zo;_; are connected with 5, (;)
and wa, (;)—1, respectively, if% +1<s<t—1lors= % and i = % + 1,% +2,...,t.
We now consider the relation between 7, () and 7, (7), where 1 < s1,50 < t — 1 and
$1 4 s2 =0 (mod t). We have the following proposition.

Proposition 2.9. Suppose that s, and sy are two integers such that 1 < s1,80 <t — 1. If
s1+ 82 =0 (mod t), then 75, (t — i) =1 — 74, (1) or 75,(3) =t — 75, (t — ©).

In fact,

T (t—i) =t —i+ (=1)" sy =t — i+ (=1)752T (¢t — s5)
=t—i+(—1)"%sy (modt).

Since t =0 (mod 2), (—1)t7%2 = (—1)*2. So
To(t—i)=t—i+ (=1)%2sg=t— (i + (=1)%2Tlsy) =t — 7,,(i) (mod t).

In other words, 75, (t — i) =t — 74, (i), or 75, (1) =t — 75, (t — 9).

Thus, the pair of vertices of the form Tor,, (i)—1 and Tar,, (i) connected with the pair
of z9;_1 and x; in the (s3 + 1)-th operation of adding 2¢ tubes is the same as the pair of
vertices of the form To(t—r7,, (t—i))—1 and To_r  (t—s)) connected with the pair of x9;_1
and xo; in the (s1 + 1)-th operation of adding 2¢ tubes if 0 < 51,50 <t—1and s;1+s2 =0
(mod t). But the methods of two connections are different. We now view the pair of
x9;—1 and x9; as a vertex u;, where ¢ € {1,2,...,¢}. In order to show Claim 2.8, it is
sufficient to show that u, is connected with u,, where p,q € {1,2,...,t} and p # g¢.
For the purpose, it is sufficient to show that there exists some k such that 74, (p) = ¢ or
Tr(¢) = p. By Proposition 2.9, it is sufficient to show that for any two distinct numbers
i,j € {1,2,..., %}, there exists some k € {1,2,...,t} such that 7;,(i) = j or 7, (j) = i.

Without loss of generality, suppose that j > 4. If j —¢ = 1 (mod 2), let k = j — 4.
Then

(@) =i+ (- k=i+(j—i)=j (mod1).

So7,(i) =j.If j —i =0 (mod 2),let k = j — <. Then
() =i+ (1) k=j—(j—i)=i (mod ).

So 7 (j) = 4. Hence u,, is connected with u, for p # ¢. Thus, Claim 2.8 has been proved.
Therefore, the obtained embedding is as required. O

In the proof of Lemma 2.1, we apply the operation of adding 2t tubes ¢ times starting
from Xp, Vo and )} to construct an embedding of H, where Xy = {Qo,; | i =1,2,...,t},
Yo={Roili=1,2,...,t}, Yy ={Ry,; |i=1,2,...,t}. We call the above procedure
the operation of adding 2t* tubes starting from Xo, Yo and Y},. Lemma 2.10 below is an
analogue of Lemma 2.1. The vertex wq in Lemma 2.1 is replaced with two vertices wy, w(
in Lemma 2.10, and the others are not changed. The proof is similar to that in the proof of
Lemma 2.1, which is omitted here.
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Lemma 2.10. Suppose that G is a graph which has a vertex subset
{wy, wy, 21,20, .,z Ui | i=1,2,...,2t3 U{y; | 1 =1,2,...,4t},
where z1, 23, . . ., 23 need not be different, and suppose that G contains no edges in the set
E' ={w{@oi—1,wima; |i=1,2,...,t} U{zsy; | i =1,2,...,2t;5 =1,2,..., 4t}
U{{@izig1,. - sxizar | 1=1,2,...,26 = 1} \ {moi_129; | 1 = 1,2,...,t}).

Suppose that 11 is a 2-cell embedding of G on the orientable surface Sy with the following
properties:

(l) Fori = ]., 2, NN 7t, Roﬂ' = 'Ll}6y4i_3y4i_2U)0 and R/O,i = w8y4i_1y4iw0 arefacial
cycles of 1L

(ii) Fori=1,2,...,t, Qo = 2iT2i—1%2:%; Is a facial cycle of 11 such that Qy ; has not
any common vertex with each of Ro 1, ..., Rot, Ry 1, ., Ry 4

Then there is a supergraph H of G satisfying the following conditions:
(i) E’is an edge subset of E(H).
(ii) H has an embedding on the orientable surface of genus g + 2t> such that it has a set
of t facial 3-cycles {Qy; | Qi = Y1, T2i—1%2:Y1;, 0 = 1,2, ..., t}, where y;, is some
vertex in {Yai—3, Yai—2, Yai—1,Yai | 1 = 1,2,...,}.

We now introduce another method of constructing an embedding, which is used in the
proof of Lemma 2.11.

Lemma 2.11. Let k and [ be two positive integers. Suppose that G has a vertex subset
{w,z} U{z;,y; | =1,2,...,2l, 5 =1,2,...,2k},
and suppose that G contains no edges in
E' ={zy;|i=1,2,....2l, j=1,2,...,2k}.

If G has a 2-cell embedding 11 on the orientable surface Sy such that F; = wo;_1T2;w
and FJ’ = 2Y2j_1Y2;% are facial cycles in 1l fori = 1,2,...,land j = 1,2,...,k, then
there is a supergraph H of G with the following properties:

(i) E' is an edge subset of H.

(ii) H has an embedding on the orientable surface of genus g + kl such that it has a
set of | facial 3-cycles in which each has the form yp,To;_122;Yn,, where yp, €
{y,y2, - yar}

Proof. We construct an embedding from II as follows.

(1) Let Dy = Fi. Then the tube 77 ; is added between D ; and F}. Next, the four
edges £1Y1, £1Y2, T2y1 and x2y, are drawn on 77 ; in the way shown in Figure 7.
Let D12 = yi1x122y1, and let Q11 = xoy1y222. The tube T3 o is now added
between D 5 and Fy, and the four edges z1ys, T1Yy4, T2y3 and 2y are drawn on
it in the similar way as in Figure 7. Let D1 3 = y3z122y3 and Q1,2 = T2Y3yaT2.
Then D 3 and F} are dealt with as D o and F}, and so on. The procedure is not
stopped until F has been dealt with. Thus, we obtain k facial cycles Q1 1, . .., Q1,k.
where Q1 ; = 22Y2i—1Y2:T2. Moreover, both 21 and z are connected with each of

Y1592, -+ Y2k
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X1 ) w

®

Y1 Y2

Figure 7: The drawing of the four edges in 77 ;.

(2) Let Q1 = {Q1,1,Q1,2,---,Q1,k}. Then the tube T5; is added between F» and
Q1,1, and the four edges x3y1, T3y2, Tay1 and x4y are drawn on it in the similar
way as in Figure 7, and so on. The procedure is stopped till Q)1 ; has been dealt with.
Then we obtain a set of facial walks Q = {Q2,1,Q2,2, ..., Q2% } such that Q2 ; =
T4Y2i_1Y2ix4. Moreover, both x3 and x4 are connected with each of y1, ys, . . ., Y2k-

(3) Qs and Fj3 are dealt with in the similar way to that of Q; and F3, and so on. The
procedure is stopped till F; has been dealt with. Then x; is connected with each of
Y1, Y2, .-, Y2k for ¢ = 1,2, ...,2[, and there is a set of [ facial 3-cycles in which
each has the form yp,, x9,_122;yn,. Moreover, there are k[ tubes to be added to the
primitive surface all together. So the obtained embedding IT’ is one on the orientable
surface of genus g + kl. Let H be the graph corresponding to II’. It is easy to find
that £’ is an edge set of H. O

Let Fiy = {F1, Fs,..., Fi}, and let 75 = {F|, Fy,..., F}}. We call the procedure of
constructing an embedding in the proof of Lemma 2.11 the operation of adding tubes with
respect to F1 and Fs.

3 An upper bound for v(C,,, + K,,) if m is odd

From now on we always suppose that m > 3 and n > 4, that C};, = wjus . .. u,u1, and
that the vertex set of K, is {v1,va, ..., v, }. If no confusion occur, a face and its boundary
in an embedding are not distinguished in the rest of the paper.

Lemma 3.1. Suppose thatm =1 (mod 2) and n =0 (mod 4). If m > 4n — 5, then

mn=Y0n-3),

Y(Cm + Kp) < { 1

Proof. We shall construct an embedding of C),, + K,, on the oreintable surface of genus
[WW in the following steps.

(1) In the step we shall construct an embedding on a sphere in which each of v; and vo
is connected with each of uq, uo, ..., U, and each of u; and usy is connected with
each of vy, va, ..., V.

First, C,, is placed in the equator of the sphere, and both v; and v, are situated at the
northern pole and the southern pole, respectively. Second, each of v; and v5 joins to
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each of uy, us, ..., uny, and the path P = v3v, ... v, is placed in the interior of the
face vjujugv; such that vs is near to v;. Third, vs joins to vy, and each of u; and
ug joins to each of vs, vy, ..., v,. Thus, we obtain an embedding II; on the sphere,

which is shown in Figure 8.

VN

V2
Figure 8: The embedding II;.

In the step we shall add 7 tubes to the sphere such that u3 is connected with each of
V3, V4, - - - , Un, and vy joins to vs.

The tube T} is now added between the facial cycles usvzvqus and voususvs. Next,
the edge uovs is redrawn such that it is on 77 and a segment of local rotation at us in
clockwise is that vy, v1, u3, vs. Then there is a facial walk W1 = ugvausvsviugvy
v3usus. Let Z1 = usvauav3viusvavs. Then Wi = Zijusus.

The tube 75 is added between the facial cycle usvgv7us and Wi. Then the two edges
u9v7 and uovg are redrawn on 75 such that a segment of local rotation at us in clock-
wise is that ugz, v7, vg, v3. Thus, there is a facial walk Wy = Zjusvgu5usv8v7usus3.
Let Z2 = U2VgV5U2V8VT. ThUS W2 = Z1Z2UQU3.

For i = 3,4,..., %, the tube T; is added between the facial cycle uzvy;v4;—1u2
and W;_;. Next, both edges usv4,—1 and ugvy;_o are redrawn on 7; such that a
segment of local rotation at us in clockwise is that us, v4;_1, v4;—2 and v4;_5. Then
there is a facial walk Wi = Z1Z2 . ZZ‘_1UQU4i_2U4i_3UQU4iU4i_1U2U3. Let Zi =

U2V45—-2V4;—-3U2V4;V45—1- Thus, Wi = Z1Z2 ‘e Z7;UQ’LL3.

After the tube Tn has been added, there is a facial walk Wn =Z14y...Zn n_qUU3.
Fori = 2,3,..., %, each of vy;_3,v4;_2, v4;—1 and vy; appears in Z; once but it
does not appear in Z; if ¢ # j. Also, v, appears in Z; once, but it does not appear
inZ;ifj# 1. In the interior of the face W%, ug joins to each of vy, vs, ..., U,
and v1 joins to vy. For example, if n = 8, W5 and all added edges in the interior of
W, are shown in Figure 9. Let 11, be the embedding obtained from II; by the above

operation of adding tubes. Then II3 is an embedding on the surface of genus 7.

In the step we shall add 2( 5 — 1)? tubes to the present surface satisfying the following
conditions:

(i) vq is connected with each of vs, vy, ..., v,,
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Figure 9: W5 and all edges added in the interior of Ws.
(ii) fori =3,4,...,nand j = 4,5,...,2n — 1, v; is connected with u;, and
(iii) all edges in the set
{Uivi+1;~--,71ﬂ/n | 1= 3,...,’/1— 1}\{1}21'_;,_1’0%4_2 | 1= 1,...,%72}
are added.

For the above purpose, let

Xo ={Qo,i | Qoui = urvoi11v2i40u1, i =1,2,..., 5 — 1},

Yo = {Ro; | Roi = viugiaiz1vr, i =1,2,...,5 — 1}, and
! / / .

yo = {RO,Z' | RO,i = V1U442U4;43V1, © = 1, 2, ey % — 1}.

Then we apply the operation of adding 2(% — 1)? tubes starting from Xp, Vo, and
Y{. By Lemma 2.1, an embedding II5 is obtained which satisfies all the requirements
and contains a set Ag = {Ao,1, Ao2,..., Ao,z 1} of facial 3-cycles such that Ao ;
has the form wy, vo; +1v2uk,, Where uy, € {u; | j =4,5,...,2n —1}.

In the step we shall add 2(5 — 1) tubes to present surface satisfying the following
conditions:

(1) w9 is connected with v, vy, ..., Un,
(ii) fori=3,4,...,nand j = 2n,2n+1,...,4n — 5, v; is connected with u;.

For the above purpose, let

J— — ;o n
By = {Bo,i | Bo,i = voUzntai—aUoniai—3v2, i =1,2,..., % — 1}, and
/ / ! .
By ={By,; | By, = vauzntai—2Uzntai—1v2, 1 = 1,2,...,5 — 1}.

We now apply the operation of adding 2(% — 1)? tubes starting from Ao, By, and 5.
By Lemma 2.1, an embedding 11, is obtained which satisfies all the requirements
and contains a set F = {F, Fb, ..., F%_l} of facial 3-cycles such that F; has the
form wy, vo;41v2i 42w, Where uy; € {u; | 7 =2n,2n+1,...,4n — 5}. At last, all
edges of the form v;v; added in the above operations are deleted, since these edges
have been existed. Note that the deletion of these edges does not affect each cycle
in F.
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(5) If m = 4n — 5, then there is nothing to do. If m > 4n — 5, then we shall add

tubes to the present surface such that v; is connected with each of ug,, 4, . . ., uy, for
1=3,4,...,n.
Let

D ={D; | D; = vitani2i—6Uan+2i—501, § = 1,2,..., B=1nt8Y

We now use the operation of adding tubes respect to F and D. By Lemma 2.11,
there are w tubes being used, and v; is connected with u;, where
i€{3,4,...,n}and j € {4n —4,4n — 3,...,m}. Let II5 be the obtained embed-

ding. Then it is an embedding of C',, + K, on the surface of genus

n (n—2)2 (n-2)? (n—2)(m—4n—|—5)'

4Jr 2 + 2 + 4

By simple counting, we have that

n, (n—2? (n-2? nm-2)(m—4n+5) n (n—2)(m—3)
1T Tt 1 it

Since n =0 (mod 4),

"(m—2l(n—2)_‘ _ {nizw L (n=2)(m-3)

So

Y R B S 4

n (n—-22 m-22 (n-2)(m-—4n+5) _ {(m—2)(n—2)-‘.

Hence, v(Cp, + K,,) < [W] O
Lemma 3.2. Suppose thatm =1 (mod 2) and n =2 (mod 4). If m > 4n — 3, then

AC + K) < {(m?i(n?)w |

Proof. We construct an embedding of C),, + K, in the similar way to that in the proof of
Lemma 3.1.

(1) First, place C,,, v1, and v2 on a sphere and add edges as (1) in the proof of Lem-
ma 3.1. Let F} = wviujugvi, F5 = viususvy, and F3 = vjugqusvi. The path
P = wv7vg...v, is now placed in the interior of Fj, and each of u; and wuo joins
to each of vy, vg, ..., v,. Next, both v and v5 are placed in the interior of F», and
they join to each of uy and us, respectively. Similarly, both v4 and vg are placed in
the interior of F3, and they join to each of uy4 and us, respectively. Let II; be the
obtained embedding on the sphere, which is shown in Figure 10.

The edge usuy4 is now deleted from II;. Then the face viusuqv; and the face
voU3U4V2 are merged into a face Fy = viusvaugavi. Next, the edge vivo is drawn
in the interior of Fy. Let F5 = usvsugvsus and Fg = ugvausvgus. The tube T is
added between Fj and Fi. Then the five edges are drawn on 7} in the way shown in
(1) in Figure 11. Let F; = usvsugvgus and Fy = usvsusvsus. Next, the tube T5 is
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U1

=
NS

U2

Figure 10: The embedding IT;.

U2 V3 U3 Us U2 V3 Uq Vg

Uy V4 U5 Vg U3 V4 U5 Us

(1) 2)

Figure 11: The drawing of edges on T} or 5.

added between F%; and Fg. Then the five edges are drawn on 75 in the way shown in
(2) in Figure 11.

We observe that the local rotation at ug in clockwise is that w1, vy, . . ., v1, V3, U4, Vg,
vs, U3, V2. Let Fy = wugvgugvsue, which is a facial cycle (refer to (2) in Fig-
ure 11). Let Fig = ujv,ugu; (refer to Figure 10) if n > 6, or Fig = ujviusug
if n = 6. The tube T3 is now added between Fy and Fjy. Then the edges usvs
and wuqvy are redrawn on T35 such that a segment of the local rotation at wuo is that
U1, Vg, V4, Up, U3, U5. Thus, there is a facial walk W] = w3 us0403u205u506Ua U, U1 .
Next, w1 joins to each of v3, vy, vs, vg, and vs joins to vg. Then there are two facial
cycles Qo1 = u1vavsu; and Qo2 = U V5V6U].

If n = 6, there is nothing to do. If n > 6, then we shall add % tubes to the
present surface such that u; is connected with each of vs, vy, ..., v, fori = 3,4, 5.
Let Fi1 = viugvsuguy (refer to Figure 10). Fori = 1,2,...,25%, let F/ =

UgV4i+4V4i+5U2. The tube T7 is added between F| and Fi;. Then two edges usv4i+4
and ugv4;45 are redrawn on T7. There is a facial walk Wi = ugvsusviusvgvigus
vrvglg. Fori = 2,..., %, the tube 77 is added between F and W;_;, where
W;_1 is a facial walk which contains v7,...,v4; 12 after T/ ; has added. Next,
both ugvy;4+4 and ugvy;y5 are redrawn on 7T and a segment in the local rotation
at us in clockwise is that Ug(i—1)+5> Udi+4, Udi+5, and uz. After the tube Tﬁl%@

has been added, there is a facial walk W.-s which contains ug, v7,vs,..., V.
4
Moreover, each of v7,vs,...,v, appears in Wa.—s once. Next, uz joins to each
4
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of vy, vs,...,v,. There are "7_6 facial 3-cycles D1, Do, ... ,DnT—G, where D; =
U3V2i+5V2i4+6U3-

Let Fi9 = uqvqusuy (refer to Figure 10). Let F = {Fi2},andletD = {D1, Do, ...,
D n_s }. Using the operation of adding tubes with respect to D and F, each of u4 and

ug is connected with each of v7,vg,...,v,. By Lemma 2.11, there are %’6 tubes

being used. Also, there are ”Tfﬁ facial cycles Qo 3, . - ., Qo,% in which Qg ; has the
form wy, vg;41v2;42u,, Where u;, € {ug,us}. Let IIy be the embedding obtained
from II; by the above procedures. Then II, is an embedding on the surface of genus
3+ "T_G + "7_6 (= @). Moreover, u; is connected with each of vy, va, ..., v,
fori =1,2,...,5.

For:=1,2,..., "’;6, let Ry ; = v1U4i42U4443v1, and let Ré),i = V1U4i+4U4i+501 -
Let &y = {QO,H-? ‘ 1= 1,2,...,%76}, Vo = {RO,i | 1= 1,2,...,%76}, and
Vo = A{Ry,; | i =1,2,...,25°%}. Next procedures are similar to that in (4) and
(5) in the proof of Lemma 3.1. Note that W tubes are added to the present
surface such that v; is connected with u; for7 = 3,4,...,nand j = 6,7,...,m.
Thus, an embedding I13 of C,,, + K, on the surface of genus 3("4_2) + (7”_521("_2) is
obtained. Since n = 2 (mod 4), [(mfa(”*z)} = 3("4’2) + (m7521(”72). Thus, 113
is the desired embedding. Since the operation of adding n — 2 tubes is used twice, m
is atleast 5 + 4(n — 2) (= 4n — 3). O

Lemma 3.3. Suppose thatm =1 (mod 2) andn =1 (mod 2). Ifm > 6n — 13, then

ACom + K < {(W—QW—ZW |

4

Proof. We consider two cases.

Case 1: m = 1 (mod 4). In this case we construct an embedding of C,,, + K, in the
following steps.

)

2

The path P,, = wujus...u,, is placed in the equator of a sphere. The edge vivs
is situated in the northern pole and the vertex vs placed at the southern pole. Next,
each of v; and v3 joins to each of w1, us, ... s Umst, and each of v; and v5 joins to
each of Umds, Ums - oo U Also, v1 joins to vs, and vy joins to Umgs. Thus, an
embedding II; on the sphere is obtained. For example, the embedding II; is shown
in Figure 12 if m = 17.

In this step we shall construct an embedding on the surface of genus m74 such that
vg is connected with uq, us, ..., u m_1, V3 connected with Umts, Umds s« ooy U, and

w1 connected with u,,.

For ¢ = 1, 2, ey mTil, let Fi = V3U2;—-1U2;V3 and Fi/ = VoUm+41-2iUm+2—-2iV2.
The tube T} is added between F; and F7, and the five edges are drawn on T in the
way shown in (1) in Figure 13. The tube T is added between F» and F3, and the five
edges are drawn on 7 in the way shown in (2) of Figure 13.

Fori = 3,4,..., mT_l, the tube 7; is added between F; and F!. Then the four
edges U3l +2—2i,V3Um+1—2i, V2U2;—1, and voug; are drawn on 7; in the way shown
in (2) of Figure 13, but vyvs is not added. Thus, vs is connected with each of
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Figure 12: The embedding IT;.

U3 ul Uug V3 us U4

Vo Um—1 Um V2 Um—3 Um—2

(1) (2)

Figure 13: The drawing of edges on 7} or 75.

Umtd , Umt5, ..., Um,Va. Next, vy connected with each of uq,us,...,um-1. Let
2 2 2
IT; be the obtained embedding. Note that there are two sets 2y and Z, in II5, where

ZO = {Z(),i ‘ Zg,i = V2U2;-1U2;V2, ’L = 1, 2, ey mT—l} and
={Z0; | Zy; = v3Um+1—2iUmia—2vs, i = 1,2,..., "L},

In this step [”7_21 tubes will be added to the present surface such that v; is connected
With Um+1, Um+ts, Umss fori =4,5,...,n.

2 2 2
The path P = w4vs...v, is now placed in the interior of Z’ . _; such that vy

T

is near to v3. Then each of Umis and Umis joins to each of vy, vs,...,v,. For
1=1,2,..., ’—Ll] let D; = = Um+3 Vg V4i+1Umis .
If n =1 (mod 4), then [252] = 231, The tube 7T} is now added between D’ =

V2Umt1 U mts U and D;. Next, the edge u m3 Uy is redrawn on 77. Then we obtain
a facial walk W3 which contains Umt and vy. Fori = 2,3, ..., ”T’l, the tube 77 is
added between D; and W;_1, where W;_ is a facial walk which contains um+1 and
um+s obtained by adding the tube T;_;. Then two edges u m+8 Vg1 and ui+3 Vai
are redrawn on T}. After the tube 7', _, has been added, there is a facial walk W"n 1

which contains U m+1, Vg, ..., Up. Next Umt joins to v; if v; appears once in W n1
2
or a copy of v; if it appears more than once in Wi
4

Ifn =3 (mod 4), then [22] = 222 We add 22 tubes in the similar way to that

in the above paragraph. The difference is that two edge wm+3v4; 41 and wm43 Vg;yo
2 2
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are redrawn on T} fori = 1,2,. .., "4_3.
Let II3 be the embedding obtained from II5 by the above operation of adding tubes.
Clearly, Umir, Umds, and Umgs are connected with each of vy, vs, ..., vy,.
(4) In the step we proceed the similar argument as in (3) and (4) of the proof of Lem-
ma 3.1. Let
Xo ={Qo,i | Qo,i = UmysvVai2v2iatmes, i =1,2,..., n=3,

Vo={Zo;|i=1,2,...,%53}, and
Vo={Zp;1i=1,2,...,253}.

Then we apply the operation of adding 2(”773)2 tubes starting from Xp, Vo, and )}).
By Lemma 2.10, we have the following results:

(i) wvo is connected with each of vy, vg, ..., v,_1, and vs connected with each of
V5,V7y...,Un.
(i) Fori = 4,5,...,mand j = 1,2,..., %’3 v; is connected with wug;_1, uaj,

Um4-1-255 Um4-2—-25-
(iii) There is a set

{0iVig1,y o v |1 =1,2,...,n — 1} \ {vgvs, 0607, . . ., Un_10n }

(iv) There is a set
Ao = {401,402, ... ,Ao,%}

of facial cycles such that Ay ; has the form w;,ve;41v2;u;;, Where vu;, €

{’l,l,l7 ey un_3} U {um_n+4, ‘e ,’U,m}.
Unfortunately, v is not connected with each of vs,vr,...,v, and vs is not con-
nected with each of vy, vg,...,v,—1. In order to attach the edges vavs, ..., v20,,
V304, . .., V30,1, we apply the operation of adding 2(“52)? tubes again. Let

; ,—3
By = {Bo,i | Bo,i = V3Um—nt4—2im—nt5-2i03, i = 1,2,..., 252} and
/ / / . _3
By ={By, | By; = voun—at2itn-342V2, i = 1,2,..., "5}

We now apply the operation of adding 2(252)? tubes starting from Ay, By and B).
By Lemma 2.10, we have the following results:

(i) vo is connected with each of vs,v7,...,v,, and vz connected with each of
V4,06, -3 Un—1-
(i) For i = 4,5,...,nand j = 1,2,..., 252, v; is connected with w,_442;,

un—3+2j7 um—n+4—2j7 um—n+5—2j~
(iii) There is a set
£0 = {LO,la L072, e ,Lo,nT—S}

of "7_3 facial cycles such that L ; has the form wp,, v2;41v2iup,, Where up, €
. -3
{Un—a42j, Un—342j, Um—nt6-2j, Um-nt5-2; | J=1,..., %5}
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Need to say that all edges of the form v v; added in the above operations are deleted,
since they have been existed.

Fori = 1, 2, ‘e ang’ let Foﬂ‘ = V1U2n—7+2iU2n—6+42iV1 and Fé,i = V1Um—2n+7—2i
U, —2n+8—2iV1- Let 7y = {FO,i ‘ i = 1,2,..., nT—S}’ and let fé = {Fé,i |
i=1,2,...,252}. We apply the operation of adding 2(252)? tubes starting from
Lo, Fo, and F}. By Lemma 2.1, vy is connected with each of vg, vs, ..., v,, and
there is a set Ny = {No1,Nogz,---, N07%} of "7’3 facial cycles such that Ny ; has
the form wy,vaip1v2iuk,, Where up, € {U2n—7425, U2n—64+2jUm—2n+7—2j>
ji=1,..., ”;3}. Next, all added edges of the form v;v; (4,5 # 1)
are deleted, since they have been existed.

(5) In this step we proceed the similar argument to (5) in the proof of Lemma 3.1.
For: =1,..., %(mTil —3n + 9), let M; = V1U3n—10+2iU3n—9+2;V1, and Mll =

V1Um—3n+10—2iUm—3n+11+2iV1. Clearly, M’(m 1 is exactly the cycle

—3n+9)
V1Umts Umts V1. Since Umis and Umys are connected with each of vq,...,v,,
2

M, 1(m=1 g4 should be neglected Let

M =AM, M [i=1,., 5 (75 =30+ O \AMY ms g, 00}

Next, we apply the operation of adding tubes with respect to M and Ny. There are
[mfﬁ(”fi)fg](nfd) tubes being added to the present surface. Since m = 1 (mod 2)
andn =1 (mod 4), we have that

[(m—?i(n—m—‘ (m-3)(n-3) , m-1 [n—él—‘

and

[m—6(n—?;)—3](n—3)+m4—1+ PL—ZL—‘ +6(n—3)2

’—(m—2)(n—2) '|

Hence an embedding of C',, + K, on the surface of genus is obtained.

Need to say that the operations of adding 2(*%= 3)2 tubes are used three times, m

is at least 6(n — 3) (= 6n — 18). If um+1, Um+.3 Umss and My m—1_g, o) are
. . 2 2 2 2172

considered, m is at least 6n — 18 + 5 (= 6n — 13).

Case 2: m = 3 (mod 4). In this case we shall construct an embedding of C,,, + K, in
the similar way to that in Case 1.

(1) P,,, v1, ve, and vs are placed in a sphere as in Case 1. Next, each of v; and v3 is
connected with each of uy,uo,...,u mi1, and each of vy and v, is connected with
each of Um+3s, Um+s, ..., Up. AlsO, vo is connected with u m+1, and vs is connected
with um+32 Then we obtaln an embedding II; on the sphere. For example, II; is
shown in Figure 14 if m = 15.
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Figure 14: The embedding I1;.

As in (2) in Case 1, mT_3 tubes are added to the sphere satisfying the following
conditions:

(i) wq is connected with u,,,
(i1) v is connected with each of w1, us, ..., Um-3,
2

(iii) wvg is connected with each of U m+s , Umt7, ..., Up,.
2 2

Let II, be the obtained embedding. Then it is an embedding on the surface of the

m—3
genus =,

The path P = w405 ... v, is now placed in the interior of Vot m+1Um+3vs. Then
2 2

each of um+1 and um+s joins to each of vy, vs,...,v,. Forj = 1,2,..., ["T_ﬂ
2 2

let Dj = Wmi1v404i41Umer. If n = 1 (mod 4), then 251 (= [252]) tubes
2 2

T],T5,...,T_, are added to the present surface one by one such that  m+1 v5 is re-
4 2

drawn on 77, and Um1 Vg and Um1 Vgi1 are redrawn on T/ fori = 2,3,. .., ”T_l.

If n = 3 (mod 4), then 2 (= [2:2]) tubes T}, T3, . .. ,TQ# are added to the

present surface one by one such that ©m+1v4 is drawn on 77, and wm+1v4;43 and
2 2
n+1
1

Um+1Vy; are redrawn on T for i = 2,3,..., . As in Case 1, there is a facial
walk W[%W which contains Um_1,V4; -5 Vn and vy. Next, Um_1 joins to vj if
it appears once in W[%] or a copy of v; if it appears more than once in W[%],
where v; is a vertex in vy4,vs, ..., v, and ve. Let II3 be the obtained embedding.

Then it is an embedding on the surface of the genus mng + [”772]

In this step we proceed the similar argument as in (4) and (5) in Case 1. There are
W tubes being added to the present surface. The detail is omitted here. Let
I14 be the obtained embedding. Then it is an embedding of C,,, + K, on the surface
of genus T8 4 [222] 4 (m*‘n’iﬂ. Need to say that for the purpose that each

of vy, v9 and v3 is connected with vy, ..., v,, we need add at least 6(”T*3)2 tubes.
Since each of um-1, um+1 and um+s has been connected with each of vy, ..., v,,
2 2 2

m is at least 3 + 6(n — 3) (= 6n — 15).
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Since m = 3 (mod 4) and n = 1 (mod 2), we have that [W] =m=3 4
22 + %4("_3). So I14 is an embedding of C,,, + K, on the surface of genus

|'(m7221(n72)-|. 0

4 An upper bound for v(C,, + K,,) if m is even
In the section we shall study the orientable genus of C,,, + K, if m is even.

Lemma 4.1. Suppose thatm =0 (mod 2). If m > 8, then
m — 2
a2 [22]

Proof. We firstly construct an embedding on a sphere. C,,, vy, and vy are placed in the
sphere as in the proof of Lemma 3.1, and each of v; and vs joins to ui,us, ..., u,. Let
F) = viuqugvy and Fy = vougugvs. Next, the vertex vs is placed in the interior of F}
and is connected with to u;, ug, and v;, and the vertex v, is placed in the interior of F»
and is connected with ug, u4, and vs. At last, the tube T} is added between the facial cycle
vsuiuovs and the facial cycle vyusugqvy. Then six edges are drawn on 77 in the way shown
in (1) of Figure 15.

U1 U6 Uus

(2)

Figure 15: Two drawings of edges on 7} or 75.

Note that there are two edges connecting us and us. Let F3 = viusugvy and Fy =
vaUsUu3v2. We now delete the edge uous which is a common edge of F3 and Fy. Then Fj
and F); are merged into a facial cycle F5 = viusvousvi. Next, the edge vyve is drawn in
the interior of Fj.

Let Fs = ujvsvau; (refer to (1) of Figure 15), and let 7 = vjusugv;. The tube T5 is
now added between Fg and F%. Then the five edges are drawn on 75 in the way shown in
(2) in Figure 15. Let Fg = usvsvsus (refer to (2) of Figure 15), and let Fy = vaugurvs.
Then the tube 73 is added between Fg and Fy. Next, the five edges vsus, vsuz, vauz,
vaug and v4vy are drawn on 73 in the similar way to that in (2) in Figure 15. Thus, v; is
connected with v; if ¢ # j. If m = 8, there is nothing to do. If m > 8, let 7 = {F" |
F' = U7U31)4U7}, and let Q = {Qz | Qi = ’U1’U,7+27;u8+2i’01,7; = 1,27. ey mT—8} We
apply the operation of adding mng tubes with respect to F and Q to realize an embedding
of C’z1 + K4. Thus, there are -2 + 3 (= 2) tubes being used. Hence, (C, + K4) <
2. O

Lemma 4.2. Suppose that m = 0 (mod 2) and n = 0 (mod 2). Ifn > 6 and

m > 4n — 4, then
Y(Com + Ky) < {(m - 231(71 - Z)W :
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Proof. We construct an embedding of C,,, + K, in the following steps.

(D

2

3)

The cycle C,, and vertices v1,v2 are placed in a sphere as in the proof of Lemma 3.1.
Next, each of v; and vs joins to ui,us,...,u,. Let F} = vjujusv; and Fo =
viugugvi. The two vertices vy and vg are placed in the interior of Fy, and each of
uy and us joins to each of vy and vg such that there are two facial 4-cycles Fy =
uvgugvguy and Fy = wviujvgugvy. The two vertices vs and vs are placed in the
interior of F5, and each of u3 and u4 joins to each of v3 and v such that there are two
facial 4-cycle Fy = usvsuqvsug and D = ugugvsus. The path P = vrvs ... vy, is
placed in the interior of F} such that v; is near to vg. Next, each of u; and us joins
to each of v7, vg, . .., v,. The obtained embedding is denoted by II;.

In the step each of u1,us, us and uy will be connected with each of vs, vy, ..., vy,
and v; is connected with vo. For the above purpose, the tube 73 is firstly added
between F| and F}, and the five edges u1vs, ugvs, usva, usvs and ugug are drawn
on 77 in the way shown in (1) of Figure 16. Thus, there are two edges connecting
ug and uz. The edge usus which is the common edge of facial cycles vjusugvy
and vouousvsy is deleted. Then there is a facial cycle F3 = wvjugvousvy. Next,
v1 joins to ve in the interior of F3. The tube 75 is now added between the facial
cycles ujvqusvsuy and usvsugvgus (refer to (1) in Figure 16), and the six edges
U1V3, U2V5, U3Ve, U4V4, V304 and vsvg are drawn on 15 in the way shown in (2) of
Figure 16.

U1 V4 U Vg Ul V4 U3 Vs

U3 V3 U4 Vs U2 V3 Uq4 Vg

(1) (2)

Figure 16: Two drawings of edges on 77 or 75.

Fori=1,2,..., %55, let D; = ugva;y5vai46u2. Let D = {D; | i =1,2,..., 255}
and D' = {D}}. We apply the operation of adding tubes with respect to D and D’
such that both us and u,4 are connected with each of v7, vs, ..., v,. By Lemma 2.11,
there are "T’G tubes being used. Let I, be the obtained embedding.

