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1n this paper we deal with generalized ¢lpenvalue problem of mateix A(z) the elements of widch wre

polynomials in z. The well known itcerative methods of Muller, Hewton and Laguetre for finaing the

zeros of funetion F(z) = det Alz) are analysed. becompesitions of matrix A{z) and its derivatives

are introduced in order to simpliify the computations of the valves of §(e) and its first and

sevond derivatives. Comparative analysis gives some indicators about the rate of cohverpencu,

computer time and accuracy of the camputed eigenvalues for each of the method used. The analyscd

methods proved generally to Le stable, economical and easily applicalile. FORTRAN subroutines Jnd

ai exanple of main calling proyranmz are added for Muller”s and Lapucrre”s methods which proveda te

be more efficient than Hewton”’s.

ALGORITMI 7ZA RESEVAHJE POSPLOSLNEGA PROLLEMA LASTNTH

VREDHOSTI, V &lanku je obravuaavano humeriino

resevanje posplodenega problema lastnih vrudnosti sa matriko A(2) 2 elenwenti, ki so polinowi

spremenljivke z.- Prinerjane so dobre znane irerativne netode Mullerja, Mewtona in Lagucrra za

radunanje ni¢el polinoma f(z) = det ACz). Vrednosti polinoma f(z) in njegovih cdvodov su joracuna-

ne na ospovi razeepa matrike A{z), Primerjava metod daje vpopled v hitrost konverpence, porabijea

raCunski ¢as in natanénost izradunanih lastnih vrednosti za vsako metodo posebej. Analiziranc

netode so vse pumerifno stabilne, chonowidne 1n ensstavno uporabne. Podprogrami v FORTEAN-u in

priner glaviega propgrama su dodani za Mullerjevo in Laguerrovo metodo, ki uta se ickasali wa Lolj

uéinkoviti od hewionove,

Introduction

In this paper three numerical methods fapy the
solution of the generalized alpebraic eipenvalue

problem

Alz)x = 0 (1)

are described and the programmes of two of
them are presented. Matrix A(z) is of the form

- - m
Alz) = Ao + Alz .. # Amz )

where all Ai are real square matrices of
order n.

The standard source of this problem is the
golution of a system of n linear homopencous

ordinary «Jdifferential equations of order n.

If the matrix Am is nen-singular then the
problem {1) is equivalent to the classical
eigenvalue prohlem
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of order n.n where Hi = -Am Ai.A simllar

reduction is possible if Ao is non-sinpular.

Although we have several efficient and stanie
numerical methods for the solution of the
classical eigenvalue preblem, for instance, UR
alporithm LNJ, it is not economical to puduce
the problem (1) to the standard form (3).
Moreover, many practical problens like
"Flutter" problem in aerodynam%cs, Are such
that both A '
reduction to the standard form causus further
difficulties LS].

ancd Am are’ singular and the

It is therefore considered as more advantageous
to work directly with the matrin (2) in all

cases. The mose natupal approach in to



determine -the serces of the polynocmial

fla )= det A(z) (4.

using some of the many well known methods.

There are some efficient and stable algorithms
for the evaluation of the determinant of the
matrix, for instance, Gaussian elimination
with pivoting [u]. It has been believed so far
that the evaluation of the derivative of the
determinant involves much more werk than the
evaluation of the determinant does, and
therefore the interpolation methods which
require only function values had been suggested
for the solution of the algebraic equaticn

£(23) =10 (5}

see [3], [{j; The most popular of these

methods is Muller”s method [4] of successive
quadratic intefpolation. The prejudice against
the methods which require the derivatives of
the function is probably based on the fact

that the derivative cof the determinant is a sum
of n determinants. However, there can be found
in [1] a formula for the logarithmic derivative
of the determinant which fogether with its
derivative enable .us to solve {5) by using
Newton”s or Laguerre”s method efficiently.

In this paper algorithms for the soluticn of
the generalized gigenvalue problem (1), based
on Muller”s; Newton”s and Laguerre”s methods
are described and compared with regard to: (i)
the number of operations {(multiplications and
divisions) involved in iteration step, (ii) the
number of iterations, and (iii) the computer
time used. The computaticns were performed on

a number of typical examples.

Muller”s method

Muller®s methed for the solution of the
equation (5) as describéd in (4] is the
following iterative process. From the three
previous consecutive approximations to a root
of (5): Zpopy Bpoqd Zpo the parabala through
the points

(2 o8z 50, (21 fz, (1), (2 ,f(z.))

is formed and its zero which is the closest to

z, is accepted as the next approximation, say

Z to a root. The asymptotic rate of

r+1?
convergence to a simple rocot iy of order 1.8%
and at each iteration step only one new
function value is required. It is necessary to

use complex aritimetic throupghout.

The algorithm is as follows.

For v=2, 3, ... we calculate

hy = Zp = Zpoqs kp 2 Bp/Mpge d) = 3 kg
8, = £ k2 - £ja2 e £ (k4 a)
- - 2 -
Zpe1 T Ep Zfrhrdr’(gr t (gr "frdrkr(fr—zkr
1/2
- faqd, t £,0770) (u)
freq = £l2,,9)

The sign in the denominator of ($) is chosen so
as to give the correction to z, the smaller

absolute magnitude.

The choice of the first three approximations is
left to the user. There are no proofs of the
global convergence of the iterative process.

