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Abstract

In this paper we introduce the category CU in which the compact
metric spaces are objects and upper semicontinuous functions from X
to 2¥ are morphisms from X to Y. We also introduce the category
ICU of inverse sequences in CU. Then we investigate the induced
functions between inverse limits of compact metric spaces with upper
semicontinuous bonding functions. We provide criteria for their exis-
tence and prove that under suitable assumptions they have surjective
graphs. We also show that taking such inverse limits is very close to
being a functor (but is not a functor) from ZCU to CU, if morphisms
are mapped to induced functions. At the end of the paper we give a
useful application of the mentioned results.
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1 Introduction

A function f : X — 2¥, where X and Y are compact metric spaces, is upper
semicontinuous function from X to 2¥ (abbreviated w.s.c. function) if for
each open set V' C Y the set {x € X | f(x) C V} is an open set in X.
We will interpret such a function f : X — 2¥ as a morphism f : X — Y
and thus obtain a category, which we will denote by CU. Then ZCU is the
standard category of inverse sequences in CU.



Consider two inverse sequences {X,,, f,}o>, and {Y,, gn}o>, of compact
metric spaces and morphisms of CUY. Let for each positive integer 7, @; be
a u.s.c. function from X; to 2¥i. In this paper we study the question which
u.s.c. functions from ILIH{X,@,fn};’f:1 to 282 bS can be interpreted as
induced by ¢, 9, 3, ...; we also study the problem of existence of such
induced functions as well as their properties. The special case when ¢y, (o,
©3, . ..are single-valued continuous functions was studied in [8, 15|. In their
paper [15], Ingram and Mahavier showed that if X and Y are inverse limits
of inverse sequences with u.s.c. bonding functions and each ¢; : X; — Y is
a homeomorphism, then the function induced by the functions ¢; is a home-
omorphism. In [8] it was shown under suitable assumptions, if each of the
functions ; are surjective, one-to-one, or a homeomorphism respectively,
then also the induced mapping is surjective, one-to-one, or a homeomor-
phism, respectively.

In the present paper we assume that each ¢; is a u.s.c. function from X;
to 2 and show that even in such more general situation the notion of an
induced function

can be defined in such a way that it is a u.s.c. function (if certain mild condi-
tions are satisfied). Further we show that if each of the ¢;’s has a surjective
graph, then under certain additional conditions also ® has a surjective graph.

It is a well-known fact that if {X,,, f,}°°; and {Y},, ¢,}5, are inverse
sequences of compact metric spaces and continuous single-valued bonding
functions, and if for each positive integer i, ¢; is a continuous single-valued
function from X; to Y;, then the transformation

{Xm fn}%o:1 — I&H{Xm fn}ZO:1

and
(9017 P2,P3, - ) L @(pl

is a functor from the category of inverse sequences in the category of compact
metric spaces with continuous single-valued functions (i.e. from the category
in which inverse sequences of compact metric spaces with continuous single-
valued bonding functions are objects, and sequences (1, @2, @3, . . .) of single-
valued mappings having certain commutativity property are morphisms), to
the category of compact metric spaces and continuous functions.

In the present paper we prove that in the case when the inverse sequences
{ X0, fu}22, and {Y,, 9,122, are inverse sequences in CU (i.e. X, Y, are
compact metric spaces, and f, : X,,11 — X, g, : Yoi1 —o Y, are morphisms



in CU, meaning that f, : X, ;1 — 2%, g, : Y11 — 2" are u.s.c. functions)
and each ¢; is a u.s.c. function from X; to 2¥i, the transformation

{Xm fn}zozl — l&l{Xn, fn};ozl

and
(01, @2, @3, ) > lim

is not a functor from the category ZCU of inverse sequences in CU to the
category CU, but is very close to being one.
In the last section we give a useful application of the mentioned results.

2 Definitions and notation

Our definitions and notation mostly follow Nadler [19], Ingram [14], and
Ingram and Mahavier [15].

A map is a continuous function.