We proceed a similar argument to that in (3) in the proof of Lemma 3.2. We shall add

W tubes to the present surface to realize an embedding 113 of C,,, + K.
The detail is omitted here. For the purpose that each of v; and vs joins to each of
V3, ..., Uy, 2(252)? tubes will be used by Lemma 2.1. So m is at least 4 + 4 x 252
(=4n —4).

Obviously, II3 is an embedding of C,, + K,, on the surface of genus 2 + ”T’G +

W. Since m =0 (mod 2) and n = 0 (mod 2), we have that

[(m?i(nQ)—‘ L, n=6, (m-a)n-2)

2 + 4

S0 4(Cry + k) <[220, =
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Lemma 4.3. Suppose that m = 0 (mod 2) and n = 1 (mod 2). If m > 6n — 14 and
n > 5, then

V(O + ) < {(m—ﬂ(n—?)w |

Proof. We proceed a similar argument to that in the proof of Lemma 3.3.

ey

(@)

3

Let P,, = ujus ... uy. Then P,,, v1, v2, and vs are placed in a sphere as in (1) in
the proof of Lemma 3.3. If m = 0 (mod 4), then each of v; and vs joins to each of
UL, U2, .., U such that vy u; and vsu; are in the upper side and lower side of P,,,
respectlvely Next each of v9 and v; joins to each of Umtz, Umid, ..o U such that
vau; and vy u,; are in the upper side and lower side of Pm, respectlvely Also, v1 joins
to v3. If m = 2 (mod 4), then each of v; and vz joins to each of uy,ug,...,um
such that vyu; and vzu; are in the upper side and lower side of P,,, respectively.
Next, each of v9 and v; joins to each of Umtz, Umid, .o, U such that vou; and
v1u; are in the upper side and lower side of Pm, respectlvely Also, vy joins to vs, v
joins to wz, and v3 joins to u mi2. Let II; be the obtained embedding on the sphere.

As in (2) in the proof of Lemma 3.3, there are 7 tubes being added to the sphere
if m = 0 (mod 4), m=2 tubes being added to the sphere if m = 2
(mod 4), such that each of vo and v3 is connected with all rest vertices in uy, us, . . .,
U, Also, u1 is connected with w,,,, and vs is connected with v3. Need to say that
fm4_2] =2 ifm =0 (mod 4), or [252] = ™22 if ;m = 2 (mod 4). Thus, there
are [ 2] tubes being used in the above procedure

Let P’ = v4V5...0,. If m = 0 (mod 4), then P’ is placed in the facial cy-
cle viuqusvy, and each of uq and wus is connected with vy, vs,...,v,. If m = 2
(mod 4), then P’ is placed in the facial cycle viumum vy, and each of um and
um 41 is connected with v4, s, . . ., Up.
Let
XO = {Q07i | QO,i = U2V2;42V2;4+3U2, = 1, 2, ey nT—B} ifm =0 (HlOd 4), or
XO = {Qo,i | QO,i = U%UQH_Q’U%_;,_:J,U%, 7 = 1, 2, ey ang} 1fm = 2 (HlOd 4)
Let

yo = {RO,i | R()’i = ’l}2U2i+1UQi’U2, ’L = ]., 2, ey n53}’ and

Vo =A{R0; | Ry; = v3tUmy1—2ilimia—2vs, i = 1,2,..., 253}

We apply the operation of adding 2("7_3)2 tubes starting from Xp, Vo and ). Next
procedures are similar to that in (4) in the proof of Lemma 3.3. Eventually, we obtain
an embedding of C},, + K,, by adding W tubes. Note that for the purpose
that each of vy, v and v3 is connected with each of vy, vs, . .., v,, we need to add at
least 3 x 2 x ”;3 tubes by Lemma 2.10. Thus, m > 6(n —3) +2+ 2 = 6n — 14 if
m =0 (mod 4),orm >6(n—3)+2=06n—16if m =2 (mod 4).

Sincem =0 (mod 2) andn =1 (mod 2), [(m7231(”72)1 = (m7221("73) +[m=27.
Since 2 = [22]if m = 0 (mod 4), or 252 = [™22] if ;m = 2 (mod 4),
the obtained embedding is an embedding of C), + K, on the surface of genus
|—(m—22L(n—2)-|' 0
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5 Conclusions
Lemma 5.1 ([10]). Ifm > 2 andn > 2, then

==,

V(Emn) = { 1

Considering that K, ,, is a subgraph of C), + K,,, Theorem 5.2 follows from Lem-
mas 3.1, 3.2, and 3.3, Lemmas 4.1, 4.2, and 4.3, and Lemma 5.1.

Theorem 5.2. Suppose that m and n are two integers. Then

(m—2)(n — 2)}

Y(Cm + Kp) = [ 4

if n > 4 and m, n satisfy one of the following conditions:

(1) m=1 (mod 2), n =0 (mod 2), and m > 4n — 5,
(2) m=1 (mod 2), n =1 (mod 2), and m > 6n — 13,
(3) m=0 (mod 2), n =0 (mod 2), and m > 4n — 4,
(4) m=0 (mod 2),n =1 (mod 2), and m > 6n — 14.

Obviously, the maximal value in 4n — 5,4n — 4,6n — 13 and 6n — 14 is 12 if n = 4,
or 6n — 13 if n > 5. The result below follows from Lemma 5.1 and Theorem 5.2 directly.

Corollary 5.3. Suppose that m and n are two integers. Let G1 be a spanning subgraph
of Cy, and let G4 be a spanning subgraph of K,,. If n = 4 and m > 12, orn > 5 and
m > 6n — 13, then
m—2)(n—2
@ = [0 =]

Since K, s+ (r > s > t > 3) is a spanning subgraph of C, + K., we have the
following result by Theorem 5.2.

Corollary 54. Ifr > s>t > 3andr > 6(s +t) — 13, then

(7‘—2)(5—!—75—2)—‘
1 .

’Y(Kr,s,t) = [

Therefore, Stahl and White’s conjecture ([12]) on the orientable genus of the complete
tripartite graph K, s ; holdsif r > s > ¢ > 3and r > 6(s +t) — 13.
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Abstract

This paper is about cages for compact convex sets. A cage is the 1-skeleton of a convex
polytope in R3. A cage is said to hold a set if the set cannot be continuously moved to a
distant location, remaining congruent to itself and disjoint from the cage.

In how many “truly different” positions can (compact 2-dimensional) discs be held
by a cage? We completely answer this question for all tetrahedra. Moreover, we present
pentahedral cages holding discs in a large number (57) of positions.

Keywords: Tetrahedral cages, pentahedral cages, discs.
Math. Subj. Class.: 52B10

1 Introduction

A cage is the 1-skeleton of a (convex) polytope in R3. If P is the polytope, the cage is
denoted by cage(P). A cage G is said to hold a compact set K with G N int K = {), if no
rigid continuous motion can bring K in a position far away without int K meeting G on
its way. (Here, int i means the interior of K in its affine hull.) A compact 2-dimensional
ball in R? will be called a disc.
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Not that long ago, the subject of holding (3-dimensional) balls in cages has been treated
by Coxeter [6], Besicovitch [4], Aberth [1] and Valette [12].

In this paper we hold discs instead of balls. The question we ask is about the number
of positions of the discs held.

We investigate the capability of the 1-skeleton of the regular tetrahedron as a cage to
hold discs. Then, we consider the capability of the 1-skeleton of an arbitrary tetrahedron
to hold discs, and discuss in detail the dependence on the shape of the tetrahedron. Finally,
we also consider the two combinatorial types of pentahedral cages.

The related phenomenon of holding a convex body using a circle was investigated in
[2, 3, 13]. For other related results, see [9, 10, 14, 15].

For distinct -,y € R3, let Zy be the line through z,y and zy the line-segment from
2 to y. We denote by 11, the plane through = orthogonal to Zy, and by ij the closed
half-space not containing y, determined by II,.

For M < R2, M denotes its affine hull, int M and bd M denote its interior and bound-
ary in the topology of M, and diam M = sup, ,enm |2 — yll. A line-segment xy with
{z,y} C M and ||z — y|| = diam M is called a diameter of M. Also, conv M denotes the
intersection of all convex sets including M.

For z1, %9, ...,7 € R3 211y - 23 means conv{wy, o, ..., }. For non-collinear
elements z,y, 2 € R3, let C(zyz) C Tyz be the circle passing through x, 3, z, and let Ozyz
be its centre. Put D(zyz) = conv C(zyz). We denote by Tyz the angle of xyz at y, and
by Zxyz its measure.

A face of a cage G is a 2-dimensional face of the polytope conv G.

The d-dimensional compact unit ball (centred at 0) is By, and bd By = Sgq_1 (d > 2).

Also, we denote by \ the 1-dimensional Hausdorff measure (length).

Problem 1.1. Let G(K) be the space of all cages in R? holding the compact set K. Deter-
mine
L(K)= inf MG,
Geg(K)
for various sets K.

This problem, in line with the work of Coxeter, Besicovitch, Aberth and Valette, will
not be addressed in this paper, but in [8].

For any cage G, let D(G) be the space of all discs held by GG, endowed with the
Pompeiu-Hausdorff metric.

Let D, (G) be the set of all discs in D(G) of radius at least . (Notice that the term
“radius” is used for both the distance and the line-segment from the centre to a point of the
relative boundary.) Assume that, for some component £ of D,.(G) and any number s > r,
Ds(G)NE is connected or empty. We call such a component &€ an end-component of D(G).
If n is the maximal number of pairwise disjoint end-components of D(G), we say that G
holds n discs.

In fact, intuitively, G does not hold n pairwise disjoint discs simultaneously; merely
there are n different positions at which, separately, a disc can be held.

Let the component £ of D,.(G) be an end-component of D(G). Put o(€) = sup{s :
Ds(G) N € # 0}. Choose an increasing sequence {s,}>°, of real numbers satisfying
Sp, > rand limy, o $,, = 0(&). Consider a disc D,, € D, (G) for each n.

If {D,}5, converges to some disc D(£) independent of the choice of the numbers
sy, and discs D,,, we call D(E) the limit disc of £. Several end-components may have the
same limit disc.
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If the limit disc of an end-component £ lies in the plane of a face F of conv G, we say
that G holds a disc at the face F. For each end-component, we have a disc held, even if the
limit discs coincide. So, a cage may hold several discs at the same face. Also, if a face F’
is not triangular, several distinct limit discs can be coplanar with F'.

Inspired by an earlier version of the present paper, Montejano and Zamfirescu [11]
raised the following questions.

Problem 1.2. Does a cage holding 7 discs exist?
Problem 1.3. How many discs can be held by a pentahedral cage?

We give here an affirmative answer to Problem 1.2, establish the precise minimum and
find a lower bound for the maximum number of discs that a pentahedral cage can hold.

For a cage which is not tetrahedral it is possible that a disc is held, but not at a face. Such
a case we shall meet for a pentahedral cage admitting a limit disc (of some end-component)
circumscribed to a triangle which is not a face of the pentahedron, but has vertices among
those of the cage. For arbitrary polyhedral cages even the following is possible.

Proposition 1.4. There exist cages G admitting a limit disc not coplanar with any vertex
of conv G.

Proof. Consider a regular icosagon A = ajas -+ a9y C H inscribed in S, where H =
{(z,y,2) : z= 0} and S is the unit circle in H. Lete > 0 and 7 = (0,0,¢). Let v > 0.
Put
b — (I1+v)a;+7 fori#3 (mod 4)
"l —=v)a;+7 fori=3 (mod 4)

and

. (I1+v)a;—7 fori£1 (mod 4)
Tl —=v)a;—7 fori=1 (mod 4).

For v small enough, A, = b1by---beg and A, = cy1ca - - - ¢y are convex icosagons.
The polytope P = conv(A, UA,) has 42 faces including A, and A.. We claim that Bs is
a limit disc of cage(P).

Indeed, note that the circle S; meets cage(P) at the vertices aq, as, . .., a9 of A only.
Assume that some unit disc D distinct from Bs but close to it satisfies cage(P) Nint D =
(). Let the ellipse E be the orthogonal projection of D onto H and let zy be the long axis
of F (or any diameter if E is a circle). Since ||« — y|| = 2, one of these end-points, say
x,is on Sy or outside Bs. Let 2/, 3’ be the points of D with projections z, y, respectively.
Since x'y’ is parallel to H, it is included in (at least) one of the half-spaces

H" ={(z,y,2): 2 >0}, H™ ={(z,y,2) : 2 < 0}.

Suppose without loss of generality that 'y’ C H . Then, at least one of the half-discs of
D determined by z'y’, say D’, entirely lies in H .

The intersection {x*} = 0z N Sy lies on S} between two consecutive vertices of the
regular pentagon ajasagaizaiy, or coincides with one of them, say z* € aias. Therefore,
since D # By, D' cuts either ajc; or ascs, which yields int D N cage(P) # (), and this
contradicts our assumption. O
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2 Tetrahedral cages

Consider a regular tetrahedron. If its edge-length is 1, then the circle circumscribed to a face
has radius 1/v/3. So, a slightly enlarged tetrahedral cage T will hold the disc (1/v/3) Ba.
Clearly, at each face there is such a disc.

In fact there are many discs close to (1/+/3) Bz, held by T, lying in the same component
of Dy /3 (T). The space Dy , /3 (T") has 4 components analogous to the component of

(1/+/3) By, one corresponding to each face of T". The limit disc of each component is the
disc circumscribed to the respective face.
The following lemma is easily verified by the reader.

Lemma 2.1. If a polytopal cage holds a disc at some triangular face, then that triangle is
acute.

A face being an acute triangle is, however, no guarantee that the disc described above
(lying over the face) is held there. Whether it can move away from that face or not, obvi-
ously depends on the angle between the edges of the polytope adjacent but not belonging
to that face and the corresponding radii of the circumscribed circle of the face.

Lemma 2.2. If a face of a tetrahedral cage is an acute triangle, then at least one disc is
held at that face.

Proof. Let abe be the given acute face, and o the centre of C'(abe). Consider the half-spaces

H;FO, HZFO, Hjo. As the intersection of these half-spaces is void, there is no point x € R3

for which all angles Tao, ;b\o, Zco are non-acute. Assume Zdao < /2. Now take a disc
(slightly smaller than D (abc)) over ab and ac, but below be (see Figure 1). This disc is held
by the cage. O

B C

_——

N—
Figure 1: Cage holding a disc.

Lemma 2.3. If a tetrahedral cage has an acute face, then it has one, two, or four discs
held at that face.

Proof. Keep the notation of the preceding proof. The kind of disc held by the cage in the
previous proof requires an angle like dao to be acute. The existence of a second such angle,
say dbo, provides a second such disc. If at least one such angle, say dco, is not acute, then
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any disc lying over the face abc can move away from the face. If all three angles cﬁ;),
d/b\o, dco are acute, then not only the three discs partly lying below some edge of abc are
held, but also the disc lying completely over the face abc, whence the conclusion of the
lemma. H

Theorem 2.4. The regular tetrahedral cage holds 16 discs.

Proof. The last case of the proof of Lemma 2.3 applies at all faces. By Proposition 2.5
below, there is no other disc held by the cage. O

Tetrahedral cages cannot display the situation in Proposition 1.4.
Proposition 2.5 (Fruchard [7]). In any tetrahedral cage, each limit disc is at some face.
With the author’s permission, we reproduce here his proof, for the reader’s convenience.

Proof. Let abed be a non-degenerate tetrahedron, G = cage(abed), and assume D is a
limit disc which is not at a face. To fix ideas, we assume that D is the unit disc B in the
horizontal plane H = {(x,y,z) : z = 0} of R?,

It is an easy task to exclude that some vertex of G lies in the plane of D. Furthermore,
it is easily seen that D meets four edges of G, say ab, bc, cd, and da, with a and ¢ above
D, and b and d below D. Two of these edges have to pass above D and two below, and
they must alternate, say ab and cd above, bc and da below. Lete € abN D, f € be N D,
g€ cdND,and h € dan D, see Figure 2.

Figure 2: Proof of Proposition 2.5.

Let a’, b/, ¢’ and d’ be the orthogonal projections of a, b, ¢, d on H. Then, we have

la e _fJa—el _ z
1 —ell = 1o—ell ~ Tl

where z, is the third coordinate of a. Using the analogous formulae for the other three
sides of the quadrilateral a’b’'c’d’, we obtain
la" —ell |1 = FIl Ic" =gl ld" =Rl _ za |20] 2 |2
167 —ell lle" = fIlld" = gll lla” = Rl [26] z |2al 2a

1. 2.1)
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As we show below, this is impossible. From a’, draw the two tangent lines to D, T
toward b and T’ toward d. Let ¢/ € T'N D (hence on the same side as ) and b’ € T' N D.
Because ab is above D, we have ||a — e|| > ||a’ — €’||; in the same manner, da is below D,

hence ||a’ — h|| < ||a’ — h'||. Then, ||a’ — €| = ||a’ — /|| implies ||‘|Z,/:Z|‘|| > 1. Similarly,
one has Hgl,:’; ” , ”f;:?” and ‘\Ilfilj:;l” all larger than 1, contradicting equation (2.1). O

Lemma 2.6. If, for a,b,c,z,0 € R3, Zaxb < 7/2, Zcxa < 7/2 and o lies in the relative
interior of bxc, then Zaxo < /2.

The proof (using for example the basic properties of the scalar product) is left to the
reader.

Theorem 2.7. There are tetrahedral cages holding exactly n discs, for every n < 16 except
formn € {7,9,11,13,14, 15}, and there is no such cage for any other n.

Proof. Separately, every number n of held discs can be realized at a face, if n € {0, 1, 2,4},
by Lemma 2.3. We have to show that a global realization is possible, for each of the n’s
from the statement. Moreover, we must show the impossibility of a realization in all other
cases.

We keep in mind that limit discs can only be at faces, by Proposition 2.5.

Throughout this proof, o will denote the centre of C'(abc).

Case n = 0: Take the face abc to have an obtuse angle at a, take a point d’ in the relative
interior of its height at a, and consider a point d close to d’ and having d’ as orthogonal
projection on abc. Then the tetrahedral cage cage(abcd) has all faces obtuse. Now use
Lemma 2.1.

Case n = 1: Take now the face abc to be an acute triangle and consider o. For any point
d e I, NI\ abe,

the triangles abd, bed, cad are obtuse or right. See Figure 3.

H+

ba

Figure 3: Case n = 1.
Moreover, only one of the angles &t?l, o/b\d, ()/(;l is acute, namely the latter. Thus,
cage(abed) holds exactly one disc (at the face abc), as described in the proof of Lemma 2.2.

Case n = 2: Let again abc be acute, and choose

d e I, NIL7 \ (ITf, U abe).
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In this way abd, bed, cad are still non-acute, but now precisely two of the angles O/C-l?l, o/b\d,
ocd are acute, namely the first and the last (see Figure 4). Thus, two discs are held, both at
the face abc.

Figure 4: Case n = 2.

Case n = 3: Take abc acute, as before. Choose
d € I}, NIL7 \ (IL7, U T, U abe).

Now, the triangles bcd and cad are non-acute, while the triangles abc and abd are acute.
See Figure 5.

Figure 5: Case n = 3.

Regarding abe, Zoad < 7/2, Zobd > /2, Zocd < /2, whence two discs are held
at abc.

Regarding abd, let {d'} = I1,, N I, N abc, and denote by m the midpoint of ad’.
Then Zoam = Zobm = m /2. Hence, Zcam > /2 and Zcbm > m /2. If d is chosen close
to d’ (and in the already assigned region), then the centre o’ of C'(abd) is close to m, and
we also have Zcao’ > 7/2 and Zcbo' > /2. Doubtlessly Zcdo' < /2, whence there is
precisely one disc held by cage(abed) at abd.

Case n = 4: Let the face abc be an equilateral triangle of centre 0. Choose d ¢ abc close
to o. Thus, the triangles dab, dbc and dca are obtuse. See Figure 6. By Lemma 2.1, no disc
is held at any of the faces dab, dbc, dca.

Since Zoad, Zobd and Zocd are close to 0, cage(abcd) holds exactly 4 discs at abe (see
the proof of Lemma 2.3).
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Figure 6: Case n = 4.

Case n = 5: Let a’bec be a square. Choose a,d’ € a’e such that a,d’,e,d’ lie in this
order on their line, with ||a — o’|| small and |le — d’|| = ||b — e]|. See Figure 7. Then

Zabe = Zace > /2 and Zobd = ZLocd < /2.

Figure 7: Case n = 5.

Rotate slightly d’ about bc up to a new position d. Then still
Zabo' = Zaco' > /2 and Zobd = Locd < /2,

where o' is the centre of C(bcd).

Also, notice that Zado’ and Zoad are small.

The triangles abc and bed are acute, abd and acd obtuse. The inequalities above imply
that one disc is held by cage(abcd) at bed, and four discs at abe.

Case n = 6: Take an equilateral triangle abc, and choose a’ € ao such that Zba’c < 7 /2.
Let d € R? \ abc be close to a’, such that a’ is its orthogonal projection on abc. Then 4
discs are held at abc and 2 discs at bed (see the proof of Lemma 2.3).

Case n € {7,9,11,13}: By Lemma 2.3, in order to obtain exactly 7 discs held by
cage(abed), there are 3 possibilities for the number of discs held at each face: 2,2,2,1,
or4,1,1,1,0r4,2,1,0.
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To obtain exactly 9 discs held by cage(abed), there are 2 possibilities for the number
of discs held at each face: 4,2,2,1,0r4,4,1,0.

To obtain exactly 11 discs held, there is just one possibility for the number of discs held
at each face: 4,4,2, 1.

Similarly for 13 discs held: 4,4, 4, 1.

In each of these 7 scenarios, there exists a face at which exactly one disc is held and at
most one face at which no disc is held. We prove this to be impossible to realize.

Suppose it is realized. Then at most one of the 12 angles (of the 4 triangles), say a/CTi, is
non-acute. Consequently, the triangles abc, bed and abd are acute, and all angles at a, b, d
are acute, too.

By Lemma 2.6, Zoad < /2 and Zobd < m/2; thus, at least two discs are held at abc.
Similarly, at least two discs are held at bed. At abd exactly four discs are held, as all cage
angles at a, b, d are acute.

Now, if acd is not acute, no disc is held there. If acd is acute, then each face behaves
like abd, i.e. 4 discs are held at each face. Hence, at no face exactly one disc is held.

Case n = 8: Take two coplanar equilateral triangles abc and bed’, and then slightly rotate
the latter about bc to reach a new position bed. Then the angles oad, obd and ocd are acute,
whence cage(abed) holds 4 discs at abe. By symmetry, it also holds 4 discs at bed. As abd
and acd are obtuse triangles, there are no further discs held by cage(abcd).

Case n = 10: Let the triangle abc be equilateral, and d’ be close to a, such that ||a —c|| =
|lc — || and ac N od’ # 0. Let o’ be the centre of C'(bed’), and o’ the centre of C(acd’).
(See Figure 8.)

Figure 8: Case n = 10.

Clearly,
Zd'ao > /2, Zd'bo < /2, Zd'co < /2.
Also,
Zad'o' < 7/2, Zabo' < m/2, Zaco' < /2
and
Zbao" < m/2, Zbed" < /2, Zbd' 0" < /2.

By rotating a little d’ about ac, the above angles don’t change much, and the inequalities
remain valid. Let d be the new position of d’. So, there are 4 discs held at bed, 4 at acd,
just 2 at abe, and none at abd, as Zbad > /2.
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Case n = 12: Let cage(abcd) have three acute triangular faces and a right triangle abc as
fourth face, with Zbac = 7 /2. By Lemma 2.6,

Zbao < /2, Zbco < /2, Zbdo < /2,

whence 4 discs are held at cda. Analogously, abed holds 4 discs at each of the faces dab,
bed. Of course, no disc is held at abc.

Case n = 14: Suppose cage(abed) holds 4, 4, 4, 2 discs at the four faces, which is the only
possibility of reaching the total number of 14. Then all triangles are acute. By Lemma 2.6,
Zoad < w/2, Lobd < w/2, Zocd < /2, whence there are 4 discs held at abc. This
applies to every face. Hence, at no face the number of discs held is 2.

Case n = 15: Impossible as sum of four integers from {0,1,2,4}.
Case n = 16: The regular tetrahedron realizes this, see Theorem 2.4. O

If we briefly say that the cage G holds n unit discs, this means that G holds n discs, i.e.
the maximal number of pairwise disjoint end-components is n, and o(€) does not depend
on the chosen end-component £.

One may ask the question: how many unit discs can a tetrahedral cage hold? We shall
not deepen this question here, only make some remarks.

Trivially, by Theorem 2.7, there is a cage holding 1 unit disc.

In the proof for n = 2, both discs held by the cage were at the same face, so they had
the same size. Similarly, Theorem 2.4 shows that the regular tetrahedral cage holds 16 unit
discs.

The proof for n = 3 provides two discs of same size, and a third disc of a possibly
different size. A more concrete construction is needed. We do this here, using the notation
from the proof of Theorem 2.7, case n = 3.

The acute triangle abc will be taken such that Zach = %, which implies Zoab =
Zoba = 7 /4. Now, the two circles C'(abc) and C(abd’) are congruent.

Let O be the torus obtained by rotating C(abd’) about ab. By choosing d € © \ (I, U
I}, U abe), still close to d’, we get C(abd) and C(abc) congruent.

For the regular tetrahedral cage 7' of unit side-length, any disc held has radius at
least 1/2.

Altogether T holds 16 discs, by Theorem 2.7. In fact, for any r € [3v/2/8,v/3/3],
D,-(T) has 16 components. What happens for smaller r?

Theorem 2.8. Let T be the regular tetrahedral cage of unit side-length. For any r €
[1/2,3v/2/8), D,.(T) has 4 components.

Proof. A disc D in D,.(T') above abc can be rotated about an axis parallel and close to ab
without meeting cd until it reaches a position close to abd, above ad and bd, but below ab
(seeing now abd as horizontal, with T" above it).

The rotation of the disc D can also be performed about an axis close to be, or bd, and so
we obtain a third and a fourth disc in the same component as D). This means that a group
of 4 discs held by T" among the 16 analogous to those mentioned in Theorem 2.4 belong to
the same component of D,.(T"). As we have 4 such groups, the conclusion of the theorem
follows. O

Theorem 2.8 provides illuminating examples of components which are not end-compo-
nents of D(T).
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3 Pentahedral cages

The convex pentahedra are of two combinatorial types: the pyramid over a quadrilateral
and the triangular prism. We do not aim at finding all possible numbers of discs which can
be held by pentahedral cages, as we did for tetrahedra. We restrict the otherwise lengthy
analysis to the most interesting problem about the maximal number of discs which can be
held.

We start with the question: How many discs can a pentahedral cage hold at a face? We
know the answer if the face is triangular by adapting the analysis from the tetrahedral case
to this new situation: 0, 1, 2, or 4. This is seen like in Lemma 2.3, with the difference that
the case of 0 discs may now occur, even if the triangle is acute. For our pentahedra we need
the answer for quadrilateral faces, too.

Let QQ = abcd be a quadrilateral (bottom) face of a polytope P, and assume that each
vertex of () has degree 3 in P. (This is so in pentahedra.) Each diagonal of @ divides it
into two triangles. These four triangles cannot all be acute, at least one must be non-acute.
Let a’ be the vertex of P, neighbour of a, different from b, d. Also, consider the analogous
vertices b, ¢/, d'. (Some of these vertices may coincide.)

An exhaustive investigation would have to consider several cases. But this is not our
intention. As an example, we treat the case when a, b, ¢, d are cocyclic. Assume abc and
abd are acute. Obviously, both d € D(abc), ¢ € D(abd). Moreover, the inequalities
Zdaogpe < /2, Zdbogpe < 7/2 and Ldcogpe. < 7/2 are satisfied. Thus, if all inequalities
2a’a0gpe < )2, Lb'bogpe < /)2, L cOqpe < /2 are valid, then a disc can be held over
ab, be, cd, and da, or over 3 of them and under the fourth, or over ab, bc and under cd, da,
or over da, ab and under bc, cd, which gives 7 possibilities in total.

In case a, b, ¢, d are not cocyclic, more discs can be held at Q).

Lemma 3.1. If the triangles abc, abd, bed and the angles

— T PP T TV
adoyed, cdogpd, a'a0abd, a'a0gpc, b'bogpd,
—_— —_— —_— —_— —_—
b’boyed, ¢/ Cogpe, ¢/ Copeds d'dogpd, d'doped,

are all acute, then 13 discs are held at () = abcd.

Proof. First of all, by Lemma 2.6, Zb'bospq < 7/2 and Zb'bop.q < w/2 imply
Zb'bogpe < /2.

Now, considering abd, a disc is held above all four edges, another one is held under
ab and above the other three, yet another disc under ad and above all others, a fourth disc
under bc and c¢d and above ab and da, a fifth under bc and above all others, and a sixth
under cd and above the remaining edges.

Analogously, considering bed, we find other six discs held.

Moreover, considering abc, one more disc is held, namely under cd and da and above
ab and bc. O

Lemma 3.2. There are maximally 13 discs held at abcd.

Proof. 1t is quickly seen that, in all other cases concerning the angles mentioned at Lem-
ma 3.1, the number of discs held is smaller than 13. ]

In conclusion, at any quadrilateral face of a polytopal cage, at most 13 discs can be
held, and this only if several angle inequalities are satisfied. If the polytope is a prism, the
following holds.
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Lemma 3.3. Let abca*b*c* be a prism. If abb*a* has three acute angles close to /2,

T

and if, moreover, the angles CQOubas, CDOuba*) C* A Ogba*, regarding aba*, are acute, and
all analogous angles regarding bb*a*, aa*b*, abb*, are also acute, then the prism holds 13
discs at abb*a*.

Proof. Indeed, all angle conditions required in Lemma 3.1 are satisfied. The condition that
the angles of abb*a* be close to 7/2 is needed since it implies that abb*a* is close to a
rectangle, from which Zb*bo,pp+ < 7/2 and all other analogous inequalities follow. O]

A pentahedral cage, in contrast to a tetrahedral one, can hold discs not only at faces.

Consider the pyramid P = abcde with apex e and a quadrilateral face abed. If the
triangle ace is acute, the capability of cage(P) to hold a disc there depends on the angles
Zbaogee, £da0gee, £bC0gee, LACOgee, LbE0Gce, ZdC0gqe. If all of them are smaller than
7 /2, then the pyramid holds 4 discs at ace, one on each side of ace, and two crossing ace.
Here, holding a disc at ace means, in analogy to holding a disc at a face, that a certain limit
disc lies in @ce (and is, in fact, circumscribed to ace). If ace is not acute, cage(P) cannot
hold any disc there.

Adding the at most 4 discs held at bde, we obtain a maximum of 8 held discs, which
traverse the pyramid.

A (combinatorial) prism abca*b*c* with faces abc, a*b*c*, abb*a*, bec*b*, caa*c”,
may also hold discs at abc* and at the other 5 analogous triangles. In order to hold any disc
at abc*, we must have Zcc*ogpe+ < /2 and at least one of the inequalities Za*cogpr <
/2, Lb*cogpe+ < /2. Now, if this happens, we have a held disc “separating” ab from c if
Zca0gper < w/2 and ZLcbogper < 7/2, and a similar held disc “separating” ab from a*b*
if Za*aogper < /2 and £b*bogpex < /2. This amounts to a maximum of 2 discs held
at abc*.

In particular, the following holds.

Lemma 3.4. If the prism P is close to a long right regular one, then cage(P) holds 2 discs
at abc* and at each of the other 5 analogous places.

Moreover, Proposition 1.4 warns that there might exist limit discs not coplanar with any
three vertices of the cage. Consequently, let us say that a cage G holds n standard discs if
all corresponding end-components have limit discs coplanar with at least three vertices of
conv G.

Thus, if P is a pyramid, the total number of standard discs held by cage(P) would
become at most 37, and if it is a prism at most 59. Can these numbers be realized? Is it 59
the true maximum for all pentahedra?

But, first, let us solve Problem 1.2.

Theorem 3.5. There exists a pentahedral cage holding exactly 7 discs.

Proof. Let Q = abcd be a rectangle, of centre o, such that the triangles abo and cdo be
equilateral. Let m be the centre of abo. Close to m choose a point e ¢ abc, whose
orthogonal projection on abc is m. Put o’ = 0.4.. See Figure 9.

We show that, for the pyramid P = eabed, cage(P) holds 7 discs.

Indeed, notice that the triangles abm, bem, and dam are obtuse. So, besides the rect-
angle ), P has four triangular faces, of which only cde is acute. Since Zaeo' > 7/2,
ZLbeod > w/[2, Lbco' < /2, Zado' < w/2, P holds 2 discs at cde.
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a d

b c

Figure 9: Cage holding 7 discs.

For the face @, the relevant angles satisfy Zeao = Zebo < 7/2 and Zeco = Zedo <
7 /2. Hence, above all edges of () our cage holds 1 disc, while above any three of its edges
and under the fourth it also holds a disc. Above any two consecutive edges of (), but under
the remaining two, cage(P) holds no disc. Hence, it holds 5 discs at Q).

The two triangles eac and ebd traversing P are both obtuse, so no disc can be held at
any of them. Clearly, there are no non-standard discs held.

In conclusion, altogether cage(P) holds 7 discs, as stated. O

We now establish the exact minimum for the number of discs and the exact maximum
for the number of standard discs that a pentahedral cage can hold.

Three parallel lines in R?® determine an unbounded closed prism P having 3 strips as
sides. If a triangle A C R? has its vertices on the sides of P, we say that P is associated
with A.

We shall make use of the following simple, but powerful, result.

Proposition 3.6 (Chevallier, Fruchard [5]). For any (bounded) combinatorial prism with
triangular faces A and A, it is impossible that A lies in the interior of a prism associated
with A', and A lies in the interior of a prism associated with A.

For the reader’s convenience, we give here a short proof.

Proof. Assume that A = abc lies in the interior of a prism P associated with A’ = a'b'c’.
As AN A’ = (), the triangle A entirely lies in one component P+ of P\ a’b'c’. Thus, ad/,
b/, cc’ meet in some point z € P*. This determines the order z, a, a’ on aa’. Analogously,
the assumption that A’ lies in the interior of a prism associated with A implies the order
z,a’,a on aa’. But both orders cannot coexist. O

Lemma 3.7. For no prism P, cage(P) can hold more than 6 discs at its triangular faces
together.

Proof. Take the prism P = abca*b*c*. We use Lemma 2.3 and its proof. We have
Za*aogp. < w/2 if and only if a* ¢ Hjoabc, Hence, a@c, b*/b(Ec, c%c are all
acute if and only if a* belongs to the complement of H, U H;gabc UHZ, ., which is
the interior of a certain prism associated with abe. In order for cage(abca*b*c*) to hold 4
discs at each of its two triangular faces, all vertices of each of them must lie in the inte-
rior of a prism associated with the other. But this is forbidden by Proposition 3.6. So, by
Lemma 2.3 (adapted to our needs), cage(P) cannot hold more than 6 discs at its triangular

faces together. O
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Theorem 3.8. A pentahedral cage can hold at least 0 and at most 57 standard discs. Both
bounds are attained.

Proof. To prove that a pentahedral cage may hold no standard disc, take a trapezoid having
all four triangles determined by their diagonals obtuse. A prism with such trapezoids as
quadrilateral faces and with two obtuse triangles as remaining faces holds no disc, see
Figure 10.

Figure 10: Cage holding no discs.

We now build a prism the cage of which holds 57 standard discs. Consider a long right
regular prism abca™b*c* (with aa®, bb*, cc* parallel).
Choose a; € aa™ close to a and ¢; € cc* close to c, satisfying

2l|la = arf] < [le = eal.

