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Slovensko dru�tvo za hidravliène raziskave
(SDHR) je prostovoljno zdru�enje, ki spremlja in
vzpodbuja strokovno in znanstveno-raziskovalno
delo hidravliènih raziskav na podroèju strojni�tva,
gradbeni�tva  in okoljskega in�enirstva. Ustanovljeno
je bilo leta 1994 in ima danes 53 dejavnih èlanov.
Zastavljene cilje dosega z uresnièevanjem naslednjih
nalog: izobra�evanje èlanov dru�tva na podroèju
hidravliènih raziskav in s tem povezanih znanstvenih
podroèij, sodelovanje pri pripravi in dajanje pobud
za spremembo predpisov s podroèja hidrotehnike,
sodelovanje pri pripravi ustreznih standardov na
podroèju hidravlike ter organizacija strokovnih
sreèanj in ekskurzij. Delo dru�tva je javno in odprto
za koristne pobude, zato ima razvejano sodelovanje z
drugimi sorodnimi domaèimi in mednarodnimi
organizacijami. Omenimo samo nekatere izmed njih:
Slovensko dru�tvo za velike pregrade � SLOCOLD,
Dru�tvo vodarjev Slovenije in Mednarodno zdru�enje
za hidravliène raziskave � IAHR.

Ena od pomembnih nalog dru�tva je tudi
objavljanje strokovnih dose�kov, s èimer �elimo prek
strokovnih in javnih glasil svoje delo in novosti v
stroki predstaviti tako domaèim in tujim
strokovnjakom kakor tudi �ir�i javnosti. Zato smo
se odloèili, da naredimo izbor strokovnih predavanj,
organiziranih od SDHR, od leta 2000 naprej. Izbrali
smo Strojni�ki vestnik, ki je dvojezièen, ima
razvejano mednarodno izmenjavo in je indeksiran v
�tevilnih bazah podatkov.

Med osmimi predavanji je bilo za objavo
izbranih pet predavanj. Vsi èlanki so bili rigorozno
recenzirani, po vnesenih konènih popravkih so bila
slovenska in angle�ka besedila �e lektorirana. Pri
recenziranju objavljenih prispevkov so sodelovali
prof.dr. Roman Klasinc, TU Gradec; prof.dr. Matja�
Miko�, Univerza v Ljubljani; prof. Predrag Popovski,
Univerza Sv. Cirila in Metoda, Skopje; doc.dr. Andrej
Predin, Univerza v Mariboru; prof.dr. Rudi Rajar,
Univerza v Ljubljani; dr. Arris Tijsseling, TU
Eindhoven; prof.dr. Zvonimir Vukeliæ, Univerza Sv.
Cirila in Metoda, Skopje, za njihov trud pa se jim
gostujoèa urednika iskreno zahvaljujeva. Za skrbno
in natanèno delo se zahvaljujeva tudi obema
lektorjema, gospe Anji Baras za sloven�èino in dr.
Paulu McGuinessu za angle�èino ter tehnièni urednici
gospe Suzani Domjan.

Gostujoèa urednika
doc.dr. Anton Bergant
prof.dr. Matja� Èetina

The Slovenian Association for Hydraulic
Research (SDHR) is a voluntary association that
promotes and encourages professional and scientific
hydraulic research work in the field of mechanical,
civil and environmental engineering. It was founded
in 1994 and has 53 active members. Its main aims are
to educate the association�s members in the field of
hydraulic research and associated research areas, to
prepare and suggest changes to hydraulic
engineering rules and standards, and to organise
professional meetings and visits. As the association
is public and open to useful suggestions, it has good
and fruitful collaborations with other professional
organisations in Slovenia and abroad. The most
important of these collaborations are the Slovenian
Committee on Large Dams (SLOCOLD), the Water
Management Association of Slovenia and the
International Association of Hydraulic Research
(IAHR).

One of the most important tasks of the
association is to publish its professional
achievements and news in domestic and international
journals in order to present our work to other
professionals and the interested public. For this
reason it was decided to select some of the lectures
that were presented at the SDHR�s meetings since
2000 and publish them in the Journal of Mechanical
Engineering. The JME is an international journal that
is indexed in a number of databases.

Five lectures were selected for publication.
All the papers were peer reviewed and for the final
versions of the Slovene and English texts careful
proofreading was provided for both languages. By
reviewing the published papers, the following
colleagues provided much help: Assoc.Prof. Roman
Klasinc, TU Graz; Assoc.Prof. Matja� Miko�,
University of Ljubljana; Prof. Predrag Popovski, St.
Cyril and Methodius University, Skopje; Assist.Prof.
Andrej Predin, University of Maribor; Prof. Rudi Rajar,
University of Ljubljana; Dr. Arris Tijsseling, TU
Eindhoven; Prof. Zvonimir Vukeliæ, St. Cyril and
Methodius University, Skopje. The guest editors
would like to thank them all. We would also like to
thank Mrs. Anja Baras and Dr. Paul McGuiness for
their proofreading, and the technical editor, Mrs.
Suzana Domjan, for her careful work in preparing the
journal for publication.

Guest Editors
Assist.Prof.Dr. Anton Bergant

Prof.Dr. Matja� Èetina



03-3
stran 137

Filipan V., Virag Z., Bergant A.: Matemati~no modeliranje - Mathematical Modelling

V prispevku podajamo matematièni model hidravliènega ovna (HO), vgrajenega v cevni sistem.
Obravnavamo poenostavljeni delovni postopek. Pretok v sistemu z ovnom je neustaljen, zato podajamo
enaèbe neustaljenega toka v ceveh in metodo karakteristik (MK). Podan je podrobni oris matematiènega
modeliranja elementov sistema HO. Pogonsko in dobavno cev modeliramo s pomoèjo pravokotne mre�e
karakteristik, pogonski in dobavni zbiralnik pa sta robna pogoja z nespremenljivo gladino vode. HO
modeliramo kot robni pogoj, ki popisuje delovanje ovna v podroèjih delovnega postopka. Ta robni pogoj je
popisan z 11 enaèbami in 11 odvisnimi spremenljivkami, re�ujemo ga z metodo iteracij v èasovnih korakih
raèunskega postopka. Postavljen model je programiran na raèunalniku. V podani raèunski simulaciji smo
uporabili podatke iz literature, èasovni potek tlaka in pretoène hitrosti so prikazani v grafièni obliki.
© 2003 Strojni�ki vestnik. Vse pravice pridr�ane.
(Kljuène besede: ovni hidravlièni, sistemi èrpalni, udari tlaèni, metode karakteristik)

In this paper we present the mathematical modelling of a hydraulic ram rump (HRP) system and an
explanation of the simplified working cycle of its action. The flow in the HRP system is unsteady; therefore,
unsteady pipe-flow equations and the method of characteristics (MOC) are given. The mathematical modelling
of particular components of the HRP system is explained in detail. The drive and delivery pipes are modelled
by a fixed grid MOC, and the supply and delivery tanks are the boundary conditions � open reservoirs with
a constant water level. The HRP is modelled as a unit boundary condition describing the physics of its action.
This boundary condition consists of 11 equations with 11 dependent variables and is solved by an iterative
procedure for each time step of the computational run. The derived model is programmed for a digital
computer. A computer simulation using input data from the literature is made and the results are presented in
the form of pressure and velocity vs. time graphs.
© 2003 Journal of Mechanical Engineering. All rights reserved.
(Keywords: hydraulic rams, pumping systems, water hammer, method of characteristics - MOC)
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Matemati~no modeliranje hidravli~nega ovna

0 INTRODUCTION

The hydraulic ram pump (HRP) system is a
very simple device that consists of two pipes, two
valves and a pressure vessel. The momentum of the
water flow under a relatively low drive head is used
to pump a small portion of the flow to a considerably
higher delivery head. The HRP operates without any
other external (electrical or mechanical) driving
device, and with no other external energy input. The
simplicity of its structure and the negligible operating
costs are the two main reasons why the HRP is
currently very interesting, although it was invented
more than 200 years ago.

There have been many unsuccessful theoreti-
cal attempts to explain the HRP�s action, from its in-
vention in 1797 (by J. M. Montgolfier) until the end
of the 19th century, when the water hammer � the main
use of the HRP�s action � was first explained in detail

0 UVOD

Sistem s hidravliènim ovnom (HO) je preprost
in obsega dve cevi, dva ventila in tlaèni kotel.
Hidravlièni oven izkori�èa energijo vodnega toka
pri relativno majhni pogonski vi�ini za èrpanje
ustrezne pretoène kolièine na vi�jo dobavno raven.
HO obratuje brez dodatnih zunanjih pogonskih
naprav (elektriènih ali mehaniènih), prav tako ni
potreben dodatni vir energije. Preprosta izvedba in
zanemarljivi obratovalni stro�ki sta dva kljuèna
elementa za uporabo sistema s hidravliènim ovnom
v moderni in�enirski praksi, veè ko 200 let po
njegovem izumu.

V zaèetnem obdobju razvoja od leta 1797 (leto,
ko je J. M. Montgolfier izumil HO) do konca 19. stoletja
so �tevilni raziskovalci neuspe�no posku�ali postaviti
teoretièni model delovanja HO. �ukovskij je leta 1898
[1] postavil teoretièni model vodnega udara, po
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by Zhukovsky in 1898 [1]. Combined theoretical and
experimental investigations in the first half of the 20th

century led to an adequate explanation of the HRP�s
action. In a combined approach O�Brien & Gosline [2],
Lansford & Dugan [3] and Krol [4] made the most
important contributions. Eytelwein [5] and Calvert [6]
should also be mentioned because of their exhaustive
and extensive experimental investigations of the HRP.

In 1933 using experimental data of pressure
vs. time O�Brien & Gosline [2] were the first to
successfully explain the HRP�s pumping action.
However, in their model they used the elastic water
hammer theory only for the pumping period. For other
parts of the HRP�s working cycle they considered
using the rigid column theory. A similar approach,
with some improvements, was reported by Lansford
& Dugan [3]. Krol [4] used the rigid column theory
for the whole cycle of the HRP�s action. All these
authors [2] to [4] used the measured static
characteristics of valves and pipes in their
mathematical models. A simplified rigid column theory
model was also derived by Iversen [7]. Basfeld &
Müller [8] introduced a similar model using
experimentally obtained velocity coefficients. Chiang
[9] used a model for the simulation and optimisation
of a HRP based on an impedance method.

Rennie & Bunt [10] derived a graphic-analytical
model and they used unsteady pipe-flow equations and
their graphic-analytical solution for almost the whole of
the HRP cycle. The results of the model agreed well
with their experimental results, but the graphical proce-
dure in the plane of the piezometric head (h) and the
velocity (u), although physically clear, is very cumber-
some. The authors presented comprehensive experi-
mental results with all the necessary details in [11].

Developments at the end of the 20th century
were directed towards simplified solutions of the HRP
so that they could be manufactured in the workshops
of developing countries. Great efforts were made at the
University of Warwick, where they ran a project from
1985 to 1997. They developed several designs of HRP
and introduced a simplified algebraic model [12], all with
the aim of enabling a wider application of the HRP in
developing countries. An extensive investigation with
a large number of laboratory tests on twelve commer-
cially available hydraulic rams was also carried out at
the Delft University of Technology in the period 1982 to
1984. The results of the laboratory investigations were
reported by Tacke in 1988 [13]. In this report Tacke de-
veloped a mathematical model based on rigid column
theory, except for the pumping period. This period was
considered using the pressure-wave theory.

In 1999 Najm, Azoury & Piasecki [14] developed
a numerical model of the HRP based on the method of
characteristics. The model encompasses all the parts of
the device and the derived program accounts for all
possible flow situations of the HRP. This is very similar
to the model of the HRP system developed in a doctoral

katerem deluje hidravlièni oven. Delovanje
hidravliènega ovna je bilo zadovoljivo popisano na
podlagi sklopljene teoretiène in eksperimentalne
analize HO v prvi polovici 20. stoletja. Najpomembnej�i
izvajalci sklopljenih raziskav v tem obdobju so bili:
O�Brien in Gosline [2], Lansford in Dugan [3] ter Krol
[4]. Omeniti moramo tudi  Eytelweina [5] in Calverta
[6], ki sta izvedla ob�irne eksperimentalne raziskave
HO.

Na podlagi analize èasovnega poteka tlaka
sta O�Brien in Gosline [2] leta 1933 prva uspe�no
popisala naèelo èrpanja z uporabo HO. Kakorkoli
�e, raziskovalca sta v svojem modelu uporabila
teorijo elastiènega vodnega udara samo v èrpalnem
taktu. Preostale takte delovnega postopka HO sta
popisala s teorijo togega vodnega udara. Podoben
model z malenkostnimi izbolj�avami sta razvila
Lansford in Dugan [3]. Krol [4] je uporabil teorijo
togega udara za popis celotnega delovnega
postopka HO. Obravnavani avtorji [2] do [4] so v
matematiènih modelih uporabili statiène
karakteristike ventilov in cevi. Poenostavljen model
togega vodnega udara je razvil tudi Iversen [7].
Basfeld in Müller [8] sta predstavila podoben model
ob uporabi izmerjenih koeficientov pretoène hitrosti.
Chiang [9] je uporabil impedanèno metodo za popis
delovanja in optimizacijo HO.

Rennie in Bunt [10] sta razvila grafoanalitièni
model, ki sloni na grafoanalitièni re�itvi enaèb
neustaljenega toka v cevi za praktièno celoten delovni
postopek HO. Rezultati izraèuna so se dobro ujemali
z rezultati meritev. Sam postopek grafiènega re�evanja
v ravnini piezometrièna vi�ina (h) � pretoèna hitrost
(u), ki je fizikalno jasen, pa je te�aven in zamuden.
Avorja sta objavila tudi rezultate svojih obse�nih
eksperimentalnih raziskav [11].

Razvoj na koncu 20. stoletja je bil usmerjen
v izdelavo preprostih izvedb HO, namenjenih za
proizvodnjo v skromno opremljenih delovnih
obratih de�el v razvoju. Levji dele� raziskav so
opravili na Univerzi v Warwicku v obdobju med
1985 in 1997. Na tej univerzi so razvili niz izvedb
hidravliènih ovnov in postavili poenostavljeni
algebraièni model [12], da bi èim bolj raz�irili
uporabo HO v nerazvitih dr�avah. V letih 1982 do
1984 so tudi na Tehnièni univerzi v Delftu potekale
obse�ne laboratorijske raziskave, ki so obsegale
preizkus 12 hidravliènih ovnov iz industrije.
Rezultate laboratorijskih raziskav je objavil Tacke
[13]. V tem poroèilu Tacke podaja matematièni
model, ki sloni na teoriji togega vodnega udara z
izjemo èrpalnega takta. Èrpalni takt je popisan s
teorijo elastiènega udara.

Leta 1999 so Najm, Azoury & Piasecki
[14] razvili numerièni model HO, ki sloni na
metodi karakteristik. Model zajema vse sestavne
dele naprave, razviti program pa omogoèa
modeliranje vseh pretoènih re�imov HO. V
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thesis by the first author [15] and outlined in this paper.
The model is based on elastic water-hammer theory and
takes into account all the parts of the HRP system. The
HRP unit is modelled as a complex boundary condition
and a significant extension is made in the impulse valve
modelling. The model is programmed for a digital com-
puter and a simulation using the experimental data of
Rennie and Bunt [11] is made. The obtained results are
compared with experimental data from the literature.

1 THE WORKING CYCLE OF THE HRP

A typical HRP system is shown in Fig 1. It
consists of a HRP unit or pump (1), drive pipe (2),
delivery pipe (3), supply tank (4) and delivery tank (5).
The pump (1) consists of a pump body or casing (1a),
impulse valve (1b), delivery valve (1c) and a pressure
vessel (1d) partially filled with air. The HRP operates
by extracting the energy from a large quantity of water
(drive flow, Q), which flows from a supply tank (driv-
ing head, H), by rapid closure of the impulse valve. A
small quantity of water (delivery flow, q) is then pumped
to a delivery tank (delivery head, h). The operation is
due to the automatic action of two valves that work
intermittently. The impulse valve is open due to a con-
tinuously acting force (dead weight or spring). The
valve is closed automatically under the dynamic force
of flowing water. The delivery valve is a simple non-
return valve that is opened and closed under a pres-
sure difference.

In a simplified manner the HRP working cycle
can be divided into three different periods of action,
as depicted in Fig. 2.

prièujoèem prispevku podajamo podoben model,
ki ga je v doktorskem delu razvil prvi avtor [15].
Model sloni na teoriji elastiènega vodnega
udara in zajema vse elemente HO. Obravnavani
model  je  programiran na  raèunalniku,  v
numerièni simulaciji pa smo uporabili podatke
Rennieja in Bunta [11]. Dobljeni rezultati
izraèuna so primerjani z rezultati meritev iz lit-
erature.

1 DELOVNI POSTOPEK HIDRAVLIÈNEGA OVNA

Slika 1 prikazuje znaèilni sistem z vgrajenim
HO. Sistem sestavljajo: HO oziroma èrpalka (1),
pogonska cev (2), dobavna cev (3), pogonski zbiralnik
(4) in dobavni zbiralnik (5). Èrpalko (1) sestavljajo:
okrov (1a), vzbujevalni ventil (1b), dobavni ventil (1c)
in tlaèni kotel (1d) z zraèno blazino. Oven izrablja
spremembo kinetiène energije ustrezno velike kolièine
vode (pogonski pretok, Q), ki se pretaka iz
pogonskega zbiralnika (pogonska vi�ina, H), pri hitri
zapori vzbujevalnega ventila. Narastek tlaka omogoèi
èrpanje vode (dobavni pretok, q) v dobavni zbiralnik
(dobavna vi�ina, h). Obratovanje HO sloni na
izmeniènem delovanju obeh ventilov. Vzbujevalni
ventil se odpre z uporabo stalno delujoèe sile ute�i ali
vzmeti. Obravnavani ventil avtomatièno zapre
hidrodinamièna sila delujoèa na ventil. Dobavni ventil
je preprosta izvedba povratnega ventila, ki odpira in
zapira na podlagi razlike tlakov.

V prvem pribli�ku lahko delovni postopek HO
razdelimo na tri znaèilne delovne takte, kakor je
prikazano na sliki 2.

Sl 1. Znaèilni sistem s HO (1-èrpalka: 1a-okrov, 1b-vzbujevalni ventil, 1c-dobavni ventil, 1d-tlaèni kotel;
2-pogonska cev; 3-dobavna cev; 4-pogonski zbiralnik; 5-dobavni zbiralnik)

Fig 1. A typical HRP system (1-pump: 1a-casing, 1b-impulse valve, 1c-delivery valve, 1d-pressure vessel;
2-drive pipe; 3-delivery pipe; 4-supply tank; 5-delivery tank.)
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In the acceleration period (T
a
) water discharges

through the opened impulse valve while the delivery
valve is closed. Water in the drive pipe is accelerated
from u=0 to u=u

v
 (phase 1) and after that to u=u

c
 (phase

2). In phase 1 the impulse valve is fully opened and in
phase 2 it is closing due to the dynamic force of the
water. At the end of the acceleration period the impulse
valve is closed rapidly, the flow is stopped, and a water
hammer with high pressure is created as a consequence.
The induced pressure in the pump body is higher than
the pressure in the air chamber. As a consequence, the
delivery valve opens, enabling water to flow to the pres-
sure vessel and further through the delivery pipe to the
delivery tank. In this second part of the cycle, called the
pumping period (T

p
), water continues to flow through

the opened delivery valve while the impulse valve is
closed. The flow velocity diminishes stepwise after each
returning of the subsequent pressure waves that are
travelling along the drive pipe. Gradually the pressure
in the pump body drops below the critical pressure,
causing the delivery valve to close. After this the im-
pulse valve opens due to active force and negative flow
in the drive pipe (from the pump body to the supply
tank) occurs. The flow is gradually decelerated from
u=-u

r
 to u=0 in this part of action, called the recoil

period (T
r
). The end of the recoil period is the beginning

of the second cycle and the action of the HRP contin-
ues automatically with a period of T

c
.

2 THE UNSTEADY-PIPE-FLOW EQUATIONS
AND THE METHOD OF CHARACTERISTICS

The flow in a HRP system can be described
using unsteady-pipe-flow equations [16]. These are
the continuity equation:

    (1)

and the momentum equation:

                (2),

V pospe�evalnem taktu (T
a
) teèe voda skozi

odprt vzbujevalni ventil, povratni ventil je zaprt. Voda
v pogonski cevi je pospe�ena od u=0 do u=u

v
 (faza

1) in nato na u=u
c
 (faza 2). V prvi fazi je vzbujevalni

ventil polno odprt, v drugi fazi pa se zapira zaradi
hidrodinamiène sile delujoèe na ventil. V sklepnem
delu pospe�evalnega takta se vzbujevalni ventil hitro
zapre, pretok vode se zaustavi, zaustavitev pa
povzroèi vodni udar z visokim tlakom. Tlak vodnega
udara v okrovu èrpalke je veèji od tlaka v tlaènem
kotlu. Posledièno se nato odpre dobavni ventil, vodni
tok se usmeri proti tlaènemu kotlu in naprej v dobavni
cevovod, kjer se na koncu izteka v dobavni zbiralnik.
V drugem taktu postopka, imenovanem èrpalni takt
(T

p
), voda teèe skozi odprt dobavni ventil, medtem ko

je vzbujevalni ventil zaprt. Pretoèna hitrost v sistemu
se korakoma zmanj�uje glede na dinamiko potovanja
udarnih valov v pogonski cevi. Tlak v okrovu èrpalke
se postopoma zmanj�a na kritièni tlak, pri katerem se
zapre dobavni ventil. Temu sledi odprtje
vzbujevalnega ventila z uporabo sile ute�i ali vzmeti
in pojav povratnega toka v pogonski cevi (voda se
pretaka iz okrova èrpalke v pogonsko cev proti
pogonskemu zbiralniku). Pretok v pogonski cevi
postopoma pojema od u=-u

r
 na u=0, obravnavani

tretji takt imenujemo sunek (T
r
). Sunek konèa delovni

proces hidravliènega ovna, ki se nato samodejno
ponavlja s periodo T

c
.

2 ENAÈBE NEUSTALJENEGA TOKA V CEVI IN
METODA KARAKTERISTIK

Tok v sistemu s HO lahko popi�emo z
enaèbami neustaljenega toka v cevi [16]. To sta
kontinuitetna enaèba:

in gibalna enaèba:

T
c

-u
r

u

t

u
c

u
v

T
p

T
r

0

T
a

Sl. 2. Poenostavljen delovni postopek HO
Fig. 2. The simplified working cycle of an HRP

¶h/¶t + u ¶h/¶x + u sinb + c2/g  ¶u/¶x  = 0

¶u/¶t + u ¶u/¶x  + g ¶h/¶x + l |u| u/(2D) = 0
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in which h is the piezometric head, t is the time, u is the flow
velocity, x is the distance, b is the pipe slope, c is the wave
speed, g is the gravitational acceleration, l is the Darcy-
Weisbach friction factor and D is the pipe diameter.
Equations (1) and (2) are derived using the following
assumptions: the distribution of pressure is uniform, the
velocity is averaged over the pipe�s cross section, the pipe
is full with fluid, the pipe is of circular cross section, the
pipe strains are in the elastic domain, the fluid is Newtonian.

The pair of quasi-linear partial differential Equa-
tions (1) and (2) has no analytical solution and a number
of methods for their solution have been developed
([16] and [17]). The method of characteristics (MOC)
is used in this paper. The MOC transformation of equa-
tions (1) and (2) results in four ordinary differential
equations, two compatibility equations:

                                        (3)

and two characteristic equations:

                                        (4).

Each compatibility Equation (3) is only valid
along the corresponding characteristic Equation (4).
The term g/c u sinb in Eqn. (3) can be neglected be-
cause the wave speed c is much higher than the flow
velocity u. The equations are integrated using a dis-
crete finite-difference method ([16] and [17]). As a
result a set of algebraic equations is obtained. These
equations are presented in Chapter 3 together with
the boundary conditions of the HRP model.

3 MATHEMATICAL MODEL OF THE HRP
SYSTEM

The components of the HRP system with sym-
bols used in model are shown in Fig 3.

kjer so: h � piezometrièna vi�ina, t � èas, u � pretoèna
hitrost, x � koordinata, b - strmina cevovoda, c �
hitrost vala, g � zemeljski pospe�ek, l � Darcy-
Weisbachov koeficient trenja in D � premer cevi. Pri
izpeljavi enaèb (1) in (2) smo prevzeli naslednje
postavke: enakomerna porazdelitev tlaka, hitrost je
povpreèena po prerezu cevi, tlaèni tok v cevi, cev je
okroglega prereza, elastiène napetosti v steni cevi,
Newtonska tekoèina.

Par kvazilinearnih parcialnih diferencialnih
enaèb (1) in (2) nima analitiène re�itve, za re�evanje
obravnavanih enèb so razvite �tevile metode ([16] in
[17]). V prispevku bomo uporabili metodo karakteristik
(MK). Sprememba enaèb (1) in (2) po metodi
karakteristik da �tiri navadne diferencialne enaèbe,
dve zdru�ljivostni enaèbi:

in dve enaèbi karakteristik:

Vsaka zdru�ljivostna enaèba (3) je veljavna
samo vzdol� ustrezajoèe karakteristiène enaèbe (4).
Èlen g/c u sinb lahko zanemarimo, ker je hitrost
vala c mnogo veèja od pretoène hitrosti u. Enaèbi
integriramo z metodo konènih razlik ([16] in [17]).
Rezultat integracije je sistem algebraiènih enaèb.
Te enaèbe podajamo v poglavju 3 skupaj z
enaèbami robnih pogojev v sistemu s hidravliènim
ovnom.

3 MATEMATIÈNO MODELIRANJE SISTEMA S
HIDRAVLIÈNIM OVNOM

Elementi sistema s HO z uporabljenimi
oznaèbami so prikazani na sliki 3.

± g/c dh/dt + du/dt ± g/c u sinb + l |u| u/(2D) =  0

dx/dt = u ± c

Sl. 3. Elementi modela sistema s HO
Fig. 3. The components of HRP system model
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Modelling the Drive and Delivery Pipes

In the numerical model [15], the drive pipe is
divided into a selected number of pipe reaches I
(NE=1 to I) of equal length Dx. The delivery pipe is
divided into a corresponding number of pipe reaches
NEMAX-(I+1) (NE=J to NEMAX-1). Each pipe reach
is bounded by two nodes numbered NC=1 to
NCMAX. A fixed grid of the MOC is used for the
numerical computation. The time step Dt is selected
according to the stability criterion of Courant-
Friedrich-Lewy:

                            (5).

