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Preface

Here they are, the Proceedings of the Mini-Workshop Bled 2006, documenting our
Progress in Quark Models, and reminding us of open problems and unanswered
questions. We were all feeling happy that we could not only present our own
work, but also ask many questions in order to really understand other partici-
pants’ results.
Quark models have played an important role in understanding baryonic and
mesonic spectra and processes at not too high energies. The agreement with phe-
nomenology is in some cases surprisingly good and in some cases not yet satisfac-
tory. There has been progress in more quantitative descriptions, in implementing
relativity and in better understanding of the effective quark-quark interactions.
All this makes predictions of new exotic (multiquark) states more reliable in order
to guide experimentalists, but they are still controversial and wait for experimen-
tal confirmation.
Electromagnetic form-factors, hadronic decay widths and features of new res-
onances remained our main topics and benchmarks, as well as some naughty
“old” resonances such as the Roper and the σ-meson.
For further progress, we should no longer over-specialize only in our few-body
techniques, and a need for interdisciplinarity with Lattice QCD has been ex-
pressed. Therefore, the topic for the Bled 2007 workshop might be “What the quark
modellers can learn from Lattice QCD experts and what Lattice QCD practitioners can
learn from quark-model wavefunctions.”

Ljubljana, November 2006 M. Rosina
B. Golli
S. Širca
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Abstract. We compute the analytical solutions of the generalized relativistic harmonic os-
cillator in 1+1 dimensions, including a linear pseudoscalar potential and quadratic scalar
and vector potentials which have equal or opposite signs. These are the conditions in
which pseudospin or spin symmetries can be realized. We consider positive and neg-
ative quadratic potentials and present their bound-state solutions for fermions and an-
tifermions. We relate the spin-type and pseudospin-type spectra through charge conjuga-
tion and γ5 chiral transformations. Finally, we establish a relation of the solutions found
with single-particle states of nuclei described by relativistic mean-field theories with ten-
sor interactions and discuss the conditions in which one may have both nucleon and antin-
ucleon bound states.

1 Spin and pseudospin symmetries

The concept of pseudospin was introduced over 30 years ago [1] to explain the
quasi-degeneracy in some nuclei between single-nucleon states with quantum
numbers (n, `, j = ` + 1/2) and (n − 1, ` + 2, j = ` + 3/2) where n, `, and j
are the radial, the orbital, and the total angular momentum quantum numbers,
respectively. These levels have the same “pseudo” orbital angular momentum
quantum number, ˜̀ = ` + 1, and “pseudo” spin quantum number, s̃ = 1/2. For
example, for [ns1/2, (n − 1)d3/2] one has ˜̀ = 1, for [np3/2, (n − 1)f5/2] one has
˜̀ = 2, etc. Pseudospin symmetry is exact when doublets with j = ˜̀ ± s̃ are
degenerate.

More recently, the subject was revived when Ginocchio [2] revealed the rela-
tivistic character of the symmetry. He noted that the pseudo-orbital angular mo-
mentum is just the orbital angular momentum of the lower component of the
Dirac spinor. Pseudospin symmetry is an exact symmetry for the Dirac Hamil-
tonian with an attractive scalar potential, S, and a repulsive vector potential V ,
when these potentials are equal in magnitude: S + V = 0. Since in relativistic
? Talk delivered by P. Alberto
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mean-field models of nuclei the nuclear saturation mechanism is explained by
the cancelation between a large scalar and a large vector field [3], this symmetry
can account for the degeneracy described above.

It turns out that this symmetry is nothing but a SU(2) symmetry of the Dirac
Hamiltonian [4]. In fact, the Dirac equation with scalar and vector potentials

H = α · p + β(m + S) + V = α · p + βm+ ΣP+ + ∆P− .

where P± = (I±β)/2,Σ = V+S and∆ = V−S, has an additional SU(2) symmetry
when V = ±S. When V = −S or Σ = 0 (pseudospin symmetry), the generators
are

S̃i = si P+ +
α · p si α · p

p2
P− =

(
si 0

0 s̃i

)
(1)

whereas when V = S or ∆ = 0 (spin symmetry), they are

Si =
α · p si α · p

p2
P+ + si P− =

(
s̃i 0

0 si

)
= γ5S̃iγ

5 (2)

In the equations above s̃i = UpsiUp, si = σi/2, where Up = σ · p/p is the
helicity operator. Spin symmetry could explain the small spin-orbit splitting of
certain mesons with a heavy and a light quark [5].

If the potentials are radial, there is another SU(2) rotational symmetry whose
generators are [5]

L = LP+ +
1

p2
α · p Lα · pP− =

(
L 0

0 Up LUp

)
(spin)

L̃ =
1

p2
α · p Lα · pP+ + LP− =

(
Up LUp 0

0 L

)
(pseudospin).

2 Dirac equation in 1+1 dimensions
The time-independent Dirac equation in 1+1 dimensions for the most general
combination of potentials with different Lorentz structures reads

Hψ̃ = Eψ̃ (3)

where

H = cαp+ βmc2 + I Vt(x) + αVsp(x) + βVs(x) − iβγ5Vp(x) . (4)

The potential Vsp(x) can be absorbed into the wave function and the Hamiltonian
can be rewritten in terms of the potentials Σ and ∆, yielding

H = cαp + βmc2 +
I+ β

2
Σ+

I− β

2
∆− iβγ5Vp . (5)

Under charge conjugation and chiral γ5 transformations, this Hamiltonian trans-
forms into

Hc = cαp+ βmc2 −
I+ β

2
∆−

I− β

2
Σ+ iβγ5Vp , (6)

Hχ = cαp− βmc2 +
I+ β

2
∆+

I− β

2
Σ+ iβγ5Vp . (7)
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This means that, under charge conjugation, ∆ → −Σ, Σ → −∆, and Vp → −Vp,
while for chiral transformations, Σ↔ ∆ and Vp → −Vp. The same happens in 3+1
dimensions, where the pseudoscalar Vp potential corresponds now to a tensor
potential. Notice that the chiral transformation, while changing the mass sign,
does not change the eigenvalues, since it basically exchanges lines and columns
of the Dirac matrix equation.

Defining ψ± = P±ψ for the upper and lower components, the coupled first-
order equations of motion are

−i~cψ′
− +mc2ψ+ + Σψ+ − i Vpψ− = Eψ+ (8)

−i~cψ′
+ −mc2ψ− + ∆ψ− + i Vpψ+ = Eψ− , (9)

and the respective second-order ones are

−~
2c2ψ′′

++ ~c∆′Vpψ+ − ~cψ′
+

E +mc2 − ∆

+
[
V2p + ~cV ′

p − (E−mc2 − Σ)(E +mc2 − ∆)
]
ψ+ = 0 (10)

−~
2c2ψ′′

−− ~cΣ′Vpψ− + ~cψ′
−

E −mc2 − Σ

−
[
V2p − ~cV ′

p − (E−mc2 − Σ)(E +mc2 − ∆)
]
ψ− = 0 . (11)

In the non-relativistic limit (E = E −mc2 � mc2 and |Σ(x)| � mc2), when
∆ = 0, we have

−
~
2

2m
ψ′′

+ +

(
~

2mc
V ′
p +

V2p

2mc2
+ Σ

)
ψ+ = Eψ+ . (12)

Σ plays the role of a binding potential in the nonrelativistic limit and Vp
gives rise to effective binding potentials proportional to V ′

p and V2p. This means
that even a pseudoscalar potential unbounded from below could be a confining
potential. For the case Σ = 0 and if |∆|/(mc2) is very small in the classically
accessible region, Eq. (11) becomes

−
~
2

2m
ψ′′

+ +

(
~

2mc
V ′
p +

V2p

2mc2

)
ψ+ = Eψ+ . (13)

If ∆/(mc2) ∼ Vp/(mc
2) � 1, 1/(2m)V ′

p � Vp, Vp gets suppressed and there is
no binding potential! As far as bound states are concerned, Σ = 0 is an intrinsic
relativistic problem.

3 The relativistic harmonic oscillator

The relativistic harmonic oscillator has at most quadratic potentials in the 2nd-
order equations for ψ+ or ψ−. We consider

Σ =
1

2
k1x

2, ∆ = 0, Vp = k2x (14)
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The linear pseudo-scalar potential (tensor potential in 3+1 dimensions) is the
potential for the Dirac oscillator [6]. We solve the relativistic harmonic oscillator
for all signs of k1 and k2 so that we find bound states for both particles and anti-
particles. For these potentials, the equation (10) reads

−
~
2

2m
ψ′′

+ +
1

2
Kx2ψ+ = Ẽψ+ (15)

where

K =
1

mc2

(
E +mc2

2
k1 + k22

)
(16)

Ẽ =
E2 −m2c4

2mc2
−

~k2

2mc
. (17)

The bound solutions (K > 0) are

ψ+ = NnHn (λx) e−λ2x2/2 (18)

where n = 0, 1, 2, . . ., Nn is a normalization constant, Hn (λx) is a n-th degree
Hermite polynomial λ =

(
mK/(~2)

)1/4. The eigenvalues are such that

E2 −m2c4 = (2n + 1) ~c

√
E +mc2

2
k1 + k22 + ~c k2 . (19)

In 3+1 dimensions the corresponding eigenvalue equation is

E2 −m2c4 = (4n + 2l + 3) ~c

√
E+mc2

2
k1 + k22 + (2κ − 1)~c k2 , (20)

where κ is the spin-orbit quantum number and l is the orbital angular momentum
of the upper component. This means that the spectra of 1+1 relativistic harmonic
oscillator solutions have the same qualitative behaviour as the spectra of the 3+1
relativistic harmonic oscillator.

4 Solutions and discussion

In the following plots, we use scaled quantities, e = E/(mc2), κ1 = ~
2k1/(m

3c4)

and κ2 = ~k2/(m
2c3). Unless otherwise specified, all plots are for ∆ = 0.

The value κ∗2 is a zero a of a certain function of κ2 whose sign determines
the number of solutions for a fixed κ1 and n [7]. When 0 ≤ κ ≤ κ∗2 one can
have just one particle bound solution. If κ < 0, κ > κ∗2 one has both particle and
anti-particle bound solutions.

One may notice that the spectrum in Fig. 3(b) can be obtained from Fig. 2(a)
by a charge conjugation transformation, for which k2 → −k2 and E → −E. Also,
from Figs. 4(a) and 4(b), we can see that, for massless fermions, the spectra for
∆ = 0 and Σ = 0 is the same except for the reversed sign of κ2, which is to be
expected since these are related by the chiral γ5 transformation.
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(a) (b)

Fig. 1. (a) First four levels as a function of κ2 when κ1 = 0 (b) First six levels as a function
of κ2 when κ1 = 1.

(a) (b)

Fig. 2. (a) First six levels as a function of κ2 when κ1 = −1 > κc1 = −64/27 (b) First six
levels as a function of κ2 when κ1 = −3 < κc1 = −64/27 .

The existence of both positive- and negative-energy solutions in a system
with Σ = 0 can be relevant for nuclei. In the 3+1 Dirac equation of relativistic
nuclear mean-field theories there is a connection between the (isoscalar) vector
and tensor potential. In our case one would have κ2 = fv

4
κ1 [8]. Since the constant

fv has an upper value in nuclei, the same should happen for harmonic oscillator
mean-field potentials, so this relation sets a maximum for κ2 in nuclei. As was
seen above, this is relevant to know whether there can be simultaneously nucleon
and antinucleon bound states in nuclei. This would depend very much on the
strength of the ∆ potential, which is given by k1.
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Abstract. A common quark potential that captures the essential traits of the QCD quark-
gluon dynamics is expected to (i) interpolate between a Coulomb-like potential (associ-
ated with one-gluon exchange) and the infinite wall potential (associated with trapped
but asymptotically free quarks), (ii) reproduce in the intermediary region the linear con-
finement potential (associated with multi-gluon self-interactions) as established by lattice
QCD calculations of hadron properties. We first show that the exactly soluble trigonomet-
ric Rosen-Morse potential possesses all these properties. Next we observe that this poten-
tial, once interpreted as angular momentum dependent, acquires a dynamical O(4) sym-
metry and reproduces exactly quantum numbers and level splittings of the non-strange
baryon spectra in the SU(2)I ⊗ O(4) classification scheme according to which baryons
cling on to multi-spin parity clusters of the type

`

K
2
, K
2

´

⊗ [
`

1
2
, 0

´

⊕
`

0, 1
2

´

], whose rela-
tivistic image isψµ1...µK

. Finally, we bring exact energies and wave functions of the levels
within the above potential and thus put it on equal algebraic footing with such common
potentials of wide spread as are the harmonic-oscillator– and the Coulomb potentials.