Choose aj close to a*, b] close to b* and ¢} close to c¢*, such that a* € ajogp=c=,
1 1 1 1
b* € biogrprcr, ¢ € CiOg b, and

la” = ail = [Ib* = b1 = [lc" = e1]| = e.
See Figure 11. Also, put {a'} = aa} Naibc; and {¢'} = ccf Naybey.

a

NN

Acl

ai

b¥ b7 oo’

Figure 11: Cage holding 57 discs.
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/]

If ¢ is small enough, then the three quadrilateral faces a'bbiaj, b ciby, ¢’a’ajcy, have

obtuse angles at a’, ¢/, ¢, respectively, and acute angles at all other vertices.

All angles analogous to ab/obbjc* are acute, so they remain acute after the small changes
done to abca*b*c*. Thus, by Lemma 3.3, there are 13 discs held at each quadrilateral face.

Passing now to the two triangular faces, we immediately see that all angles a’ a@;cf ,
bb@q, c’c’{/%f\bfc»f, are acute.

Concerning a’bc’, Zb*ba; < 7/2 and Zb*bey < /2 imply £b*bog, e, < 7/2. There-
fore, the next moves being gentle enough, £b5bo,per < /2 too.

The inequality 2||a — a1 || < ||c¢ — c1]| yields Za*a104,bc, < 7/2. Again, this can be
preserved, and Zafa'oqper < /2. Now, adapting part of the proof of Lemma 2.3, we
see that at least two discs are held at a’bc’. Hence, by Lemma 2.3 (see its proof) and by
Lemma 3.7, our cage holds 13 discs at each of its quadrilateral faces, 4 discs at a]bjc], and
2 discs at a’bc’.

Concerning the discs traversing the prism, the maximum number (of 12) is reached, by
Lemma 3.4.

Thus, our cage holds 57 standard discs. By Lemmas 3.2 and 3.7, it cannot hold more
than these 57. The proof is finished. O

Theorem 3.8 does not prove that 57 is the maximal number of discs that a pentahedral
cage can hold. We miss an analogue of Proposition 2.5 for pentahedra. Examples that the
referee kindly provided suggest that such an analogue may not exist. Thus, we remain with
the following.

Problem 3.9. What is the maximal number of discs that a pentahedral cage can hold?
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Abstract

the

The p-th power of the logarithm of the Catalan generating function is computed using
Stirling cycle numbers. Instead of Stirling numbers, one may write this generating

function in terms of higher order harmonic numbers.
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1

Introduction

Knuth [6, 7] proposed the exciting formula

(logC(2))? =" (i:‘) (Hon_1 — Hn)%

n>1
where
1—v1—-4 1 2
Olz)= —L "2 =% ( ”)z” (1.1
2z n+1\n
n>0
and 1
Hn 7
k
1<k<n

with the generating function of Catalan numbers and harmonic numbers.

This formula was recently extended by Chu [1] to general exponents p. Chu’s approach

is based on the use of (exponential) Bell polynomials. Note that Knuth talked about the
exponent 1 in his Christmas lecture from 2014 [5].
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We present here a very simple approach to this question using Stirling cycle numbers;
recall [3] that they transform falling powers into ordinary powers viz.

=Y m (—=1)"Fzk.

0<k<n

For the readers’ convenience it is mentioned that the numbers [7'] (—1)"~* appear often in

the older literature as s(n, k) and are then denoted as Stirling numbers of the first kind.

2 The expansion of the p-th power

The substitution z = ﬁ was presented in [2] and it is extremely useful when dealing
with Catalan numbers and Catalan statistics. Using it in (1.1), we get C'(z) = 1 + u, and,

by the Lagrange inversion formula [8],
m m 2n "
=200

for m > 1. For m = 0 the formula is still true when taking a limit. We now consider the
bivariate generating function

F(z,0) = 3 2 (log C(2))” = exp(alog C(2)

p>0 *
=) =(1+u) =Y (O‘)um
= = = m .
m>0
But ) )
o _ - oom = _1\ym—k m k
<m>_m!a - m! Z (=1) [k]a'
0<k<m
Therefore

F(z,a)= Y %(—1)’”* m ak% (n 2_”m) ",

0<k<m<n

The desired formula follows from reading off coefficients of a:

(o8O =pleFese) = 3 Py m u (n 2_”m) IR

3 Special cases

For p = 1 in equation (2.1), we get the instance of the Christmas lecture:

log C(2) = [al]F(z,0) = 3 ;L!u)mlmm( 2n )

n\n—m
1<m<n

Since ["'] = (m — 1), this leads to

log C(2) = [a!]F(z,a) = % 3 % <2”> 2
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Now we turn to the instance p = 2 from [6, 7]. (Note that [ZL] = (m—-1)!H,_1.)
Equation (2.1) leads to

s - 3 Ger((n,)e

2<m<n

1 2n
=2 Hm— -1)m— "
Z (=) n(n—m)z

2<m<n

—2 ¥ ;(1)mi<n2_nm>z"

1<j<m<n
11/ 2n—1
=9 — . z".
1;71 n (n o 1)
In the last step we used the formula
2 : 2n —1
> o, )= (1)
) n—m n—j—1
j<m<n

which is a standard summation for binomial coefficients [3].
To obtain the form proposed by Knuth, we still need to prove that

2n 2n —1
Hopoy—Hy) =2 .
(n>( o (n—j—l)
1<j<n

Modern computer algebra systems readily simplify the difference of these two sides to 0,
as expected.

4 Connection with harmonic numbers — the general case

In [4], there is the general formula

1[n+1 v : oy
n!|:7“+1] 212[1 ij! < Tj >

{r}J

Here, the sum is over all partitions of 7:
=147+ + 4,

with parts 7; > --- > r; > 1 and positive integers 71, . .., ?;. As an example, the partitions
ofr=4are4,3+1,2+2,24+1+1,1+1+41+1, written alternativelyas 1-4,1-3+1-1,
2:2,1-24+2-1,4-1.

There appear higher order harmonic numbers as well:

HY = Y ki

1<k<n
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Here are the first few instances:

i -
1in+1 _H,
nl| 2 |
1 [n+1] 1
il — _—H® 4 g2
n'| 3 | 27" Jr2 "
l n+l :EH(3)_1H(2)H _|_1H3
nl| 4 | 3" 27m Tt
1 [n+1] 1 1 1 2 1 1
- =—HWY + —HOH, + —(H?) - ~HP H? + — H*.
nl| 5 | 4"+3" +8(”) 4" ”+24”
This allows to replace ﬁ (7] in
1 m pl [ 2n
log C(2))P = s _q1ym-pP n
Lo . 1 —1
by an expression involving an)_h .. ,H,(T’:_l).

5 Extension

If instead of u = z(1 4+ u)? we work with v = z(1 +u)?, then we deal with the generating
function of extended (generalized) Catalan numbers

n

ROEDY (1 +nm> 1 JZr A

n>0

From [3], we infer that

m an+m m
“ é( n >/\n—|—mz'

So

Flzia) = 3 2 (log Ca())” = explalog Ca(2)) = C5(2)

p>0 *
a a m
m>0
1
= Z ﬁ(—l)m_k {Tlﬂ aF ()\n—l—m))\ m 2"
0<h<m<n m! n n—+m

The desired formula follows from reading off coefficients of a:

(log Cr())? = plla?]F(z,0) = 3 ﬁ(—l)mp[m} (”‘*m) L

P n )\n—&—mz

p<m<n
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Abstract

We prove several identities of the type a(n) = >, ( . Here, the func-

n—k-(k-',—l)/2)
2

tions «(n) and B(n) count partitions with certain restrictions or the number of parts in
certain partitions. Since Watson proved the identity for a(n) = Q(n), the number of parti-
tions of n into distinct parts, and 3(n) = p(n), Euler’s partition function, we refer to these
identities as Watson type identities. Our work is motivated by results of G. E. Andrews
and the second author who recently discovered and proved new Euler type identities. We

provide analytic proofs and explain how one could construct bijective proofs of our results.

Keywords: Partitions, combinatorial identities, bijective combinatorics.

Math. Subj. Class.: 05C15, 05A17, 11P81, 11P84

1 Introduction
Any positive integer n can be written as a sum of one or more positive integers, i.e.,
n=A—+X+- -+ Ag. (1.1)

When the order of integers \; does not matter, this representation is known as an integer
partition [1] and can be rewritten as

n=my+2me+--- 4+ nmy,,

where each positive integer ¢ appears m; times. If the order of integers \; is important,
then the representation (1.1) is known as a composition. For

A2 Az 2 A,

E-mail addresses: cballant@holycross.edu (Cristina Ballantine), mircea.merca@profinfo.edu.ro (Mircea
Merca)
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we have a descending composition. In the literature, partitions are often defined as de-
scending compositions and this is also the convention used in this paper. We refer to
A1, A2, ..., A; as the parts of \ and use the notation A - n to denote a partition of n,
i.e., a partition whose parts add up to n. We denote by £()\) the number of parts of ), i.e.,

L(A\)=k or E(A):Zn:mj.

As usual, for a positive integer n, we denote by p(n) the number of partitions of n and we
set p(0) = 1.

In 1936, Watson [24] computed tables of the number of partitions of n into distinct parts
Q(n) and the number of partitions of » into distinct odd parts (,4s(n) up to n = 400. He
notes that his “computations were considerably simplified by the use of certain formulae
of elliptic functions in conjunction with the existing table of values of p(n), the number
of unrestricted partitions of n, up to n = 200 which was constructed by MacMahon and
published by Hardy and Ramanujan” [13] in 1918. Watson [24, p. 551] stated two identities
whose developments lead to

Qn)=> p <n_k(kz+1)/2) (1.2)

k=0

and -
Qoaa(n) = Zp (W) , (1.3)

k=0

where p(z) = 0 when z is not a nonnegative integer.

In 2016, the second author [17, Theorem 1] considered the identity (1.2) and obtained
a method to compute the values of the partition function p(n) that requires only the values
of p(k) with k < n/2, namely

/2] o L
pn)= > > pk)p (Tl_j(j;l)/z - k> : (1.4)

k=0 j=0

One year later, the identity (1.2) was used by the authors [6, Theorem 2.7] to prove the
following parity result related to sums of partition numbers and squares in arithmetic pro-
gressions. Forn > 0,
Z p(n—k)=1 (mod 2)
16k+-1 square
if and only if 48n + 1 is a square.

Recently, Fu and Tang [10] generalized Vandervelde’s bijection [23] and gave a com-
binatorial proof of the identity (1.2). A combinatorial proof of (1.3) can be found in [25]
where the author uses abacus displays which were first introduced in [14]. We remark that
[25] also refers to [16, Proposition 5.2] for a combinatorial proof of (1.2).

In this paper, motivated by these results, we investigate other identities of Watson type
(1.2). To begin, we consider a recent paper [2] in which Andrews solved a problem of Beck
and provided the following result: For all n > 1,

ai(n) =b1(n) = c1(n),

where:
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e a1(n) is the number of partitions of n in which the set of even parts has only one
element;

e b1(n) is the difference between the number of parts in all partitions of n into odd
parts and the number of parts in all partitions of n into distinct parts;

e ¢1(n) is the number of partitions of n in which exactly one part is repeated.
Shortly after that, inspired by Andrews’s proof of this result, the second author [19] dis-

covered and proved analytically an analogue of the identity (1.2) involving the number of
parts in partitions.

Theorem 1.1. Forn > 0,

ZS <k+1)/2) , (1.5)

where S(n) denotes the total number of parts in all partitions of n, with S(x) = 0 if x is
not a positive integer.

We remark that combinatorial proofs of a1(n) = b1(n) and ¢1(n) = by (n) are given in
[4] and, as a result of a generalization, in [26]. A combinatorial proof of a generalization
of a1(n) = ¢1(n) was initially given in [11]. Thus, a purely combinatorial proof of Theo-
rem 1.1 follows from the combinatorial proof of either of the next two theorems which we
present in Section 3.

Theorem 1.2. Let o;(n) denote the number of partitions of n whose set of even parts
consists of the single element 2j and let S;(n) be the number of parts equal to j in all
partitions of n. Then, for n > 0, we have

ZS (’HD/Q> : (1.6)

Theorem 1.3. Let v;(n) denote the number of partitions of n in which exactly one part is
repeated and the repeated part is j. Then, for n > 0, we have

2
Z S, ()/> (1.7)
Very recently, Andrews and the second author [3] proved that for all n > 1,

az(n) = (=1)"b2(n) = c2(n),
where:

e ay(n) is the number of even parts in all partitions of n into distinct parts;

e by(n) is the difference between the number of partitions of n into an odd number of
parts in which the set of even parts has only one element and the number of partitions
of n into an even number of parts in which the set of even parts has only one element;

e co(n) is the difference between the number of partitions of n in which exactly one
part is repeated and this part is odd and the number of partitions of n in which exactly
one part is repeated and this part is even.
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Combinatorial proofs of ag(n) = ca(n) and (—1)"ba(n) = co(n) are given by the authors
in [5]. We obtain a new analogue of the identity (1.2) which we prove both analytically and
combinatorially in Section 4.

Theorem 1.4. Forn > 0,

[oe]

ZSO . (W) : (1.8)

where S,_.(n) denotes the difference between the number of odd parts and the number of
even parts in all partitions of n, with S,_.(x) = 0 if x is not a positive integer.

Let S’(n) be the number of parts that appear at least once in a given partition of n,
summed over all partitions of n, i.e., S'(n) equals the number of different parts in all
partitions of n. For example, S’(5) = 12 since the number of different parts in (5), (4,1),
(3,2),(3,1,1),(2,2,1),(2,1,1,1) and (1,1,1,1,1)is 1 +2+24+2+2+2+4+1 =
12. The following result in partition theory has been widely attributed to Richard Stanley,
although it is a particular case of a more general result that had been established by Nathan
Fine fifteen years earlier [12]: The number of parts equal to 1 in the partitions of n is
equal to S’(n). Recently, the second author and Schmidt [20] provided a new identity
for the number of parts equal to 1 in the partitions of n involving a well-known object in
multiplicative number theory: Euler’s totient ¢(n). We have the following analogue of the
identity (1.2) which we prove both analytically and combinatorially in Section 5.

Theorem 1.5. Forn > 0,
Z o ( k(k + 1)/2)

where E(n) counts the partitions of n with exactly one even part and S'(x) = 0 if x is not
a positive integer.

Related to Theorem 1.5, we have the following result which we prove combinatorially
in Section 6.

Theorem 1.6. Forn > 0,

> b

A€eO(n)
where O(n) is the set of all integer partitions of n into odd parts and

n

(V) = 3 [logs(my) .

k=1
mg >0

Let S5(n) be the number of parts equal to 2 in all partitions of n that do not contain
1 as a part. We have the following analogue of the identity (1.2) which we prove both
analytically and combinatorially in Section 7.
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Theorem 1.7. Forn > 5,

2_252( k:+1)/2>7

where Q2(n) is the number of partitions of n into distinct parts, none being 2 and Sh(x) =
0 if x is not a positive integer.

2 Review of a combinatorial proof of (1.2)

The combinatorial proof of (1.2) is key to the combinatorial proofs of all our statements.
In [10], Fu and Tang give a beautiful bijective proof of (1.2). In this section we reformulate
their bijection in a way that is much shorter and easier to convey.

Recall that Dyson [9] defined the rank of a partition A by r(A) = Ay — £(\). The BG-
rank of A = (A1, A2,..., Agn)), denoted by 74, (), is defined in [7] as the excess in the
number of odd-indexed odd parts over the number of even-indexed odd parts of ), i.e.,

o)

The(A) = z:(—l)j+1 par(\;),

j=1

where par(m) = 1 if m is odd and 0, otherwise.

Start with a partition A with distinct parts and consider the shifted Young diagram of A,
i.e., the Young diagram in which row 1 is shifted ¢ boxes to the right, i = 1,2,...,4()).
Remove the first /(\) columns of the shifted diagram and denote the conjugate of the
resulting partition by v. We have £(v) = 7(\). Suppose rp,(A) = j € Z. Recall [8] that
the 2-core of a partition A is the partition whose Young diagram is obtained from the Young
diagram of \ by repeatedly removing removing pairs of adjacent squares. At each step, the
resulting diagram must be a valid Young diagram. Then the 2-core of A is the staircase
partition of size j(25 — 1).

Let a equal the height of the 2-core. It is equal to 25 — 1 if 5 > O and to —2j if 5 < 0.
Let b = ¢(\) — a. Define a partition p via its Young diagram as follows.

(1) If b = 0, all parts of v have even multiplicity. Then p is the partition obtained from
v by removing half the parts of each size.

(i) Ifb # 0, set
dy = g b %fb %s even
a+[3] ifbisodd

and define recursively d; = v; — d;—q fori = 1,2,...,r()). To obtain the Young
diagram of 4, begin with a rectangle of size [%] x (a + [%]) (ie., [5] rows and
a+ f%] columns). If b is odd (respectively, even), fori = 1, 2, . .. append columns of
length da; 1 (respectively, do(; 1)) to the right of the rectangle and rows of length da;
(respectively, do;—1) below the rectangle. In [10], it is shown that this is a bijection
from the set of partitions with distinct parts and BG-rank j to the set of partitions of
% Summing over all j € Z gives (1.2).

Example 2.1. Let A = (13,9,8,7,6,4,2) - 49. We have A\; = 13 and ¢(\) = 7. Then

r(A) = 13 — 7 = 6. Since the odd parts are the first, second and fourth parts, we have



282 Ars Math. Contemp. 17 (2019) 277-290

rpe(A) = —land @ = 2. Then, b = ¢(\) — 2 = 7 — 2 = 5. The shifted Young diagram of
A is given below.
| [ ]

After removing the first £(\) = 7 columns and conjugating, we obtain the partition
v=(7,6,5,1,1,1). Since b = 5is odd, dy = a + [g] = 5. We calculate recursively

di=1v1—dyg=7—-5=2,
dy=1v9—dy =6—2=4,
d3=v3—dy=5—4=1,
dy=v4—d3=1-1=0,
ds=vs—dy=1-0=1,
dg=vg—ds =1—1=0.

We start with a rectangle of size [2] x (a + [4]) = 3 x 5 and append columns of size
dy,ds, and d5 (i.e., columns of size 2,1, and 1) to the right of the rectangle and rows of
size ds, d4, and dg (i.e., rows of size 4,0, and 0) below the rectangle to obtain the Young
diagram of the partition u = (8,6,5,4) F w = 23.

3 Combinatorial proofs of Theorems 1.2 and 1.3

In this section we use the combinatorial proof of (1.2) reviewed in the previous section
to derive combinatorial proofs of Theorems 1.2 and 1.3. Then, summing over 5 > 1
and using the combinatorial proofs of by (n) = a1(n) and by (n) = c1(n), we obtain two
slightly different combinatorial proofs of Theorem 1.1. For the combinatorial proofs of
b1(n) = ai(n) and by (n) = ¢1(n), which are fairly straight forward, we refer the reader to
[4] or [26]. We do not repeat the argument here.

First, we introduce some notation. For any partition A\ and any positive integer j we
denote by m, the multiplicity of j in A. We denote by p(n, j,t) the number of partitions of
n such that m; > t. Removing ¢ parts equal to j from a partition of n with m; > ¢ gives
a partition of n — jt. Conversely, adding ¢ parts equal to j to a partition of n — jt gives a
partition of n with m; > ¢, Thus,

As noted in the introduction, we denote by S;(n) the number of parts equal to j in all
partitions of n. Then
S(n) =7 S;(n).

Jjz1

Let A(n) be the set of partitions of n such that the set of even parts has exactly one
element and let C(n) be the set of partitions of n in which exactly one part is repeated.
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Proof of Theorem 1.2. Recall that o;(n) denotes the number of partitions in .A(n) in which
the even part is 2j. Let a@( ) be the number of partitions in A(n) with my; = t.

The above argument using removing/adding ¢ parts equal to 25 shows that a(t)( ) =
Q(n — 2jt). Therefore,

=> ") =>"Qn —2t).

t>1 t>1
From (1.2), we have

U S (R

For any n > 0, to determine Sj(n) we count, in order, the first appearance of j in all
partitions of n, then the second appearance of j in all partitions of n, and so on. The

number of the ¢" appearance of j in all partitions of n equals p(n, j,t). Thus,
n)=> pn,j.t) =Y pln—jt). 3.1
t>1 t>1
Then,
— (n—k(k+1)/2
i) = Y Qn - 24) = ¥ Sop (PG o)
t>1 t>1 k=0
and thus -
n—k(k+1)/2
=5, (2THE Y, ;
k=0

Summing (1.6) for j > 1, we obtain

ZS< k+1)/2)'

Since there are purely combinatorial proofs of (1.2) and a;1(n) = b1(n), this gives a com-
binatorial proof of Theorem 1.1.

Proof of Theorem 1.3. Recall that y;(n) denotes the number of partitions in C(n) in which
the repeated part is j and, for ¢ > 1 we denote by 'yj(»t) (n) the number of partitions in C(n)
such that m; = ¢. Then, ’y( )( ) equals the number of partitions of n — ¢j into distinct parts
such that j does not appear as a part. To any partition of n — (2¢ + 1)j into distinct parts

such that j does not appear as a part, add a part equal to j to obtain a partition of n — 2¢j
into distinct parts such that j appears as a part. Therefore,

A () + 4 () = Q(n — 2t5)

=Y Qn—2tj).

t>1

and
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Then, the proof of Theorem 1.2 gives a combinatorial argument for

i:: < k+1)/2). -

Summing (1.7) over j > 1, we have

> k 1)/2

- s < +1)/ ) .
k=0

Using the combinatorial proof for ¢y (n) = b1(n) in [4], this gives a second combinatorial
proof of Theorem 1.1.

4 Proofs of Theorem 1.4
4.1 An analytic proof

We consider the following factorization for a special case of Lambert series [18]:

o0 q oo
; g q)m;so_em)q

According to [3], we have

& 2n

n — 4
az2(n ={74;9)
> ax(n)g" = (—q:q) quQn
= (~¢; @) Z
(¢ ¢%) )
= o\ So—e n
(¢54%) oo nz::l (n)
Considering the theta identity [1, p. 23, Eq. (2.2.13)]
q )OO o . n(n+1)/2
7y = z‘;q (n+1)/2

the proof follows by equating the coefficients of ¢" in

S (£ (S-v)

n=0 n=0

4.2 A combinatorial proof
Recall that [5] provides a combinatorial proof for az(n) = ca2(n). Using the notation of

Theorem 1.3, we have
ca(n) = g ('723'71(77/) - 'YZj(n))
j>1
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and the proof of Theorem 1.3 provides a combinatorial argument for

e (an () o (5

j>1 k=0
—is (nk(k+1)/2>
k=0 2

Using the combinatorial proof for co(n) = as(n) in [5], this gives a combinatorial proof of
Theorem 1.4.

S Proofs of Theorem 1.5

5.1 An analytic proof

We remark that the sequence F(n) is known as sequence A038348 [21] and can be found
in the On-Line Encyclopedia of Integer Sequence [22]. The generating function function

for E(n) is given by
¢ 1
Z E(n 7

1 - q (Q7 q )oo '
On the other hand, accordmg to [20], the generating function for S’(n) is given by

> 1
S S =
n=0

¢ (o0

Thus we can write

2
1
ZE _qq) qz' 2. .2
@) 1@ (6%¢D)

_ <Z qn(n+1)/2> (Z S/(n)q2n>
n=0 n=0

and the proof of the theorem follows by equating the coefficients of ¢".

5.2 A combinatorial proof
We first follow [11] to prove the following Euler type identity.

Proposition 5.1. Let n > 1. Then, the number of partitions with exactly one even part
equals the number of partitions in which exactly one part is repeated with multiplicity 2
or 3.

Before we prove the proposition, we introduce some notation. Recall that we denote by
O(n) the set of partitions of n into odd parts. We denote by D(n) the set of partitions of
n into distinct parts. In Section 3 we defined C(n) to be the set of partitions of n in which
exactly one part is repeated. Let 7 (n) be the subset of C(n) consisting of partitions of n
in which the repeated part has multiplicity 2 and let 77 (n) be the subset of C(n) consisting
of partitions of n in which the repeated part has multiplicity 3. Let cs(n) = |7 (n)| and
ca(n) = |T'(n)|. Moreover, let £(n) be the set of partitions of n with exactly one even
part.
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Proof of Proposition 5.1. Consider the following transformation
P Em) — T(n)UT (n).

Let 1 € £(n) and suppose the even part is 2¥m with k& > 1 and m odd. Denote by 7i the
partition consisting of the single part 2¥m and by /i the partition consisting of the remaining
parts of y. Thus /i is a partition into odd parts. Let A = (2°~1m, 2¥=1m) and ) be the
partition with distinct parts obtained from /i after applying Glaisher’s bijection (i.e., after
merging equal parts repeatedly). Define 9)(u) = A U A, the partition obtained by listing
the parts of A and ) in non-increasing order. Then, in ¢(u), the part 2*~!m is the only
repeated part and its multiplicity is 2 or 3. Thus, ¥(u) € T (n) U T'(n).

Conversely, if A € 7 (n) U T'(n) suppose the repeated part is . Then the multiplicity
of tin Ais 2 or 3. Let A = (¢,t) and A be the partition consisting of the remaining parts of
A (one of which could be t). Let i = (2t), a partition consisting of a single even part, and
[t be the partition obtained from A after applying the inverse of Glaisher’s bijection (i.e.,
split even parts repeatedly until all parts are odd). Then, 1y ~1()\) = [z U ji is a partition in
E(n).

Thus, 1 is a bijection and F(n) = c3(n) + c4(n). O

Next we complete the proof of Theorem 1.5.

Combinatorial Proof of Theorem 1.5. Let dj(n) denote the number of partitions in
T(n) UT'(n) withm; > 1. Then m; = 2 or 3. We have c3(n) + ca(n) = 3,5, d;(n).
From the proof of Theorem 1.3, we have

dj(n) = Q(n —2j) = Z <k+1)/ j)-

Recall that p (w -7 ) counts the number of first appearances of j in all partition

of w Since E(n) = c3(n) + c4(n), summing over j > 1, gives a combinatorial
proof of the theorem when S’ (n) equals the number of different parts in all partitions of n.

On the other hand, from (3.1), we have that the number of parts equal to 1 in all parti-
tions of n is S1(n) = >_,5; p(n — t). This gives the combinatorial proof of the theorem
when S’ (n) is viewed as the number of parts equal to 1 in all partitions of n. O

6 Combinatorial proof of Theorem 1.6

Let b3(n) be the difference between the total number of parts in the partitions of n into
distinct parts and the total number of different parts in the partitions of n into odd parts.
Thus, b3(n) is the difference between the number of parts in all partitions in D(n) and the
number of different parts in all partitions in O(n) (i.e., parts counted without multiplicity).

Definition 6.1. Given a partition A € O(n), suppose the multiplicity of ¢ in A is m;. If 4
appears in A\, we define the binary order of magnitude of the multiplicity of ¢ in A, denoted
bomm (7), to be the number of digits in the binary representation of m;.

Note that, if m; > 0, then bomm) (i) = [logy(m;) ] + 1.

Example 6.2. If A = (5,3,3,3,3,3,1) - 21, we have ms(A) = 5. Since the binary
representation of 5 is 101, we have bomm) (3) = 3.
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Let bs(n) denote the difference between the number of parts in all partitions in O(n),
each counted as many times as its bomm, and the number of parts in all partitions in D(n).
Since the number of parts in all partitions in D(n) equals the number of 1 in all binary
representations of all multiplicities in all partitions of O(n), it follows that b4(n) equals
the number of 0 in all binary representations of all multiplicities in all partitions of O(n).

Example 6.3. Let n = 7. We have D(7) = {(7),(6,1),(5,2), (4,3),(4,2,1)} and the
number of parts in D(7) equals 10. Denote by z;(\) the number of 0 in the binary repre-
sentation of m; (). In Table 1 we list the partitions in O(n) with the relevant data (omitting
the subscript \).

Table 1: Partitions in O(7) and their multiplicity statistics.

A | mi()\) in binary | bommy (%) | zi(A\)

(7) my =1 bomm(7) =1 z7 =10
(5,1,1) ms = 1,m; =10 |bomm(5) =1, bomm(1l) =2|z5 = 0,2, =1
(3,3,1) ms =10, m; =1 |bomm(3) =2, bomm(l) =1|z3 =1,2 =0

(3,1,1,1,1) |m3 =1, my = 100|bomm(3) = 1, bomm(1) =3 |23 =0, z; =2
I,LIL,LLLL)|  m =111 bomm(1) = 3 2 =0

Thus b4(7) =14+ 1+2+2+41+1+ 3+ 3 — 10 = 4, which equals the sum of z in
the right column of the table above.

As shown in [4] combinatorially, we have c3(n) = b3(n) and c4(n) = by(n). Together
with the combinatorial proof of Theorem 1.5, this gives a combinatorial argument for the
identity

bs(n) + ba(n Zs'(w), Vn > 0. (6.1)

It follows directly from the definition of b3(n) and by (n) that b3(n) + by(n) equals the
number of parts in all partitions in O(n), where each part i is counted with multiplicity
bomm) (i) — 1 = |logs(m;)] in each partition A in which it appears.

Example 6.4. The total number of distinct parts in all partitions in O(7) equals 8. Then
b3(7) = 10—8 = 2and b3(7)+b4(7) = 24+4 = 6 which equals 0+0+1+1+0+0+2+2,
the number of parts in all partitions in O(7), where each part ¢ is counted with multiplicity
bomm, (7) — 1 in each partition X in which it appears.

Therefore, we have a combinatorial proof of Theorem 1.6.

7 Proofs of Theorem 1.7
7.1 An analytic proof

The sequence (Q2(n) is known as sequence A015744 [15] and can be found in the On-
Line Encyclopedia of Integer Sequences [22]. Since (—¢;q)oo = ﬁ, the generating
function for Q2 (n) can be written as

- 1 1
n)q" = C—.
,;OQQ( ) 1+¢ (6%




288 Ars Math. Contemp. 17 (2019) 277-290

On the other hand, according to [20], the generating function for S%(n) is given by

> S = L

o 1-¢* (6% )
We can write
. (% ¢¥)ee ¢ 1
Q2(n —4)¢" = : :
go e (@0%) 146 (¢%6%)
(% d%) ¢ 1

() 1-¢* (654

(Eorer) ()
n=0 n=0

and the proof follows by equating the coefficients of ¢”.

7.2 A combinatorial proof

Let Q%4(n) denote the number of partitions of n into distinct parts containing 2 as a part.
If A € D(n) has 2 as a part, removing 2 we obtain a partition counted by Q2(n — 2).
Conversely, if u € D(n — 2) does not have 2 as a part, adding a part equal to 2 we obtain a

partition counted by Q5 (n). Thus, Q4(n) = Qa2(n — 2). Since Q(n) = Q2(n) + Q4(n), it
follows that Q2(n) = Q(n) — Q2(n — 2). Recursively, we have

Qa(n) =Y (-1YQ(n — 2j). (7.1)

>0

Here, Q(x) = 0 if « is negative. We rewrite (7.1) as

=> Qn—4t) =) Q(n—2—4t).

t>1 t>1

From the proof of Theorem 1.2, we have

Q2(n —4) = as(n) — az(n — 2)

ZS2< k+1)/2) isz<nk(l€2+l)/21>.

k=0

If A\ - m — 1, adding a part equal to 1, we obtain a partition p of m containing 1. The
number of parts equal to 2 is the same in A and in p. Therefore, Sa(m) — Sa(m — 1) =
S%(m). This completes the proof of the theorem.

8 Concluding remarks

We presented several Watson type identities of the same shape as identity (1.2)

n) = g’%p <n— k(k2+ 1)/2)
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and provided both analytic and combinatorial proofs for our results. Since the identity
above has the companion identity (1.3) given by

a2 (1)

k=0

it would be interesting to find Watson type identities of this shape. Because there is a
combinatorial proof for identity (1.3), there is hope that such new identities can be proved
combinatorially.
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Abstract

We prove that for any integer n > 12, and for every r in the interval [3, .. ., L"T’IJ ], the
group A, has a string C-group representation of rank r, and hence that the only alternating
group whose set of such ranks is not an interval is A1;.

Keywords: Abstract regular polytopes, Coxeter groups, alternating groups, string C-groups.
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1 Introduction

String C-group representations have gained much attention in recent years as they are in
one-to-one correspondence with abstract regular polytopes. More precisely, given an ab-
stract regular polytope and a base flag of the polytope, one can construct a string C-group
representation whose group G is the automorphism group of the polytope that is generated
by the set of involutory automorphisms sending the base flag to its adjacent flags [32, Sec-
tion 2E]. Hence the study of string C-group representations has interest not only for group
theory, but also for geometry.
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Classifications of string C-group representations received a big impetus thanks to ex-
perimental work of Leemans and Vauthier [31] and also Hartley [20]. These were pushed
further for instance in [11, 15, 21, 27]. The results obtained in [31] quickly led to the deter-
mination of the highest rank of a string C-group representation of Suzuki groups [26]. Other
families of almost simple groups were then investigated: the almost simple groups with so-
cle PSL(2,q) [14, 28, 29], groups PSL(3, q) and PGL(3, ¢) [5], groups PSL(4, q) [3],
small Ree groups [30], orthogonal and symplectic groups in characteristic 2, and finally,
symmetric groups [16] and alternating groups [17, 18]. In particular, only the last four fam-
ilies gave rise to string C-group representations of arbitrary large rank. In [2], it is shown
that, for all integers m > 2, and all integers k£ > 2, the orthogonal groups Oi(Zm, Fyr) act
on abstract regular polytopes of rank 2m, and the symplectic groups Sp(2m,F,x) act on
abstract regular polytopes of rank 2m + 1. A symmetric group S,, is known to have string
C-group representations of highest rank n — 1 [6] and an alternating group A,, is known to
have string C-group representations of highest rank L"T’lj when n > 12 [8]. It is worth
noting that not only almost simple groups have been investigated. For instance, Cameron,
Fernandes, Leemans and Mixer determined the maximal rank of a string C-group represen-
tation of a transitive permutation group in [7]. Conder determined in [9] the smallest string
C-group representations of rank r. It turns out that when r is at least 9, all such groups are
2-groups. Further studies on string C-group representations of 2-groups are available for
instance in [23, 24].

The authors looked at the symmetric groups in [16] and proved three important facts.
Firstly, when n. > 5, the (n — 1)-simplex is, up to isomorphism, the unique string C-group
representation of .S,, with rank n — 1. Secondly, they showed that when n > 7, there is
also, up to isomorphism, a unique string C-group representation of rank n — 2. And finally,
they showed that for every n > 4, and for every integer r in the interval [3,...,n — 1], a
symmetric group S, has at least one string C-group representation of rank r. Therefore, the
symmetric groups have no gaps in their set of ranks. The first and second theorems have
been extended in [19] where the authors of this paper, together with Mark Mixer, classified
string C-group representations of rank n — 3 (for n > 9) and n — 4 (for n > 11) of the
symmetric group .S,.

Also with Mixer, the authors produced in [17, 18] string C-group representations of
rank | (n — 1)/2] of the alternating groups, with n > 12. In the process of obtaining these
results, they computed all string C-group representations of A,, with n < 12. They found
that the set of ranks for the alternating groups of small degree were as given in Table 1. The

Table 1: Set of ranks for small alternating groups.

Group ‘ Set of ranks

As {3}
Ag 0

Ay )

Ag )

A | {3.4)
A1 {3,47 5}
A11 {3, 6}
A | {3.4,5)
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case n = 11 turned out to be special in the sense that it was the only example encountered
so far of a group whose set of ranks presented gaps. In this paper, we prove a similar result
as the third theorem of [16]. Our main result is stated as follows.

Theorem 1.1. For n > 12 and for every 3 < r < |(n — 1)/2], the group A,, has at least
one string C-group representation of rank r.