The unknown pressure (piezometric head, h)
and velocity (u) at a computational section P for time
t
0
+Dt (Fig. 4) can be obtained from the following equa-

tions written in a generalized form [15]:

    (6)

    (7)

                (8),

in which A is the pipe area, F
R
 and F

S
 are known

constants defined as follows:

                (9)

              (10).

The piezometric heads at sections P
1
 and P

2

are equal (h
P1

=h
P2

=h
P
) and the velocities u

P1
 and u

P2

are different only in the case of a discontinuity (inter-
nal boundary condition).

Modelling the Supply and Delivery Tanks

The supply and delivery tanks are modelled as a
boundary condition assuming that they are air-open

Modeliranje pogonske in dobavne cevi

V numeriènem modelu [13] razdelimo
pogonsko cev na izbrano �tevilo cevnih odsekov I
(NE=1 do I) enake dol�ine Dx. Dobavna cev je
razdeljena na ustrezno �tevilo cevnih odsekov
NEMAX-(I+1) (NE=J do NEMAX-1). Vsak cevni
odsek je omejen z dvema vozli�èema, ki ju o�tevilèimo
z NC=1 do NCMAX. V numeriènem izraèunu
uporabimo pravokotno mre�o MK. Èasovni korak Dt
izberemo na podlagi Courant-Friedrich-Lewyjevega
kriterija stabilnosti:

Neznanki za tlak (piezometrièna vi�ina, h) in
pretoèno hitrost (u) v raèunski toèki P v èasu t

0
+Dt

(sl. 4) lahko dobimo iz naslednjih enaèb, zapisanih v
splo�ni obliki [15]:

kjer so: A � preèni prerez, F
R
 in F

S
 � znani stalnici,

doloèeni kakor sledi:

Piezometrièni vi�ini v toèkah  P
1
 in P

2
 sta enaki

(h
P1

=h
P2

=h
P
), pretoèni hitrosti u

P1
 in u

P2 sta razlièni v
primeru nezveznosti (notranji robni pogoj).

Modeliranje pogonskega in dobavnega zbiralnika

Pogonski in dobavni zbiralnik modeliramo kot
robni pogoj. Postavimo nespremenljivo gladino vode

Dt £ Dx/(|u| + c)
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Fig. 4. The x-t plane

P
P
1

P
2

O
2

O
1

O

R S

C+C-

Dx Dx

t

x

D
t

 t
0
+Dt

 t
0

0



03-3
stran 143

Filipan V., Virag Z., Bergant A.: Matemati~no modeliranje - Mathematical Modelling

reservoirs with a constant water level (H=const. and
h=const., see Fig. 5). The velocities u

P2 and u
P1 are cal-

culated from the corresponding Equations (8) and (7).

The HRP Unit Boundary Condition

The HRP unit (pump) (see Fig. 1) that con-
sists of a pump body, impulse and delivery valves,
and a pressure vessel, is modelled as a unit bound-
ary condition. Constant pressure (head) at the outlet
of the impulse valve at the computational node
NC=NCMAX is modelled as an air-open outlet reser-
voir with a constant water level (z

IS
=const., see Fig.

3). The equations that describe the other parts of the
HRP boundary condition are explained below.

(1) At the downstream-end section of the drive
pipe coupled to the HRP pump body (NC=N) the
compatibility equation of the C+ characteristic can be
expressed as:

                          (11)

with R=NI according to Fig. 3.
The unknowns in Eq. (11) are the head in the

pump body (h
N
) and the velocity at the downstream

end of the drive pipe (u
+I

) for the new time step t
0
+Dt.

(2) At the upstream-end section of the deliv-
ery pipe coupled to the pressure vessel (NC=NK) the
compatibility equation of the C- characteristic can be
expressed as:

                          (12)

with S=NJ according to Fig. 3.
The unknowns in Eq. (12) are the head just

below the pressure vessel (h
NK

) and the velocity at
the upstream-end section of the delivery pipe (u

-J
)

for the new time step t
0
+Dt.

(3) The polytropic equation for air in the pres-
sure vessel can be expressed as:

                          (13),

v odprtem zbiralniku (H=konst. in h=konst., sl. 5).
Pretoèni hitrosti u

P2 in u
P1 izraèunamo iz ustreznih

enaèb (8) in (7).

Enotni robni pogoj za HO

Hidravlièni oven (èrpalka) (sl. 1), sestavljajo
ga okrov, vzbujevalni in dobavni ventil ter tlaèni
kotel, modeliramo kot enotni robni pogoj.
Nespremenljivi tlak (vi�ino) na izstopnem delu
vzbujevalnega ventila v raèunski toèki
NC=NCMAX modeliramo kot zbiralnik s stalno
gladino vode (z

IS
=konst., sl. 3). Enaèbe, ki popi�ejo

druge dele obravnavanega robnega pogoja, so
podane kakor sledi.

(1) Na navzdolnjem koncu pogonske cevi, ki
je pritrjena na okrov ovna (NC=N), lahko izrazimo
zdru�ljivostno enaèbo  C+

 
karakteristike v naslednji

obliki:

ob upo�tevanju R=NI po sliki 3.
Neznanki v enaèbi (11) sta vi�ina v okrovu

ovna N (h
N
) in pretoèna hitrost na navzdolnjem koncu

pogonske cevi (u
+I

) v raèunskem èasu t
0
+Dt.

(2)  Na navzgornjem koncu dobavne cevi, ki
je pritrjena na tlaèni kotel (NC=NK), lahko izrazimo
zdru�ljivostno enaèbo C- karakteristike v naslednji
obliki:

ob upo�tevanju S=NJ po sliki 3.
Neznanki v enaèbi (12) sta vi�ina na

prikljuèku v tlaèni kotel (h
NK

) in pretoèna hitrost na
navzgornjem koncu dobavne cevi (u

-J
) v raèunskem

èasu t
0
+Dt.
(3) Enaèbo politrope za zraèno blazino v kotlu

izrazimo v obliki:
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Fig. 5. Supply (a) and delivery (b) tanks
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where n is a polytropic exponent, p
p
 and V

p 
are the

unknown absolute pressure and the volume of air in
the pressure vessel for the new time step t

0
+Dt, while

p
p0

 and V
p0 

are the known absolute pressure and the
volume of air for the previous time step t

0
.

(4) The absolute piezometric head at the node
NK is expressed as :

                          (14),

in which r is the fluid density, and z
TP

 and z
IS

 are the
water-level elevations (see Fig. 3).

(5) The delivery valve is modelled using the
measured valve head-loss coefficient x

DV
=f(u

K
). If the

pressure difference between points N and NK is posi-
tive, the valve is opened. On the other hand, if the
pressure difference is negative, the valve is closed.
The velocity through the valve is modelled as fol-
lows:

(15)

(6) The continuity equation for the computa-
tional node NK is written as follows:

                          (16),

where index 0 means the value for the previous time step t
0
.

(7) The impulse valve�s motion is modelled ac-
cording to Newton�s second law, taking into account
all the forces acting on the valve. The equation of
motion of the impulse valve can be expressed as:

              (17),

in which a
PV

 is the valve acceleration, F
h
 is the hy-

draulic force, F
v
 is the known force for the valve open-

ing in the opposite direction, m
PV

 is the valve effec-
tive mass, and v

PV
 is the valve disk velocity in the

direction of water flow u
M

 (see Fig. 6).

kjer so: n eksponent politrope, p
p
 in V

p 
sta neznana

absolutni tlak in prostornina zraka v tlaènem kotlu v
raèunskem èasu t

0
+Dt, absolutni tlak p

p0
 in

prostornina zraka V
p0 

sta izraèunana v predhodnem
raèunskem èasu t

0
.

(4) Absolutno piezometrièno vi�ino v vozli�èu
NK izrazimo z enaèbo :

kjer so r � gostota tekoèine, z
TP

 in z
IS

 � gladini vode
(sl. 3).

(5) Model dobavnega ventila upo�teva
izmerjene koeficiente tlaènih izgub na ventilu
x

DV
=f(u

K
). Ventil je odprt, ko je razlika tlakov med

vozli�èema N in NK pozitivna. V nasprotnem primeru,
tj. pri negativni razliki tlakov, je ventil zaprt. Pretoèno
hitrost skozi ventil popi�emo takole:

(6) Kontinuitetno enaèbo za raèunsko vozli�èe
NK zapi�emo v obliki:

kjer indeks 0 definira stanje v raèunskem èasu t
0
.

(7) Vzbujevalni ventil modeliramo z uporabo
drugega Newtonovega zakona ob upo�tevanju vseh
sil, ki delujejo na ventil. Obravnavano enaèbo gibanja
vzbujevalnega ventila zapi�emo v naslednji obliki:

kjer so a
PV

 � pospe�ek ventila, F
h
 � hidravlièna sila,

F
v
 � znana vzbujevalna sila za odprtje ventila proti

smeri vodnega toka, m
PV

 � vplivna masa ventila in
v

PV
 � hitrost diska ventila v smeri vodnega toka u

M

(sl. 6).
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Sl. 6. Model vzbujevalnega ventila
Fig. 6. The impulse valve model
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The measured impulse-valve head-loss coef-
ficient x

PV 
and the force coefficient C

PV
 are functions

of the valve displacement s
PV

 ([2] to [4], [10] and [11]).
The valve velocity and displacement are

obtained with the aid of Eq. (17):

                                                             (18)

              (19).

For the known s
PV

 the value of the impulse-
valve head-loss coefficient x

PV
=f(s

PV
) is defined, and

then the velocity u
M

 is calculated as follows:

              (20)

with NM=NCMAX according to Fig. 3.
(8) One additional equation necessary for

solving Eqs. (11) to (20) is the continuity equation
for node N:

                                      (21).

The system of 11 non-linear algebraic Equa-
tions (11) to (21) with 11 unknowns (h

N
, h

NK
, u

+I
, u

-J
,

u
K
, u

M
, s

PV
, v

PV
, a

PV
, p

p
 and V

p
) is solved by an iterative

method. The bisection method [18] based on the phys-
ics of the HRP action is found to be a simple and
robust one (stable and converging) [15].

For the HRP start-up at time t=0 it can be as-
sumed that the water is under hydrostatic pressure
in the system. The delivery valve is closed and the
impulse valve is fully opened (it opens instantane-
ously). Then the water in the drive pipe starts to
accelerate according to Fig. 2.

4 THE COMPUTER PROGRAM AND THE
SIMULATION RESULTS

The described mathematical model is
programmed in the FORTRAN language. A standard
fixed-grid MOC procedure for solving the unsteady
pipe flow is used. An original subroutine for modelling
the HRP is developed, in which an iterative procedure
is used for each time step to predict 11 unknowns
from Eqs. (11) to (21). Standard subroutines are used
for the computation of pressures (piezometric heads)
and the velocities at other computational sections.

As an example, the computer simulation was
carried out using the experimental pump system from
the paper of Rennie & Bunt ([10] and [11]). The most
important data of this HRP system are as follows:
drive head H=1.52 m, delivery head h=32 m (the head
was adjusted by a control valve in the delivery pipe),
length of drive pipe L=12.2 m, diameter of drive pipe
D=0.036 m, length of delivery pipe L=1.36 m, diameter

Izmerjena koeficient tlaènih izgub na
vzbujevalnem ventilu x

PV 
in koeficient sile C

PV
 sta

funkciji pomika ventila s
PV

 ([2] do [4], [10] in [11]).
Hitrost in pomik ventila dobimo z enaèbo

(17):

Koeficient tlaènih izgub na vzbujevalnem
ventilu x

PV
 je definiran za znani s

PV
; pretoèno hitrost

u
M

 izraèunamo takole:

ob upo�tevanju NM=NCMAX po sliki 3.
(8) Za re�itev sistema enaèb (11) do (20)

potrebujemo �e kontinuitetno enaèbo, zapisano za
vozli�èe N:

Sistem 11 nelinearnih algebraiènih enaèb
(11) do (21) z 11 neznankami (h

N
, h

NK
, u

+I
, u

-J
, u

K
,

u
M

, s
PV

, v
PV

, a
PV

, p
p
 in V

p
) re�imo z iterativno

metodo. Uporabimo prerezno metodo [18], ki
ustreza fiziki delovanja HO. Obravnavana metoda
je preprosta in robustna (stabi lna in
konvergentna) [15].

Pri zagonu HO v èasu t=0. s postavimo
hidrostatiène tlaène razmere v sistemu. Dobavni ventil
je zaprt, vzbujevalni ventil pa je polno odprt (nenadno
odprtje). Temu sledi pospe�evanje vodne mase v
pogonski cevi po sliki 2.

4 RAÈUNALNI�KI PROGRAM IN REZULTATI
IZRAÈUNA

Obravnavani matematièni model
programiramo v FORTRANu. Uporabimo standardno
pravokotno mre�o MK za re�evanje enaèb
neustaljenega toka v cevi. Razvili smo izvirni
podprogram za HO, kjer v vsakem èasovnem koraku
izraèunamo 11 neznank v enaèbah  (11) do (21) z
uporabo iteracije. Za izraèun tlakov (piezometriènih
vi�in) in pretoènih hitrosti v raèunskih toèkah
uporabimo standardne podprograme.

Izvedli smo raèunalni�ko simulacijo delovanja
HO ob uporabi eksperimentalnih podatkov, dobljenih
v prispevku Rennieja in Bunta ([10] in [11]). Glavni
podatki so naslednji: pogonska vi�ina H=1,52 m,
dobavna vi�ina h=32 m (ta vi�ina je bila krmiljena z
ventilom, vgrajenim v dobavni cevi), dol�ina
pogonske cevi L=12,2 m, premer pogonske cevi
D=0,036 m, dol�ina dobavne cevi L=1,36 m, premer

v
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of delivery pipe D=0.012 m, maximum displacement of
impulse valve s

PVmax
=0.00381 m, force on impulse valve

F
v
=2.68 N, impulse valve cross-sectional area

A
PV

=0.001134 m2, effective mass of impulse-valve mov-
ing parts m

PV
=0.273 kg, the volume of the pressure

vessel V
TP

=0.0083 m3, the pressure vessel constant p
p0

V
p0

n =380 Nm8/5, the polytropic exponent n=1.2. The
measured coefficients of the impulse and delivery
valves are approximated as follows ([10], [11] and [15]):
x

PV
=0.00761 s-1.38, C

PV
=0.000216 s-1.824 and

x
DV

=200=const. The wave speed in the pipes was esti-
mated as c=1390 m/s [10]. The drive pipe was divided
into 36 pipe reaches of length Dx»0.339 m and the
delivery pipe into 4 reaches of the same length. The
time increment for the computational run was estimated
according to Eq. (5) as Dt»0.000242 seconds.

The simulation results of the presented model
are compared with the computational and experimental
results of Rennie & Bunt ([10] and [11]), and good
agreement, especially in the case of the HRP

dobavne cevi D=0,012 m, najveèji pomik
vzbujevalnega ventila s

PVmax
=0,00381 m, potrebna

sila za odprtje vzbujevalnega ventila F
v
=2,68 N,

preèni prerez vzbujevalnega ventila A
PV

=0,001134
m2, vplivna masa gibajoèih delov vzbujevalnega
ventila m

PV
=0,273 kg, prostornina tlaènega kotla

V
TP

=0,0083 m3, stalnica tlaènega kotla p
p0

 V
p0

n =380
Nm8/5, eksponent politrope n=1,2. Izmerjeni
koeficienti dobavnega in vzbujevalnega ventila so
pribli�ni, kakor sledi ([10], [11] in [15]): x

PV
=0,00761 s-

1,38, C
PV

=0,000216 s-1,824 in x
DV

=200=konst. Ocenjena
hitrost tlaènega vala v ceveh zna�a c=1390 m/s [10].
Pogonsko cev smo razdelili na 36 cevnih odsekov
dol�ine Dx»0,339 m, dobavno cev pa na 4 odseke
enake dol�ine. Èasovni korak v izraèunu smo doloèili
s pomoèjo enaèbe (5), dobimo vrednost  Dt»0.000242
sekunde.

Rezultati izraèuna postavljenega modela so
primerjani z rezultati izraèuna in meritev Rennie in
Bunta ([10] in [11]). Rezultati se dobro ujemajo, kar

Sl. 7. Perioda T
c
 v odvisnosti od dobavne vi�ine h (meritev - R.&BUNT M � in izraèun - R.&BUNT C -

Rennie in Bunta; izraèun s postavljenim modelom � MODEL)
Fig. 7. The cycle period T

c
 vs. delivery head h (measured - R.&BUNT M � and computed - R.&BUNT C - by

Rennie & Bunt; computed by described model � MODEL)

Sl. 8. Pretoèna hitrost na navzdolnjem koncu pogonske cevi (toèka +I)
Fig. 8. Velocity at the downstream end of the drive pipe (section +I)
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characteristics, is obtained [15]. Fig. 7 shows a
comparison between the computational results for
the cycle period (T

c
) in a wide range of delivery heads

(h) obtained by the described model (MODEL) and
the model of Rennie and Bunt (R.&BUNT C), and the
results of the measurements (R.&BUNT M).

The results show the operational principle and
the complex hydraulic interactions occurring within the
HRP. As an example, the simulation results of velocity
and pressure versus time traces at the downstream end
of the drive pipe are depicted in Figs. 8 and 9, respectively,
for one complete cycle of the HRP action (delivery head
h=32 m). Figs. 8 and 9 show that the pressure and velocity
disturbances occurring in a pumping period influence
the whole cycle of operation.

The computer program calculates the
following HRP system characteristics: drive flow (Q),
delivery flow (q), cycle period (T

c
) and efficiency (h)

for each successive cycle. The efficiency of the HRP
system (h) is defined as the Rankine efficiency:

              (22),

where H is the driving head and h is the delivery
head (see Fig. 1).

The sensitivity analysis with respect to the
mass of the impulse valve (e.g. the force F

v
 in present

case where the valve is loaded by a dead weight) was
made. The simulation results of the analysis are
shown in Fig. 10 as dependencies of the hydraulic
ram pump characteristics Q, q, T

c
 and h vs. force F

v
.

These results are very useful in a real case
where the HRP system parameters should be
adequately adjusted. Generally speaking, lower F

v

values result in lower flow rates (Q and q) and a lower
cycle period (T

c
), whereas the efficiency (h) is higher.

In the case when the HRP system has to deliver more
water, the adjustment must be made for higher forces
F

v
, but then the efficiency is lower. It must be pointed

out that there is only a limited range of F
v
 values for

each particular HRP system.

posebno velja za potek karakteristik HO [15]. Slika 7
prikazuje primerjavo rezultatov izraèuna periode (T

c
)

v �irokem pasu dobavnih vi�in (h), dobljene z
uporabo postavljenega modela (MODEL) ter Rennie
in Buntovega modela (R.&BUNT C) z rezultati meritev
Rennie in Bunta (R.&BUNT M).

Iz rezultatov izlu�èimo naèelo delovanja in
zapletene hidravliène interakcije v samem HO. Kot
primer na slikah 8 in 9 podajamo rezultate izraèuna
èasovnenega poteka pretoène hitrosti in tlaka na
navzdolnjem koncu pogonske cevi za en delovni
proces hidravliènega ovna (dobavna vi�ina h=32 m).
S slik 8 in 9 razberemo, da tlaène in hitrostne motnje v
èrpalnem taktu ovna vplivajo na celotni delovni
postopek.

Raèunalni�ki program raèuna v vsakem
delovnem postopku naslednje karakteristike sistema
s HO: pogonski pretok (Q), dobavni pretok (q), periodo
postopka (T

c
) in izkoristek (h). Izkoristek sistema s

HO (h) je definiran kot Rankinov izkoristek:

kjer sta: H � pogonska vi�ina in h � dobavna vi�ina
(sl. 1).

V obèutljivostni analizi smo spremljali vpliv
mase vzbujevalnega ventila (v obravnavanem
primeru sile F

v
, ki deluje na ventil z ute�jo). Rezultati

izraèuna na sliki 10 prikazujejo odvisnost
karakteristik hidravliènega ovna Q, q, T

c
 in h od sile

F
v
.

Ti rezultati so zelo uporabni v dejanskem
primeru, ko moramo ustrezno nastaviti parametre
sistema s HO. V splo�nem zmanj�anje sile F

v
 vpliva

na zmanj�anje pretoène kolièine (Q in q) in periode
delovnega postopka (T

c
), poveèa pa se izkoristek

(h). V primeru, ko mora sistem s HO dobaviti veèje
kolièine vode, poveèamo silo F

v
, s tem pa

zmanj�amo izkoristek. Povedati moramo, da je pas
nastavitve sile F

v
 omejen za vsak posamezni sistem

s HO.

Sl. 9. Tlak na navzdolnjem koncu pogonske cevi, spojene z okrovom HO (vozli�èe N)
Fig. 9. Pressure at the downstream end of the drive pipe and pump body (node N)

h = (h/H - 1) q/Q
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5 SKLEPI

V prispevku podajamo matematièni model
hidravliènega ovna (HO), vgrajenega v cevni
sistem. Obravnavamo poenostavljeni delovni
postopek. Pretok v sistemu z ovnom je neustaljen,
zato podajamo enaèbe neustaljenega toka v ceveh
in metodo karakteristik (MK). Podan je podrobni
oris matematiènega modeliranja elementov sistema
HO. Pogonsko in dobavno cev modeliramo s
pravokotno mre�o MK, pogonski in dobavni
zbiralnik pa sta robna pogoja s stalno gladino vode.
HO modeliramo kot robni pogoj, ki popisuje
delovanje ovna v podroèjih delovnega postopka.
Ta robni pogoj je popisan z 11 enaèbami in odvisnimi
spremenljivkami, re�ujemo ga s pomoèjo metode
iteracij v èasovnih korakih raèunskega postopka.
Postavljen model je programiran na raèunalniku. V
podani raèunski simulaciji smo uporabili podatke
iz literature, èasovni potek tlaka in pretoène hitrosti
so prikazani v grafièni obliki. Postavljeni model
omogoèa bolj natanèno analizo delovanja
hidravliènega ovna in izlu�èitev zapletenih
hidravliènih interakcij med elementi, ki so vgrajeni
v ovnu. V obèutljivostni analizi smo spremljali vpliv
sile, delujoèe na vzbujevalni ventil.

5 CONCLUSIONS

Mathematical modelling of the HRP system is
presented and the physics of a simplified working cycle
of its action is explained. The flow in the HRP system
is unsteady, therefore, unsteady-pipe-flow equations
and the method of characteristics (MOC) are presented.
The mathematical modelling of particular components
of the HRP system is explained in detail. The drive and
delivery pipes are modelled by the fixed grid MOC,
and the supply and delivery tanks are the boundary
conditions � open reservoirs with constant water levels.
The HRP is modelled as a unit boundary condition
describing the physics of its action. This boundary
condition consists of 11 non-linear algebraic equations
with 11 unknowns and is solved by an iterative
procedure for each time step of the computational run.
The derived model is programmed for a digital computer.
A computer simulation using a pump system from the
literature was made and the results are presented in
the form of pressure and velocity vs. time graphs. The
presented model enables a more detailed analysis of
the operational principle of the HRP and gives insight
into the complex hydraulic interactions occurring
within the HRP. The sensitivity analysis presents the
influence of the force acting on the impulse valve.
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Sl. 10. Vpliv F
v
 na karakteristike hidravliènega ovna Q, q, T

c
 in h

Fig. 10. The influence of F
v
 on hydraulic ram pump characteristics Q, q, T

c
 and h
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Prispevek obravnava obratovanje hidravliènega turbostroja med prehodnimi pojavi (vodni udar) v
cevnih sistemih. Podane so osnove metode karakteristik in prehodnega kavitacijskega toka v ceveh.
Hidravlièni turbostroj je popisan kot robni pogoj v deltoidni mre�i metode karakteristik. Prikazana sta dva
industrijska primera: trenutna razbremenitev dveh 34 MW francisovih turbin in izklop centrifugalne èrpalke.
Rezultati izraèunov in meritev na terenu se dobro ujemajo v obeh primerih.
© 2003 Strojni�ki vestnik. Vse pravice pridr�ane.
(Kljuène besede: stroji turbinski, udar tlaèni, hidroelektrarne, sistemi èrpalni)

This paper deals with the behaviour of a hydraulic turbomachine during transients (water hammer)
in piping systems. A brief description of the method of characteristics and the fundamentals of transient
cavitating pipe flow are given. The hydraulic turbomachine is treated as a boundary condition within the
staggered grid of the method of characteristics. Case studies for a sudden load rejection of two 34-MW
Francis turbines and a centrifugal pump rundown are presented. There is good agreement between the
computational and the field-test results for both cases.
© 2003 Journal of Mechanical Engineering. All rights reserved.
(Keywords: turbomachines, water hammer, hydroelectric power plant, pumping systems)
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Obratovanje hidravli~nega turbostroja med
prehodnimi pojavi

0 INTRODUCTION

Feasibility and design studies of hydraulic
systems should include a water-hammer analysis in order
to ensure safe operation of the system. The main
objective of this paper is to identify the influence of
hydraulic turbomachine on system behaviour during
transient regimes. Transient regimes may cause
excessive water hammer and possible column separation
in the system. These include the turbine-load
acceptance, load reduction or sudden load rejection,
turbine runaway, shutoff valve closure, and a combined
operation of the turbine and valve in hydroelectric power
plants. In pumping systems, water hammer may be
induced by the pump start-up, the pump rundown, and
the opening and closing of valves. In addition, the
hydraulic turbomachine can operate as a pump-turbine.
In this case the turbomachine undergoes transient
regimes in the turbine- and pump-operating modes.
Water hammer may disturb the operation of the hydraulic
system and  damage the system components (pipe
rupture). High-pressure fluctuations in the flow-
passage system and the hydromachine speed are
traditionally controlled by appropriate operational means
(closing and opening wicket gates, preventing flow

0 UVOD

V fazi izbire in naèrtovanja hidravliènega
sistema moramo izdelati analizo prehodnih pojavov,
da zagotovimo varno obratovanje izbranega sistema.
Glavni cilj tega prispevka je izlu�èitev vpliva
hidravliènega turbostroja na odziv pretoènega
sistema med prehodnimi re�imi. Med prehodnimi re�imi
se lahko pojavita ekstremni vodni udar in prekinitev
kapljevinskega stebra v sistemu. V pretoènem sistemu
hidroelektrarne se pojavijo naslednji re�imi:
obremenitev turbine, zmanj�anje obremenitve in
trenutna razbremenitev, pobeg turbine, zaprtje
varnostnih zapiral ter kombinirano obratovanje
turbine in zapirala. V èrpalnih sistemih se vodni udar
pojavi pri startu, izklopu èrpalke ter pri odpiranju in
zapiranju ventilov. Poleg tega lahko hidravlièni
turbostroj obratuje kot èrpalka � turbina. V tem primeru
je turbostroj v turbinskih in èrpalnih podroèjih
obratovanja. Vodni udar lahko povzroèi motnje v
obratovanju hidravliènega sistema in po�koduje
elemente sistema (zlom cevovoda). Ekstremne tlaène
utripe v pretoènem sistemu in vrtilno frekvenco
hidravliènega stroja obièajno krmilimo z ustreznimi
obratovalnimi manevri (zapiranje in odpiranje



03-3
stran 151

Bergant A.: Obratovanje hidravli~nega turbostroja - The Behaviour of a Hydraulic Turbomachine

vodilnika turbine, prepreèitev povratnega toka skozi
èrpalko). Vodni udar lahko bla�imo tudi z vgradnjo
za�èitne opreme proti vodnemu udaru (vztrajnik, tlaèni
varnostni ventil, izravnalnik, zraèni kotel,
prezraèevalna cev, zraèni ventil) in tehnièno
prerazporeditvijo cevnih elementov ([1] do [4]). Na
izbiro metod za bla�itev vodnega udara vplivajo
obratovalni, varnostni in gospodarni kriteriji.