In this case we have to calculate the value of
f = f(z) = det A(z)

at each iéeration step what can be done most
efficiently by triangular decomposition of the
matrix A{z} using partial pivoting as follows.
For the given value of z we first calculate the
elements of the matrix

A= A(2) ‘ (1

what requires m.n? operations. Then we
deccmpose A into the form

PA = LU ' (8}

where L is unit lower triangular matrix, U is
upper triangular matrix, and P ig the
corresponding persmutation matrix [9}. This step
requires n°/3 - n/3 operations. Finally we
compute

f =31 det U= 2 Uyt = oo Unn

what requires n-1 operations. Together we must
perform

opy = m.n2 + n3/3 + In/3~1

operations for the calculation of f.

Newton”s method

The well known Hewton”s method for the selution
of {5} is the iterative process

€41 T Gp f(zr)/f‘(zpi, for rsl1,2,...

At each iteration step we evaluate the
correction of the current approximation to a
root as the reciprocal of the logaritimic
derivative of the function. From |1[, [2] we
have the formula

£7C2)/Ftz) = telA A (e)) = e X (9)



'.where '\ (z) denotes the der;vatlve of the
matrix A(z) with respect to z.

An effident algorithm for-calcnlating the
expression (9) is as follows.

. First'we'calculate'thé matrices

A= A(z), B é'A‘(z) (10)

(2m-1)n operatlons. Then we
in (8} Obtalnzng

'whiéh requires
- decompose A as
- PA = LU ' (11)
3[3 - n/3 ope;ations. compute
-and X which satisfy

" .which requires n
. the matrices 'Y
1LY = PB -.
Uux = Y |

(12}
(13}
'Es ﬁe:ﬁeed only the trace of X, We can use

formulae . ' '
L. u;:Xs:y)/u..
§ziey 1 UL

xik = (yik - (14)
) vees 1 and k21,2, These
- two steps require together (n312 -n 272y »

+ (nala + n2/2 + nla) operat1ons. So we can

calculate . o !

for i=n, n-1, ..., i.

n
ff(x)/f(z) 3 iii X4 (15)_.
T with N
D n . 3 .
opy = (2m ~ 1)n” + n (16)

operations.,

. Although the asymptotic prate of convergence of

i the Newton”s method ta a simple root is 2 there
" ssem to be 1itt1e‘ad§antage in using Newton”s -
.method against Muller®s. .There appear to be
" almost three times as many operations per
iteration step in Newton”s method than in

Muller”s.

Laguerre” s method

The quite famous Laguerre”s method requires
apart from the function value also the values
. of its first fwo derivatives, The asymptotic
rate of convergence to a simple root is 3.

" Perhaps the most attractive feature from the

users point of view is its stability in global
convergence for any valuc of the fipst
approximation,

The iterative process is defined Ly [u]

z ?1/2)

r+1 © Zp
for r=1,2, .

z, = n/(Sy t (n-1)(n5, - 5]

.., where
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£tz )z
- 2. -a , ra
(f (zr> - f(zr)f (?r)){f(zr)

The sign in the denominator is chosen g0 as to
give the correction to 2z,
magnitude. The form of S;' which is suitable
for numerical evaluation is defined by (9) and
(10) - (15), while the formula for 8, is
derived from (9) by differentiation, see [ﬂ

‘the smaller absolute

s tr((a" Mz 08" (2, )) ) - traT N )A'Tz })
. ‘ (17}
The algorithm for evaluation of S2 demands in

53

addition to the starting operations‘for Sqs

i.e. {10) and (11), the following computations:

We must first calculate the matrix

C= A" (z) (18)
with additional (m—?)n2 operations. Then we
caleulate the trace of the matrix W = A—lc'by
steps : o

LZ = PC ¢19)

UW = 72 (26

n
tr W = I w,. (21)
4oq 1 o

which require (n’r2 - n2/2) +

+ (n /6 + n /2&n/3) + (n - 1) operatlons.

The first term in (17) is found. by caleulating
firat the full matrix X by (12) and (13) with-

nd operatlons and then the trace of x? as
n :

which requires additional n? operations.

At each iteration step we must perform

op, *® (3m - 3)n2l+ an? ¢ n?'-'1

operations for the calculation:of 91 and Sz{
This number is almest twice as large as (18)
for the Newton’s method.

Numerical tests

The programmes in FORTRAN programming language -

" were written for all threes algorithms and '

tested on CDC CYBER 72 computer. Single
precision complex arithmetic wds used with
t=u8, where t is the number of eignificaﬁt
digite in the mantlssa of a binary floatlng-'
point number. The 1terative process -was stopped
after either the computed coprection of the
computed approximation to the eigenvalue ﬁas
less than or equal to g or if}uiif; e, for ‘
1«1 ¢« n, occured in (8) or (11). The value
for ¢ was chosen as 10.”A(z)”5. 2-t.



The implicit deflation of f(z) was applied in
the programmes in order to prevent the
iterative process to converge to one of the
previously computed eigehvalues,‘say

Xys Ry ruvs X This introduces the following
modifications of algorithms: :

m
ftz) into f(z)ll11(z-xi} (23)
. i=

m -
£°(2)/£(z) into £(2)/£(2)= I (aoxg) 1

<

In

8, into Sl-ifl(z-xi?-1  and (2”)
. : .

