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Abstract. Within a broken local gauge vector-like SU(3)r family symmetry, we study some
AF = 2 processes induced by the tree level exchange of the new massive horizontal gauge
bosons, which introduce flavor-changing couplings. We find out that some of the dangerous
FCNC processes, like for instance; K° — K° , D° — D° mixing, may be properly suppressed
if the first stage of the Spontaneous Symmetry Breaking (SSB), SU(3)r — SU(2)F, occurs at
a high scale A ~ 10'" GeV, with the SU(2)¢ gauge bosons acting on the light families. We
provide a parameter space region where this framework can accommodate the hierarchical
spectrum of quark masses and mixing and simultaneously suppress properly the contri-
bution to K® — K° mixing as well as the O and Ok effective operators for the AC = 2
processes.

Povzetek. Avtor obravnava procese, pri katerih se druzinsko kvantno Stevilo spremeni za
2. Uporabi model, v katerem opise druzinsko kvantno stevilo kvarkov in leptonov z grupo
SU3, lokalna umeritvena polja grupe SU3 pa poskrbijo za interakcijo med fermioni, ki nosijo
ustrezna kvantna Stevila. Masivni umeritveni bozoni dopus¢ajo sicer nevtralne prehode
(FCNC) med fermioni iste druZzine, vendar so taki prehodi, kot primer navaja mesanje
K° — Ko ter D° — D°, dovolj malo verjetni, &e le pride do spontane zlomitve druzinske
simetrije SU(3)r — SU(2)r pri energiji A ~ 10" GeV. Poiste obmogje parametrov, v katerem
imajo kvarki opazljive lastnosti.

Keywords: Quark and lepton masses and mixing, Flavor symmetry, AF = 2
Processes.
Pacs: 14.60.Pq, 12.15.Ff, 12.60.-i

5.1 Introduction

Flavor physics and rare processes play an important role to test any Beyond
Standard Model(BSM) physics proposal, and hence, it is crucial to explore the
possibility to suppress properly these type of flavor violating processes.

Within the framework of a vector-like gauged SU(3)r family symmetry
model[1,2], we study the contribution to AF = 2 processes|[3]-[6] in neutral mesons
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at tree level exchange diagrams mediated by the gauge bosons with masses of
the order of some TeV’s, corresponding to the lower scale of the SU(3)¢ family
symmetry breaking.

The reported analysis is performed in a scenario where light fermions obtain
masses from radiative corrections mediated by the massive bosons associated to
the broken SU(3)f family symmetry, while the heavy fermions; top and bottom
quarks and tau lepton become massive from tree level See-saw mechanisms.
Previous theories addressing the problem of quark and lepton masses and mixing
with spontaneously broken SU(3) gauge symmetry of generations include the
ones with chiral local SU(3)y family symmetry as well as other SU(3) family
symmetries. See for instance [7]-[20] and references therein.

5.2 SU(3)f flavor symmetry model
The model is based on the gauge symmetry

G=SUB)r®SUB)c®SU2)r @ U(1)y (5.1)

where SU(3)F is a completely vector-like and universal gauged family symme-
try. That is, the corresponding gauge bosons couple equally to Left and Right
Handed ordinary Quarks and Leptons, with gy, gs, g and g’ the corresponding
coupling constants. The content of fermions assumes the standard model quarks
and leptons:

1
W8:(3)3)2v§)]_ ) W?:(?))]’Z)—])L

4 2
Wﬁ:(3)3)1)§)R ) W3(3)3)1)_§)R ) Wg:B»])])—z)R

where the last entry is the hypercharge Y, with the electric charge defined by
Q=TsL+ ]ZY’

The model includes two types of extra fermions:

e Right Handed Neutrinos: ¥5 = (3,1,1,0)r,
introduced to cancel anomalies [21],
e and a new family of SU(2); weak singlet vector-like fermions:

o 170 4 o 1o 2
Ly R:(1»3)])§) ) L» R:(1»3»1)_§) (52)

Vector Like electrons: EP,EQ = (1,1,1,-2)

and

New Sterile Neutrinos: NP, Ng§ = (1,1,1,0),
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The particle content and gauge symmetry assignments are summarized in
Table 5.1. Notice that all SU(3)r non-singlet fields transform as the fundamental
representation under the SU(3)r symmetry.