Vodni udar popi�emo s sistemom
hiperboliènih parcialnih diferencialnih enaèb,
kontinuitetne in gibalne enaèbe. Obravnavani sistem
enaèb re�ujemo z uporabo metode karakteristik.
Hidravlièni turbostroj popi�emo kot robni pogoj v
deltoidni mre�i metode karakteristik. Podan je kratek
oris prekinitve kapljevinskega stebra in
neprekinjenega kavitacijskega toka. Kavitacijski tok
se pojavi, ko se tlak kapljevine v cevi zni�a na parni
tlak kapljevine.

V sklepnem delu prispevka preverimo
teoretièni model z dvema primeroma iz industrije. Prvi
obravnavani sistem, hidroelektrarna Toro II
(Kostarika), ima vgrajeni dve 34 MW francisovi
turbini (nazivni neto padec 376 m, pretok 10 m3/s).
Podani so rezultati trenutne razbremenitve obeh
turbin s polne moèi. Vodni udar bla�imo z ustrezno
nastavitvijo èasa zapiranja vodilnika turbine. Drugi
primer obravnava izklop centrifugalne èrpalke v
drena�nem èrpalnem sistemu rudnika v Velenju. V
obeh obravnavanih primerih se rezultati izraèuna in
meritev dobro ujemajo.

1 MODEL VODNEGA UDARA

Vodni udar popisuje potovanje tlaènih valov
vzdol� cevovoda. Tlaèni valovi so vzbujeni s
spremembo pretoène hitrosti. Neustaljeni tok v
zaprtih ceveh popi�emo z dvema enaèbama v eni
razse�nosti, kontinuitetno enaèbo in gibalno enaèbo
([1], [3] in [5]):

in

kjer so H � piezometrièna vi�ina, t � èas, v � pretoèna
hitrost v cevi, x � koordinata, q

p
 � strmina cevovoda,

a � hitrost vala, g � zemeljski pospe�ek, l � Darcy-
Weisbachov koeficient trenja in D � premer cevi. V
veèini in�enirskih uporab so èlen strmine cevovoda
in konvekcijski èleni v enaèbah (1) in (2) majhni in
jih zanemarimo ([1], [3] in [5]). V obravnavanih
enaèbah obièajno vpeljemo pretok Q = vA namesto
pretoène hitrosti v; A � preèni prerez. Enaèbi (1) in
(2) sestavljata sistem navidezlinearnih hiperboliènih
parcialnih diferencialnih enaèb. Splo�na re�itev za
obravnavane enaèbe ne obstaja. Obièajna re�itev

reverasal of the pump). Additional protective measures
against unacceptable water hammer include installation
of surge-control devices (flywheel, pressure-relief
valve, surge tank, air-cushion surge chamber, aeration
pipe, air valve) and redesign of the pipeline layout ([1]
to [4]). Operational, safety and economic factors are
decisive for the optimum selection of the method for
controlling transients.

Water hammer is described by a set of
hyperbolic partial differential equations, the continuity
equation and the equation of motion. The method of
characteristics is used for solving the water-hammer
equations. The hydraulic turbomachine is treated as a
boundary condition within the staggered grid of the
method of charactersitics. Liquid-column separation
and distributed cavitation are briefly introduced.
Cavitating flow occurs when the pressure in the pipe
drops to the liquid vapour pressure.

The paper concludes with two case studies
validating the theoretical model. The first system under
consideration, the Toro II hydro-electric powerplant
(Costarica), is fitted with two 34-MW Francis turbines
(rated net head 376 m, discharge 10 m3/s). Results from
the sudden load rejection of the two units are presented.
Water hammer is controlled by appropriate adjustment
of the wicket-gate closing manoeuvre. The second case
study considers a centrifugal-pump rundown in the
pumping system of a mine in Velenje (Slovenia).  The
computational results match reasonably well with the
field test results in both systems.

1 WATER-HAMMER MODEL

Water hammer is the transmission of pressure
waves along the pipeline resulting from a change in
flow velocity. Unsteady flow in closed conduits is
described by two one-dimensional equations: the
continuity equation and the equation of motion ([1],
[3] and [5]):

                                                                                             (1)

and

                                                                                                    (2),

in which H � the piezometric head, t � the time, v � the
pipe flow velocity, x � the distance, q

p
 � the pipe slope,

a � the wave speed, g � the gravitational acceleration,
l � the Darcy-Weisbach friction factor, and D � the
pipe diameter. For most engineering applications, the
pipe slope and convective acceleration terms in Equa-
tions (1) and (2) are small and can be neglected ([1], [3]
and [5]). Usually, the discharge Q = vA replaces the
flow velocity v; A � pipe area. Equations (1) and (2) are
a set of quasi-linear hyperbolic partial differential equa-
tions. A general solution to these equations is not
available. The common method of solving equations
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enaèb (1) in (2) je metoda karakteristik ([1] in [3]).
Sprememba po metodi karakteristik da zdru�ljivostne
enaèbe vodnega udara, ki veljajo vzdol�
karakteristiènih krivulj. Numerièno stabilne
zdru�ljivostne enaèbe vodnega udara, zapisane v
obliki konènih razlik, se glasijo (majhne èlene
zanemarimo) ([3], [6] in [7]):
- vzdol� C+ karakteristike (Dx/Dt = a):

- vzdol� C- karakteristike (Dx/Dt = -a):

kjer so j � indeks raèunske toèke, Q
u 

� pretok na
navzgornjem koncu raèunske toèke, Q

d
 � pretok na

navzdolnjem koncu raèunske toèke, Dx � dol�ina
cevnega odseka in Dt � èasovni korak. V enaèbah (3)
in (4) uporabimo nespremenljivo vrednost Darcy-
Weisbachovega koeficienta trenja l. V primeru hitrih
prehodnih pojavov to postavko popravimo z vpeljavo
neustaljenega èlena trenja v zgornjih enaèbah ([7] do
[9]). V primeru vodnega udara sta pretok na
navzgornjem koncu raèunske toèke Q

u
 in pretok na

navzdolnjem koncu raèunske toèke Q
d
 enaka (Q

u
 º

Q
d
),  tlak v raèunski toèki je veèji od parnega tlaka

kapljevine. Na robu enaèba robnega pogoja
nadomesti eno od zdru�ljivostnih enaèb vodnega
udara.

Prehodni kavitacijski tok

Prehodni kavitacijski tok se pojavi, ko se tlak
kapljevine zni�a na parni tlak kapljevine. Kavitacija se
lahko pojavi v dveh oblikah ([10] do [12]). Prva oblika
je krajevna diskretna kavitacija s paro z velikim
kavitacijskim razmernikom (pretrganje stebra). Druga
oblika kavitacije je neprekinjen kavitacijski tok pri
parnem tlaku kapljevine, ki se ustvari na dalj�i dol�ini
cevovoda (majhen kavitacijski razmernik). Za prehodni
kavitacijski tok obièajna metoda re�evanja vodnega
udara ne velja. V prispevku obravnavamo diskretni
parni kavitacijski model ([3] in [13]).

Diskretni kavitacijski model dovoljuje stvaritev
kavitacije s paro v vseh tistih raèunskih toèkah
numeriène mre�e metode karakteristik, kjer se tlak zni�a
na parni tlak kapljevine. V cevnih odsekih med
raèunskimi toèkami postavimo kapljevinsko fazo s
stalno hitrostjo �irjenja udarnega vala a. Dinamiko
diskretne kavitacije s paro v poljubni raèunski toèki j
vzdol� cevovoda v celoti popi�emo z dvema
zdru�ljivostnima enaèbama vodnega udara (3) in (4),
kjer vi�ini H priredimo vrednost z+h

v
 (z � geodetska

vi�ina, h
v
 � parna tlaèna vi�ina), in s kontinuitetno

enaèbo prostornine diskretne kavitacije s paro:

(1) and (2) is by the method-of-characteristics trans-
formation ([1] and [3]). The transformation by the
method of characteristics gives the water-hammer com-
patibility equations, which are valid along the charac-
teristic curves. The numerically stable water-hammer
compatibility equations, written in a finite-difference
form, are (small terms are neglected) ([3], [6] and [7]):
- along the C+ characteristic line (Dx/Dt = a):

                          (3)

- along the C- characteristic line (Dx/Dt = -a):

                         (4),

in which j � the computational section index, Q
u 
� the

discharge at the upstream side of the computational
section, Q

d
 � the discharge at the downstream side of

the computational section, Dx � the reach length, and
Dt � the time step. A constant value of the Darcy-
Weisbach friction factor l is used in Equations (3) and
(4). This assumption may be corrected for the case of
rapid transients by introducing an unsteady friction
term in the above equations ([7] to [9]). Discharge at the
upstream side of the computational section Q

u
 and the

discharge at the downstream side of the section Q
d
 are

identical for the water-hammer case (Q
u
 º Q

d
), i.e. the

pressure at a section is greater than the liquid vapour
pressure. At a boundary, the boundary equation re-
places one of the water-hammer compatibility equations.

Transient Cavitating Flow

Transient cavitating flow in a pipeline system
occurs when the pressure drops to the liquid vapour
pressure. Two basic flow situations may occur ([10]
to [12]). The first type is a localised, discrete vapour
cavity with a large void fraction (column separation).
The second type is a distributed, vaporous cavita-
tion, which may extend over long sections of the
pipe (small void fraction). The standard water-ham-
mer solution is no longer valid. This paper deals with
a discrete vapour-cavity model ([3] and [13]).

The discrete vapour-cavity model allows va-
pour cavities to form at all computing sections in the
method-of-characteristics numerical model when the
pressure drops to the liquid vapour pressure. A liq-
uid phase with a constant wave speed a is assumed
to occupy the full reach length between the compu-
tational sections. The behaviour of the discrete va-
pour cavity at an arbitrary computational section j
along the pipeline is fully described by the two wa-
ter-hammer compatibility Equations (3) and (4) with
H set to z+h

v
 (z � the elevation above datum, h

v
 � the

vapour pressure head), and the continuity equation
for the discrete vapour-cavity volume:

                                                                                                                          (5),
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kjer sta V
v
 � prostornina diskretne kavitacije s paro in

t
in
 � èas nastanka kavitacije.

Numerièna re�itev enaèbe (5), zapisane v
deltoidni mre�i metode karakteristik, se glasi [14]:

kjer je y � ute�ni koeficient (y = 0,5 do 1). Kavitacija
se zru�i, ko je zbirna prostornina kavitacije manj�a od
niè. Ponovno se vzpostavi kapljevinski tok in s tem
tudi veljavnost re�itve enaèb vodnega udara (3) in
(4). Priporoèa se, da najveèja prostornina diskretne
kavitacije ne prese�e 10 % prostornine cevnega
odseka [13].

2 MODELIRANJE HIDRAVLIÈNEGA
TURBOSTROJA

Hidravlièni turbostroj lahko preide turbinsko,
èrpalno ali èrpalno-turbinsko podroèje obratovanja.
Dinamièni odziv krmiljene èrpalke � turbine popi�emo
z enaèbami èrpalke � turbine (energijska enaèba,
enaèba vrtenja turboagregata), krmilnika (enaèba za
popis spremembe vrtilne frekvence èrpalke � turbine
v odvisnosti od giba krmilnega mehanizma (ov)) in
cevovoda (enaèbe vodnega udara in prehodnega
kavitacijskega toka). Razmerje med vplivnimi
velièinami turbostroja upodobimo v obliki
eksperimentalno doloèenih karakteristik èrpalke �
turbine (vi�ina, moment, vzdol�na osna sila). V
literaturi so na voljo �tevilne metode re�evanja zgoraj
navedenih enaèb ([1], [3] in [15]). V primeru
spremembe obremenitve, ko je vrtilna frekvenca
èrpalke � turbine krmiljena, moramo v teoretiènem
modelu upo�tevati enaèbe èrpalke � turbine, krmilnika
in cevovoda. Enaèbe krmilnika ne upo�tevamo v
primeru analize trenutne razbremenitve turbine ali
izklopa èrpalke, pri kateri je sprememba vrtilne
frekvence agregata odvisna od èistega hidravliènega
momenta turbostroja. Robna pogoja za popis trenutne
razbremenitve francisove turbine in izklopa
centrifugalne èrpalke sta definirana, kakor sledi.

(1) Robni pogoj za trenutno razbremenitev
francisove turbine

Robni pogoj za trenutno razbremenitev
francisove turbine, vgrajene v cevovodu, zapisan v
deltoidni mre�i metode karakteristik, definiramo z
naslednjimi enaèbami (prehodna kavitacija na
vstopnem in izstopnem robu francisove turbine ni
dovoljena):
- zdru�ljivostni enaèbi vodnega udara (3) in (4)
- energijska enaèba:

- enaèba vrtenja sklopa turbine in generatorja:

in which V
v
 � discrete vapour-cavity volume, and t

in

� the time of cavitation inception.
The numerical solution of equation (5) within the

staggered grid of the method of characteristics is [14]:

                          (6)

in which y = the weighting factor (y = 0.5 to 1). The
cavity collapses when the cumulative cavity volume
becomes less than zero. The liquid phase is re-estab-
lished and the water-hammer solution using equa-
tions (3) and (4) is valid. It is recommended that the
maximum size of the discrete vapour cavity at a sec-
tion is less than 10 % of the reach volume [13].

2 MODELLING A HYDRAULIC
TURBOMACHINE

The hydraulic turbomachine may undergo tur-
bine, pump or pump-turbine operating modes. The
dynamic behaviour of a governed pump-turbine is
described by the pump-turbine (head balance equa-
tion, dynamic equation of rotating masses), the gover-
nor (dynamic equation that relates the pump-turbine
rotational speed change to the position of the regulat-
ing mechanism(s)) and the pipeline equations (water-
hammer and column-separation equations). The rela-
tionship among the influential turbomachine variables
is presented in the form of the experimentally predicted
pump-turbine characteristics (head, torque, axial force).
Different methods for handling and solving the sys-
tem of dynamic equations are available in the literature
([1], [3] and [15]). The complete set of hydraulic
turbomachine-governor-pipeline equations should be
used for the case of load reduction in which the pump-
turbine speed is controlled by the governor. The gov-
ernor equations are omitted in the analysis for the case
of a turbine sudden load rejection or pump rundown in
which the unit-speed change depends only on the net
torque. Boundary conditions defining the sudden load
rejection of the Francis turbine and the rundown of
the centrifugal pump are as follows.

(1) Boundary Condition for a Sudden Load Rejec-
tion of the Francis Turbine

The Francis turbine inline boundary condi-
tion for the case of sudden load rejection, which is
incorporated into the staggered grid of the method
of characteristics, is described by the following equa-
tions (no column separation is allowed at the Francis
turbine inlet and outlet):
- water-hammer compatibility equations (3) and (4)
- head-balance equation:

                                                                           (7)

- dynamic equation of the turbine-unit rotating
masses:
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kjer so H
u
 � vi�ina na navzgornjem koncu turbine, H

r

� imenski padec turbine, n � vrtilna frekvenca turbine
(pozitivna v turbinski smeri vrtenja), r � imenski pogoji,
W

H
(y(t), x) � brezrazse�na turbinska tlaèna

karakteristika, y(t) � brezrazse�no odprtje vodilnika, x
= tg-1((Q/Q

r
)/(n/n

r
)) � turbina v polarnem

karakteristiènem digramu, definiranem za turbinsko
in disipacijsko podroèje (samo v enem kvadrantu),
H

d 
� vi�ina na navzdolnjem koncu turbine, W

T
(y(t), x)

� brezrazse�na turbinska momentna karakteristika, T
� moment in I � polarni vztrajnostni moment vrteèih
se delov.

(2) Robni pogoj za izklop centrifugalne èrpalke
Robni pogoj za izklop centrifugalne èrpalke,

vgrajene v cevovodu, zapisan v deltoidni mre�i
metode karakteristik, doloèimo z naslednjimi
enaèbami (prehodna kavitacija na vstopnem in
izstopnem robu centrifugalne èrpalke ni
dovoljena):
- zdru�ljivostni enaèbi vodnega udara (3) in (4)
- energijska enaèba:

- enaèba vrtenja sklopa èrpalke in elektromotorja:

kjer so H
u
 � vi�ina na navzgornjem koncu èrpalke, H

r

� imenska èrpalna vi�ina, n = vrtilna frekvenca èrpalke
(pozitivna v èrpalni smeri vrtenja), W

H
(x) �

brezrazse�na èrpalna tlaèna karakteristika, x = p + tg-1

((Q/Q
r
)/(n/n

r
)) � èrpalka v polarnem karakteristiènem

diagramu, doloèenem za vse �tiri kvadrante, H
d 

�
vi�ina na navzdolnjem koncu èrpalke in W

T
(x) �

brezrazse�na èrpalna momentna karakteristika.
Neznanke v zgornjem sistemu enaèb za

francisovo turbino oziroma za centrifugalno èrpalko
so: vi�ini H

u
 in H

d
, pretok Q (Q

d
 º Q

u
) in vrtilna

frekvenca turbostroja n. Sistem nelinearnih enaèb
(3), (4), ter (7) in (8) za turbino oziroma (9) in (10) za
èrpalko re�imo s Newton-Raphsonovo methodo
[16]. V primeru prehodnega kavitacijskega toka
dodamo zgornjemu sistemu enaèb spremenjeno
enaèbo (6), zapisano za navzgornji ali navzdolnji
rob turbostroja.

3 PREVERITEV TEORETIÈNEGA MODELA

Preveritev teoretiènega modela je prikazana
za dva primera iz industrije. Prvi primer obravnava
hidroelektrarno Toro II (Kostarika), ki ima vgrajeni
dve 34 MW francisovi turbini [17]. Podajamo

                  
    (8),

in which H
u
 � the head at the upstream side of the

turbine, H
r
 � the rated turbine head, n � the turbine

rotational speed (positive in turbine direction), r �
the rated conditions, W

H
(y(t), x) � the dimensionless

turbine head characteristic, y(t) � the dimensionless
wicket-gates position, x � tg-1((Q/Q

r
)/(n/n

r
)) � the

angular position of the turbine characteristic curve
in generating and dissipating mode (only in one quad-
rant), H

d 
� the head at the downstream side of the

turbine, W
T
(y(t), x) � the dimensionless turbine torque

characteristic, T � the torque, and I � the polar mo-
ment of inertia of rotating parts.

(2) Boundary Condition for a Rundown of the Cen-
trifugal Pump

The centrifugal pump inline boundary condition
for the case of rundown, which is incorporated into the
staggered grid of the method of characteristics, is de-
scribed by the following equations (no column separa-
tion is allowed at the centrifugal pump inlet and outlet):
- water-hammer compatibility equations (3) and (4)
- head-balance equation:

                                                                                  (9)

- dynamic equation of the pump-unit rotating masses:

                           
  (10),

in which H
u
 � the head at the upstream side of the

pump, H
r
 � the rated pump head, n � the pump rota-

tional speed (positive in pump direction), W
H
(x) � the

dimensionless pump head characteristic, x = p + tg-1

((Q/Q
r
)/(n/n

r
)) � the angular position of the pump

four-quadrant characteristic curve, H
d 
� the head at

the downstream side of the pump, W
T
(x) � the

dimensionless pump torque characteristic.
The unknowns in the above system of equa-

tions for the Francis turbine and the centrifugal pump
respectively, are the heads H

u
 and H

d
, discharge Q (Q

d
 º

Q
u
) and turbomachine rotational speed n. The system

of non-linear equations (3), (4), and (7) and (8) for the
turbine, and (9) and (10) for the pump, respectively, is
solved by the Newton-Raphson method [16]. The modi-
fied equation (6) is added to the above system of equa-
tions for the column-separation case, either at the up-
stream or the downstream side of the turbomachine.

3 VALIDATION OF THE THEORETICAL MODEL

Two case studies validating the theoretical
model are presented. The first system under
consideration, the Toro II hydro-electric powerplant
(Costarica), is fitted with two 34-MW Francis turbines

( )( ) 0
1

30
,

22

22

=÷
÷
ø

ö
ç
ç
è

æ
÷÷
ø

ö
çç
è

æ
-÷÷

ø

ö
çç
è

æ
D

-÷÷
ø

ö
çç
è

æ
+

÷
÷

ø

ö

ç
ç

è

æ
÷÷
ø

ö
çç
è

æ
+÷÷

ø

ö
çç
è

æ

D-D- ttrrr

r

ttr
T

rr n

n

n

n

tT

n
I

T

T
xtyW

Q

Q

n

n p

( ) 0
22

=-
÷
÷

ø

ö

ç
ç

è

æ
÷÷
ø

ö
çç
è

æ
+÷÷

ø

ö
çç
è

æ
+ dH

rr
ru HxW

Q

Q

n

n
HH

( ) 0
1

30
22

22

=÷
÷
ø

ö
ç
ç
è

æ
÷÷
ø

ö
çç
è

æ
-÷÷

ø

ö
çç
è

æ
D

+÷÷
ø

ö
çç
è

æ
+

÷
÷

ø

ö

ç
ç

è

æ
÷÷
ø

ö
çç
è

æ
+÷÷

ø

ö
çç
è

æ

D-D- ttrrr

r

ttr
T

rr n

n

n

n

tT

n
I

T

T
xW

Q

Q

n

n p



03-3
stran 155

Bergant A.: Obratovanje hidravli~nega turbostroja - The Behaviour of a Hydraulic Turbomachine

[17]. Results from the sudden load rejection of the two
units are presented. The second case study considers
a centrifugal-pump rundown in Velenje (Slovenia) in
the pumping system of a mine [2]. Calculations were
performed with the aid of computer programs for
hydraulic transient analysis in Litostroj ([18] to [20]).
The hydropower plant and the pumping-station
elements are included in these programs (hydraulic
turbomachine, valve, surge tank, air receiver, etc.).

Case Study 1 � Toro II HPP

The Toro II hydro-electric powerplant
(Costarica) is comprised of an upstream reservoir; a
penstock of equivalent diameter D = 2.23 m and total
length L = 1577.3 m (see Fig. 1); two vertical-shaft 34-
MW Francis turbines of rated head H

r 
= 376 m and

discharge Q
r 
= 10 m3/s, which are connected to the

outlet tunnel of diameter D = 2.5 m and length L = 22.8
m; and a downstream reservoir. The water level in the
upstream reservoir z

u
 is in the range from 1069.5 m to

1075.0 m; the level in the downstream reservoir z
d
 is

in the range from 689.7 m to 690.5 m. The rated speed
of the turbine is n

r 
= 720.0 min-1 and the polar moment

of inertia of the unit rotating parts I = 47.2´103 kgm2.
Various operating regimes were performed dur-

ing the commissioning tests, including turbine start-
up, load acceptance, load reduction and sudden load
rejection of one or two turbines. The resulting water
hammer was controlled by appropriate adjustment of
wicket-gates closing and opening manoeuvres.

Sudden Load Rejection of Two Turbines
The sudden load rejection of two turbines is the

most severe transient regime that occurs during normal
operating conditions [1]. The turbines are simultane-
ously disconnected from the electrical grid followed by
the simultaneous full closure of the wicket gates.

rezultate za trenutno razbremenitev obeh turbin.
Drugi primer obravnava izklop centrifugalne èrpalke
v drena�nem èrpalnem sistemu v rudniku Velenje
[2]. Izraèuni so bili izdelani z uporabo raèunalni�kih
programov za analizo prehodnih pojavov v
Litostroju ([18] do [20]). V teh programih so zajeti
elementi pretoènega sistema hidroelektrarn in
èrpalnih postaj (hidravlièni turbostroj, ventil,
izravnalnik, tlaèni kotel itn.).

Primer 1 � HE Toro II

Hidroelektrarno Toro II (Kostarika)
sestavljajo navzgornji zbiralnik, cevovod z ustreznim
premerom D = 2,23 m in skupno dol�ino L = 1577,3 m
(sl. 1), dve 34 MW francisovi turbini z navpièno
gredjo (imenski padec H

r 
= 376 m, pretok Q

r 
= 10 m3/s)

prikljuèeni na odvodni predor s premerom D = 2,5 m
in dol�ino L = 22,8 m ter navzdolnji zbiralnik. Gladina
vode v navzgornjem zbiralniku z

u
 se giblje od 1069,5

m do 1075,0 m, gladina vode v navzdolnjem zbiralniku
z

d
 pa od  689,7 m do 690,5 m. Imenska vrtilna

frekvenca turbine je n
r 
= 720,0 min-1, polarni

vztrajnostni moment vrteèih se delov stroja pa I =
47,2´103 kgm2.

Prevzemne meritve na terenu so zajemale
naslednje preizkuse: start, obremenjevanje,
zmanj�anje obremenitve ter trentno razbremenitev
ene ali dveh turbin. Nastali vodni udar bla�imo z
ustrezno nastavitvijo èasov zapiranja in odpiranja
vodilnika.

Trenutna razbremenitev dveh turbin
Trenutna razbremenitev dveh turbin je najbolj

nevaren prehodni re�im med normalnimi obratovalnimi
razmerami [1]. Turbinska agregata izklopimo iz
elektriènega omre�ja, temu sledi hkratno polno zaprtje
vodilnikov obeh turbin.