This theorem shows indeed that the case n = 11 is special among the alternating
groups. The main tool in the proof of our main theorem is to find good permutation repre-
sentation graphs that turn out to be CPR graphs, for every rank 3 < r < [(n — 1)/2] once
n is fixed. We use a proof similar to that of the third theorem of [16] to tackle most cases
and are just left dealing with finding string C-group representations of ranks four and five
for A,, when n is even, and ranks four, five and six, when n = 3 (mod 4).

The paper is organised as follows. In Section 2, we recall the basic definitions about
string C-groups. In Section 3, we recall the definitions of permutation representation graphs
and CPR-graphs and give some results that will be useful in proving Theorem 1.1. In
Section 4, we prove Theorem 1.1. In Section 5, we give some final remarks.

As to notation for groups, we denote a cyclic group of order n by C,,, a dihedral group
of degree n and order 2n by D,,, and by p™ an elementary abelian group of order p™. Also,
if G is a permutation group, the group Gt is the subgroup of G generated by the even
permutations in G, and if GT = G (so that all elements of G are even) then we call G an
even permutation group.

2 String C-groups

An abstract polytope is a combinatorial object which generalizes a classical convex poly-
tope in Euclidean space. When the automorphism group of an abstract polytope acts reg-
ularly on its set of flags, the polytope is called regular, and in that case, its automorphism
group admits a string C-group representation. Additionally, each abstract regular polytope
can be constructed from a string C-group representation, and thus abstract regular poly-
topes and string C-groups representations are basically the same objects. For more details
on the subject see [32, Section 2E].
A Coxeter group is a group with generators po, . . ., pr—1 and presentation

(pi | (pip;)™ii = e foralli,j € {0,...,r —1})

where ¢ is the identity element of the group, each m; ; is a positive integer or infinity,
m;; = 1, and m; ; = m;; > 1fori # j. It follows from the definition, that a Coxeter
group satisfies the next condition called the intersection property.

VLK CA0,....,r =1}, (pj [ J € J)N{pr | k € K) = (p; | j € JNK)

A Coxeter group G can be represented by a Coxeter diagram D. This Coxeter diagram D
is a labelled graph which represents the set of relations of G. More precisely, the vertices
of the graph correspond to the generators p; of G, and for each ¢ and j, an edge with label
m, ; joins the ith and the jth vertices; conventionally, edges of label 2 are omitted. By
a string (Coxeter) diagram we mean a Coxeter diagram with each connected component
linear. A Coxeter group with a string diagram is called a string Coxeter group.
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More generally, we define a string group generated by involutions, or sggi for short, as
a pair (G, S) where G is a group, S := {po, ..., pr—1} is a finite set of involutions of G
that generate (& and that satisfy the following property, called the commuting property.

VZ?JG{OavT.*l}, |Zij| >1:>(plp])2:1

Finally, a string C-group representation of a group G is a pair (G, S) that is a sggi and
that satisfies the intersection property. In this case the underlying “Coxeter” diagram for
(G, S) is a string diagram. The (Schldifli) type of (G, S) is {p1,...,pr—1} Where p; is the
order of p;_1p;, i € {1,...,r — 1}, and the rank of a string C-group representation (or
of a sggi) (G, S) is the size of S. When the context is clear, we sometimes do not specify
the set of generators S and we talk about a string C-group G instead of a string C-group
representation (G, S).

The set of ranks of a group G is the largest set of integers I such that for each r € I,
there exists at least one string C-group representation of G' with rank r.

Let T := (G, S) be a sggi with S := {pg,...,pr—1}. We denote by G; with I C
{0,...,7 — 1} the subgroup of G generated by the involutions with indices that are not
inIandletl'; := (Gr,{p; : j & I}); it follows from the definition that if I is a string
C-group representation of GG, each I'; is itself a string C-group representation of G;. Also,
fori,j € {0,...,r — 1}, we denote G; = (p; | j # ©) and G, j := (G;);. The following
two results show that when I'g and I',._; are string C-group representations, the intersection
property for (G, S) is verified by checking only one condition.

Proposition 2.1 ([32, Proposition 2E16]). Let T := (G, S) be a sggi with S := {po, ...,
pr—1}. Suppose that Ty and T'._1 are string C-group representations. If Go N G,.—1 =
Go,r—1, then I is a string C-group representation of G.

We point out that the inclusion Go N G_; > Gy _1 is immediate, and thus we only
need to check that Go N G,—1 < G 1. The following proposition makes it even simpler
to check if a pair (G, S) is a string C-group representation when Gy ,_1 is a maximal
subgroup of either Gy or G,._1 (or both).

Proposition 2.2 ([18, Lemma 2.2]). Let T = (G, S) be a sggi with S := {po,...,pr—1}
and G := (S). Suppose that Ty and T'._1, are string C-group representations of Gy and
G,_1 respectively. If pr_1 & Gr_1 and Gor—1 is maximal in Go, then I' is a string
C-group representation of G.

3 Permutation representation graphs and CPR graphs

Let G be a group of permutations acting on a set {1,...,n}. Let S := {pg,...,pr—1}
be a set of r involutions of G that generate G. We define the permutation representation
graph G of G, as the r-edge-labeled multigraph with n vertices and with an i-edge {a, b}
whenever ap; = b with a # b.

The pair (G, S) is a sggi if and only if G satisfies the following properties:

1. The graph induced by edges of label ¢ is a matching;

2. Each connected component of the graph induced by edges of labels ¢ and j, for
li—j| > 2, is a single vertex, a single edge, a double edge, or a square with alternating
labels.
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When (G, S) is a string C-group representation, the permutation representation graph
G is called a CPR graph, as defined in [33]. In rank 3, there are a couple of known results
to determine if a 3-edge-labeled multigraph is a CPR graph. For higher ranks, no such
arguments were accomplished.

One simple example of a CPR graph is the one corresponding to the (n — 1)-simplex
as follows:

0 1 2 3 n—2 n—1
O O O O O Oo——O0—=O0

In [16], for each rank 3 < r < n — 2, a string C-group representation of rank r of S,
was found. In [18], the authors constructed a string C-group representation of rank r > 4
of A,, for some n. This is summarized in the following two theorems, and the associated
CPR graphs are given in Table 2.

Theorem 3.1 ([16, Theorem 3]). Forn > 5and 3 < r < n — 2, there is a string C-group
representation of rank r and type {n —r +2,6,3" 73} of S,,.

Theorem 3.2 ([18, Theorem 1.1]). For each rank k > 3, there is a string C-group repre-
sentation of rank k of A, for some n. In particular, for each even rank r > 4, there is a
string C-group representation of Aa,y1 of type {10,372}, and for each odd rank q > 5,
there is a string C-group representation of Asqys of type {10, 3974,6,4}.

Table 2: String C-group representations of .S, and A,,.

Group ‘ Schléfli type ‘ CPR graph

Sn
B<r<n-—2)

1 0 1 2 3 r—2_ r—1

fn-—r+263"} 02510

A
et {10,372}
(revenand > 4)
O—0O—=0
Ay :
s {10,37*,6,4}

(roddand > 5)

Permutation representation graphs are a very useful tool for the construction of string
groups generated by involutions. We will use them in the proof of our main theorem.
The term sesqui-extension was first introduced in [18]. Let us recall its meaning. Let

® = (ao,...,aq4-1) be a sggi, and let 7 be an involution in a supergroup of ® such
that 7 ¢ ® and 7 centralizes ®. For fixed k, we define the group ®* = (7" | i €
{0,...,d — 1}) where n; = 1if i = k and 0 otherwise, and call this the sesqui-extension

of ® with respect to g, and 7. In particular, a permutation representation graph having two
connected components, one of which is a single k-edge and the other contains at least one
k-edge, represents a sesqui-extention of a group (the group corresponding to the biggest
component) with respect to the generator k.
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Proposition 3.3 ([17, Proposition 5.4]). If ® = (o | i =0,...,d — 1) and

O = (a7

1€40,...,d—1})

is a sesqui-extension of ® with respect to ay, then (®,{a; | i =0,...,d — 1}) is a string
C-group representation if and only if (®*, {a;7" | i € {0,...,d—1}}) is a string C-group
representation. Moreover one of the following situations occur.

(1) T € %, in which case ®* is isomorphic to ® x (1) = ® x Cy; or

(2) T ¢ ®*, in which case ®* is isomorphic to P.

Sesqui-extensions will be used later to check the intersection condition on the permu-
tation representations of the groups of our main theorem.

We also apply the techniques used in the proof of Theorem 3.1 based on a construction
of Hartley and Leemans available in [22]. The key of the proof of Theorem 3.1 was to start
from the CPR graph of the (n — 1)-simplex with generators p1, ..., p,—1 Where p; is the
transposition (i, 4+ 1) in S,,. Let d = n — 1. At each step, we start with a string C-group
representation of rank d and generators p1,...,pq. We replace pg_s by pg_opq and we
drop pgq. As proved in [16], we get in this way a new string C-group representation with
generators p1, ..., pq—1. We can repeat this until d = 3. We give in Table 3 an example of
this process for S7.

Table 3: The induction process used on S.

Generators ‘ CPR graph ‘ Schléfli type

(1,2),(2,3),(3,4),(4,5), (5,6),(6,7) | 0—0—0—0—0—0—0 {3,3,3,3,3}

(1,2),(2,3),(3,4), (4,5)(6,7), (5,6) |o—02020202020| {3,3,6,4}

(1,2),(2,3),(3,4)(5,6), (4,5)(6,7) |o—020"0202020| {3,6,5}
(1,2), (2,3)(4,5)(6,7), (3,4)(5,6) |o—o020>0202020| {6,6}

In order to prove that the permutation groups of our main theorem are isomorphic to
alternating groups we use the following results.

Theorem 3.4 ([25]). Let G be a primitive permutation group of finite degree n, containing
a cycle of prime length fixing at least three points. Then G > A,,.

Proposition 3.5 ([17, Proposition 3.3]). Let G = {po, ..., pr—1) be a transitive permuta-
tion group acting on the points {1, ... ,n} withn > 5, andlet G* = {(po, ..., Pr—1, Prs Pr+1)
where

pr=(i,n+1)(n+2,n+3) forsomeic {1,...,n}
pre1=(m+1,n+2)(n+3,n+4).

Then G* = Ay, 44 or Sy14, depending on whether or not G is even.
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Proposition 3.6. The following graph, with n > 8 vertices, n even andr € {3,..., ”52 ¥
is a CPR graph for (5%4 X S#)—s_

0 1 0 1 0 1 0 1 2 -2 -1
o—0o0—0-"+0-—0"0—-—0O0O—O0—0—"0 O —0O—0

Proof. Let ' := (G, .S) be the sggi having the permutation representation given by the
graph of this proposition. Let us first consider = 3.

w

o200 00200 OB 221

W

O O 0O N (=)
Oovl@g@

We see that I'g and I'y are string C-group representations and as GoNGa = G2 = Cq,
T is itself a string C-group representation by Proposition 2.1.

Let us prove that G is isomorphic to (S noa X S nia ) T We first prove that G contains the
3-cycles (1,2, 3) and (4, 5, 6) (the vertices of the above graph on the right). Let [ be the least
integer such that (pgp; ) fixes all the vertices of the component of the graph on the bottom.
We see that (p1p2)? = (1,2,3)(4, 5,6). The latter element conjugated by (pgp1)’ is equal
to a = (a,b,¢)(4,5,6) with {a,b,c} N {1,2,3} = {1}. Hence (a(p1p2)?)® = (4,6,5)
and (1,2,3) = (4,6,5)(p1p2)%

Now by transitivity in each of the two components of the graph we find that G has a
subgroup isomorphic to Aanél X AnT+4. As in addition po ¢ AnT% X AnTM and G is a
group of even permutations, the group G is isomorphic to (S nos X S nid )+

Now let » > 3. We may assume by induction that I',_; is a string C-group represen-
tation and G,._1 is isomorphic to (S% x S ng2 )+. In addition Ty is a string C-group
representation with group GG isomorphic to S,_1. By the intersection of the orbits of G

and G,_; we conclude that Gy N G,_1 and Gy —1 are both isomorphic to S, _,. There-
fore I' is a string C-group representation of G. Moreover it is clear that G is isomorphic to

(Sanzx XSnTM)Jr. O

n—2

Proposition 3.7. The following graph, withn > 10 vertices, n evenandr € {5, ..., 5=},
is a CPR graph for S,

0 1 0 1 0 1 0 1 2 r—2 _r—1
oO—O0——O——O——O0—~0—=0 O——O0—O0—0
r—2
o—0O0—=0 O—O0—0C—0
0 1 0 1 2 r—2  r—1

Proof. LetT' := (G, S) be the sggi having the permutation representation given by the
graph of this proposition. The permutation representation graph is connected, hence G is
transitive. Let x be the first point on the left of the graph. The stabilizer of = has at most
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the same orbits as Gy. Consider the vertices y and z as in the following graph.

0 1 0 1 0 1 0 1 2 r—2 _r—1
<§> O O O O O O <§> O O <§> O O

r—2
0 1 o o 0 o 1 O 2 O (>T—2 r—1
We see that yp5'”® = z and p5'”° fixes x. More generally the appropriate conjugations

of po by powers of pgp1 fuse the orbits of Gy while fixing z. Hence G is 2-transitive
and therefore primitive. Moreover, it contains a 3-cycle (explicitly given in the proof of
Proposition 3.6) and an odd permutation. Hence, by Theorem 3.4, it is isomorphic to
Sn—1. By Proposition 3.3 and [17, Table 2] we may conclude that Ty is a string C-group
representation of the group Cs x (C31S,_1). By Proposition 3.6, the sggi I',._1 is a string
C-group representation of (S -6 X Sny2 ) . From the intersection of the orbits of G and

G,—1 we also conclude that Go N G—1 = Go,—1 = Cy X (5%7 X S%)Jr. Hence T is
a string C-group representation. O

Proposition 3.8. The following graph, withn > 10 vertices, n evenandr € {3, ..., ”7’2}
is a CPR graph for (SnT—AL X S%)Jr.

1 0 1 0 1 0 1 2 —2 —1
o—0—+0—0—-0-—0 0000 —0—0

1 0 1 2 r—2"r—1
Proof. Similar to that of Proposition 3.6. O
Proposition 3.9. The following graph, withn > 12 vertices, n evenandr € {5, ..., "T’Q}

is a CPR graph for S,,.

O O O O O O o—O0—0——=0
r—2
o——o0O O0—O0—"C—-=0
1 0 1 2 r—2 " r—1
Proof. Similar to that of Proposition 3.7. O

Proposition 3.10. The following graph, with n > 8 vertices, n even and r = n/2, is a
CPR graph for S,,.

0 1 2 r—2 r—1
o—0O0—0—o0
r—2
2 r—2 r—1

Proof. Let T := (G, S) be the sggi having the permutation representation given by the
graph of this proposition. Removing the 0-edge from the graph we get a CPR graph for
a symmetric group of degree n — 1 (see Table 2 of [17]). Hence I'y is a string C-group
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representation. Now consider the sggi ® := (H,T) with the following permutation repre-
sentation graph.

For r = 4, ® is a string C-group representation with H isomorphic to Cy X S;. Assume
by induction that ®,._ is a string C-group representation with H,_5 isomorphic to S, _1 X
Syr_3. As @ is a string C-group representation and Ho N H,_o < Sp_9 X Sy_3 = Hy ,_o,
® is a string C-group representation. Moreover H is isomorphic to S, _1 X S,._3. Now by
Proposition 3.3 the sggi [',_; is a string C-group representation and GG,_; is isomorphic
to Co x S,._1 X Sr_3. By the intersection of the orbits of Gy and G,_; we find that
GoNGr_1 = Go,r—1 Hence I is a string C-group representation. As G is isomorphic to
Sn—1 and stabilizes the first vertex on the left, we conclude that GG is isomorphic to S,,. [

Proposition 3.11. The following graph with n vertices, n = 3 (mod 4) andn > 11, is a
CPR graph for S,,.

Proof. Let ' := (G, S) be the sggi having the permutation representation given by the
graph of this proposition. The group G5 is an even transitive group containing a 3-cycle,
namely (p1p2)%, and the stabilizer of a point in G is transitive on the remaining points.
Hence by Theorem 3.4 the group G5 is isomorphic to A,,_1. Consequently G is isomorphic
to .S,,. Moreover as G5 is a simple group generated by three independent involution, the
sggi ['s is string C-group representation. It is also easy to check that I is string C-group
representation and that Gz N Gy = G 3, as it is sufficient to consider the case n = 11.
Hence T is a string C-group representation and G is isomorphic to .S,, as wanted. O

4 Proof of Theorem 1.1

For each n > 12, the group A,, has at least one string C-group representation of rank three.
Indeed, we can rely on [12, 13] which covers all but a small number of small cases that can
be easily dealt with MAGMA [1], or [34]. Hence we have to construct examples of rank 4
and above. Also, the case where n = 12 is done in [18], hence we may assume n > 12.

We divide the rest of the proof is a series of theorems depending on the values of n and
r as described in Table 4. Theorem 4.1 comes from [17], and we use it in Theorem 4.2 to
construct string C-group representations of rank 6 < r < (n — 2)/2 for n even.

4.1 The even case

We will construct a family of CPR graphs of even ranks “reducing” the rank of a CPR graph
having highest possible rank. Let us consider the graph given in the following theorem.

Theorem 4.1 ([17]). If n > 14 is even and r = "T_Q > 6, then the following graph is a
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CPR graph for A,,.
0 1 0 1 2 3 T73r72r71
r—3 |r—3
Oo—0C0——0
2 3 O 59205

Moreover the corresponding string C-group representation has type {5,6,3" 6,6, 3}.

Theorem 4.2. Ifn is an even integer,n > 14 and 6 < r < "T_Q, then the group A,, admits
a string C-group representation of rank r, with Schidfli type {lem(4 +1,1),6,3"75,6,6, 3}
where i = (n — 2)/2 — r 4+ 1, and with the following CPR graph

0 1 0 1 0 1 0 1 2 3 r—3 _r—2 _r—1
o—O0——O—0—0———0——0 " O0—O0—0—O0—0 - O0—0O0—0—=0
T3
O

o—0—0O—0—"0-—0-=0
0 1 0 1 2 3 RS e

Jor(n =2 (mod 4) and n —r even) or (n =0 (mod 4) and n — r odd) and the following
CPR-graph

1 0 1 0 1 0 1 2 3 r—3 _r—2 r—1
o—(O0—CO—O0—C0C—=0 oO—0O0—0O—A0—=0 O O O O
7)_3
O

o——~0 - O0—7"0C--0--=0
1 0 1 2 3 N

for(n =2 (mod 4) and n — r odd) or (n =0 (mod 4) and n — r even).

Proof. From the graph of Theorem 4.1 we construct a family of graphs with n vertices
and r € {6,..., ”7_2} adding, on the top and on the bottom of the graph, two sequences

Table 4: The structure of the proof depending on n and 7.

n ‘ T ‘ Reference

n even 6<r<(n-—2)/2 Theorem 4.2
n =0 (mod 4) r=5 Theorem 4.6
r=4 Theorem 4.5
n =2 (mod 4) r=>5 Theorem 4.4
r=4 Theorem 4.3
n =1 (mod 4) 4<r<(n-1)/2 Theorem 4.7
n =3 (mod 4) r=(n-1)/2 Theorem 4.8
7<r<(n—1)/2andr odd | Theorem 4.9

r=(n-1)/2-1 Theorem 4.10

8 <r < (n—1)/2andreven | Theorem 4.11

r=4 Theorem 4.12

r=25 Theorems 4.13 and 4.15
r=26 Theorem 4.14
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of edges, of the same size, with alternate labels 0 and 1. So we have the following two
possibilities.

0 1 0 1 0 1 0 1 2 3 r—=3 r—2 r—1
0000000 OO O0—0"0 0000
T_B
O—0—0 O——O—O—0—0
0 1 0 1 2 3 7’73’r72r71
1 0 1 0 1 0 1 2 3 r—=3 r—2 r—1

OO0 0000 O OO0 0000
/’,_3

O

o——>0 O—O0—"0O——0C—-—"=0
1 0 1 2 3 7‘737”727’71

Let I' :== (G, S) be the sggi having the permutation representation graph above. The
statement holds for n = 14 and r = 6 by Theorem 4.1. Assume n > 14.

The involution p; can be decomposed as p; = Ta; where «; is the restriction of p; to
the biggest Gp-orbit and 7 is the restriction of p; to the union of Gy-orbits of size 2. The
following CPR graph has group isomorphic to (2" : S,.)* as shown in [17, Lemma 6.6]. It
is exactly the graph we obtain by replacing p; by «; and forgetting about the points fixed
by Go.

1 2 3 r—3 _r—2 r—1

o—O0——"0——0 - 0—0—0—>0
T3

O—O0——C0C——=0

1 2 3 7'—37’—27'—1

We find that a3 = pap1p2pip2 € Go, then also 7 € Gg and therefore by Propo-
sition 3.3, Gq is a sesqui-extension of the group (2" : S,)T and Gy is isomorphic to
Cy x (27 : S,)T 227 : S, as 7 € Gy. Moreover, 'y is a string C-group representation.

We use a similar argument to prove that I',._ is a string C-group, starting from the CPR
graph given in Proposition 3.7 when (n = 2 (mod 4) and n — r even) or (n = 0 (mod 4)
and n—r odd), and from the CPR graph given in Proposition 3.9 when (n = 2 (mod 4) and
n—rodd)or (n =0 (mod 4) and n — r even). In that case, however, since the restriction
of pr_2p,_3 to the biggest orbit of GG,._; is an element of even order, G,._1 = S,,_». Since
A, acts primitively on the set of unordered pairs of points, the stabilizer in A,, of a fixed
pair is maximal in A,,, and such stabilizers have precisely the structure of G,._1. As G,._1
is a maximal subgroup of A,, and p,_1 & G,_1, it follows that G is isomorphic to A4,,. Let
us now prove that Gy .1 = Go N G,_1. The orbits of Gy N G»_; have to be suborbits of
Go and of G,_1, hence Go N G,—1 < (Cy x (2771 : S,_1) x C2)* 2 Gy ,—1. Hence, by
Proposition 2.1, T is a string C-group representation of A,,.

Leti = (n —2)/2 — r + 1. Then it is easy to see from the CPR-graph that the Schlfli
type of the string C-group representation of A,, of rank r obtained by this construction is
{lem(4+1,4),6,3"7%,6,6,3}. The first entry of the symbol comes from the fact that there
are 0-1-components on the upper side of the graph and on the lower side of the graph and
the upper one has 4 more vertices than the lower one. O

It remains to construct examples in rank 4 and 5 for n even. We split the discussion in
two cases, namely the case where n = 0 (mod 4) and the case where n = 2 (mod 4).
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Theorem 4.3. Ifn =2 (mod 4) with n > 10, then the group A,, admits a string C-group
representation of rank 4, with Schliifli type {5,6,n — 4}, with the following CPR-graph.

2 1 0 1 2 3 2 3 2 3 2 3 2
o—0—0—0—0O0—"0—0—0—0—0 - O0—0O0——0O——0—=0 F
> (F1)

Proof. LetT' := (G, S) be the sggi having the permutation representation graph above.
In this case G5 is a sesqui-extension of a string C-group representation of As, hence by
Proposition 3.3, G35 = (5 x Ay and I's is a string C-group representation of rank 3.
Moreover, G 3 is isomorphic to Cy x D3 =2 Dg and therefore G 3 is maximal in G3. So,
by Proposition 2.2, it remains to prove that I is also a string C-group representation. Now,
T'o,3 and I'p ; are obviously string C-group representations of dihedral groups. The group
Go,1,3 is a cyclic group of order 2 and the subgroups Gy 3 and G 1 will have the same
intersection no matter what the value of n is. We can thus assume n = 10 and check by
hand or using MAGMA that Gy N G3 = Gy 3. Hence Iy is a string C-group representation.
This concludes the proof that a sggi with permutation representation graph (F1) is a string
C-group representation. It remains to show that the four generators generate A,. The
element pgp; is a H-cycle and G is primitive, as for instance py cannot preserve any block
system. Hence, by Theorem 3.4, GG is isomorphic to A,,.

The Schlifli type is obvious from the permutation representation graph. O

Theorem 4.4. Ifn =2 (mod 4) with n > 10, then the group A,, admits a string C-group
representation of rank 5, with Schlifli type {5,5,6,n — 5}, with the following CPR-graph.

0 1 2 1 2 3 4 3 4 3 4 3 4
o—o—o?o—o—o—o—o—o—o oO—0—0—0—=o0 (F3)

Proof. LetT' := (G, S) be the sggi having the permutation representation graph above.
In this case, G4 is a sesqui-extension of a group isomorphic to (S; x Co)* = S7 whose
CPR graph is given in Table 2 of [17]. Hence I'y is a string C-group representation. By
Proposition 3.5 the group Gy is isomorphic to A,,_;. The subgroup G 4 is isomorphic
to Sg, in addition Go14 = Dg and Gy = S,,_4. Increasing n will not change the
intersection between G 1 and G 4. Hence we can check with MAGMA that Gy 1 NG 4 =
Go,1,4 forn = 10. Thus I'g ; is a string C-group representation and so is I'g and so is I', as
Gy = A,,_; and G is transitive. Moreover G is isomorphic to A,, since it is transitive on n
points and the stabilizer of a point in G contains Gg = A,,_.

The Schlifli type is obvious from the permutation representation graph. O

Theorem 4.5. I[f n = 0 (mod 4) with n > 16, then the group A,, admits a string C-

group representation of rank 4, with Schldfli type {3,12,lcm(n — 8, 6)}, with the following
CPR-graph.

(F3)
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Proof. LetT := (G, S) be the sggi having the permutation representation graph above. In
this case, G'3 is isomorphic to 22 : S3 x S3 and G,3 is isomorphic to D;2 no matter what the
value of n is, thanks to the shape of the graph. Observe that the left connected component
of the graph, obtained when removing the 3-edges, gives the CPR graph of the octahedron.
Thus it can easily be checked with MAGMA that I's is a string C-group representation with
type {3,12}. The group Gy is transitive on n — 1 points, namely all vertices of the graph
except [. Moreover, the stabilizer of [ and p in G has at most two more orbits thanks to
the connected components of the permutation representation graph obtained by removing
edges labelled 0 and 1. The element (p1 p2p3p2)® moves point i to point d while fixing both
[ and p. Hence GG is 2-transitive on n — 1 vertices (all but [). Therefore GG is primitive
on these points. Now the element (p1p2p3p2) = (1)(p, 4, m)(i, e, g,d, h)(a,c, f,b)... has
the property that the cycles we did not write are transpositions. Indeed, p; does not do
anything on these points and so the action on these points is given by p2p3p2 = p4* which
is an involution. Hence (p1p2p3p2)t2 € Gy is a 5-cycle fixing more than three points.
By Theorem 3.4, we can therefore conclude that G is isomorphic to A, ;. As Gy is a
simple group, since it is generated by three involutions (namely p1, p2, p3), two of which
commute, [ is a string C-group representation by [10, Theorem 4.1]. It remains to check
that G 3 = G N G5 to prove that these graphs give indeed string C-group representations.
This can be checked with MAGMA for n = 12 and the result can be extended for any n.

The Schlifli type is obvious from the permutation representation graph. O

Theorem 4.6. Ifn =0 (mod 4) with n > 12, then the group A,, admits a string C-group
representation of rank 5, with Schidifli type {3,4,6,n — 7}, with the following CPR-graph.

(Fy)

Proof. LetT := (G, S) be the sggi having the permutation representation graph above.
In this case, G4 is a sesqui-extension of the group of a string C-group representation of
Sy, that can be found for instance in the atlas [31]. The sggi I'g; is a string C-group
representation of S,,_g and G4 is isomorphic to S5 x D4. Now paps has order 6, so
Go,1,4 is isomorphic to Dg and it is obvious from the permutation representation graph that
GoaNGo1 = Go,aand Gopya NG1a = Go,1,4. Hence I'g and I'y are string C-group
representations by Proposition 2.1. As Gy N G4 must have orbits that are suborbits of those
of G and of those of G4, we readily see that Gy N G4 = G 4. This concludes the proof
that every graph of shape (F}) gives a string C-group representation. As G is a primitive
group generated by even permutations and (p2p3)? is a 3-cycle, we see that G is isomorphic
to A,, by Theorem 3.4.

The Schlifli type is obvious from the permutation representation graph. O

4.2 The odd case

Theorem 4.7. If n and r are integers withn > 13, n =1 (mod 4)and4 <r < (n—1)/2,
then the group A, admits a string C-group representation of rank r, with Schlifli type

n—1

{10,372 =2} whenr = 5% and {10,3"7*,6, 251 — r + 3} when r < 251, and with the
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following CPR graph.
1 2 3 r—2 r—1 r—2 r—2 r—1 r—2
O—O——O——0O - O—O—0O——O0
EESDDDNDDA
O 0 O 1 O 2 O 3 O 7‘727”717"72 r72r71r72
Proof. LetT' := (G, S) be the sggi having the permutation representation graph above.
Clearly G is a group of even permutations and it must be primitive as py cannot preserve a
non-trivial block system. Let us prove that G is isomorphic to A,,. We see that (pop1)? is a
5-cycle, hence by Theorem 3.4, the group G is isomorphic to A,,. It remains to prove that I'
satisfies the intersection property. We know that for n = 13, the sggi I' is a string C-group
representation of rank 6 and Schlifli type {10, 3, 3, 3, 3}. It can be checked with MAGMA
that T" is also a string C-group representation for n = 13 and € {4,5}. By induction we
may assume that G,._1 is a sesqui-extension of the group of a string C-group representa-
tion. Hence by Proposition 3.3, the sggi I',._; satisfies the intersection property. By the
first line of Table 2, it is easy to see that I'y is a string C-group representation. Finally,
Gor—1 = GoNGr_1 =2 5,_1 x Cy. By Proposition 2.1, we conclude that I" is a string
C-group representation. Using this technique, we have just constructed string C-group rep-

resentations of rank r for every 4 < r < "7’1 Their Schlifli types are {10, 3%1_2} when
r= 271 and {10,3"74,6, %51 — r + 3} whenr < 251 O

The following theorem gives the string C-group representations of rank r = (n — 1) /2
in the case where n = 3 (mod 4).

Theorem 4.8 ([17]). If n and r are integers with n > 15, n = 3 (mod 4) and r =
(n—1)/2, then the group A,, admits a string C-group representation of rank r, with Schldfli
type {5,5,6,3"77,6,6, 3}, and with the following CPR graph.

0 1 0 1 2 3 r—=3 r—2_r-—1

5 O O O O
T_S
OTO O O O O

r—3 r—2 r—1

From these examples, we construct examples of the same rank but for groups of degree
n + 4k where k is an integer, by adding a sequence of alternating 0- and 1-edges of length
4F between the first and the second 2-edge (counting from the left).

Theorem 4.9. If n and r are integers withn > 15,n =3 (mod 4) and 7 <r < (n—1)/2,
r odd, then the group A,, admits a string C-group representation of rank r, with Schliifli
type {n —2(r —2),12,6,3"~7,6,6, 3}, and with the following CPR graph.

0 1 0 1 0 1 1 2 3 r—3 r—2_ r—1
O—O—O:O—O—O—(2 D) o—0O0—0—=0 O O O O
3 T—3T—2T—1

Proof. LetT' := (G, S) be the sggi having the permutation representation graph above.
The group Gy is acting as Sy(,_1) on the orbit of size 2(r — 1) and as Dy on the orbit of
size 4, making Gy isomorphic to Ay(,._1) : D4. Observe that Gy has a structure that only
depends on the rank, not on the degree of G.
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The group G 1 is isomorphic to Sy(,._o) : Dy4. It is a maximal subgroup of Gy.
Hence Go N Gr—1 = Gy r—1.

Let us now prove that 'y and I',._; are string C-group representations. We start with
I'g. The group Gy ,; is the same (up to removing the fixed points) as the one of Theorem 4.8.
Hence I' is a string C-group representation. The sggi I'g .1 has the following permutation
representation graph, where there might be more than one 1-edge disconnected from the
rest of the graph.

r—3 r—2

O O—O—O—O O—O O—O—O—O
r—3

r—3 r—2

If we prove that the sggi corresponding to the following permutation representation
graph is a string C-group representation, we may then apply Proposition 3.3 in order to
show that I'g ,_; is also a string C-group representation.

1 2 1 1 2 3 r—3 r—2
r—3
3 r—3 r—2
Let us call ® := (H,T) the sggi having this permutation representation graph. By
Proposition 3.10 the connected component on the right of the graph above gives a string C-
group representation. By Proposition 3.3 the graph that we obtain from the graph pictured
above by removing the 2-edge on the left is a CPR graph. Since removing the 2-edge on
the left does not change the order of the group H1, by [32, Proposition 2E17] we find that
® is a string C-group representation. Hence I is a string C-group representation.
Let us now prove that I',._; is a string C-group representation.

The group G,_2 1 is a sesqui-extension of the group K of the sggi ¥ := (K,U)
having the following permutation representation graph.

Let a and b be the sizes of the connected components of the graph above. For r = 6, K
is a sesqui-extension of the group of the string C-group representation of Proposition 3.11,
hence by Proposition 3.3, K is isomorphic to S, = (S, x 2)*. By induction we may
assume that W,._3 is a string C-group representation and K,._3 is isomorphic to (S,_1 X
Sp_1)". As Wq is a string C-group representation and KoNK,_3 = Ko r—3 we find that ¥
is itself a string C-group representation. Moreover K is clearly isomorphic to (S, X Sp)™
With this, using Proposition 3.3, we see that I', _5 ,._ is a string C-group representation.
Finally Go,r—1 N Gr_2,—1 < (Dyg X Sar_zy X 2)T = G pop-1.

Hence we have proved that I",._; is a string C-group representation and therefore G
itself is a string C-group.

It is easy to see from the permutation representation graph in the theorem that the
Schlifli type of the string C-group representation of rank r of A,, obtained by this con-
struction is {n — 2(r — 2),12,6,3"~7,6,6, 3}. O
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The previous two theorems enable us to construct examples of all possible odd ranks
at least 7 for A,, withn = 3 (mod 4) and n > 15. We now construct an example of rank
(n — 3)/2 for A,, from the example of rank (n — 1)/2, that we will use to construct all
examples of even rank at least 8.

Theorem 4.10. If n and r are integers are such that n > 19, n = 3 (mod 4) and r =
(n —1)/2 — 1, then the group A,, admits a string C-group representation of rank r, with
Schldfli type {5,5,6,3"8,6,6,6,4}, and with the following CPR graph.

0 1 0 1 2 3 r—4 r—3 r—2 r—1_r-—2
2

Proof. LetT' := (G, S) be the sggi having the permutation representation graph above.
The group G,_1 is a sesqui-extension of the group given in Theorem 4.8. Hence I',_1
is a string C-group representation. The sggi I'g can be proved to be a string C-group
representation using similar techniques to those the proof of the previous theorem. The
fact that Gy N G,_1 = Gy —1 follows from the fact that G,._; is a sesqui-extension of the
group given in Theorem 4.8 and the orbits of the respective subgroups. O

As in the case of odd ranks, from these examples we construct examples of the same
rank but for groups of degree n + 4k where £ is an integer, by adding a sequence of
alternating 0- and 1-edges of length 4k between the 1-edge and the second 2-edge (counting
from the left).

Theorem 4.11. If n and r are integers such thatn = 3 (mod 4), n > 19and 8 < r <
(n—1)/2 =1, r even, then the group A,, admits a string C-group representation of rank r,
with Schléfli type {n —2(r — 1),12,6,3"78,6,6,6,4}, and with the following CPR graph.