A continuum is a nonempty, compact and connected metric space.

If (X, d) is a compact metric space, then 2% denotes the set of all nonempty
closed subsets of X. Let for each € > 0 and each A € 2%

Ny(e,A) ={x € X | d(z,a) < ¢ for some a € A}.

The set 2% will be always equipped with the Hausdorff metric H;, which is
defined by

Hy(H,K) =inf{e >0 | HC Ny(e, K), K C Ny(e, H)},

for H, K € 2. Then (2%, Hy) is a metric space, called the hyperspace of the
space (X, d). For more details see |13, 19].

For a function f : X — 2" and a subset A C X, we use f[A] = U, f(®)
to denote the image of A under f.

The graph T'(f) of a function f : X — 2Y is the set of all points (z,y) €
X x Y such that y € f(z) (as defined in [14, p. 2]).

A function f : X — 2Y has a surjective graph if for each y € Y there is
an z € X, such that y € f(x), i.e. if f[X] =Y (as defined in [14, p. 2]).

A function f : X — 2Y, where X and Y are compact metric spaces, is
upper semicontinuous function from X to 2¥ (abbreviated wu.s.c.) if for each
open set V C Y the set {z € X | f(z) C V} is an open set in X.

The following is a well-known characterization of u.s.c. functions (see [15,
p. 120, Theorem 2.1]).



Theorem 2.1. Let X and Y be compact metric spaces and f : X — 2¥ a
function. Then f is u.s.c. if and only if its graph T(f) is closed in X X Y.

A sequence { Xy, fr}72, is an inverse sequence of compact metric spaces
and u.s.c. bonding functions if each X} is a compact metric space and each
fr is a w.s.c. function f : Xpq — 2%,

The inverse limit of an inverse sequence { Xy, fx}52, of compact metric
spaces and u.s.c. bonding functions is defined to be the subspace of the
product space [[/—, Xy of all & = (z1,29,23,...) € [l4e; X, such that
zr € fr(xpy1) for each k. The inverse limit of {Xk, fi}i2, is denoted by
W { X, fi}iss.

In the present paper we will interpret inverse sequences { X, fp}32, of
compact metric spaces and u.s.c. bonding functions as inverse sequences in
CU and study an as a possible functor from ZCU to CU.

The notion of the inverse limit of an inverse sequence with u.s.c. bonding
functions was introduced by Mahavier in [18] and Ingram and Mahavier in
[15].  Since the introduction of such inverse limits, there has been much
interest in the subject and many papers appeared [1, 2, 3, 4, 5, 6, 7, 9, 12,
16, 17, 11, 18, 20, 21, 22, 23, 24], as well as the book [14].

[e.e]

On the product space H X,, where (X,,,d,) is a compact metric space

n=1
for each n, and the set of all diameters of (X, d,) is majorized by 1, we use

the metric p
D(z,y) = sup {—"(mn’yn) }
ne{1,2,3,..} 2n

where © = (21,29, 23,...), ¥ = (Y1,Y2,Y3,-..). It is well known that the
metric D induces the product topology on H X, [10, p. 190].

n=1
The set N denotes the set of all positive integers {1,2,3,...}.

3 The categories CUY and ZCU

In this section we give detailed descriptions of the following two categories:
1. CU: the category of compact metric spaces and u.s.c. functions;
2. ICU: the category of inverse sequences in CU.

For any category K, the class of objects of K is denoted by Ob(K), and for
any X,Y € Ob(K), the set of morphisms of K from X to Y is denoted by
Mor(K)(X,Y).



3.1 CU

The category CU of compact metric spaces and u.s.c. functions consists
of the following objects and morphisms:

1. Ob(CU) is the class of compact metric spaces;

2. The set of morphisms Mor(CU)(X,Y) from X to Y is the set of u.s.c.
functions X — 2¥. The u.s.c. function f : X — 2V as a morphism of
CU is denoted by f : X —o Y. This can be reformulated as

Mor(CU)X,Y)={f: X Y | f: X = 2" is us.c.}.