Sl. 1. Izraèunane ovojnice najveèjih in najmanj�ih vi�in vzdol� cevovoda za primer trenutne razbremenitve
dveh turbin (H

max
 � najveèja vi�ina, H

min
 � najmanj�a vi�ina, L � dol�ina cevovoda)

Fig. 1. Computational envelopes of maximum and minimum heads along the penstock after the sudden load
rejection of two turbines (H

max
 = maximum head, H

min
 = minimum head, L = penstock length)
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Slika 1 prikazuje izraèunane ovojnice najveèjih
in najmanj�ih piezometriènih vi�in vzdol� profila
cevovoda. Ta diagram omogoèa in�enirju
naèrtovanje varnega in gospodarnega cevnega
sistema. Iz ovojnice najmanj�e vi�ne (H

min
) izlu�èimo

nevarnost pretrganja kapljevinskega stebra, ko se
tlak zni�a pod koto cevovoda. V na�em primeru je
izraèunana vi�ina zadosti nad vzdol�nim profilom
cevovoda.

Najveèji tlak v spirali in najveèja vrtilna
frekvenca turbine pomembno vplivata na izmere
elementov turbine. Slika 2 prikazuje tlaèno vi�ino v
spirali na vstopu v turbino h

sc
 (geodetska vi�ina

z = 685,0 m) in vrtilno frekvenco turbine n. Rezultati
izraèuna in meritev se dobro ujemajo. Izraèunana
najveèja vi�ina h

sc
 
max,c 

= 504,2 m je rahlo veèja od
izmerjene vi�ine h

sc
 
max,m 

= 501,0 m. Izraèunana najveèja
vrtilna frekvenca turbine n

max,c 
= 1075 min-1 je rahlo

manj�a od izmerjene hitrosti n
max,m 

= 1082 min-1.
Odstopanja med rezultati se poveèajo pri majhnih
odprtjih.

Primer 2 � Rudnik Velenje

Èrpalni sistem v rudniku Velenje je
visokotlaèni sistem, kjer vodoravna veèstopenjska
centrifugalna èrpalka potiska vodo v skoraj vertikalni
cevovod s premerom D = 0,205 m in skupno dol�ino L
= 441,5 m (glej sl. 3). Voda prosto izteka v okolico.
Koncentracijski razmernik trdnin v vodi je zanemarljiv.
Na navzdolnjem robu èrpalke je vgrajena nedu�ena
povratna loputa, ki prepreèi nasprotno vrtenje
èrpalke. Èrpalka obratuje na imenski vi�ini H

r 
= 382 m,

pretoku Q
r 
= 0,05 m3/s in vrtilni frekvenci èrpalke

n
r 
= 720 min-1.

Na terenu smo preizkusili zagon in izklop
èrpalke. Vodni udar v cevovodu je v veliki meri vplivan
z dinamiènim odzivom povratne lopute [21].

Computed envelopes of the maximum and mini-
mum piezometric heads along the penstock profile are
shown in Fig. 1. This diagram is important for design
engineers to help them design a safe and economic pipe-
line system. The envelope of the minimum head (H

min
)

indicates the danger of liquid column separation when
the pressure drops below the penstock profile. The com-
puted minimum head is well above the penstock profile.

The maximum pressure in the scroll case and the
maximum turbine rotational speed are two important pa-
rameters in turbine design. The pressure head in the
scroll-case at the turbine inlet h

sc
 (datum level z = 685.0 m)

and the turbine rotational speed n are depicted in Fig. 2.
There is a reasonable agreement between the results of
the computation and the measurement. The computed
maximum head h

sc
 
max,c 

= 504.2 m is slightly higher than
the measured one h

sc
 
max,m 

= 501.0 m. The computed
maximum turbine rotational speed n

max,c 
= 1075 min-1 is

slightly lower than the measured speed n
max,m 

= 1082 min-1.
The discrepancies between the results increase at small
wicket-gates openings.

Case Study 2 �Velenje Mine

The Velenje mine pumping system (Slovenia)
is a high head-system with a horizontal multistage
centrifugal pump forcing water into a nearly vertical
pipeline of diameter D = 0.205 m and total length L = 441.5 m
(see Fig. 3). The water discharges freely into the at-
mosphere. The concentration ratio of solids in the
water is negligible. An undamped swing-type check
valve is installed at the downstream side of the pump
to prevent pump-flow reversal. The pump operates at
rated head H

r 
= 382 m, discharge Q

r 
= 0.05 m3/s and

pump rotational speed n
r 
= 720 min-1.

Pump start-up and rundown tests were performed
in-situ. The water hammer in the pipeline was controlled
by the dynamic action of the check valve [21].

Sl. 2. Primerjava izraèunanih in izmerjenih rezultatov za primer trenutne razbremenitve obeh turbin
(y - brezrazse�no odprtje vodilnika, h

sc
 - tlaèna vi�ina v spirali, n - vrtilna frekvenca turbine, t - èas)

Fig. 2. Comparison of computational and experimental results after the sudden load rejection of two
turbines (y - dimensionless wicket gates position, h

sc
 - scroll-case pressure head, n - turbine rotational

speed, t - time)
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Izklop centrifugalne èrpalke
Izklop centrifugalne èrpalke je najbolj nevaren

prehodni re�im v obravnavanem èrpalnem sistemu.
Izklopimo elektromotor èrpalke, povratna loputa se
zapre v èasu t

cv
 = 1,1 s, èrpalka pa se zaustavi v èasu

t
ps

 = 40 s po izklopu.
Izraèunane ovojnice najveèjih in najmanj�ih

piezometriènih vi�in vzdol� profila cevovoda so
prikazane na sliki 3. Iz slike 3 razberemo stvaritev
podroèja neprekinjenega kavitacijskega toka na
navzdolnjem koncu cevovoda, ki pa ima zanemarljiv
vpliv na obliko obeh ovojnic. Obravnavani cevovod
je projektiran tudi za podtlak.

Na sliki 4 primerjamo izraèunane in izmerjene
tlaène vi�ine h

cv,d
 na navzdolnjem koncu povratne

lopute, ki je prikljuèena k èrpalki. Izraèunana najveèja
vi�ina h

cv,d
 
max,c 

= 481,4 m se dobro ujema z izmerjeno

Centrifugal Pump Rundown
Pump rundown is the most severe transient

regime in the considered pumping system. The pump-
electromotor was switched off, the check valve shut
in time t

cv
 = 1.1 s and the pump stoppage time after

power loss was t
ps

 = 40 s.
Computed envelopes of the maximum and mini-

mum piezometric heads along the pipeline profile are
shown in Fig. 3. As can be seen from Fig. 3, there is a
distributed vaporous cavitation at the upper part of
the pipeline, which does not significantly affect the
shape of both envelopes. The pipeline is designed to
withstand the underpressure.

Fig. 4 shows the comparison between computed
and measured pressure heads h

cv,d
 at the downstream

end of the check valve connected to the pump. The
computed maximum head h

cv,d
 
max,c 

= 481.4 m reasonably

Sl. 3. Izraèunane ovojnice najveèjih in najmanj�ih vi�in vzdol� cevovoda za primer izklopa èrpalke (H
max

 =
najveèja vi�ina, H

min
 = najmanj�a vi�ina, L = dol�ina cevovoda)

Fig. 3. Computational envelopes of maximum and minimum heads along the pipeline after pump rundown
(H

max
 = maximum head, H

min
 = minimum head, L = pipeline length)

Sl. 4. Primerjava izraèunanih in izmerjenih rezultatov za primer izklopa èrpalke
(h

cv,d
 � tlaèna vi�ina na dolvodnem koncu povratne lopute, t � èas)

Fig.4. Comparison of computational and experimental results after pump rundown
(h

cv,d
 � pressure head at the downstream end of the check valve, t � time)

0 50 100 150 200 250 300 350 400 450
0

100

200

300

400

500

600

 

 

cevovod
pipeline

H
m

in
 , 

H
m

ax
 (m

)

L (m)

H
max

H
min

0 2 4 6 8 10
200

300

400

500

600
 izraèun/computation
 meritev/measurement

 

 

h cv
,d
 (m

)

t (s)



03-3
stran 158

Bergant A.: Obratovanje hidravli~nega turbostroja - The Behaviour of a Hydraulic Turbomachine

5 OZNAÈBE
5 SYMBOLS

preèni prerez
hitrost vala
premer cevi
zemeljski pospe�ek
piezometrièna vi�ina
tlaèna vi�ina na navzdolnjem koncu

povratne lopute
tlaèna vi�ina v spirali
parna tlaèna vi�ina
polarni vztrajnostni moment vrtilnih delov
dol�ina cevi
vrtilna frekvenca turbostroja
pretok
moment
èas
èas zapiranja povratne lopute
èas nastanka kavitacije
èas zaustavitve èrpalke
prostornina diskretne kavitacije pare
pretoèna hitrost
brezrazse�na tlaèna karakteristika

turbostroja
brezrazse�na momentna karakteristika

turbostroja

vi�ino h
cv,d

 
max,m 

= 483,3 m. Èasovni odmik med
izraèunanim in izmerjenim potekom tlaène vi�ine izvira
iz zapletenega modeliranja dinamiènega odziva
povratne lopute. Na prvem in drugem raèunskem
tlaènem nihanju razberemo �ibke utripe. Ti utripi so
inducirani z zru�itvijo �ibkih diskretnih kavitacij na
navzdolnjem delu cevovoda. Iz izmerjene tlaène vi�ine
ne razberemo obravnavanih kavitacijskih uèinkov.
Kondenzacija izraèunanih diskretnih kavitacij generira
veèje tlake kakor pa kondenzacija dejanskega podroèja
neprekinjenega kavitacijskega toka vzdol� cevovoda
[12].

4 SKLEP

Analiza prehodnih pojavov v pretoènih
sistemih hidroelektrarn in èrpalnih sistemih mora zajeti
kritiène obratovalne dogodke, da obremenitve,
vzbujene z vodnim udarom, ne prese�ejo dopustnih
vrednosti. Trenutna razbremenitev dveh francisovih
turbin je najbolj nevaren prehodni re�im v visokotlaèni
hidroelektrarni Toro II (Kostarika). Podobno vzbudi
najveèje obremenitve izklop centrifugalne èrpalke v
visokotlaènem cevnem sistemu v rudniku Velenje.
Rezultati izraèuna, dobljeni z metodo karakteristik, se
dobro ujemajo z rezultati meritev na terenu. Metodo
karakteristik priporoèamo za analizo prehodnih
pojavov v hidravliènih sistemih, v katerih je dol�ina
cevovoda mnogo veèja od premera cevi.

matches the measured one h
cv,d

 
max,m 

= 483.3 m. The time
shift between the calculated and measured head trace is
mainly due to difficulties in the modelling of the dy-
namic behaviour of the check valve. The computed head
exhibits low-amplitude pressure spikes superimposed
on the first and the second pressure pulse. These spikes
are due to discrete multi-cavity collapse at the upper
part of the pipeline. The measured head does not exhibit
such cavitating effects. Condensation of the computed
discrete vapour cavities produces larger pressures than
the condensation of the actual distributed vaporous
cavitation zone along the pipeline [12].

4 CONCLUSION

Transient analysis in hydro-electric power
plants and pumping systems should include critical
operating conditions such that the loads induced by
water hammer are kept within the prescribed limits. Sud-
den load rejection of two Francis turbines is the most
severe transient regime in the Toro II (Costarica) high-
head hydro-electric powerplant. Similarly, centrifugal
pump rundown is the most severe transient regime in
the Velenje (Slovenia) high-head mine pumping system.
The method-of-characteristics computational results
agree reasonably with the results of the measurements
for both cases. The method is recommended for the
transient analysis in hydraulic systems where the pipe-
line length is much larger than the pipe diameter.

A pipe area
a wave speed
D pipe diameter
g gravitational acceleration
H piezometric head
h

cv
pressure head at the downstream end of

the check valve
h

sc
scroll-case pressure head

h
v

vapour pressure head
I polar moment of inertia of rotating parts
L pipe length
n turbomachine rotational speed
Q discharge
T torque
t time
t

cv
check-valve closure time

t
in

time of cavitation inception
t

ps
pump stoppage time

V
v

discrete vapour-cavity volume
v pipe flow velocity
W

H
dimensionless turbomachine head charac-

teristic
W

T
dimensionless turbomachine torque char-

acteristic
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koordinata, turbostroj v polarni
karakteristiki

brezrazse�no odprtje vodilnika
geodetska vi�ina
èasovni korak
dol�ina cevnega odseka
Darcy-Weisbachov koeficient trenja
strmina cevovoda
ute�ni koeficient

Indeksi
izraèun
navzdolnje
indeks raèunske toèke
meritev
najveèje
najmanj�e
imensko
èas
navzgornje

6 LITERATURA
6 REFERENCES

[1] Chaudhry, M.H. (1987) Applied hydraulic transients. Van Nostrand Reinhold Company, New York, USA.
[2] Bergant, A., A.R. Simpson, E. Sijamhod�iæ (1991) Water hammer analysis of pumping systems for control

of water in underground mines. Proceedings of the 4th International Mine Congress, Ljubljana, Slovenia
& Pörtschach, Austria, Vol. 2, 9 - 20.

[3] Wylie, E.B., V.L. Streeter (1993) Fluid transients in systems. Prentice Hall, Englewood Cliffs, USA.
[4] Bergant, A., E. Sijamhod�iæ (1997) Water hammer problems related to refurbishment and upgrading of

hydraulic machinery. Hydropower into the Next Century, Portoro�, Slovenia, 611 - 622.
[5] Bergant, A., A.R. Simpson (1997) Development of a generalised set of pipeline water hammer and column

separation equations. Report n. R149, Dept. of Civil and Envir. Engrg., University of Adelaide, Adelaide,
Australia.

[6] Wylie, E.B. (1983) Advances in the use of MOC in unsteady pipeline flow. BHRA Conference on Pressure
Surges, Bath, England, 349 - 356.

[7] Anderson, A., M. Arfaie, R. Sandoval-Pena, K. Suwan (1991) Pipe-friction in water hammer. XXIV IAHR
Congress, Madrid, Spain, D23 - D30.

[8] Bergant, A., A.R. Simpson (1994) Estimating unsteady friction in transient cavitating pipe flow. BHR
Group Conference on Water Pipeline Systems, Edinburgh, Scotland, 3 - 16.

[9] Bergant, A., A.R. Simpson, V. Vítkovský (2001) Developments in unsteady pipe flow friction modeling.
IAHR Journal of Hydraulic Research, 39(3), 249 - 257.

[10] Simpson, A.R., E.B. Wylie (1991) Large water hammer pressures for column separation in pipelines. ASCE
Journal of Hydraulic Engineering, 117(10), 1310 - 1316.

[11] Bergant, A., A.R. Simpson (1992) Interface model for transient cavitating flow in pipelines. Conference on
Unsteady Flow and Fluid Transients, Durham, England, 333 - 342.

[12] Bergant, A., A.R. Simpson (1999) Pipeline column separation flow regimes. ASCE Journal of Hydraulic
Engineering, 125(8), 835 - 848.

[13] Simpson, A.R., A. Bergant (1994) Numerical comparison of pipe-column-separation models. ASCE Jour-
nal of Hydraulic Engineering, 120(3), 361 - 377.

[14] Wylie, E.B. (1984). Simulation of vaporous and gaseous cavitation. ASME Journal of Fluids Engineering,
106(3), 307 - 311.

[15] Krivèenko, G.I., N.N. Ar�enevskij, E.V. Kvjatovskaja, V.M. Klabukov (1975) Hydromechanical transient
processes in hydro power plants (in Russian). Energija, Moscow, Russia.

[16] Carnahan, B., H.A. Luther, J.O. Wilks (1969). Applied numerical methods. John Wiley & Sons, New York, USA.
[17] Bergant, A., E. Sijamhod�iæ (1998) Water hammer flow regimes in a high-head Francis turbine hydro

powerplant. Hydroturbo�98, Louèná nad Desnou, Czech Republic, 237 � 245.

x distance, angular position in turbomachine
characteristic curve

y dimensionless wicket-gates position
z elevation above datum
Dt time step
Dx reach length
l Darcy-Weisbach friction factor
q

p
pipe slope

y weighting factor

Subscripts
c computation
d downstream
j computational section index
m measurement
max maximum
min minimum
r rated
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Z matematiènimi modeli je bilo simulirano gibanje drobirskega toka, ki je nastal po spro�itvi plazu
Sto�e, novembra 2000, in razdejal del vasi Log pod Mangartom. Na zgornjem delu vplivnega podroèja, kjer
se je drobirski tok v glavnem gibal po ozkem kanjonu, je bil uporabljen enodimenzijski model DEBRIF1D. Za
izbrane primere mogoèih prihodnjih plazov so bili tako doloèeni hidrogrami pretokov drobirskega toka na
zgornjem koncu ogro�ene vasi Log pod Mangartom.  Dvodimenzijske simulacije drobirskega toka v vasi so
bile narejene z dvema modeloma: s PCFLOW2D, ki je bil razvit na FGG Univerze v Ljubljani in s tr�nim
modelom FLO-2D. Vsi trije modeli so bili uspe�no umerjeni s terenskimi meritvami dosega plazu, pri èemer so
bili upo�tevani tudi rezultati geomehanskih laboratorijskih raziskav. Narejena je bila analiza obèutljivosti
dvodimenzijskega modela PCFLOW2D na gostoto numeriène mre�e in razlièna robna pogoja na iztoku iz
podroèja. Veljavnost kvadratne enaèbe, ki izra�a trenje pri Binghamovem plastiènem modelu nenewtonske
tekoèine, je bila potrjena tudi pri spreminjajoèem se re�imu toka. Modeli so bili uspe�no uporabljeni za
doloèitev ukrepov za za�èito vasi Log pod Mangartom. Najbolj uèinkovit ukrep je odstranitev drobirskih
mas, ki so se odlo�ile po zadnjem plazu v strugi in ob njej vzdol� vasi, tako da bi se morebitni novi drobirski
tokovi lahko gibali mimo vasi ali imeli prostor za odlaganje.
© 2003 Strojni�ki vestnik. Vse pravice pridr�ane.
(Kljuène besede: tokovi drobirski, modeli matematièni, tekoèine nenewtonske, urejanje hudournikov)

Mathematical models have been used for simulations of the landslide (debris flow) below Sto�e that
occurred in November 2000, and destroyed part of the village of Log pod Mangartom. The one-dimensional
model, DEBRIF1D, was first used for simulations along the upper part of the affected region, where the debris
flow was mainly in a narrow canyon. Hydrographs of the debris-flow discharge at the upstream end of the
affected village of Log pod Mangartom were thus determined for possible future landslides. Two-dimensional
simulations of the debris flow in the village were carried out using two models: PCFLOW2D, developed at the
University of Ljubljana; and a commercial model, FLO-2D. The three models were successfully calibrated
using field measurements of the debris-flow inundation limits, taking into account the results of geo-mechanical
laboratory experiments. The sensitivity analysis of the two-dimensional model PCFLOW2D with different
grid sizes and two different outflow boundary conditions was also made. The validity of the quadratic
equation expressing the resistance of the non-Newtonian Bingham plastic fluid model was roughly confirmed,
even for changing flow regimes. The models were used successfully to determine the measures for the future
protection of the village of Log pod Mangartom. The most effective measure is the removal of debris mass,
which was deposited after the last landslide in the stream along side the village, so that the future debris
flows will move through or will be deposited.
© 2003 Journal of Mechanical Engineering. All rights reserved.
(Keywords: debris flow, mathematical models, non-Newtonian fluids, torrent control)
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Dvodimenzijsko modeliranje gibanja
drobirskega toka v Logu pod Mangartom
kot primer nenewtonske teko~ine

0 INTRODUCTION

Landslide-induced mud/debris flows are of-
ten the cause of a significant loss of property and
casualties in mountainous regions. In Slovenia, ap-
proximately one third of the country is covered by

0 UVOD

Blatni in drobirski tokovi, ki lahko nastanejo
po spro�itvi plazov v hribovitih podroèjih, èesto
povzroèijo veliko materialno �kodo in celo �rtve. V
Sloveniji je pribli�no tretjina ozemlja pokrita s strmimi
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slopes, which are conditionally stable due to their un-
favourable geological composition, and are often
threatened by landslides caused, e.g. by earthquakes
or heavy rainfalls  [12]. Scientists are trying to de-
velop reliable numerical models that are able to predict
inundation limits for possible future landslides and to
determine the effect of different protective measures.

The phenomenon of mud/debris flow is similar to
the unsteady flow of water, in particular to dam-break
flow, and also to snow avalanche dynamics [17]. In all
these cases the flow is governed by the physical laws of
conservation of mass and of momentum. However, it is
well known that the resistance to flow movement is more
complex in debris flows and snow avalanches than in
pure water flows [13]. The rheological behaviour of the
flow depends to a large extent on the debris-flow sediment/
water concentration. This can range from nearly dry
landslides to debris flows, mud flood and pure water
flows [1]. The concentration often changes along the
debris path, as additional sediment is scavenged into the
flow and/or additional water streams join the debris flow,
which makes the simulations even more difficult.

One- and two-dimensional mathematical
modelling of the debris flow that occurred in
November 2000 at the village of Log pod Mangartom
is presented. This tragic event involved an initial
landslide mass of 1.200,000 m3 and resulted in the
loss of seven lives and a lot of property ([6], [9], [10]

and [11]). The paper includes a description of this
event as well as the development, the calibration and
the validation of the mathematical models used. The
results of possible future debris-flow simulations are
discussed and in the conclusions some of the most
effective protective measures for the village of Log
pod Mangartom are proposed.

1DESCRIPTION OF THE DEBRIS-FLOW
EVENT

On November 15th, 2000, a landslide glided
down the slope of Sto�e (Fig. 1). The mass mostly
stopped at the Mlinè Bridge (Bridge I), just a few
percent of the mass came over the bridge (Reach A,
Fig. 1). During the next two days the mass was
moistened by heavy rain and by the inflow of the
Mangart Creek. Just after midnight on November 17th

a smaller, additional landslide glided down the slope
and triggered the very wet mass of the first landslide
into a debris flow. The combined mass swept away
the bridge, completely destroying it, and flowed down
the narrow canyon of the Predelica Torrent (Reach B,
Fig. 1). In about 4 minutes (front velocity about 15 m/
s) it reached the village of Gorenji Log (Reach C,
Fig.1), where it killed 7 people in their homes,
destroyed 6 and severely damaged 23 residential or
farm buildings ([6], [9] and [10]). Fig. 2 shows the
bottom view of the devastated Reach C, together
with the envelope of the debris-flow  event.

poboèji, ki so samo pogojno stabilna. Zaradi
neugodne geolo�ke sestave na njih pogosto prihaja
do plazov, ki jih lahko povzroèijo potresi ali intenzivne
padavine [12]. Znanstveniki si prizadevajo razviti
zanesljive numeriène modele, s katerimi bi bilo mogoèe
napovedati doseg mo�nih plazov in doloèiti uèinke
razliènih varovalnih ukrepov.

Pojav blatnih in drobirskih tokov je
podoben nestalnemu toku vode, posebej valovom
zaradi poru�itev pregrad, in do neke mere tudi
dinamiki sne�nih plazov [17]. V vseh primerih se
tok ravna po fizikalnih zakonih ohranitve mase in
gibalne kolièine. Znano pa je, da je trenjski upor
pri gibanju drobirskega toka in sne�nega plazu bolj
zapleten kakor pri vodnem toku [13]. Reolo�ko
obna�anje toka je v veliki meri odvisno od
koncentracije sedimentov v vodi. Glede na to
razmerje lahko prihaja do skoraj suhih plazov,
drobirskih tokov, blatnih tokov in toka èiste vode
[1]. Koncentracija se vzdol� poti drobirskega toka
zaradi vnosa dodatnih sedimentov in/ali
poveèanega dotoka vode s pritoki pogosto
spreminja, kar simulacije toka �e ote�uje.

V prispevku je prikazano eno- in dvodimenzij-
sko modeliranje drobirskega toka, do katerega je
pri�lo novembra 2000 v vasi Log pod Mangartom.
Tragièni dogodek razmeroma velikega obsega z
zaèetno maso plazu  1,200.000 m3 je zahteval sedem
�ivljenj in povzroèil veliko materialno �kodo v vasi
Log  ([6], [9], [10] in [11]). Podani so opis tega dogodka
ter razvoj, umerjanje in preverjanje uporabljenih
matematiènih modelov. Prikazani in ocenjeni so
rezultati simulacij mo�nih prihodnjih drobirskih tokov,
v sklepih pa so predlagani nekateri najbolj uèinkoviti
ukrepi za za�èito vasi Log pod Mangartom.

1 OPIS DOGODKA POJAVA DROBIRSKEGA
TOKA

Dne 15. novembra leta 2000 se je na poboèju pod
Sto�ami utrgal zemeljski plaz, ki je zdrsnil do mostu v Mlinèu
(most I), ga le delno prelil, veèina mase pa se je ustavila nad
mostom (odsek A, sl. 1). Po dvodnevnem moènem de�evju
in zaradi vtoka Mangartskega potoka se je plazovina zelo
razmoèila. Nekaj po polnoèi 17. novembra je na poboèju
pod Sto�ami oèitno zdrsnil dodatni manj�i plaz. Drsel je do
razmoèenega prvega, tega ponovno spro�il v gibanje, nato
pa je skupna masa drobirskega toka prelila in odnesla most
I ter zdrvela prek ozkega kanjona Mangartskega potoka
in naprej po soteski Predelice do Gorenjega Loga (obmoèje
B, sl. 1). Po pribli�no �tirih minutah (hitrost èela je bila
okrog 15 m/s) je drobirski tok dosegel vas Gorenji Log
(odsek C, sl. 1), kjer je v svojih domovih umrlo 7 ljudi,
unièenih je bilo 6 hi�, resno po�kodovanih pa 23
stanovanjskih ali gospodarskih poslopij ([6], [9] in [10]).
Slika 2 prikazuje zraèni posnetek opusto�enega odseka
C, iz katerega je razviden tudi najveèji doseg opisanega
pojava drobirskega toka.
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In Reach C, nearby the village of Gorenji Log,
the debris flow received an additional water discharge
from the Koritnica River, and it continued its
movement more slowly, partly depositing the mass
along its path. Most of the debris mass was deposited
upstream of the very narrow section of the Koritnica

Na odseku C pri vasi Gorenji Log je
postal tok zaradi dodatnih voda reke Koritnice
redkej�i in material �e bolj razmoèen. Po dolini
Koritnice je tekel poèasneje in deloma odlagal
material vzdol� svoje poti. Veèina materiala se
je odlo�ila navzgor od o�ine reke Koritnice na

Sl. 1. Situacija podroèja in raèunski odseki
Fig. 1. Situation of the region and the computational reaches

Sl. 2. Fotografija obmoèja drobirskega toka v Gorenjem Logu (foto: B. Vlaj, 22. 11. 2000)
Fig. 2. Photograph of the debris-flow area in Gorenji Log (photo: B. Vlaj, 22 Nov. 2000)
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Creek, at the end of Reach D, and a smaller part of it
was transported further down to the Soèa River.