’ [SUB)E[SUB)c[SU@)[U(1)y]
el 3 3 2 1
Yur| 3 3 1 3
Yar| 3 3 1 -2
° 3 1 2 -1
N 1 1 -2
Y| 3 1 1 0
ov| 3 1 2 -1
ol 3 1 2 +1
m 3 1 1 0
PRl 1 3 1 3
PRl 1 3 1 -2
Pr| 1 1 1 -2
NPl 1 1 1 0

Table 5.1. Particle content and charges under the gauge symmetry

5.3 SU(3)r family symmetry breaking
To implement the SSB of SU(3), we introduce the flavon scalar fields: 1y, i = 2,3,
9
ni=3,1,1,0) = ﬂ?z , 1=2,3
ngs

with the ”"Vacuum ExpectationValues” (VEV’s):

<ﬂz>T = (O) /\Z)O) ’ <T13>T = (Os 0» AS) . (53)

It is worth to mention that these two scalars in the fundamental representation is
the minimal set of scalars to break down completely the SU(3)f family symme-
try. The interaction Lagrangian of the SU(3)r gauge bosons to the SM massless
fermions is

2 T C S ¢ L
2 2V3 V2 V2 13

: O fO T \u z" zyovie
— (0] (0] o o
1£int,SLl(3)F = dgH (f] 9 f3) Yu \15 -5+ z\;g \;i f9
. . o
Y2 o Y3 H 723 f3

V2 V2 V3
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1 sv2
where gy is the SU(3)F coupling constant, Z;, Z, and in = L%L ,j=1,2,3 are

the eight gauge bosons.
Thus, the contribution to the horizontal gauge boson masses from the VEV’s

in Eq.(5.3) read

f, A2 2 A3 2
o ) T (VIYy 4 vivs) + U523+ B -2z, %)
. gi‘s /\% YIYT +YHYS 2 /\2 é
o (n3): (Y2 Y, +Y3Y3) + g1, A5

The “Spontaneous Symmetry Breaking” (SSB) of SU(3)r occurs in two stages

SU(3)r X Gsm -0 SU(2)F ? % Gsm 225 Gsm

FCNC ?
Ajz: 5 very heavy boson masses (> 100 TeV's)
Az: 3 heavy boson masses (may be a few TeV's).
Notice that the hierarchy of scales A3z > A, define an “approximate SU(2) global
symmetry” in the spectrum of SU(2)r gauge boson masses. To suppress properly

the FCNC like, for instance: p — ey, u — eee, K® —K°,and D° —D?, it is crucial
to choose properly the SU(2)F symmetry at the lower scale.

Therefore, neglecting tiny contributions from electroweak symmetry breaking, we
obtain the gauge boson mass terms.

1
M3YYT +M3YSYS + (M3 +M3)YSYs + iMﬁ 72

TM344M2 _, 1., 2
- —=—75—=-M35)—=2 Z 5.4
2 3 275l 2)\@ 1Z; (54)
2 A3 2 A3 M A
M2 = In2 M2 = I3 -3 _ /A3 .
2 ) 3 2 ) U M2 /\2 (55)
| Z Z,
M3 M
2 V3

Z,— M3 MZ+am3
3

V3

Table 5.2. Z1 — Z, mixing mass matrix

Diagonalization of the Z; — Z, squared mass matrix yield the eigenvalues
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M? = % (M§+M§—\/(M§—M§)2+M§M§> (5.6)
2
M2 = 3 (M§+M§+\/(M§—M§)2+M§M§> (5.7)
and finally
z? z?2
M3Y{Yy +MEYTY; + (M3 +M3)YSY; + M2 =5+ MZ 55 (5.8)
where
Z1\ _(cosd —sind) (Z_
(Z2> o <sind) cos ¢ yan (5.9)
2
cosd sind = ? M3
M3+ ME(ME - M)
Zi=cosdZ_ —sindZ, , Zy=sindpZ_ +cosdZ, (5.10)

5.4 Electroweak symmetry breaking

For electroweak symmetry breaking we introduction two triplets of SU(2); Higgs
doublets, namely;

(Du:(3)1>2)_]) ) (Dd:(3)1)2)+1))

(@) (@)
oY) = [ (@%) ] , (0% =| ()|,
(@3) (@F)

on-i(3) . o-3(2)

The contributions from (@) and (®4¢) yield the W and Z, gauge boson masses
and mixing with the SU(3)r gauge bosons

and the VEV?s

where

2 2 72
+
% VA +VHWIW + e +97) S )
+ tiny contribution to the SU(3)r gauge boson masses and mixing with

the gauge boson Z,,,

(V& +Vv3) Z3
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2

2 2 2 2 .2 2 2 : . _ 1
Vi = Vi, T V5, T V3., Vi = Vig T Vigq +V3q- S0, if we define My = 5gv, we may

write v = 1/vZ +v4 & 246 GeV.