We also define the partial binary operation o (the composition) on the class
of morphisms of CU as follows. For each f € Mor(CU)(X,Y) and each
g € Mor(CU)(Y,Z) we define go f € Mor(CU)(X, Z) by

(go @) =glf@)]= | 9

yEf(z)

for each € X. It is easy to see that for each u.s.c. function f : X — 2Y
and each w.s.c. function ¢ : Y — 2%, the composition g o f defined above is
again a u.s.c. function X — 27 [14, p. 4|. That means that if f : X — YV
and g : Y —o Z, then go f : X —o Z. Therefore o is well-defined. It is also
easy to see that o is associative.

Theorem 3.1. CU is a category.

Proof. All that is left to show is that for each X € Ob(CU) there is a mor-
phism 1x : X — X such that 1x o f = f and go 1x = g for any mor-
phisms f: Y — X and g : X — Z. We easily see that the u.s.c. function
Ix : X — 2%, defined by 1x(z) = {z} for each x € X satisfies the above
conditions. O

3.2 ICU

The sequence {X,, f,}°°, is an inverse sequence in CU if each X, is
an object of CUU and each f, is a morphism from Mor(CU)(X, 41, X,) (ie.
fn: Xpi1 —o X, meaning that f, is a u.s.c. function f, : X,;1 — 2%n).

The category ZCU of inverse sequences in CU consists of the following
objects and morphisms:



1. Ob(ZCU) is the class of inverse sequences {X,,, f,}°°; in CU;

2. For any two objects X = {X,,, f,}>°, and Y = {Y,,, 9.}, of ZCU,
the set Mor(ZCU)(X,Y') consists of all sequences ¢ = (¢1, 2, 3, .. .),
where each ¢; is a morphism in CU from X; to Y; (i.e. it is a u.s.c.
function from X; to 2%%), such that g; o ;41 = ¢; o f; for each positive
integer 1.

We also define the partial binary operation [J (the composition) as fol-
lows. Let X = {X,, fn}2, Y = {Y,, 9,12, Z = {Z,,h,}5°, be any
objects of ZCU, and let ¢ = (1, @2, ¢3,...) € Mor(ZCU)(X,Y), and ¢ =
(1,9,3,...) € Mor(ZCU)(Y, Z) be any morphisms of ZCU. Then we
define ¥y by

YOp = (P10 ¢1,92 0 2,930 3, ...).

Theorem 3.2. ZCU is a category.

Proof. Using the above notation we see that for each i, 1; o @; : X; — 2% is
a u.s.c. function, i.e. ¢; o p; : X; —o Z; is a morphism of CU.
Next we see that for each positive integer 4,

hi o (Yiy10@iy1) = (Yio i) o fi,
since
hio (Yiz10@iv1) = (hioig1) o g1 = (Yio gi) o pip1 =
Yio(giowiy1) =vio(pio fi) = (Yiows)o fi
That proves that Oy € Mor(ZCU)(X, Z), as required. Since o is associa-
tive, it easily follows that [ is also associative.
Also, from the properties of functions 1y, it easily follows that for any

inverse sequence X = {X,,, f,}>2, the morphism 1x = (1x,,1x,,1x,,...) :
X — X satisfies the conditions

1x0p = ¢ and ¢O1x = ¢,

for any morphisms ¢ : {Y,,¢,}52, = X and ¥ : X — {Z,, h, }52;. O

4 Induced functions and induced morphisms

We begin this section with the definition of functions induced by sequences
of u.s.c. functions.



Definition 4.1. Let {X,,, f,}°°, and {Y,, g.}52, be any inverse sequences
of compact metric spaces and u.s.c. bonding functions (i.e. inverse sequences
in CU), and let for each n, @, : X,, — 2¥* be a u.s.c. function. Let for each

(1,22, 23, ...) € Wm{ Xy, f}72,
O(z1, w2, 73, ...) = (1(21) X pa(w2) X @a(ws) x -+ ) NHm{Y, g}, (1)

If ® is a u.s.c. function from L{Xn,fn °, to g {¥ngntnz L then we say
that it is induced by (@1, v2, @3, .- ).