In total, a volume of 1.200,000 m3 was displaced from
its original location on the Sto�e slope (Fig.1). The volume
of the first debris-landslide (on November 15th), deposited
along Reach A was estimated to be about 600,000 m3. On
November 17th about 950,000 m3 moved across the section
of Bridge I downstream. A volume of about 800,000 m3

reached the village of Gorenji Log, as 150,000 m3 were
deposited along the path ([6], [9] and [10]).

2 THEORETICAL BACKGROUND OF THE
MATHEMATICAL MODELS

2.1 The choice of models

The flow along Reach A was simulated using
the DEBRIF1D and FLO-2D models, the flow in Reach
B was typically one-dimensional and thus simulated
only with the DEBRIF1D model. Along Reach C (village
of Gorenji Log) the flow was two-dimensional and, as
this is the most important region (safety of inhabitants,
loss of property), we simulated this reach with both
(PCFLOW2D and FLO-2D) models. Reach D was
simulated using the one-dimensional model, and along
the upper part (village of Spodnji Log, Fig. 1) also with
the FLO-2D model. The connections between the
subsequent reaches were made with calculated
hydrographs at the end of each upstream reach.

2.2 One-dimensional model DEBRIF1D

In 1972 a one-dimensional model, LAXDAM
[18], for the simulation of a dam-break flow was
developed at the Faculty of Civil and Geodetic
Engineering of the University of Ljubljana. Later, this
model was used as a basis for developing a numerical
model for the simulation of snow avalanche dynamics,
SNOWDYN ([17] and [16]). In 2001 this model was
extended to a debris-flow model, DEBRIF1D. All three
models solve one-dimensional St. Venant equations
in what is called the »conservation« form.

The main difference between the three
phenomena is in the formulation of the flow resistance
and in the formulation of initial and boundary
conditions. The DEBRIF1D model uses the
formulation for resistance slope S

f 
, adapted from [14]:

                                                  (1),

where: t
y 
� the yield shear stress of the sediment-

water mixture; g
m 

� the specific weight of the water-
sediment mixture; h � the flow depth; K is the non-
dimensional friction parameter, we used the value of
K = 2285 that was proposed by O�Brien [7] for natural
streams with a highly irregular terrain configuration;
h � the dynamic viscosity of the mixture; V � the flow
velocity; n

g
 � the Manning roughness coefficient; S

e

koncu odseka D, manj�i del pa je nadaljeval pot
proti reki Soèi.

Skupaj se je s plazi�èa Sto�e premaknilo
1,200.000 m3 materiala (sl. 1). Prostornina prvega plazu
(15. novembra), ki se je ustavil na obmoèju A, je bila
ocenjena na pribli�no 600.000 m3. 17. novembra pa je
�lo skozi profil mostu I in naprej po reki navzdol okrog
950.000 m3  materiala. Od tega ga je pribli�no 800.000
m3 doseglo vas Gorenji Log, ker se je 150.000 m3

materiala odlo�ilo vzdol� poti ([6], [9] in [10]).

2 TEORETIÈNE OSNOVE MATEMATIÈNIH
MODELOV

2.1 Izbira modelov

Tok vzdol� odseka A je bil simuliran z
modeloma DEBRIF1D in FLO-2D, tok vzdol� odseka
B pa je bil tipièno enodimenzijski in zato simuliran
samo z modelom DEBRIF1D. Na odseku C pri vasi
Gorenji Log je bil tok tipièno dvodimenzijski in
simuliran z obema modeloma, PCFLOW2D in FLO-
2D, saj gre za pomembno obmoèje, kjer lahko pride
do �rtev in materialne �kode. Odsek D je bil
simuliran z enodimenzijskim modelom in v zgornjem
delu (vas Spodnji Log, sl. 1) tudi z modelom FLO-
2D. Za povezavo med zaporednimi odseki so bili
uporabljeni izraèunani hidrogrami na koncu
vzvodnih odsekov.

2.2 Enodimenzijski model DEBRIF1D

�e leta 1972 je bil na Fakulteti za gradbeni�tvo
in geodezijo Univerze v Ljubljani razvit enorazse�en
model LAXDAM [18] za simulacijo valov zaradi
poru�itev pregrad. Kasneje je bil model uporabljen
kot osnova za razvoj numeriènega modela
SNOWDYN za simulacijo dinamike sne�nih plazov
([17] in [16]). Leta 2001 pa je bil model raz�irjen �e za
simulacijo drobirskih tokov, DEBRIF1D. Vsi trije
modeli re�ujejo enodimenzijske St. Venantove enaèbe
v t.i. �konservativni� obliki.

Glavna razlika med opisanimi pojavi je v formulaciji
upora toku ter v zaèetnih in robnih pogojih. Model
DEBRIF1D uporablja izraz za trenjski nagib S

f 
, ki je

vzet iz [14]:

kjer so: t
y 
� mejna stri�na trdnost me�anice vode in

usedline; g
m
 � specifièna te�a me�anice vode in

usedline; h � globina toka; K je brezdimenzijski
parameter upora; uporabili smo vrednost K = 2285,  ki
jo priporoèa O�Brien [7] za naravne vodotoke z zelo
nepravilno razgibanostjo terena; h � dinamièna
viskoznost me�anice; V � hitrost toka; n

g
 �

Manningov koeficient hrapavosti; S
e
 � nagib

2 2

2 4/38
y g

f e b
m m

n VK V
S S S

h h h

t h
g g

= + + + +
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� the resistance slope due to eddy losses at sharp
channel expansions, equal to the  difference of the
values of the kinetic terms in two subsequent cross-
sections [18]; S

b
 � the resistance slope due to bends;

a simple equation, known from steady-state river
hydraulics [18] was used:

                                                                                                          (2),

in which B
b
 � the free surface width of the bend; r

b
 �

the  radius of the bend; Dx � the longitudinal distance
between cross sections.

Equation (1) was derived from the equation for
shear stress, which is known as the quadratic
rheologic model:

                                                                                     (3).

In the literature Equation (3) is known as the
O´Brien-Julien model, where in t

y
 the sum of cohesive

yield stress and Mohr-Coulomb�s stress is included; C is a
constant and y is a direction normal to the flow velocity V.

The explicit, numerical Lax-Wendroff method is
used for the solution. Since the momentum equation is
used in conservative form and solved by the appropriate
finite-difference numerical method, the model can partly
take into account the energy losses at the wave front.
This enables a direct simulation of the wave front without
any special wave-front tracking technique [18].

One important feature of the DEBRIF1D model
is that it includes the computation of the initial flow
hydrograph Q(t) at the downstream end of the initial
debris mass. The procedure is taken from the dam-break
flow model, where during the first instant after the dam
collapse (t = 0) the water level and the velocity at the
dam site are calculated using the momentum and
continuity equations and the equation of the forward
characteristic [18]. The geometry of the landslide mass
before the displacement must be known. At t > 0 the
computation runs continuously from the upstream end
of the moving landslide mass to the front of the debris
flow (moving boundary), and the hydrograph at the
�dam site� is calculated implicitly. Most debris-flow
models, among them PCFLOW2D and FLO-2D, demand
the determination of the initial hydrograph using
approximate methods, based on the initial debris mass.

2.3 Two-dimensional model PCFLOW2D

The  continuity (4) and momentum Equations
(5) and (6), describing two-dimensional,
incompressible, unsteady, depth-averaged debris
flow, are used in the following form:

(4)

(5)

energijskih izgub zaradi vrtincev v hitrih raz�iritvah,
ki so pribli�no enake razliki kinetiènih èlenov v dveh
zaporednih preènih prerezih [18]; S

b
 � energijski nagib

zaradi ovinkov; uporabljena je bila preprosta enaèba,
ki je znana iz hidravlike ustaljenega toka [18]:

kjer pomenijo: B
b
 � �irino proste gladine v ovinku; r

b

� polmer ovinka; Dx � vzdol�no razdaljo med preènimi
prerezi.

Enaèba (1) je bila izpeljana iz enaèbe za
stri�no napetost, ki je znana kot kvadratni reolo�ki
model:

V literaturi je enaèba (3) znana kot model
O´Briena in Juliena, kjer so t

y 
� vsota kohezivne stri�ne

napetosti in Mohr-Coulombove napetosti; C �
stalnica, y � smer, pravokotno na hitrost toka V.

Za re�evanje je uporabljena eksplicitna
numerièna metoda Lax-Wendroff. Ker je momentna
enaèba upo�tevana v konservativni obliki in re�ena
s primerno numerièno metodo konènih razlik, lahko
model delno zajame tudi izgube na èelu vala. To
omogoèa enoten raèun èela s preostalim tokom, brez
posebnih tehnik za napredovanje èela [18].

Pomembna lastnost modela DEBRIF1D je,
da vkljuèuje izraèun zaèetnega hidrograma Q(t) na
nizvodnem koncu zaèetne drobirske mase.
Postopek je vzet iz modela za raèun poru�nih valov,
kjer se v prvem trenutku po poru�itvi (t = 0) kota
vode in hitrost na mestu pregrade izraèuna z
dinamièno in kontinuitetno enaèbe ter enaèbo
pozitivne karakteristike [18]. Znana mora biti
geometrijska oblika plazu pred premikom. V èasu t
> 0 teèe raèun zvezno od vzvodnega konca plazeèe
se mase do èela drobirskega toka (premikajoèi se
rob), hidrogram na pregradnem mestu pa se
izraèuna posredno. Veèina modelov drobirskega
toka, med njimi tudi modela PCFLOW2D in FLO-
2D, zahteva namreè doloèitev zaèetnega
hidrograma z uporabo pribli�nih metod in zaèetne
drobirske mase.

2.3 Dvodimenzijski model PCFLOW2D

Kontinuitetna (4) in enaèbi ohranitve gibalne
kolièine (5) in (6), ki opisujejo dvodimenzijski,
nestisljiv, globinsko povpreèni drobirski tok, so
uporabljene v naslednji obliki:

2

2
2

b
b

b

B V
S

r x g
=

D

2

y

dV dV
C

dy dy
t t h

æ ö
= + + ç ÷

è ø
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h hu hv

t x y
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2( ) ( ) ( )
( ) ( )b

fy ef ef

zhv huv hv h v v
gh gh ghS h h

t x y y y x x y y

¶¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶
n n

¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶
+ + = - - - + +

(6),

where: t  � the time; h � the  flow depth; u and v � the
depth-averaged velocity components in the x and y
directions; z

b
 � the bottom level; g � the gravity

constant and n
ef
 � the effective coefficient of viscosity.

The terms S
fx 

and S
fy 

 express energy-line slopes in the
x and y directions  and can be analogous to the one-
dimensional flow formulation (Eq. 1) written as follows:

(7)

(8).

The set of coupled partial differential equations (4)
to (6) is solved by the finite-volume numerical method
[15]. The main characteristics of the method are a
staggered numerical grid, the combination of an
upwind and central-difference schemes (the so-called
hybrid scheme) and an iterative procedure of depth
corrections (SIMPLE). A fully implicit scheme is used
for time integration providing a stable and accurate
solution even at relatively high Courant numbers (up
to about 10). It is possible to simulate both subcritical
or supercritical flows [5].

For the computations of the debris flow at Log
pod Mangartom, the uniform mesh Dx = Dy = 2 m was
used and all buildings in the computational domain
were also taken into account.

2.4 Two-dimensional model FLO-2D

This is a commercial, two-dimensional, finite-
difference model, developed in the USA [7]. The model
was conceived for routing non-Newtonian flood
flows, as well as mudflows and debris flows. In the
USA it is recommended for use by the Federal
Emergency Management Agency (FEMA), and it is
also widely used in Austria, Switzerland and Italy.
The two-dimensional continuity and momentum
equations are similar to Eqs. (4) to (6), the only
difference is that they are used in a non-conservative
form. The rheological terms are evaluated as the first
three terms in Eq. (1) resulting in the two-dimensional
Eqs. (7) and (8). The uniform mesh Dx = Dy = 4 m was
taken into account for the computational domain at
the village of Log pod Mangartom.

As the model has been successfully used for
several practical cases of debris-flow simulations [8],
we used this model in parallel with our PCFLOW2D
model to get more reliable results. As we showed in
the calibration process, we obtained a reasonable
agreement between the results of both models.

kjer so: t � èas; h � globina toka; u in v � globinsko
povpreèni komponenti hitrosti v smereh x in y; z

b
 �

kota dna, g � gravitacijska stalnica in n
ef
 � koeficient

efektivne viskoznosti. Èlena S
fx 

in S
fy 

 izra�ata nagib
energijske èrte v smereh x in y in se lahko analogno
kakor pri formulaciji za enorazse�en tok (1) zapi�eta v
naslednji obliki:

Sistem povezanih parcialnih diferencialnih
enaèb (4) do (6) je re�en z numerièno metodo konènih
prostornin [15]. Glavne znaèilnosti metode so
premaknjena numerièna mre�a, kombinacija vzvodne
in centralno diferenène sheme (t.i. hibridna shema)
ter iterativni postopek popravkov globin (SIMPLE).
Za integracijo po èasu je uporabljena polna implicitna
shema, ki zagotavlja stabilno in dovolj toèno re�itev
tudi pri razmeroma visokih Courantovih �tevilih (do
10). Simulirati je mogoèe tako mirne kakor tudi deroèe
tokove  [5].

Za raèune drobirskega toka v Logu pod
Mangartom je bila upo�tevana enakomerna numerièna
mre�a s korakoma Dx = Dy = 2 m, zajeti pa so bili tudi
vsi objekti na obravnavanem raèunskem podroèju.

2.4 Dvodimenzijski model FLO-2D

To je tr�ni dvodimenzijski model, ki temelji na
metodi konènih razlik in je bil razvit v ZDA  [7]. Model
je bil narejen za raèun raz�irjanja nenewtonskih
poplavnih valov, blatnih in drobirskih tokov. V ZDA
ga za uporabo priporoèa Zvezna uprava nezgod
(Federal Emergency Management Agency - FEMA),
�iroko pa se uporablja tudi v Avstriji, �vici in Italiji.
Dvodimenzijske kontinuitetna in dinamièni enaèbi so
podobne enaèbam (4) do (6), edina razlika je, da so
uporabljene v nekonservativni obliki. Reolo�ki èleni
so ovrednoteni na podlagi prvih treh èlenov v enaèbi
(1), po katerih dobimo dvodimenzijski enaèbi (7) in
(8). Na raèunskem podroèju Loga pod Mangartom je
bila upo�tevana enakomerna numerièna mre�a
velikosti Dx = Dy = 4 m.

Ker je bil model �e uspe�no uporabljen za
simulacije razliènih praktiènih primerov drobirskega
toka [8], smo ga uporabili hkrati z na�im modelom
PCFLOW2D, da bi dobili bolj zanesljive rezultate.
Kakor bo prikazano pri umerjanju, je bilo ujemanje
med rezultati obeh modelov dovolj dobro.

2 2 2
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3 CALIBRATION OF THE MATHEMATICAL
MODELS

Calibration of both the one- and two-
dimensional models was made by finding proper
values of the three rheological parameters in Eqs. (1),
(7) and (8): t

y
, h, and n

g
. We used three possible

methods for determining these values: (a) values
available in the literature; (b) results of geo-
mechanical laboratory measurements [9]; and (c)
values obtained by the calibration of the model �
comparison with the field measurements.

The first landslide along Reach A (November
15th, 2000) was relatively dry and it stopped on a slope
of 16%. The one-dimensional model simulated this
phenomenon with values of ty = 2 000 N/m2, and h =
156 Pa.s. The very wet debris flow along Reach B
(November 17th, 2000) was calibrated with the values
ty = 20 N/m2 and h = 40 Pa.s. Since Reach B is a very
steep, narrow canyon, with an average slope of 17 %,
and a maximum slope of 119 %, the Manning
coefficient changed in broad limits from 0.03 to 0.35
sm-1/3. The greatest values were found along the
steepest parts of Reach B, where the flow must have
been similar to a waterfall. Fig. 3 shows the longitudinal
profile of the simulated and measured maximum debris-
flow surface elevations along the upper part of Reach
B. We can consider the agreement as satisfactory.

Similar accuracy was also obtained for
Reaches A, C and D. Along Reach C, the comparison
of the measured and simulated inundation limits
obtained by the two-dimensional models PCFLOW2D
and FLO-2D is shown in Fig. 4. The calibrated debris-

3 UMERJANJE MATEMATIÈNIH
MODELOV

Pri umerjanju eno- in dvodimenzijskih modelov
smo iskali ustrezne vrednosti treh reolo�kih
parametrov v enaèbah (1), (7) in (8): t

y
, h in n

g
.

Uporabili smo tri metode za doloèitev teh vrednosti:
(a) razpolo�ljive vrednosti iz literature; (b) rezultate
geomehanskih laboratorijskih preizkusov [9]; in (c)
vrednosti, dobljene z umerjanjem modela na temelju
primerjave s terenskimi meritvami.

Prvi plaz na odseku A (15. novembra 2000) je
bil razmeroma suh in se je ustavil na poboèju z
nagibom 16 %. Enorazse�en  model je ta pojav simuliral
z vrednostmi  ty = 2000 N/m2 in h = 156 Pa.s. Zelo
moker drobirski tok vzdol� odseka B (17. novembra
2000) je bil umerjen pri vrednostih  ty = 20 N/m2 in h =
40 Pa.s. Ker obsega odsek B zelo strm, ozek kanjon s
povpreènim padcem 17 % in najveèjim padcem
119 %, se je Manningov koeficient spreminjal v zelo
�irokih mejah od 0,03 do 0,35 sm-1/3. Najveèje vrednosti
so bile umerjene na najstrmej�ih delih odseka B, kjer
je moral biti tok podoben vodnemu slapu. Slika 3
prikazuje ovojnico simuliranih najvi�jih kot in na
podlagi najveèjega dosega zabele�ene gladine
drobirskega toka vzdol� zgornjega dela odseka B.
Menimo, da je ujemanje glede na zapletenost pojava
zadovoljivo.

Podobna toènost je bila dobljena tudi na
odsekih A, C in D. Za odsek C je primerjava
merjenega in z dvodimenzijskima modeloma
PCFLOW2D in FLO-2D simuliranega dosega
drobirskega toka prikazana na sliki 4. Umerjene

Sl. 3. Primerjava merjenih in izraèunanih kot drobirskega toka vzdol� zgornjega dela odseka B
Fig. 3. Comparison of measured and computed debris-flow elevations along the upstream part of Reach B
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flow values along Reach C were ty = 20 N/m2, h = 10
Pa.s and n

g 
= 0.05 to 0.065 sm-1/3. The comparison of

the maximum debris-flow elevations computed by the
PCFLOW2D and FLO-2D models, as well as the
comparison with the measured elevations obtained
by the inundation limits on November 17th, 2000 (Case
a, Fig. 5), has demonstrated that the accuracy of both
models. On Reach C, it can be estimated to ±1.5 m for
the maximum elevations along the axes of the Predelica
and Koritnica Creeks ([2] to [4]).

4 COMPUTATIONAL RESULTS

4.1 Determination of cases for simulation

Based on detailed geological, hydrological, and
geo-mechanical analyses, it was determined that above
the region of the last landslide on the Sto�e slope there
are potentially unstable masses and that in the future
there is a potential danger of further landslides of the
same or even greater magnitude as that in November
2000 ([6], [9] and [10]). Among professionals it was agreed
that the village should be protected against the same
magnitude of landslide mass as that of November 2000,
when the total displaced volume was 1.200,000 m3. In the
original landslide about 400,000 m3 were deposited along
Reaches A and B, while in the future only a deposition of
200,000 m3 can be expected, as the bed is partially filled
with the material of previous landslides, and thus a volume
of 1.000,000 m3 would reach the village. To estimate the
potential danger, other simulations were also made for
possible initial volumes of 2.000,000 m3, 1.600,000 m3, and
800,000 m3. A series of simulations has also been made
with the initial volumes reduced for  600,000 m3. This
would be approximately the retention volume of four
dams. Fig. 5 shows debris-flow hydrographs at the site of
Bridge II for the event of November 17th, 2000, and for

vrednosti drobirskega toka na odseku C so bile t
y

= 20 N/m2, h = 10 Pa.s in n
g 
= 0,05 do 0,065 sm-1/3.

Medsebojna primerjava izraèunanih najvi�jih
gladin modelov PCFLOW2D in FLO-2D ter
primerjava z najvi�jimi kotami drobirskega toka,
zabele�enimi na podlagi sledov dosega
drobirskega toka z dne 17. novembra 2000 (primer
a, slika 5) je pokazala, da lahko toènost modelov
na odseku C ocenimo na ±1,5 m za najvi�je kote v
osi strug Predelice in Koritnice ([2] do [4]).

4 RAÈUNSKI REZULTATI

4.1 Doloèitev primerov za simulacijo

Na podlagi podrobnih geolo�kih, hidrolo�kih
in geomehanskih analiz je bilo ugotovljeno, da so nad
odlomnim robom plazu v Sto�ah �e vedno obstojeèe
nestabilne mase, tako da obstaja mo�na nevarnost
novih plazov enakega ali celo veèjega obsega kakor
novembra 2000 ([6], [9] in [10]). Med strokovnjaki je
prevladalo enotno mnenje, da bi morala biti vas
varovana proti plazovom enakega reda velikosti kakor
v novembru 2000, ko se je premaknilo 1,200.000 m3

materiala. Pri dejanskem plazu se je okrog   400.000 m3

odlo�ilo vzdol� odsekov A in B, v prihodnje pa je moè
prièakovati odlaganje samo 200.000 m3. Dno struge je
namreè deloma zapolnjeno z materialom prej�njih plazov,
tako da bi bila prostornina materiala, ki bi dosegel vas,
1,000.000 m3. Za oceno mo�ne nevarnosti so bile
narejene �e druge simulacije z naslednjimi mo�nimi
zaèetnimi prostorninami materiala: 2,000.000 m3,
1,600.000 m3 in 800.000 m3. Narejenih je bilo tudi veè
simulacij, pri katerih je bila zaèetna prostornina
zmanj�ana za  600.000 m3. Toliko namreè pribli�no zna�a
zadr�evalna prostornina �tirih pregrad. Slika 5 prikazuje
hidrograme drobirskega toka pri mostu II v Gorenjem

ZID  

FLO-2D

PCFLOW2D

Measured 
November 2000

Meritev,
november 2000

Sl. 4. Primerjava merjenega in izraèunanega obmoèja dosega drobirskega toka vzdol� odseka C
Fig. 4. Comparison of measured and computed inundation limits of the debris flow along Reach C

Meritev,
november 2000

Measured
November 2000
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four cases of potential future landslide/debris flows, as
simulated by the DEBRIF1D model. Time T = 0 s is the
moment when the debris flow starts to move from the
Sto�e slope, except for the case of November 17th, 2000,
where T = 0 s means the time when the debris flow started
to move at the Bridge I in Mlinè. Computed hydrographs
were the basis for all the simulations of the debris flow
along the downstream reaches C and D.

Logu za dogodek 17. novembra 2000 in �tiri primere
mogoèih plazov oz. drobirskih tokov, ki so bili dobljeni
z modelom DEBRIF1D. Èas T = 0 s pomeni trenutek
spro�itve drobirskega toka na plazi�èu v Sto�ah, razen
v primeru ponovitve dogodka, dne 17. novembra 2000,
ko T = 0 pomeni èas spro�itve toka pri mostu I v Mlinèu.
Izraèunani hidrogrami so bili temelj za simulacije
drobirskega toka vzdol� odsekov C in D.

Sl. 5. Izraèunani hidrogrami pretokov drobirskega toka pri mostu II v Gorenjem Logu. Krivulje ustrezajo
naslednjim drobirskim prostorninam a: V = 0,8 * 106 m3 (dejanski dogodek 17. novembra 2000);

b: V = 1,8 * 106 m3 ; c: V = 1,4 * 106 m3 ; d: V = 1,0 * 106 m3 ; e: V = 0,6 * 106 m3.
Fig. 5. Computed hydrographs of the debris-flow discharge at Bridge II in Gorenji Log. Curves correspond

to debris volumes: a: V = 0.8 * 106 m3 (real event on November 17th, 2000);  b: V = 1.8 * 106 m3 ;
c: V = 1.4 * 106 m3 ; d: V = 1.0 * 106 m3 ; e: V = 0.6 * 106 m3.

0

2000

4000

6000

8000

10000

12000

14000

150 250 350 450 550 650 750

T(s)

Q
(m

3/
s)

a

b

c

d

e

4.2 Rezultati in razprava

Za primer, ko bi vas doseglo 1,000.000 m3

drobirja, so na slikah 6 in 7 prikazani izraèunani vektorji
hitrosti in prosta gladina drobirskega toka vzdol�
odseka C 70 sekund po prehodu èela vala skozi preèni
profil mostu II v Gorenjem Logu. Oba rezultata sta
bila dobljena z dvodimenzijskim modelom PCFLOW2D
za primer, ko bi bil odlo�en material prej�njih drobirskih
tokov iz dna struge Predelice vzdol� odseka C v
glavnem �e odstranjen.

Za oceno obstojeèe nevarnosti so bile
narejene �e simulacije z drugimi mo�nimi
prostorninami, opisanimi v poglavju 4.1.
Upo�tevanih je bilo tudi veè razlièic ureditve strug
Predelice in Koritnice vzdol� odsekov C in D, da bi
doloèili cenovno najugodnej�o mo�nost varovanja
obeh vasi. Rezultati teh simulacij so podani v
poroèilih   [2], [3] in [4],  kjer so podrobno navedeni
tudi konèno predlagani ukrepi varovanja vasi Log
pod Mangartom. Najbolj uèinkoviti in cenovno
sprejemljivi ukrepi so: odstranitev nasutega

4.2 Results and discussion

For the case when 1.000,000 m3 of the debris
volume would reach the village, Figs. 6 and 7 show
the computed velocity vectors and the free surface
of the debris flow along Reach C 70 seconds after the
transition of the wave front through the cross-section
of Bridge II. Both results were obtained by the two-
dimensional model PCFLOW2D for the situation when
the old debris material from the bed of Predelica along
Reach C had been mainly removed.

