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A quasi three-dimensional mathematical model of fusion of cylindrical steel scrap In converter melt was developed. The model vvas 
solved using the implicit alternating direction method. The obtained algorithm vvas programmed in ASCII FORTRAN for the 
computer SPERRY 1100/72. In the model temperature dependent thermophysical properties of material vvere incorporated. That 
gives to the model a nonlinearity. On the basis of the model it vvas concluded that the addition of 1% of Iow carbon steel scrap 
decreases the temperature of a middle carbon steel melt for cca 20°C. This is in good agreement vvith experimental data from 
literature. The mathematical model was tested for one-dimensional exact solution using the Bessel functions. A good agreement 
was found. 

Key vvords: fusion, steel scrap, mathematical model 

Razvijen je i istražen kvazitrodimenzijski matematički model taljenja valjkastog čeličnog otpatka u talini kod konverterskog procesa. 
Matematički model riješen je implicitnom metodom promjenljivog smjera. Dobiveni algoritam programiran je u programskom jeziku 
ASCII FORTRAN za računalo SPERRY 1100/72. U matematički model inkorporirana su temperaturno ovisna toplofizička svojstva 
materijala, što modelu daje nelinearnost. Na temelju matematičkog modela zaključeno je da 1 % niskougljičnog čeličnog otpatka 
snizi temperaturu srednje ugljične celične taline za cca 20°C, što se dobro slaže s eksperimentalnim podacima iz literature. 
Matematički model testiran je na jednodimenzionalnom egzaktnom rješenju pomoču Besselovih funkcija. Konstatirano je njihovo 
medusobno dobro slaganje. 

Ključne riječi: taljenje, čelični otpadak, matematički model 

1 Introduction 

F r o m t h e i n c r e a s e o f t h e s h a r e o f m e t a l i c s c r a p in t h e 
c h a r g e , a n i n c r e a s e d e c o n o m y o f s t e e l m a n u f a c t u r i n g in 
t h e c o n v e r t e r p r o c e s s e s is e x p e c t e d . T h e s h a r e o f s t ee l 
s c r a p s h o u l d a p p r o a c h t h a t in t h e o p e n h e a r t h p r o c e s s . 
S tee l s c r a p , u s u a l l y as l o w c a r b o n s t ee l r e f u s e , is a v e r y 
e c o n o m i c a l m e a n s o f m e l t c o o l i n g . I r o n o r e is o n l y b e t t e r 
m e a n s o f c o o l i n g . D a t a in r e f . l s h o w t h a t 1 % of s tee l 
s c r a p d e c r e a s e s t h e b a t h t e m p e r a t u r e f o r 12 t o 1 5 ° C , 
vvhile 1 % i r o n o r e d e c r e a s e s t he t e m p e r a t u r e f o r 3 0 t o 
4 0 ° C . Hovvever , p r o d u c t i o n e x p i r i e n c e s h o w s tha t s tee l 
s c r a p is b e t t e r t h a n i ron o r e . F o r e x a m p l e , by u s i n g s tee l 
t he q u a n t i t y o f m e t a l e j e c t e d f r o m the c o n v e r t e r is d i m i n -
i s h e d , t h e r e s i s t a n c e o f r e f r a c t o r y l i n i n g is i n c r e a s e d a n d 
a b e t t e r u t i l i z a t i o n o f e x c e s s h e a t in t h e b a t h o b t a i n e d . 
T h e r e g i m e of s c r a p f u s i o n d e p e n d s in s i g n i f i c a n t d e g r e e 
o n s c r a p s i ze , a n d a f f e c t s t h e b a t h t e m p e r a t u r e , t h e s l a g 
f o r m i n g p r o c e s s e s , a s w e l l a s t h e o x i d a t i o n o f c a r b o n a n d 
t he m e t a l d e s u l f u r i z a t i o n . F o r i n s t a n c e , s m a l l s i z e d s c r a p 
m e l t s f a s t e r a n d c o o l s q u i c k l y t h e b a t h . T h i s d e c r e a s e s 
t he r a t e o f s l a g f o r m i n g , c a r b o n o x i d a t i o n , d e s u l f u r i z a -
t i on , a n d l o w e r t h e q u a n t i t y o f blovvn o x y g e n . V e r y l a r g e 
p i e c e s o f s c r a p d o n ' t m e l t c o m p l e t l y d u r i n g t he p r o c e s s -
•ng in t h e o x y g e n c o n v e r t e r . A m a t h e m a t i c a l m o d e l o f 
l ow c a r b o n s t e e l s c r a p m e l t i n g in t h e c a r b o n s t ee l m e l t 
w a s d e v e l o p e d a n d t e s t e d vvith t h e a i m t o d e t e r m i n e t h e 
o p t i m a l s c r a p s i z e . S i n c e t he b a t h t e m p e r a t u r e is a b o v e 
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1 5 5 0 ° C the s o - c a l l e d d i f f u s i o n m e l t i n g is n o t c o n s i d e r e d . 
In figure 1 t h e i n v e s t i g a t e d s y s t e m is i l l u s t r a t e d . It c o n -
s i s t s o f a v o l u m e e l e m e n t o f m e l t in w h i c h c y l i n d r i c a l 
s t ee l s c r a p is i m m e r s e d . 