Theorem 4.2 provides a simple criterion for recognizing induced functions.

Theorem 4.2. We use the notation from Definition 4.1. Then ® is induced
by (p1, @2, @3, .. .) if and only if ®(x1, x9, x3,...) # O for each (x1, 29, x3,...) €
@{Xnv fn}%ozl'
Proof. Let us denote
= Im{X;, fi};2,
and
= @{K, gi}ity-
If &: H— 2% is induced by (o1, 02, @3, . ..), then for each (xy, x5, 23,...) €
H, ®(x1,15,23,...) € 25, Therefore ®(z, 29, 23,...) # 0.
Now assume that ®(xq, xe, x3,...) # 0 for each (z1,z9,z3,...) € H. Since
O (21, 29,3, . ..) is compact it is closed in K. Therefore the function ® : H —
2K is well-defined.
Next we prove that ® is a u.s.c. function. It is sufficient to prove that the
graph I' (@) of ® is a closed subset of H x K. It follows from the definition
of ® that

F((I)) = {((Il,l’g,xg,...),(yl,yg,yg,...)) e Hx K | Vi e N,yz € ©; (IZ>}
Let ot H x K — (X1 x Y1) X (X3 xY3) X -+ be defined by

a(x,y) = ((z1,0), (@2,22),-..),

for all x = (21,29, 25, ...) € H and y = (y1, Y2, 93,...) € K.

Note that A : H x K — Im« defined by A (x,y) = a(x,y) is a homeo-
morphism.

We prove that A (I' (®)) is closed in Im A = A(H x K).

(
AT (@) ={((z1,11), (x2,%2),...) |z € H,y € K,Vi € N,y; € p; (25)}
- {((xl,y1)7(x2,y2) ) ’ YIS Hay € K7VZ € N7 (ajzayz) S F(QOZ)}
= {((z1,91), (x2,92),.-.) €T (1) X ['(gp2) x -++ | v € H,y € K}
= (I' (1) x

I (@2) x - ) 0 {((z1,1), (22,92),...) |z € Hy € K}
= ([ () x I'(

02) X - )N A(H x K).
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The product
' (1) x T (p2) x T (ip3) %

is a closed subset of (X7 x Y7) X (X5 x Y3) x -+ | therefore A (T (®)) is closed
in A(H x K). It follows that I" (®) is closed in H x K. O

The next theorem presents a commutativity-like condition under which
® is induced.

Theorem 4.3. Let {X,,, fn}52, and {Y,, 9,15, be any inverse sequences of
compact metric spaces and u.s.c. bonding functions (i.e. inverse sequences in
CU), and let for each n, o, : X,, — 2¥ be a w.s.c. function. If

enlfn(2)] S gnlnia(2)]

for each positive integer n and each x € X,y1, then ® defined by (1) is
induced by (@1, P2, 3, - - ).

Proof. By Theorem 4.2 it suffices to prove that ®(x) is nonempty for arbi-
trary x € @{Xm fn,

For arbitrary z € lgn{Xn, fn}22, we construct a point y = (y1, Y2, Y3, ...) €
®(x) by an inductive construction of coordinates y;. More precisely, by in-
duction on i € N, we construct a sequence y; € Y; satisfying y; € ¢; (z;) and
Yi € g; (yir1) for each i.

We choose any y; € ¢1(z1); it can be done since ¢;(x1) is nonempty.

Assume next that we have already constructed y; € ¢; (z;). Now we
construct yi11 € Yir1 (wi41) such that y; € g; (Yiy1).

It follows from z € le{Xn, fa}o2, that x; € f; (z441). Therefore

Yi € pilxi) C @i [fi (xir1)] € gi [pir (Tis1)] = U gi (t)-

t€pit1(Tit1)

Hence, there exists a point ¢ty € ;11 (z;41) such that y; € g; (to). We take
any such ¢y for ;1. O

This immediately leads to the following corollary.