To estimate the potential danger, other
simulations were also made for the possible initial
volumes described in section 4.1. Several variations of
the riverbed training measures along the Predelica and
Koritnica Creeks at Reaches C and D were taken into
account in the simulations, to determine the most cost-
effective solution to protect both villages. The results
of these computations can be found in the reports [2],
[3] and [4], where a detailed description of the measures
to protect Log pod Mangartom village is also given.
The most effective and economic measures are the
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removal of the deposited debris material from the bed of
the Predelica Creek along Reach C, the enlargement of
the narrow part of the valley at Bridge II in Gorenji Log
and the construction of longitudinal walls up to 2 m
high along the villages of Gorenji and Spodnji Log.

For the model PCFLOW2D, the sensitivity
analysis for different mesh sizes and outflow boundary
conditions was also made [6]. For the coarser grid of 4
x 4 m the results did not change significantly in
comparison with the mesh of 2 x 2 m, which was used
in the final computations. Different outflow boundary
conditions (critical flow or zero velocity and depth
gradients in the direction of  the outflow) influenced
debris-flow elevations locally up to about 80-m
upstream from the outflow cross-section.

It is worth mentioning that the erosion and
deposition of the debris material were not simulated directly
by the equations, but they were taken into account indirectly.
At the places where the erosion was obvious, the cross-
sections that had been measured after the transition of the
debris flow were considered during the calibration process
and final computations. The deposition at upstream
sections was taken into account downstream by cutting
off the falling part of the inflow hydrographs that
corresponded to the volume of the deposited material.

materiala prej�njih drobirskih tokov iz struge
Predelice vzdol� odseka C, raz�iritev ozkega dela
doline pri mostu II v Gorenjem Logu ter izgradnja
vzdol�nih zidov vi�ine do 2 m ob naseljih Gorenji
in Spodnji Log.

Za model PCFLOW2D je bila narejena tudi
analiza obèutljivosti rezultatov za spremembo gostote
numeriène mre�e in iztoènega robnega pogoja [6]. Pri
redkej�i numerièni mre�i velikosti 4 x 4 m so se rezultati
v primerjavi z mre�o 2 x 2 m, ki je bila uporabljena pri
konènih izraèunih, le malo spremenili. Razlièni robni
pogoj na iztoku (kritièni tok ali nièelni gradienti hitrosti
in globin v smeri iztoka) pa je na izraèunane gladine
vplival krajevno, vendar ne dlje kakor okoli 80 m
navzgor od iztoka.

Omenimo �e,  da v modelih erozija in odlaganje
drobirskega materiala niso bili zajeti neposredno z
enaèbami, temveè posredno. Na mestih oèitne erozije
so bili tako pri umerjanju kakor pri konènih raèunih
upo�tevani profili, izmerjeni po prehodu drobirskega
toka. Odlaganje na vzvodnih odsekih je bilo navzdol
po reki upo�tevano tako, da je bil pri vtoènem
hidrogramu Q � t odrezan zadnji, padajoèi del
hidrograma, katerega prostornina je ustrezala
odlo�enemu materialu.

Sl. 6. Izraèunani vektorji hitrosti vzdol� odseka C 70 sekund po prehodu èela vala skozi preèni profil
mostu II v Gorenjem Logu

Fig. 6. Computed velocity vectors along Reach C 70 seconds after the transition of the wave front through
the cross-section of Bridge II in Gorenji Log
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5 SKLEPI

Konèni cilji matematiènega modeliranja
gibanja drobirskega toka so zapleteni: poleg varovanja
vasi Log pod Mangartom pred mogoèimi prihodnjimi
drobirskimi tokovi mora biti zagotovljena tudi
poplavna varnost. Konèna ureditev strug Predelice
in Koritnice ter okoli�kega terena mora biti
optimizirana �e z ekonomskega in okoljskega vidika.
Pomembni so tudi socialni vidiki, predvsem mora biti
upo�tevano mnenje va�èanov, ki jih pojav drobirskega
toka ogro�a.

V primeru drobirskega toka pod plazi�èem
Sto�e se je kombinacija enodimenzijskega modela
DEBRIF1D in dveh dvodimenzijskih modelov
PCFLOW2D in FLO-2D pokazala kot pravilna
metodologija za simulacijo prihodnjih podobnih
nesreè in naèrtovanja ukrepov varovanja vasi Log
pod Mangartom. Overitev vseh treh modelov je
potrdila, da je  zanesljivost modelnih rezultatov
zadovoljiva. Kvadratni zakon upora drobirskega toka,
ki ga je predlagal O�Brien [14], je dala sprejemljive
rezultate tudi za primer dalj�ih odsekov, kjer se re�im
toka spreminja. FLO-2D je pokazal doloèeno glajenje
izraèunanih kot v primerjavi z modelom PCFLOW2D,
v povpreèju pa je ujemanje rezultatov obeh modelov
sprejemljivo, natanènost pa primerljiva.

Sl. 7. 3D pogled na izraèunano gladino drobirskega toka na odseku C 70 sekund po prehodu èela vala
skozi preèni profil mostu II v Gorenjem Logu

Fig. 7. 3D view of the computed debris-flow surface along Reach C 70 seconds after the transition of the
wave front through the cross-section of Bridge II in Gorenji Log

5 CONCLUSIONS

The final goal of the mathematical modelling of
debris flow is complex: besides protection against
possible future debris flow in the village of Log pod
Mangartom, protection against high water floods also
has to be ensured. The final arrangement of the
Predelica and Koritnica riverbeds and the nearby
terrain has to be optimized from the economic and
from the environmental points of view. Also the social
aspects � the opinions of the local villagers, who are
affected by the danger � have to be taken into account.

In the case of the  debris flow below Sto�e, the
combination of the one-dimensional model DEBRIF1D
and the two two-dimensional models PCFLOW2D and
FLO-2D proved to be the right methodology for the
simulations of possible future disastrous events and
to design measures to protect the village of Log pod
Mangartom. The verification of the three models has
proved the satisfactory reliability of the model results.
The quadratic law of debris-flow resistance, proposed
by O�Brien [14], gives acceptable results, even for
flows along longer reaches, where the flow regimes
change. FLO-2D shows a certain smoothing of the
computed levels in comparison with PCFLOW2D, but
on average the agreement of the results of both models
is acceptable and the accuracy is comparable.
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Po kratki predstavitvi teoretiènih osnov hidrodinamiènih znaèilnosti tokov, ki jih obravnavamo kot
dvorazse�ne v vodoravni ravnini, z globinsko povpreènimi hitrostmi, je v prispevku predstavljena enaèba
transporta lebdeèih plavin, ki je uporabljena v matematiènem modelu. To je advekcijsko-difuzijska enaèba z
dodatnim izvornim èlenom, ki opisuje spremembo koncentracije plavin, povzroèeno z usedanjem ali
dvigovanjem materiala z dna struge. Globinsko povpreèno vrednost koncentracije lebdeèih plavin smo
dobili na podlagi analize transportne enaèbe v navpièni ravnini. Izraèun izvornega èlena sloni na transportni
enaèbi, definirani v navpièni ravnini, ki daje znaèilen razpored koncentracije lebdeèih plavin z najmanj�o
koncentracijo na povr�ini in najveèjo na dnu struge. Rezultati izraèuna so odvisni od razlike med vtoèno
(izraèunano) globinsko povpreèno koncentracijo plavin in povpreèno vrednostjo koncentracije plavin v
ravnovesnem stanju, za doloèene hidrodinamiène pogoje znotraj kontrolnega volumna. Kot primer uporabe
matematiènega modela je obdelana problematika Ptujskega jezera. To je izpostavljeno vplivu usedanja
lebdeèih plavin, ki ga nosi reka Drava. Prikazani so rezultati opravljenih meritev, postopek umerjanja
hidrodinamiènega dela matematiènega modela ter rezultati modela za raèun prenosa lebdeèih plavin.
© 2003 Strojni�ki vestnik. Vse pravice pridr�ane.
(Kljuène besede: modeli matematièni, transport materiala, plavine lebdeèe, Ptujsko jezero)

After a brief review of the theoretical basis of the hydrodynamic characteristics of two-dimensional
depth-averaged flow in a horizontal plane, in this paper we present an equation for suspended sediment
transport. It is an advective-diffusion equation with an added source term that describes the concentration of
a suspended sediment caused by sedimentation or erosion. The depth-averaged concentration of the suspended
load is a result of an analysis of the transport equation in the vertical plane. The source-term definition is
based on the transport equation in the vertical plane, which gives a characteristic concentration distribution
of the suspended load with a minimum concentration at the surface and a maximum at the bottom of the bed.
The calculation results depend on the difference between the inflow (calculated), depth-averaged
concentration of the suspension and the averaged equilibrium suspension concentration in a numeric cell
under certain hydrodynamic conditions. As an example of the application of the mathematical model, the
problem of Ptuj lake (Slovenia) is presented. It is very exposed to the  sedimentation of suspended sediment
that is brought by the river Drava. The results of the measurements, the procedure of the hydrodynamic part
of the mathematical model calibration and the results of the suspended-load module are presented.
© 2003 Journal of Mechanical Engineering. All rights reserved.
(Keywords: mathematical model, materials transport, suspended sediment load, Ptuj lake)
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0 INTRODUCTION

The transport of suspended sediment is a very
real problem in the management of artificial reservoirs. It
depends on the kinds of hydrodynamic forces present
and on other conditions that are defined by the
characteristic of the sediment. Suspended-sediment
transport takes into account the processes of erosion,
the transport of materials and their settling. The major
consequences of settling material are: the filling up of
riverbeds, the lifting of the river bottom and, in some

0 UVOD

Eden izmed zelo pomembnih problemov, s
katerim se sreèujemo pri gospodarjenju z umetnimi
akumulacijami, je problem gibanja plavin. To je pojav,
ki je odvisen od hidrodinamiènih sil ter drugih
pogojev, ki so definirani z znaèilnostmi plavin. Gibanje
plavin povzroèa dotok materiala iz zaledja poreèja in
njegovo usedanje, spremembo ravni podtalnice in
veèa stopnjo ogro�enosti zaradi morebitnega iztekanja
vode iz struge in poplavljanja obreènega obmoèja.
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cases, an increased danger of floods, etc. This process
has a special importance for retention basins that are
located on gravel-bed rivers, because it causes a
reduction in the basin�s volume and water quality, so its
multipurpose usage might become questionable.

As the practical problems have become more
complex, the methodology of the approach to
sediment-transport problems has developed. The
first, more approximate, predictions were based on
empirical and half-empirical equations; today, the main
stress is on mathematical models, which should be
able to predict the concentration of suspended load
and the balance of the load in space and time by
using differential equations for describing certain
physical events. Sediment transport should be treated
as the transport of non-conservative matter, as its
concentration changes with settling and erosion.

Different measurement and calculation methods
are present for the defining the balance of sediment
transport. Regardless of the available measuring and
computer equipment, it is still difficult to predict the
balance of sediment transport and changes to the
bottom configuration. If the aim is to calibrate a more
accurate and more complex mathematical model, it is
necessary to have more data available, which could be
provided by integral and long-term measurements
(sometimes for 10 years). So, depending on the quantity
and quality of the available data, an appropriate
mathematical model should be chosen. In this way it is
possible to avoid the need for parameters for which
there are no available data.

Matter-concentration transport is, in general,
a three-dimensional problem. However, by taking into
account the geometrical characteristics of water flow
in practical work, the solving of hydrodynamic and
concentration transport equations can be simplified.
The most common simplifications are:
- a two-dimensional treatment of the problems - in a

vertical or a horizontal plane (as a depth-averaged
model),

- a one-dimensional treatment.
A two-dimensional, depth-averaged treatment

is usually used for situations where problems appear
in the region near the outflow into the recipient, where
the matter is already well mixed in the vertical profile
by the influence of turbulence and bottom friction, or
in shallow lakes with the largest dimensions in the
horizontal plain. Such a two-dimensional
hydrodynamic mathematical model was applied to
our sediment-transport analysis of the Ptuj lake.

1 HYDRODYNAMIC MATHEMATICAL MODEL

1.1 Basic equations

The basic parameter of the solution or parts
transport is water flow. So, hydrodynamic parameters,
such as velocity and flow depth, should be accurately

Pojav usedanja plavin je posebej pomemben pri
akumulacijah, zgrajenih na rekah z veèjo transportno
zmogljivostjo, ker povzroèa zmanj�anje prostornine
akumulacije in kakovosti vode, tako da postaja
vpra�ljiva veènamenska uporabnost akumulacije.

Z nalogami, ki so s èasom postajale vse
bolj zapletene, se je razvijala tudi metodologija
naèina prenosa plavin. Od prvih, bolj grobih
napovedi,  zasnovanih na empiriènih in
polempiriènih enaèbah, je dandanes veèji
poudarek na matematiènih modelih, ki naj bi bili
zmo�ni napovedati koncentracijo lebdeèih plavin
in bilanco proda v prostoru in èasu z uporabo
diferencialnih enaèb, ki opisujejo ta fizikalni pojav.
Zaradi spremembe koncentracije plavin,
povzroèene z njihovim usedanjem ali erozijo, je
treba prenos plavin obravnavati kot prenos
nekonservativne snovi.

Za doloèanje bilance prenosa plavin
obstajajo razliène merske in raèunske metode. Ne
glede na razpolo�ljivo mersko in raèunalni�ko
opremo je �e vedno te�ko napovedati bilanco plavin
in spremembo konfiguracije dna. Za potrebe
kalibracije bolj toènih in tudi bolj zahtevnih
matematiènih modelov, je treba razpolagati z veèjim
�tevilom podatkov, ki jih je mogoèe dobiti le s
celovitimi in dolgotrajnimi meritvami (v doloèenih
primerih tudi do 10 let). Zato je treba, glede na
kakovost in �tevilo razpolo�ljivih podatkov,
racionalno izbrati kompleksnost matematiènega
modela. Na ta naèin se lahko izognemo uporabi
parametrov, za katere nimamo znanih vrednosti.

Problem prenosa plavin je v splo�nem
trodimenzijski problem. Glede na geometrijske
znaèilnosti toka, je mogoèe pri re�evanju praktiènih
problemov, uvesti ustrezne poenostavitve. Najbolj
pogoste so:
- dvodimenzijski pristop (2D), kadar problematiko

obravnavamo v navpièni ali vodoravni ravnini (kot
model enotne �irine ali povpreèen po globini) in

- enodimenzijski (1D) pristop.
Za analizo tokov na kraj�ih odsekih v bli�ini

izpustov tekoèine, kjer je snov pod vplivom
turbulence v navpièni ravnini �e enakomerno
preme�ana ali pa v plitvih jezerih s prevladujoèimi
izmerami v vodoravni ravnini, se po navadi
uporabljajo dvodimenzijski, po globini povpreèni
matematièni modeli. Tak�en model je uporabljen tudi
pri analizi tokov in prenosa lebdeèih plavin v Ptujskem
jezeru.

1 HIDRODINAMIÈNI MATEMATIÈNI MODEL

1.1 Osnovne enaèbe

Tok vode je temeljni parameter prenosa snovi
v obliki raztopine ali delcev. Zato je natanèno
poznavanje hidrodinamiènih parametrov, kot sta
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known. The sediment-transport calculation can only
be performed when the available hydrodynamic
conditions are checked.

The hydrodynamic characteristics can be
described by two-dimensional, depth-averaged
equations. The continuity and dynamic equations
for the cartesian orthogonal coordinate system are
used in the following form:

                              (1)

    (2)

     (3).

As the appearance of regions with vortices
in the  flow is possible, and based on our experience
of the mathematical modeling of river and lake flows
using two-dimensional models, and in order to
define additional turbulent stresses, the k - e
turbulent model seemed to be justified [2].
Additional transport equations for the turbulent
kinetic energy k and its dissipation e are used in the
following form:

      (4)

(5),

where is: h � water depth; u and v � velocity
components in the x and y directions; z

b
 �  bottom

level; n � Manning�s roughness coefficient; u
ef
 �

kinematic coefficient of effective viscosity; g �
acceleration due to gravity; k � turbulent kinetic energy
per mass unit; and e � its level of dissipation. The term
G (the production of k caused by horizontal velocity
gradients), P

kv
 and P

sv
 (the source terms caused by

bottom friction), together with the constants that appear
in the turbulence model (c

D
, cm, c1

, c
2
, ceG, sk

 and se),
are explained in the literature [2].

1.2 Solution method and computer program

The control-volume method, described in [2]
and [6], was used for solving the partial differential
equations (1) to (5). Its main characteristics are a
staggered numeric grid, a hybrid scheme (a
combination of the central-differences and upwind
schemes) and an iterative solution based on water-
depth corrections. The chosen scheme is a
compromise between accuracy and economy. It
gives physically �real� results across the whole
range of Peclet numbers (the ratio between
advective and diffusion transport) accept near the
value of  ±2.

hitrost in globina toka, zelo pomembno. Izraèun
prenosa plavin je mogoèe opraviti �ele potem, ko
imamo na voljo preverjeno hidrodinamièno sliko toka.

Hidrodinamiène znaèilnosti opi�emo z
dvodimenzijsimi, po globini povpreènimi enaèbami.
Uporabljene kontinuitetna in dinamièni enaèbi v
konservativni obliki, ki opisujejo stalni tok v karteziènem
pravokotnem koordinatnem sistemu, so naslednje:

Ker se lahko ponekod pojavljajo obmoèja z bolj
izra�enim vrtinènim tokom ter v skladu z dosedanjimi
izku�njami pri matematiènem modeliranju tokov v rekah
in jezerih z uporabo dvodimenzijskih modelov in z
namenom, da bi dololoèili vrednosti dodatnih
turbulentnih napetosti, je uporabljena k - e verzija
hidrodinamiènega modela [2]. Dodatne transportne
enaèbe za turbulentno kinetièno energijo k in njeno
disipacijo e so uporabljene v naslednji obliki:

kjer so: h � globina vode; u in v - komponente
hitrosti v smereh x in y; z

b
 - kota dna; n - Manningov

koeficient hrapavosti; u
ef
 - kinematièni koeficient

efektivne viskoznosti; g � gravitacijski pospe�ek;
k - turbulentna kinetièna energija na enoto mase in
e  - stopnja njene disipacije. Izrazi za G (produkcija
k zaradi vodoravnih gradientov hitrosti) ter P

kv
 in

P
sv
 (izvorna èlena zaradi trenja ob dno) so skupaj s

stalnicami, ki se pojavljajo v modelu turbulence
(c

D
, cm, c1

, c
2
, ceG, s

k
 in se), bolj natanèno razlo�eni

v literaturi [2].

1.2 Metoda re�evanja in raèunalni�ki program

Sistem nelinearnih parcialnih diferencialnih
enaèb (1) do (5) re�ujemo numerièno z metodo
kontrolnih volumnov, ki je natanèno prikazana v
literaturi [2] in [6]. Njene glavne znaèilnosti so
premaknjena numerièna mre�a, hibridna shema
(kombinacija centralnodiferenène in sheme vzvodnih
razlik) ter iteracijsko re�evanje na podlagi popravkov
globin. Izbrana shema je kompromis med toènostjo
in ekonomiènostjo ter daje fizikalno realne rezultate
pri vseh Pecletovih �tevilih (razmerje med
konvekcijskim in difuzijskim prenosom), razen v
bli�ini vrednosti ±2.

( ) ( )
0
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The basis of the hydrodynamic model is the
well-known computer program called TEACH [4]. The
computer program is also able to calculate the depth-
averaged flows using the k - e turbulence model with
respect to variable geometry ([2] to[4]). This resulted
in a new version of the computer program called
PCFLOW2D.

Equations (1) to (5) are non-linear, partial
differential equations of the second-order, hyperbolic
type. The initial and boundary conditions for the
velocities u and v and the water depth h should be
defined on all four boundaries. Also, for the
production and dissipation of the kinetic energy, k
and e, the boundary conditions should be known for
all four boundaries of the calculation area. These
conditions are described in detail in [3] and [4].

2  MATHEMATICAL MODEL FOR THE
TRANSPORT OF SUSPENDED SEDIMENT

2.1 Basic equation

The advection-diffusion equation for matter
transport in a two-dimensional space in a horizontal
plane can be written in the following form:

(6).

using the following terms: h � water depth, u  and v
� depth-averaged components of the velocities in
the x and y directions, c  � depth-averaged
concentration of suspended sediments, u

ef
 �

kinematic coefficient of effective viscosity, s
sm

 �
Schmidt number, and S

C
 � source term, describing

the change of sediment concentration in a calculation
cell, depending on the real concentration and the
hydrodynamic conditions.

The source term S
C
 is determined on the basis of

a two-dimensional analysis of flow and the distribution
of the suspended load concentration in a vertical plane
in a certain control volume [1]. The suspended sediment
transport in a vertical plane is described by the following
differential equation in a two-dimensional form:

(7).

Where:
u is the velocity in the longitudinal (x) direction

(dominant flow direction);
w

s
is the settling velocity in the vertical direction (z
axis), the positive direction is opposite to the
positive direction of the z axis;

t is the time;
c is the suspended load concentration,
e

s,z
is the suspension diffusive coefficient.

Equation (7) is usually solved so that the
solution is a suspension concentration distribution c
along the water depth under defined initial and

Osnova hidrodinamiènega matematiènega
modela je zelo raz�irjen raèunalni�ki program TEACH
[4]. Program je dopolnjen z mo�nostjo raèunanja tokov
s povpreèno globino z uporabo k - e modela
turbulence  ob upo�tevanju spremenljive geometrijske
oblike ([2] do [4]). Tako je nastala nova razlièica
programa, ki smo jo poimenovali PCFLOW2D.

Enaèbe od (1) do (5) so nelinearne parcialne
diferencialne enaèbe drugega reda, hiperboliènega
tipa. Zato potrebujemo zaèetne in robne pogoje za
hitrosti u in v ter globino h na vseh �tirih robovih.
Tudi za preraèun kinetiène energije in njene
disipacije, k in e, potrebujemo robne pogoje na
vseh �tirih robovih raèunskega podroèja.
Podrobneje so ti pogoji navedeni v literaturi [3] in
[4].

2 MATEMATIÈNI MODEL PRENOSA
LEBDEÈIH PLAVIN

2.1 Osnovne enaèbe

Advekcijsko-difuzijska enaèba, ki opisuje
prenos snovi v dvodimenzijskem prostoru vodoravne
ravnine, se lahko napi�e v naslednji obliki:

Oznake v enaèbi (6) pomenijo: h - globino vode, u
in v  - globinsko povpreèni komponenti hitrosti v
smereh x in y, c  - globinsko-povpreèno
koncentracijo lebdeèih plavin, u

ef
 - kinematièni

koeficient efektivne viskoznosti, s
sm

 - Schmidtovo
�tevilo in S

C
 - izvorni èlen, s katerim opi�emo

spremembo koncentracije plavin v raèunskem polju,
odvisno od dejanske koncentracije in
hidrodinamiènih pogojev.

Izvorni èlen S
C
 smo definirali na podlagi

dvodimenzijske analize toka in razporeda
koncentracije lebdeèih plavin v navpièni ravnini
kontrolnega volumna [1]. Dvodimenzijska oblika
diferencialne enaèbe, ki opisuje prenos lebdeèih
plavin v navpièni ravnini, se glasi:

Pomen èlenov v enaèbi je:
u hitrost toka v vzdol�ni smeri (x) (prevladujoèa

smer toka);
w

s
hitrost usedanja zrna plavine v navpièni smeri
(os z), pozitivna smer hitrosti je usmerjena v
negativni smeri osi z;

t èas;
c koncentracija lebdeèih plavin in
e

s,z
koeficient difuzije plavin.

Enaèba (7) se po navadi re�uje tako, da se ob
definiranih zaèetnih in robnih pogojih kot re�itev dobi
razpored koncentracije lebdeèih plavin c po globini

( ) ( )
  

  
      

ef ef
C

sm sm

c c
hc u hc v h h S

x y x x y y

u u¶ ¶ ¶ ¶ ¶ ¶
¶ ¶ ¶ s ¶ ¶ s ¶

æ ö æ ö
+ = + ±ç ÷ ç ÷

è ø è ø

,

    

     s s z
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boundary conditions. The influence of a non-uniform
distribution of the grain diameter along the water depth
was not taken into account. It is possible to solve the
treated equation for each grain fraction independently.
The problem with this approach is that the mutual
influence of each grain size is not considered. The first
approach was used in the solving of Equation (7), and
the following conditions were considered ([7] and [8]):
- on the free surface, where z = z

d
 + h = z

g
:

          (8),

- the bottom condition is explained as sediment
discharge, as the sum of the settled and eroded material:

(9).

The meaning of the terms in equation (9) is as follows:
- c

*
 is the equilibrium concentration, and it depends

on the hydrodynamic conditions and the sediment
characteristics,

- a is a non-dimensional coefficient that explains the
mutual influence of the bottom and the sediments.
The term aw

s
 is known as the actual settled

velocity. The value of a = 0 corresponds to an
ideal bottom response, a larger value corresponds
to an adsorption plain (ideal sink).

The first term on the right-hand side of equation
(9), -aw

s
c, represents the sediment discharge in the

vertical direction as settling. The second term, +aw
s
c

*
,

is the sediment discharge of the eroded material that
entrainments in a flow. According to Equation (9) the
sediment discharge (the settling or erosion of grains)
is proportional to the difference between a certain
sediment concentration and the flow transport capacity.

The depth-averaged sediment concentration
c  is calculated by integrating the sediment discharge
over the depth, by considering Equation (7), at a
distance x V t=

r

 from the inflow boundary of the
control volume, at the point of the inflow
concentration 0c . There is a V

r

 velocity vector
magnitude in a control volume and a t dwell time of
the particles inside the control volume [5]:

  (10),

where the following terms are used: *c  � equilibrium,
depth-averaged concentration of the suspended load,
a � non-dimensional coefficient expressing the
interacting influence between the bottom and the
sediments, and w

s
 � the settling velocity of the particles.