2 Mathematical model 

F o r t h e s t a r t o f t h e m e l t i n g o f a c y l i n d r i c a l s c r a p 
p i e c e in a v o l u m e e l e m e n t o f m e l t i n figure 1 t h e 
F o u r i e r ' s pa r t i a l d i f f e r e n t i a l e q u a t i o n o f h e a t c o n d u c t i o n 

h a s t h e f o r m 2 : 

dT 

dt 
= a 

V 

čPT J _ 3 T čPT 

dr2 + r dr + dz1 ( D 

S i n c e f o r t h e h o r i z o n t a l a x i s o f t he s y s t e m r — 0 t h e 
e q u a t i o n (1) is m o d i f i e d a c c o r d i n g to L ' H o s p i t a l ' s in t h e 
f o r m : 

Figure 1: Volume element of melt with cylindrieal steel scrap 
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T h e b a s i c a s s u m p t i o n f o r t h e v a l i d i t y o f t h e d i f f e r e n -

t ia l e q u a t i o n s ( 1 ) a n d ( 2 ) is t h a t s c r a p p i e c e is i m m e r s e d 

is p h y s i c a l y r e a l i s t i c s i n c e t h e d i f f e r e n c e in d e n s i t y o f 

s t e e l s c r a p ( 7 8 6 0 k g / m 3 ) a n d m e l t ( 7 5 0 7 k g / m 3 ) is v e r y 

s m a l l . C o n s i d e r i n g t h e s y s t e m in figure 1, it c a n b e c o n -

c l u d e d t h a t m a t h e m a t i c a l m o d e l is q u a s i t h r e e - d i m e n -

s i o n a l . In t h e t i m e t = 0 t h e t e m p e r a t u r e o f t h e m e l t is TL, 

a n d t h a t o f t h e s c r a p p i e c e is T S . T h e i n i t i a l t e m p e r a t u r e 

at t h e s t e e l s c r a p / m e l t b o u n d a r y i n t e r f a c e is o b t a i n e d b y 

s o l v i n g t h e F o u r i e r ' s d i f f e r e n t i a l e q u a t i o n f o r h e a t f l o w 

t h r o u g h t h e c o n t a c t a r e a o f t w o s e m i f i n i t e m e d i a s 3 : 

T I = T . + -
TL-T, 

k„, a . 