Corollary 4.4. Let {X,,, fn}22, and {Yy, g, }22 | be any objects of ICU, and
let the sequence (o1, P2, @3, - . .) be any morphism of ZCU from { X, fn}22, to

{Yo,gu}2,. Then @ : ${Xn, fatl, — ofm{Yn,gn}iy deﬁned by (1), is in-

duced by (p1, 2, @3, .. .), meaning that ® : L{X’“ fn} l'&n{Yn, gn}oo
s @ morphism in CU. [



Definition 4.5. The function ® from Corollary 4.4 is called the morphism
of CU induced by the morphism (p1,p2, @3,...) of ZCU and is denoted by

Note that if (1, @2, @s,...) is not a morphism of ZCU but the induced
function ® is a morphism of CU (that happens when (¢1, va, @3, . . .) satisfies
the conditions of Theorem 4.2) lim ¢; does not exist.

The induced morphism T&ngpi : @{Xn, fae, — @{Yn, gn }o2, cannot
be defined simply by the formula

Nm i (21, T2, 23, . ..) = @1(21) X pa(w2) X @3(w3) X - - (2)

since the right hand side product of (2) is not necessarily a subset of T&n{Ym gn}o2 4,
as shown by Example 4.6.

Example 4.6. Let X; =Y; = [0,1], let f; = g; = 1], where 191y : [0,1] —
200U s the w.s.c. function, defined by 1j1(z) = {x} for each x € [0,1], and
let @; : [0,1] — 20U be defined by its graph: T (@;) = [0,1] x [0, 1], for each
positive integers i. Then ¢1(x1) X pa(xa) X @3(x3) X +-+ is not a subset of
@{Ym gn}zozl'

Proof. Obviously, g; o v;11 = ¢; o f; holds true for any positive integer 4, and
therefore (¢1, @2, @3, ...) is a morphism of ZCU.

Also, m{X,,, 72, = Um{Y;, g 302, = {(t,¢,¢,...) | £ € [0,1]}, and
therefore

o(x1, T2, x3,...) = @1(x1) X pa(x9) X p3(x3) X -+ =1[0,1] x [0,1] x [0, 1] x - - -

is not a subset of @{Yn,gn}le (and therefore it is not an element of
QE{Yn,Qn}if;l)' ]

This example shows also that (2) cannot replace (1) in the definition of
induced functions.

In the following theorem we prove that if each of the ¢;’s has a surjective
graph, then also 1'&1% has a surjective graph. Note that it is not required
that any of the functions f,, and g, has a surjective graph.

Theorem 4.7. Let {X,,, f,}52, and {Y,, 9,122, be any objects of ZCU and
let the sequence (1,2, Ps,...) be a morphism of ZCU from {X,, fn}2, to
{Yo, 9n Y22, such that o; : X; — 2Yi has a surjective graph for each positive
integer v. Then l'&lgpi has a surjective graph.



Proof. Let y = (y1,Y2,Y3,...) € @{Yn, gn }22, be arbitrary. We construct a
point x € im{X,, f,}72, such that y € lim ¢;(z).

Let n be any positive integer. Since ¢, : X,, — 2¥* has a surjective graph,
there is a point 2] € X, such that y,, € ¢, (z). We choose and fix such an z'.
Then by downwards induction we prove that for any k& € {1,2,3,...,n — 1}
there is 2} € X, such that y;, € ¢(2}) and z} € fi(z), ;).

Let k be any integer from {1,2,3,...,n — 1}. Assume that z}/,; has
already been chosen in such a way that y,41 € @ry1(27,,). Note that this
assumption is fulfilled for £k =n — 1.