5.5 Fermion masses

5.5.1 Dirac See-saw mechanisms

The scalars and fermion content allow the gauge invariant Yukawa couplings

Hy g @ UR + hiy Yo ni UP + My Uf UR +hee (5.11)
Hq 19 @4 DR + hig b3 i DY + Mp DY DR +h.c (5.12)
He P9 @4 ES + hie Yo% i EY + Mg EP ER +hec (5.13)
Hy Bf @ N + hiy 1% mi N? + My, N2 N® +h.c (5.14)
he P9 @ (NP)° + mp N? (N9)¢ + h.c (5.15)
hir WO, Mi (NR)€ 4+ mg NS (N®)€ + h.c (5.16)

Mu,Mp, Mg, Mn,, , M, Mg are free mass parameters and H,,, Ha, He, Hy, hiy,
hia, hie, hiv, hi, hig are Yukawa coupling constants. When the involved scalar
fields acquire VEV’s, we get in the gauge basis II)E’RT = (e%u°, 1%, E°)L R, the
mass terms PP MR + h.c, where

0 0 0 hv 00 0 a
o [0 0 0 hv|_l000a
M=10 0 0 hv|=|00 0 a (5-17)
0 haA; hsAs M 0bsbs M

M? is diagonalized by applying a biunitary transformation Y7 p = VP p X1 R
Using the possible parametrizations for the orthogonal matrices V and Vg are
written explicitly in the Appendix A, Using one obtains

VT MO V8 = Diag(0,0,—A3, As) (5.18)

VETMOMOT VP = VT MPT MP Vg = Diag(0,0,A3,A3). (5.19)

where A3 and A4 are the nonzero eigenvalues defined in Egs.(5.56-5.58), A4 being
the fourth heavy fermion mass, and A3 of the order of the top, bottom and tau
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mass for u, d and e fermions, respectively. We see from Eqs.(5.18,5.19) that from
tree level the See-saw mechanism yields two massless eigenvalues associated to
the light fermions:

Itis worth to mention that the Yukawa couplings in Eqs.5.11-5.16 are invariant
under the global symmetry U(1)g x U(T)y x U(1)« x U(1), where B is the baryon
number, Y is the hypercharge, and U(1), U(1)g are two additional symmetries,
and one of them could play the role of a Peceei-Quinn symmetry to address the
strong CP problem[22].

5.6 One loop contribution to fermion masses

After tree level contributions the first two generations remain massless. Therefore,
in this scenario light fermion masses, including neutrinos, may get small masses
from radiative corrections mediated by the SU(3)f heavy gauge bosons.

The one loop diagram of Fig. 1 gives the generic contribution to the mass term
myj &7 ej, where

X=

o ) o (o]
E?7 Ef €rr &L

H—> —
o
€ir kR :

—> ¢
l
|

|
< > < P >

Fig.5.1. Generic one loop diagram contribution to the mass term my; &7 efx

2
oH _9
my =cy—_- k;4 my (VD) (VR)jkf(My, my) , Ay = ﬁ ,  (5.20)

My being the mass of the gauge boson, cy is a factor coupling constant, Eq.(5.3),

m§ = —A3z and m{ = A4 are the See-saw mass eigenvalues, Eq.(5.18), f(x,y) =
ﬁ In 3%, and
aib;M
2 M (VD) (VRf(My, m) = 55 F(My), (5.21)
k=3,4 473
2 2 2 2
i=1,23,j =23 and F(My) = 5% In 5 — 5275 In 5. Adding up all

possible the one loop contributions, we get the mass terms Y2 M$ P + h.c.,
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D11 D12 Dy3 0
0 Dy Dy30 XH
o __ —_
M] o 0 Dgz D33 0 s ) (522)
0 0 00
1 Fz,  F F
D = i(uzzﬁ +u33F2), D12 = ui2(— 421] + 1222) y D13 = —Ms(% +Fm),
Fz, . F 1 F
D22 = u2af ? + ]ZZZ —Fm) + §H33F3 , Da3= —Hza(% —Fm),
F Fz, 1
D32 = —psa(—2 —Fm) ,  Disz = H33—=% + = paaFs,
6 3 2
g2
o = ﬁ , FI=FMy,) , F2=FMy,) , F3=FMy,)