0 1 0 1 0 1 1 2 3 r—4 r—3 r—2 r—1 r-—2
O O O

O O O
T74
O O O

T—4.T—3 r—2 r—1"r-2

There are two ways to prove this theorem, either by a proof similar to that of Theo-
rem 4.9 or by a proof similar to that of Theorem 4.10. We leave the details to the interested
reader.

Theorem 4.12. Ifn =3 (mod 4) withn > 15, then the group A,, admits a string C-group
representation of rank 4, with Schliifli type {10,7,4} for n = 15 and {2(n — 10), 14,4}
for n. > 15, with the following CPR-graph.

0 1 0 1
O—0O0—"7C—"0C—=0

Proof. LetT' := (G, S) be the sggi having the permutation representation graph above.
The group Gy is isomorphic to 26 : A; : Cy forn = 15and 26 : A; : Cy x Cy forn > 19,
no matter how big n is. It can easily be checked with MAGMA that I is a string C-group
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representation for n = 15 and n = 19 and since adding more points to the graph will not
change the structure of Gy, we can conclude that Iy is a string C-group representation for
every n > 15. The group G5 acts as S;,_7 on the vertices of the top of the graph and acts as
D7 on the remaining vertices, and is a subgroup of (A4, _7 x D7)™. We can thus conclude
that G is A,,_7 x D7. The group G 3 is isomorphic to D7 for n = 15 and Cy x D7 when
n > 19 (as there are extra 1-edges in the graph). The group G2 3 is isomorphic to D, _10).
It is obvious from the permutation representation graph that G 3 N G 3 is isomorphic to
Cs. Hence, by Proposition 2.1, the sggi I's is a string C-group representation. Now, the
intersection Gy N G3 = Gy 3 need only to be checked in the cases n € {15, 19}, which can
be done with MAGMA. Hence, again, by Proposition 2.1, we see that I is a string C-group
representation.

It remains to show that G is isomorphic to A,,. The structure of G3 shows that the
action of G3 on the (n — 7) vertices at the top of the graph is A4,,_7. Hence there exists
a cycle of order 3 in GGy acting on those vertices. This cycle necessarily fixes the 7 other
vertices, so it is a cycle of G. Moreover, that action is (n — 9)-transitive on the top vertices.
Hence the stabilizer, in G, of the leftmost vertex of the graph must be transitive on the
remaining vertices and G is 2-transitive, therefore primitive. Then, by Theorem 3.4, we
can conclude that G > A,,. Since all generators of G are even permutations, we conclude
that G is isomorphic to A,,.

The Schlifli type follows immediately from the permutation representation graph. [

Theorem 4.13. [fn = 3 (mod 4) withn > 15, then the group A,, admits a string C-group
representation of rank 5, with Schléfli type {n — 10, 6,6, 5}, with the following CPR-graph.

0 1 0 1 0 1 0o 1 2 3 ~ 4 3 4
oO——0—"0C—"C0C—"—0C - O—0O0—"—0C—=—0 O—U—U

Proof. LetT := (G, S) be the sggi having the permutation representation graph above. The
group (G is isomorphic to .S12 no matter how large n is. One can easily check with MAGMA
that the permutation representation graph corresponding to I'g is a CPR graph. The group
Go,4 1s isomorphic to 23 : S3 x S3 no matter how large n is. G334 is isomorphic to S,,_g by
Theorem 3.4, as it contains a cycle of length 3, namely (p; p2)? and is obviously 2-transitive
on n—9 vertices. Moreover, by [10, Theorem 4.1], I'3 4 is a string C-group representation as
itis generated by three involutions, two of which commute. The group G 3 4 is isomorphic
to Dg. Looking at the respective orbits of G 4 and G'3 4 we can conclude that Go 4NG3 4 =
G34 and therefore I'y is a string C-group representation. Moreover, one can check that the
group G is isomorphic to A,,_g x C5 : S5 but this is not needed to finish the proof. Now,
it is easy to check with MAGMA that Go NGy = G 4 for n = 15 and this intersection does
not depend on the degree of G. Therefore, by Proposition 2.1, we may conclude that I is
a string C-group representation with the given permutation representation graph. A similar
argument as in the proof of Theorem 4.12 shows that G is isomorphic to A,,. The Schlifli
type follows immediately from the permutation representation graph. O

Theorem 4.14. [f n = 3 (mod 4) with n > 15, then the group A,, admits a string C-
group representation of rank 6, with Schldfli type {n — 10, 6,3, 5,3}, with the following



308 Ars Math. Contemp. 17 (2019) 291-310

CPR-graph.

0 1 0 1 0 1 0 1 2 3
O—O0—"C—CO0—=0 O—O0—O0—"—0—=0 1

Proof. LetD := (G, S) be the sggi having the permutation representation graph above. The
group G is isomorphic to S72 no matter how big n is. One can easily check with MAGMA
that the permutation representation graph corresponding to I'y is a CPR graph. We have
Gos =2 S7 x As no matter how big n is. Here G345 = S,,—9 as proven in the previous
theorem (for G34 in the previous theorem is the same group as G3 4 5 here). Similarly, we
have G 4,5 = 22 : 95 x S3. As G345 N Go a5 = G345 independently on how big n s,
we can conclude by Proposition 2.1 that I'y 5 is a string C-group representation. Similarly,
as Go5 N Ga5 = Go.4,5 no matter how big n is, we can conclude by Proposition 2.1 that
I's is a string C-group representation. Finally, as Gy N G5 = Gy 5 no matter how big n is,
we conclude that I' is a string C-group representation.

It remains to show that G is isomorphic to A,,. Similar arguments as in the proof of the
previous two theorems lead to that conclusion. The Schléfli type follows immediately from
the permutation representation graph. O

Observe that this last family of string C-group representations of rank 6 gives, using the
same general construction we used in Theorems 4.2 and 4.7, a family of string C-groups of
rank 5 with Schléfli type {n — 10,6, 5, 3}.

Theorem 4.15. Ifn =3 (mod 4) withn > 15, then the group A,, admits a string C-group
representation of rank 5, with Schlifli type {n — 9, 6,5, 3}, with the following CPR-graph.

2 1 2 1 2 1 2 1 2 3
o—(O0—"0C—CO—=0 O—O0—"C—C—=0

O

We leave the proof of this last theorem to the interested reader as it is very similar to
the previous proofs.

5 Concluding remarks

Mark Mixer mentioned a similar result in 2015 at the AMS Fall Eastern Sectional Meeting
in Rutgers (talk 1115-20-283).

The techniques we developed in this paper inspired Brooksbank and the second author
to develop a general rank reduction technique, now available in [4].

References

[1] W. Bosma, J. Cannon and C. Playoust, The Magma algebra system I: The user language, J.
Symbolic Comput. 24 (1997), 235-265, doi:10.1006/jsc0.1996.0125.



M. E. Fernandes and D. Leemans: String C-group representations of alternating groups 309

(2]

(3]

4

—

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

[13]

[14]

[15]

[16]

(7]

(18]

(19]

[20]

[21]

[22]

P. A. Brooksbank, J. T. Ferrara and D. Leemans, Orthogonal groups in characteristic 2 acting
on polytopes of high rank, Discrete Comput. Geom. (2019), doi:10.1007/s00454-019-00083-0.

P. A. Brooksbank and D. Leemans, Polytopes of large rank for PSL(4,F,), J. Algebra 452
(2016), 390400, doi:10.1016/j.jalgebra.2015.11.051.

P. A. Brooksbank and D. Leemans, Rank reduction of string C-group representations, Proc.
Amer. Math. Soc. 147 (2019), 5421—5426, doi:10.1090/proc/14666.

P. A. Brooksbank and D. A. Vicinsky, Three-dimensional classical groups acting on polytopes,
Discrete Comput. Geom. 44 (2010), 654-659, doi:10.1007/s00454-009-9212-0.

P. J. Cameron and P. Cara, Independent generating sets and geometries for symmetric groups,
J. Algebra 258 (2002), 641-650, doi:10.1016/s0021-8693(02)00550-1.

P. J. Cameron, M. E. Fernandes, D. Leemans and M. Mixer, String C-groups as transitive
subgroups of S,,, J. Algebra 447 (2016), 468478, doi:10.1016/j.jalgebra.2015.09.040.

P.J. Cameron, M. E. Fernandes, D. Leemans and M. Mixer, Highest rank of a polytope for A,
Proc. Lond. Math. Soc. 115 (2017), 135-176, doi:10.1112/plms.12039.

M. Conder, The smallest regular polytopes of given rank, Adv. Math. 236 (2013), 92-110,
doi:10.1016/j.aim.2012.12.015.

M. Conder and D. Oliveros, The intersection condition for regular polytopes, J. Comb. Theory
Ser. A 120 (2013), 1291-1304, doi:10.1016/j.jcta.2013.03.009.

M. D. E. Conder, Regular polytopes with up to 2000 flags (ordered by the number of flags for
each rank), last accessed on April 15, 2019, https://www.math.auckland.ac.nz/
~conder/RegularPolytopesWithFewFlags—-ByOrder.txt.

M. D. E. Conder, Generators for alternating and symmetric groups, J. London Math. Soc. 22
(1980), 75-86, doi:10.1112/jlms/s2-22.1.75.

M. D. E. Conder, More on generators for alternating and symmetric groups, Quart. J. Math.
Oxford Ser. 32 (1981), 137-163, doi:10.1093/qmath/32.2.137.

T. Connor, J. De Saedeleer and D. Leemans, Almost simple groups with socle PSL(2, ¢) acting
on abstract regular polytopes, J. Algebra 423 (2015), 550-558, doi:10.1016/j.jalgebra.2014.10.
020.

T. Connor, D. Leemans and M. Mixer, Abstract regular polytopes for the O’Nan group, Inter-
nat. J. Algebra Comput. 24 (2014), 59-68, doi:10.1142/s0218196714500052.

M. E. Fernandes and D. Leemans, Polytopes of high rank for the symmetric groups, Adv. Math.
228 (2011), 3207-3222, doi:10.1016/j.aim.2011.08.006.

M. E. Fernandes, D. Leemans and M. Mixer, All alternating groups A,, with n > 12 have poly-
topes of rank | 252 |, STAM J. Discrete Math. 26 (2012), 482—498, doi:10.1137/110838467.

2

M. E. Fernandes, D. Leemans and M. Mixer, Polytopes of high rank for the alternating groups,
J. Comb. Theory Ser. A 119 (2012), 42-56, doi:10.1016/j.jcta.2011.07.006.

M. E. Fernandes, D. Leemans and M. Mixer, An extension of the classification of high rank
regular polytopes, Trans. Amer. Math. Soc. 370 (2018), 8833-8857, doi:10.1090/tran/7425.

M. 1. Hartley, An atlas of small regular abstract polytopes, Period. Math. Hungar. 53 (2006),
149-156, doi:10.1007/s10998-006-0028-x.

M. I. Hartley and A. Hulpke, Polytopes derived from sporadic simple groups, Contrib. Discrete
Math. 5 (2010), 106-118, doi:10.11575/cdm.v5i2.61945.

M. 1. Hartley and D. Leemans, A new Petrie-like construction for abstract polytopes, J. Comb.
Theory Ser. A 115 (2008), 997-1007, doi:10.1016/j.jcta.2007.11.008.



310

(23]

(24]

[25]

[26]

[27]

(28]

(29]

(30]

(31]

(32]

(33]

[34]

Ars Math. Contemp. 17 (2019) 291-310

D.-D. Hou, Y.-Q. Feng and D. Leemans, Existence of regular 3-polytopes of order 2", J. Group
Theory 22 (2019), 579-616, doi:10.1515/jgth-2018-0155.

D.-D. Hou, Y.-Q. Feng and D. Leemans, On regular polytopes of 2-power order, Discrete
Comput. Geom. (2019), doi:10.1007/s00454-019-00119-5.

G. A. Jones, Primitive permutation groups containing a cycle, Bull. Aust. Math. Soc. 89 (2014),
159-165, doi:10.1017/s000497271300049x.

D. Leemans, Almost simple groups of Suzuki type acting on polytopes, Proc. Amer. Math. Soc.
134 (2006), 3649-3651, doi:10.1090/s0002-9939-06-08448-6.

D. Leemans and M. Mixer, Algorithms for classifying regular polytopes with a fixed automor-
phism group, Contrib. Discrete Math. 7 (2012), 105-118, doi:10.11575/cdm.v7i2.62152.

D. Leemans and E. Schulte, Groups of type L2(q) acting on polytopes, Adv. Geom. 7 (2007),
529-539, doi:10.1515/advgeom.2007.031.

D. Leemans and E. Schulte, Polytopes with groups of type PGL2(q), Ars Math. Contemp. 2
(2009), 163-171, doi:10.26493/1855-3974.102.290.

D. Leemans, E. Schulte and H. Van Maldeghem, Groups of Ree type in characteristic 3 acting
on polytopes, Ars Math. Contemp. 14 (2018), 209-226, doi:10.26493/1855-3974.1193.0fa.

D. Leemans and L. Vauthier, An atlas of abstract regular polytopes for small groups, Aequa-
tiones Math. 72 (2006), 313-320, doi:10.1007/s00010-006-2843-9.

P. McMullen and E. Schulte, Abstract Regular Polytopes, volume 92 of Encyclopedia of Math-
ematics and its Applications, Cambridge University Press, Cambridge, 2002, doi:10.1017/
cb09780511546686.

D. Pellicer, CPR graphs and regular polytopes, European J. Combin. 29 (2008), 59-71, doi:
10.1016/j.€jc.2007.01.001.

D. Sjerve and M. Cherkassoff, On groups generated by three involutions, two of which com-
mute, in: G. Mislin (ed.), The Hilton Symposium 1993: Topics in Topology and Group Theory,
American Mathematical Society, Providence, RI, volume 6 of CRM Proceedings & Lecture
Notes, 1994 pp. 169185, papers from the symposium held at the University of Montreal,
Montreal, Quebec, 1993.



creative ARS MATHEMATICA
@commons CONTEMPORANEA

ISSN 1855-3966 (printed edn.), ISSN 1855-3974 (electronic edn.)
ARS MATHEMATICA CONTEMPORANEA 17 (2019) 311-318
https://doi.org/10.26493/1855-3974.1435.c71
(Also available at http://amc-journal.eu)

Vertex transitive graphs G with xp(G) > x(G)
and small automorphism group*

Niranjan Balachandran
Department of Mathematics, Indian Institute of Technology Bombay, Mumbai, India

Sajith Padinhatteeri
Department of ECE, Indian Institute of Science, Bangalore, India

Pablo Spiga
Dipartimento Di Matematica E Applicazioni, University of Milano-Bicocca, Milano, Italy

Received 24 June 2017, accepted 1 October 2019, published online 29 October 2019

Abstract

For a graph G and a positive integer k, a vertex labelling f: V(G) — {1,2,...,k}is
said to be k-distinguishing if no non-trivial automorphism of G preserves the sets f~1(4)
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following theorem: Given k € N, there exists an infinite sequence of vertex-transitive
graphs G; = (V;, E;) such that

1. XD(Gi) > X(Gz) > k/’,
2. | Aut(G;)| < 2k|V;|, where Aut(G;) denotes the full automorphism group of G;.
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Keywords: Distinguishing chromatic number; vertex transitive graphs, Cayley graphs.

Math. Subj. Class.: 05C15, 05D40, 20B25, 05E18

*The first and second authors would like to thank Ted Dobson for useful discussions.
T Supported by grant PDF/2017/002518, Science and Engineering Research Board, India.
E-mail addresses: niranj@math.iitb.ac.in (Niranjan Balachandran), sajithp @iisc.ac.in (Sajith Padinhatteeri),
pablo.spiga@unimib.it (Pablo Spiga)

©@@® This work is licensed under https://creativecommons.org/licenses/by/4.0/



312 Ars Math. Contemp. 17 (2019) 311-318

1 Introduction

Let GG be a graph. An automorphism of G is a permutation ¢ of the vertex set V(G) of G
such that, for any x,y € V(G), ¢(z), ¢(y) are adjacent if and only z, y are adjacent. The
automorphism group of a graph G, denoted by Aut(G), is the group of all automorphisms
of G. A graph G is said to be vertex transitive if, for any u,v € V(G), there exists
¢ € Aut(G) such that p(u) = v.

Given a positive integer r, an r-coloring of G isamap f: V(G) — {1,2,...,r} and
the sets f~1(i), fori € {1,2...,r}, are the color classes of f. An automorphism ¢ €
Aut(G) is said to fix a color class C of f if (C) = C, where p(C) = {¢(v) : v € C}.
A coloring of G, with the property that no non-trivial automorphism of G fixes every color
class, is called a distinguishing coloring of G.

Collins and Trenk in [5] introduced the notion of the distinguishing chromatic number
of a graph G, which is defined as the minimum number of colors needed to color the ver-
tices of G so that the coloring is both proper and distinguishing. Thus, the distinguishing
chromatic number of G is the least integer r such that the vertex set can be partitioned
into sets V7, V5, ..., V. such that each V; is independent in G, and for every non-trivial
¢ € Aut(G) there exists some color class V; with ¢(V;) # V;. The distinguishing chro-
matic number of a graph G, denoted by x p(G), has been the topic of considerable interest
recently (see, for instance, [1, 2, 3, 4]).

One of the many questions of interest regarding the distinguishing chromatic number
concerns the contrast between x p(G) and the cardinality of Aut(G). For instance, the
Kneser graphs K (n,r) have very large automorphism groups and yet, xp(K(n,r)) =
X(K(n,r)) forn > 2r + 1, and > 3 (see [2]). The converse question is compelling:
Are there infinitely many graphs G,, with ‘small’ automorphism groups and satisfying
Xp(Gn) > x(Gn)?

The question as posed above is not actually interesting for two reasons. First, for all
even n, xp(Cp) > x(Cp) = 2 and | Aut(C,,)| = 2n, where C,, is the cycle of length n.
Second, if one stipulates that G also has arbitrarily large chromatic number, then here is a
construction for such a graph. Start with a rigid graph G with a leaf vertex « and having
large chromatic number (one can obtain this by minor modifications to a random graph, for
instance); then, blow up the leaf vertex x to a new disjoint set X whose neighbor in the new
graph G is the same as the neighbor of z in G. In fact one can arrange for xp(G) — x(G)
to be as large as one desires. Furthermore, since | Aut(CNT')| = | X|!, this provides examples
of graphs for which the automorphism groups are relatively ‘small’ in terms of the order of
the graph.

In the example above, the fact that xp(G) is larger than x(G) is accounted for by
a ‘local’ reason, and that is what makes the problem stated above not very interesting.
However, if one further stipulates that the graph is vertex-transitive, then the same question
is highly non-trivial. In [1], the first and second authors constructed families of vertex-
transitive graphs with xp(G) > x(G) > k and | Aut(G)| = O(|V(G)|*/?), for any given
k. In this paper, we improve upon that result:

Theorem 1.1. Given k € N, there exists an infinite family of graphs G,, = (V,, Ey,)
satisfying:

1. xp(Gpn) > x(G,) >k,
2. Gy, is vertex transitive and | Aut(G,,)| < 2k|V,|.
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Our family of graphs consists of Cayley graphs. To recall the definition, let A be a group
and let S be an inverse-closed subset of A, i.e., S = S~1, where S~1 := {57! : s € S}.
The Cayley graph Cay(A,S) is the graph with vertex set A and the vertices u and v are
adjacent in Cay(A4, S) if and only if uv~=! € S.

We start with a brief description of the graphs of our construction. For ¢, an odd prime,
let IF; denote the n-dimensional vector space over F,. Our graphs shall be Cayley graphs
Cay(Fy, S) for some suitable inverse-closed set S C Fy which is obtained by taking
a union of a certain collection of lines in Iy and then deleting the zero element of Fy.
More precisely, let Ho = {(z1,22,...,2,-1,0) : ; € Fy,1 < i < n — 1} and let
0 denote the element (0,...,0) € Fy. For each line (1-dimensional subspace of Fy)
¢ C Fy satisfying £ N Ho = {0}, pick £ independently with probability 1/2 to form
the random set S. Our connection set S for the Cayley graph Cay(IFy, S) is defined by

S:={velFy:velforsomel € S} \ {0}. Our main theorem states that with high
probability, G, s := Cay(Fy, S) satisfies the conditions of Theorem 1.1.

To show that these graphs have ‘small’ automorphism groups, we prove a stronger
version of Theorem 4.3 of [6] in this particular context, which is also a result of independent
interest.

Theorem 1.2. Let q be a prime power, let n be a positive integer with n > 2 and let
G be the additive group of the n-dimensional vector space ¥y over the finite field F, of
cardinality q, and let ¥}, := ', \ {0} be the multiplicative group of the field F with its
natural group action on G by scalar multiplication, and write K := Fy x Fy. If S is an

inverse-closed subset of G with K < Aut(Cay(G, S)), then either
(i) Aut(Cay(G,S)) = K, or
(ii) there exists p € Aut(Cay (G, 5)) \ K with ¢ normalizing G.
Remark 1.3. Theorem 1.2 is valid even though the connection set .S is not inverse-closed.

Since we deal with Cayley graphs the phrase inverse-closed subset is used in the statement
of the theorem.

The rest of the paper is organized as follows. We start with some preliminaries in
Section 2 and then include the proofs of Theorems 1.1 and 1.2 in the next section. We
conclude with some remarks and some open questions.

2 Preliminaries

We begin with a few definitions from finite geometry. For more details, one may see [13,
14]. By PG(n, q) we mean the Desarguesian projective space obtained from the affine
space AG(n + 1, q).

Definition 2.1. A cone with vertex A C PG(k, ¢) and base B C PG(n — k — 1, q), where
PG(k,q) NPG(n —k —1,¢) = 0, is the set of points lying on the lines connecting points
of A and B.

Definition 2.2. Let V be an (n + 1)-dimensional vector space over a finite field F. A
subset S of PG(V) is called an F,-linear set if there exists a subset U of V' that forms an
[F,-vector space, for some F, C I, such that S = B(U), where

B(U) = {(u)r: u € U\ {0}}
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and where (u)p denotes the projective point of PG(V'), corresponding to the vector u of
UucvV.

Further details about IF-linear sets can be found in [14], for instance.
The projective space PG(n, ¢) can be partitioned into an affine space AG(n, ¢) and a
hyperplane at infinity, denoted by H .

Definition 2.3. Following [13], we say that a set of points U C AG(n, q) determines the
direction d € H., if there is an affine line through d meeting U in at least two points.

We now state the main theorem of [13] which will be relevant in our setting.

Theorem 2.4. Let U C AG(n,F,), n > 3, |U| = ¢*. Suppose that U determines at
most %qk_l +¢" 2 + ... 4 ¢® + q directions and suppose that U is an F,-linear set
of points, where ¢ = p", p > 3 prime. If n — 1 > (n — k)h, then U is a cone with an
(n—1—h(n — k))-dimensional vertex at H, and with base a ¥ 4-linear point set U, _yp,
of size q("—F)(

h=1) contained in some affine (n — k)h-dimensional subspace of AG(n, q).
We end this section by recalling another result that appears in [6] as Theorem 4.2.

Theorem 2.5. Let G be a permutation group on §) with a proper self-normalizing abelian
regular subgroup. Then |Q)| is not a prime power.

3 Proofs of the Theorems

In this section we prove Theorems 1.1 and 1.2 starting with the proof of Theorem 1.2. We
believe that this result is only the tip of an iceberg: its current statement has been tailored
to the context of our setting, and uses some ideas that appear in [6, Section 3] and [9].

Proof of Theorem 1.2. We suppose that (i) does not hold, that is, K is a proper subgroup
of Aut(Cay(G, S)); we show that (ii) holds. Write I" := Cay(G, S).

Let B be a subgroup of Aut(I") with K < B and with K maximal in B. Suppose that
K < B. As G is characteristic in K, we get G <1 B. In particular, every element ¢ in B\ K
satisfies (ii).

Suppose then that K is not normal in B. Since K is maximal in B and G < K, we
have Np(G) = K. Suppose that there exists b € B\ K such that L := (G,G") (the
smallest subgroup of B containing G and G?) satisfies L N K = G. We claim that we are
now in the position to apply Theorem 2.5 (and implicitly some ideas from [9]). Indeed, as
N (G) =Ngp(G)NL = KNL = G, Lis atransitive permutation group on the vertices of
I" with a proper regular self-normalizing abelian subgroup G. (Observe that G is a proper
subgroup of L because b ¢ Np(G) = K.) By Theorem 2.5, |G| is not a prime power,
which is a contradiction because |G| = ¢". This proves that, for every b € B\ K, we have
(G,GNK >G.

Fix b € B\ K. Now, G and G are abelian and hence GNG? is centralized by (G, G?).
From the preceding paragraph, there exists k € (G, G*) N K with k ¢ G. Observe now that
K = Fj x [} is a Frobenius group with kernel G = Fy; and complement F;. Therefore,
k acts by conjugation fixed-point-freely on G \ {0}. As k centralizes G N G°, we deduce
|G NG =1.

Let C := (), K be the core of K in B. AsGNG® = 1forallb € B\ K, KNK"
has no non-identity g-elements. Therefore C NG = 1. AsC < B and C < K, C'is
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a normal subgroup of the Frobenius group K intersecting its kernel on the identity. This
yields C = 1.

Let Q2 be the set of right cosets of K in B. From the paragraph above, B acts faithfully
on ). Moreover, as K is maximal in B, the action of B on {2 is primitive. Therefore B
is a finite primitive group with a solvable point stabilizer /. In [11], Li and Zhang have
explicitly determined such primitive groups: these are classified in [11, Theorem 1.1] and
[11, Tables I-VII]. Now, using the terminology in [11], a careful (but not very difficult)
case-by-case analysis on the tables in [11] shows that B is a primitive group of affine type,
that is, B contains an elementary abelian normal r-subgroup V, for some prime r. For
this analysis it is important to keep in mind that the stabilizer K is a Frobenius group with
kernel the elementary abelian group G = Fg and n > 2.

Let |V| = r’. Now, the action of B on (2 is permutation equivalent to the natural action
of B =V x K on V, with V acting via its regular representation and with K acting by
conjugation. Observe that ¢ # r, because K acts faithfully and irreducibly as a linear
group on V' and hence K contains no non-identity normal r-subgroups. Observe further
that | B| = [V||K| = ' - ¢" - (q — 1).

We are finally ready to reach a contradiction and to do so, we go back studying the
action of B on the vertices of I'. Observe that B is solvable because V' is solvable and so is
B/V = K. We write By for the stabilizer in B of the vertex 0 of I'. As G acts regularly on
the vertices of I, we obtain B = BoG and Bg N G = 1. In particular, | Bg| = 7t - (¢ — 1).
Observe that By is a Hall II-subgroup of the solvable group B, where II is the set of all
the prime divisors of ¢ — 1 together with the prime r. As V is a II-subgroup, from the
theory of Hall subgroups (see for instance [7], Theorem 3.3), V' has a conjugate contained
in Bg. Since V <1 B, we have V' < By. This is clearly a contradiction because V' is normal
in B, but By is core-free in B, being the stabilizer of a point in a transitive permutation
group. 0

For the next lemma, recall that
Ho :={(x1,22,...,2n-1,0) 1 x; €Fy, 1 <i<m—1}.

In what follows, G, 5 will denote the Cayley graph Cay(Fy,S) and S = S\ {0} for

some set S = Uye > where L is a collection of lines in Fy; with each £ € L satisfying
INHy = {0}

Lemma 3.1. [f L # 0, then x(G,.s) = q.

Proof. Observe that each line that belongs to the set S gives rise to a clique of size ¢ in the
graph G, g. Therefore x(Gy,s) > ¢. On the other hand, for a fixed v € S, the partition
(Cx)er,» where Cy := {w + Av : w € Ho}, of the vertex set [y is a proper coloring
of the graph G, 5. Indeed, for any distinct z = w; + Av, y = wa + Av in C), we have
T —y=w; —wy ¢ S because w; — we € Ho and S N Hy = (). Therefore the sets C), are
independent in G, s for each A € F,. O

Lemma 3.2. Assume that q is prime. Let S be the random set corresponding to a union
of lines £ in ¥y with £ N Ho = {0} and where each { € T is chosen independently with

probability %; and let S = S\ {0}. Then

n—3
P(xp(Gn,s) >q) > 1 —exp (_q 1 ) .
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Proof. First, note that E(|S]) = #, so taking § = % and p = E(]S|) in the Chernoff
bound (see (2.6) on page 26 of [10]) we obtain

n—1_ n—2 n—3
IP’(|S|<qu> <exp(—q4 )

In particular, with probability at least 1 — exp(—¢"~3/4), we have |S| > %. We

may thus assume |S| > % in what follows.

We claim that every color class in a proper g-coloring of G, s is an affine hyperplane of
[y, To see why, let Cy, ..., Cy be independent sets in G, s witnessing a proper g-coloring
of G, 5. Fix v € S and consider the line ¢, := {\v : A € F,} along with its translates
ly+w:={w+w:\eF,}, forw € Hy. Each set £, + w is a clique of size ¢ in
G, s, and these cliques partition the vertex set of G, g, so in particular each C; contains
at most one vertex from each of these translates ¢,, + w. Consequently, |C;| < ¢"~ 1! for all
i € {1,...,q}. By size considerations, it follows that |C;| = ¢" ! foreachi € {1,...,q}.

Consider a color class C. Suppose C' determines at least %‘O’q”*2 +q" 3P+
q + 1 directions. Then if (C') denotes the set of all vertices in the affine lines intersecting
at least two points in C, we have [(C)| + S| > 1+q+ - +¢"" L s0 (C)NS # 0.
However, this contradicts the assumption that C'is an independent set in G}, 5. Therefore
C' determines at most “32¢"~2 + ¢" =3 4 ... + ¢? + ¢ directions. Since ¢ is prime, by
Corollary 10 in [13], it follows that C' is an IF;-linear set. Hence, by Theorem 2.4, the color
class C'is a cone with an n — 2 (projective) dimensional vertex V) at H, and an affine point
u, as base. In particular, the affine plane corresponding to the [F,-subspace spanned by V
passing through the affine point u; is contained in C. Since |C| = ¢"~1, it follows that C
is this affine hyperplane, and this proves the claim.

To complete the proof, observe that for each A € F;\ {1}, the map px(z) = Az, v € Fy
fixes each color class. Moreover, @, fixes the set S and @y (u) — @ (v) = @ (u—1v), 30 @y
is a non-trivial automorphism which fixes each color class. Therefore xp(Gp,s) > ¢. O

Lemma 3.3. I[fn > 6 and q > 5 is prime, then Aut(G, s) = Fy x Fy with probability at

least
qn—l

1-27"73".

Proof. Since G, s is a Cayley graph on the additive group G = Fy, by Theorem 1.2,
either Aut(G,, 5) = K = Fy x F; or there exists ¢ € Aut(G, s) \ K with ¢ normalizing

n—1

G = Fy;. We show that with probability at least 1 — 2~ "=, there is no ¢ satisfying the
latter condition.

Suppose ¢ € Aut(G,, s) normalizes Fj. If a = ¢(0) and A\, : F} — F7 is the
right translation via a, then /\;130 is an automorphism of G, ¢ normalizing ]F;" and with
A1) (0) = A H(p(0)) = (\;1)(a) = a — a = 0. Therefore, without loss of gener-
ality, we may assume that ¢(0) = 0. Since S is the neighbourhood of 0 in G,, g, we get
©(S) = S. Moreover, since  acts as a group automorphism on F”, we have ¢ € GL,,(q).

Now, for ¢ € GL,(q), let E, denote the event ©(S) = S. Let £ denote the set
of all lines ¢ with £ N Ho = 0. Also, let Orby,(¢) = {£,0(¢), p*(£),..., " ()} where
©F*1(¢) = ¢. Then

N@
P(E,) < Hglf\Orbv(fi)l — oNe-lel,
=1
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where N, denotes the number of distinct orbits of ¢ in L. Setting G = GL(n,q) \ {AI :
A€ ]FZ}, we have

P U E,| < Z}P’(Eq,) <2~ l4l Z oNe . (3.1

pEG pEG pEG

Let F, :=|{¢ € L:p({) =}| and F := max,ecg F,. Now N, < F + \ﬁ\;F — FJFT‘L‘

Thus, it suffices to give a suitable upper bound for F'. Towards that end, we note that, if
F, = F for ¢ € G, then every line ¢ fixed by ¢ corresponds to an eigenvector of . If

&1,&s, ..., & denote the eigenspaces of ¢ for some distinct eigenvalues A1, ..., Ak, then

F, < ((dlr;lgi) _ <dlm(€1zlﬂ H0)> ) <l
=1 q q

K2

n—1

Similarly, we have |£| = (?)q - (" )q =4

n

—1 and so by (3.1), we have

Fo|z]| n—1_,n—2_; n—1

PlJE, | <lge™= <¢'2" " <275,
pEG

forq > 5,n > 6. O

Computations and estimates similar to the ones presented in the proof of Lemma 3.3
have been proved useful in a variety of problems, see for instance [1, 8] and [12, Sec-
tion 6.4].

Proof of Theorem 1.1. Given k € N with k > 4, pick a prime number ¢ with k < ¢ < 2k.
For n > 6, consider the random graph G, s of the group Fy as constructed above. By
Lemmas 3.1, 3.2 and 3.3, with positive probability, the graph G,, s satisfies the statements
of the lemmas, and hence satisfies the conclusions of Theorem 1.1. O

4 Concluding remarks

e We observe that, for S chosen randomly as in the proof of our result, the distinguish-
ing chromatic number of G, g is ¢ + 1 with high probability. Indeed, consider the
g-coloring C' described in Lemma 3.1. Re-color the vertex 0 using an additional
color. Then the coloring described by the partition C/ = C U {0} is a proper, dis-
tinguishing coloring of G,, ¢ with ¢ + 1 colors. In fact, C” is clearly proper, and to
show that it is distinguishing, consider p € Aut(Gy, 5) = Fy x F}; (by Lemma 3.3)
that fixes every color class. Write p(z) = Az +bwith A € Fy, b € Fy. Since ¢ fixes
the color class containing 0, we have b = 0. Also, x and Az cannot be in same color
class unless A = 1. Therefore ¢ is the identity automorphism.

It is interesting to determine if one can obtain families of vertex-transitive graphs
with xp(G) > x(G) + 1, with ‘small” automorphism groups and with x(G) being
arbitrarily large. In fact, for £ € N, there is no known family of vertex-transitive
graphs for which xp(G) > x(G) + 1 > k and | Aut(G)| = O(|[V(G)|°M). It is
plausible that Cayley graphs over certain groups may provide the correct construc-
tions.
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e Theorem 1.1 establishes, for any fixed k, the existence of vertex-transitive graphs

G, = (V,,, Ep,) with xp(Gy) > x(G,) > k and with | Aut(G,)| < 2k|V,|. Tt
would be interesting to obtain a similar family of graphs that satisfy with x p (G,,) >
X(Gr) > k and with | Aut(G,,)| < C|V,|, for some absolute constant C.
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1 Introduction

All graphs considered here are undirected and simple. For a graph G, let V(G) and E(G)
denote the vertex set and edge set of G, respectively. The order of G is the number of
vertices of G, denoted by |G|. For v € V(G), we denote by Ng(v) = {u € V(G) | uv €
E(G)} the neighborhood of v, Ng[v] = Ng(v) U {v} the closed neighborhood of v and
d(v) = |Ng(v)| the degree of v. A vertex of G is said to be pendant if it has degree 1.
By 0(G) we mean the minimum degree of vertices of G. As usual, we denote by G + H
the disjoint union of two graphs G and H, K, ., the complete multipartite graph with
[ parts of sizes nq,...,n;, and K,, C,, P, the complete graph, cycle, path on n vertices,
respectively.