Since yi € gr(Yrt1) and Yrr1 € Yry1(2,,), it follows that

Yk € 9k[90k+1(332+1)] = sok[fk(x2+1)]-

Therefore there is a point 77} € X}, such that =} € fi.(z}, ) and yi € @p(z}})
and we fix one such z7}.
This construction yields

o0

n __ n n n n n n n n

a" = (2], 2, Xy, T T 2 s P Py - ) € HXZ"
i=1

where zI* € X is arbitrarily chosen for each i > n. Then {2"}5° , is a sequence
in the compact metric space ([[;2, X;, D). Let x = (21,29, 23,...) € [[12; Xi
be any accumulation point of the sequence {z"}9° .

Next we prove that = € lm{X,, f,}72, and that y € limep;(z). Let
{in}52, be a strictly increasing sequence of integers such that

lim 2" = z.
n—oo

First we prove that x € @{Xn, 22 ,. Let m be any positive integer. Then
(z% ., x) € T(fn) for each positive integer i), > m. Since lgli_{go(xf?’;ﬂ, rik) =
(Tma1, Tm) and since the graph I'(f,,,) is closed in X, 11 X X, it follows that
(m+1,@m) € I(fin). Therefore x € Im{X,, f1}72;.

Finally we prove that y € l&upz(x) Let m be any positive integer. Then
Ym € ©m(z'*) for each positive integer iy > m. Therefore (z. y,,) € I'(¢n)
for each i > m. Since kll_)ff)lo(:pjfl, Ym) = (Tm, Ym) and since the graph I'(¢.,)

is closed in X,, X Y,,, it follows that (z,,,ym) € I'(¢m), and therefore y,, €

Om(Tm).
It follows that (y1,ya,ys,...) € @ngpi(:vl, Tg, X3, ...) and hence I'&ngoi has
a surjective graph. [l

Next example shows that the function ® induced by (1, @2, ¢s3, . . .) need
not have a surjective graph if (1, @2, @3, .. .) is not a morphism of ZCU, even
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if each ¢;, f;, and g; has a surjective graph and if g; o ;11 = ; o f; holds
true for any positive integer ¢ but ¢ = 1.

Example 4.8. Let for each positive integer i and j > 1, X; = Y; = [0,1],
fi=9; = ¢ = lpu, and let g; : [0,1] — 20 be defined by its graph:
I'(¢1) = [0,1] x [0,1]. Then the function ® induced by (¢1, P2, ¢s,...) does
not have a surjective graph.

Proof. Obviously, g; o p;+1 = w; o f; holds true for any positive integer i > 1,
and ;0 fi(t) C grops(t) for any ¢ € [0,1]. Therefore (¢1, 2, @3, . . .) induces
® defined by (1) according to Theorem 4.3.

Obviously (0,1,1,1,...) € Im{Y;, g }72, and T%n{Xn, ol ={{ttt,...)|te
[0,1]}. But ®(t,t,¢,...) = {(t,t,t,...)}, and therefore (0,1,1,1,...) & O(t,t,t,...)
for any ¢ € [0, 1]. O

In the rest of the section we study the transformation F' : ZCU — CU,
defined by

00 F : 00
{Xna fn}nzl L — I&H{Xn, fn}nzl
(@17@27%037 . ) 'i> 1&11%071 .

In Theorem 4.9 we show that the transformation F' is very close to being
a functor from ZCU to CU. Example 4.10 follows after the theorem to show
that F' is not a functor from ZCU to CU.

Theorem 4.9. Let {X,,, [}, {Yn, 90352, and {Z,, h,}22, be any objects
of ICU, and

Y= (901,@2, ©35 - - ) : {Xnv fn}zo:l - {angn}zozl

and
’l/} = (1/}17 w27w37 .- ) : {YTHgTL}SLO:l - {Zn7 hn}ZO:1

its morphisms. Then
]. F(le, 1X2; 1X37 .. ) = 11&]{)(”7]0”}%0:1;

2. (F(y) o F(p))(z) € F(yUyp)(x) for all x € lim{X,, fu}32,.