Fz, =cos> F(M_) +sin®? p F(M, ), Fz, =sin® p F(M_) + cos? ¢ F(M,)

cos ¢ sin P
Fmn=—"——[FM_)—FM,)].
m 23 (M) —F(M)
Fz, ,Fz, are the contributions from the diagrams mediated by the Z; , Z, gauge
bosons, F,, comes from the Z; — Z, mixing diagrams, with M, M3, M_, M the
horizontal boson masses, Eqs.(5.5-5.7),
aj bj M ai b]'

Hij = N2 =1b Azcacp, (5.23)
with ¢ = cosa,cg = cosP,s = sinx,sg = sin 3 the mixing angles coming
from the diagonalization of M°. Therefore, up to one loop corrections the fermion
masses are

PEMO g + PP MY R =X Mxr, (5.24)

where PP p = V¢ x1,r, and M = |Diag(0,0,—A3,A4) + VT MS V8| can be

written as:

mi mi2 Cg mMi3 Sgp M3
m2q ma2 Cp M23 Sp M23
M= s (5.25)

Co M37 Co M32 (—A3 +CuCp M33)  CuSp M33

Sq M31 S M32 S«Cp M33 (Az + s«sp M33)
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The explicit expression for the m;; mass terms depends on the used parametriza-
tion for VP, Vg.

The diagonalization of M, Eq.(5.25) gives the physical masses for u and d quarks,
e charged leptons and v Dirac neutrino masses.

Using a new biunitary transformation

VD W et Moxe = VI T M VD
XL,R = L,R 'L,Ry XL XR = YL Vi R Ry

with ‘PL‘RT = (fy, 2, f3, F)1,r the mass eigenfields, that is

T T
VI MMV = v MT M VY = Diag(m?, md, m3,M2),  (5.26)

mi = m, m3 = m%, m3 = mZ and M} = MZ for charged leptons. So, the
rotations from massless to mass fermions eigenfields in this scenario reads

e =ve vV and g =ve Vi wg (5.27)

5.6.1 Quark Mixing Matrix Vcxkm

We recall that vector like quarks, Eq.(5.2), are SU(2); weak singlets, and they
do not couple to W boson in the interaction basis. In this way, the interaction of
L-handed up and down quarks; f9; T = (u°,¢°,t°); and 3, " = (d°,s°,b°), to
the W charged gauge boson is

oLy fwt =

Sle

%%L (V2 VED)3al ™ (V8 Vi) 3a vuWar W, (5.28)

Hence, in this scenario the non-unitary Vckm of dimension 4 x 4 is identified as

(Verm)axa = [V VD )3al™ (VS Vi )34 (5.29)

5.7 Numerical results for quark masses and mixing

As an example of the possible spectrum of quark masses and mixing from this
scenario, we consider the following set of parameters at the Mz scale [23]

Using the input values for the horizontal boson masses, Eq.(5.5), and the coupling
constant of the SU(3)r symmetry:

M>=60TeV , Ms;=15x105TeV |, ‘L::o.z, (5.30)

we show in the interaction basis the following tree level Mg, and one loop M,
quark mass matrices, and the corresponding mass eigenvalues and mixing:
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u-quarks:

Tree level see-saw mass matrix:

0 0 0 5573.43
s |o 0 0 23883.8
Mu=1, 0 0 307346, | MeVs

0 —1.931 x 108 5.193 x 10° 2.470 x 103

the mass matrix up to one loop corrections:

1.42 —220.786 34.6742 0

o | o —944.7131485890
wi =1 o _o1921.311631.60 | MV
0 0 0 0

the u-quark mass eigenvalues
(M, Me, M, My) = (1.382, 633.289, 172968, 313.606 x 10°) MeV

and the mixing matrices:

1
Vit = Ve, VU

0.973838 —0.226464 —0.0188217 0.0000144353

—0.227244 —0.970491  —0.080663 0.0000618569
9.34208 x 1077 0.0828299  —0.996563  0.0011792
—2.14837 x 10~7 —0.0000343726 0.00118041  0.999999

o 1 .
Vur = Ve Vik:
1. 0.000507791 1.54519 x 107 0
—7.6088 x 1076 0.0147444  0.787788  —0.61577

0.000507462  —0.999362  0.0316481  0.0165598
—0.0000166153  0.0325336 0.615132 0.787752

d-quarks:
0 0 0 0
Mizlo oo g | MV
0 —9.805 x 107 2.837 x 10° 6.046 x 108
2.82 0 0 0
M, = 0 —130.851 1043 0 MeV

0 —7200.83 664.801 0
0 0 0 0

65

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)
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the d-quark mass eigenvalues
(Mg, ms, mp, Mp ) = (2.82, 52.087, 2861.96, 612.541 x 10° ) MeV  (5.38)
the mixing matrices:
Var = Vg, Vi

1. 0 0 0

0 0.991883 —0.127155 5.03428 x 10—°
0 —0.127155  —0.991883  0.000101762
0 7.94612 x 107° 0.000101576 1.