SQ‘ i?to Sz-iil(z-xi{' ‘ (25)

Some typical examples of (1) were cemputed
with multiple eigenvalues either of finite
value or in the infinity. The values of the
parameters m and n of A(z) were on intervals
1 «<ms< 2 and 3 £ n g 12 respectively. No
breakdown of the iterative process occured
regardless the algorithm used. All three
methods proved to be stable and accurate. It
was found that the previcus computed
.eigenvalue and the values round it were the
most guitable starting values for computing
the next-eigenvalue. ’

In the table

Muller  Newton Laguerre
i No T No T No T
1 55 .57 41 .58 17 .45
2 0 ’ o 0
3 41 .13 13 .28 11 .30
" D 0
5 3 .04 4 .08 2 .06
6 0 0
7 16 .17 41 .61 3 .08
8 1 .02 2.0 7 .06

ALL 86 ,93 107 1.57. 35 .9%

the number of iteration steps (No) and the
computer time used (T in sec) are shown' for
@ach of the computed eigenvalue Zin i=1,...,8,
of the system
2 -
(Ao + zA1 t z A2)x = 0

where A2 = I, and

rB -3 0 -1 -1 g0 0
A= |2 00 of, a:lo-20-1].

6 20 0 11 00 o

0 02 0 0 1o qJ

The syétﬁm has a triple eigenvalue at ¢+ i and
a double eigenvalue at 0 [5]. Somehow similar
results were cbtained with other examples.

Three more examples are

1) Al2) = A,

1-11

Az 1-15
1

1

=1

1.00000000000
2.08866333896
-0.256555796702

-2.91609433069

A s 2 0.25

a0,
01

(=3

0

o

o

fuy

. 11.3405425851

2) Alz) = A + Agz

[-1
-3
A= |-3
-3
-3

I B )

-3
-4
-3.1
-3.1

-3.1

=3.1

O O a0 o v

2
* Aiz + Azz

-2 1
3 s]

1 6.5

t 0.896010203022 i

-3
-3.1

2.8

3.8
3.8
3.8

-1
-1
-1
-1

-3
-3.1
3.8
9.8
10.7
10.7

-1
-2
-2
~2

-3
~-3.1
.8

+10.7

12.%

14.6

-1
-2
-3
=3

-3
~3.1
3.8
10.7
i%.6
18,6 |

-2
-3
-2

0.908770404173 & 1,93967680102 i
0.931536974557 ¢+ 1.97197662662 i

4,18245919165
6.1BGQZEUSUBQ

N AR = A+ Az b aye’

I

g
"
[= T — = I = =

[

o o9 0 0 Vv - O

~8
0

- O O O

-1,5
0
0

o Qo = O o - o

[= = = R =}

=0.4

!aﬂ - -] »ai




o 0 0 0 0 0 0

0 0o ) 0 0 0 0

0o -1 2 ] 8 0 0

Ag= t0 0 0 6 0 0 0

' 0 o ¢ 0 0 0 6

0 6 +«1 -0 0 9 0

0 o a 0 0 0 9]

0 .o 0o .0 9 0 0

o o -0 0 0 .0 0

e e 10 0 0 0

By2 |0 o o 5 0 0 0

0 0 o .0 .0 0 0

0 0 0. 0 0 0 0

o ) 0 ] 0 0 0]
z5: ) ‘ -
-1.09579878411

" -1,08865049880 ¢ 1.04888469330 i
-0.541227886923 £ 1.517156342168 i

7

2g - Zyy B K. 107, | K| =1

The last nine eigenvalues lie in the infinity.

Muller”s and Lapuerre”s methods were also
tested oﬁ DEC 1091 computer with t=27. In one
case when some of the elements of A{z)’
differad up to 1b13 in their ahbsolute values
Muller”s method failed to compute correctly
some of the eigenvalues while all the
eigenvalues -obtained by Laguerre”s method were
correct. o ' '

N
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Programmes

1. Comments

In this chapter two subroutines EIGLNM and
EIGENL for computing the eigenvalues of a
general matrix (2) are presented. An example

of a possilkle main (calling) programme for both
subroutines is also given at the end of the
chapter, In EIGENM the eigenvalues are computed
by Muller”s method while in EIGENL by
Laguerre”s method. If Alz) in (2) satisfies

m £ 3 then the subroutines can be used sgch as
they are presented. For m » 3 some changes in
the subroutines are necessary as explained at
the ehd of the ﬂrogrammes.

The subroutines EIGENM and EIGENL are
completely selfcontained (EIGLNM is composed
of four subroutines EIGENM, F, ALAMDA, LU and
EIGENL is composed of ten subroutines EIGENL,
ALAMDA, LU, DLCRIV1, DERIV2, L@WER, UPPLK,
UPPERZ, TRACE, TRXS5Q) and communication to them
is solely through their argument lists and
COMMON statements.,
subroutine EIGENM is achieved by
CAMM@N /MATRIX/ AG(ND,ND), A1(KD,HD), AZ(ND,
iND) . -
CALL EIGENM (M, N, ND, T, INDIC, LAM, PERMUT,
1A, L, W) . :
The entrance to the subroutine LIGINL is

The entrace to the’

achieved by
COMMBN /MATRIX/ AD(ND, ND), A1(ND,WD), A2(ND,
1ND}, A3(ND,ND) _
CALL EIGLNL (M, N, ND, T, INDIC, LAM, PCLRMUT, .
1A, D, L, U} . :
The meaning of the parémeters is described in
the following lines. ' :

The elements of matricus A aAgafgs ey A iun

(2) are to be stored in the fipet N rowe and

columns of the two dimensional arrays AQ, Al,
A2, Ad,u.. '

M, where M > 1, is the degree of z-matrpix

Alz) in (2).
Ny where K > 1, is the order of matrices
AO, Al, Aoy <ean Ay R

ND, where HD > N, defines the first dimension
of the two dimensional arrays AD, Al, A2,..
cay ADLLLU and the dimension of the one
‘dimensional array PERMUT. Dimension of the
one dimenszional arrays INDIC and LAM must

Le egqual to or greater than ND#M,

T is the number of Linary digits in the



méntissa of a single precision floating-
point -number. T is of integer type.