The adjacency matrix of G, denoted by A(G) = (a;;), is the square matrix witha;; = 1
if v; and v; are adjacent, and a,; = 0 otherwise. Clearly, A(G) is a symmetric matrix with
zeros on the diagonal, and thus all the eigenvalues of A(G) are real, which are defined to be
the eigenvalues of G. The multiset consisting of eigenvalues along with their multiplicities
is called the spectrum of G denoted by Spec(G). To characterize graphs in terms of their
eigenvalues has always been of the great interests for researchers, for instance to see [2, 4,
5, 8, 9] and references therein.

The inertia of a graph G is defined as the triplet In(G) = (p(G),n(G),n(G)), where
p(G), n(G) and n(G) are the numbers of positive, negative and zero eigenvalues (including
multiplicities) of G, respectively. Traditionally p(G) (resp. n(G)) is called the positive
(resp. negative) inertia index of G and n(G) is called the nullity of G. Obviously, p(G) +
n(G) = r(G) = n—n(G) if G has n vertices, where r(G) is the rank of A(G). Let B and
D be two real symmetric matrices of order n. Then D is called congruent to B if there is
an real invertible matrix C' such that D = CT BC. Traditionally we say that D is obtained
from B by congruent transformation. The famous Sylvester’s law of inertia states that the
inertia of two matrices is unchanged by congruent transformation.

Since the adjacency matrix A(G) of G has zero diagonal, we have p(G) > 1 if G has
at least one edge. One of the attractive problems is to characterize those graphs with a
few positive eigenvalues. In [9] Smith characterized all graphs with exactly one positive
eigenvalue. Recently, Oboudi [6] completely determined the graphs with exactly two non-
negative eigenvalues, i.e., those graphs satisfying p(G) = 1 and n(G) = 1 or p(G) = 2
and n(G) = 0.

In this paper, we introduce three types congruent transformations for graphs. By using
these congruent transformations and Oboudi’s results in [6], we completely characterize
the graphs satisfying p(G) = 2 and n(G) = 1.

2 Preliminaries

In this section, we will introduce some notions and lemmas for the latter use.
Theorem 2.1 (Interlacing theorem [1]). Let G be a graph of order n and H be an induced
subgraph of G with order m. Suppose that \1(G) > -+ > A\ (G) and \y(H) > -+ >

Am (H) are the eigenvalues of G and H, respectively. Then for every 1 <i < m, \;(G) >
Ai(H) Z Anemti(G).

Lemma 2.2 ([1]). Let H be an induced subgraph of graph G. Then p(H) < p(G).
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Lemma 2.3 ([3]). Let G be a graph containing a pendant vertex, and let H be the induced
subgraph of G obtained by deleting the pendant vertex together with the vertex adjacent to
it. Then p(G) = p(H) + 1, n(G) = n(H) + 1 and n(G) = n(H).

Lemma 2.4 (Sylvester’s law of inertia). If two real symmetric matrices A and B are con-
gruent, then they have the same positive (resp., negative) inertia index, the same nullity.

Theorem 2.5 ([9]). A graph has exactly one positive eigenvalue if and only if its non-
isolated vertices form a complete multipartite graph.

Let G; be a graph containing a vertex u and G5 be a graph of order n that is disjoint
from GG;. For 1 < k < n, the k-joining graph of G; and G with respect to u, denoted by
G1(u) ®F Gy, is a graph obtained from G'; U G+ by joining u to arbitrary k vertices of Go.
By using the notion of k-joining graph, Yu et al. [11] completely determined the connected
graphs with at least one pendant vertex that have positive inertia index 2.

Theorem 2.6 ([11]). Let G be a connected graph with pendant vertices. Then p(G) = 2
if and only if G = K ,(u) oF K., .n, where u is the center of K1, and 1 < k <
ny+---+n.

Theorem 2.7 ([6]). Let G be a graph of order n > 2 with eigenvalues \1(G) > ---
An(G). Assume that A3(G) < 0, then the following hold:

v

(1) If \(G) > 0and M\o(G) =0, then G = K1+ K,,—1 or G = K, \ efore € E(K,);
(2) If \i(G) > 0and M2(G) < 0, then G = K.

Let 7 be set of all graphs satisfying Ao(G) > 0 and A\3(G) < 0 (in other words,
p(G) = 2 and n(G) = 0). Oboudi [6] determined all the graphs of H. To give a clear
description of this characterization, we introduce the class of graphs G,, defined in [6].

For every integer n > 2, let Kz and K|z | be two disjoint complete graphs with
vertex set V' = {v1,...,vpa1}and W = {ws,...,w n|}. G, is defined to be the graph
obtained from Kz and K| » | by adding some edges distinguishing whether n is even or
not below:

(1) If n is even, then add some new edges to Kz + Kz satisfying

0 = Nw(v1) C Nw(v2) = {wn} C Nw(v3) = {wz,wn 1} C--- C
Nw(vz 1) ={wn,...,w3} C Nw(vn) = {ws,...,wa}.

(2) If n is odd, then add some new edges to K i1 + K n1 satisfying

0 = Nw(v1) C Nw(v2) = {wn-1} C Ny (v3) = {U}nT—l,UJanl_l} C---C

2

NW(U%_J = {w"T_lv"'va} C NW(U"TH) = {w%w~,w1}'

By deleting the maximum (resp. minimum) degree vertex from G,, 41 if n is an even (resp.
odd), we obtain G,,. It follows the result below.

Remark 2.8 (See [6]). GG, is an induced subgraph of G,,41 for every n > 2.
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Figure 1: G5, Gg, G and G41.

For example, G =2 2K, G3 = P3 and G4 = Py. The graphs G5 and Gg are shown in
Figure 1. In general, G; and G441 are also shown in Figure 1 for an even number ¢.

Let G be a graph with vertex set {vy,...,v,}. By G[K%,, ..., K:, | we mean the gen-
eralized lexicographic product of G (by Ky, , Ky,, ..., K, ), which is the graph obtained
from G by replacing the vertex v; with K, and connecting each vertex of Ky, to each
vertex of Ky, if v; is adjacent to v; in G.

Theorem 2.9 ([6]). Let G € H of order n > 4 with eigenvalues \1(G) > - -+ > A\, (G).

(1) If G is disconnected, then G == K,, + K for some integers p,q > 2;

(2) If G is connected, there exist some positive integers s and t1, . .. ,ts such that G =
Gs|Kyy. .., Kt ] where3 < s<12andt; +---+ts =n.

Furthermore, Oboudi gave all the positive integers t1,...,ts such that G5[Ky,,. ..,
K ] € H in Theorems 3.4 -3.14 of [6].

Let G be the set of all graphs with positive inertia index p(G) = 2 and nullity n(G) = 1.
In next section, we introduce some new congruent transformations for graph that keep to
the positive inertia index. By using such congruent transformations we characterize those
graphs in G based on H.

3 Three congruent transformations of graphs

In this section, we introduce three types of congruent transformations for graphs.

Lemma 3.1 ([10]). Let u, v be two non-adjacent vertices of a graph G. If u and v have the
same neighborhood, then p(G) = p(G — u), n(G) = n(G —u) and n(G) = n(G —u) + 1.

Remark 3.2. Two non-adjacent vertices u and v are said to be congruent vertices of I-type
if they have the same neighbors. Lemma 3.1 implies that if one of congruent vertices of
I-type is deleted from a graph then the positive and negative inertia indices left unchanged,
but the nullity reduces just one. Conversely, if we add a new vertex that joins all the
neighbors of some vertex in a graph (briefly we refer to add a vertex of I-type in what
follows) then the positive and negative inertia indices left unchanged, but the nullity adds
just one. The graph transformation of deleting or adding vertices of I-type is called the
(graph) transformation of I-type.

Since Spec(Ks) = [(s — 1), (—=1)*~1]. By applying the transformation of I-type, we
can simply find the inertia of Ky, 5y, n,-
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Corollary 3.3. Let G = Ky, p,,... n. be a multi-complete graph where ny > ng > - -
ns and ig = min{l < i < s | n; > 2}. Then G has the inertia index: In(QG)
(p(G),;n(G),n(G)) = (1,4, + nijg+1 + -+ +ns —s+ig—1,s—1).

v

The following transformation was mentioned in [4], but the author didn’t prove the
result. For the completeness we give a proof below.

Lemma 3.4. Let {u, v, w} be an independent set of a graph G. If N (u) is a disjoint union
of N (v) and N(w), then p(G) = p(G —u), n(G) = n(G —u) and n(G) = n(G —u) + 1.

Proof. Since u,v,w are not adjacent to each other, we may assume that (0,0,0,a’),
(0,0,0,3T) and (0,0,0,~T) are the row vectors of A(G) corresponding to the vertices
u, v, w, respectively. Thus A(G) can be written as

0 0 O al

0 0 O T
A =10 0 o QT

a B v AG-—u—v—w)

Since N(u) = N(v) U N(w) and N (v) N N(w) = 0, we have &« = 3 + . By letting the
u-th row (resp. u-th column) minus the sum of the v-th and w-th rows (resp. the sum of the
v-th and w-th columns) of A(G), we get that A(G) is congruent to

00 0 0’

00 0 BT Q) (I
00 0 AT 0 AG—-w))”
0 8 v AG—u—v—w)

Thus p(G) = p(G — u), n(G) = n(G — u) and n(G) = n(G —u) + 1 by Lemma 2.4. O

Remark 3.5. The vertex w is said to be a congruent vertex of II-type if there exist two non-
adjacent vertices v and w such that N (u) is a disjoint union of N (v) and N (w). Lemma 3.4
implies that if one congruent vertex of II-type is deleted from a graph then the positive and
negative indices left unchanged, but the nullity reduces just one. Conversely, if there exist
two non-adjacent vertices v and w such that N(v) and N(w) are disjoint, we can add a
new vertex u that joins all the vertices in N (v) U N (w) (briefly we refer to add a vertex of
[I-type in what follows), then the positive and negative inertia indices left unchanged, but
the nullity adds just one. The graph transformation of deleting or adding vertices of II-type
is called the (graph) transformation of II-type.

An induced quadrangle Cy = uvzy of G is called congruent if there exists a pair of
independent edges, say uv and xy in Cy, such that N(u) \ {v,y} = N(v) \ {u,z} and
N(z)\ {y,v} = N(y) \ {z, u}, where wv and zy are called a pair of congruent edges of
Cy. We call the vertices in a congruent quadrangle the congruent vertices of Ill-type.

Lemma 3.6. Let u be a congruent vertex of lll-type in a graph G. Then p(G) = p(G —u),
n(G) = n(G — u) and n(G) =n(G — u) + 1.

Proof. Let Cy = uvxy be the congruent quadrangle of G containing the congruent vertex
u. Then (0,1,0,1,aT), (1,0,1,0,a™), (0,1,0,1, 87), (1,0, 1,0, 37 are the row vectors
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of A(G) corresponding to the vertices u, v, x and y, respectively. Thus A(G) can be
presented by

0 1 0 1 aT
1 0 1 0 al
AG =10 1 0 1 BT
1 0 1 0 BT
a a p p AG-—u—v—z—y)

By letting the u-th row (resp. u-th column) minus the z-th row (resp. x-th column) of
A(G), and letting the v-th row (resp. v-th column) minus the y-th row (resp. y-th column)
of A(G), we obtain that A(G) is congruent to

0 0 0 0 al — g7

0 0 0 0 al — g7
B = 0 0 0 1 BT

0 0 1 0 8T

a—p a=-08 B B AG—-—u—v—x—y)

Again, by letting the u-th row (resp. u-th column) minus the v-th row (resp. v-th col-
umn) of B, and adding the y-th row (resp. y-th column) to the v-th row (resp. v-th column)
of B, we obtain that B is congruent to

00 0 0 o’
0 0 1 0 aT T
0 0
01 0 1 BT ( )
0 a 8  AG—-—u—v—2x—y)

Thus p(G) = p(G — u), n(G) = n(G —u) and n(G) = n(G —u) + 1 by Lemma 2.4. [

Remark 3.7. The Lemma 3.6 confirms that if a congruent vertex of Ill-type is deleted
from a graph then the positive and negative inertia indices left unchanged, but the nullity
reduces just one. Conversely, if we add a new vertex to a graph that consists of a congruent
quadrangle with some other three vertices in this graph (briefly we refer to add a vertex
of III-type in what follows) then the positive and negative inertia indices left unchanged,
but the nullity adds just one. The graph transformation of deleting or adding vertices of
III-type is called the (graph) transformation of IlI-type.

Remark 3.2, Remark 3.5 and Remark 3.7 provide us three transformations of graphs that
keep the positive and negative inertia indices and change the nullity just one. By applying
these transformations we will construct the graphs in G. Let G; be the set of connected
graphs each of them is obtained from some H € # by adding one vertex of I-type, G3 be
the set of connected graphs each of them is obtained from some H € H by adding one
vertex of II-type and G3 be the set of connected graphs each of them is obtained from some
H € H by adding one vertex of III-type. At the end of this section, we would like to give
an example to illustrate the constructions of the graphs in G; (i = 1,2, 3).

Example 3.8. We know the path P4, with spectrum Spec(P,) = {1.6180,0.6180,
—0.6180, —1.6180}, is a graph belonging to . By adding a vertex u of I-type to Py we ob-
tain H;, € G (see Figure 2) where Spec(H;) = {1.8478,0.7654,0, —0.7654, —1.8478},
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Figure 2: The graphs Py, Hy, Hy and H3.

adding a vertex u of II-type to P, we obtain Ha € Go where Spec(Hs) = {2.3028,0.6180,
0,—1.3028, —1.6180}. Finally, by adding a vertex u of III-type to P, we obtain Hs € Gs,
where Spec(H3) = {2.4812,0.6889,0, —1.1701, —2}. In fact, uv and zy is a pair of inde-
pendent edges in Hj. Clearly, N (u)\ {v,y} = N(v)\ {u, 2} = {w} and N(z)\ {y,v} =
N(y) \ {z,u} = 0. Thus Cy = uvwy is a congruent quadrangle of Hj.

Clearly, G = K 2 U P, is a non-connected graph in G, and all such graphs we collect
inG~ = {G € G | Gisdisconnected}. Additionally, H; and H> shown in Figure 2 are
graphs with pendant vertex belonging to G, and all such graphs we collectin Gt = {G €

G | G is connected with a pendant vertex }. In next section, we firstly determine the graphs
inG~ and GT.

4 The characterization of graphsin G~ and G+
The following result completely characterizes the disconnected graphs of G.

Theorem 4.1. Let G be a graph of order n > 5. Then G € G~ if and only if G =
Ki+ Ki+Ki,H+ Ky or Ks+ K,_s \ efore € E(K,,_), where H € H is connected
ands+t=n—1,s,t > 2.

Proof. All the graphs displayed in Theorem 4.1 have two positive and one zero eigenvalues
by simple observation. Now we prove the necessity.

Let G € G, and Hy, Ho,...,Hy (k > 2) the components of G. Since A\{(H;) > 0
fori =1,2,...,kand A\y(G) < 0, G has two or three components and so k < 3.

First assume that G = H; + Hs + Hs. It is easy to see that G has exactly one isolated
vertex due to n(G) = 1 and p(G) = 2. Without loss of generality, let H3 = K;. Since
A3(G) = 0and A\ (H;) > 0 (@ = 1,2), we have A\o(H;) < 0 and A2(Hs2) < 0. By
Theorem 2.7 (2), G = K, + K; + K1 as desired, where s+t =n — 1 and s,t > 2.

Next assume that G = Hy + Hs. If H; = K, then

)\1(G> = )\1(H2) > )\Q(G) = )\Q(HQ) > )\3(G) =
0= )\1(H1) > )\4(G) = )\3(H2) < 0.

Thus Hy &2 H € H,and so G = H + K, as desired. If |H;| > 2 for i = 1,2, then one
of A\2(H1) and A2(Hy) is equal to zero and another is less than zero because A3(G) = 0
and A\4(G) < 0. Without loss of generality, let Ao(H;) < 0 and A\2(H3) = 0. We have
As3(Hy) < Xo(Hp) < 0, in addition, A\3(Hz2) < 0 since n(G) = 1. By Theorem 2.7 (2),
H, = K, for some s > 2 and by Theorem 2.7 (1), Hy 2 K,,_, \ e.

We complete this proof. 0

In terms of Theorem 2.6, we will determine all connected graphs with a pendant vertex
satisfying p(G) = 2 and n(G) = d for any positive integer d.
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Theorem 4.2. Let G be a connected graph of order n with a pendant vertex. Then p(G) =
2andn(G) =d > 1ifand only if G = K1 »(u) ek Ky, ... .n, wherer +nq +ng+-- -+
—(l+1)=d

Proof. Let G = K (u) oF Ky, .n, and vu is a pendant edge of G. By deleting v and
u from G we obtain H = G — {u,v} = (r — 1)K1 U K, .. n,. It is well known that
P(Kny,..n) = land n(Ky, .. n,) =n1 + -+ ng — . From Lemma 2.3, we have

p(G): ( )+1_ ( ni,.. l)+1:27
n(G) =n(H) = (r—1)+ (n1+~--+nz—l)=d~
Conversely, let G be a graph with a pendant vertex and p(G) = 2. By Theorem 2.6,

we have G = K ,.(u) ®F K, . According to the arguments above, we know that
NG)=r+mtngt-tm—(+1)=d =

From Theorem 4.2, it immediately follows the result that completely characterizes the
graphs in G

Corollary 4.3. A connected graph G € G* if and only if G = Ky 3(u) ®F K, _3 or
G=Ki1(u)OF Ko\ efore € E(K,_»).

Proof. By Theorem 4.2, we have G € G if and only if G = K ,(u) oF Knyooongs
where r +ny +ng + - +n; — ({+1) = 1and ,l,nq,...,n > 1. It gives two

solutions: oneis r = 2, n; = ng = --- = n; = 1 and [ = n — 3 which leads to
G = K1 2(u) ©F K,,_3; anotherisr = 1,1 = 2,ny = --- = n; = 1 and | = n— 2 which
leadsto G = K1 1(u) ©F K,,_5 \ efore € E(K,_2). O

Let G* denote the set of all connected graphs in G without pendant vertices. Then
G = G~ UGt UG*. Therefore, in order to characterize G, it remains to consider those
graphs in G*.

5 The characterization of graphs in G*

First we introduce some symbols which will be persisted in this section. Let G € G*. The
eigenvalues of G can be arranged as:

We choose v* € V(G) such that dg(v*) = 6(G) = t, and denote by X = Ng(v*) and
Y = V(G) — Ng[v*]. Thent = |X| > 2 since G has no pendant vertices. In addition,
|Y'| > 0 since otherwise G would be a complete graph. First we characterize the induced
subgraph G[Y'] in the following result.

Lemma 5.1. G[Y] = Kn—t—l \ e, Kl + Kn_t_g or Kn—t—l-

Proof. First we suppose that Y is an independent set. If |Y| > 3, then M\ (G) >
A(G[Y U{v*}]) = 0 by Theorem 2.1, a contradiction. Hence |Y| < 2, and so G[Y] & K;
or G[Y] = K2 \6 = 2K1

Next we suppose that G[Y'] contains some edges. We distinguish the following three
situations.
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If A\2(G[Y]) > 0, we have p(G[Y]) > 2. For any z € X, the induced subgraph
G[{v*,z}UY] has a pendant vertex v* by our assumption. By Lemma 2.2 and Lemma 2.3,
we have p(G) > p(G[{v*,z} UY]) = p(G[Y]) + 1 > 3, a contradiction.

If \2(G[Y]) < 0, by Theorem 2.7 (2) we have G[Y] = K,,_;_1 as desired.

At last assume that A\y(G[Y]) = 0. If A3(G[Y]) < 0, by Theorem 2.7 (1), we have
GlY| 2 K,—t-1\ e, K1+ K,_;_o as desired. If \3(G[Y]) = 0, by Lemma 2.3 we have
p(G[{v*,2} UY]) = p(G[Y]) + 1 = 2 and n(G[{v*,z} UY]) = n(G[Y]) > 2, which
implies that Ay (G) > Ay (G[{v*, 2} UY]) = 0, a contradiction.

We complete this proof. O

First assume that Y = {y;}. If G[X] = K}, then G = K,, \ v*y;. However K, \
v*y; & G* since p(K,, \ v*y;) = 1. Thus there exist z; ¢ x9 in X. Then Ng(x1) =
N¢(z2) and Ng(v*) = Ng(y1). It follows that n(G) > 2 by Lemma 3.1. Next assume
that Y = {y1,y} is an independent set. We have Ng(v*) = Ng(y1) = Ng(y) since
da(y1),da(y) > dg(v*) = §(G). Thus, by Lemma 3.1 we have n(G) = n(G —y1)+1 =
n(G —y1 —y) +2 > 2. Thus we only need to consider the case that G[Y'] contains at
least one edge. Concretely, we distinguish three situations in accordance with the proof of
Lemma 5.1:

(@) G[Y] = Kp_t—2 + K in case of \(G[Y]) = 0 and \3(G[Y]) < 0, where

n—t—22>2;
(b) GIY] =2 K,—¢—1 \ e in case of A2(G[Y]) = 0 and A\3(G[Y]) < 0, where Y| =
n—t—1>3;

(©) GIY] 2 K,,—t—1 incase of \3(G[Y]) < 0, where [Y|=n—t—12> 2.

In the following, we deal with situation (a) in Lemma 5.2, (b) in Lemma 5.3 and (c)
in Lemma 5.4, 5.7 and Lemma 5.15. We will see that the graph G € G* illustrated in (a)
and (b) can be constructed from some H € H by the graph transformations of I-, II- and
[II-type, but (c) can not.

Lemma 5.2. IfG[Y]| = K,,_1—o + K1, wheren —t —2 > 2, then G € G.

Proof. Since G[Y] is isomorphic to K,,_¢—o + K1 (n—t—2 > 2), Y exactly contains one
isolated vertex of G[Y], say y. We have N (v*) = N (y) and thus y is a congruent vertex
of I-type. By Lemma 3.1, we have p(G) = p(G — y) and 1(G) = n(G — y) + 1. Notice
that G — y is connected, we have G —y € H, and so G € G;. Such a graph G, displayed
in Figure 3 (1), we call the v*-graph of I-type. O

In Figure 3 and Figure 5, two ellipses joining with one full line denote some edges
between them. A vertex and an ellipse joining with one full line denote some edges between
them, and with two full lines denote that this vertex joins all vertices in the ellipse. Two
vertices join with same location of an ellipse denote that they have same neighbours in this
ellipse.

It needs to mention that the v*-graph of I-type characterized in Lemma 5.2, is a graph
obtained from I € H by adding a new vertex joining the neighbors of a minimum degree
vertex of H.

For S C V(G) andu € V(G), let Ng(u) = Ng(u) NS and Ng[u] = Ng[u] N S.

Lemma5.3. Let G[Y| 2 K, ;1\ e wheren —t—1>3ande =yy'. Then G € Gy if
Nx(y) = Nx(y') and G € Gs otherwise.
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( Iy ) ) py
GlY] 2 Kn—t—2 + K1 GlY]= Kn—t-1\yy' GlY] 2 Knt—1\yy

v*-graph of I-type Y -graph of I-type (v*,Y')-graph of II-type
(D () (3)

Figure 3: The structure of some graphs.

Proof. Sincen —t — 1 > 3, there is y* € Y other than y and 3. It is clear that Ng(y) =
Nx(y)U (Y \{y,y'}) and Na(y') = Nx (y') U (Y \ {y,4'}), and thus Ne(y) = Na(y')
if and only if Nx (y) = Nx(y'). We consider the following cases.

Case 1. Nx(y) = Nx(v').

By assumption, N¢(y) = Ng(y'), thus y and 3’ are congruent vertices of I-type. By
Lemma 3.1, we have p(G) = p(G — y) and n(G) = n(G —y) + 1. Since G — y is
connected, we have G — y € H and so G € G;. Such a G, displayed in Figure 3 (2), we
call the Y -graph of I-type.

Case 2. Nx(y) # Nx(v').

First suppose that exactly one of Nx(y) and Nx(y') is empty, say Nx(y) = 0 and
Nx(y') # (. Then yy* is a pendant edge of the induced subgraph G[X U {y, v, y*,v* }].
By Lemma 2.2 and Lemma 2.3, we have

2=p(G) 2 p(GIX U{y, v ,y"v"}]) = p(GIX U{y',v"}])) +1 =2
Thus
p(GIX U{y,y,y*,v*}]) =2 and
p(GIX U{y,v"}]) = 1.
We see that A2 (G[X U {y/, v*}]) = 0 (since otherwise A2 (G[X U {y’,v*}]) < 0 and then
G[X U {y/,v*}] is a complete graph, but ¢’ »¢ v*). If A3(G[X U {y',v*}]) = 0, we have
N(GX U{y,y' g% 0 }) = n(GX u{y,0"}]) 2 2,

which implies
M(G) = M(GIX U{y,y,y" v"}]) =0,

a contradiction. If A3 (G[X U{y/,v*}]) < 0, then G[XU{y’,v*}] = K;y2\eor Ki 11+ K,
by Theorem 2.7 (1). Notice that G[X U {y, v*}] is connected, we get G[X U {y/,v*}] =
Ko\ e where e = v*y’. Thus Nx(y') = X and so Ng(y') = X U (Y \ {y,¢'}) =
Ng(v*) U Ng(y) is a disjoint union. Additionally, {y’,v*, y} is an independent set in G,
we see that 3’ is a congruent vertex of II-type. Thus p(G) = p(G — ¢') and n(G) =
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Figure 4: The graphs I'1,T'a, ..., T'14.

(G — y') + 1 by Lemma 3.4. This implies that G — 3y’ € H, and so G € G,. Such a G,
displayed in Figure 3 (3), we call the (v*,Y")-graph of II-type.

Next suppose that Nx(y), Nx(y') # 0, without loss of generality, assume that
Nx(y') \ Nx(y) # 0. Then there exists ¥’ € Nx(y') \ Nx(y). Thus 2’ ~ y' and
a’ ¢ y. Now by taking some = € Nx(y), we see that Cs = v*zyy*y'z’ is a 6-cycle in G.
Note that = may joins each vertex in {z’,3’,y*} and 2’ may joins y*. By distinguishing
different situations in according with the number of edges we have

Cs no edge;
I'yorI's one edges;
Gv*,z,y,y*,y,2'] 2 {T3,Tyor'5s two edges;
I'¢,I'7 orI'g three edges;
Iy four edges.

However Cg and I'y, . .., I's and I'g are all forbidden subgraphs of G (see Figure 4).
We complete this proof. O

It remains to characterize the graph G € G* satisfying G[Y] & K,,_+_1. Such a graph
G we call X-complete if G[X] is also complete graph, and X -imcomplete otherwise. The
following result characterizes the X-imcomplete graphs.

Lemma 54. Let G[Y] = K,,_;_1, wheren —t — 1 > 2, and G is X-imcomplete. Then
G € G if there exist two non-adjacent vertices x1 7 o in G[X] such that Ny (z1) =
Ny (z2) and G € G5 otherwise.

Proof. Let X = {x1,22,...,2¢}and Y = {y1,y2,...,Yn—t—1}. Then V(G) = {v*} U
X UY and Y induces K,,_;_1. Let x and z’ be two non-adjacent vertices in X. Since
dg(z) > dg(v*)andn —t —1 > 2, we have [Ny (x)| > 1 and |Y| > 2, respectively. First
we give some claims.

Claim 5.5. If x # 2’ in G[X] then one of Ny (x) and Ny (z') includes another. If
Ny (z) C Ny (2') then |Ny (z)] =1 and Ny (z') =Y.
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Proof. On the contrary, let y € Ny (z) \ Ny(z') and y' € Ny(2') \ Ny(z), then
Gv*,z,2',y,y'] = Cs. Thus one of Ny (z) and Ny (z') includes another. Now as-
sume that Ny (z) C Ny (a'). If [Ny (x)| > 2, say {y,y'} C Ny (x), then 2’ ~ y,y' and
exists y* € Ny (z') \ Ny (z). Thus G[v*,z,2',y,y', y*] = T'1¢ (see Figure 4). However
p(T'10) = 3. Hence | Ny (x)| = 1, and we may assume that Ny (z) = {y}. If Ny (z/) # Y,
then there exists y' € Y \ Ny (z'). Also, there exists y* € Ny (z') \ Ny(x). We have
Gv*,z, 2’ y,y’,y*] = Ty (see the labels in the parentheses of Figure 4), but p(T'y) = 3.
Thus Ny (2') =Y. O

Claim 5.6. If x % 2’ in G[X] then Nx(x) = Nx (z').

Proof. On the contrary, we may assume that * € Nx (') \ Nx(z). Then z* ~ 2z’ and
x* o x, thus [Ny (x)| > 2 since [Ng(z)| > t. By Claim 5.5, we have Ny (z*), Ny (2') C
Ny (z). Then either Ny (z*) = Ny (2') = Ny (z) or one of Ny (z*) and Ny (z') is a
proper subset of Ny (z) (without loss of generality, assume that Ny (z*) C Ny (z), and
then [Ny (z*)| = 1 and Ny (x) = Y by Claim 5.5).

Suppose that Ny (z) = Ny(z*) = Ny(a'). Take y,y' € Ny(z), we see that
Gv*,z,xz*, 2, y,y'] = T'11 (see Figure 4). However p(T'11) = 3.

Suppose that [Ny (z*)| = 1 and Ny (z) = Y. Let Ny (z*) = {y} and there exists
another y' € Y. Then G[v*, z,x*,2’, y, y’] is isomorphic I'13 (see Figure 4) if 2’ ~ y, v/,
or isomorphic to I'12 (see Figure 4) if 2/ ~ y and 2’ # %/, or isomorphic to "4 (see
Figure 4) if 2’ ¢ y and 2’ ~ y'. However p(T'13) = p(T'13) = 3 and A\y(T'14) = 0. We are
done. O

Now we distinguish the following cases to prove our result.

Case 1. There exist x; ¢ x2 such that Ny (1) = Ny (x2).

Since x1 ¢ o, we have Nx(x1) = Nx(z2) by Claim 5.6, so Ng(z1) = Ng(x2).
Thus z; and x5 are congruent vertices of I-type. By Lemma 3.1, p(G) = p(G — z1) and
n(G) = n(G —x1) + 1. Thus G — 21 € H and so G € G;. Such a G, displayed in
Figure 5 (1), we call the X -graph of I-type.

Case 2. For each pair of x ¢ ' € X, Ny (x) # Ny (/).

By Claim 5.5, without loss of generality, assume that Ny () C Ny (z') and then
Ny (z) = {y} and Ny (') = Y. Thus y ~ z, 2’ and furthermore we will show that X C
N¢g(y). Infact, let 2* € X \ {z, 2’} (if any), if x £ ©*, we have Ny (x*) D Ny (z) = {y}
by Claim 5.6. Thus y ~ z*. Otherwise, z ~ z* and thus 2’ ~ * since Nx (z) = Nx(a')
by Claim 5.6. Now take y' € Y \ {y}. If y 4 =*, then G[v*, z, 2, z*, y,y'] is isomorphic
to "2 (see the first labels in the parentheses of Figure 4) while 2* £ 4, or isomorphic to
T'15 (see the labels in the parentheses of Figure 4) while 2* ~ y', but p(T'12) = p(T'13) = 3.
It follows that Ng(y) = X U (Y \ {y}) since Y induces a clique.

On the other hand, since dg(z) > |X| = t, ¢ # 2’ and Ny (x) = {y}, we have
Nx(z) = X \ {z,2'} and so Nx(2') = X \ {z,2’} by Claim 5.6. Thus Ng(z) =
(X \ {z,2'}) U {v*,y} and Ng(2') = (X \ {z,2’}) UY U {v*}. Hence the quadrangle
Cy = zv*x'y is congruent, where zv* and x’y is a pair of congruent edges of Cy. It
gives that z, v*, 2’, y are congruent vertices of IlI-type. By Lemma 3.6, we have p(G) =
p(G—z) and n(G) = n(G—z) +1thus G —z € H, and so G € Gs. Such a G, displayed
in Figure 5 (2), we call the (v*, X, Y')-graph of IIl-type.

We complete this proof. O
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X-graph of I-type (v*, X,Y)-graph of Ill-type (X, Y)-graph of III-type
0] ) 3

Figure 5: The structure of some graphs.

At last we focus on characterizing X -complete graph G € G*, i.e., G[X]| & K; and
GlY] 2 K,,—+—1. A X-complete graph G € G* is called reduced if one of Ny (z;) and
Ny (z;) is a subset of another for any z; # x; € X and non-reduced otherwise. Thus the
X-complete graphs are partitioned into a disjoint union of the reduced and non-reduced
X-complete graphs. Concretely, for a reduced X -complete graph G € G*, we may assume
that ) = Ny (v*) C Ny(z1) € Ny(z3) C -+ C Ny(x4); for a non-reduced (X,Y)-
complete graph G € G*, there exist some x # ' € X such that Ny (z) \ Ny (z) # 0 and
Ny (') \ Ny (z) # (). Such vertices = and z’ are called non-reduced vertices. It remains
to characterize the reduced and non-reduced X -complete graphs in what follows.

Lemma 5.7. Let G € G* be a non-reduced X -complete graph and x,x’ be non-reduced
vertices. Then G € Gs.

Proof. Since z,x’ are non-reduced vertices, there exist y € Ny (z) \ Ny (') and ¢/ €
Ny (2') \ Ny (x). Then x,z’, 3,y induces C} (see Figure 5 (3)). It suffices to verify that
Cy is congruent. Clearly, Ng(x) D (X \{z})U{v*} and Ng(2') D (X \ {«'}) U{v*}. If
there exists y* € Ny (z) \ Ny (z') other than y, then G[v*,z,2', ¢, y, y*] = T'12 (see the
second labels in the parentheses of Figure 4), however I'15 is a forbidden subgraph of G.
Hence Ny (z) \ Ny (2’) = {y}. Similarly, Ny (z') \ Ny (x) = {y’}. On the other aspect,
x € Nx(y)\Nx(y')and 2’ € Nx(y")\Nx (y). If there exists z* € Nx (y)\Nx (y’) other
than x, then G[v*,z, 2’ 2*,y,y'] = T'1o (see the labels in the parentheses of Figure 4),
however I'1g is a forbidden subgraph of G. Hence Nx(y) \ Nx(y') = {x}. Similarly,
Nx(y")\Nx(y) = {z'}. Hence Nx (y)\{z} = Nx(y')\{z'}. Note that Ng(y) D Y'\{y}
and Ne(y') 5 Y\ {y'}, we have Ng(y) \ {¢/, 2} = (Y \ {y,4'}) U (Nx(y) \ {z}) =
Ne(y') \ {2/, y}. Hence the quadrangle Cy = za'y’y is congruent, where za’ and 'y is
a pair of congruent edges. It follows that x, ', 3, y are congruent vertices of III-type. By
Lemma 3.6, we have p(G) = p(G — z) and n(G) = n(G —z) + 1. Thus G — = € H, and
so G € Gs. Such a G, displayed in Figure 5 (3), we call the (X, Y')-graph of III-type.

We complete this proof. O

To characterize the reduced X -complete graph, we need the notion of canonical graph
which is introduced in [7]. For a graph G, a relation p on V(G) we mean that upv iff u ~ v
and Ng(u) \ v = Ng(v) \ u. Clearly, p is symmetric and transitive. In accordance with p,
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the vertex set is decomposed into classes:
V(G)=ViUVaU--- UV, (5.1

where v; € V; and V; = {z € V(G) | zpv;}. By definition of p, V; induces a clique K,,
where nq +ng + - - + ni = n = |V(G)|, and vertices of V; join that of Vj iff v; ~ v; in
G. We call the induced subgraph G[{v1, va, ..., v }] as the canonical graph of G, denoted
by G.. Thus G = G¢[Kp,, Kn,, ..., Ky, ] is a generalized lexicographic product of G,
by Konyy Ky, K.