(5.39)

1
Var = Vgg Vy'e:

1. 0 0 0

0 —0.127762 0.9788 —0.160083
0 0.99148 0.130175 0.00463162
0 —0.0253722 0.158128 0.987093

(5.40)

and the quark mixing matrix

0.97383 0.2254  0.02889 —1.14 x 10-°

v | —0.22646 097314 0.04124 354 x 10°¢
CKM = _0.01882  —0.04670 0.99873  —0.00010

1.44 x 1075 8.85 x 10~> —0.00117 1.20 x 10~7

(5.41)

5.8 AF = 2 Processes in Neutral Mesons

Here we study the tree level FCNC interactions that contribute to K® —K°, D°—D°
mixing via Z7 , Y exchange from the depicted diagram in Fig. 2.

d S

S d
Fig.5.2. Generic tree level exchange contribution to K® — Ke from the SU(3) horizontal
gauge bosons.

The Z; , Y{ gauge bosons have flavor changing couplings in both left- and
right-handed fermions, and then contribute the AS = 2 effective operators
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Orr = (diypst)(doy®st) ,  Orr = (drYusr)(drYHsRr) (5.42)

Orr = (dryps) (dry"sg) (5.43)
The SU(3)r couplings to fermions, Eq.5.3, when written in the mass basis
yield the gauge couplings

Lint,z, = 97H (CLz, divust + Crz, dryusgr) ZY (5.44)
Lint,y) = 97H (CL vi divust + Cry; d_RVuSR) \Zis (5.45)
Lineys = 97‘* (CLY% diyse + Cryz d_RyusR) py2e (5.46)

with the coefficients

Crz, =LnLiz—Lx1l2 , Crz, =R11R12—R21R22
Coyr =Lzl +Linlz , Cryr =Ri2R21 +Ri1R22 (5.47)

Cryz = (LizLlar —LinL22),  Cryz = (R12R21 — Ryt Ry2)

where Li; = Vi i and Ryj = VR . For each gauge boson, the effective four-fermion
hamiltonian at the scale of the gauge boson mass is

2
Hz, = I (Ct 2, OLL+2CLZ1CR210LR+CRZ1 Okr) (5.48)

M2
_ 90 (20 +2C, i Cayi Ok + C2 O 5.49
Hyy = 4M2 Ly Yie + 20y Cryr Or + Cryr Orr (5.49)
Hyr = - I (C2y; OLL+2C1y2 Cry; Otk + CE vz O (5.50)
Yi - 4M2 Lyz YLL LY?“RY] VLR Rv2 URR .

with My, = My, = M. Therefore, the total four-fermion hamiltonian Hsy) =
Hz, +Hy1 + Hyz can be written as

2
Hsue) = 4?\42 {(CL z, + CLY] — C%y]z)OLL + (C2R21 + CIZEY} + CZR Yf)ORR
+2(CL Z, CR Z, + CLY]] CRY; - CLY% CR Y]Z)OLR:|
g, | 1
+ T( Mz MZ) [CL Z4 O + CR Z, Orr +2C Z, Cr Z, OLR)] (551)
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From the coefficients in Eq.5.47 we get:

2 2 2 _ ]2 2 2 2 _ ]2
Ciz, +Ciy; = Clya =80, Crz, + CGryr = CRryz =0k

Cr,zy Crzy + Cpry; Criys —Cp vz Cryz =81 8
+2(Ly1 R21 —L21 Ry1)(L22 Ri2 — Li2 Ra2),

and finally we can write

Hsue) = Aj;\/l%l% (67 Or1 + 8% Org + 8tg OrR] (5.52)
9124 | 1 2 2
+ T(Mél — W) [(L11Ly2 — L21L22)% Orr + (Ri1Ri2 — R21R22)* Okr
+2(Ly1L12 — L21L22)(R11R12 — R21R22) Orr)l (5.53)
with

dy =Ly Lio+L L , R =Ry1Ri2+R21 R

Str = v/2(81 8r +2(L11 Ra1 — L21 Ry1)(L22 Ri2 — L12 R22))

5.8.1 K° — K° meson mixing

The numerical fit of parameters provided in section 7 yield the mixing angles
Va12 = Vaz1 = 0 for left- and right-handed d-quarks, and then all the contribu-
tions to the effective operators, Eqs.5.42-5.43, for AS = 2 vanish.