1 Introduction

The non-strange baryon spectra below ∼ 2500 MeV reveal, isospin by isospin,
as a striking phenomenon mass degenerate series of K pairs of resonances of
opposite spatial parities and spins ranging from 1

2

± to
(
K− 1

2

)± which termi-
nate by a highest spin–

(
K+ 1

2

)
resonance that remains unpaired [1]. Such se-

ries (displayed in Fig. 1) perfectly fit into SU(2)I ⊗ O(4) representations of the
type

(
K
2
, K
2

)
⊗ [
(
1
2
, 0
)
⊕
(
0, 1
2

)
], an observation due again to [1]. The appeal of the

above classification is twofold. On the one side, up to the ∆(1600) state which
is likely to be a hybrid, no other resonances drop out of the proposed scheme.
Also the prediction of less “missing” resonances relative to others schemes falls
under this issue. On the other side, due to the local O(4) ∼ O(1, 3) isomorphism,
the non-relativistic O(4) multiplets have as an exact relativistic image the covari-
ant high-spin degrees of freedom given by the totally symmetric rank-K Lorentz
tensors with Dirac spinor components, ψµ1...µK

known as spin-
(
K+ 1

2

)
Rarita-

Schwinger fields [2]. In this fashion, one can view the series of mass degenerate
resonances of alternating parities and spins rising from 1

2

± to
(
K+ 1

2

)P as rest
? Talk delivered by M. Kirchbach
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(a) (b)
Fig. 1. Experimentally observed baryon resonances (l.h.s.)N and (r.h.s.) ∆. The dash-point
lines represent the series mass average. Notice that the resonances with masses above
2000 MeV are of significantly lower confidence but those with masses below 2000 MeV
where the degeneracy is very well pronounced. Empty squares denote predicted (“miss-
ing”) states. Typical, the systematical lack of a parity partner to the first highest spins
DI3, FI7, and HI,11 (the last two being among the “missing”N states).

frame ψµ1...µK
of mass m and look for possibilities to generate such multiplets

as bound states within an appropriate quark potential. Although the degener-
acy of the non-strange baryons follows same patterns as the states of an electron
with spin in the Hydrogen atom, the level splittings are quite different. The mass
formula that fits theN(∆) spectrum has been encountered in Ref. [3] as

M(σ;I) −M(1;I) = −fI
1

σ2
+ gI

σ2 − 1

4
, σ = K+ 1, I = N,∆ , (1)

fN = f∆ = 600 MeV, gN = 70 MeV, g∆ = 40 MeV , (2)

and contains besides the Balmer-like term,
(
∼ −1/σ2

)
, also its inverse. In effect,

the baryon mass splittings increase with σ. The degeneracy patterns and the mass
formula have found explanation in Ref. [4] within a version of the interacting bo-
son model (IBM) for baryons. To be specific, to the extent QCD prescribes baryons
to be constituted of three quarks in a color singlet state, one can exploit for the
description of baryonic systems algebraic models developed for the purposes of
triatomic molecules, a path pursued by Refs. [5]. An interesting dynamical limit
of the three quark system is the one where two of the quarks are “squeezed” to
one independent entity, a di-quark (qq), while the third quark (q) remains specta-
tor. In this limit, which corresponds to U(7) −→ U(3) ×U(4), one can exploit the
following chain of reducing U(4) down to O(2)

U(4) ⊃ O(4) ⊃ O(3) ⊃ O(2) ,

N K l m (3)
K = N,N− 2, ...1(0), l = K,K− 1, ..., 0, |m| < l , (4)
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in order to describe the rotational and vibrational (rovibron) modes of the (qq)−q

dumbbell. In so doing, one reproduces the quantum numbers describing the de-
generacies in the light quark baryon spectra by means of the following Hamilto-
nian:

H − H0 = −fI(4C2(so(4)) + 1)−1 + gIC2(so(4)) , (5)

C2(so(4))
(
K

2
,
K

2

)
=

(K + 1)2 − 1

4

(
K

2
,
K

2

)
. (6)

with C2(so(4)) being the second so(4) Casimir operator. In the second row of
Eq. (3) we indicate the quantum numbers associated with the respective group of
the chain. Here, N stands for the principle quantum number of the four dimen-
sional harmonic oscillator associated with U(4), K refers to the O(4) four dimen-
sional angular momentum, while l, and m are in turn ordinary three– and two
angular momenta. In Ref. [4] the interested reader can find all the details of the
algebraic description of the nucleon and ∆ resonances within the rovibron limit.

Yet, as a principle challenge still remains finding a suitable quark potential
that leads to the above scenario. In the present work we make the case that the
exactly soluble trigonometric Rosen-Morse potential is precisely the potential we
are looking for.

The paper is organized as follows. In the next section we analyze the shape of
the trigonometric Rosen-Morse potential. In section III we present the exact real
orthogonal polynomial solutions of the corresponding Schrödinger equation. The
paper ends with a brief concluding section.

2 The shape of the trigonometric Rosen-Morse potential

We adopt the following form of the trigonometric Rosen-Morse potential [6],[7]

v(z) = −2b cot z + a(a+ 1) csc2 z , a > −1/2, (7)

displayed in Fig. 2. Here,

z =
r

d
, v(z) = V(z)/(~2/2md2), εn = En/(~

2/2md2) , (8)

the one-dimensional variable is r = |r|, d is a properly chosen length scale, V(r)

is the potential in ordinary coordinate space, and En is the energy of the levels.
Our point here is that v(z) interpolates between a Coulomb-like and an infinite-
wall potential going through an intermediary region of linear, and quadratic
(harmonic-oscillator) dependences in z. To see this (besides inspection of Fig. 2) it
is quite instructive to expand the potential in a Taylor series which for appropri-
ately small z, takes the form of a Coulomb-like potential with a centrifugal-barrier
like term (if awere to be a positive integer) provided by the csc2 z part,

v(z) ≈ −
2b

z
+
a(a+ 1)

z2
. (9)
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In an intermediary range where inverse powers of z may be neglected, one finds
the linear plus a harmonic-oscillator potentials

v(z) ≈ 2b

3
z +

a(a+ 1)

15
z2 . (10)

Finally, as long as cot z z→π−→ ∞ and csc2 z z→π−→ ∞, the potential obviously evolves
to an infinite wall. The above shape captures surprisingly well the essentials of

Fig. 2. The proximity of the (∼ cot z)- to the
`

∼ 1
z

´

potential.

the QCD quark-gluon dynamics where the one gluon exchange gives rise to an ef-
fective Coulomb-like potential, while the self-gluon interactions produce a linear
confinement potential as established by lattice calculations of hadron properties.
Finally, the infinite wall piece of the trigonometric Rosen-Morse potential pro-
vides the regime suited for trapped but asymptotically free quarks. By the above
considerations one is tempted to conclude that the potential under consideration
may be a good candidate for a common quark potential of QCD traits.
In the next section we present the exact solutions of the Schrödinger equation
with the trigonometric Rosen-Morse potential.

3 Energies and wave functions of the levels within the
trigonometric Rosen-Morse potential

The three-dimensional Schrödinger equation with the trigonometric Rosen-Morse
potential (tRMP) reads:

∇
2 ψ(z) +

(
2b cot z −

a(a+ 1)

sin2 z
+ ε

)
ψ(z) = 0 , (11)
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and is solved in polar coordinates in the standard way by separation of variables.
In effect, the wave function factorizes according to

ψ(z) =
R(z)

z
Y
µ
l (θ,φ), l = 0, 1, 2, ..., |µ| < l, (12)

where Yµl (θ,φ) stand for the standard spherical harmonics, and R(z) satisfies the
one-dimensional equation

d 2

d2z
R(z) +

(
2b cot z−

a(a+ 1)

sin2 z
+ ε

)
R(z) = 0 . (13)

This equation (up to inessential notational differences) has been solved in our
previous work [8]. There, we exploited the following factorization ansatz

R(z) = e−αz/2(1 + cot2 z)
−(1−β)

2 C(β,α)(cot z) , (14)

with α and β being constant parameters. Upon introducing the new variable x =

cot z, substituting the above factorization ansatz into Eq. (14), and a subsequent
division by (1 + x2)(1−β)/2 one finds

(1 + x2)
d 2 C(β,α)(x)

d x2
+ 2

(α
2

+ βx
) d C(β,α)(x)

d x
+

(
(−β(1 − β) − a(a+ 1))

+
(−α(1 − β) + 2b)x +

((
α
2

)2
− (1 − β)2 + εm

)

1 + x2

)
C(β,α)(x) = 0 . (15)

This equation is suited for comparison with

(1+ x2)
d 2 R(β,α)

m (x)

d x2
+ 2

(α
2

+ βx
) d R(β,α)

m (x)

d x
−m(2β+m− 1)R(β,α)

m (x) = 0 ,

(16)
which being of the form of the text-book hypergeometric equation [9],[10],[11]
can be cast into the self-adjoined Sturm-Liouville form given by

s(x)
d 2R(β,α)

m (x)

d x2
+

1

w(x)

(
d s(x)w(x)

d x

)
d R(β,α)

m (x)

d x
+ λm R(β,α)

m (x) = 0 , (17)

s(x) = 1 + x2, w(β,α)(x) = s(x)β−1e−α cot−1 x, λm = −m(2β +m− 1),

−∞ < x <∞. (18)

However, while the standard textbooks consider exclusively s(x) functions which
are at most second order polynomials of real roots, in which case

w(a)s(a)xl = w(b)s(b)xl = 0 , ∀l = integer, (19)

holds valid, the roots of s(x) in Eq. (16) are imaginary. In the former case it is well
known that

• R(β,α)
m (x) would be polynomials of orderm,
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• λm would satisfy

λm = −m

(
K1
d R(β,α)

1 (x)

d x
+
1

2
(m − 1)

d 2s(x)

d x2

)
,

(20)

with Km being the R(β,α)
m (x) normalization constant,

• the first order polynomial would be defined as

R(β,α)

1 (x) =
1

K1w(x)

(
d s(x)w(x)

d x

)
, (21)

• the latter relation would generalize to any m via the so called Rodrigues for-
mula

R(β,α)
m (x) =

1

Kmw(x)

dm

d xm
(w(x) s(x)m) , (22)

• w(x) would be the weight-function with respect to which the R(β,α)
m (x) poly-

nomials would appear orthogonal.

Within this context the question arises whether the imaginary roots of s(x) = (1+

x2) in Eq. (16) would prevent the R(β,α)
m (x) functions from being real orthogonal

polynomials. The answer to this question is negative. It can be shown that also in
the latter case

• the R(β,α)
m (x)’s are polynomials of orderm,

• they can also be constructed systematically from a Rodrigues formula in terms
of the respecified weight function,

• but only a finite number them will be orthogonal due to the violation of
Eq. (19).

From the historical perspective, Eq. (18) has first been brought to attention by the
celebrated English mathematician Sir Edward John Routh in Ref. [12] (modulo
the unessential difference in the argument of the exponential from the present
cot−1 to Routh’s tan−1), the teacher of J. J. Thomson and J. Larmor, among others
famous physicists. Routh observed that the weight-function of the Jacobi polyno-
mials, P(µ,ν)

m (x), takes the form of Eq. (18) upon the particular complexification
of the argument and the parameters according to µ −→ η = a + ib, ν −→ η∗,
and x → ix. From that he concluded that P(η,η∗)

m (ix) is a real polynomial (up to
a global phase factor). Later on, in 1929, the prominent Russian mathematician
Vsevolod Ivanovich Romanovski, one of the founders of the Tashkent University,
studied few more of their properties in [13] and it was him who observed that
only a finite number of them appear orthogonal. While the mathematics litera-
ture is familiar with such polynomials [14], [15], [16], [17] where they are referred
to as finite Romanovski polynomials [18], or, Romanovski-Pseudo-Jacobi polyno-
mials [19], a curious omission from all the standard textbooks on mathematical
physics [9],[10] takes place. This might be related to circumstance that the physics
problems which call for such polynomials are relatively few. Recently, it has been
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reported in the peer physics literature [8], [20] that the Schrödinger equation with
the respective hyperbolic Scarf and trigonometric Rosen-Morse potentials is re-
solved exactly precisely in terms of the Romanovski polynomials. Moreover, the
latter are also relevant in calculation of gap probabilities in finite Cauchy ran-
dom matrix ensembles [21]. In the following, we shall adopt the notion of Routh-
Romanovski polynomials for obvious reasons.