The source term from the advective-diffusive
equation of the suspended sediment (6) is defined as
the difference between the inflow concentration and
the actual concentration in the control volume:

   (11).

toka. Pri tem se vpliv neenakomerne razporeditve
velikosti zrna po globini po navadi ne upo�teva.
Obravnavano enaèbo lahko re�ujemo tudi neodvisno
za vsako posamezno frakcijo plavin. Pomanjkljivost
takega naèina je v tem, da ni upo�tevan medsebojni
vpliv posameznih frakcij. Pri re�evanju enaèbe (7) smo
uporabili prvi naèin, ob upo�tevanju naslednjih
robnih pogojev ([7] in [8]):
- na gladini, kjer je z = z

d
 + h = z

g
:

- na dnu robni pogoj izra�a pretok mase plavin kot
vsoto usedlega in erodiranega materiala:

V enaèbi (9) je pomen oznak naslednji:
- c

*
 � ravnote�na koncentracija, odvisna od

hidrodinamiènih pogojev in znaèi lnost i
plavin,

- a  � bredimenzijski koeficient, ki izra�a medsebojni
vpliv dna in plavin. Zmno�ek aw

s
 je znan kot

dejanska hitrost usedanja. Vrednost a = 0 pomeni
idealen odziv dna, dokler velike vrednosti tega
koeficienta ustrezajo adsorbirajoèi povr�ini (idealen
ponor).

Prvi èlen na desni strani enaèbe (9) (-aw
s
c)

pomeni pretok plavin v navpièni smeri, ki se useda.
Drugi èlen desne strani, (+aw

s
c

*
) pomeni pretok

snovi, ki se erodira z dna in vkljuèuje v tok.
Ustrezno enaèbi (9) je pretok plavin (usedanje ali
erozija zrn) sorazmeren razliki med dejansko
koncentracijo plavin in transportne zmogljivosti
toka.

Z integriranjem pretoka plavin po globini,
upo�tevaje enaèbo (7), dobimo vrednost globinsko
povpreèene koncentracije plavin c  na razdalji
x V t=

r

 od vtoka v kontrolni volumen, kjer je
vtoèna koncentracija 0c . Pri tem je V

r

 velikost
rezultante vektorja hitrosti v kontrolnem volumnu
in t èas zadr�evanja delcev znotraj kontrolnega
volumna [5]:

kjer so: *c  - ravnovesna globinsko-povpreèna
koncentracija lebdeèih plavin, a - brezdimenzijski
koeficient, ki izra�a medsebojni vpliv med dnom
in plavinami in w

s
 - hitrost usedanja delcev

plavin.
Izvorni èlen iz konvekcijsko-difuzijske enaèbe

transporta lebdeèih plavin (6) pa je definiran kot razlika
med vteklo koncentracijo in dejansko koncentracijo
v kontrolnem volumnu:

,
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2.2 Boundary, initial conditions and computer
program

During the solving of the advective-diffusive
equation, the known concentration of the suspended
load was prescribed at the inflow boundary of the
mathematical model, and the outflow boundary was
defined such that the gradient of the concentration in
the dominant direction of the flow is equal to zero; at
the closed, non-permeable boundaries it was defined
as the condition of a non-permeable wall, which means
there is no sediment flow through these boundaries.

The concentration values should be defined
on all the control volumes at the start of the iterative
process. During the development of the computer
program it was found that the iterative process takes
the shortest time if all the control volumes (except
those with a known concentration) had defined values
of zero. To avoid the difficulties caused by dividing
by zero, the starting concentration was chosen to be
a small value.

Like during the solving of hydrodynamic
equations, for the solving of Equation (6) the control
volume method with a hybrid scheme was used. A
system of algebraic equations was solved in the
subprogram adopted from the hydrodynamic model.

3 AN EXAMPLE OF USING THE MATHEMATI-
CAL MODEL FOR PTUJ LAKE

3.1 About Ptuj lake

Ptuj lake is a reservoir on the Drava river; its
main purpose is the production of electric power. It is
the last reservoir in a chain of several hydro-electric
power plants on the Drava river. From the weir in
Markovci to HEPP Formin, there is a derivation

2.2 Robni, zaèetni pogoji in raèunalni�ki program

Pri re�evanju advekcijsko-difuzijske enaèbe je
bila podana znana koncentracija lebdeèih plavin na
vtoènem robu matematiènega modela in na iztoènem
robu je bil robni pogoj definiran tako, da je gradient
koncentracije v prevledujoèi smeri toka enak niè. Na
zaprtih (neprepustnih) robovih je postavljen pogoj
neprepustne stene tako, da skozi tak�en rob ni pretoka
plavin.

Na zaèetku iterativnega postopka je treba
podati vrednosti koncentracije lebdeèih plavin v vseh
kontrolnih volumnih. Pri razvoju raèunalni�kega
programa smo ugotovili, da se iteracijski postopek
najhitreje konèa, èe je v vseh kontrolnih volumnih
(razen v tistih z znano koncentracijo) podana vrednost
enaka niè. Da bi se izognili te�avam, ki bi lahko nastale
z deljenjem z nièlo, podamo za zaèetno vrednost
koncentracije kak�no majhno vrednost.

Za re�evanje enaèbe (6) je podobno, kakor �e
pri re�evanju hidrodinamiènih enaèb, uporabljena
metoda kontrolnih volumnov s hibridno shemo. Sistem
algebrajskih enaèb se v iteracijskem postopku re�uje
z istim podprogramom, prevzetim iz hidrodinamiènega
modela.

3 PRIMER UPORABE MATEMATIÈNEGA
MODELA NA PTUJSKEM JEZERU

3.1 O Ptujskem jezeru

Ptujsko jezero je umetna akumulacija, zgrajena
za potrebe proizvodnje elektriène energije na reki
Dravi. To je zadnja akumulacija v slovenskem delu
verige dravskih jezer. Od pregrade v Markovcih do
strojnice HE Formin je zgrajen dovodni kanal.

Sl. 1. Aksonometrièna slika razporeda dna Ptujskega jezera
Fig. 1. An axonometric view of the bottom configuration of Ptuj lake
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channel. The volume of the reservoir is 22 million m3.
The length of the lake is about 5.5 km, with a main
width of 1 km and a main depth of 5 m. The maximum
depth is near the weir, and it is 12 m. An axonometric
view of the lake bottom is presented in Figure 1.

The building of the reservoir solved some
electro-power problems and also protects the
surrounding lands of the river Drava from flooding.
At the same time, it has caused environmental changes
and resulted in some negative consequences,
especially to fauna that is characteristic of the area.
The quality of the water was decreased by the
eutrofication process. This was caused by upsetting
the balance in the inflow and the available sediment
transport along the reservoir. A decreasing in the
depth of the water (at certain parts of the lake it is
less than 0.5 m) and the volume (11% since 1993) was
caused by the settling of sediments.

In an attempt to solve these problems, in 1993
at the Faculty of Civil and Geodetic Engineering of
the University of Ljubljana, field measurements were
arranged and hydrodynamic calculations of the flow
in Ptuj lake were performed.

These activities were:
1. Field measurements of the velocities in Ptuj lake.
2. Water and bottom-sediment sampling and

laboratory analyses.
3. Preparing topographic, hydraulic and

hydrological data and boundary conditions for
the 2D hydrodynamic flow calculation.

4. 2D calculations for the characteristic discharges
and result verifications with the help of measured
values.

5. 2D calculation of the suspended-sediment
transport based on measured sediment
characteristics and suitably chosen coefficients.

It should be noted that the measurement of
temperature and other parameters of the water quality
along the depth of reservoir showed that the lake
was not stratified and that the use of the 2D model
was justified.

3.2 Field measurements

Because most of the material is transported during
times of high discharges, measurements were adjusted
appropriately with suitable conditions. The measurements
were performed in October 1993 under the following
conditions: discharge of 964 m3/s, 460 m3/s flew through
turbines. The remaining discharge was overtopped on the
weir. The following parameters were measured:
- velocities were measured with flowmeters in the

region of the reservoir with higher velocities, and
with electro-magnetic gauges and floats in the
region with smaller flow velocities (smaller than 0.2
m/s). The movement of the floats was followed
using geodetic observation. The results of all the
measurements are presented in Fig. 2,

Prostornina akumulacije je 22 milijonov m3. Jezero je
dolgo okoli 5,5 km, njegova povpreèna �irina je 1 km
in povpreèna globina 5 m. Najveèja globina je v bli�ini
pregrade in zna�a 12 m. Aksonometrièni prikaz dna
akumulacije je podan na sliki 1.

Ob re�evanju elektroenergetskih problemov
so bila z izgradnjo akumulacije za�èitena obre�na
zemlji�èa reke Drave pred poplavljanjem. Izgradnja
akumulacije je povzroèila spremembo okolja in je imela
tudi negativne posledice, predvsem na �ivalske vrste,
znaèilne za to obmoèje. Poleg tega se je zaradi pojavov
evtrofikacije v usedlinah jezera poslab�ala kakovost
vode. Do te te�ave je pri�lo zaradi poru�itve
ravnovesja med dotokom in prenosom plavin na
obravnavanem odseku. Poveèano usedanje materiala
je povzroèilo zmanj�anje globine (na nekaterih mestih
se je zni�ala na 0,5 m) in prostornine zbiralnika (za
11% do leta 1993).

Da bi re�ili omenjeno problematiko, so bile leta
1993 na Fakulteti za gradbeni�tvo in geodezijo,
Univerze v Ljubljani, organizirane terenske meritve in
opravljeni hidrodinamièni raèuni toka v Ptujskem
jezeru.

Te dejavnosti so obsegale:
1. Terenske meritve hitrosti toka na Ptujskem jezeru.
2. Zbiranje vzorcev vode in usedlega materiala z dna

ter njihovo laboratorijsko analizo.
3. Pripravo topografskih, hidravliènih in hidrolo�kih

podatkov ter robnih pogojev za 2D hidrodinamièni
raèun tokov.

4. Dvodimenzijske  raèune tokov za znaèilne pretoke
in verifikacijo dobljenih rezultatov s pomoèjo
merjenih vrednosti.

5. Dvodimenzijske raèune prenosa lebdeèih plavin
na podlagi izmerjenih znaèilnosti plavin in
ustrezno izbranih koeficientov.

Opozoriti je treba, da so meritve temperature
in drugih parametrov kakovosti vode po globini
jezera pokazale, da stratifikacija ni opazna, kar
upravièuje uporabo dvodimezijskega matematiènega
modela.

3.2 Terenske meritve

Glede na dejstvo, da se veèina materiala
prena�a v èasu veèjih  pretokov, je bilo treba terenske
meritve èasovno uskladiti s pojavom ustreznih
pogojev. Opravljene so bile oktobra leta 1993 pri
srednji vrednosti pretoka 964 m3/s, od tega je pribli�no
460 m3/s teklo skozi turbine, preostalih 497 m3/s pa
preko prelivnih polj. Merili smo naslednje parametre:
- hitrosti toka z uporabo hidrometriènih kril na

obmoèju dela zbiralnika z veèjimi hitrostmi ter
elektromagnetnih sond in plovcev na obmoèju z
manj�imi hitrostmi toka (pod 0,2 m/s). Gibanje
plovcev smo èasovno spremljali z geodetskim
opazovanjem. Obdelani rezultati vseh meritev so
podani na sliki 2;
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- the wind velocity was measured at three locations
on the lake surface and on the banks to ascertain
if there was any wind influence on the water
stream. We found that the wind velocity was so
small that its influence on the water flow could be
neglected,

- the water sampling was performed to obtain data
on the suspended sediment�s characteristics, its
concentration, specific weight and grain size. The
sampling was performed on several verticals in the
lake, so the distribution of the suspended
sediment�s concentration was determined. The
result of the grain size analysis is presented in
Figure 3. The depth-averaged concentration in the

- hitrosti vetra, ki so bile izvedene na treh mestih na
in ob jezeru z namenom, da bi ugotovili morebitni
vpliv vetra na smer in hitrosti toka vode.
Ugotovljeno je bilo, da je bila hitrost vetra v èasu
meritev majhna in da je njegov vpliv na tok vode
zanemarljiv;

- vzorèevanje vode smo opravili zato, da bi pridobili
podatke o znaèilnostih lebdeèih plavin, njihovi
koncentraciji, gostoti in zrnavostni sestavi. Vzorèili
smo na veè globinah v jezeru, tako da smo lahko
dobili ustrezno sliko razporeda koncentracij lebdeèih
plavin. Primer rezultatov analize zrnavosti je podan
na sliki 3. Po globini povpreèena koncentracija
lebdeèih plavin v korenu akumulacije je bila

Sl. 3. Zrnavostna krivulja lebdeèih plavin na vtoku v akumulacijo (26.10.1993)
Fig. 3. Grain size curve of the suspended load in the upper part of the lake (26.10.1993)

Sl. 2. Rezultati opravljenih meritev na Ptujskem jezeru (26.10.1993), a) tokovnice, b) merjene hitrosti
Fig. 2. Results of hydrodynamic measurement on Ptuj lake (26.10.1993), a) streamlines, b) velocities
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upper part of the lake was 0c  = 525 g/m3, with
specific weight r

s
 = 2.2´103 kg/m3.

Based on periodic measurements of the cross-
sections, which were made every five years, the
height of the settled material was analysed. Two meas-
urements, made in 1981 and 1991, were analyzed with
the QuickSurf program (acting in AutoCAD). The
result is presented in Figure 4 with isolines of the
settled material depth. It should be pointed out that
the sedimentation was present over the whole of the
lake, even though Figure 4 gives (as the equidis-
tance is relatively high) the opposite impression. The
height of the sediments for the major region of the
lake was less than 1 m. Figure 4 was the basis for the
calibration of the mathematical model used to calcu-
late the transport of the suspended sediment.

0c  = 525 g/m3, medtem ko je bila zaradi prisotnosti
organskih snovi gostota r

s
 = 2,2´103 kg/m3.

Na podlagi obèasnih meritev preènih profilov,
ki se opravljajo vsakih pet let, je izvedena analiza
vi�ine usedlih plavin. Rezultati dveh snemanj, ki sta
bili opravljenji v letih 1981 in 1991, sta matematièno
obdelani s programom QuickSurf (delujoèega pod
programom AutoCAD). Rezultat obdelave je prikazan
na sliki 4, kjer so podane izoèrte vi�ine usedlega
materiala. Opozoriti je treba, da je usedanje materiala
opazno na vsem obmoèju akumulacije, èeprav daje
slika (zaradi precej�njega razmika izoèrt) nasproten
vtis, saj je vi�ina usedlega materiala na veèjem delu
zbiralnika manj�a od 1 m. Rezultat, prikazan na sliki 4,
je bil podlaga za umerjanje matematiènega modela za
raèun prenosa lebdeèih plavin.

Sl. 4. Vi�ina usedlih lebdeèih plavin v Ptujskem jezeru v obdobju od 1981 do 1991
Fig. 4. Sediment height in Ptuj lake during the period from 1981 to 1991

3.3 Rezultati matematiènega modela

Pred simulacijo prenosa lebdeèih plavin v
Ptujskem jezeru je bilo treba opraviti umerjanje
hidrodinamiènega dela modela. To vkljuèuje
doloèanje ustreznih vrednosti in razporeda
koeficienta hrapavosti dna. Rezultati opravljenih
raèunov so pokazali najveèjo podobnost z
izmerjenimi vrednostmi hitrosti ob upo�tevanju
enotnega koeficienta hrapavosti po vsem dnu
jezera, èigar vrednost zna�a po Manningu n = 0,026
sm-1/3. Na podlagi dosedanjih izku�enj ter
opravljenih analiz zasipavanja akumulacije smo
ugotovili, da veèino materiala prina�ajo pretoki
enoletne povratne dobe ali veèji. Ker je bil v prvi
fazi pripravljen relativno preprost naèin raèunanja
z uporabo modela za raèun stalnega toka, je bil kot
reprezentativen izbran pretok, ki ustreza petletni
povratni dobi Q

5
 = 1239 m3/s. Izraèunano polje

hitrosti in tokovnice za ta pretok so podane na
sliki 5.

Na podlagi podatkov o znaèilnostih lebdeèih
plavin, vi�ini usedlega materiala in hidrodinamiènih
rezultatov, je bilo mogoèe nadaljevati z
modeliranjem prenosa lebdeèih plavin. Doloèiti je

3.3 Results of the mathematical model

Before the transport of the suspended sediments
in Ptuj lake was calculated the hydrodynamic model
needed to be calibrated. It took into account the
determination of a suitable value and the distribution of
the roughness coefficient of the bottom of the lake.
Several calculations showed that the best agreement
with the measured velocities was reached with uniform
distribution over the whole region of the lake, and with
a value of  Manning�s coefficient n = 0.026 sm-1/3. Based
on experience and the analysis of filling up the reservoir,
we found that the largest amount of material brought
discharges of a one year return period or higher. As for
the first phase of the analysis, it was prepared with the
relatively simple approach of a steady-state calculation.
The representative discharge was from five-year return
period, Q

5
 = 1239 m3/s. The calculated velocity field

with streamlines for that discharge is presented in
Figure 5.

Based on the data of the suspended sediment�s
characteristics � the height of the sediments and the
hydrodynamics results � it was possible to continue
with the modeling of the suspended-sediment
transport. The Schmidt number s

sm
 and the non-
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dimensional coefficient a from the equation (9)
needed to be determined.

Using data from the literature, the value of the
Schmidt number was between 0.5 and 1.0.  Since the
analysis showed a rather low sensitivity of the
mathematical model�s results for the calculation of the
suspended sediment transport of the chosen value of
the Schmidt number in the recommended boundaries
this problem was not treated further. The upper
recommended value of s

sm
 = 1 was used in the model.

The value of coefficient a should also be
determined. Using test calculations we found that
the best agreement with the measured results was
obtained for a = 0.1. The results for the period 1981
to 1991 are presented in Figure 6. As the data for the
characteristics of the sediment were not full (porosity
etc.), the result is presented only for a comparison.
By including the missing data it would be possible to

bilo treba vrednosti Schmidtovega �tevila s
sm

 in
bredimenzijskega koeficienta a iz enaèbe (9).

Po podatkih iz literature se vrednost
Schmidtovega �tevila giblje med 0,5 in 1,0. Ker so
analize pokazale precej�njo neobèutljivost rezultatov
matematiènega modela za raèun prenosa lebdeèih
plavin na vrednost Schmidtovega �tevila v
priporoèenih mejah, tega problema v nadaljevanju
nismo veè obravnavali. V modelu smo upo�tevali
zgornjo priporoèeno vrednost, s

sm
 =1.

Doloèiti smo morali �e vrednost koeficienta a.
S testnimi raèuni smo ugotovili, da se dose�e najbolj�e
ujemanje z merjenimi vrednostmi z upo�tevanjem a =
0,1. Rezultati raèunov za obdobje od leta 1981 do leta
1991 so podani na sliki 6. Zaradi nepopolnih podatkov
o znaèilnostih materiala v dnu akumualcije (poroznosti
in podobno), prikaz rezultatov je podan samo
primerjalno. Z znanimi manjkajoèimi podatki, bi bilo

Sl. 6. Rezultati izraèuna vi�ine usedlih plavin v Ptujskem jezeru v obdobju od 1981 do 1991
Fig. 6. Calculated sediment height in Ptuj lake for the period from 1981 to 1991

Sl. 5. Hidrodinamièni rezultati raèunov v Ptujskem jezeru,Q=1239 m3/s, n=0,026 sm-1/3,
a) hitrostno polje, b) tokovnice

Fig. 5. Results of the hydrodynamic calculations in Ptuj lake Q=1239 m3/s, n=0.026 sm-1/3,
a) velocity field, b) streamlines

a) Vektorji hitrosti
    Velocity vectors

b) Tokovnice
     Streamlines

MERILO, SCALE

dol�in, length

hitrosti, velocity
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mogoèe doloèiti dejansko vi�ino usedlih plavin na
posameznih delih dna zbiralnika.

4 SKLEPI

Matematièni model je omogoèil naslednje:
- s hidrodinamiènim modelom je bila doloèena

dvodimenzijska razporeditev hitrosti toka v jezeru
pri razliènih pretokih. Poznavanje hidrodinamiène
slike je pomembno zaradi veè razlogov, predvsem
pa za bolj�e razumevanje biokemiènih procesov in
pravilno napovedovanje dogajanj, povezanih s
prenosom plavin;

- model prenosa lebdeèih plavin je omogoèil
kakovostno simulacijo usedanja lebdeèih plavin v
Ptujskem jezeru na podlagi razpolo�ljivih merskih
podatkov. Ugotovimo lahko relativno dobro
ujemanje rezultatov matematiènega modela in
izmerjenimi vrednostmi (sl. 4, 6). Predvidevamo, da
bi z ustrezno krivoèrtno numerièno mre�o dobili
bolj�e ujemanje izraèunane in izmerjene
hidrodinamiène slike. To bi prispevalo k �e bolj�im
rezultatom raèuna prenosa lebdeèih plavin ter s tem
tudi k bolj natanèni sliki vi�ine usedlega materiala.
Upo�tevati je treba tudi to, da uporabljeni model
zdaj obravnava problematiko prenosa plavin kot
stalni pojav pri nekem referenènem pretoku. To
pomeni, da vpliva usedlega materiala in posledièno
s tem tudi spremembe konfiguracije dna na tokove
ni bilo mogoèe upo�tevati. V naslednjem modelu
nestalnega toka bo treba z modelom zajeti èasovno
spremembo konfiguracije dna in njen vpliv na
hidrodinamièno sliko ter s tem tudi na usedanje
materiala.

determine the real sediment height and the
distribution over the reservoir.

4 CONCLUSIONS

The mathematical model made possible the
following:
- by using the hydrodynamic model, a two-dimen-

sional distribution of the velocities in the lake was
determined in several discharges. Knowledge of
the hydrodynamic characteristics of the lake is im-
portant for regularly predicting the sediment trans-
port;

- a qualitative simulation of the settling suspended
sediments in Ptuj lake, based on the available meas-
ured data. The agreement between the results of
the mathematical model and the measured values
is relatively good (Figures 4 and 6); however, a
calculation with a curvilinear numeric mesh should
offer better agreement between the calculated and
measured results. This will contribute to better cal-
culation results of the suspended sediments and a
higher accuracy for the sediment height. It should
be considered that the mathematical model used
treats the sediment transport as a semi-steady-state
process with a certain reference discharge. This
means that the influence of settled material and
consequently the changes of the bottom configu-
ration on the water flow were not taken into ac-
count. The next mathematical model of the un-
steady-state flow should take into account changes
of the bottom configuration and its influence on
the hydrodynamic picture as well as on the sedi-
mentation of the load.
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Optimizacija aksialnih vodnih turbin

0 INTRODUCTION

Nowadays, powerful computers, which are
able to calculate and visualise the flow of water
through axial and radial runners, have completely
changed the development process of water turbines.
The main advantage of numerical tests is that the
amount of expensive and time consuming
experimental work can be reduced. The optimum shape
of the runner blades is essential for high energy
transformation in the runner and for avoiding losses.

This paper describes the following theories:
- the design of axial runners,
- flow analyses in axial runners

- the experimental analysis (velocity field
measurement)

- the numerical method
- the analysis of energetic and cavitation

characteristics,
- the optimization method

- the genetic algorithm,
which when merged together define a very effective
procedure for developing water turbines.

1 THE DESIGN OF AXIAL RUNNERS

New runner blade shapes (Figure 1) can be
developed using various direct or inverse design
methods.

0 UVOD

Razvoj vodnih turbin se je v zadnjem
desetletju preusmeril iz prete�no eksperimentalne
analize v numerièno preuèevanje tokovnih razmer
v razliènih delih turbinskih strojev. Pri razvoju turbin
je predvsem pomembno  nadomestiti drage in
zamudne eksperimentalne raziskave z izraèuni. Da
bi omogoèili tekoèini optimalno spremembo
energije v rotorju, je treba poiskati najbolj�o obliko
lopatic.

V prispevku so predstavljene naslednje teme:
- oblikovanje aksialnih rotorjev,
- analiza toka v aksialnih rotorjih

- eksperimentalna metoda (meritev hitrostnega
polja)

- numerièna metoda
- analiza energetskih in kavitacijskih lastnosti,

- optimizacijska metoda
- genetièna metoda,

ki zdru�ene v celoto predstavljajo overjen
optimizacijski postopek za oblikovanje gonilnikov.

1 OBLIKOVANJE AKSIALNIH GONILNIKOV

Oblikovanja lopatic gonilnika (slika 1) se lahko
lotimo na razliène naèine. Poznamo neposredne in
nasprotne metode.
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Oblikovanje aksialnega gonilnika zaènemo z
doloèitvijo osnovnih parametrov turbine:
- nominalni in najveèji padec,
- imenska moè turbine,
- predvideni izkoristek,
- predvideni kavitacijski koeficient.

Osnova izraèuna lopatice aksialnega gonilnika je
analiza ravninske lopatiène vrste ([1] in [2]). Raèun temelji
na uporabi teoretiènih hidrodinamiènih karakteristik
ravninskih lopatiènih vrst, ki jih obteka idealna kapljevina.
Realno smer toka dobimo z upo�tevanjem posebnega
koeficienta, ki upo�teva vpliv viskoznosti.

Zamisel, da lahko poenostavimo analizo toka
skozi rotor, temelji na glavnih predpostavkah o toku
skozi aksialni gonilnik. V pretoènem delu turbine, pred
gonilnikom in za njim, je tok osnosimetrièen. To zelo
dobro velja v bli�ini optimalnega obratovalnega re�ima.
V medlopatiènem obmoèju se tok ne razlikuje dosti od
osnosimetriènega, zato lahko vzamemo, da so tokovne
ploskve valjne [3]. Èe upo�tevamo tudi hipotezo o
valjnih tokovnih ploskvah, lahko preidemo iz 3-D na 2-
D obravnavo toka v aksialnih gonilnikih (sl. 2).

The development of a new runner starts with
a definition of the following parameters:
- nominal and maximum head,
- nominal power,
- predicted efficiency,
- predicted cavitation coefficient.

The design procedure is based on the use of
theoretical hydrodynamic cascade characteristics for
a potential flow and an empirical flow correction due
to viscosity effects ([1] and [2]). The resulting
cascade and profile camber result in the optimum for
a given set of inlet parameters.

The simplification of the flow analysis is based
on the fundamental features of the flow in axial
turbines. Inside the channel, in front of the runner
and behind it, the flow is axisymmetric, especially at
the optimum operating point. Inside the runner the
stream surfaces are cylindrical, which is a
consequence of the axisymmetric flow [3]. Taking the
hypothesis of cylindrical stream surfaces into
account, the 3-D flow can be analysed as 2-D flow
through axial runners (Figure 2).