5.8.2 D° — D° meson mixing

The reported parameter space region in section 7 generate Mz, = M, with ver

p p P & 8 1 y
good approximation, and then only the four-fermion Hamiltonian in Eq.5.52
contribute. For this case we compute the numerical values

b =—7.73804 x 1078 | M2 = —5.51894 x 107 TeV
2 L

b =5.07679 x 1074 | gz = 8411.97 TeV (5.54)
2 R

S1r = 0.0508636 ,  Ti— = 83.9614 TeV
2 LR

Accordingly to the Review "The CKM quark - mixing matrix” in PDG2016[24],
the AC = 2 effective operators O; 1 and Ogr are within suppression limits.
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5.9 Conclusions

Horizontal gauge bosons from the local SU(3)f introduce flavor changing cou-
plings, and in particular mediate AF = 2 processes at tree level. We reported
the analytic contribution to K® — K° and D° — D° meson mixing from tree level
exchange diagrams mediated by the SU(2); gauge bosons Z; ,Y;" with masses
in the TeV region. We provide a particular parameter space region in in section 7
where this scenario can accommodate the hierarchy spectrum of quark masses and
simultaneously suppress properly the K® — K° meson mixing, and the effective
operators Op 1 and Ogg for the AC = 2 processes.
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510 APPENDIX: Diagonalization of the generic Dirac See-saw
mass matrix

=)

1
2
. (5.55)
b2b3 Cc

=)

00
s |00 0
ME=100 0

o O O O
w

The tree level M° 4 x 4 See-saw mass matrix is diagonalized by a biunitary
transformation P = VP x1 and P§ = Vg xr. The diagonalization of MoMeT
(M°T MP°) yield the nonzero eigenvalues

A%:l(B—V®2—Mﬂ , Aﬁ:%(3+v%2—4D) (5.56)

2
and rotation mixing angles

A2 —a? , a? — 2

sin o =
22 252
N A A2

| A7 — b2 . b2 — A3
cosfp = 7\42‘7}% , sinfy = 7\421*7%.

COS X —

(5.57)
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B=a’+b>+c?=A+7A] , D=a?b?=2A\, (5.58)

a’=af+as+a;5 , b =bj+bj+b3

The rotation matrices VP, VR admit several parametrizations related to the two
zero mass eigenstates.

5.10.1 Parametrization P12

C1 C2S1 S1S2Cx S1S2 S« 1 0 0 0
Vo — —S1 C1C2C182Cx C182S8«x Ve — 0 Cr S+ Cp St Sp
L 0 —S2 C2Cx C2Sa > 'R 0 —Sy CrCp CrSp
0 0 —S« Cux 00 —Sg Cp
_ 2 2 _ 2 2 _ 2 2 _ 2 2
ap =+/ay+a5; , bp=4/b7+b5, a=4/ap“+a5, b=4/b," +b3,
aq ap (lp as bz b3
51:7)(:1:7)52:7,szi)srz—)crz—
ap ap a a b b
5.10.2 Parametrization P13
C] —S18281C2Cq S1C2Sq 10 0 0
Ve — 0 () $S2Cx S22 S« Vo — 0 ¢+ srcp srsp
L —S81 —C18S2C1C2Cx C1C2Sx ’ R 0 —Sr Cr Cp Cr S
0 0 —Sa Cu 0 0 —sp cp
an =1y/af+a% , bp=1/bi+b%, a=y/ai+a, b=,/bZ +b3,
aj as az an bz b3
S1=—,0=—,8=—,C0Q=—7,8%=—,CG=— (559)
an an a a b b
5.10.3 Parametrization P23
cq 0 sicq  S1S« 10 0 0
Vo — —S$1S2 C2 C1S2Cx C1S82S«x VO — 0 Cr SrCp S Sp
L —S81C2 —S2C1C2Cx C1C2Sx ’ R 0 —Sr Cr Cp Cr S
0 0 —sq Cu 0 0 —sp cp

an=1y/a5+a% , bn=1/b5+b%, a=y/ai+a? , b=,/bZ +bF,
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