3.1 The exact spectrum

Back to Eq. (15) we observe that if it is to coincide with Eq. (16) then the coefficient
in front of the 1/(x2+1) term has to nullify. This restricts theC(β,α)(x) parameters
in the Schrödinger wave function to be

−α(1 − β) + 2b = 0 ,
(α
2

)2
− (1 − β)2 + ε = 0 . (23)

With that Eq. (15) to which one has reduced the original Schrödinger equation
amounts to

(1 + x2)
d 2 C(β,α)(x)

d x2
+ 2

(α
2

+ βx
) d C(β,α)(x)

d x
+

(−β(1 − β) − a(a+ 1))C(β,α)(x) = 0 . (24)

The final step is to identify the constant term in the latter equation with the
one in Eq. (16) which amounts to a third condition

−β(1 − β) − a(a+ 1) = −m(2β +m − 1) , (25)

which introduces the dependence of the C(β,α)(x) functions on the index m, i.e.
C(β,α)(x) −→ C

(β,α)
m (x). Remarkably, Eqs. (23) and (25) indeed allow for consis-

tent solutions for α, β, and ε and given by (upon renamingm by (n − 1)):

βn = −(n+ a) + 1 , αn =
2b

n + a
,

εn = (n + a)2 −
b2

(n + a)2
, n =m + 1 , (26)

now with n ≥ 1. In this way Eq. (26) provides the exact tRM spectrum. In ef-
fect, the polynomials that define the exact solution of the Schrödinger equation
with the trigonometric Rose-Morse potential turn out identical to the Routh-
Romanovski polynomials however with indices that depend on n. As we shall
see below, this circumstance will become of crucial importance in allowing for an
infinite number of orthogonal polynomials (as required by the infinite depth of
the potential) and thus for avoiding the finite orthogonality of the bare Routh-
Romanovski polynomials.
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With that all the necessary ingredients for the solution of Eq. (24) have been
prepared. In now exploiting the Rodrigues representation (when making the n
dependence explicit),

C(βn,αn)
n (x) ≡ R(βn,αn)

n (x) =
1

Kn w(βn,αn)(x)

dn−1

d xn−1

(
w(βn,αn)(x) s(x)n−1

)
,

(27)
allows for the systematic construction of the solutions of Eq. (24). Notice that in
terms of w(βn,αn)(x) the wave function is expressed as

R(a,b)
n (cot−1 x) =

√
w(−(n+a)+1, 2b

n+a )(x)R(−(n+a)+1, 2b
n+a )

n (x) . (28)

Next one can check orthogonality of the physical solutions in z space and obtain
it as it should be as

∫π

0

Rn (z)Rn ′ (z)dz = δn n ′ , (29)

The orthogonality of the wave functions Rn(z) implies in x space orthogonality of
the R(βn,αn)

n (x) polynomials with respect to w(βn,αn)(x)dz
dx

due to the variable
change. As long as d cot−1 x

dx
= −1/(1 + x2) ≡ −1/s(x) then the orthogonality

integral for the polynomials takes the form
∫∞

−∞

dx

s(x)

√
w(βn,αn)(x)R(βn,αn)

n (x)

√
w(βn ′ ,αn ′)(x)R(βn ′ ,αn ′)

n ′ (x) = δn n ′ .(30)

The existence of an infinite number of orthogonal Routh-Romanovski polyno-
mials was made possible on cost of the n dependence of the parameters which
emerged while converting the Schrödinger equation to the polynomial one.

3.2 The degeneracy in the spectra

Inspection of Eq. (26) reveals existence of an intriguing degeneracy in the tRMP
spectrum. In order to see it let us assume that the a-parameter in Eq. (13) takes
only integer non-negative a = 0, 1, 2, ...-values. In such a case, one immediately
reads off from Eq. (26) that the energy levels for any σ = (m + 1 + a) with σ =

1, 2, 3, ... are σ-fold degenerate as a can take all the values between 0 and (σ − 1)

according to a = 0, 1, ...(σ − 1) (see Fig. 3). Comparison of the a-degeneracy to
the non-strange baryon spectra in Fig. 1 and Eqs. (4) is suggestive of the idea
to interpret the non-negative integer a-values as angular momenta and view the
csc2

(
r
d

)
term as a non-standard centrifugal barrier

a(a+ 1) csc2
( r
d

)
−→ l(l + 1)

sin2
(
r
d

) , a ≡ l = 0, 1, 2, .... (31)

In terms of σ the mass formula in Eq. (2) translates to

4
(
Mσ,I −M1,I + 1

4
gI
)

gI
−→ εσ = −

b2

σ2
+ σ2, b2 =

4fI

gI
. (32)
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Fig. 3. Degeneracy of energy levels of same σ but different angular momenta in l depen-
dent trigonometric Rosen-Morse potentials. The curves correspond to b = 60, a value
fitted to theN spectrum.

Non-standard centrifugal barriers of various types have been frequently exploited
in the calculation of the spectral properties of collective nuclei. Specifically, in
Ref. [22] use has been made of an angular-momentum dependent potential orig-
inally suggested by Ginocchio in Refs. [23]. The non-standard centrifugal barrier
in this potential asymptotically approaches for certain parameter values the phys-
ical centrifugal barrier, l(l + 1)/r2 while for another set of parameters it becomes
the Pöschel-Teller potential. In our case, for small arguments the csc2 term also
approaches the physical centrifugal term as evident from Eq. (9) and visualized
by Figs. 4. Non-standard centrifugal barriers have the property to couple various
multipole modes in nuclei, an example being given more recently in Ref. [24].
From now onward we shall adopt non-negative integer values for the a parame-
ter and view the csc2 term as a non-standard centrifugal barrier according to

Vl(r) = −2B cot
( r
d

)
+

~
2

2µd2
l(l + 1) csc2

( r
d

)
. (33)

In so doing we are defining a new angular momentum dependent potential,
Vl(r), that possesses the dynamical O(4) symmetry. Notice that this does not
contradict the statement of Ref. [25] according to which only pure or screened
Coulomb-like potentials are O(4) symmetric as the theorem of Ref. [25] refers to
potentials with the standard centrifugal barrier only. The b parameter in Eq. (32)
now relates to the potential parameter B as

b =
2µd2B

~2
. (34)

Next we shall bring down the a index, suppress the b index and change notations
according to

R((a≡l),b)
n

( r
d

)
−→ Rσl

( r
d

)
, σ = n + l. (35)
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The single-particle wave functions within the angular dependent trigonometric
Rosen-Morse potential are straightforwardly calculated from Eq. (28). Below we
list the first three levels for illustrative purposes:

• ground state σ = 1:

1s: R10

( r
d

)
= 2

√
b(b2 + 1)

(1 − e−2πb)
e−b( r

d ) sin
( r
d

)
, (36)

• first excited state, σ = 2:

2s: R20

( r
d

)
=

√√√√2b
((
b
4

)2
+ 1
)

(1 − e−πb)
e−b( r

2d ) sin
( r
d

)(
b sin

( r
d

)
− 2 cos

( r
d

))
,

2p: R21

( r
d

)
= 2

√
2

3

√√√√b
((
b
2

)2
+ 1
)((

b
4

)2
+ 1
)

(1 − e−πb)
e−b r

2d sin2
( r
d

)
, (37)

• second excited state σ = 3:

3s: R30

( r
d

)
) =

2

9
√
3

√√√√√

(
b
(
b
9

)2
+ 1
)

(
1 − e−2πb

3

) e−b r
3d sin

( r
d

)

(
2

((
b

3

)2
sin2

( r
d

)
− b sin

( r
d

)
cos
( r
d

)
+ cos2

( r
d

))
− 1

)
,

3p: R31

( r
d

)
=

(
2

3

) 3
2

√√√√b
((
b
3

)2
+ 1
)((

b
9

)2
+ 1
)

(1 − e−2πb
3 )

e−b r
3d sin2

( r
d

)

(
b sin

( r
d

)
− 6 cos

( r
d

))
,

3d: R32

( r
d

)
= 4

√
2

15

√√√√b
((
b
3

)2
+ 1
)((

b
6

)2
+ 1
)((

b
9

)2
+ 1
)

(1 − e−2πb
3 )

e−b r
3d sin3

( r
d

)
.

In Figs. 5 we display as an illustrative example the wave functions for the first
two σ levels.

4 Discussion and concluding remarks

In this work we made the case that the trigonometric Rosen-Morse potential with
the csc2 term being reinterpreted as a non-standard centrifugal barrier provides
quantum numbers and level splittings of same dynamical O(4) patterns as ob-
served within the SU(2)I × O(4) classification scheme of baryons in the light
quark sector. Due to local O(4) ∼ O(1, 3) isomorphism, the potential

(
K
2
, K
2

)
⊗

[
(
1
2
, 0
)
⊕
(
0, 1
2

)
] levels have as a relativistic image the covariant field theoretical

high-spin degrees of freedom, ψµ1...µK
.
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(a) (b)

Fig. 4. The cot
`

r
d

´

potential with the physical centrifugal barrier (left) and the non-
standard one (right).

(a) (b)

Fig. 5. Wave functions for σ = 1, l = 0 (left) and σ = 2, l = 0, 1 (right).

We presented exact energies and wave functions of a particle within the above
potential and in so doing put it on equal algebraic footing with the harmonic
oscillator and/or the Coulomb potentials of wide spread. In this fashion,

• an element of covariance was brought into the otherwise non-covariant po-
tential picture,

• the algebraic Hamiltonian in Eq. (6) describing the O(4) degeneracy in the
N and ∆ spectra was translated into a potential model of same dynamical
symmetry.
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The O(4) degeneracy of the N and ∆ spectra seem to speak in favor of quark-
diquark as leading configurations of resonance structures. Yet, form factors are
known to be more sensitive to configuration mixing effects and may require in-
clusion of genuine three quark configurations. As long as the tRMP shape cap-
tures the essential traits of the quark-gluon dynamics of QCD, we here consider
it as a promising candidate for a realistic common quark potential that is worth
being employed in the calculations of spectroscopic properties of non-strange res-
onances.
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Abstract. Theoretical understanding of experimental results from relativistic heavy-ion
collisions requires a microscopic approach to the behavior of QCD n-point functions at
finite temperatures, as given by the hierarchy of Dyson-Schwinger equations, properly
generalized within the Matsubara formalism. The technical complexity of related finite-
temperature calculations however mandates modeling. We present a model where the
QCD interaction in the infrared, nonperturbative domain, is modeled by a separable form.
Results for the mass spectrum of light quark flavors at finite temperature are presented.

1 Introduction

While the experiments at RHIC [1,2] advanced the empirical knowledge of the
hot QCD matter dramatically, the understanding of the state of matter that has
been formed is still lacking. For example, the STAR collaboration’s assessment
[2] of the evidence from RHIC experiments depicts a very intricate, difficult-to-
understand picture of the hot QCD matter. Among the issues pointed out as im-
portant was the need to clarify the role of quark-antiquark (qq̄) bound states con-
tinuing existence above the critical temperature Tc, as well as the role of the chiral
phase transition.

Both of these issues are consistently treated within the Dyson-Schwinger
(DS) approach to quark-hadron physics. Dynamical chiral symmetry breaking
(DChSB) as the crucial low-energy QCD phenomenon is well-understood in the
rainbow-ladder approximation (RLA), a symmetry preserving truncation of the
hierarchy of DS equations. Thanks to this, the QCD low energy theorems are ful-
filled and the behavior of the chiral condensate and pion mass and decay constant
are in accord with the Gell-Mann–Oakes–Renner relation, i.e. the Goldstone the-
orem.

For recent reviews of the DS approach, see, e.g., Refs. [3,4], of which the first
[3] also reviews the studies of QCD DS equations at finite temperature, started
in [5]. Unfortunately, the extension of DS calculations to non-vanishing temper-
atures is technically quite difficult. This usage of separable model interactions
greatly simplifies DS calculations at finite temperatures, while yielding equiva-
lent results on a given level of truncation [6,7]. A recent update of this covariant
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separable approach with application to the scalar σ meson at finite temperature
can be found in [8]. Here, we present results for the quark mass spectrum at zero
and finite temperature, extending previous work by including the strange flavor.