The array INDIC indicates the success of
the subroutine as: follows

value of INDIC(I) ‘eigenvalue (I)

Q ‘not found after 100
| iteration steps
1 - found -

LAM is one dimensional complex arpay. The
computed eigenvalues will be found in the
first N%M places.

The arrays PERMUT, A, D, L, U is the working
storage. ’

The main (calling) programme should contain
the following declaration statements

INTEGER, M,N,T,INDIC,PERMUT

REAL A0,A1,A2,A3

COMPLEX LAM,A,L,U _

COMMBN /MATRIX/ AO(ND,ND), A1(ND,ND),
1A2(ND,ND) ;A3 (ND,ND). '
DIMENSIAN INDIC (ND®*M},LAM(ND*M}),PERMUT
1{ND),A(ND,ND+1) ,L{ND,ND+1),U{ND,ND+1)
EQUIVALENCE (A(1),L(1),U(1))

and the following two additional declaration
statements for the subroutine EIGENL

CoMPLEX D
DIMENSI®N DIND,ND)

Note that.the dimensions of the arrays in
DIMENSION and COGMMBON ctatements of the main
programme and in COMM@N éxatements within
subroutines must be constants of integer type.
See the example in 5 where ND was replaced by
12, ND+1 by 13 and ND*M by 36.

2, Subroutine ETGENM - Muller”s method

The subroutine is composed of four subroutines
EIGENM, F, ALAMDA and LU.

SUBROUTINE EIGENM(M,N,ND,T,INDIC,LAM,
1PERMUT A, L,U)

INTEGER M,N,ND,T,INDIC,PERMUT,I,IND,
1ITERST, NM, R

'REAL EPS,EPS100, IM, RE

REAL AD,A1,A2,A3

CBMPLEX LAM,A,L,U,DEN@M1,DENSM2 ,DR,FR,
1FRM1,FRM2,GR,liR, ,HRM1, KR, ZR, ZRM1, ZRM2
COMM@N /MATRIX/ AD(ND,ND),A1(ND,ND),

e BN o BN IR NN o

1A2 (ND,ND),A3{ND,ND)
DIMENSI@N INDIC(1),LAM(1),PERMUT(1),
1A{ND,1) ,L{ND,1),U(ND,1}
NM = N#M
ITERST = 102
D¢ 1 I=1,NM
INDIC(I) = O

" CONTINUE

T =1

THE MULLER ITERATIVE PROCESS.
DETERMINATI@N @F THREE STARTING
C@NSECUTIVE APPROXIMATIONS T@ THE
COMPUTED EIGENVALUE LAM(I),F@R
I=1,2,...NM.

ZR = (1.0,0.0)%FLAT(I)

ZRM1 = 0.5%ZR

ZRM2 = 0.1%ZR

THE INITIAL C@MPUTATI@NS @F THE NEXT
APPROXIMATIGN Z{R+1) T® LAM(I),F@R R=2.
R =2 .

CALL F(ZRM2 ,FRM2,EPS,I,IND,M,N,ND,T,LAN,
1PERMUT, A, L,U)

IF(IND.EQ.1)GB T® S
CALL F{ZRM1,FRM1,EPS,I,IND,M,N;ND,T,LAN,
1PERMUT ,A,L,U) :
IF(IND.EQ.1)G@ T &

GALL F(ZR,FR,EPS,I,IND,M,N,ND,T,LAM,
1PERMUT ,A,L,U)
' IF(IND.EQ.19G® T@ 7

HRM1 = ZRM1-ZRM2
HR = ZR -ZRM1
KR = HR/HRM1

THE MAIN L@@P F@R THE COMPUTATION OF
THE NEXT APPREXIMATION Z(R+1) T@ LAM(I),
F@R R=2,3,...,ITERST.

DR=z1.0+KR

GR=FRM2#KR##2 - FRM1#DR#%2 + FR#{KR+DR)

DENGM2 = CSQRT(GRAAZ-4,kFRADRKR*

-1 (FRM2%KR-FRM1ADR+FR))

DENGM1 = GR+DEN@M2

DEN@HMZ = GR-DENGM2

IF(CABS (DEN®M2 ). GT. CABS(DEN@M1) ) DENSMI
1 = DEN@M2 ) :

KR = =2.0%FR*DR/DEN®M1

HR HREKR

GR = ZR

ZR = ZR+HR

FRM2 = FRM1

FRM1 = FR

CALL F(ZR,FR,EPS,Y,IND,M,N,ND,T,LAM,
1 PERMUT,A,L,U)

1%

IF(IND.EQ.1)60 T¢ 7
IF(CABS(ZR-GR)}.LE,10.ALPS}GO T@ 7



O 00600000000

oo

5 IR =

"-K = Re1
* IF(R.LT. ITERST)G@ T® 4
CLAMCD) = 2R
6o T® 9
= ZRM2
0 T8 7
= 2RM1

.? LAM(I) =
CINDIC(I) =1

‘1z 141 .
‘C@MPUTE THE COMPLEX C@NJUGATE .VALUE @F

©LAMCI).