(3) 

O n t h e c o n t a c t s t e e l s c r a p / m e l t a r e a a c o n t i n u o u s h e a t 

f l o w o c c u r s w i t h b o u n d a r y c o n d i t i o n o f t h e f o u r t h k i n d : 

Km i ~~ Ks -n 
d n d n 

(4) 

I n d e v e l o p i n g t h e m o d e l it w a s a s u m m e d t h a t t h e r m a l 

p r o p e r t i e s o f l o w c a r b o n s t e e l s c r a p ( 0 , 2 % C ) a n d m i d d l e 

c a r b o n s t e e l m e l t ( 0 , 6 % C ) a r e t e m p e r a t u r e d e p e n d e n t 4 . 

3 Implicit alternating direction method 

T h e d i f f e r e n t i a l h e a t f l o w e q u a t i o n s ( 1 ) a n d ( 2 ) w i t h 

t h e c o r r e s p o n d i n g i n i t i a l a n d b o u n d a r y c o n d i t i o n s w e r e 

n u m e r i c a l l y s o l v e d u s i n g t h e i m p l i c i t a l t e r n a t i n g d i r e c -

t i o n m e t h o d 5 a n d d i v i d i n g t h e t i m e i n t e r v a l i n t o t w o 

s t e p s . 

In t h e f i r s t h a l f o f t h e t i m e i n t e r v a l t h e e q u a t i o n is 

s o l v e d i m p l i c i t l y f o r t h e z a n d e x p l i c i t l y f o r t h e r d i r e c -

t i o n . T h e p r o c e d u r e is r e v e r s e d in t h e s e c o n d h a l f o f t i m e 

i n t e r v a l . 

C o n s e q u e n t l y , f o r t h e d i f f e r e n t i a l e q u a t i o n ( 1 ) a n d 

first h a l f o f t i m e i n t e r v a l A t / 2 w e o b t a i n : 

T11 _ T n i "T* 

J 2 r A r z a , j n A t / 2 7 

W h e r e a s f o r t h e s e c o n d A t / 2 w e o b t a i n 

pn+I _'pn+l 
- 4 - i. + i-H-1 i.j-1 + 3 2 ^ = J _ hA L , 

2 r A r r ai„i.n A t / 2 
(6) 

T h e n u m e r i c a l s o l u t i o n o f t h e d i f f e r e n t i a l e q u a t i o n 

( 2 ) o f h e a t f l o w f o r f i r s t A t / 2 is : 

npn nrn 
— + 3 ; T 

(Ar ) 2 

a n d f o r s e c o n d A t / 2 

. - L l L z Z I i 
z , 1 _ a , , „ A t / 2 

Tn+1 "-pn+1 , --pn+1 HP* 
i,2 Ai.l , rr* 1 i.l i. 
(Ar ) 2 

+ d2
rT',=-

ai.j.n A t / 2 
(8) 

T h e s o l u t i o n o f e q u a t i o n s ( 1 ) a n d ( 2 ) f o r t h e n e t p o i n t 
(i , j ) in t h e m e l t a n d s c r a p p i e c e a s w e l l a s f o r n e t p o i n t s 
o n t h e i r b o u n d a r y s u r f a c e a r e g i v e n i n A p p e n d i x 2 . 

G e n e r a l l y it h o l d s : 

b i v i + c i v i = d i 

a2Vl+b2V2+C2V3 = d 2 

a3V3+b3V3+C3V4 = d3 

a iv i - i+b iv j - t - c iv i+ i = di ( 9 ) 

a N - l V N - 2 + b N - l V N - l + C N - l V N = dN-1 

a N V N - l + b N V N = d N 

w h e r e v i s t h e u n k n o w n t e m p e r a t u r e , a n d N is a r e a l 

n u m b e r . O n t h e b a s e o f t h e p r e s e n t e d a l g o r i t h m o f f u -

s i o n a c o m p u t e r p r o g r a m w a s w r i t t e n in A S C I I F O R -

T R A N a n d s o l v e d o n S P E R R Y 1 1 0 0 / 7 2 c o m p u t e r . 