2 The separable model at zero temperature

The dressed quark propagator Sq(p) is the solution of its DS equation [3,4],

Sq(p)−1 = iγ · p+ m̃q +
4

3

∫
d4`

(2π)4
g2Deff

µν(p− `)γµSq(`)γν , (1)

while the qq̄ ′ meson Bethe-Salpeter (BS) bound-state vertex Γqq̄ ′(p, P) is the so-
lution of the BS equation (BSE)

−λ(P2)Γqq̄ ′(p, P) =
4

3

∫
d4`

(2π)4
g2Deff

µν(p− `)γµSq(`+)Γqq̄ ′(`, P)Sq(`−)γν , (2)

whereDeff
µν(p− `) is an effective gluon propagator modeling the nonperturbative

QCD effects, m̃q is the current quark mass, the index q (or q ′) stands for the quark
flavor (u, d or s), P is the total momentum, and `± = ` ± P/2. The chiral limit is
obtained by setting m̃q = 0. The meson mass is identified from λ(P2 = −M2) = 1.
Equations (1) and (2) are written in the Euclidean space, and in the consistent
rainbow-ladder truncation.

The simplest separable Ansatz which reproduces in RLA a nonperturbative
solution of (1) for any effective gluon propagator in a Feynman-like gauge
g2Deff

µν(p− `)→ δµνD(p2, `2, p · `) is [6,7]

D(p2, `2, p · `) = D0F0(p2)F0(`2) +D1F1(p2)(p · `)F1(`2) . (3)

This is a rank-2 separable interaction with two strength parameters Di and cor-
responding form factors Fi(p2), i = 1, 2. The choice for these quantities is con-
strained to the solution of the DSE for the quark propagator (1)

Sq(p)
−1 = iγ · pAq(p2) + Bq(p

2) ≡ Z−1
q (p2)[iγ · p +mq(p

2)] , (4)

where mq(p2) = Bq(p2)/Aq(p
2) is the dynamical mass function and Zq(p2) =

A−1
q (p2) the wave function renormalization. Using the separable Ansatz (3) in

(1), the gap equations for the quark amplitudes Aq(p2) and Bq(p2) read

Bq(p2) − m̃q =
16

3

∫
d4`

(2π)4
D(p2, `2, p · `) Bq(`2)

`2A2q(`2) + B2q(`2)
= bqF0(p2) , (5)

[
Aq(p

2) − 1
]

=
8

3p2

∫
d4`

(2π)4
D(p2, `2, p · `) (p · `)Aq(`2)

`2A2q(`2) + B2q(`2)
= aqF1(p2) . (6)

Once the coefficients aq and bq are obtained by solving the gap equations (5) and
(6), the only model parameters remaining are m̃q and the parameters of the gluon
propagator, to be fixed by meson phenomenology.
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3 Extension to finite temperature

The extension of the separable model studies to the finite temperature case, T 6=
0, is systematically accomplished by a transcription of the Euclidean quark 4-
momentum via p→ pn = (ωn,p), where ωn = (2n + 1)πT are the discrete Mat-
subara frequencies. In the Matsubara formalism, the number of coupled equa-
tions represented by (1) and (2) scales up with the number of fermion Matsubara
modes included. For studies near and above the transition, T ≥ 100 MeV, using
only 10 such modes appears adequate. Nevertheless, the appropriate number can
be more than 103 if the continuity with T = 0 results is to be verified. The ef-
fective q̄q interaction will automatically decrease with increasing T without the
introduction of an explicit T -dependence which would require new parameters.

The solution of the DS equation for the dressed quark propagator now takes
the form

S−1
q (pn, T) = iγ · p Aq(p2n, T) + iγ4ωn Cq(p2n, T) + Bq(p2n, T), (7)

where p2n = ω2n + p 2 and the quark amplitudes Bq(p2n, T) = m̃q + bq(T)F0(p2n),
Aq(p

2
n, T) = 1 + aq(T)F1(p2n), and Cq(p2n, T) = 1 + cq(T)F1(p2n) are defined by

the temperature-dependent coefficients aq(T),bq(T), and cq(T) to be determined
from the set of three coupled non-linear equations

aq(T) =
8D1

9
T
∑

n

∫
d3p

(2π)3
F1(p2n) p 2 [1 + aq(T)F1(p2n)] d−1

q (p2n, T) , (8)

cq(T) =
8D1

3
T
∑

n

∫
d3p

(2π)3
F1(p2n)ω2n [1 + cq(T)F1(p2n)] d−1

q (p2n, T) , (9)

bq(T) =
16D0

3
T
∑

n

∫
d3p

(2π)3
F0(p2n) [m̃q + bq(T)F0(p2n)] d−1

q (p2n, T) . (10)

The function dq(p2n, T) is the denominator of the quark propagator Sq(pn, T), and
is given by

dq(p2n, T) = p 2A2q(p2n, T) +ω2nC
2
q(p2n, T) + B2q(p2n, T). (11)

The procedure for solving gap equations for a given temperature T is the
same as in T = 0 case, but one has to control the appropriate number of Matsubara
modes as mentioned above.

4 Confinement and Dynamical Chiral Symmetry Breaking

If there are no poles in the quark propagator Sq(p) for real timelike p2 then there
is no physical quark mass shell. This entails that quarks cannot propagate freely,
and the description of hadronic processes will not be hindered by unphysical
quark production thresholds. This sufficient condition is a viable possibility for
realizing quark confinement [7]. A nontrivial solution for Bq(p2) in the chiral
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limit (m̃0 = 0) signals DChSB. There is a connection between quark confine-
ment realized as the lack of a quark mass shell and the existence of a strong
quark mass function in the infrared through DChSB. The propagator is confin-
ing if m2q(p2) 6= −p2 for real p2, where the quark mass function is mq(p2) =

Bq(p2)/Aq(p
2). In the present separable model, the strength bq = Bq(0), which

is generated by solving Eqs. (5) and (6), controls both confinement and DChSB.
At finite temperature, the strength bq(T) for the quark mass function will de-
crease with T , until the denominator (11) of the quark propagator can vanish for
some timelike momentum, and the quark can come on the free mass shell. The
connection between deconfinement and disappearance of DChSB is thus clear in
the DS approach. Also the present model is therefore expected to have a decon-
finement transition at or a little before the chiral restoration transition associated
with b0(T)→ 0.

The following simple choice of the separable interaction form factors,

F0(p2) = exp(−p2/Λ20) , F1(p2) =
1 + exp(−p20/Λ

2
1)

1 + exp((p2 − p20)/Λ
2
1)
,

is used to obtain numerical solutions which reproduce very well the phenomenol-
ogy of the light pseudoscalar mesons and generate an acceptable value for the
chiral condensate.

The resulting quark propagator is found to be confining and the infrared
strength and shape of quark amplitudes Aq(p2) and Bq(p2) are in quantitative
agreement with the typical DS studies. Gaussian-type form factors are used as
a minimal way to preserve these properties while realizing that the ultraviolet
suppression is much stronger than the asymptotic fall off (with logarithmic cor-
rections) known from perturbative QCD and numerical studies on the lattice [9].

5 Results

Parameters of the model are completely fixed by meson phenomenology calcu-
lated from the model as discussed in [7,8]. In the nonstrange sector, we work in
the isosymmetric limit and adopt bare quark masses m̃u = m̃d = 5.5 MeV and in
strange sector we adopt m̃s = 115 MeV. Then the parameter values

Λ0 = 758MeV, Λ1 = 961MeV, p0 = 600MeV, (12)

D0Λ
2
0 = 219 , D1Λ

4
1 = 40 , (13)

lead, through the gap equation, to au,d = 0.672, bu,d = 660 MeV, as = 0.657 and
ba = 998 MeV i.e., to the dynamically generated momentum-dependent mass
functionsmq(p2) shown in Fig. 1. In the limit of high p2, they converge to m̃u and
m̃s. However, at low p2, the values of mu(p2) are close to the typical constituent
quark mass scale ∼ mρ/2 ∼ mN/3 with the maximum value at p2 = 0, mu(0) =

398 MeV. The corresponding value for the strange quark is ms(0) = 672 MeV.
Thus, Fig. 1 shows that in the domain of low and intermediate p2 <∼ 1 GeV2, the
dynamically generated quark masses have typical constituent quark mass values.
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Fig. 1. The p2 dependence (at T = 0) of the dynamically generated quark masses
ms(p

2),mu(p2) for, respectively, the strange and the (isosymmetric) nonstrange case.

Thus, the DS approach provides a derivation of the constituent quark model [10]
from a more fundamental level, with the correct chiral behavior of QCD.

Obtaining such dynamically generated constituent quark masses, as previ-
ous experience with the DS approach shows (see, e.g., Refs. such as [3,4,10]), is
essential for reproducing the static and other low-energy properties of hadrons,
including decays. (We would have to turn to less simplified DS models for incor-
porating the correct perturbative behaviors, including that of the quark masses.
Such models are amply reviewed or used in, e.g., Refs. [3,4,10,11], but addressing
them is beyond the present scope, where the perturbative regime is not impor-
tant.)

The extension of results to finite temperatures is given in Figs. 2, 3. Very
important is the temperature dependence of the chiral-limit quantities B0(0)T and
〈qq̄〉0(T), whose vanishing with T determines the chiral restoration temperature
TCh. We find TCh = 128 MeV in the present model.

The temperature dependences of the functions giving the vector part of the
quark propagator, Au,s(0)T and Cu,s(0)T , are depicted in Fig. 4. Their difference
is a measure of the O(4) symmetry breaking with the temperature T .

The presented model, when applied in the framework of the Bethe-Salpeter
approach to mesons as quark-antiquark bound states, produces a very satisfac-
tory description of the whole light pseudoscalar nonet, both at zero and finite
temperatures [12].
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The temperature dependence of the chiral quark-antiquark condensate, −〈qq̄〉1/30 , is also
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12. D. Blaschke, D. Horvatić, D. Klabučar and A. E. Radzhabov, Zagreb University
preprint ZTF-06-10-1.



BLED WORKSHOPS
IN PHYSICS
VOL. 7, NO. 1

Proceedings of the Mini-Workshop
Progress in Quark Models (p. 27)

Bled, Slovenia, July 10-17, 2006

Bosonic contractions

William H. Klink

Department of Physics and Astronomy University of Iowa, Iowa City, Iowa

1 Introduction

In point form field theory all interactions are in the four-momentum operator and
Lorentz transformations are kinematic. Interactions are introduced via vertices,
products of local free fields, which are integrated over the forward hyperboloid
to give the interacting four-momentum operator. The natural variable that arises
in point form is the four-velocity, the four-momentum divided by the bare mass
of underlying constituents; to make a point form field theory discrete, it is the
four-velocity that is made discrete [1].

The four-momentum operator Pµ is written as the sum of free and interacting
four-momentum operators, Pµ = Pµ(fr) + Pµ(I). To guarantee the relativistic
covariance of the theory, it is required that

[Pµ, Pν] = 0, (1)
UΛP

µU−1
Λ = (Λ−1)µνP

ν, (2)

where UΛ is the unitary operator representing the Lorentz transformation Λ.
These ”point form” equations [2], in which all of the interactions are in the four-
momentum operator and the Lorentz transformations are kinematic, lead to the
eigenvalue problem

Pµ|Ψp > = pµ|Ψp >, (3)

where pµ is the four-momentum eigenvalue and |Ψp > the eigenvector of the
four-momentum operator, which acts in generalized fermion-antifermion-boson
Fock spaces. Then the physical vacuum and physical bound and scattering states
should all arise as the appropriate solutions of the eigenvalue Eq.(3). What is un-
usual in Eq.(3) is that the momentum operator has interaction terms. But since
the momentum and energy operators commute and can be simultaneously di-
agonalized, they have common eigenvectors. One of the important properties of
the point form is that the Lorentz generators have no interactions, so that global
Lorentz transformations on operators and states are easily written out.

With the exception of QCD and gravitational self couplings, all of the funda-
mental particle interactions have the form of bilinears in fermion and antifermion
creation and annihilation operators times terms linear in boson creation and anni-
hilation operators. For example QED is a theory bilinear in electron and positron
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creation and annihilation operators and linear in photon creation and annihila-
tion operators. The well-known nucleon-antinucleon-meson interactions are of
this form as are the weak interactions. These interactions differ of course in the
way the fermions are coupled to the bosons, including the way in which internal
symmetries are incorporated. An exception is QCD, where due to the SU(3)color
symmetry which generates gluon self coupling terms, the gluon sector is no longer
linear in creation and annihilation operators. The other exception occurs with
gravitons; since they carry energy and momentum, they also can couple to them-
selves.

