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An analysis of the quasi-chemical model of a ternary solution:
On the counting of pairs
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Abstract: The quasi-chemical model of a ternary solid solution was pro-
posed in 1971 by Alex and McLellan. The model begins with the
counting of different kinds of pairs between nearest atoms in a ternary
crystal. The formulae of two pairs used in the model has been shown
to be incorrect. A solution is suggested. A new quasi-chemical model
of the solid solution developed from this work can be useful in physi-
cal metallurgy.

Izvlec¢ek: Kvazikemi¢ni model ternarne trdne raztopine sta predlagala Alex
in McLellan leta 1971. Zacne se s Stetjem razlicnih vrst parov med
najblizjimi atomi v ternarnem kristalu. Prikazana je nepravilna for-
mulacija dveh parov, uporabljenih v modelu, in predlagana pravilna
reSitev. Nov kvazikemi¢ni model za trdne raztopine, razvit v tem delu,
je lahko uporaben v fizikalni metalurgiji.
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INTRODUCTION Ti(V,Mo,Zr,Ta)-O(C,N), can yield

thermodynamic properties which could
A statistical treatment of ternary met- be diffcult to obtain experimentally. As
als, e.g. Fe-Mn(Cr,Al)-C(N,H) or Nb- an example, the carbon-carbon interac-
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tion energy in the ferrite phase in steel
can be calculated by fitting the experi-
mentally determined Gibbs free energy
to a function deduced from a simple
quasi-chemical model.l 2 Many re-
cent publications * use data that are
derived from the quasi-chemical model
of a ternary system proposed by ALEX
& McLELLAN.P! The current work dem-
onstrates a fundamental problem in the
model and suggests a solution, which
will lead to a correct quasi-chemical
model of the ternary system.

A solid phase of two or more kinds of
atoms is a solid solution. The forces
between the atoms in solid solution
are short-ranged. Guggenheim showed
that the second nearest neighbour inter-
action energy is negligible, if it varies
as 7.1 Most solution models consider
only the nearest neighbour interactions.

The energy of a solid solution is the sum
of the interaction energy of all kinds of
pairs. Let us consider a binary model
containing A and B atoms, and we in-
terchange an A atom and a B atom on
any two sites. Whatever the initial ar-
rangement around the two sites, if the
number of A-A pairs increases or de-
creases by N, then the number of B-B
pairs will change by the same amount
N, and the number of A-B pairs will
change by —2N. Therefore, the proper-
ties of the solid solution depends only
on the change of combined energy
N(eAA t ey — 2eAB)

Foranon-ideal solution, i.e. e, , + e, 7
2e,,.ife,, +e,,<2e,,, the attractive
force between unlike atoms is stronger,
therefore there will be a tendency for
each atom to be surrounded by unlike
atoms. On the other hand, if e,, + e,
> 2e, ., the solution tends to segregate
into A-rich and B-rich regions.

A quasi-chemical solution model ac-
counts for the non-random distribution
of atoms. It starts with the partition
function , which equals the sum of all
microstates the system can occupy.

Q= Z exp{— ,f—T}

where £ is the Boltzmann constant and
1/kT is the inverse temperature; £, is
the energy level of microstate i. Each
microstate has a unique arrangement
of atoms. Hence, E' is the function of
numbers of different pairs and associ-
ated interaction energies. Thermody-
namic quantities like the Gibbs free
energy and the activity of a solute can
be deduced from the partition function.
An exact solution of the partition func-
tion in two dimensions was obtained
by OnsaGer.”! The partition function
has not been evaluated exactly for a
three dimensional lattice.

The system researched in the work by
Alex and McLellan contains A, B and
c atoms. A and B form a substitutional
solution, and may interchange positions
on the sites. Whereas ¢ atom occupy
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sites in the space between the A and B
atoms. It is an interstitial solute of the
solvent A and B. Figure 1 shows a body-
centered cubic (BCC) lattice model.

The number of A, B and ¢ atoms are
designated as N,, N, and N_ respec-
tively. The ratio of interstitial sites per
lattice atom is . Therefore the number
of empty sites e equals (N, + N,) f —
N_. The pairs of nearest neighbouring
atoms are separated by half the lattice
parameter a/2 and can be divided into
two groups (Figure 2).