RE'= REAL(ZR)
IM = AIMAG(ZRY
EPS100 = 100.0%EPS .
. LF(ABS(IM).LE.EPS100)G@ T® 8

" TLAM(I) = CONJG(ZR)

INDIC(I) = 1 -
I =141

8 IF(NM.LT.I)GB TP 9
- DETERMINATION @F THE STARTING APPREXIM
"ATIPN T@¢ THE COMPUTED EIGENVALUE LAM
{I+1).
IR = 0.9WIR -
. RE. ABS(RE)+ABS(IM)
IF(RE, LE.EPS100.9R. 1./RE.LE.EPS100)60
1T@ 2 '
60 T 3 -

-8 COHNTINUE

- RETURN
" END

SUBR@UTINE rcz FUNC,EPS, I, IND,M,N,ND,T,
.1LAM, PERMUT A,L,U)
- INTEGER I,IND,M,N;ND,T,PERMUT,IN1,J,K
. REAL EPS,FK

COMPLEX Z,FUNC,LAM,A,L,U,C

DIMENST@N LAM(1),PLRMUT(1},A(ND,1},

 1L(ND,1),U(ND,1)

CEMPUTATI@N $F FUNC.= F(Z) = DET A(Z) =
DET A. MATRIX A IS DECOMPOSED INT@ THE

T : PA = LU _
WHERE L IS UNIT L@WER TRIANGULAR MATRIX,

.U IS UPPER.TRIAHGULAR MATRIX AND P IS
THE CORRESPONDING PERMUTATI@N MATRIX
(SEE WILKINSON).

CALCULATION 8F A(Z).

CALL ALAMDA (Z,M,N,ND,A)
CALCULATI@N @F THE SMALL P@SITIVE
NUMBER EPS.

C = (0.,0.)
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0000

D@ 1 J=1,N

D 1 K=1,N

C = € + A(T,K)#®2

C@NTINUE
EPS = CABS(CSQRT(C))*2.0%%(-T)
CBMPUTATIBH QF_THE MATRICES L AND U,
WHERE PA = L#l,
CALL LU(EPS, IND,N,ND,PERMUT,A,L,U)
IF(IND.EQ.1)GO TO u

J = -IND
K = (-1)##J
FK = FLOAT(X)
FUNC = CMPLX(FX,0.0)
D@ 2 K=1,N
FUNC = FUNC®U(K,K)
CONTINUE
M@DIFICATI@N @F FUNC = F(2) INT@® F(Z}/
CCZ-XC1))C2~X{2) )}  (Z-X{I~-1}) ACCORDING
T® EQUATI@N (23) @F. THIS PAPER, )
IMI = I-1
IF(IM1.EQ.0)GD T VU
D¢ 3 J=1,IM1
FUNC = FUNC/{Z-LAM(J))

3 CONTINUE
4 C@NTINUE

RETURN
END-

SUBROUTINE ALAMDA(Z,M,N,ND,A)
INTEGER M,N,ND,I,J,K

REAL A0.A1,A2,A3

CBMPLEX Z,A,ALJ

C@MPLEX 72,23

COMMON /MATRIX/ AO(ND,ND) Ai(ND HND),
1A2 (ND,ND),A3(ND.ND)

"DIMENSION A(ND,1)

THIS SUBRGUTINE CALCULATES THE ELLMENTS
@F MATRIX A(2), WHICH ARE FUNCTI@HS @F Z,
FGR A GIVEN VALUL OF Z.

22 = Lkk2
23 = ZWa3
CONTINVE
DP 4l I=1,N
D@ 44 J=1,N
ATJ = AQ(I,J) .
D& 33 K=1,M

CB T8 (1,2,3),K
ALJ = AIJ+A1(I,J)%Z
Ge T¢ 33 _
AIJ = ALJ+A2(I,2)%22
60 T 33 ,
A1J = ATJ+A3(I,5)8Z3
CONTINUE
ACI) = ALT
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4y CANTINUL

RETURK
ERD

SUBRGUTINE LU (LPS,IND,N,ND,PERMUT,A,L,

)

INTEGER IND,M,ND,PERMUT,I,K,NP1,R,RC,

1RM1,RP1,T

RLCAL EPS,SRC,STABS
COMPLEX A,L,U,ST,URR
DIMENSI@N PERMUT(1),A(ND,1),L(ND,1),

1U(ND,1)

THIS SUBROUTINE PERF@RMS THE
DECBMP@SITION @F MATRIX (PA} INT@ L*U,
WHERE L IS UNIT LOWER TRIANGULAR MATRIX,
U IS UPPER TRIANGULAR MATRIX AND P IS
THE CORRESPONDING PERMUTATIGN MATRIX.
PARTIAL PIVOTING IS INTRODUCED (SEE J.H.
WILKINSON, PAGE 225),
IND = O
D@ 1 I=1,N

PERMUT(I) = I
CONTINUE

" NP1 = N+t
D# 11 R=1,N

RM1 = R-1
RP1 = R+l
RC = R
SRC = 0
D& 4 T=R,N
ST 5 A(T,R)
IF(RM1.EQ.0)G@ T 3

D@ 2 K=1,RM1
ST = ST-L{T,K)*U(K,R}
CONTINUE
A(T,NP1) = ST
STADS = CABS(ST)
IF(SRC.GEL.5TABS)GR TO Y
SRC = STABS
RC = T
CONTINUE,
TF{SRC.GT.LPS)GS T@ &
IND = 1
RETURN

IF(R.EQ.RC)GA 10 7
T = PCRMUT (R}
. PERMUT(R) = PLEMUT(RC)

PERMUT(RC} = T
THE FOLLOWING STATYMENT(IND=IHD-1) MAY
8E TAKEN @UT IN EICEKL. -

IND = IND-1

DB 6 Kz=1,NP1

50
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3
10
1

ST = A(R,K)
ACR,K) = A{RC,K)
A{RC,K) = ST
CONTINUE
URR '= A(R,NP1)
U(R,R) = URR
IF(R.EQ.N)G® T® 11
DO 10 T=RPi,N
L(T,R} = A(T,NP1)/URR
ST = A(R,T)
IF(RM1.EQ.0)GO T 9

D@ B K=1,RM1
ST = ST = L{R,K)*U(K,T)
CONTINUE
U(R,T) = ST
CONTINUE
CANTINUE
RETURN
END

3. Subroutine EIGENL - Laguerre’s methed

The subroutine is composed of ten subroutines

EIGENL
DERIV2

(S

o n oo

JALAMDA (see 2.), LU(see 2.}, BLRIV1,
s LBWER, UPPER, UPPER2, TRACL and TRX5Q.