If a†, b† and c† denote respectively, fermion, antifermion and boson creation
operators, the aforementioned trilinear interactions can all be written as (a† +

b)(a+b†)(c†+c), while the ”relativistic energy” terms are of the form a†a−bb†+

c†c. Written in this way the fermion-antifermion bilinears a†a, bb†, a†b†, and ba
close to form a Lie algebra which is related to the the Lie algebra of the unitary
groups. Similarly the boson operators c†c, c† and c close to form a Lie algebra
related to the semidirect product of unitary groups with the Heisenberg group.
Then the aforementioned trilinear interactions can all be viewed as products of
these two Lie algebras; some concluding remarks will be made about generaliza-
tions to QCD.

One of the main problems that arises in trying to solve continuum field the-
ory eigenvalue equations such as Eq.(3) is that the interacting four-momentum
operator takes elements out of the generalized fermion-antifermion-boson Fock
space. Difficulties arise in three ways, from the infinite Lorentz volume, from the
possibility of creating infinite numbers of bare fermion-antifermion pairs, and
from the possibility of creating infinite numbers of bare bosons. If the number of
fermion-antifermion modes is made finite, the first two kinds of problems dis-
appear. As shown in reference [1], for a finite number of modes, N, there is an
underlying fermion-antifermion symmetry generated by the Lie algebra of the
group U(2N).

But even with a finite number N of modes, it is still possible to have indef-
initely large numbers of bare bosons in each mode. To keep the number of bare
bosons finite, the algebra of bosonic operators, the semidirect product of unitary
with Heisenberg algebras, will be given as a contraction limit of unitary algebras;
before the contraction limit is taken, the number of bare bosons in any mode is
finite. Then the eigenvalue problem, Eq.(3) becomes a problem in diagonalizing
matrices. The maximum number of bare bosons is controlled by a number M,
which, going to infinity as the contraction parameter goes to zero, gives the full
boson algebra.

For theories like QCD there are also boson self coupling terms. In that case
the c†c terms in the free four-momentum operator are supplemented by the self
energy terms. But the boson contraction limit is still valid with these self coupling
terms, only now, of course, the matrices to be diagonalized are more complicated.

Consider then the Hamiltonian

H = m

N∑

i=1

(ei(a
†
iai − bib

†
i + κc

†
ici) + αA(Xi)ci + αA(X

†
i)c

†
i) (4)
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resulting from making the number of four-velocity modes finite; the first two
terms in Eq.(4) give the discrete version of the fermion-antifermion relativistic
energy. That is, the free fermionic relativistic four-momentum can be written in
terms of the four-velocity as m

∫
d3v
v0
vµa

†
vav, where v = p

m
is the four-velocity, p

the four-momentum (v ·v := v20−v ·v = 1) andm is the bare mass of the fermions
(spin and internal symmetry labels are suppressed here). When the four-velocity
is made discrete and finite (with a total of N modes), for µ = 0 the free relativistic
energy, with ei =

√
1 + vi · vi, takes the form given in the first term in Eq.(4).

The bare mass κm of the bosons need not be the same as the bare mass m
of the fermions. κ is a dimensionless constant relating the boson bare mass to
the fermion bare mass. Similarly α is a bare dimensionless coupling constant
giving the strength of the trilinear vertex. A(Xi) :=

∑2N
µ,ν=1A

†
µXµν(i)Aν, with

A
†
µ = (a

†
i , bi), generates the four fermion bilinears a†a, a†b†, bb†, and ba, which

form the basis for a fermionic Lie algebra related to the group U(2N). Xµν(i)
is a matrix coupling the four fermion-antifermion bilinears to the bosons and
depends on the nature of the coupling (for example, electromagnetic or pion-
nucleon coupling). The antifermion relativistic energy is written as bb† rather
than in the usual normal order because it is an element of the U(2N) Lie algebra.

The goal is to find the eigenvectors and eigenvalues of H for finite N and
then investigate the limit as N goes to infinity. But even for finite N, there can be
indefinitely many bosons in each mode. The goal of this contribution to the Bled
2006 Workshop is to sketch how to make the number of bosons in each mode
finite, and then recover the infinite number of bosons limit by Lie algebra con-
traction[3].

2 Bosonic Contractions

Consider the bosonic Lie algebra consisting of the creation and annihilation oper-
ators, c†i , ci. Adjoin to this the elements Lij := c

†
icj (which itself generates a U(N)

Lie algebra), so that the commutation relations of the four types of elements are

[Lij, c
†
k] = c

†
iδjk (5)

[Lij, ck] = −ciδjk (6)
[Lij, I] = 0 (7)
[ci, c

†
j ] = Iδij (8)

[ci, I] = 0 (9)

The commutation relations are those of the semidirect product of the unitary al-
gebra with the Heisenberg algebra, and the elements are those appearing in the
bosonic part of the Hamiltonian, Eq.(4).

Actually, only the diagonal parts of Lij occurs in Eq.(4), so each mode can be
treated separately:
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[L, c†] = c† (10)
[L, c] = −c (11)

[c, c†] = I, (12)

which is the usual harmonic oscillator algebra for each mode (all other commu-
tators are zero).

Consider next a U(2) Lie algebra, with elements J1, J2, and J± and the follow-
ing commutation relations:

[J1, J2] = 0 (13)
[J1, J±] = ±J± (14)
[J2, J±] = (−) ± J± (15)
[J−, J+] = J2 − J1 (16)

Now modify the basis of this Lie algebra by defining
J̃± := ρJ± and J̃2 := ρ2J2, with ρ a positive number; then the Lie algebra becomes

[J1, J̃2] = 0 (17)
[J1, J̃±] = ±J̃± (18)
[J̃2, J̃±] = ±(−ρ2)J̃± (19)
[J̃−, J̃+] = J̃2 − ρ2J1 (20)

(21)

In the contraction limit when ρ → 0 this Lie algebra agrees with the one mode
bosonic algebra (J̃2 plays the role of the identity operator in this contraction)

Consider next a concrete realization of the U(2) Lie algebra, with

J1 → z
∂

∂z

J2 → w
∂

∂w

J+ → z
∂

∂w

J− → w
∂

∂z

on the holomorphic Hilbert space of two complex variables[4]. Then the bosonic
representations of the Lie algebra of U(2), labelled (M,0), are the homogeneous
polynomials of degree M, with an orthonormal basis given by |M,n >= znwM−n√

n!(M−n)!
.

In order that such a basis be holomorphic, the total number of bosons in any mode
is restricted by M. Further

J̃+|M,n > =
ρ(M − n)z(n+1)w(M−n−1)

√
n!(M− n)!

=
√
n + 1

√
ρ2(M − n)|n + 1 > . (22)
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When M → ∞, ρ → 0 such that Mρ2 = 1, the usual boson calculus result is
recovered.

To see how such contraction limits are used to solve eigenvalue problems,
consider the simple example of a one mode Hamiltonian. For one mode the sums
in Eq.(4) reduce to one term. If now in the one mode Hamiltonian the bosonic
operators are replaced by their U(2) algebra analogs, the following matrix eigen-
value problem results:

H|Ψ > = λ|Ψ >, (23)
H = a†a− bb† + κJ1 + αA(X)J− + αA(X†)J+; (24)

|Ψ > = f1(J+)a†b†|0 > +f2(J+)|0 >, (25)

fµ(J+) =

M∑

n=0

f(n)
µ (J+)n; (26)

here the f’s are coefficients to be determined from the eigenvalue problem and
µ = 1, 2. The J’s act on the M+1 dimensional boson space with basis given in
Eq.(22). If Eqs.(24), (25), and (26) are substituted into Eq.(23), a set of coupled
equations for the f’s results, in which all of the f’s except one can be eliminated.
Choose f(0)µ (amplitude for finding no bare bosons); then the resulting contin-
ued fraction ( or iterated resolvent[5]) solution to the eigenvalue equation has the
form

Ef + X
Mα2

λ− κ − E − X
2(M−1)α2

λ−2κ−E−...
X†
X†f = λf. (27)

Here f := f
(0)
µ and E = diag(1,−1). To bring in the contraction algebra elements,

Eq.(18), it is simply necessary to replace the coupling constant by ρα; then asM→
∞ and ρ→ 0, such that Mρ2 → 1, Eq.(27) tends to the infinite continued fraction
limit, which is the formal solution to the eigenvalue problem of the Hamiltonian
given by Eq.(4) for one mode.

Generalizing to N modes, it follows that boson contraction is equivalent to
truncating an infinite continued fraction series (that is, let α→ ρα so thatMα2 →
Mρ2α2 → α2 when Mρ2 → 1). The value of M determines where the truncation
occurs.

When there is bosonic self-coupling, as with gluons in QCD or gravitons, it
no longer suffices to consider each mode separately, as the self-coupling terms
couple the different modes. In that case the bosonic algebra is the full algebra
given in Eqs.(5) through (9) and is the contraction limit of the Lie algebra of
U(N+1); in this case the representations are the so-called symmetric represen-
tations [4], written (M,0...0), with M again controlling the maximum number of
bosons. The analysis of U(N+1), its symmetric representations, and how the Lie
algebra contracts to the full bosonic algebra will be discussed in a future paper
dealing with the QCD Hamiltonian.
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Abstract. New, s-channel electromagnetic isoscalar currents in theNN system induced by
intermediate dressed six-quark dibaryon are introduced and discussed with application
to some observables in deuteron. Among these a special attention has been paid to the
deuteron magnetic moment, magnetic form factor B(Q2) in the area of diffraction min-
imum and the circular polarization of the γ-quanta in the process np → dγ at thermal
neutron energies which could not been explained previously within the framework of the
traditional NN force models based on the meson exchange concept. The isoscalar current
in NN system has been shown to provide a new nontrivial window to the low-energy
QCD, which is free from many complications of high-energy physics.

1 Modern puzzles in electromagnetic structure of NN system

From the first glance it appears that the electromagnetic structure of NN sys-
tem (including deuteron) have been explored and understood in preceding years
quite well. Almost all of the respective theoretical results have been obtained
within conventional meson-exchange models for nuclear force and electromag-
netic currents (including one-, two- and three-body currents) [1-5]. However more
careful and detailed analysis of the field discloses immediately that many mod-
ern experimental data still cannot be interpreted consistently and without ar-
bitrary assumptions. It concerns especially with the interpretation of the spin-
polarization observables. To be definite, we point here to a few most evident dis-
agreements:

(i) Precise recent calculation [6] for the deuteron magnetic moment µd with in-
clusion of the pair currents and relativistic effects has led to a strong dis-
agreement with well known experimental result, i.e. µtheor = 0.8875 n.m. vs.
µexp = 0.85744 n.m.

(ii) The photon-induced spin polarization, Pγ, of emitted neutron in low-energy
deuteron photo-disintegration d(γ,n)p calculated very recently [7] with in-
corporation of all basic pair-current contributions revealed surprisingly large
deviation from respective experiment. Moreover, inclusion of the MEC con-
tributions even renders the disagreement larger [7].

? Talk delivered by V. Kukulin
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(iii) Cross sections and vector analyzing powers in bremsstrahlung pp → ppγ

process at Ep ≥ 190 MeV in the kinematical region where relative energy of
two-proton pair in final state is minimal [8]. This kinematics corresponds to
the condition when γ-quantum is emitted into most backward direction. The
authors [8] examined carefully all the basic MEC contributions and found no
resources to improve the amount of disagreement which reaches as large as
60 – 100%!

(iv) There are still two older unsolved problems in the field, these are the deuteron
magnetic form factor B(q2) in the region near its diffraction minimum (q2m ∼

2 GeV2), and
(v) The circular polarization, Pγ, of γ-quanta emitted in radiative capture of spin-

polarized neutrons in hydrogen at thermal energies n + p → d + γ [9]. The
experimental data for the latter quantity could not be explained within con-
ventionalNN force models [10], disagreement with the data are being around
50%.