Proof. To prove (1), choose arbitrary = = (1, %2, 3,...) € @{Xn, k>,
Then

F(1X17 1X2> 1X37 .- )(I) = (1X1 (Il)X1X2 ('TQ)XlXP, (1’3) X.. )ﬂlﬁl{Xm fn}zozl =
{2} = Lymixa e, ().
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To prove (2), let = € @{Xn, o2, and let

2€ (F(W) o F(p)(z) = FW)[F()(@)] = |J FW)y)

be arbitrary. Then
z € U (V1(yr) X Pa(y2) x -+ ) N Im{ Zy, b }52,

yE(1(e1)xpa(a2) - )NGm{ Yo gn )32

and therefore there is a point y € T&n{Ym gn 122 such that y, € pn(x,)

and 2, € Y, (y,) for each positive n. It follows that z, € U,e,, () ¥n(t) =

Unlpn(Tn)] = (Ynown)(x,) for each positive integer n and hence z € F(yOy)(x).
[

F is a functor if and only if (F(¢) o F(p))(x) = F(¥Op)(z) holds
true for all z € @{Xn,fn};ozl and all objects {X,,, fn}5% 1, {Ya,9n}52,
and {Z,, h,}22, and all morphisms ¢ = (p1,92,93,...) : {Xn, fu}02, —
(Yo, gn 30y and = (Y1, 92,¢3,...) : Yo gntoly = {Zn, ha}ily of ICU.
Example 4.10 shows that this is not the case, hence F' is not a functor.

Example 4.10. We use the notation from Theorem 4.9. Let for each positive
integer n, X, = Y, = Z, = [0,1] and let f,g : [0,1] — 200U be wu.s.c.
functions defined by f(t) = {t} and g(t) = [0,1] for each t € [0,1]. Also let
fi=h1 =9y =, =g for eachn > 2 and let p1 = fos1 = gn = hpy1 =
Y1 = f for each n > 1. Let x = (1,0,0,0,...) € @{Xn,fn}?:1~ Then
(F(¢) o Fp))(x) # F(¢Op)(x).

Proof. Let z = (1,0,0,0,...) € l'&n{Zm hn}22 . Obviously z € F(¢Op)(x).
Then, since ¢1(t) = {t} for each t € [0,1], vy = (1,1,1,...) is the only
element in lé'r_n{Yn,gn}zo:l such that y € F(p)(x). But, since F(¢)(y) =
[0,1] x {1} x {1} x --- and 2z, = 0 it follows that z ¢ F(¢)(y). Therefore

2 & (F(¥) o F(p))(x) and hence (F(y) o F(p))(x) # F(Tp)(x). N

5 An application

In the final section we study the following diagram.

Theorem 5.1. Let Xij be compact metric spaces, and let ff : Xz'j+1 — 2Xij,

gf : Xin — 2% be w.s.c. functions, for all positive integers i and j. Let also
for each j o
L7 = (X7, fi}2,

)
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o X} o Xl o p gy — o
Loy s fso9 fl ?
95 95 9i g'
5 2 . X2 ° X2 5 L2
2 3 4
ooy ff T fi o fi ?
92 gg 9y g
5 3 5 XS ° X3 5 L3
2 3 4
AR N ¢ S M SR N ¢
9 93 9i
L
H
o——— K2 o K3 o ce K
f1 f2 f3

and for each 1 o
= @{Xz'J? gi Y52
If for each integer n, f, is the function induced by (fL, f2, f3,...) and g" is
the function induced by (g7, 9%, 9%, ...), then
and
= Um{KG, fi}75,.

are homeomorphic.

Proof. Define the function H : K — L as follows:

H((mi,x%,xi’,...) , (a:%,x%,x%,) , (mé,x%,x%,),) = (3)
((z1, 23, 25,...), (21,23, 23, ...), (2}, 23, 23,...),...),
where (z},27,2%,...) € K; and (x},27,23,..) € fi (aly, 2?28, ...

for each positive integer 1.

We will prove that H is a homeomorphism.

First, we prove that H is well-defined. We need to show that the right
side of (3) is a point of L. The proof is in the following steps.