SUBROUTINE EIGENL(M,N,ND,T,INDIC,LAM,
1PERMUT ,A,D,L,U)

INTECER M,N,ND,T,INDIC,PLRMUT,TI,IM1,1ND,
1ITERST ,J K, NM,NM1, R

RLAL EPS,EPS100,IM,RE

RLAL AD,A1,A2,A3

COMPLEX LAM,A,D,L,U,CEPS,DEN@H1,DLNOMZ,
151,582 ,TRACEX , TRACEW, TRACX2 ,ZK,ZRP1
COMM@N /MATRIX/ AOCND,ND),A1(HD,ND)
1A2(ND,ND} ,A3{HD,ND}

DIMENSI@N 1HDIC{1),LAM{1),PERMUT(1},
1A(ND,1),D(ND,1},L{ND,1) ,U{ND,1)

NM = N#*M
ITERST s 101
DO 1 I=1,NM
INDIC(T):=0
CONTINUL
I=1
THE LAGULRRE ITLRATIVE PR@CLSS.
DETERMIHATION 8F THE STARTING
APFRAXIMATIGN T@ TIE TIRST COMPUTLD
EIGLNVALUL LAMC1).
IR = (1.,1.)
HMT = HM~T

COMPUTATIZN @F TUE NEXT LIGENVALUL LAM{I).

R =1

THC MATN LOOP FOR Thi COMPUTATIVN @F TlL
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| NEXT APPRGXIMATIGN Z(R+1§ TO LAMCI).
CALCULATI@N @F THE EQUATIONS (10) - t22)
@F THIS PAPER. ‘
CALCULATI@N @F 'A(Z). -
| CALL ALAMDA(ZR,M,N,ND,A)
CALCULATION OF THF. SMALL POSITIVE NUMBER
EPS.
CEPS .= 0
DB 4 Js1,N
DO W Ksi,N -~
" CEPS CEPS*A(J KyA#2

. CONTINUE

EPS = CABS(CSQRT (CEPS))#2,0%*(~T)
“EPS100 = 100.%EPS

C@MPUTATIGN ®F THE MATRICES L AND U,
WHERE PA = L%U. -

CALL LUCEPS,IND,N,ND,PERMUT,A,L;U)
IF(IND.EQ.1)G@ T2 8

COMPUTATION @F THE TRACE @F MATRIX X

7 AND THE TRACE @F X##2,
. CALL DERIV1(ZR,M,N,ND,PERMUT,D)

CALL L@WER(N,ND,D,L)

CALL UPPER(N,ND,D,U)

CALL TRACE{N,ND,D,TRACEX)

CALL TRXSQ(N,ND,D, TRACX2)

CEMPUTATION @¢F THE TRACE OF MATRIX W.
TRACEW = 0.0

IF(M.LT.2)G0 T® §

" CALL DERIV2(ZR,M,N,ND,PLRMUT,D)

CALL LOWER(N,ND,D,L)

* CALL UPPERZ (N,KD,D,U)

CALL' TRACE{N,ND,D,TRACEW)

S1 = TRACEX
82 = TRACX2-TRACEW

' MEDIFTCATI@NS ¢F 51 AND $2 ACC@RDING

T¢ THE EQUATI@NS {(2u} AND (25) OF THIS

. PAPER.

M1 = I-1
IF{IM1.EG.0)G® T 7
D8 6 Js1,IML
“CEPS = 1.0/(ZR-LAM{J))
" 81 = S1<CEP§
S2 = §2-CEPS2#7
- CONTINUL '

CEPS = CSQRT(HMIA((NMI41)a52-51442))
DEN@M1 = S51+CEPS .

DEN@M2 = S1-CLFS

IF(CABS(DEHOML)Y.GT. CALS{DLN@M2Y )DL N2 =
IDENGM1

ZRP1 = ZR-{NM1+1)/DENGU?2

IF(CABS{ZRP1-2R).LE.10. %LPE)CA TO 9
IR = ZRPL '

R o= Re1

O 00 0

a0 060

IF(R.LT.ITERSTIGO T@ 3

LAM(I) = ZR
Ge To 11
ZRP1 = ZR

9 LAM(I} = sz1

INDICCI)

DLTERMINATI@N OF THE STARTING |
APPRXIMATION T@ THE NEXT C@MPUTLD
EIGENVALUE LAM(I+1) AND C@MPUTATION OF
THE C@MPLEX CONJUGATE VALUL @F LAM(I)

. ZR'= 0.9%ZRP1-

10
i1

I = I+1
RE = REAL{ZRP1)

. IM =AIMAG(ZRP1)

IF{aBS{IM).LE.1. UE-S*ABS(RE))ZR 0.5%

1CHPLX(RE RE)

RE = ABS(RE)+ABS(IM)
IF(RE.LErEPSiOU.OR}}./FE.LE.EPSiOb)

12R={1.,1. }*FLOAT(I) -

TF(ABS(IM).LE.EPS100)G@ T8 10
LAM(I)} = CONJG(ZRP1)

CINDIC(I) = 1

I = 1I+1

IF(I.LE.NM)GO TQ.2
CANTINUE

RETURN

END

SUBR@UTINE DLRIVi(Z,M,N,ND,PERMUT,A)
INTEGER M,N,ND,PERMUT,I,II,J,K,MH3
REAL A0,Al,A2,A3

COMPLEX Z,A,Ald

COMPLEX Z2, Z3 .