It should be emphasized that the above puzzles seems to be well within the scope
of applicability of the basic non-relativisticNN potential models (with some pos-
sible minor relativistic corrections [6]. All these puzzles look to be hardly remov-
able within conventional NN force and current models. Moreover, all the above
puzzles are intimately related to the nature of short-range NN interaction which
is still poorly understood up to date. So that the most radical and natural way
to resolve the puzzles seems to replace the conventional Yukawa-like mechanism
used in conventional force and current models used in description of the short-
and intermediate-range NN interaction with some basically different model. Such
a different concept for intermediate- and short-rangeNN interaction has been de-
veloped by our joint group from Moscow and Tübingen universities [11-15].

2 Dibaryon model for intermediate- and short-range nuclear
force and new s-channel currents in NN system

The dibaryon model has already been discussed in full detail in refs. [14,15] (see
also the previous Workshops of this series [16]), so that we present here only a
short sketch of the model. According to the model, the intermediate- and short-
rangeNN interaction is described by the diagram in Fig. 1:

σ,π,ρ σ,π,ρN

N

N

N

N

N

N

N

���
���
���

���
���
���

�����
�����
�����

���
���
���

bare dressed
dibaryon dibaryon

Fig. 1. Intermediate- and short-rangeNN interaction in the model.
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where the intermediate six-quark bag dressed with a scalar σ-meson and prop-
agating in s-channel plays a dominant role in the intermediate-range attraction.
This s-channel graph replaces the conventional t-channel σ-exchange which has
been demonstrated recently [17] to lead to a strong NN repulsion rather than inter-
mediate-range attraction as has been assumed a long time in all conventional NN
potential models [1-3]. In fact, the above s-channel dibaryon model describes
the QCD string of color field with multiquark clusters at its ends. In general,
this string may vibrate and rotate and can be described quite well by a relativis-
tic (Dirac) or even non-relativistic oscillator with size of the quantum of energy
~ω ' 350 MeV [15].

The respective NN-potential, which has been derived from this picture, may
have relativistic or non-relativistic form and in both cases are highly non-local
and energy-dependent [14,15]. In general case, when the NN collision energy is
well above 1 GeV one should take into account a few excited states of the string
and the respective NN “potential” includes a few separable terms each of those
being corresponds to one excited string state [15]. In the low-energy case ENN <
1GeV the inclusion of 2~ω-states will be quite sufficient to describeNN scattering
amplitudes, and thus we get two-term separable potential (e.g. for uncoupled
1S0-channel):

VNqN(q,q ′;E) = g00(q)λ0g00(q ′) + g22(q)λ2(E)g22(q ′),

where λ0 →∞ while λ2(E) corresponds to the dressed dibaryon propagator and
taken from loop integral shown in Fig. 1 [14,15] and the potential form factors
gmn(q) are the harmonic oscillator wave functions (relativistic or nonrelativistic).

The enhancement of the scalar field in the symmetric six-quark configuration
s6[6]X implies some rearrangement of quark-gluon fields in the region where two
nucleons are totally overlapping. The emergence of a strong scalar-isoscalar field
in the six-quark bag induces automatically an isoscalar exchange current in the
multi-quark system.

The σ-meson loops originate mainly from “non-diagonal” transitions from
the mixed-symmetry 2~ω-excited configurations |s4p2[fX][fCS]〉 to the unexcited
fully symmetric configuration |s6[6X]〉 in the six-quark system with emission of a
(virtual or real) σ-meson. In turn, the strongly attractive interaction between the
scalar-isoscalar σ-field and the multi-quark bag results in an enhancement of the
very short-range diquark attractive correlations in the multi-quark system. Thus,
as a net result of all these highly non-linear effects the mass of the intermediate
dibaryon surrounded by the σ-field gets much lower as compared to the respec-
tive bare dibaryon.

This picture of the 6q-bag dressing (associated with the emergence of scalar-
isoscalar field) is similar to the 3q-bag dressing for Roper resonance (B.Golli,
S.Sirča). The scalar interaction can be presented not only through the σ-meson
exchange but also through a quark confinement or another force including even
the four-quark instanton-induced interaction of t’Hooft’s type (Fig. 2) [18].
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Fig. 2. Graphical illustration for NN → DB transition in terms of quark microscopic
model. The double-dashed line denotes some scalar exchange which can induce the
NN→ DB transition.

In six-quark microscopic model with above scalar exchange the transition
operator VNq can be written in the form

VNq =

3∑

i=1

6∑

j=4

g2svs(rij), (1)

where vs(rij) is a scalar qq interaction. This operator should be substituted into
the transition matrix element (2) - see below. The particular form of the scalar
operator (1) and its origin are not significant here. The DBS-induced effectiveNN
interaction generated by the scalar-exchange transition operator can be rewritten
in the following constrained form:

VNqN(r, r′;E) '
∑

ff′

{〈N(123)|〈N(456)|}|s4p2{f}〉 〈s4p2{f}|VNq|s6[6]X〉GDB(E)

×〈s6[6]X|VNq|s
4p2{f′}〉 〈s4p2{f′}| {|N(123)〉|N(456)〉} (2)

where {〈N(123)|〈N(456)|} | s4p2{f}〉 = Cf ϕ2S(r).
The nucleon wave function N(ijk) in such an approach is described by the

pure s3 configuration of the CQM,

|N(123)〉 = |s3[3]X{fST}〉 = ψN(ρ1, ρ2)|[2
3]C[3]ST 〉 ,

whereψN(ρ1, ρ2) = Nexp
[
− 1
2b2 (ρ21/2+ 2ρ22/3)

]
, the parameter b being the scale

parameter of the CQM, with b ' 0.5 - 0.6 fm; the relative coordinates are ρ1 =

r1 − r2 and ρ2 = (r1 + r2)/2 − r3.
Then, using the 2S function for the transition NN → DB vertex, i.e. substi-

tuting ϕ(r) = ϕ2S(r), one gets in our simple ansatz Eq. (1) using the qq pair
interaction vs(rij) the transition matrix element:

〈NN(s4p2)|VNq|DB(s6)〉 = g2s 〈v〉ϕ2S(r), and λ(E) = g4s 〈v〉2GDB(E), (3)

where 〈v〉 is a superposition (with the algebraic coefficientsCf) of the quark shell-
model transition matrix elements 〈s4p2|∑3

i=1

∑6
j=4 vs(ij)|s

6〉.
As a result, the total wavefunction of the two-nucleon system Ψtot is defined

in the direct sum of two Hilbert spaces HNN ⊕HDB, so that deuteron state in the
dibaryon model reads

|d〉 =

(
cos θNq|d(NN)〉

sin θNq|DB〉

)
, (4)
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where the mixing angle θNq is calculated on the basis of coupled channel equa-
tions [14,15] with the transition operator VNq taken as a coupling potential.

The modeling of the NN → DB transition by scalar exchanges between
quarks makes it possible to consider the “contact” γNN → DB vertices in terms
of CQM with the minimal electromagnetic interaction of the constituent quarks, i.e.
with the quark current

jµq(q) =

6∑

i=1

êiFq(q2)ū(p′i)γ
µ
i u(pi),

where q = p′−p, êi = 1
6
+1
2
τ

(i)
z and Fq(q2) is a form factor of the constituent quark

which is important only at intermediate momentum transfer Q2 & 1 GeV2/c2.
Here Fq(Q2) = 1/(1 + Q2/Λ2q), where the parameter Λq is expected to be con-
strained by the chiral symmetry scale Λχ ' 4πfπ ' 1 GeV. In the limit q

0
→ 0,

the singular terms σµνi qνε
(λ)∗
µ mq/(p

′
i ·q) and σµνi qνε

(λ)∗
µ mq/(−pi ·q) cancel each

other in sum Mλ
ij(a)

+Mλ
ij(b)

, so that one obtains in the non-relativistic approxi-
mation q0/mq � 1 the three-dimensional operator

VNqγ =
ieg2s
2mq

3∑

i=1

6∑

j=4

ε(λ)∗ ·
{
vs(k2j )

( q̂ · ki
mq

[σi × q̂] −
[σi × ki]
mq

)

+ vs(k2i )
(

−
q̂ · kj
mq

[σj × q̂] −
[σj × kj]
mq

)}

×(2π)3δ3(pi + pj − p′
i − p′

j − q)

defined on non-relativistic quark wavefunctions of the CQM. This operator de-
scribes the transition between the NN- to the 6q-bag-channel with emission of a
M1 γ-quantum, i.e. a “contact” NN → DB + γ interaction, schematically shown
in Fig. 3.
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N

γ γ γ

N
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N

N

N

N

γ

Fig. 3. Schematic representation of the new electromagnetic currents induced by interme-
diate dibaryon generation.

After integrating over 3q-wavefunctions of both nucleons one gets theNqNγ
(contact) term searched for (as the sum of two graphs, (a) and (b), in the above
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figure)

V
(λ)

NqNγ(q; r, r′) =
eZ

2MN

{
i

[
σp + σn

2
× q

]
· ε(λ)∗GSM(q2)

+i

[
σp − σn

2
× q

]
· ε(λ)∗GVM(q2)

}

×
{
1

q
j1(qr/2)

dϕ2S(r)

dr

λ(E′)

2MN

ϕ2S(r
′) +ϕ2S(r)

λ(E)

2MN

1

q
j1(qr

′/2)
dϕ2S(r

′)

dr′

}
,

where GSM(0) = µp + µn and GVM(0) = µp − µn. Additional factor Z here in-
corporates the possible relativistic effects and quark boost contributions which
should be essential at Q2 ∼ 1 GeV2/c2, and other contact terms with inclusion of
pseudo-scalar and vector-meson exchanges. It is felt that the value Z ≈ 1 ± 0.3 is
reasonable since a precision of 10 - 30% is typical for standard quark model eval-
uations of the hadron magnetic moments. As will be demonstrated below when
choosing a reasonable value Z = 0.7 for a single free constant the above contact
term leads to a considerable improvement in description of the whole isoscalar
magnetic properties of the deuteron.

3 The deuteron magnetic moment and the deuteron magnetic
form factor B(q2)

In our model the deuteron magnetic form factor takes the form:

GdM(q2) =

√
2

3

√
−q2

2MN

{
cos2 θNqG

d
M(NN)(q

2)

+ cos2 θNq µNqNFNqN(q2) + sin2 θNq µs6Fs6(q2)

+2 cos θNq sin θNq µs6−s4p2Fs6−s4p2(q2)
}
,

where the first term in the brackets represents the purely nucleonic current con-
tribution while the second one corresponds to the isoscalar component of contact
NN⇔ NNγ vertex

µNqNFNqN(q2) = GSM(q2) 2Z

∫∞

0

∫∞

0

drdr′u(r)u(r′)ϕ2S(r)
λ(0)

2MN

j1(qr
′/2)

q

dϕ2S(r
′)

dr′
.

Here, FNqN(0) = 1 by definition and thus the value µNqN is equal to that of right-
hand side integral at q = 0. As a result, the dressed bag gives a real contribution
to the deuteron magnetic moment only due to contact NN ⇔ NNγ-vertex, and
this contribution is equal to

∆µDBd = cos2 θNq µNqN.

In all the present calculations for the deuteron magnetic moment and the struc-
ture function B(q2) the published parameters of the Moscow-Tübingen (MT)NN-
model have been employed [14]. These parameters allow to fit the NN phase
shifts in the very large energy interval 0 - 1000 MeV. The mixing parameter θNq
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calculated with the MT model is sin θNq = −0.13886. The sum of the single-
nucleon and bare 6q-bag contributions to the deuteron magnetic moment amounts
to µd = cos2 θNq µd(NN) + sin2 θNq µd(6q) = 0.8489n.m. Then we should add
the NN ⇐⇒ NNγ contact term contribution to this value. With Z = 0.7 one can
reproduce exactly the deuteron magnetic moment, so that we fix it for all our sub-
sequent calculations. We consider the accurate experimental value for this quan-
tity as a stringent test for any new isoscalar current contribution. Further, with
the fixed renormalization constant as above we calculate the deuteron magnetic
form factor B(q2) and the circular polarization Pγ in n + p → d + γ process. We
display the results of these calculations for B(q2) in Fig. 4. It is evident from the
figure that the contribution of new isoscalar current makes it possible to describe
quantitatively the B(q2) behaviour in all area of transfer momenta q measured
up to date.