13



1. (:c{,x%,a:é, ...) € L/, for arbitrary j € N;

9 (:p{,xé,xé, B ) € gl ($11‘+17$%‘+17x§+1’ . .), for arbitrary 7 € N.

Let us prove (1).

Since (v}, a7, 23,...) € fi (v}, 2fi1, 2080, ) = (H;il f3($3+1)> MK, it
follows that =/ € f/ (a:gﬂ) for each ¢ and j. Hence, (x{,a:%,xé, ...) € LA

It remains to prove (2). ' o

Since (2}, 27,23,...) € K, it follows that for each i and j ] € g/(x™).
Therefore (2,23, 73,...) € (T[22, ¢l (x])) N L7 = g7 (a™, 23 24, ) for
all j.

Hence, ((z}, 23,2, ...), (22,23, 2%,...), (23, 23,23,...),...) € L. So we
have proved that H : K — L is well defined.

In the same manner we prove that H' : L — K defined by

H' ((x%,x%,ajé,) , (x%,x%,azg,) , (a::f,a:;,xg,) ,) =
((z1,27,2%,...), (2, 23,23, ...) , (w5, 25,25, ...) ,...),

is well defined. Since obviously H and H’ are both continuous and inverses
to each other, it follows that they are homeomorphisms. ]

Corollary 5.2. We use the notation of Theorem 5.1. If for all positive
integers i and j . ' o
gi o fiJH =fio gg—i—l;

then the spaces L and K are homeomorphic.

Proof. The claim follows by Theorem 5.1 since by Corollary 4.4 there are
induced functions f, and g" for each n. O]

We conclude the paper with the following example.

Example 5.3. Let X be any compact metric space and let f : X — X be a
surjective single-valued mapping. Let L' = l'&l{X, f71e,, where f=1 is the
u.s.c. function f~': X — 2% defined by its graph

L(f) ={(z,y) € X x X | (y,2) € T(f)}.
Let o : L' — L' be the shift map, defined by
U(tl, t2,t3, .. ) = (tz,tg,t4, .. )

for each (ti,ta,ts,...) € L.
Then the inverse limit @{L', 0}5°, is homeomorphic to @{X, free,.
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Proof. We show first that the mapping (¢, t2, t3,...) — {o(t1,t2,t3,...)} can
be interpreted as an induced function and then we use Theorem 5.1 to prove
that the inverse limit l'&n{L', 0}°° , is homeomorphic to im{X, f}°2 ;.

We use the notation that is used in Theorem 5.1. Let for all positive
integers 7, j, X! = X, ¢/(t) = {f(t)}, and f/(t) = f~*(¢t) for each t € X.

Then ¢"(t1,t9,t3,...) = ({f(t1) }x{f(ta) } x{f(ts)}x.. )NL = {(t2, t3,t4,...)}
{o(t,ta,t5,...)} forany (f1,t2, 13, ..) € L'. It follows that L = Im{L", g"}72, =
@1{[/7 0-}120:1‘

Let K' = K,, = @{X, f1oe, for each positive integer n. Next we show
that K = T&n{Km fals, = @{K’, o’~1}% | where ¢’ is the shift map from
K’ to K'. Note that ¢’ is a homeomorphism, since f is single-valued, and
that O'/_l(tl, tQ, t3, .. ) = (f(tl), tl, tg, tg, .. ) for each (tl, t2, t3, . ) €K'

Then f(t1,ta,t3,..) = ({7 ()} x {f 7 ()} x {f 7 (ts)} x .. )N K" =
{(f(t1),t1,ta,t3,...)} = {o" " (t1,ta, t3,...)} for any (t1,ts,t3,...) € K'. Tt
follows that K = lNm{K,, f}72, = Im{K’, o""1}72,.

Since ¢’~! is a homeomorphism it follows that K = Lim{K’,o’/71}22, is
homeomorphic to K” = lIm{X, f}72,. By Theorem 5.1 K is homeomorphic
to L, and that proves that l'gl{X, 152, is homeomorphic to QI'H{L/, g} ,.

O
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