CBMMBN /MATRIX/ AD(ND, ND) ,A1(KD,ND)

1A2(ND,KD) ,A3{ND,HD)

DIMENSION A{ND,1} ,PERMUT(1)

THIS SUBRBUTINE CALCULATES THE ELEMENTS
@F THE FIRST DERIVATIVE OF MATRIX A(Z).
F@R A GIVEN VALUE @F Z.

Z2 = 2.%%°
23 = 3, MZANR
CONTINUE
MMY = M-1

D@ 55 IY=1,N
I = PLRMUT(II)
D@ 55 J=1,N
ATJ = A1(TI,J)
IF(M/LT. 2308, T@ 4u
D& 33 Ke1,MM1
GO T® (2,3),K
AIJ = ATJ+A2(I,J)%Z2
Go T® 33
ALJ = ALJA3(I,J)%23
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33 CONTINUE

uy ~ A{II,J)=ALJ

55 CONTINUE s L
RETURN ‘ |
END

SUBROUTINE DERIVZ(Z,M,N,ND,PERMUT,A)
INTEGER M,N,ND,PERMUT,I,II,J,K,MM2
REAL A0,A1,A2,A3 ) .
'COMPLEX Z,A,ALJ
. CBMPLEX 22,23

COMMBN /MATRIX/ AO(ND,ND};A1(ND,ND),

- 1A2(ND,ND} ,A3(ND,ND)
DIMENSI@N A(ND,1),PERMUT(1)

THIS SUBRGUTINE CALCULATES THE ELEMENTS .

" @F THE SEC@ND DERIVATIVE OF MATRIX A(Z),
F@R A GIVEN VALUE OF Z. .
- 23 = 6,7
CONTINUE
MM2 = M-2
DB 55 II=1,N
I = PERMUT(II)
D@ S5 J=1,N
C ALY = 2.%A2(I,J)
IF(M.LT.3)G0 TA. 44 .
D@ 33 K=1,MM2
G0 T (3,3),K

3 ALJ = ATJ+A3(I,J)%23

33 CONTINUE _
By A(II,J) s ALJ .
55 CONTINUE

RETURN

END

SUBRPUTINE L@WER(N,ND,A,L)
INTEGER N,ND,I,IM1,J,K
COMPLEX A,L,ATJ

DIMENSION A(ND,1),L(ND,1)

THIS SUBﬁGUT;NE CALCULATES THE ELEMENTS
@r MATRIX_M WHICH SATISFIES THE RELATIG@N
" L#M=A, WHERE L IS UNIT LOWER TRIANGULAR
MATRIX., M IS ST@RED INTQ ARRAY A.
D@2 I=2,N
IML = I-1
DB 2 J=1,.N
AlJ = {(0.,0.)
D@ 1 K=1,TM1 _
ALJ = ALJ+L(I,K)®ALK,J)
1 CONTINUE
ACT,0)=ALT,0)-ALT
2 CANTINUE
RETURN
END
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SUBRBUTINE UPPER(N,ND,A,U)
INTEGER N,ND,I,II,IP1,J,K
C@MPLEX A, U,ALJ

DIMENSI@N A(ND,1},U(ND,1}

° THIS SUBRdUTINE CALCULATES THE ELEMENTS

@F MATRIX M WHICH SATISFIES THE RELATI@N
U*M=A, WHERE U IS UPPER TRIANGULAR

" MATRIX. M IS STORED INT@ ARRAY A.
DB 3 II=1,N

I = N41-1I
IP1 = I+1
D¢ 3 J=1,N
ALY = (0.,0.)
IF(I.EQ.N)G® T@ 2
D2 1 K=IP1,N
ALJ = ALJ+UCT,KI*A(K,J)
CONTINUE
A(I,J) = (ACI,J)=-ATJ)/UCI,I}

3 CONTINUE

RETURN

" "END

SUBROUTINE TRACE(N,ND,A,TR)
INTEGER N,ND,TI

COMPLEX A,TR

DIMENSI@N A(ND,1)

THIS SUBRAUTINE CALCULATES THE TRACE
@F MATRIX A.
TR = (0.,0.)
D2 1 I=1,N
TR = TR+A(I,I}
CONTINUE
RETURN
END

SUBRGUTINE TRXSQ(N,ND,A,TR)
INTEGER N,ND,I,X

C@MPLEX A,TR

DIMENSIGN A(ND,1)

THIS SUBRBUTINE CALCULATES THE TRACE OF
ANNY, :
TR = (0.,0.)
D@ 1 I=1,N

D@ 1 K=1,M

TR = TR+A(I,X)%A(K,I)

CONTINUE
RETURN
END

SUBRAUTINE UPPER? (N,ND,A,U)

"INTEGLK N,ND,I,IL,IP1,J,K

COMPLEX A, U,ATT
DIMENSI®N A(ND,1),U(ND,1)



c’ _
€ . THIS-SUBRGUTINE CALCULATES THE
c ELEMENTS CF THE L@WER TRIANGULAR @F
C . MATEIX M. M SATISFIES THE RELATTZN U#M=A,
¢  _'WHERE U IS UPPER TRIANGULAR MAIRIX, M
c IS ST@RED INT® ARRAY A,
D@ 3 II=1,N