The number of nearest interstices and
the number of nearest lattice atoms to

any interstice are designated as Z, and
Z, respectively. In the BCC structure,
Z, equals 4, and Z jequals 2 (Figure 3).

THE DIFFICULTY

Alex and McLellan proposed a set of
formulae counting the numbers of the
seven kinds of pairs for the construc-
tion of a quasi-chemical model.

For the first group of pairs, it starts
with the number of pairs between atom
c and site e, which is simply designated
as Z /.. Then the number of c-c pairs
equals the total interstitial pairs con-

Figure 1. The ternary system consists of three types of atoms: type A, type
B and type c. Atoms A and B form the BCC lattice, and atom ¢ and empty
sites e are the octahedral sites in BCC structure.
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Figure 2. The left shows the pairs between interstices, i.e. c-¢, c-c and e-e,
and the right shows the pairs between interstice and a main lattice atom,
i.e. c-A, c-B, e-A and e-B.
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Figure 3. Z, is the number of nearest interstices to any interstice. Z, is the
number of main lattice atoms to any interstice.

Table 1. Formulae of the number of pairs used in a ternary quasi-chemical model®™

Type of pair Count
c-e and e-c Z A
c-C (ZN, —Z2)12
e-e [Z, (N,+N,B—(ZN —Z4i)—22Z.]2
c-A Z 4,
c-B ZN —ZJ,
e-A ZN ~ 7],
e-B ZN, = (Z,N.~ Z,)
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necting to ¢, Z N, minus those con-
necting ¢ to e, and then divided by 2
as the same pair is double counted by
either ¢ of the pair. The same logic ap-
plies to the e-e pairs.

For the second group of pairs, first the
number of pairs between ¢ and A is
designated as Z A,. Then the number of
c-B pairs equals all the pairs connected
to ¢ minus the c-A pairs. The formulae
of the numbers of e-A and e-B pairs are
problematic, which will be discussed
below. The list of the formulae of the
counting of the pairs used by ALEx &
McLELLAN is shown on Table 1.

Let us take a closer look at the number
of e-A pair and e-B pair. A simple sum
of the formulae of e-A and e-B pairs in
Table 1 yields the equation for the total
number of pairs connecting e to A or B
atoms.

[ZN,— ZJ]+ [ZN, — (ZN. ~ Z),)]
=Z,(N,+N))~ Z,N, (1)

Equation 1, in principle, should equal
the number of all pairs connecting to
both ¢ and ¢, Z, (N, + N,)B, minus c-A
and c-B pairs

Z,(N,+N)B~ZN, (2)
However, clearly the two equations are
not equal, as f equals 3 for a BCC lat-
tice.

THE soLuTION

To solve the problem, a new variable,
Z, is needed. It is the number of near-
est interstices to an A atom or a B atom
(Figure 4). For both body-centered cu-
bic metal, e.g. ferrite in steel and face-
centered cubic metal, e.g. austenite in
steel, Z, equals 6.

Zy

Q\

b

O

Figure 4. Z is the number of nearest in-
terstices to a lattice atom.

Table 2. The comparison of the formulae of e-A and e-B pairs.

Type of pair Old count New count
e-A ZN, - Z), ZN, - Z),
e-B ZN,— (ZN.~ ZJ) Z(N,+N)B—ZN, —(ZN.~Z),)
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The number of e-A4 pairs equals the to-
tal number of pairs connecting A4 to in-
terstices, Z,N ,, minus c-A pairs

ZN, ~ Zz’lz

And the number of e-B pairs equals all
the pairs connecting e to lattice atoms,
Z[(N, +N,)B — N_], minus e-A pairs

Z[(N,+ N)B—N1—(ZN,— Z.)

or
Z(N,+N)B~ZN, — (ZN.~ Z,}.)

The new and old formulae are com-
pared in Table 2

CONCLUSION

A careful investigation of the quasi-
chemical model of a ternary solid solu-
tion proposed by ALEx & McLELLANE]
has revealed a mistake in two formulae
counting the number of pairs. The so-
lution to the flaw proposed in this work
will give a new quasi-chemical model
of the solid solution, which will pro-
duce different functions of thermody-
namic properties. It would be interest-
ing to investigate the compatibility of
the new quasi-chemical model of the
ternary system with the model of a bi-
nary system'”l at the limits where N, —
0, or the interaction energy e, — e,,,
where X represents the interstitial atom
in the system.
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