Let G be a reduced X -complete graph. From (5.1) we have G = G [K,,,, Kp,,. ..,
K], where G. = G[{v1,va,...,ux}] and V; = {& € V(G) | zpv;} induces clique
K,,. Without loss of generality, assume v; = v*. Let X, = Ng,(v1) and Y. =
{va,v3,...,v5} \ X¢. Clearly, G.[X,] is a clique since X_ is a subset of X and X in-
duces a clique in G. Furthermore, G.[Y¢] is a clique since Y, is a subset of ¥ and Y’
induces a clique in G. Thus G, is also a X .-complete graph. Additionally, since G
is reduced, G, is also reduced. Let t. = dg, (v1) and X, = {z1,2a,..., 2}, Yo =
{y1,Y2, - s Yk—t.—1}. We may assume Ny,(v1) C Ny,(z1) C --- C Ny, (x,) and
Nx_(y1) C -+ C Nx_(yx—t.—1)- Therefore,

0= |Ny,(v1)] < [Ny, (z1)] < -+ < [Ny, ()| < |Ye| =k =t =1,  (5.2)

and
0 < |Nx,(y1) <|Nx, (y2)] < < |Nx, (Yb—t,-1)| < |Xc| = te. (5.3)

From Equation (5.2), we have t. < k — ¢, — 1. Similarly, &k — t, — 2 < t. from
Equation (5.3). Thus k —2 < 2t, < k—1,andsot, = [£] — 1.

If k is even, then t. = % — 1. From Equation (5.2), we have [Ny, (z;)| = i for
i=1,2,...,t.. Thus we may assume that
NYc (Ul) = (2)7
Ny, (z1) = {yx},

NYc(w%*Q) = {ygv .. ayS}a
NYC(ngl) = {yga s ay2}'-

This implies that G =2 G, where Gy, is defined in Section 2. Similarly, G = Gy, if k is odd.
Thus we obtain the following result.

Lemma 5.8. Let G be a reduced X-complete graph. Then G. = Gy where k > 2 is
determined in (5.1).

Let G € G* be areduced X-complete graph. The following lemma gives a characteri-
zation for G. First we cite a result due to Oboudi in [5].

Lemma 5.9 ([5]). Let G = G3[K,,, Kn,, Kn,], where ny,na, n3 are some positive inte-
gers. Then the following hold:

(1) If ny = ny = ng = 1, that is G = Ps, then \3(G) = —/2;
(2) If ny =no = landng > 2, then \3(G) = —1;
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(3) If ning > 1, then A3(G) = —1.

We know that any graph G is a generalized lexicographic product of its canonical graph,
ie., G =GKp,, Kn,,...,K,,]. Wealso have G, = G}, if G is reduced X -complete by
Lemma 5.8. Furthermore, the following result prove that 4 < k£ < 13.

Lemma 5.10. Let G € G* be a reduced X -complete graph. Then there exists 4 < k < 13
such that G = G Ky, Knyy -« K, |-

Proof. By Lemma 5.8, G = Gi|K,,, Kn,,...,Ky,] for some k. If & = 1 or 2 then
G=K, ¢G" andsok > 3. If k = 3, then G = G3[K,,, K,,, Ky,]. Thus A3(G) < 0
by Lemma 5.9, a contradiction. Hence & > 4. On the other hand, since G, = Gy, is an
induced subgraph of G, we have A\4(Gj) < Ay(G) < 0 by Theorem 2.1. Note that G4 is
an induced subgraph of G}, (by Remark 2.8) for k& > 15, we have A\y(Gg) > A4(G14) = 0.
It implies that k£ < 13. ]

Next we consider the converse of Lemma 5.10. In other words, we will try to find the
values of ny, ..., ny such that p(Gi[ K, , ..., Ky, ]) =2 and (G Ky, , ..., K, ]) =1,
where 4 < k < 13 and n = ny + no + - - - + ng. For the simplicity, we use notation in [8]
to denote

G25[Kn1a- .. ,ans] = Bgs(nl, vy Mg Mg 1y - e ,TLQS) and
G2s+1[Kn17 ey Kn25+1] = B2s+1(n17 ey Mgy Mgy 1y - -0, N2, n28+1)'
By Remark 3.2 in [6], we know

HO = Bgs(nl,... ,ns;ns_,_l,... ,Tlgs)

!
> Bog(Ngq1 ... ,N2s; N1, .., Ns) = H) and

Hi = Bogy1(n1, ..., Nsi Nsg1s - - -, N2ss N2 41)
!
= Bogy1(Nogi1, -+, Nas3 N1, .oy Mg Nast1) = Hi.

In what follows, we always take Hy and H;, in which (n1,...,ns) is prior to (ns41,. ..,

ngs) in dictionary ordering, instead of H{ and Hj. For example we use Bs(4,3,2; 4,3,1)

instead of Bg(4,3,1;4,3,2) and Br(5,3,2;5, 2, 4; 8) instead of B(5,2,4;5,3,2;8).
For4 < k <13, let

Bi(n) ={G = Bx(n1,...,ng) | n=n1 4+ -+ +ng,n; > 1}.

Let B} (n), BY(n), BY(n) and B;, (n) denote the set of graphs in By (n) satisfying A3(G) >
0 for G € B (n), \M(G) = A3(G) = 0 for G € BY(n), M(G) < A3(G) = 0 for
G € BY(n) and \3(G) < 0 for G € By (n), respectively. Clearly, By(n) = B} (n) U
B0 (n) U BY(n) U By (n) is disjoint union and G = Gy[K,,, K,, ..., Ky,,] € BY(n) if
G € G* is areduced X-complete graph by Lemma 5.10. In what follows, we further show
that n < 13. First, one can verify the following result by using computer.

Lemma 5.11. 82(14) = () for 4 < k < 13 (it means that there are no reduced X -complete
graphs of order 14).

Proof. For 4 < k < 13, the k-partition of 14 gives a solution (ni,ns,...,nk) of the
equation nq + ng + - - - + ni = 14 that corresponds a graph G = By(ni,na,...,ng) €
B (14). By using computer, we exhaust all the graphs of By (14) to find that there is no
any graph G € By, (14) with \4(G) < A3(G) = 0. It implies that BY(14) = 0. O
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In [6], Oboudi gave all the integers nq, . . ., ny satisfying A\y(Bg(n1,...,n)) > 0 and
A3(Bgr(n1,...,ng)) < 0for4 < k < 9. For simplicity, we only cite this result for k = 5
and the others are listed in Appendix B.

Theorem 5.12 ([6]). Let G = Bs(ni,na;ns, ng;ny), where ny, na, n3, ng, ns are some
positive integers. Then \o(G) > 0 and A\3(G) < 0 if and only if G is isomorphic to one of
the following graphs:

(1) Bs(a,w;1,1;1); (6) Bs(a,l;z,w;1);  (11) Bs(x,w;1,d;1);

(2) Bs(a,x;1,d;1); (7) Bs(a,L;z,y5€); (12) Bs(z,w;1,1;e);

(3) Bs(a,x;1,y; 2); (8) Bs(a,1;1,d;e); (13) Bs(1,b;1,d;1);

(4) Bs(a,z;1,1;¢); (9) Bs(w,z3y,15€);  (14) Bs(1,b;1,2;y);

(5) Bs(a,1l;¢,15€); (10) Bs(z,b;1,1;1); (15) Bs(1,x;1,y;¢);

(16) 63 specific graphs: 13 graphs of order 10, 25 graphs of order 11, and 25 graphs of
order 12,

where a, b, c,d, e, x,y, z,w are some positive integers such that x < 2, y < 2, z < 2 and
w < 3.

Lemma 5.13. Let G € By (n), where 4 < k < 9andn > 14. If G ¢ B, (n), then G has
an induced subgraph ' € By, (14) \ B, (14).

Proof. We prove this lemma by induction on n. If n = 14, since G' € By,(14)\ B, (14), our
result is obviously true by taking I' = G. Let n > 15 and G’ € Bi(n — 1) be an induced
subgraph of G. If G’ ¢ B, (n—1), then G’ has an induced subgraph I" € Bj,(14) \ B, (14)
by induction hypothesis, and so does G. Hence it suffices to prove that G contains an
induced subgraph G’ € By, (n — 1)\ B, (n — 1) for n > 15 in the following. We will prove
that there exists G’ € Bs(n — 1) \ B; (n — 1) for n > 15, and it can be similarly proved
for the other & which we keep in the Appendix B.
Let G = Bs(n1,n2;n3,n4;n5) € Bs(n). Then one of

H; = Bs(n1 — 1,n2;n3,n4;n5), Hy = Bs(ni,n2 — 1;n3,n4;05),
Hs = Bs(ni,n2;n3 — 1,n43n5), Hy = Bs(ni,n2;n3,n4 — 1;n5) and

Hs = Bs(ni,n2;n3,n45n5 — 1)

must belong to Bs(n—1). On the contrary, assume that H; € By (n—1) fori =1,2,...,5.
Then H, is a graph belonging to (1) —(15) in Theorem 5.12 since |H;| =n — 1 > 14.
First we consider H;. If H; is a graph belonging to (1) of Theorem 5.12, then H; =
Bs(a,w;1,1;1) where n; —1 = a,ns = w,n3 = ng = ns = 1, and hence G = Bs(a+1,
w;1,1;1) € By (n), a contradiction. Similarly, H; cannot belong to (2)—(8) of Theo-
rem 5.12. If H; is a graph belonging to (9) of Theorem 5.12, then H; = Bs(w, x;y, 1;¢e)
where ny — 1 = w, ng = 2, ng = y, ng = 1, n5 = e. Since w < 3, we have
ny < 4. Ifn; < 4thenw+1 < 3and G = Bs(w + 1,z;y,1;¢) € By (n), a con-
tradiction. Now assume that n; = 4. Then H; = B5(3,x;y, 1;¢). Since z,y € {1,2},
we have G € {B5(4,1;1,1;¢), B5(4,2;1, 15¢), B5(4,1;2, 1;¢e), B5(4,2;2,1;¢e)}. How-
ever B5(4,1;1,1;¢e), B5(4,2;1,1; e), Bs(4,1;2, 1; ¢) belong to (4), (5) of Theorem 5.12
which contradicts our assumption. Thus G = Bs(4,2;2,1;€). By Theorem 5.12, G =
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Bs(4,2;2,1;¢e) ¢ By (n), and also its induced subgraph Bs(4,2;2,1;e—1) ¢ By (n—1),
a contradiction. Hence H; belongs to (10)—(15) of Theorem 5.12, from which we see that
ny — liseither z or 1. Thus n; < 3 duetoz < 2.

By the same method, we can verify that no < 3 if Hy € B; (n — 1); ng < 3 if
Hs; € B;(n—1);ny <3if Hy € By (n— 1) and ns < 21if Hs € B; (n — 1). Hence
n =mny +---+ns < 14, a contradiction. We are done. O

Lemma 5.14 ([6]). If n > 14, then ka (n) =0for10 <k <13.

Lemma 5.15. Given 4 < k < 13, Bg(n) = () for n > 14 (it means that there are no
reduced X -complete graphs of order n > 14).

Proof. Let G € BY(n) and n > 14. Then A\4(G) < A3(G) = 0. First we assume that
4 <k < 9. Since G ¢ B) (n), G has an induced subgraphs I' € By (14) \ B, (14)
by Lemma 5.13. Thus A3(I') > 0. Furthermore, we have A3(I") = 0 since otherwise
0 < A3(T) < X3(G). Additionally, A4(I") < M\ (G) < 0, we have ' € BY(14), contrary
to Lemma 5.11. Next we assume that 10 < k£ < 13. By deleting n — 14 vertices from G,
we may obtain an induced subgraph I' € B (14). By Lemma 5.14, we have A\3(I") > 0,
and then A3(I") = 0 by the arguments above. Additionally, A4(I") < A4(G) < 0, we have
I' € BY(14) which also contradicts Lemma 5.11. O

By Lemma 5.15, we know that, for any reduced X -complete graph G € G*, there exists
4 <k <13and n < 13 such that G € BY(n). Let

B* = {G = Bg(ny,na,...,n) € BY(n) |4 <k < 13and n < 13}.
Thus G € G* is areduced X -complete graph if and only if G € B*.

Remark 5.16. Clearly, B = Us<k<13n<138k(n) contains finite graphs. By using com-
puter we can exhaust all the graphs of B to find out the graphs in B*. We list them in
Table 1.

Recall that Gy, G and Gs are the set of connected graphs each of them is obtained
from some H € H by adding one vertex of I, II, IlI-type, respectively. Summarizing
Lemmas 5.2, 5.3, 5.4, 5.15 and Theorem 4.2, finally we give the characterization of the
connected graphs in G.

Theorem 5.17. Let G be a connected graph of order n > 5. Then G € G if and only if G
is isomorphic to one of the following graphs listed in (1), (2) and (3):

(1) Kl)g(u) @k K, _3or K171(U) @k K, _o \efor e c E(Kn_g),'
(2) the graphs belonging to Gy, Go or G3;
(3) the 802 specific graphs belonging to B* some of which we list in Table 1.

If G* is obtained from G € G by adding one vertex of I, II or III-type, then the positive
and negative indices of G* left unchanged, but the nullity adds just one. Repeating this
process, we can get a class of graphs which has two positive eigenvalues and s zero eigen-
values, where s > 2 is any integer. However, by using the I, I and III-type (graph) transfor-
mations, we can not get all such graphs. For example, H = By(1,1,2,3,2;1,1,1,1,1) is
a graph satisfying p(H) = 2 and n(H) = 2 that can not be constructed by above (graph)
transformation. Hence the characterization of graphs with p(H) = 2 and n(H) = s (espe-
cially n(H) = 2) is also an attractive problem.
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Table 1: All graphs of B*.

k ‘ B* ‘ Number
B4(3,2;3,2); Ba(4,3;2,2), Ba(4,3;3,1); Ba(5,4;2,1), B4(5,2;2,3),

4 Ba(3,4;2,3), Ba(4,1;3,4), Ba(5,2;4,1); B4(7,3;2,1), Ba(4,6;2,1), 18
Ba(7,2;2,2), B4(3,6;2,2), Ba(4,2;2,5), B4(3,3;2,5), Ba(7,2;3,1),
B4(3,653,1), Ba(6,1;3,3), Ba(6,1;4,2).

5(2,2;2,2;1); Bs(2,3;1,2;2), Bs(3,3;2,1;1); Bs(3,4;1,1;2),
Bs(3,4;1,2;1), B5(1,3;1,3;3), B5(2,2;1,3;3), B5(2,4;2,1;2),
Bs(4,2;3,1;1); Bs(4,5;1,1;1), Bs(2,5;1,1; 3), Bs(4, 3;1,1; 3),
Bs(1,4;1,2;4), B5(3,2;1,2;4), B5(2,5;1,3;1), Bs(4, 3;1,3; 1),
Bs(1,4;1,4;2), B5(3,2;1,4;2), B5(5,2;2,1;2), Bs5(3,1;2,3; 3),

5 Bs(3,1;2,5:1), Bs(4,1;3,2;2); Bs(3,7;1,1;1), Bs(6,4;1,1; 1), 47
Bs(2,7;1,1;2), B5(6,3;1,1;2), B5(2,4;1,1;5), Bs5(3,3;1,1;5),
Bs(2,7;1,2;1), B5(6,3;1,2;1), Bs5(1,6;1,2; 3), Bs(5,2;1,2; 3),
Bs(1,3;1,2;6), Bs5(2,2;1,2;6), Bs(1,6;1,3;2), Bs(5,2;1,3;2),
Bs(2,4;1,5;1), B5(3,3;1,5;1), B5(2,2;1,6;2), B5(2,7;2,1;1),
Bs5(7,2;2,1;1), B5(4,2;2,1;4), B5(2,3;2,1;5), Bs(5,1;2, 3; 2),
Bs(5,1;2,4;1), B5(3,2;3,1;4), B5(6,1;3,2;1).

6 | See Table 2 of Appendix A 138

7 | See Table 3 of Appendix A 161

8 | See Table 4 of Appendix A 205

9 | See Table 5 of Appendix A 124

10 | See Table 6 of Appendix A 78
Bi:1(1,1,1,2,1;1,1,1,1,1;1), B11(2,1,1,1,1;1,1,1,1,1; 1);
Bii(1,1,1,1,3;1,1,1,1,1;1), B11(1,1,1,2,2;1,1,1,1,1; 1),
Bi11(1,1,2,1,2;1,1,1,1,1;1), B11(1,1,2,2,1;1,1,1,1,1; 1),
Bi::1(1,1,3,1,1;1,1,1,1,1;1), B11(1,2,1,1,2;1,1,1,1,1; 1),
Bi:1(1,2,2,1,1;1,1,1,1,1;1), B11(1,3,1,1,1;1,1,1,1,1; 1),

1 Bi1(2,1,1,1,2;1,1,1,1,1;1), B11(2,2,1,1,1;1,1,1,1,1; 1), 94
Bi:1(1,1,1,1,2;1,1,1,1,1;2), B11(1,1,2,1,1;1,1,1,1, 1; 2),
Bi::1(1,2,1,1,1;1,1,1,1,1;2), B11(1,1,1,1,1;1,1,1,1, 1; 3),
Bi:1(1,1,1,1,2;1,1,1,1,2; 1), B11(1,1,1,2,1;1,1,1,1,2; 1),
Bi:1(1,1,2,1,1;1,1,1,1,2; 1), B11(1,2,1,1,1;1,1,1,1,2; 1),
Bii(1,1,2,1,1;1,1,2,1,1;1), Bi1(1,2,1,1,1;1,1,2,1,1; 1),
Bi1(2,1,1,1,1;1,1,2,1,1;1), B11(1,2,1,1,1;1,2,1,1,1; 1).
Bis(1,1,1,1,1,2;1,1,1,1,1,1), B12(1,1,1,1,2,1;1,1,1,1,1, 1),

12 | Bi2(1,1,1,2,1,1;1,1,1,1,1,1), B12(1,1,2,1,1,1;1,1,1,1,1, 1), 6
Bi2(1,2,1,1,1,1;1,1,1,1,1,1), B12(2,1,1,1,1,1;1,1,1,1,1,1).

13 | Bis(1,1,1,1,1,1;1,1,1,1,1,1; 1). 1
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Appendix A Five tables

Appendix A contains 5 tables, in which there are 706 specific graphs: 4 graphs of order 10,
32 graphs of order 11, 150 graphs of order 12, and 520 graphs of order 13.

Table 2: k = 6.

n ‘ B*

10 [ Bs(1,2,2;1,2,2), Bs(2,2,1;1,2,2);
Bs(1,3,3;1,1,2), Bs(2,3,2;1,1,2), Bs(3,3,1;1,1,2), Bs(1,3,3;1,2, 1),

11 | Bs(2,3,2;1,2,1), Bs(3,3,1;1,2,1), Bs(2,1,1;1,3,3), Bs(3,2,1;2,1,2),
Bs(2,2,2;2,2,1), Bs(3,1,2;3,1,1);
Bs(1,4,4;1,1,1), Bs(2,4,3;1,1,1), Bs(3,4,2;1,1,1), Bs(4,4,1;1,1,1),
Bs(1,2,4;1,1,3), Be(1,4,2;1,1,3), Bs(2,2,3;1,1,3), Bs(2,4,1;1,1,3),
Bs(3,2,2;1,1,3), Bs(4,2,1;1,1,3), Bs(1,3,1;1,2,4), Bs(2,1,2;1,2,4),
Bs(3,1,1;1,2,4), Bs(1,4,2;1,3,1), Bs(2,2,3;1,3,1), Bs(2,4,1;1,3,1),

12 | Bs(3,2,2;1,3,1), Bs(4,2,1;1,3,1), Bs(2,1,2;1,4,2), Bs(3,1,1; 1,4, 2),
Bs(2,3,3;2,1,1), Bs(4,1,3;2,1,1), Bs(4,3,1;2,1,1), Bs(2, 3,2;2, 1, 2),
Bs(3,2,2;2,1,2), Bs(4,1,2;2,1,2), Bs(2,3,1;2,1,3), Bs(4,1,1;2,1, 3),
Bs(3,1,3;2,2,1), Bs(3,2,2;2,2,1), Bs(3,3,1;2,2,1), Bs(3,1,1;2,2,3),
Bs(2,3,1;2,3,1), Bs(3,2,2;3,1,1), Bs(4,2,1;3,1,1), Bs(4,1,1;4,1,1);
Bs(1,3,6;1,1,1), Bs(1,6,3;1,1,1), Bs(2,3,5;1,1,1), Bs(2,6,2;1,1,1),
Bs(3,3,4;1,1,1), Bs(3,6,1;1,1,1), Bs(4,3,3;1,1,1), Bs(5,3,2;1,1,1),
Bs(6,3,1;1,1,1), Bs(1,2,6;1,1,2), Bs(1,6,2;1,1,2), Bs(2,2,5:1,1,2),
Bs(2,6,1;1,1,2), Bs(3,2,4;1,1,2), Bs(4,2,3;1,1,2), Bs(5,2,2;1,1,2),
Bs(6,2,1;1,1,2), Bs(1,2,3;1,1,5), Bs(1,3,2;1,1,5), Bs(2,2,2;1,1,5),
Bs(2,2,5:1,2,1), Bs(2,6,1;1,2,1), Bs(3,2,4;1,2,1), Bs(4,2,3;1,2,1),
Bs(5,2,2;1,2,1), Bs(2,3,1;1,1,5), Bs(3,2,1;1,1,5), Bs(1,2,6; 1,2, 1),
Bs(1,6,2;1,2,1), Bs(6,2,1;1,2,1), Bs(1,5,1;1,2,3), Bs(2,1,4;1,2,3),
Bs(3,1,3;1,2,3), Bs(4,1,2;1,2,3), Bs(5,1,1;1,2,3), Bs(2,1,1;1,2,6),
Bs(1,5,1;1,3,2), Bs(2,1,4;1,3,2), Bs(3,1,3;1,3,2), Bs(4,1,2;1,3,2),
Bs(5,1,1;1,3,2), Bs(2,2,2;1,5,1), Bs(2,3,1;1,5,1), Bs(3,2,1;1,5,1),

13 | Bs(2,1,1;1,6,2), Bs(2,2,5;2,1,1), Bs(2,5,2;2,1,1), Bs(3,1,5:2,1,1),
Bs(3,2,4;2,1,1), Bs(3,3,3;2,1,1), Bs(3,4,2;2,1,1), Bs(3,5,1;2,1,1),
Bs(4,2,3;2,1,1), Bs(4,3,2;2,1,1), Bs(5,2,2;2,1,1), Bs(6,1,2;2,1,1),
Bs(6,2,1;2,1,1), Bs(2,2,4;2,1,2), Bs(2,5,1;2,1,2), Bs(3,1,4;2,1,2),
Bs(3,2,3:2,1,2), Bs(6,1,1;2,1,2), Bs(2,2,3;2,1,3), Bs(3,1,3:2,1,3),
Bs(2,2,2:2,1,4), Bs(3,1,2;2,1,4), Bs(2,2,1;2,1,5), Bs(3,1,1;2,1,5),
Bs(2,5,1;2,2,1), Bs(4,2,2;2,2,1), Bs(5,1,2;2,2,1), Bs(5,2,1;2,2,1),
Bs(3,1,3:2,2,2), Bs(4,1,2;2,2,2), Bs(5,1,1;2,2,2), Bs(3,1,2;2,2,3),
Bs(4,1,2;2,3,1), Bs(4,2,1;2,3,1), Bs(3,1,2;2,3,2), Bs(4,1,1;2,3,2),
Bs(3,1,2;2,4,1), Bs(3,2,1;2,4,1), Bs(3,1,1;2,4,2), Bs(3,3,2:3,1,1),
Bs(3,4,1;3,1,1), Bs(6,1,1;3,1,1), Bs(3,3,1;3,2,1), Bs(4,2,1;3,2,1),
Bs(5,1,1;3,2,1), Bs(4,1,1;3,3,1).
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Table 3: k£ = 7.

n ‘ B*

10 | B7(2,2,1;1,1,2;1), B7(2,1,2;2,1, 1;1);
Br(3,3,1;1,1,1;1), Br(2,1,3;1,1,1;2), B7(2,2,2; 1, 1,2 1), B7(2,1,2; 1, 1, 2; 2),

11 | Br(1,2,1;1,1,3;2), B7(2,1,1;1,1,3;2), B7(1,2,3;1,2,1;1), B7(1,2,2;1,2,2: 1),
Br(2,1,1;1,2,3;1), Br(2,2,2;2,1,1; 1), Bz(3,2,1;2,1,1;1), Bz(3,1,1;3,1,1;1);
Br(1,3,4;1,1,1;1), Br(3,1,4;1,1,1; 1), B7(3,3,2; 1,1, 1; 1), Br(1,2,4;1,1,1;2),
B7(2,2,3;1,1,1;2), Br(2,4,1;1,1,1;2), B7(3,2,2;1,1,1;2), Br(4,2,1;1,1,1;2),
Br(1,1,4;1,1,1;3), Br(3,1,2;1,1,1;3), Bz(1,3,3;1,1,2: 1), Br(2,2,3;1,1,2; 1),
Br(3,1,3;1,1,2;1), Br(1,1,3;1,1,2;3), B7(1,3,1;1,1,2:3), Bz(3,1,1;1,1,2; 3),

Lo | Br(13,21,1,3:1), Br(3,1,21,1,3:1), Br(1,2,2;1,1,3;2), Br(1,3,131,1,4; 1),
Bz(3,1,1;1,1,4;1), Br(2,1,4;1,2,1; 1), B7(2,2,3;1,2,1;1), Br(2,3,2;1,2,1; 1),
Br(4,2,1;1,2,1;1), Br(2,1,2:1,2,1;3), Bz(1,2,2;1,2,2:2), Bz(1,3,1;1,2,2;2),
Br(2,4,1;1,2,1;1), Br(2,1,2:1,2,2;2), B7(3,1,1;1,2,2:2), Br(2,1,2;1,2,3; 1),
Br(1,3,2:1,3,1;1), B+(3,1,1;1,3,2; 1), B(2,3,2:2,1,1; 1), Br(2,3,1;2,1,1;2),
Br(4,1,1;2,1,1;2), Bx(3,2,1;2,2,1; 1), Bz(3,1,1;2,2,1;2);
B:(1,2,6;1,1,1;1), Br(1,5,3;1,1,1;1), B7(2,1,6;1,1,1;1), Br(2,2,5;1,1,1; 1),
Br(2,3,4;1,1,1;1), Br(2,4,3;1,1,1;1), B7(2,5,2;1,1,1;1), Bz(2,6,1;1,1,1; 1),
Br(3,2,4;1,1,1;1), Br(3,3,3;1,1,1; 1), B7(4,2,3;1,1,1;1), Bz(5,1,3;1,1,1; 1),
B7(5,2,2;1,1,1;1), Br(6,2,1;1,1,1; 1), Bz(1,1,6;1,1,1;2), Br(1,4,3;1,1,1;2),
B7(2,3,3;1,1,1;2), Br(2,4,2:1,1,1;2), B7(5,1,2;1,1,1:2), Bz(1,3,3;1,1,1;3),
B7(2,3,2;1,1,1;3), Br(1,2,3:1,1,1;4), B7(2,2,2;1,1,1;4), Br(2,3,1;1,1,1;4),
B7(3,2,1;1,1,1;4), Br(1,1,3;1,1,1;5), B7(2,1,2;1,1,1;5), Br(1,2,5;1,1,2; 1),
Br(1,5,2;1,1,2;1), Br(2,1,5:1,1,2; 1), B7(2,2,4;1,1,2: 1), Bz(5,1,2;1,1,2; 1),
Br(1,1,5:1,1,2;2), B+(1,2,4;1,1,2;2), B+(1,3,3:1,1,2;2), Br(1,4,2:1,1,2;2),
B:(1,5,1;1,1,2;2), Bz(5,1,1;1,1,2;2), B7(1,2,3;1,1,2:3), Br(1,3,2;1,1,2; 3),
Br(1,2,2;1,1,2;4), Br(1,1,2:1,1,2;5), B7(1,2,1;1,1,2:5), Br(2,1,1;1,1,2;5),
Br(1,2,4;1,1,3;1), Br(1,5,1;1,1,3; 1), B7(2,1,4;1,1,3; 1), Bz(5,1,1; 1,1, 3; 1),
Br(1,1,4;1,1,3;2), B+(1,2,3;1,1,3;2), B+(1,2,3;:1,1,4; 1), B7(2,1,3;1,1,4; 1),

13 | B+(1,2,2;1,1,5;1), Br(2,1,2;:1,1,5;1), Bz(1,2,1;1,1,6; 1), Br(2,1,1;1,1,6; 1),
B7(1,5,2;1,2,1;1), Br(3,2,3:1,2,1;1), B7(4,1,3;1,2,1;1), Br(4,2,2;1,2,1; 1),
Br(1,4,2;1,2,1;2), Br(2,3,2:1,2,1;2), B7(3,2,2;1,2,1;2), Br(4,1,2;1,2,1;2),
Br(1,3,2;1,2,1;3), Br(2,2,2:1,2,1;3), B7(2,3,1;1,2,1;3), Bz(3,2,1;1,2,1; 3),
Br(1,2,2:1,2,1;4), B+(1,5,1;1,2,2; 1), B(2,1,4;1,2,2; 1), B(3,1,3;1,2,2; 1),
Br(4,1,2;1,2,2;1), Br(5,1,1;1,2,2; 1), B7(1,2,2;1,2,2:3), Br(2,1,1;1,2,2;4),
Br(2,1,3;1,2,3;1), Br(3,1,3;1,3,1; 1), B7(3,2,2;1,3,1; 1), Br(2,2,2;1,3,1;2),
Br(2,3,1;1,3,1;2), Br(3,1,2:1,3,1;2), B7(3,2,1;1,3,1:2), Br(2,1,3;1,3,2; 1),
Br(3,1,2:1,3,2;1), B+(2,1,2:1,3,2;2), B+(2,1,1;1,3,2;3), Bz(2,1,3;1,4,1; 1),
Br(2,2,2;1,4,1;1), Br(2,3,1;1,4,1;1), B7(3,2,1;1,4,1;1), Br(2,1,2;1,4,1;2),
Br(2,1,2;1,4,2;1), Br(2,1,1;1,4,2;2), B7(2,1,1;1,5,2: 1), Br(2,4,2;2,1,1; 1),
Br(2,5,1;2,1,1;1), Br(6,1,1;2,1,1; 1), B7(2,2,1;2,1,1;4), Bz(3,1,1;2,1,1;4),
Br(2,4,1;2,2,1;1), Br(5,1,1;2,2,1; 1), B7(2,3,1;2,2,1;2), Br(2,2,1;2,2,1;3),
B7(2,3,1;2,3,1;1), B+(3,2,1;2,3,1;1), Br(4,1,1;2,3,1; 1), Bz(3,1,1;2,4,1; 1).
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Table 4: k = 8.
n ‘ B*
1 s(1,2,1,2;1,1,1,2), Bg(2,2,1,1;1,1,1,2), Bs(1,2,2,1;1,1,2,1),
Bs(1,2,1,1;1,1,2,2), Bs(2,1,2,1;1,2,1,1), Bg(2,1,1,1;1,2,1,2);
s(1,1,3,3;1,1,1,1), Bs(1,3,1,3;1,1,1,1), Bs(1,3,3,1;1,1,1,1),
Bg(2,1,3,2;1,1,1,1), Bs(2,3,1,2;1,1,1,1), Bg(3,1,3,1;1,1,1, 1),
5(3,3,1,1;1,1,1,1), Bg(1,1,2,3;1,1,1,2), Bs(1,2,2,2;1,1,1, 2),
Bs(1,3,2,1;1,1,1,2), Bs(2,1,2,2;1,1,1,2), Bs(2,2,2,1;1,1,1,2),
s(3,1,2,1;1,1,1,2), Bg(1,1,1,3;1,1,1,3), Bs(1,3,1,1;1,1,1, 3),
s(2,1,1,2;1,1,1,3), Bs(3,1,1,1;1,1,1,3), Bs(1,1,3,2;1,1,2,1),
Bg(1,2,2,2;1,1,2,1), Bs(1,3,1,2;1,1,2,1), Bg(2,1,3,1;1,1,2, 1),
12 5(2,2,2,1;1,1,2,1), Bg(2,3,1,1;1,1,2,1), Bs(2,1,1,1;1,1,2, 3),
5(1,1,3,1;1,1,3,1), Bg(1,3,1,1;1,1,3,1), Bs(1,2,1,3;1,2,1,1),
s(1,2,2,2;1,2,1,1), Bs(1,2,3,1;1,2,1,1), Bs(2,2,1,2;1,2,1,1),
5(2,2,2,1;1,2,1,1), Bs(3,2,1,1;1,2,1,1), Bs(2,1,1,1;1,2,2,2),
s(2,1,1,2;1,3,1,1), Bg(3,1,1,1;1,3,1,1), Bs(2,1,1,1;1,3,2,1),
5(2,2,1,2;2,1,1,1), Bg(3,1,2,1;2,1,1,1), Bs(2,2,1,1;2,1,1, 2),
5(3,1,1,1;2,1,1,2), Bg(2,1,2,1;2,1,2,1), Bs(2,2,1,1;2,1,2,1),
s(3,1,1,1;3,1,1,1);
s(1,1,2,5;1,1,1,1), Bg(1,1,5,2;1,1,1,1), Bsg(1,2,1,5;1,1,1,1),
s(1,2,2,4;1,1,1,1), Bg(1,2,3,3;1,1,1,1), Bs(1,2,4,2;1,1,1,1),
Bg(1,2,5,1;1,1,1,1), Bs(1,3,2,3;1,1,1,1), Bs(1,3,3,2;1,1,1, 1),
s(1,4,2,2;1,1,1,1), Bg(1,5,1,2;1,1,1,1), Bs(1,5,2,1;1,1,1,1),
s(2,1,2,4;1,1,1,1), Bg(2,1,5,1;1,1,1,1), Bs(2,2,1,4;1,1,1,1),
Bs(2,2,2,3;1,1,1,1), Bs(2,2,3,2;1,1,1,1), Bs(2,2,4,1;1,1,1,1),
5(2,3,2,2;1,1,1,1), Bg(2,3,3,1;1,1,1,1), Bs(2,4,2,1;1,1,1, 1),
Bg(2,5,1,1;1,1,1,1), Bs(3,1,2,3;1,1,1,1), Bs(3,2,1,3;1,1,1, 1),
5(3,2,2,2;1,1,1,1), Bs(3,2,3,1;1,1,1,1), Bs(3,3,2,1;1,1,1,1),
Bg(4,1,2,2;1,1,1,1), Bs(4,2,1,2;1,1,1,1), Bg(4,2,2,1;1,1,1, 1),
13 s(5,1,2,1;1,1,1,1), Bg(5,2,1,1;1,1,1,1), Bg(1,1,1,5;1,1,1, 2),
s(1,1,4,2;1,1,1,2), Bg(1,2,3,2;1,1,1,2), Bs(1,2,4,1;1,1,1, 2),
s(1,5,1,1;1,1,1,2), Bg(2,1,1,4;1,1,1,2), Bs(2,1,4,1;1,1,1,2),
s(2,2,3,1;1,1,1,2), Bg(3,1,1,3;1,1,1,2), Bs(4,1,1,2;1,1,1,2),
Bg(5,1,1,1;1,1,1,2), Bs(1,1,3,2;1,1,1,3), Bg(1,2,3,1;1,1,1, 3),
5(2,1,3,1;1,1,1,3), Bg(1,1,2,2;1,1,1,4), Bs(1,2,2,1;1,1,1,4),
s(2,1,2,1;1,1,1,4), Bg(1,2,1,1;1,1,1,5), Bg(2,1,1,1;1,1,1,5),
s(1,1,2,4;1,1,2,1), Bs(1,1,5,1;1,1,2,1), Bsg(1,2,1,4;1,1,2,1),
s(1,2,2,3;1,1,2,1), Bg(1,5,1,1;1,1,2,1), Bsg(2,1,2,3;1,1,2,1),
Bg(2,2,1,3;1,1,2,1), Bs(2,2,2,2;1,1,2,1), Bg(3,1,2,2;1,1,2,1),
5(3,2,1,2;1,1,2,1), Bg(3,2,2,1;1,1,2,1), Bs(4,1,2,1;1,1,2,1),
s(4,2,1,1;1,1,2,1), Bg(1,1,2,3;1,1,2,2), Bs(1,1,3,2;1,1,2,2),