4 Discusion 

T h e s i m u l a t i o n o f f u s i o n o f a l o w c a r b o n s t e e l s c r a p 

in t h e c a r b o n s t ee l m e l t is c a r r i e d o u t b y s p a c e s t e p s A z 

= Ar = 1 c m a n d t h e t i m e s t e p At = 3 0 s t i l l tmax = 6 3 0 s. 

T h e i n i t i a l m e l t t e m p e r a t u r e s o f 1 7 0 0 ° C f o r t h e m e l t , 

2 5 ° C f o r t h e s c r a p p i e c e a n d 8 8 3 ° C f o r t h e b o u n d a r y s u r -

f a c e w e r e a s s u m e d . O n t h e b a s i s o f s u c c e s i v e t e m p e r a -

t u r e s p r i n t s o u t f o r p a r t i c u l a r n e t p o i n t s t h e f u s i o n t i m e 

o f 5 4 0 s w a s o b t a i n e d f o r a l o w c a r b o n s t e e l c y l i n d e r o f 

s i z e <|) 5 0 x 1 0 0 m m . T h e w e i g h t o f t h e s c r a p p i e c e w a s 

4 , 3 % o f t o t a l vve igh t o f t h e m e l t . T h u s , it c a n b e c o n -

c l u d e d t h a t 1 % of s t e e l s c r a p d e c r e a s e t h e t e m p e r a t u r e o f 

s t e e l m e l t f o r 2 0 t o 2 2 ° C , a v a l u e in g o o d a g r e e m e n t w i t h 

p u b l i s h e d e x p e r i m e n t a l d a t a 1 . T h r e e - d i m e n s i o n a l m a t h e -

m a t i c a l m o d e l o f f u s i o n o f s c r a p p i e c e w a s t e s t e d 

t h r o u g h t h e o n e - d i m e n s i o n a l e x a c t s o l u t i o n o f t h e f u s i o n 

o f t h e l o w c a r b o n s t e e l c y l i n d e r a n d a g o o d a g r e e m e n t 

w a s e s t a b l i s h e d . T h e d e r i v a t i o n o f t h e e x a c t s o l u t i o n u s -

i n g B e s s e l f u n c t i o n s is g i v e n in A p p e n d i x 3 . 

5 Conclusions 

A q u a s i t h r e e - d i m e n s i o n a l m a t h e m a t i c a l m o d e l o f f u -

s i o n o f l o w c a r b o n s t e e l s c r a p p i e c e in c a r b o n s t e e l m e l t 

i n o x y g e n c o n v e r t e r w a s d e v e l o p e d . T h e m o d e l w a s 

c h e c k e d in t h e b a s e o f e x p e r i e n c e d a t a . T h e s i m u l a t i o n o f 

t h e f u s i o n is c a r r i e d o u t o n c y l i n d r i c a l p i e c e o f d i a m e t e r 

o f 5 0 m m a n d l e n g t h o f 1 0 0 m m . T h e f u s i o n t i m e o f 5 4 0 

s w a s c a l c u l a t e d . A l s o it h a s b e e n e s t a b l i s h e d t h a t t h e a d -

d i t i o n o f 1 % o f s t e e l s c r a p d e c r e a s e t h e m e l t t e m p e r a t u r e 

f o r c c a 2 0 ° C , a v a l u e i n g o o d a g r e e m e n t w i t h e x p e r i m e n -

ta l d a t a , a n d a l s o w i t h t h e e x a c t o n e - d i m e n s i o n a l s o l u -

t i o n o f t h e e q u a t i o n s , w h i c h a r e t h e m o d e l b a s e . 