Sl. 2. Hitrostni trikotniki na vstopu (1) v gorilnik in izstopu (2) iz gonilnika
Fig. 2. Velocity triangles at the inlet (1) and outlet (2) of the runner
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Pomembna koeficienta, ki doloèata vstopne
in izstopne razmere, sta: koeficient meridianske
hitrosti:

kjer sta c
m
 meridianska hitrost in c

msr
 povpreèna meridianska

hitrost in koeficient obodne komponente absolutne hitrosti
na izstopu iz gonilnika, ki je definiran kot:

kjer je c
2u

 obodna komponenta izstopne absolutne
hitrosti, Dc

u
 pa je sprememba obodne komponente

absolutne hitrosti. Vrednosti koeficienta K
2u

 so okoli
niè ali negativne pri pestu, do 0,4 na zunanjem
valjnem rezu. Raèunalni�ki program, ki izraèuna
optimalno obliko aksialnega gonilnika pri danih
pogojih, poskrbi tudi za pripravo datotek, ki jih lahko
uporabimo neposredno za izdelavo raèunske mre�e
s programom CFX-TASCgrid. Pripraviti je treba le
nekaj podatkov o �elenem �tevilu elementov za
raèunsko obmoèje in predpisati zgostitve mre�e na
mestih, kjer prièakujemo velike gradiente hirosti ali
tlaka.

Ko so pripravljeni �e robni pogoji, je mogoèe
zaèeti z analizo toka v aksialnem gonilniku.

2 ANALIZA TOKA V AKSIALNIH GONILNIKIH

Za numerièni izraèun toka v aksialnih vodnih
turbinah smo uporabili programski paket CFX-
TASCflow. Omenjeni programski paket re�uje
povpreèene Navier-Stokesove enaèbe na poljubnem
3-D obmoèju.

Pomemben del optimizacijskega postopka je
avtomatièna in parametrizirana izdelava raèunske
mre�e. Po vsaki posamezni obliki rotorskih lopatic in
celotnega raèunskega obmoèja je treba izdelati
raèunsko mre�o.

V primeru aksialnih rotorjev je obmoèje
obravnave omejeno le na medlopatièni prostor med
dvema lopaticama gonilnika [4]. Glavno obmoèje je
torej omejeno s tlaèno in sesalno stranjo dveh
sosednjih lopatic rotorja, delom pesta med lopaticama
ter mirujoèo zunanjo steno. Posebno pozornost je
treba posvetiti izdelavi mre�e okoli vstopnega robu
lopatice, kjer prièakujemo velike gradiente tlaka in
hitrosti. Na tem mestu je nujno potrebna zadosti gosta
mre�a in tudi pravilno oblikovani elementi, kajti zelo
hitro lahko pride do prekrivanja elementov, kar vodi
do raèunskih problemov. Temu se izognemo s
pravokotno mre�o, ki jo zagotovimo s posebno
generacijo zlepkov, ki povezujejo vstopna robova
dveh sosednjih lopatic.

Numerièna analiza toka v aksialnih gonilnikih
je bila narejena na �tirih razliènih kaplanovih
gonilnikih. V vseh primerih so bili izraèuni narejeni za

Important coefficients that are responsible for
the inlet and outlet conditions are the meridional
velocity coefficient:

where c
m
 is the meridional velocity and c

msr
 is the

average meridional velocity; and the coefficient of
the outlet vortex, defined as:

where c
2u

 is the circumferential component of
absolute velocity at the outlet, Dc

u
 is the difference

between the inlet and outlet circumferential
component of absolute velocity. The value of the
coefficient K

2u
 is close to zero, or it is a linear

distribution from � 0.4 (near the hub) to 0.4 (on the
peripheral cylindrical section). The computer program
for designing the optimum shape of the axial runner
also prepares the files necessary for the grid
generation procedure with the CFX-TASCgrid code.
Before the solver can start the calculation, some data
about the number of elements and the density of the
elements has to be determined.

The flow analysis in the axial runner can be
started when the boundary condition is prepared.

2 FLOW ANALYSES IN THE AXIAL RUNNERS

The computer code CFX-TASCflow was used
for the flow analyses in all parts of the turbine. The
governing equations solved by CFX-TASCflow are
the Reynolds stress-averaged Navier-Stokes
equations.

An important part of the optimization
procedure is the automatic and parametric grid
generation. After each design of the runner blades
and all the computational domains, including the
channel in front of and behind the runner, the
computational grid is prepared.

In the case of an axial runner, the
computational domain is limited to be between two
runner blades [4]. The boundaries of the
computational domain are the pressure side of the
blade, the suction side of the blade, a part of the hub
and the peripheral stationary wall. The grid generation
near the inlet part of the runner blade has to be done
with great care because in this region high pressure
gradients and velocities are expected. In this area a
very fine grid is necessary, as are elements with proper
angles, in order to avoid computational problems.
The internal angles in the elements should be as
orthogonal as possible; this can be achieved by using
special splines between the leading edges of two
neighbouring runner blades.

The numerical flow analysis was done for four
Kaplan runners with different specific speeds. In all
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model enake izmere, razlikovali so se le po osnovnih
parametrih, padcu, pretoku in vrtljajih ter �tevilu
gonilnikovih lopatic. Vsak gonilnik je treba
obravnavati za razlièna relativna odprtja vodilnika in
z ustreznimi koti lopatic.

Rezultati analize toka v razliènih aksialnih
gonilnikih ka�ejo, da se koeficient meridianske hitrosti
od pesta do zunanjega profila razlikuje tudi za veè ko
samo 10 do 20 %, kakor je bila osnovna teoretièna
predpostavka. Zato je treba dejanske razmere
upo�tevati pri pripravi glavnih parametrov za
oblikovanje gonilnikovih lopatic.

Glavni kriterij uspe�nosti gonilnika je
hidravlièni izkoristek, ki ga lahko izraèunamo iz
dobljenih rezultatov numeriène analize [5].

Zato je pomembno preveriti toènost
rezultatov s primerjavo numeriènih in
eksperimentalnih rezultatov. Na sliki 3 vidimo
primerjavo treh razliènih gonilnikov, ki so bili
numerièno analizirani in tudi eksperimentalno
preverjeni. Primerjava relativnega izkoristka poka�e,
da absolutne vrednosti izkoristka niso povsem toène
in se razlikujejo za toliko, kolikor vplivov preostalih
delov turbin smo zanemarili. Natanènost meritev
izkoristka je ocenjena na 0,3 %. Numerièno dobljeni
izkoristki se razlikujejo za 3 %. S sklopljenimi izraèuni
vseh delov turbine bi lahko natanènost izraèuna
izkoristka izbolj�ali za 2 %.

Iz primerjave vidimo, da lahko med sabo
primerjamo razliène gonilnike pri enakih obratovalnih
pogojih, kar pomeni, da ima gonilnik z najveèjim
izmerjenim izkoristkom tudi izraèunan izkoristek
najveèji v primerjavi z drugimi numerièno analiziranimi.

Ker so poleg energetskih in kavitacijskih
karakteristik pomembne tudi primerjave kinematike
toka pred in za gonilnikom aksialnih turbin, imamo

cases the analyses were done for the same size model,
and for different flow rates, heads, rotational speeds
and number of blades. The individual runner has to
be analysed for different relative guide-vane openings
and an appropriate angle of the runner blades.

The results of the flow analysis show that the
coefficient of meridional velocity can vary by more than
20 % from the hub to the peripheral profile than was
believed from theoretical predictions, which is why the
real conditions have to be considered when preparing
basic parameters for the design of runner blades.

The efficiency with which the available
hydraulic energy is converted into mechanical energy
is the most important measure for determining the
quality of the runner [5].

This is why comparing numerical results with
experimental results tests the accuracy of the
numerical method. In Figure 3 the numerically and
experimentally obtained efficiencies for three different
runners are presented. The comparison shows that
using numerical results for the sorting of designed
runners is successful. The efficiency measurement
can be predicted up to 0.3 % accuracy; however, the
accuracy of the numerically obtained efficiency is
about 3 %. With the coupled calculation of the whole
turbine the accuracy of the numerically obtained
efficiency can be improved by approximately 2 %.

From this comparison we found that different
runners can be compared for equal operation
conditions and the best experimentally obtained runner
also has the highest numerically obtained efficiency.

In addition to the energetic and cavitation
characteristics, a comparison of the numerical
results with the experimental results is a good test
of the accuracy of the numerical method. On the
test rig a lot of energetic and cavitation

Sl. 3. Primerjava relativnega izkoristka (h/h
max

 - izkoristek gonilnika, deljen z izkoristkom najbolj�ega
gonilnika) za tri gonilnike

Fig. 3.  Comparison of the relative efficiency (h/h
max

 - efficiency of the runner divided by the efficiency of
the best runner) for three different runners
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tudi primerjavo porazdelitve vseh treh komponent
hitrosti, dobljenih z meritvami in numerièno analizo
(sl. 5.).

2.1 Meritve

Meritve so bile opravljene na modelu
�tirilopatiène kaplanove turbine v Turboin�titutu.
Hitrosti so bile izmerjene s petluknjièno valjno
sondo. Merilno mesto M1 na izstopu iz gonilnika
oz. na vstopu v sesalno cev je prikazano na sliki
4. S sondo je bila izmerjena hitrost v 12 merilnih
toèkah, merjeno od stene do osi. Merilno mesto
je bilo 100 mm pod pestom. Izmerjena je bila
porazdelitev vseh treh komponent hitrosti pri enem
obratovalnem re�imu, najveèjem pretoku.
Natanènost meritev je ocenjena na 1 % v glavnem
toku, v bli�ini sten pa je natanènost ocenjena na
3 %.

measurements as well as some measurements of the
flow kinematics at the outlet of the runner were made
(Figure 5).

2.1 Measurements

Measurements were carried out on a model of a
four-bladed Kaplan turbine at the Turboinstitute. The
velocities were measured with a five-hole cylindrical probe.
The measurement section M1 at the inlet of the draft tube
is shown in Figure 4. The traverse M1 with 12 measuring
points from the wall to the centre of the inlet section was
chosen at a distance of 100 mm under the runner hub.
Measurements were performed at the one operating point
at full load. As a result, distributions of the axial, radial and
circumferential velocity components along the traverse
were obtained. The measurement can be predicted with an
accuracy of up to 1% in the main flow; however, the
accuracy of the measurements near the wall is about 2%.

Sl. 4. Merilno mesto M1 pri meritvi hitrosti na izstopu iz gonilnika
Fig. 4. The measurement section M1 at the outlet of the runner

2.2 Primerjava rezultatov meritev in numeriènega
izraèuna

Pri rezultatih meritev opazimo za pestom veèje
obmoèje majhnih hitrosti, pri numeriènem rezultatu
pa je to obmoèje manj�e. Pri numerièni analizi toka je
to posledica neupo�tevanja vodoravnega rebra v
sesalni cevi, ki vpliva na tokovne razmere za pestom.

Iz primerjave vseh treh komponent absolutne
hitrosti na izstopu iz gonilnika vidimo, da se
izraèunane hitrosti dobro ujemajo z izmerjenimi, razen
v bli�ini sten, kar �e posebej velja za obodno
komponento absolutne hitrosti. Vzrokov za
neujemanje rezultatov je lahko veè. Prvi izhaja iz
dejstva, da se s sondo ne da izmeriti hitrosti do stene,
drugi vzrok lahko i�èemo v matematiènem modelu za
turbulentni tok, kjer se raèuna porazdelitev hitrosti
ob steni s stenskimi funkcijami in tretji vzrok je lahko
vpliv gostote raèunske mre�e na rezultate izraèuna.

2.2 Comparison between experimental  and
numerical results

From the experimental results we can see,
behind the hub, the area of small velocities, and in
the case of numerical analysis this area is smaller.
This is the consequence of the horizontal pier in the
draft tube, which was not taken into account in the
numerical analysis.

From the comparison of all the velocity
components it is clear that there is good agreement
between the numerical and the experimental results,
except near the wall, where the velocity measurements
are less accurate. The reason for some of the
differences between the numerical and experimental
results can be found in the mathematical model and
in the density of the numerical grids.
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3 OPTIMIZACIJSKA METODA

Genetski algoritmi, ki se uporabljajo v tehniki,
temeljijo na preprosti analogiji iz narave, kjer se �iva
bitja razvijajo na podlagi naravne izbire. V naravi je
glavni kriterij razvoja pre�ivetje, v tehniki pa lahko
pogoj pre�ivetja poljubno definiramo. Postavimo neki
kriterij, ki doloèa uspe�nost ali neuspe�nost
posameznikov v posameznih generacijah. Glavno
vodilo pri razvoju omenjene optimizacijske metode je
bila zahteva po èim bolj grobi metodi, zlasti pri iskanju
celotnega ekstrema, ki ga i�èemo.

V tehniki je pomembno, kako problem
definiramo, da lahko umetni sistem deluje na temelju
naravne izbire. Najprej je treba predmet, ki ga �elimo
optimalizirati, zapisati podobno, kakor je v kromosomih
genska zasnova �ivih bitij. Genski zapis je lahko nek
binaren niz, ki z doloèeno spremembo doloèa predmet
optimizacije

Na�a naloga je poiskati geometrijsko obliko
aksialnega gonilnika, ki bo zado�èala energetskim in
kavitacijskim kriterijem, zato moramo obliko gonilnika
zapisati kot niz �tevil. V tem primeru lahko osnovne
parametre, ki jih potrebujemo v programu za oblikovanje
aksialnega gonilnika, uporabimo v genskem zapisu. Ta
zapis program za oblikovanje spremeni v geometrijsko
obliko gonilnika, ki je pripravljena za ocenjevanje. Ker
se neposredno iz oblike ne da oceniti, ali dobljena
geometrijska oblika izpolnjuje vse kriterije, je treba
uporabiti program za analizo toka skozi gonilnik [6].
Rezultati izraèuna omogoèajo na podlagi porazdelitve

3 OPTIMIZATION METHOD

Genetic algorithms are search algorithms
based on the mechanics of natural selection and
natural genetics. For a natural process the survival
of the fittest individuals is the main criteria, for
engineering systems the survival criteria can be
defined in a very arbitrary manner. The criteria have
to determine the success of the individuals in each
generation. The main goal in the development of the
optimization procedure is the demand for a robust
method, especially in searching for the global extreme.

In the technique, the definition of the problem
is very important, because an artificial system has to
operate on the basis of natural selection. The object,
which has to be optimized, needs to be presented in
a similar way as the genotype in chromosomes. The
genotype can be a binary string, which defines the
object in connection with the appropriate
transformation.

The basic idea is to find the shape of the axial
runner with demanding energetic and cavitation
characteristics, which is why the binary string for the
runner shape has to be determined. In this case the
design parameters can be used in the genotype. This
string can be converted into the runner geometry
using the design program, and the runner is prepared
for evaluation. Having only the shape of the runner
is not enough to know all the characteristics, so a
numerical flow analysis is necessary to obtain the
criteria for evaluation [6]. From the distribution of the

Sl. 5. Primerjava izraèunanih in izmerjenih komponent hitrosti na izstopu iz gonilnika: v
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hitrosti in tlakov izraèunati izkoristek, kar je neposreden
kriterij ocenjevanja kakovosti posamezne geometrijske
oblike.

Uspe�nost optimizacijske metode je odvisna
od naèina parametrizacije geometrijske oblike. Za
doloèitev oblike aksialnega gonilnika uporabimo
veliko �tevilo neodvisnih parametrov. Nekateri
parametri so odvisni samo od obratovalnega re�ima,
drugi pa so odvisni tudi od relativnega premera, pri
katerem analiziramo posamezne profile.

Najprej izberemo �tevilo in razporeditev relativnih
premerov, kjer sekamo lopatico gonilnika z valjem. Potem
za vsak relativni premer predpi�emo porazdelitev
posameznih parametrov: koeficient meridianske hitrosti
(dva parametra), koeficient izstopnega vrtinca (dva
parametra), delitveno razmerje (dva parametra), relativna
debelina profila  (dva parametra) in lego najveèje
ukrivljenosti (dva parametra).

Porazdelitev posameznih parametrov je lahko
linearna funkcija relativnega premera ali pa funkcija vi�jega
reda. V na�em primeru smo uporabili samo linearne
porazdelitve desetih parametrov. Vrednost posameznega
parametra je med niè in devet. Primer genskega zapisa za
posamezno geometrijsko obliko aksialnega gonilnika je
predstavljen v naslednji preglednici.

velocity and pressure, the efficiency of the runner
can be obtained. This efficiency can be used as a
quality criterion of the runner.

Thee success of the optimization procedure
depends on the parametrization of the geometry. To
define the shape of the axial runner a lot of
independent parameters were used. Some of them
depend only on the operating regime; all others
depend on the relative diameter of the analysed
profile.

First, the number and the distribution of the
relative parameters is chosen. Next, the distribution
of each parameter is defined for all diameters:
coefficient of meridional velocity (two parameters),
coefficient of outlet vortex (two parameters), chord-
pitch ratio (two parameters), maximum thickness of
the relative profile (two parameters) and the position
of maximum curvature (two parameters).

The distribution of the parameters can be a
linear function of the relative diameter or a high-order
function. In our case only the linear distribution was
taken into account with the ten parameters. The value
of each parameter was between zero and nine. An
example of one genotype is presented in the following
table.

Fig. 6. Example of genotypeSl. 6. Primer genskega zapisa
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Predstavljeni parametri definirajo obliko
aksialnega gonilnika in so osnova za pripravo
raèunske mre�e, ki jo avtomatièno izdelamo za
poljuben niz parametrov. Osnova genetiène
optimizacijske metode so operatorji ([7] in [8]), ki
se uporabljajo za izbiro in reprodukcijo ter bistveno
prispevajo k grobosti in uspe�nosti algoritma.
Najbolj klasièen operator za reprodukcijo, ki se
uporablja pri genetiènih algoritmih, je dvotoèkovno
kri�anje (two point cross-over). Dve toèki sta
poljubno izbrani in genetièni parametri, ki vplivajo
na oblikovanje, se zamenjajo med star�evskimi
vektorji ([9] in [10]). Usmerjeno kri�anje je malo
spremenjeno in upo�teva smer izbolj�ave, ki jo
lahko dobimo s primerjavo vrednosti dveh
posameznikov. Izbolj�an operator usmerjenega
kri�anja se imenuje operator razvojnega
usmerjenega kri�anja.

Veèkriterijska metoda je predstavljena kot:

The presented parameters define the complete
shape of the axial runner and also provide all the details
for the generation of the automatic computational grid
for an arbitrary array of parameters. The key points of
the GA are the operators ([7] and [8]) used for selection
and reproduction, which strongly influence the
robustness and the efficiency of the algorithm
(Goldberg 1988). A two-points crossover is the most
classical operator for reproduction, and is one of the
operators that offers the highest robustness to the
search. The two points are randomly chosen and the
genetic materials (the design variables) are exchanged
between the parent variable vectors ([9] and [10]). The
directional crossover is slightly different and assumes
that a �direction of improvement� can be detected by
comparing the fitness values of two reference
individuals.

The multi-objective optimization problem can
be expressed as follows:

najveèje
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kjer je razvidno, da v splo�nem re�itev ni enolièna,
razen èe so funkcije linearno odvisne. Z vpeljavo
prevladujoèega naèela, ki ga je vpeljal Pareto, lahko
re�itve razdelimo na dve podskupini: prevladujoèe
in neprevladujoèe. V drugo skupino spadajo re�itve,
pri katerih se eden izmed kriterijev ne more poveèevati,
ne da bi se drugi zmanj�eval.

Bolj formalno lahko to trditev napi�emo tako,
da re�itev x  prevladuje nad re�itvijo y , èe velja
naslednja zveza:

Uporaba naèela, ki ga je predlagal Pareto, se v
glavnem razlikuje od obièajnega postopka pri
operatorjih za izbiro.

Optimizacija aksialnega gonilnika je bila
uporabljena pri oblikovanju �estlopatiènega
kaplanovega gonilnika. Oblikovanje gonilnika je bilo
parametrizirano, tako da smo s spremembo desetih
parametrov lahko spreminjali obliko gonilnikovih
lopatic.

Pri posameznih primerih iz zaèetnih generacij
opazimo iz porazdelitve tlaka, da vpadni koti niso
najbolj�i in zato dobimo veèji tlak na sesalni, namesto
na tlaèni strani. Zaradi integracije tlaka, s katero
izraèunamo navor na gredi gonilnika, je tudi
izkoristek manj�i in ne izpolnjuje kriterijev za
zadovoljivo re�itev.

Rezultati meritev izkoristka, ki so bili dobljeni
z meritvami na modelu kaplanove turbine, so prikazani
na sliki 7. Vidimo lahko, da je izkoristek novega
gonilnika veèji, �e posebej pri majhnih pretokih.

Na sliki 7 sta predstavljeni karakteristiki dveh
gonilnikov. Izkoristek novega je za pol do veè ko dva

and it is obvious that in general the solution is not unique if
the functions are not linearly dependent. With the
introduction of the Pareto dominance concept it is possible
to divide any group of solutions into two subgroups: the
dominated and the non-dominated. Solutions belonging to
the second group are the �efficient� solutions, i.e. the ones
for which it is not possible to increase any objective value
without deteriorating the values of the remaining objectives.

In more formal terms and in the case of
maximization problems it is possible to pretend that the
solution x  dominates y  if the following relation is true:

Pareto-GA algorithms mainly differ from
classical GAS in terms of the selection process, even
though other specific operators might be designed.

The optimization of the axial runner was used
for the design of the six-bladed Kaplan runner. The
shape of the runner was parameterised and ten
parameters were used for the design of the runner
blades.

In some cases, from the first few generations
the distribution of the pressure show higher pressure
on the suction side than on the pressure side, which
is the result of having the wrong inlet angles.
Calculating the torque on the shaft using the
integration of the pressure shows that the efficiency
is not high enough for an optimized solution.

The results of efficiency measurements obtained
on the model of the Kaplan turbine are shown inn Figure
7. The efficiency of the optimized runner is better than
the original, especially for the lower flow rate.

Figure 7 compares the performances of two
runners for various operating conditions. The
efficiency of the new runner is higher, from about
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Sl. 7. Primerjava izkoristka pri starem (r_1) in gonilniku po opravljeni optimizaciji (r_2)
Fig. 7. Comparison of the old (r_1) and new, optimized (r_2) runner efficiency
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odstotka vi�ji od osnovnega, odvisno od
obratovalnega re�ima.

Rezultati analize enega izmed kriterijev
poka�ejo, da je konvergenca monotona, le od pete do
devete generacije pride do manj�ega padca izkoristka,
kar se vidi na sliki 8.

Analiza spreminjanja geometrijske oblike skozi
generacije (sl. 9, 10, 11) ka�e na dejstvo, da se v
zaèetnih generacijah najprej popravljajo parametri, ki
vplivajo na zvitost lopatic, v zadnjih generacijah pa
se spreminjajo v glavnem le parametri, ki spreminjajo
dol�ine profilov. To je posledica teorije, ki je
uporabljena pri metodi oblikovanja rotorskih lopatic,
saj temelji na znanih vstopnih in izstopnih hitrostnih
trikotnikih, ki direktno vplivajo na kote kaskad
posameznih profilov na rotorskih lopaticah.

half a percent to more than two percent, depending
on the operating point.

The results of the efficiency distribution for
all the individuals show a relatively monotone
convergence, except for between the fifth and ninth
generations, where some smaller efficiency can be
observed (Figure 8).

From the analysis of the geometry for all the
generations (Figure 9, Figure 10, Figure 11) we can
conclude that in the first generation the parameters
that influence the skewness are dominant. In the last
few generations the parameters only influence the
length of the runner blades. This is a consequence of
the design theory based on the known inlet-and
outlet-velocity triangles, which have a direct influence
on the cascade angles.
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Sl. 8. Porazdelitev izkoristka - 18 generacij po 10 posameznikov
Fig. 8. Efficiency - 18 generations and 10 individuals in each generation

Sl. 9. Primerjava geometrijske oblike gonilnikov
prve generacije

Fig. 9. The geometry of the runner blades from the
first generation

Sl. 10. Primerjava geometrijske oblike gonilnikov
enajste generacije

Fig. 10. The geometry of the runner blades from the
eleventh generation

Sl. 11. Primerjava geometrijske oblike gonilnikov zadnje generacije
Fig. 11. The geometry of the runner blades from last generation



03-3
stran 194

Lipej A.: Optimizacija aksialnih vodnih turbin - The Optimization of Axial Turbines

4 SKLEP

Prispevek predstavlja povezavo doslej loèenih
metod, pripravo vsake od omenjenih metod za uporabo v
skupnem programskem sklopu, dobro izbiro parametrov,
ki pomenijo genski zapis posameznega gonilnika ter
doloèitev primernih kriterijev za izbiro uspe�nih
geometrijskih oblik lopatic aksialnega gonilnika.

Vse skupaj zdru�eno v celoto postane uspe�no,
uèinkovito in hkrati preprosto orodje v rokah in�enirjev,
kot pomoè pri razvoju hidravliènih oblik.

Metoda je z majhnimi spremembami primerna
tudi za aksialne èrpalke, radialne gonilnike, ventilatorje
in tudi za optimizacijo vseh mirujoèih delov v
hidravliènih strojih.

4 CONCLUSIONS

This paper describes the connection between
the different methods in the coupled optimization
computer code, the aappropriate choosing of the
parameters used in the genotype for each axial runner,
and the definition of the successful criteria in order
to obtain an optimized axial runner.

Together these become a useful and efficient
tool for design engineers in the field of turbo
machinery.

The presented method can also be useful for
other types of turbines, pumps and fans; and also
for the optimization of other parts in hydraulic
machines.

5 OZNAKE
5 NOTATION

premer D m diameter
ukrivljenost profila f m profile skewness
funkcija pripravljenosti F - fitness function
koeficient izstopnega vrtinca K

2u
- coefficient of outlet vortex

koeficient meridianske hitrosti K
cm

- coefficient of meridional velocity
dol�ina profila l m profile length
pretok Q m3/s flow rate
delitev t m pitch
obodna hitrost u m/s circumferential velocity
valjne komponente hitrosti v

a
, v

r
, v

u
m/s cylindrical velocity components

vektor spremenljivk (genski zapis) x - vector of variables (genotype)
relativna hitrost w m/s relative velocity
vstopni kot (absolutna hitrost) a o inlet angle (absolute velocity)
izkoristek h - efficiency
vstopni kot (relativna hitrost) J o inlet angle (relative velocity)
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slovenskem in angle�kem jeziku,
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fotografije),
- seznam literature in
- podatke o avtorjih.
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