0 2 4 6 8 10
Q, fm-1

10-10
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10-6

10-4

10-2

B

NN (M-T)
NN+6q
NN+DB
JLab
Saclay
SLAC

Fig. 4. The structure function B(Q) of elastic e-d scattering. The impulse approximation
(IA) result for the Moscow-Tübingen potential model is shown by the dashed line. The
sum of IA and the diagonal (s6 → s6) and non-diagonal (s6 → s4p2) bare 6q-contributions
is shown by the dotted line. The total contribution of the IA+ bare dibaryon + DB (con-
tact term) contribution is represented by the solid line. The data are taken from (Saclay),
(SLAC) and (JLab).
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4 The n + p → d + γ reaction cross section and γ-quantum
circular polarization

The total np → dγ reaction cross section for unpolarized neutrons can be ex-
pressed through the respective amplitudes in the following way

σtot
unpol =

mn

pn
α|q|

q 2
4m2N

4π

3

∑

MM′

∑

λ=±1

[
|M1

(λ)

MM′,I=1|
2 +|M1

(λ)

MM′,I=0|
2 + |E2

(λ)

MM′ |
2
]

The helicity dependent cross section has a form:

σλ(λn) =
mn

pn
α|q|

q 2
4m2N

1

2

∑

λp

∑

M′

∣∣∣∣∣
∑

M

( 1
2
λp 1

2
λn|00)M1

(λ)

MM′,I=1

+( 1
2
λp 1

2
λn|1M)

[
M1

(λ)

MM′,I=0 + E2
(λ)

MM′

]∣∣∣
2

.

where M1(λ)

MM′ and E2(λ)

MM′ are the respective matrix elements. The M1(λ)

MM′,I=0

matrix element includes both the single-nucleon and s-channel new currents while
the M1(λ)

MM′,I=1 and E2(λ)

MM′ elements are related to the nucleonic currents only
(in the present calculation).

Using the above general formulas for the helicity dependent cross sections
one can find the circular polarization Pγ(λn) for the fixed initial values of λn (or
λn,λp)

Pγ(λn) =
σλ=1(λn) − σλ=−1(λn)

σunpol
=

∑
λ=±1

λσλ(λn)

1
2

∑
λn

∑
λ=±1

σλ(λn)
.

It is important to stress, that the dependence of the M1- and E2-transition matrix
elements upon the momentum transfer q in these formulas is rather weak at low
energies and becomes quite significant only for e-d scattering in the region of
moderate and high momenta transfer. The eventual expression for Pγ takes the
form: Pγ(λn) = (−1)1/2+λnPγ with Pγ = 2Re

{
M1total

0 /M11 + E2total
0 /M11

}
.

Table 1. Circular polarization of γ quanta in the n + p→ d + γ reaction

Pγ(M1) Pγ(E2) Pγ(NN) Pγ(DB) Ptotal
γ

Model ·103 ·103 ·103 ·103 ·103
Reid 93 −1.761 0.699 −1.062 0 −1.062

Moscow-Tübingen −1.791 0.657 −1.134 −0.261 −1.395

Experiment −1.5±0.3

The results of Pγ calculation are shown in Table 1 together with comparison
with the similar results found with a conventional NN-force model (RSC93) and
respective experimental value. As it evident from the Table, our parameter-free
calculation gives (in a first time) a good agreement with the experimental result.
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Summarizing all the above material one can conclude that the dibaryon mo-
del for basic NN force leads to a good description for deuteron magnetic prop-
erties at low and high momentum transfer and also to explanation of very tiny
polarization effects in n + p → d + γ process. These facts may serve as strong
additional arguments in favor of the dibaryon model of nuclear force, together
with optimistic results found previously [11-15] with the above model.
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Abstract. Relativistic constituent quark models generally describe three-quark systems
with particular interactions. The corresponding invariant mass eigenvalue spectra and
pertinent eigenstates should exhibit the multiplet structure anticipated for baryon reso-
nances. Taking into account the flavour content, spin structure, and spatial distribution
of the baryon wave functions together with mass relations of the eigenvalues and decay
properties of the eigenstates, we can link the theoretical mass eigenstates with the exper-
imentally measured resonances. The resulting classification of baryon resonances differs
in some respects from the one suggested by the Particle Data Group. With regard to the
hadronic decay widths of light and strange baryon resonances a consistent picture emerges
only, if the classification includes two-star resonances.

1 Introduction

Constituent quark models (CQMs) for light and strange baryons have seen a
number of important new developments over the last few years. Generally, CQMs
are specified by a confining interaction and an interaction responsible for the
hyperfine splitting of the baryon spectra. There has been a number of different
implementations of hyperfine (and confining) interactions, and some prominent
models are based on one-gluon-exchange (OGE) [1], instanton-induced (II) [2,3],
and Goldstone-boson-exchange (GBE) dynamics [4,5].

Recently, we have presented relativistic calculations of π and η decay widths
of N and ∆ resonances within the point-form spectator model (PFSM), and it
has been seen that the experimental data are systematically underestimated [6].
Similar characteristics of these decay widths have been found by the Bonn group
following a completely different relativistic approach, namely with the II CQM in
the framework of the Bethe-Salpeter equation [7,8]. Previous studies of mesonic
baryon decays along CQMs essentially employed nonrelativistic or relativised
methods [9–15]. Our investigations of hadronic decays within the point form
have now been extended to the nonstrange decays of strange resonances [16].
The corresponding decay widths exhibit similar characteristics as the ones in the
light sector [6]. A specific interpretation has been reached with regard to the three
1
2

−
Σ levels produced by CQMs (below 2 GeV): Only the third excitation (in the

GBE CQM) should be identified with the measured Σ(1750) resonance.
? Talk delivered by T. Melde.
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2 Classification in Flavour Multiplets

Motivated by the consistent picture that arose from the PFSM results for hadronic
decay widths we undertook a classification of the mass-operator eigenstates into
flavour multiplets according to their most congruent behaviour of spatial den-
sities, spin as well as flavour content, mass relations, and decay properties. A
natural pattern of flavour multiplets emerges that comprises also experimentally
less well established (i.e., two-star) resonances. The resulting multiplets are sum-
marized in Table 1. In the first column the total spin and parity JP of the flavour
multiplet members are given as well as the total orbital angular momenta L and
total spins S specifying their wave functions in the rest frame. The bold-face en-
tries denote states where our classification differs from the one by the PDG [18],
and the last column refers to the multiplet number according to the classifica-
tion of Guzey and Polyakov [17]. This classification is nearly identical to ours.
The only exception is the Λ(1810), which turns out to be a flavour singlet (with a
percentage of 92%) rather than a flavour octet.

Table 1. Suggested classification of experimentally seen baryons. The last column denotes
the multiplet number according to Guzey and Polyakov [17]. The superscripts denote the
percentages of octet, singlet, and decuplet flavour contributions in the respective states
(specifically in case of the GBE CQM).

(LS)JP #
Octets
(01
2
)1
2

+
N(939)100 Λ(1116)100 Σ(1193)100 Ξ(1318)100 1

(01
2
)1
2

+
N(1440)100 Λ(1600)96 Σ(1660)100 Ξ(1690)

100 3
(01
2
)1
2

+
N(1710)100 Σ(1880)

99 4
(11
2
)1
2

−
N(1535)100 Λ(1670)72 Σ(1560)

94 9
(13
2
)1
2

−
N(1650)100 Λ(1800)100 Σ(1620)

100 14
(11
2
)3
2

−
N(1520)100 Λ(1690)72 Σ(1670)94 Ξ(1820)97 8

(13
2
)3
2

−
N(1700)100 Σ(1940)100 11

(13
2
)5
2

−
N(1675)100 Λ(1830)100 Σ(1775)100 Ξ(1950)

100 12
Singlets
(01
2
)1
2

+
Λ(1810)

92 4
(11
2
)1
2

−
Λ(1405)71 6

(11
2
)3
2

−
Λ(1520)71 7

Decuplets
(03
2
)3
2

+ ∆(1232)100 Ω(1672)100 Σ(1385)100 Ξ(1530)100 2
(03
2
)3
2

+
∆(1600)100 Σ(1690)

99 5
(11
2
)1
2

−
∆(1620)100 Σ(1750)

94 10
(11
2
)3
2

−
∆(1700)100 13
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The PDG suggests a classification of baryons without consideration of one-
and two-star resonances [18]. The proposed scheme closely resembles the one by
Samios et al. [19] postulated already in 1974, when many of the resonances known
today have not yet been confirmed. In the context of modern relativistic CQMs
one learns that also less well established resonances of two-star status should be
included into a classification of flavour multiplets. A prominent example is the
Σ(1750), which is to be identified only with the third 1

2

− excitation in CQMs and
turns out to be in a flavour decuplet.
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Fig. 1. Λ, Σ, Ξ, andΩ spectra for OGE (left) and GBE (right) CQMs.
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The octet states in Table 1 have a pure or very predominant octet flavour
content, with the notable exceptions of theΛ(1670) andΛ(1690); the latter couple
strongly to singlet states. The state Λ(1810) is identified as a (nearly pure) singlet
state in concordance with a recent large-Nc study [20]. The other two singlets
exhibit considerable admixtures of octet contributions, congruent with the singlet
contributions of their partners in the octet multiplets. It should also be noted that
the classification of the Ξ(1950) as JP = 5

2

− is different from a recent one by Zhou
and Ma [21], who classified it as a JP = 3

2

−.
In Fig. 1 we show all the experimental resonance states (shadowed boxes)

employed for the classification of the mass eigenstates produced by the GBE and
OGE CQMs (horizontal lines). Specifically in the Σ excitation spectrum with JP =
1
2

− a natural explanation of the states is found, if in addition to the Σ(1750) also
the two lower lying states are included, which are seen in experiment as two-
star resonances. It is interesting to note that the ordering of the three Σ states
with JP = 1

2

− is different in the two CQMs, namely octet-decuplet-octet for the
OGE and octet-octet-decuplet for the GBE. Only in the Σ spectrum with JP =
3
2

− and the Ξ spectrum with JP = 1
2

−we still observe more theoretical states
than experimentally seen resonances. However, at least in case of the Σ the PDG
expects a resonance in the relevant mass range.

3 Summary

We have investigated the properties of the light and strange baryons obtained
with the relativistic OGE and GBE CQMs. It has been found that the CQMs pro-
vide a high degree of systematics with regard to the spectroscopy: The invariant
mass eigenstates yield a consistent pattern of flavour multiplets. In particular, the
Σ(1750) is identified as a flavour decuplet. Additional two-star resonances can be
interpreted consistently. A new classification is reached differing in some respects
from the one by the PDG [18].

On the other hand, one faces difficulties in the description of baryon reac-
tions. In particular, the predictions of covariant decay widths along the PFSM can-
not explain all of the experimental results. Further relativistic studies are neces-
sary. In particular, investigations on the intricacies of the PFSM construction [22]
might be of further relevance. For a more refined approach the inclusion of ex-
plicit mesonic degrees of freedom appears mandatory. Investigative coupled-
channel calculations in a Poincaré-invariant quantum-mechanical framework ha-
ve already been performed in the meson sector [23,24]. However, the complexity
of this approach still prevents the application to baryons. For including mesonic
degrees of freedom in the description of baryons, a promising first step would
be to take into account appropriate contributions (similar to the ones derived in
Ref. [25]) directly on the baryon-meson level.
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The performance of relativistic constituent quark models in baryon physics
is reviewed. First, the invariant mass spectra of light, strange as well as charmed
baryons are addressed. For the baryons containing only u, d, and s quarks three
types of relativistic constituent quark models existing in the literature are con-
sidered, namely, the ones whose hyperfine interaction is based on one-gluon-
exchange [1], Goldstone-boson-exchange [2], and instanton-induced dynamics
[3]. With regard to charmed baryons it is in particular examined, which kind of
hyperfine interaction between light and heavy (c) quarks is more promising. For
this purpose two variants of extensions of the Goldstone-boson-exchange con-
stituent quark model from the (u,d,s) to the charm sector are examined; the first
one employs one-gluon exchange and the second one Goldstone-boson exchange
between the light and heavy quarks [4]. It is found that both of them are capable
of reproducing the spectra of the charmed baryons as measured hitherto in about
the same quality, and like it is achieved also by the instanton-induced constituent
quark model [5]. Additional experimental data would be necessary in order to
discriminate between different hyperfine interactions for light and heavy quarks.