continued on next page
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n ‘ B*
Bg(1,1,4,1;1,1,2,2), Bs(2,1,1,3;1,1,2,2), Bg(2,1,2,2;1,1,2,2),
Bs(2,1,3,1;1,1,2,2), Bs(3,1,1,2;1,1,2,2), Bs(3,1,2,1;1,1,2,2),
Bg(4,1,1,1;1,1,2,2), Bs(1,1,3,1;1,1,2,3), Bg(2,1,2,1;1, 1,2, 3),
Bg(1,2,1,3;1,1,3,1), Bs(2,1,2,2;1,1,3,1), Bsg(2,2,1,2;1,1,3,1),
Bs(3,1,2,1;1,1,3,1), Bs(3,2,1,1;1,1,3,1), Bg(2,1,1,2;1,1,3,2),
Bs(2,1,2,1;1,1,3,2), Bs(3,1,1,1;1,1,3,2), Bs(1,2,1,2;1,1,4,1),
Bg(2,1,2,1;1,1,4,1), Bs(2,2,1,1;1,1,4,1), Bg(2,1,1,1;1,1,4,2),
Bg(1,2,1,1;1,1,5,1), Bs(1,3,2,2;1,2,1,1), Bg(1,4,1,2;1,2,1, 1),
Bg(1,4,2,1;1,2,1,1), Bs(2,1,1,4;1,2,1,1), Bg(2,3,2,1;1,2,1, 1),
Bg(2,4,1,1;1,2,1,1), Bs(3,1,1,3;1,2,1,1), Bg(4,1,1,2;1,2,1, 1),
Bg(5,1,1,1;1,2,1,1), Bs(1,2,3,1;1,2,1,2), Bs(1,3,2,1;1,2,1,2),
Bg(1,4,1,1;1,2,1,2), Bs(1,2,2,1;1,2,1,3), Bs(1,3,1,2;1,2,2,1),
Bg(1,4,1,1;1,2,2,1), Bs(2,1,1,3;1,2,2,1), Bg(2,2,1,2;1,2,2, 1),
Bg(2,3,1,1;1,2,2,1), Bs(3,1,1,2;1,2,2,1), Bs(3,2,1,1;1,2,2, 1),
13 Bg(4,1,1,1;1,2,2,1), Bs(2,1,1,2;1,2,3,1), Bg(2,2,1,1;1,2,3,1),
Bg<3,1,1,17172,3 1), Bs(2,1,1,1;1,2,3,2), Bg(2,1,1,1;1,2,4, 1),
Bg(1,3,1,2;1,3,1,1), Bs(1,3,2,1;1,3,1,1), Bg(2,3,1,1;1,3,1, 1),
Bg(2,2,1,1;1,3,2,1), Bs(2,2,1,1;1,4,1,1), Bg(2,1,1,1;1,5,1, 1),
Bg(2,1,1,4;2,1,1,1), Bs(2,1,2,3;2,1,1,1), Bs(2,1,3,2;2,1,1, 1),
Bg(2,1,4,1;2,1,1,1), Bs(2,2,2,2;2,1,1,1), Bg(2,2,3,1;2,1,1,1),
Bg(2 3,2,1;2,1,1,1), Bg(2,4,1,1;2,1,1,1), Bs(3,1,1,3;2,1,1, 1),
Bg(3,1,2,2;2,1,1,1), Bs(3,2,1,2;2,1,1,1), Bg(3,2,2,1;2,1,1, 1),
Bg(3,3,1,1;2,1,1,1), Bs(4,1,1,2;2,1,1,1), Bg(4,2,1,1;2,1,1, 1),
Bg(5,1,1,1;2,1,1,1), Bs(2,1,1,3;2,1,1,2), Bsg(2,1,2,2;2,1,1,2),
Bs(2,1,3,1;2,1,1,2), Bs(2,2,2,1;2,1,1,2), Bg(3,1,1,2;2,1,1,2),
Bg(2,1,2,1,2,1,1,3), Bs(2,1,2,2;2,1,2,1), Bg(3,1,1,2;2,1,2,1),
Bg(3,2,1,1;2,1,2,1), Bs(4,1,1,1;2,1,2,1), Bg(3,1,1,1;2,1,2,2),
Bg(3,1,1,1;2,1,3,1), Bs(2,2,2,1;2,2,1,1), Bg(2,3,1,1;2,2,1, 1),
Bg(3,1,1,2;2,2,1,1), Bs(3,2,1,1;2,2,1,1), Bg(4,1,1,1;2,2,1, 1),
Bs(3,1,1,1;2,2,2,1), Bs(3,1,1,1;2,3,1,1), Bg(3,2,1,1;3,1,1,1).
Table 5: k = 9.
n ‘ B*
1 0(2,1,2,1;1,1,1,1;1), Bg(2,1,1,1;1,1,1,2; 1), Bo(1,1,2,1;1,1,2,1; 1),
0(2,1,1,1;2,1,1,1;1);
19 By(1,2,1,3;1,1,1,1;1), Be(1,2,3,1;1,1,1,1;1), By(2,1,2,2;1,1,1,1; 1),
0(2,2,2,1;1,1,1,1;1), By(3,2,1,1;1,1,1,1;1), Bo(1,1,1,3;1,1,1,1; 2),

continued on next page
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n‘B*

1,1,3,1;1,1,1,1;2),
1,2,1,2;1,1,1,2: 1

9 ) b ) ) 9 )

1,2,1,1;1,1,1,3; 1),

0(2,1,1,2;1,1,1,1;2), By(3,1,1,1;1, 1,1, 1; 2),
2,1,1,2;1,1,1,2;1 1,1,2,1;1,1,1,2;2

By( )s Bo( )
939( 5 s Ly Ly 4y )aBQ( s Ly4y by Ly by by 4y )»
By(1,1,2,2;1,1,2,1;1), Bo(1,2,1,2;1,1,2,1; 1),
By( )> Bo( )
By( )> Bol( )

12 2,1,1,1;1,1,2,1;2), By(1,2,1,1;1,1,2,2; 1), By(2,1,1,1;1,1,2,2; 1),
1,2,1,1;1,1,3,1;1), Bo(3,1,1,1;1,2,1,1; 1), By(2,1,1,1;1,2,2,1; 1),
2,2,1,1;2,1,1,1;1);
1,1,1,5:1,1,1,1;1), Bo(1,1,2,4:1,1,1,1;1), Bg(1,1,3,3; 1,1, 1, 1; 1),
1,1,4,2:1,1,1,1;1), Bo(1,1,5,1;1,1,1,1; 1), Bg(1,2,2,3;1,1,1,1; 1),
,2,3,2:1,1,1,1;1), Bo(1,3,2,2;1,1,1,1;1), By(1,4,1,2;1,1,1,1;1),
1,4,2,1;1,1,1,1; 1), Bo(2,1,1,4:1,1,1,1; 1), Bg(2,1,2,3;1,1,1,1; 1),
2,2,1,3;1,1,1,1;1), By(2,2,2,2;1,1,1,1;1), By(2,3,1,2;1,1,1,1; 1),
2,3,2,1;1,1,1,1;1), By(2,4,1,1;1,1,1,1;1), By(3,1,1,3;1,1,1,1; 1),
,2,1,2:1,1,1,1;1), By(4,1,1,2;1,1,1,1;1), By(5,1,1,1;1,1,1,1; 1),
1,1,2,3:1,1,1,1;2), Bo(1,1,3,2:1,1,1,1;2), Bo(1,2,2,2:1,1,1,1;2),
1,3,1,2:1,1,1,1;2), Bo(1,3,2,1;1,1,1,1;2), Bg(2,2,1,2:1,1,1,1;2),
2,3,1,1;1,1,1,1;2), By(1,1,2,2;1,1,1,1;3), By(1,2,1,2;1,1,1,1;3),
1,2,2,1;1,1,1,1;3), Bo(2,2,1,1;1,1,1,1;3), By(1,1,1,2:1,1,1,1; 4),

0(2,1,1,1;1,1,1,1;4), Bo(1,1,1,4;1,1,1,2; 1),
1,1,2,3:1,1,1,2: 1), Bo(1,1,3,2:1,1,1,2; 1), Bo(1,1,4,1;1,1,1,2; 1),
0(1,2,3,1;1,1,1,2;1), By(1,3,2,1;1,1,1,2; 1),
1,4,1,1;1,1,1,2: 1), Bo(2,1,1,3;1,1,1,2; 1), By(1,1,1,3;1,1,1,2;2),
1,1,2,2:1,1,1,2:2), Bo(1,2,1,2;1,1,1,2:2), Bo(1,2,2,1;1,1,1,2;2
13 1,3,1,1;1,1,1,2;2), ,

1,1,1,3:1,1,1,3; 1),
1,2,2,1:1,1,1,3; 1),
1,4,1,1;1,1,2,1;1

,3,1,1:1,1,2,1; 1),
4,1,1,1;1,1,2,1;1),
1,2,1,1:1,1,2,1;3),
1,2,1,1;1,1,2,2;2
3,1,1,1;1,1,3,1; 1),
1,2,2,2:1,2,1,1;1),
2,1,1,3;1,2,1,1;1),
3,1,1,2;1,2,1,1;1),
2,1,1,2;1,2,1,1;2
1,2,2,1;1,2,1,2; 1),
2,1,1,2;1,2,2,1;1),
2,2,1,1;1,3,1,1;1),

2,3,1,1;2,1,1,1;1),

0(1,1,2,2;1,1,1,3; 1),
0(1,1,2,1;1,1,1,4;1
0(2,1,1,3;1,1,2,1;1),
0(3,1,1,2;1,1,2,1; 1),
0(1,3,1,1;1,1,2,1;2),
0(1,1,2,2;1,1,2,2; 1
0(2,1,1,2;1,1,3,1;1),
0(2,1,1,1;1,1,3,2; 1),
0(1,3,1,2;1,2,1,1;1),
0(2,2,1,2;1,2,1,1; 1),
1,2,1,2:1,2,1,1;2

9
9(2,2,1,1;1,2,1,1;2
9(1,3,1,1;1,2,1,2;1),
9(2,2,1,1;1,2,2,1;1),
1,1,1;1,3,1,1;

2,2,1,1;2,2,1,1;1

) ) ) ) ) ) ) bl

1,1,3,1:1,1,1,3; 1),
1,1,2,3:1,1,2,1; 1),
2,2,1,2;1,1,2,1;1
3,2,1,1;1,1,2,1;1),
2,2,1,1;1,1,2,1;2),
2,1,1,2;1,1,2,2; 1
2,2,1,1;1,1,3,1;1),
2,1,1,1;1,1,4,1;1
1,3,2,1:1,2,1,1; 1),

3,1,1;1,2,1,1;1),
1,2,2,1:1,2,1,1;2
2,1,1,1;1,2,1,1;3),
1,3,1,1;1,2,2,1; 1),
2,1,1,2;1,3,1,1;1),

1,1,1;1,4,1,1; 1),

)

> >

b} i
5

>

b} i

5 )

By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
Bo( )
By( )
By( )
By( ):
By(1,2,1,1;1,1,1,2; 3)
Bo( )
By( )
Bo( )
By( )
By( )
Bo( )
By( )
By( )
By( )
By (2, )
Bo( )
By( )
By( )
By( )
By (2, )

9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9

9
9

b}

By(1, )
Bo(1, )
By( )
By( )
By( )
By( )
By( )
By( )
By(1 )
By( )
By( )
By( )
By (3 )
By( )
By( )
By( )
Bo( )
Bg(l,l 2,1;1,1,1,1;4),
By( )
By(1,2,2,2;1,1,1,2;1),
By( )
By( )
By( )
By( )
By( )
By( )
By (2 )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )
By( )

By )
By )
By )
By )
By )
By(2 )
By )
By )
By )
By )
By )
By )
By )
By )
By )
By )
By(1,1,1,2;1,1,1,2;3),
By )
By )
By )
By )
By(1, )
By )
By )
By )
By )
By )
By )
By )
By )
By(2, )
By (2, 2)
By ).
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10(1,1,1,2,1;1,1,1,1,3),
10(1,1,1,2,2;1,1,1,2,1),
10(1,1,2,2,1;1,1,1, 2,
2,1,1,1,2;1,1,1,2, 1

) ) ) ) ) ) ) )

1002,2,1,1,1;1,1,1,2,1

10(1,1,2,1,1;1,1,1,2,2
1002,1,1,1,1;1,1,1,3,1),
1001,2,2,1,1;1,1,2,1,1),
2,1,1,1,2;1,1,2,1,1

) ) ) ) ) ) ) ) )

10
2,2,1,1,1;1,1,2,1,1

10 4, <, Ly L, Ly Ly, L, 45 1,

1,1,2,1,1;1,1,1,1, 3),
1,1,1,3,1;1,1,1,2,1),

02,1,1,2;1,1,1,2,1),
2,1,1,2,1;1,1,1,2,1
3,1,1,1,1;1,1,1,2,1),
2,1,1,1,1;1,1,1,2,2),
1,2,1,1,2;1,1,2,1,1),
1,3,1,1,1;1,1,2,1, 1),
2,1,1,2,1;1,1,2,1,1

) ) 9 ) ) ) ) )

3,1,1,1,1;1,1,2,1,1),

1
1
1
1
1

b}

10 s s

P
» D1
1
1
1

1

k) s

k]

Table 6: £ = 10.
n‘B*
Byo(1,1,2,1,2;1,1,1,1,1), B1p(1,2,1,2,1;1,1,1,1, 1),
Bio(2,1,2,1,1;1,1,1,1,1), B1o(1,1,1,1,2;1,1,1,1,2),
12 | Byo(1,2,1,1,1;1,1,1,1,2), B1o(2,1,1,1,1;1,1,1,1,2),
Bio(1,1,2,1,1;1,1,1,2,1), B1p(1,2,1,1,1;1,1,1,2,1),
Bio(1,1,2,1,1;1,1,2,1,1), B1p(2,1,1,1,1;1,2,1,1,1);
Bio(1,1,1,1,4;1,1,1,1,1), B1o(1,1,1,2,3;1,1,1,1,1),
Bio(1,1,1,3,2;1,1,1,1,1), B1o(1,1,1,4,1;1,1,1,1, 1),
Bio(1,1,2,2,2;1,1,1,1,1), B1o(1,1,2,3,1;1,1,1,1,1),
Bio(1,1,3,2,1;1,1,1,1,1), B1o(1,1,4,1,1;1,1,1,1, 1),
Bip(1,2,1,1,3;1,1,1,1,1), B1o(1,2,1,2,2;1,1,1,1,1),
B19(1,2,2,1,2;1,1,1,1,1), B19(1,2,2,2,1;1,1,1,1, 1),
Bio(1,2,3,1,1;1,1,1,1,1), B1o(1,3,1,1,2;1,1,1,1,1),
Bio(1,3,2,1,1;1,1,1,1,1), Byg(1,4,1,1,1;1,1,1,1,1),
Bio(2,1,1,1,3;1,1,1,1,1), B19(2,1,1,2,2;1,1,1,1,1),
Bio(2,1,1,3,1;1,1,1,1,1), By 1,2,2,1;1,1,1,1,1),
B10(2,2,1,1,2;1,1,1,1,1), B1p(2,2,1,2,1;1,1,1,1, 1),
Bi1o(2,2,2,1,1;1,1,1,1,1), B1o(2,3,1,1,1;1,1,1,1, 1),
Bio(3,1,1,1,2;1,1,1,1,1), B19(3,1,1,2,1;1,1,1,1,1),
B(3,2,1,1,1;1,1,1,1,1), B1p(4,1,1,1,1;1,1,1,1, 1),
B
Bio(1,1,2,2,1;1,1,1,1,2), B1o(1,1,3,1,1;1,1,1,1,2),
Bqo(1,2,2,1,1;1,1,1,1,2), B1p(2,1,1,2,1;1,1,1,1, 2),
13
B
B
B
B
B
B
B
B
B
B
B

1001,2,1,1,1;1,1,2,2,1),
Bio(1,2,1,1,1;1,1,3,1,1),
1001,2,1,1,2;1,2,1,1,1
1001,3,1,1,1;1,2,1,1,1),
1002,1,1,1,1;1,2,2,1,1

1002,1,1,2,1;2,1,1,1,1),
1002,2,1,1,1;2,1,1,1,1),

2,1,1,1,1;1,1,2,2,1),
2,1,1,1,1;1,1,3,1,1),
1,2,2,1,1;1,2,1,1,1

) ) ) ) ) )

2,2,1,1,1;1,2,1,1,1
2,1,1,1,2;2,1,1,1,1),
2,1,2,1,1;2,1,1,1,1),

3,1,1,1,1;2,1,1,1,1

1
1
1
1

b} s

s
1

k]

1

( ), Bio( )
( )> Bio( 2)
( )> Bio( )
( ), Bio( )
( ), Bio( )
( )» Bio( )
( ), Bio( )
( ), Bio( )
( ), Bio( )
( )> Bio( )
( )» Bio( )
( ), Bio( )
( ), Bio( )
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Appendix B Some theorems and lemmas

Theorem B.1 ([6]). Let G = Bj(a1,as;as,ays), where ay,ag,as, ay are some positive
integers. Then \o(G) > 0 and \3(G) < 0 if and only if G is isomorphic to one of the
following graphs:

(]) B4(aab;]—7d); (3) B4(a71;6,].),' (5) B4((l,1;$,d),‘ (7) B4(w,x;y,d);

(2) B4(aax7y7 1)r (4) B4(a,1,w,x), (6) B4(’U),b,$,1), (8) B4(x7bay7d)’

(9) 25 specific graphs: 5 graphs of order 10, 10 graphs of order 11, and 10 graphs of
order 12,

where a,b, c,d, x,y,w are some positive integers such that t < 2,y < 2 and w < 3.

Lemma B.2. Let G € By(n), where n > 14. If G ¢ By (n), then G has an induced
subgraph T’ € B4(14) \ B, (14).

Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € By(n — 1)\ By (n — 1) for n > 15 in the following.
Let G = By(ny,n9;nz,ng) € By4(n). Then one of

Hi = By(n1 — 1,n2;n3,n4), Hy = By(ni,na — 1;n3,n4),

H3 = B4(n1,n2;n3 — 1,714) and H4 = B4(n1,n2;n3,n4 — 1)

must belong to By(n — 1). On the contrary, assume that H; € B, (n — 1) (i = 1,2,3,4).
Then H; is a graph belonging to (1) —(8) in Theorem B.1 since n > 15.

First we consider Hy. If H; is a graph belonging to (1) of Theorem B.1, then H; =
By(a,b;1,d) where n; — 1 = a, ng = b, ng = 1 and ny = d, hence G = By(a + 1,b;
1,d) € B, (n), a contradiction. Similarly, H; cannot belong to (2)—(5) of Theorem B.1.
Hence H; is belong to (6) — (8) of Theorem B.1 from which we see that ny — 1 is either w
orz. Thusn; <4duetow < 3and x < 2.

By the same method, we can verify that no < 3 if Hy € By (n — 1); n3g < 4 if
Hs € By(n—1)andng < 3if Hy € By (n—1). Hencen =n; +---+ng4 < 14, 2
contradiction. We are done. O

Theorem B.3 ([6]). Let G = Bg(ai, as, as; aq, as, ag), where ay, . . . , ag are some positive
integers. Then \o(G) > 0 and \3(G) < 0 if and only if G is isomorphic to one of the
following graphs:

(1) Bs(a,x,c;1,1,1); (6) Bg(x,b,1;y,1,1); (11) Bg(1,b,151,e,1);

(2) Bg(a,1,¢;1,e,1); (7) Bs(z,y,1;1,e,1);  (12) Bg(1,b,1;1,2,y);

(3) Bs(a,1,¢;1,2,y);  (8) Bs(w,y,1;1,1, f);  (13) Be(l,2,y;1,1, f);

(4) Bs(a,1,¢;1,1,f);  (9) Bs(z,1,¢9,1, f);

(5) Bg(a,1,1;x,e,1); (10) Bg(1,b,2;1,1,1);

(14) 145 specific graphs: 22 graphs of order 10, 54 graphs of order 11, and 69 graphs of
order 12,

where a, b, c,d, e, f, x,y are some positive integers such that x < 2 and y < 2.
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Lemma B4. Let G € Bg(n), where n > 14. If G ¢ B (n), then G has an induced
subgraph T’ € Bg(14) \ By (14).

Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € Bg(n — 1) \ Bg (n — 1) for n > 15 in the following.
Let G = Bg(n1,ng, ng;ng, ns,ng) € Be(n). Then one of

Hy = Bg(n1 — 1,n2,n3;n4, 15, n6), Hy = Bg(n1,n2 — 1,n3;n4, 15, n6),
H3 = B6(n1,n2,n3 — 1;71477157716), H4 = BG(nl,ng,ng;n4 — 17”57”6)7

Hs = Bg(ni,n2,n3;n4,m5 — 1,n6) and  Hg = Bg(n1,n2,n3;n4, 5,16 — 1)

must belong to Bg(n — 1). On the contrary, assume that H; € By (n—1) (i = 1,2,...,6).
Then H; is a graph belonging to (1) —(13) in Theorem B.3 since n > 15.

Let us consider Hs. If Hs is a graph belonging to (1) of Theorem B.3, then Hs =
Bgs(a,2z,¢;1,1,1) where ny = a, ng = 2, n3 —1 = ¢, ngy = ns = ng = 1, hence
G = Bs(a,x,c+ 1;1,1,1) € By (n), a contradiction. Similarly, H3 cannot belong to
(2)—(4) and (9) of Theorem B.3. If Hj is a graph belonging to (10) of Theorem B.3, then
Hs = Bg(1,b,2;1,1,1), where ny = 1,n9 = b,n3 — 1 = x, ny = ns = ng = 1. Since
x <2, wehavens < 3. If ng < 3thenz+1 < 2and G = Bg(l,b,z +1;1,1,1) €
Bg (n), a contradiction. Now assume that ng = 3. Then H3 = Bg(1,0,2;1,1,1), and
so G = Bg(1,b,3;1,1,1). By Theorem B.3, G ¢ Bg (n), and also its induced subgraph
Bg(1,b—1,3;1,1,1) ¢ B (n—1), acontradiction. Similarly, H3 cannot belong to (13) of
Theorem B.3. Hence Hj is belong to (5)—(8) and (11)—(12) of Theorem B.3 from which
we see that ng — 1 < 1. Thus ng < 2.

By the same method, we can verify that ny < 3 if H; € Bg(n — 1); ng < 3if
Hy € By (n—1);ng < 2if Hy € By (n— 1);n5 < 2if Hs € By (n — 1) and ng < 2 if
Hg € Bg (n —1). Hence n = nq + - - - + ng < 14, a contradiction. We are done. O

Theorem B.5 ([6]). Let G = Br(ai,as,as;aq, as,ag; ar), where ay,...,ay are some
positive integers. Then \o(G) > 0 and A3(G) < 0 if and only if G is isomorphic to one of
the following graphs:
(1) B7(CL,1,$;1,€,1;1); (4) B7(x7ya1;1veal;g); (7) B7(1,b,1;1,€,1;g);
(2) B7(a,1,1,17e,1,g), (5) B?(%LLZJ»LLQ)’ (8) B7(1717c71717f71)’
(3) B7(a’a 15 1a 17 17 Z; 1)’ (6) B7(17 ba Z3 17 17 17 g)’

(9) 143 specific graphs: 18 graphs of order 10, 52 graphs of order 11, and 73 graphs of
order 12,

where a, b, c,d, e, f, g, x,y are some positive integers such that v < 2 and y < 2.
Lemma B.6. Let G € Br(n), where n > 14. If G ¢ B; (n), then G has an induced
subgraph T’ € B7(14) \ B (14).
Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € B7z(n — 1) \ B; (n — 1) for n > 15 in the following.
Let G = B7(n1,n2,n3; n4, ns,ng; n7) € Bz(n). Then one of
Hy = Br(n1 — 1,n9,n3; 14,15, 065 17),
Hy = Br(n1,n2 — 1,n3;14, 15,165 17,

Hs3 = B7(ni,n2,n3 — 1;n4, 15, 63 N7,
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7(N1,N2,N3;M4 — 1,7’L5,7’L6;7’L7 )

B )
Br(n1,n2,n3;n4,n5 — 1,165 17);
B )

(
(

7(n1,n2,n3; M4, 15,16 — 1;17) and
(

= B7(ni1,n2,n3;n4,n5, ng; 07 — 1)

must belong to B7(n — 1). On the contrary, assume that H; € B; (n—1) (i = 1,2,...,7).
Then H; is a graph belonging to (1) —(8) in Theorem B.5 since n > 15.

Let us consider H;. If H; is a graph belonging to (1) of Theorem B.5, then H; =
Br(a,1,2;1,e,1;1) whereny — 1 =a,na =1, ng =x,ng = 1,n5 = e, ng =ny = 1,
hence G = Br(a + 1,1,2;1,e,1;1) € B7 (n), a contradiction. Similarly, H; cannot
belong to (2)—(3) of Theorem B.5. If H; is a graph belonging to (4) of Theorem B.5,
then H; = Br(x,y,1;1,e,1;g), where ng — 1 = 2, ng = y, ng = ng = 1, n5 = e,
ng = land ny = ¢g. Since x < 2, wehaven; < 3. If ny < 3thenxz +1 < 2 and
G = B7(z+1,y,1;1,e,1;9) € By (n), a contradiction. Now assume that n; = 3. Then
H, = B7(2,y,1;1,e,1;9), and so G = B7(3,y,1;1,e,1;g). Since y € {1,2}, we have
G € {B7(3,1,1;1,e,1;9), B7(3,2,1;1,e,1; g) }. However B7(3,1,1;1,¢, 1; g) belongs
to (2) of Theorem B.5 which contradicts our assumption. Thus G = B7(3,2,1;1,¢e,1;g).
By Theorem B.5, G ¢ B (n), and also its induced subgraph B7(3,2,1;1,e — 1,1;g) or
B:(3,2,1;1,e,1;g— 1) isnotin B; (n — 1), a contradiction. Similarly, H; cannot belong
to (5) of Theorem B.5. Hence H; belongs to (6)—(8) of Theorem B.5 from which we see
that n;y — 1 < 1. Thus ny < 2.

By the same method, we can verify that no < 2if Hy € B; (n — 1); ng < 2 if
Hs e B;(n—1);ng <2ifHy € By (n—1);ns < 2if Hs € B; (n— 1), ng < 2if
He € B;(n—1)andny < 2if H; € B; (n —1). Hencen =n; +---+n7 < 14, a
contradiction. We are done. O

Theorem B.7 ([6]). Let G = Bs(a1, a9, as,aq; as, ag, ar, as), where ai, . .., ag are some
positive integers. Then \y(G) > 0 and X3(G) < 0 if and only if G is isomorphic to one of
the following graphs:

(1) Bg(a, 17 17 d7 1a 17 g, 1)’ (2) Bg(l, b7 1a 17 1) fa 17 1)’
(3) 134 specific graphs: 12 graphs of order 10, 42 graphs of order 11, and 80 graphs of
order 12,

where a, b, d, f, g are some positive integers.

Lemma B.8. Let G € Bs(n), where n > 14. If G ¢ Bg (n), then G has an induced
subgraph T" € Bg(14) \ Bg (14).

Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € Bg(n — 1) \ Bg (n — 1) for n > 15 in the following.
Let G = Bs(n1, n2,n3,n4; 15,16, 17, ns) € Bs(n) and

U:J

g(n1 — 1,n2,n3,n4; N5, N6, N7, N8),

D:J

81 1,TL3,7’L4;TL5,TLG,TL7, ng

( )
( )
s(n ng,n3 — 1,n4; 15, N6, N7, 18),
( )
( )

b

UUU:J

g(n1,m2,n3,n4 — 1,15, 16, N7, N8

)

B8 ni, N2, N3, Ng;N5 — 1 , Ne, N7, NG ),
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Hg = Bs(ni,n2,n3,n4; 15,6 — 1,17,n8),
Hy7 = Bg(ni,n2,n3,n4;n5,n6, 07 — 1,n8) and

Hg = Bg(ni,n2,n3,n4; 15,06, N7, N8 — 1).

If ng > 3, then Hy € Bsg(n — 1) \ Bg (n — 1) by Theorem B.7 as desired. If ng = 2,
then at least one of n1, ns, ng, N5, ng, N7, ng is greater than 1 since n > 15, say nsy. Thus
Hy € Bg(n — 1)\ Bg (n — 1) by Theorem B.7 as desired. Hence let ng = 1. Similarly,
let n5 = ng = 1. Thus one of Hy, Hy, Hy, Hg, H7 must belong to Bg(n — 1). On the
contrary, assume that H; € Bg (n — 1) (i = 1,2,4,6,7). Then H; is a graph belonging to
(1)—(2) in Theorem B.7 since n > 15.

Let us consider Hy. If H; is a graph belonging to (1) of Theorem B.7, then H; =
Bg(a,1,1,d;1,1,9,1); whereny — 1 =a,ngo =ng=1,ny=d,ns=ng=1,n; =g
and ng = 1, hence G = Bg(a+1,1,1,d;1,1,¢,1) € Bg (n), a contradiction. Hence H
belongs to (2) of Theorem B.7 from which we see that ny =2 dueton; —1 = 1.

By the same method, we can verify that n;, = 2if H; € Bg (n — 1) fori = 2,4,6,7.
Hence n = nqy + - - - + ng < 13, a contradiction. We are done. O

Theorem B.9 ([6]). Let G = Bg(ai,as,as,aq; a5, a6, ar, as; ag), where ay, . .., ag are
some positive integers. Then A2(G) > 0 and A\3(G) < 0 if and only if G is isomorphic to
one of the following graphs:

(]) B9(17 ba 17 1’ 17 fv 17 17 k)!

(2) 59 specific graphs: 3 graphs of order 10, 17 graphs of order 11, and 39 graphs of
order 12,

where b, f, k are some positive integers.

Lemma B.10. Let G € By(n), where n > 14. If G ¢ By (n), then G has an induced
subgraph T’ € By(14) \ By (14).

Proof. By the proof of Lemma 5.13, it suffices to prove that G contains an induced sub-
graph G’ € By(n — 1) \ By (n — 1) for n > 15 in the following.

Let G = Bg(ni,ng,ns,ng;ns, ne, N7, Ng;ng) € Bg(n). On the contrary, suppose
that every induced subgraphs G’ € Bg(n — 1) of G belongs to By (n — 1). If ny > 3,
then Hy = Bg(n1 — 1,n2,n3,n4; 15, N6, N7, Ng;Ng) ¢ By (n — 1) by Theorem B.9, a
contradiction. If ny = 2, then at least one of ns, ng, ng, ns, ng, N7, Ng, Ng is greater than 1
since n > 15, say no. Thus Hy = By(ni,ne — 1,13, na; ns, ng, N7, g3 ng) ¢ By (n — 1)
by Theorem B.9, a contradiction. Hence n; = 1. Similarly, ng = ny = ns = ny = ng =
1. Butnow G = Byg(1,n2,1,1;1,n6,1,1;n9) € By (n) by Theorem B.9, a contradiction.
We are done. O
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A third conference on Symmetries of Discrete Objects will be held in New Zealand in
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¢ Dimitri Leemans (Université Libre de Bruxelles, Belgium)
* Joy Morris (University of Lethbridge, Canada)
* PrimoZ Poto¢nik (University of Ljubljana, Slovenia)
« Jozef Siraii (Open University, UK, and Slovak University of Technology, Slovakia)

If you are interested in attending, please register (via the conference website) by early
November 2019. (Registration fees do not have to be paid until 4th January 2020.)

Organisers: Marston Conder, Gabriel Verret
Further information: https://www.math.auckland.ac.nz/~conder/SODO-2020/
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¢ The University of Auckland
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We are happy to announce a conference next year entitled Combinatorics around the
q-Onsager algebra, at which we will be celebrating the 65th birthday of Paul Terwilliger.
This conference will take place in beautiful Kranjska Gora, Slovenia, from July 13-18,
2020. The general theme will be the mathematical topics that Paul has worked on over
the years (which all have relationships to the g-Onsager algebra). These topics include the
following:
* Topics in algebraic graph theory, such as distance-regular graphs, association sche-
mes, the subconstituent algebra, and the ()-polynomial property;
 Topics in linear algebra, such as Leonard pairs, tridiagonal pairs, billiard arrays,
lowering-raising triples, and a linear algebraic approach to the orthogonal polynomi-
als of the Askey scheme;
* Topics in Lie theory, such as the tetrahedron algebra and the Onsager algebra;
» Topics in algebras and their representations, such as the equitable presentation of
U,(sl2), the g-tetrahedron algebra, the g-Onsager algebra in mathematical physics,
and the universal Askey-Wilson algebra.

The confirmed invited speakers so far include:
* Eiichi Bannai (Shanghai Jiao Tong University, China)
¢ Pascal Baseilhac (Université de Tours, France)
e Samuel Belliard (Université Paris Saclay, France)
 Sarah Bockting-Conrad (DePaul University, Chicago, USA)
* Ada Chan (York University, Toronto, Canada)
* Sebastian Cioabd (University of Delaware, Newark, USA)
* Darren Funk-Neubauer (Colorado State University-Pueblo, USA)
* Hau-Wen Huang (National Central University, Zhongli, Taiwan)
e Tatsuro Ito (Anhui University, Hefei, China)
* Vaughan Jones (Vanderbilt University, Nashville, USA)
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* Jack Koolen (University of Science and Technology of China, Hefei, China)
¢ Tom Koornwinder (University of Amsterdam, Netherlands)
* Jae-ho Lee (University of North Florida, Jacksonville, USA)
* William Martin (Worcester Polytechnic Institute, Massachusetts, USA)
* Mikhail Muzychuk (Ben-Gurion University of the Negev, Beer-Sheva, Israel)
* Hiroshi Nozaki (Aichi University of Education, Kariya, Japan)
« Safet Penji¢ (University of Primorska, Koper, Slovenia)
* Sarah Post (University of Hawaii at Manoa, USA)
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In addition to invited talks, a limited number of contributed talks will also be available.

Venue: Kranjska Gora is a popular and attractive mountain and tourist sports centre nes-
tled in the Julian Alps at the triple border point of Slovenia, Italy and Austria. In winter
Alpine skiers compete and top ski jumpers break new records at nearby Planica. Sum-
mer offers cyclists the challenge of conquering the highest Slovenian mountain pass, while
hikers can enjoy more than 100 km of trails that incorporate many points of interest. See
https://www.kranjska-gora.si/en.

Organisers: Stefko Miklavi¢, Mark MacLean
Further information: https://conferences.famnit.upr.si/event/15/

This will be a satellite conference of the 8th European Congress of Mathematics (SECM),
which will be held the prior week in Portoroz, Slovenia (https://www.8ecm.si).
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