I = N+1-II

IP1 £ I+l

08 3 J=1,I

ALF = ¢0.,0.)
IF(1.EQ.N)G@ T@ 2
D@ 1 K=IP1,N
ALY = AIJ+UCI,K)SALK,J)
1 C@NTINUE
2 A(I,J)=(A(I,J)fAIJ)/U(I,I)
3 CONTINUE
RETURN
END

4, Modificaticons

For matrix A{z) satisfying (2), where m>3,
some of the statements must be replaced with
other stétpments as shown below for the case

mes:

1 Statements

REAL AQ,A1,A%,A3
Cemigy /MATRIX/ AO(ND,HDY,A1{HND,ND),
TA2(ND,HDY  AZ(ND,ND)
in the main programme, EIGLNM, ALAMDA, EIGENL,
DERIV1 and DERIVZ by
REAL AD0,Al1,AZ,A3,A4,AD
COMM@N /MATRIX/ AD{HD,HD),A1(KD,ND),
“1AZ(ND,ND) ,AZ{ND,ND) Al (WD, HD) A5 (ND, HD)

2) Statement C@MPLEX 22,23 in ALAMDA,DERIVI
and DERIV2 by ’
COMPLEX Z2,23,%4,25

" 3) Statement CONTINUL
(i) in ALAMDA by

4= ZRRYy

Z
45 = Thag
(ii) in DLRIV1 by

T4 =y, kZHEG
5. h7 HhYy

r3
o
"

(iii) in DERIVZ by
© 2y o= 4, %3, 87RA)
CZ5 = 5,0y, RZRRG

LY Statement G@ T8(1,2,3),K in ALANMBA by
GE TO(1,2,3,4,5),K

5) Statement G@ T@{(2,3),K in DERIV1 by
' 6@ Té(2,3,4,5),K

€) Statement G® T@(3,3),K in DLRIV2 by
GO TA(3,4,5),%

7) Statement 33 C@NTINUE in ALAMDA,DERIV1 and
DERIV2 by
G0 T@ 33
4 ATJ = ATJ+A4(I,J)%Z4
G® T® a3
5 AL = ALJ+A5(L,J)*Z5
33 C@NTINUE ‘

5, Main - calling programme

In the following lines an example of a
possible calling'programﬁe for subroutines
EIGENM and EIGINL is presented. It finds the
eigenvalues of A{z) in (2) with ms3 and asl?,
The programme stops after readiﬁg‘valﬁe zero
for n. '

INTEGER INDIC,PERMUT,M,N,T,I,J,K,MN,MPL

REAL AC,A1,A2,A3 '

CBMPLEX LAM,A,L,U

CEMMON /MATRIX/ A0(12,12),A1(12,12),
1A2(47,12),A3{12,12)

EQUIVALENCE (A(C1},L(1),UC1)})

DIMENSION INDIC(36),LAM(36),PERMUT(12),
1A(12,13),L(12,13),4{12,13)

C@MPLEX D
- DIMENSI@N D(12,12)

1 READ 2,H,M,T

2 FORMAT{3IS}

3 FURMAT(8F10.D)
IF(N.EQ.0)G¢ T@ 12 .
THE PR@GRAMME STOPS AFTER READING ZLRQ.

FOR N.
MU = MEN
MP1 = M+1

99 8 I=1,MP1
62 T@® (4,5,6,7),1
4 RLAD 3, ((ADCK,J),Jd=1,H),K=1,H)

Ge 10 8

5 READ 3, ((A1(K,J),J51,K),K=1,N)
ce 10 g ‘ ‘

[ READ 3,((A2(K,J),J=1,N),K=1,N)
G@ 1o 4 ’

7 READ 3, C(A(K,J),J=1,1{},K=1,N)
8 COMTIKUL



"PRINT 9,{(AO(K,J),J=1,N},Ks1,N)
3 FORMAT (1H ,6E16.7)
PRINT 9, ((A1(K,J),J=1,N7,Ks1,N)
IF(M.GT. 1)PRINT 9, ((A2(K,J},J=1,N),
1K=1,N) .
IF(M,GT, 2)PRINT 9, ((A3(K,d),d=1,N),
1K=1,N) '

CALL EIGENM(M,N,12,T,INDIC,LAM,PLRHUT,
1A,L,U) :

PRINT 10, ¢INDIC(I),LAM(I),X=1,MN)

10 F@RMAT (1HO,10X,8H INDIC,10X,9HREAL PART,
112X,10H TMAG.PART,///(1H ,12X,I2,5X,
1E19,.12,4X,E19.12))

D@ 11 I=1,MN
LAM(I) =
11 CENTINUE

2.0

C
CALL EIBENL(M,N,12,T,INDIC,LAM,PERMUT,
1A,D,L,U) '
PRINT1G, (INDIC(I),LAM(I),I=1,MN)
GO TP 1

[

12 CBNTINUE
END

CENIK OGLASOV -

Ovitek - notranja stran (za letnik 1982)

2 SLTAM ~mm——————————— e —————— 28,000 din
3 stran ——=—=—=a 21.000 din

Vmesne strani {za letnik 1982)

-- 13.000 din
9.000 din

1/1 stran =--
1/2 stranj ===werrrrer e ———————

Vmesne strani za posamezno Stevilko

5.000 din
3.300 din

1/1 stran
1/2 strani

. Dglasi o potrebah po kadrih (za posamezno Steviiko)
2.000 din

Razen oglasov v klasiéni obliki so zaZeljene tudl krajSe
postovne, strokovne in propagandne informacije in £lankl,
Cene objave tovrstnega materiala se bodo dolofale spo-
razumno,
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