Appendix 1 

A b b r e v i a t i o n s u s e d : 

a - t e m p e r a t u r e c o n d u c t i v i t y 



ai , bi , c i ,d i - c o e f f i c i e n t s a d j o i n i n g t o u n k n o w n s in 

t r i d i a g o n a l s y s t e m o f a l g e b r i c e q u a t i o n s 

c p - s p e c i f i c h e a t a t c o n s t a n t p r e s s u r e 

k - t h e r m a l c o n d u c t i v i t y 

n - v e r t i c a l d i r e c t i o n 

r - s p a c e c o o r d i n a t e 

t - t i m e 

T - t e m p e r a t u r e 

vi - u n k n o w n i n s y s t e m o f s i m u l t a n e o u s a l g e b r i c 

e q u a t i o n s 

z - s p a c e c o o r d i n a t e 

Appendix 2 

Constant whivh appear in tr idiagonal coefficients 
aAt 

pi =• 
2 ( A r ) 2 

aAt 
P 2 " 4 r j A r 

P3 = P t - P2 

P4 = pi + P2 

A t ( k A + k B 
ps 

P6 = ' 

2c(Ar)2 

A t ( k A + k B 

4crjAr 

k A , k B 
C = H 

aA aB 

q i = 

= 

q3 = 

q 4 = 

q6 = 

aAt 

2 ( A z ) 2 

k A A t 

c ( A t ) 2 

k B A t 

c ( A t ) 2 

At ( k A + k B ) 

2 c ( A z ) 2 

k A A t 

c ( A r ) 2 

k B A t 

c ( A r ) 2 

T r i d i a g o n a l c o e f f i c i e n t s 

1- P o i n t ( i , j ) in t h e m e l t o r s c r a p p i e c e 

- first A t / 2 : 
a i = Ci = - q [ 

bi = 1 + 2 q , 

di = p3T n i , j_ i + ( l - 2 p i ) T \ j + p 4 T n i , j + i 

- s e c o n d A t / 2 : 
a j = "P3 
bj = 1 + 2 p i 
c j = - p 4 ^ 

d j = q i T * n j + ( l - 2 q i ) T * i j + q i T * i + i j 

(10) 

2. P o i n t ( i . j ) o n t h e b o u n d a r y s u r f a c e p a r a l l e l t o r a x i s 
s e p a r a t i n g t h e m a t e r i a l s A ( l e f t ) a n d B ( r i g h t ) 

- f i r s t A t / 2 : 

ai = -qi 

bi = 1 + q2 + q3 

Ci = -q3 

di = ( p 5 - p 6 ) T n i , j - i + ( l - 2 p 5 ) T n i , j + ( p 5 + p 6 ) T n i , j + i ( 1 2 ) 

- s e c o n d A t / 2 : 

aj = - (P5-P6) 

bj = l + 2 p 5 

Cj = - ( p s + p e ) 

d j = q 2 T j - i j + ( l - q 2 - q 3 ) T i.j + q 3 T i + i j ( 1 3 ) 

3 . P o i n t ( i , j ) o n t h e b o u n d a r y s u r f a c e p a r a l l e l z a x i s 

s e p a r a t i n g t h e m a t e r i a l s A ( d o w n ) a n d B ( u p ) 

- f i r s t A t / 2 : 

ai = Q = - q 4 

bi = l + 2 q 4 

di = ( q 5 - q 6 ) T n i , j - i + ( l - 2 p 5 ) T n i , j + ( q 6 + p 6 ) T n i , j + i 

- s e c o n d A t / 2 : 

aj = p e - q5 

bj = l + 2 p 5 

Cj = - ( q e ; P e ) 
d j = q 4 T * i - i j + ( l - 2 q 4 ) T * i j + q 4 T * i + i , j 

4 . P o i n t ( i , l ) o u t o f t h e b o u n d a r y s u r f a c e 

- f i r s t A t / 2 : 

ai = Ci = - q i 

bi = l + 2 q i 

d i = ( l - 4 p i ) T * i , i + 4 p i T n i , 2 

- s e c o n d A t / 2 : 

b j = l + 4 p i 

cj = 4 p i 
* * * d j = q i T i - i , i + ( l - 2 q i ) T i,i + q i T i+ i , i 

(14) 

(15) 

(16) 

( 1 7 ) 

5 . P o i n t ( i , l ) o n t h e b o u n d a r y s u r f a c e w h i c h s e p a r a t e s 

t h e m a t e r i a l s A ( l e f t ) a n d B ( r i g h t ) 

- f i r s t A t / 2 : 

ai = - q 2 

bi = 2 q 4 + 1 

ci = - q 3 

di = ( l - 4 p 5 ) T n i , i + 4 p 5 T n i , 2 

- s e c o n d A t / 2 : 

b j = 4 p 5 + 1 

cj = - 4 p 5 # 

d j = q 2 T * i - i , i + ( l - 2 q 4 ) T \ i + q 3 T * i + l , l 

(18) 

(19) 

Appendix 3 

O n e - d i m e n s i o n a l m a t h e m a t i c a l m o d e l o f f u s i o n o f 

s t e e l c y l i n d e r c o n s i s t s o f t h e s o l u t i o n o f a d i f f e r e n t i a l 

e q u a t i o n o f h e a t c o n d u c t i o n vvith a d e q u a t e i n i t i a l a n d 

b o u n d a r y c o n d i t i o n s 

5 T ,5 2 T 

(11) 

- 1 3 T v 

a t 
0 < r < l , t > 0 ( 2 0 ) 



T ( r , 0 ) = T o 

T ( l , t ) = T L 

I T ( r , t ) | < M 

vvhere M is a p o s i t i v e rea l n u m b e r . 

It is c o n v e n i e n t t o c o n s i d e r i n s t e d o f t h e e q u a t i o n 

( 2 0 ) t h e e q u a t i o n 

9 T 3 2 T J_ 3 T 

a t " 3 r 2 + r d r 

a n d t h e n t o r e p l e a c e t b y at . 
A p p l y i n g t h e L a p l a c e t r a n s f o r m 6 , w e f i n d 

(21) 

d 2 e 1 dO 
T^ + T - s6 = _T<> dr r dr 

(22) 

9(1 ,s) = T l / s , 0(r ,s) i s c o n n e c t e d . 

T h e g e n e r a l s o l u t i o n o f t h i s e q u a t i o n is g i v e n in 

t e r m s o f B e s s e l f u n c t i o n s as 

9( r , s ) = c , J 0 ( i r V š ) + c 2 Y 0 ( i r V š ) + - ( 2 3 ) 

S i n c e Y o ( i W s ) is u n b o u n d e d as r —> 0 , w e m u s t 

c h o o s e ca = 0 . T h a n 

T 
9( r , s ) = c,J (1 ( i r V š j + — 

F r o m t h e b o u n d a r y c o n d i t i o n s w e f i n d 

9 ( 1 , s ) = c , J 0 = ^ 

c, = 
TL-T„ 

sJ„ (i V š ) 

( 2 4 ) 

( 2 5 ) 

(26) 

( 2 7 ) 
T„ J« ( ir V s ) 

T h u s 8 ( r , s ) = - f + ( T L - T „ ) R 
s s J 0 ( i V s ) 

A f t e r c o m p l e x i n v e r s i o n t h i s e q u a t i o n a c q u i r e s t h e 

f o r m 

1 r ^ " e s tJ 0 ( i r V š ) 
T( r , t ) = T„ + ( T L - T „ ) — - J 

2n\ i „ s J 0 (t V s ) d s 

a n d t h e f i n a l s o l u t i o n is o b t a i n e d a s 

T(r,T) = T L - 2 ( T L - T 0 ) ^ R f 
. (K) 

( 2 9 ) 

w h e r e A.2, ..., Xn , ... a r e p o s i t i v e z e r o s o f e q u a t i o n 

Jo(^-n) = 0, vvhich a r e g i v e n in Table 1. 

Table t: Zeros of equation Jo(A.n) = O7. 

n An 
1 2 ,40482 55577 
2 5 ,52007 81103 
3 8 ,65372 79129 
4 11,79153 44391 
5 14,93091 77086 
6 18,07106 39679 
7 21 ,21163 66299 
8 24,35247 15308 
9 27,49347 9 1 3 2 0 
10 30 ,63460 64684 
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