Subsequently the relativistic predictions for the elastic electroweak structure
of the nucleons and the other light and strange baryon ground states as produced
by the various constituent quark models are discussed. With regard to the one-
gluon-exchange as well as Goldstone-boson-exchange constituent quark models
the covariant results obtained with the current operators of the point-form spec-
tator model are found to be very similar to each other and to the results of the
instanton-induced model (obtained within the Bethe-Salpeter approach) and to
be everywhere in remarkable good agreement with experiments [6,7]. On the
contrary, the analogous results in the instant-form spectator model appear to be
deficient. Neither are they frame-independent nor can they reach a good repro-
duction of experiment.

With regard to hadronic reactions involving baryons we refer to the contri-
butions of B. Sengl and T. Melde in these proceedings [8,9]. Therein, relativistic
results for the π decays of light and strange baryons are discussed, as calculated
with the point-form spectator-model decay operator. From the pattern of mesonic
decays useful conclusions can be drawn on the classification of baryons into fla-
vor multiplets.
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Abstract. The electromagnetic transition form factors from the nucleon to the resonances
are studied in the framework of the hypercentral Constituent Quark Model. Discrepancies
between data and theoretical predictions at lowQ2 are discussed and since, this also seems
to be a common feature of other versions of CQMs, it is shown to lead to conclusions
regarding the lack of degrees of freedom, in particular of explicit effects of quark-antiquark
pairs.

1 Introduction

The fact that QCD equations cannot be solved at the hadronic scale has given rise
to many effective models of the hadrons, such as bag models, constituent quark
models, soliton models etc. , but also to lattice formulation of QCD. Constituent
Quark Models based on the effective degrees of freedom of three constituent
quarks, have been proposed in several versions: the Capstick and Isgur model,
CI, [1], the algebraic U(7)-model, U(7), [2] the hypercentral formulation [3], the
chiral Boson Exchange Model, χ CQM, [4,5] and the Bonn Instanton Model, Bonn
IM [6]. While these models display important and peculiar differences, they have
main features, in common: they all are based on the effective degrees of freedom
of three constituent quarks and on the SU(6) spin-flavour symmetry; they also
contain a long-range linear confining potential and an SU(6)-breaking term, even
though the form and the advocated origin of this last term may be different (as
in the one-gluon-exchange-inspired hyperfine interaction and in the Goldstone
Boson Exchange SU(6)-breaking interaction used in the chiral model). There is
also another limit-class of Constituent Models based on the diquark and quark
effective degrees of freedom, since we can think of the diquark as two correlated
quarks. Recently, a new diquark model has been proposed for which the elec-
tromagnetic transition form factors have also been calculated and have shown
a good power-low behaviour. This is an Interacting Quark-Diquark Model [7]
based on a coulomb plus linear confining potential and an exchange potential. It
has been shown that the presence of a coulomb potential with itsO(4)-dynamical
symmetry not only helps in the reproduction of the experimental spectrum, but
is also responsible for the good power-low behaviour of the electromagnetic form
factors. This limit class model will not be discussed further in this paper.
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2 The CQMs

The experimental 4− and 3−star non-strange resonances can be arranged in
SUsf(6)- multiplets (see Fig. 1). This means that the quark dynamics has a domi-
nant SUsf(6)-invariant part which accounts for the average multiplet energies. In
order to reproduce the spectrum, a model will first of all have to reproduce more
or less the general trend of the averaged SUsf(6) (spin-flavour) multiplets and
then, by means of an SUsf(6)-breaking term, the splitting inside each of them.
Thus, although the different CQMs are quite different, we can, for each of them,
split the potential into an SUsf(6)-invariant part plus an SUsf(6)-breaking term,
which is spin-dependent and can also be flavour-dependent. In the early LQCD
calculations, the presence of a long range spin-flavour independent potential was
already proved [8].

In the various CQM versions, this is realized as follows: in the CI model the
confinement is provided by a three-body term corresponding to a string-like Y-
shaped configuration, while the SU(6)-breaking potential is of the OGE-inspired
type. In the U(7) model the Hamiltonian can be described as a string-like collec-
tive model that describes vibrations and rotations of a string-like Y-shaped con-
figuration, while the energy splittings are produced by a Guersey and Radicati
mass formula, thus depending also on flavour and not only spin. In the χCQM
the confinement interaction is of a linear type (a two-body linear potential), while
the SU(6)-breaking potential is provided by a meson-exchange potential, since
at low energies the Goldstone Bosons are important degrees of freedom. This
is formulated in Point Form dynamics. The Bonn IM is relativistic, since it is
based on a Bethe-Salpeter approach for the description of the three-body prob-
lem. The confinement is provided by a linear term depending on a collective
variable. The SU(6)-breaking term is provided by a two-body ’t Hooft residual
interaction, based on QCD-instanton effects. Finally, the hypercentral CQM can
be considered a very simple schematization of linear plus coulomb like terms
in the hypercentral approximation plus an SU(6)-breaking term originally only
spin-dependent, in a new version also spin-and flavour-dependent.

3 The hypercentral CQM

The relative configurations of three objects can be described by means of the Ja-
cobi coordinates ρ and λ, i.e. (ρ,Ωρ̂) and (λ, Ωλ̂); however, they can also be de-
scribed by means of the so-called hyperspherical coordinates. This means using,
instead of the modulus of ρ and the modulus of λ, the root-mean-square of the
sum of their squares, x =

√
ρ2 + λ2 and their ratio ξ = arctg(ρ

λ
), keeping the

standard angles Ωρ̂ andΩλ̂.
In the hCQM the SU(6) invariant potential is assumed to be hypercentral that

is of the type that depends only on the collective coordinate called hyperradius,
x, and in particular of hypercoulomb plus linear type [3]

V(x) = −
τ

x
+ αx . (1)
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Fig. 1. The experimental spectrum of the 4- and 3-star non strange resonances. On the left
the standard assignments to the SU(6) multiplets is reported, with the total orbital angular
momentum and the parity too.

Interactions of the type linear plus Coulomb-like have long been used for the
meson sector (e.g. the Cornell potential). This form has been supported by recent
Lattice QCD calculations for static sources [10].

In the case of baryons, a so-called hypercentral approximation has been in-
troduced [11,12], which amounts to averaging all the two-body potentials for the
three-quark system over the hyperangle ξ and works quite well, especially for the
lower part of the spectrum [13]. In this respect, the hypercentral potential Eq.1
can be regarded as the hypercentral approximation of the Lattice QCD potential.
On the other hand, the hyperradius x is a collective coordinate and therefore the
hypercentral potential also contains three-body effects.

The hypercoulomb term 1/x has important features [3,14]: it can be solved
analytically and the resulting form factors have a power-law behaviour, unlike
the widely used harmonic oscillator; moreover, the negative parity states are ex-
actly degenerate with the first positive parity excitation, providing a good start-
ing point for the description of the spectrum. This degeneracy is a signature of a
higher symmetry; in this case it can be interpreted as an O(7) symmetry.

The splittings within the multiplets are produced by a perturbative SU(6)-
breaking term, which as a first approximation can be assumed to be the standard
hyperfine interaction Hhyp [15]. It has, however, been extended to a flavour-
dependence by means of a Guersey and Radicati SU(6)-breaking term [9]. The
three quark Hamiltonian for the hCQM in its simplest form is then [3]:

H =
p2λ
2m

+
p2ρ

2m
−
τ

x
+ αx+Hhyp, (2)
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wherem is the quark mass (taken as 1/3 of the nucleon mass). The strength of the
hyperfine interaction is determined in order to reproduce the ∆ −N mass differ-
ence and the remaining two free parameters are fitted to the spectrum, reported
in Fig. 2, leading to the following values:

α = 1.61 fm−2, τ = 4.59 . (3)
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Fig. 2. The spectrum obtained with the hypercentral model Eq. (3) and the parameters Eq.
(4) (full lines)), compared with the experimental data of PDG [16] (grey boxes).

Keeping these parameters fixed, the model has been applied to calculating
various physical quantities of interest: photocouplings [17], electromagnetic tran-
sition amplitudes [18], elastic nucleon form factors [19] and the ratio between the
electric and magnetic proton form factors [20]. Some results of such parameter-
free calculations are presented in the next section.

4 Electromagnetic transition form factors.

The electromagnetic transition amplitudes, are defined as the matrix elements of
the electromagnetic interaction between the nucleon, N, and the resonance, B,
states:

A1/2 = 〈B, J ′, J ′z = 1
2

|Htem|N, J = 1
2
, Jz = −1

2
〉ζ

A3/2 = 〈B, J ′, J ′z = 3
2

|Htem|N, J = 1
2
, Jz = 1

2
〉 ζ ,

S1/2 = 〈B, J ′, J ′z = 3
2

|Hlem|N, J = 1
2
, Jz = 1

2
〉 ζ

(4)

where ζ is the sign of the Nπ decay amplitude.
The photocouplings of the hCQM [17] (i.e. Eq. (4) calculated at the photon

point), in comparison with other calculations with other CQMs, see Table 2 of Ref.
[17], and references therein, have the same overall behaviour, having the same
SU(6) structure in common, but in many cases they all show a lack of strength.
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Fig. 3. The transverse helicity amplitudes for the D13(1520) resonance, calculated with
the hCQM of Eqs. (3) (full curve, [18]). The dashed curve is obtained with the analytical
version of the hCQM ([14]), where the behaviour of the quark wave function is determined
mainly by the hypercoulomb potential. The data are from the compilation of ref. [23]

Taking into account the Q2−behaviour of the transition matrix elements of
Eq. (4), one can calculate the hCQM helicity amplitudes in the Breit frame [18].
The hCQM results for the D13(1520) [17] is given in Fig. 3. We have completed
our program in order to systematically calculate the helicity amplitudes, both
transverse and longitudinal, for all the 3 and 4 star resonances [21]. In general
the Q2-behaviour is reproduced, except for discrepancies at small Q2. These dis-
crepancies, as those observed in the photocouplings, can be ascribed either to the
non-relativistic character of the model or to the lack of explicit quark-antiquark
configurations, which may be important at low Q2 . The kinematical relativistic
corrections at the level of boosting the nucleon and the resonance states to a com-
mon frame are not responsible for these discrepancies, as we have demonstrated
in Ref. [24]. Similar results are obtained for the other negative parity resonances
[18]. It should be mentioned that the r.m.s. radius of the proton corresponding
to the parameters of Eq. (3) is 0.48 fm, which is the value obtained in [22] in
order to reproduce the D13 photocoupling. Therefore, the missing strength at
low Q2 can be ascribed to the lack of quark-antiquark effects, which are prob-
ably more important in the outer region of the nucleon. These considerations
are supported, see Fig. 4, by the comparison between our results and the MAID
[25] results, where the pion cloud contributions, evaluated by means of a dy-
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namical model [26], are also reported. Their importance decreases with increas-
ing Q2, going rapidly to zero, as expected. This feature is quite general, since
it happens systematically also for the excitation of higher resonances, such as
P11(1440), S11(1535), D13(1520), F15(1680) as we have shown in Ref. [27].

If we compare our results with the predictions obtained with other versions
of CQMs for which the helicity amplitudes are available, again we can see that
the overall trend is reproduced; however the problem of missing strength at low
Q2 is present in all these versions of CQMs.

Fig. 4. The Q2 dependence of the N → ∆ helicity amplitudes: superglobal fit performed
with MAID [25] (solid curve), predictions of the hypercentral Constituent Quark Model
[3,18,27] (dashed curve), pion cloud contributions calculated with the Mainz dynamical
model [26] (dotted curve). The data points at finite Q2 are the results of single-Q2 fits [27]
on recent data (see Ref.[27] for the references to the experimental data).
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Abstract. The description of baryon resonance decays represents a major challenge of
strong interaction physics. We will report on a relativistic approach to mesonic decays
of light and strange baryon resonances within constituent quark models. The calculations
are performed in the point-form of relativistic quantum mechanics, specifically focusing
on the strange sector. It is found that the relativistic predictions generally underestimate
the experimental data. The nonrelativistic approximation of the approach leads to the de-
cay operator of the elementary emission model. It is seen that the nonrelativistic reduction
has considerable effects on the decay widths.

There is already a long tradition in studying mesonic decays of baryon res-
onances within constituent quark models (CQMs). However, most of the studies
hitherto have been performed within nonrelativistic or so-called relativised mod-
els [1–5]. Recently, the Graz group has presented relativistic CQM calculations
for π and η decays of N and ∆ resonances employing a decay operator along the
point-form spectator model (PFSM) in the framework of relativistic (Poincaré-
invariant) quantum mechanics [6]. A similar relativistic study following a Bethe-
Salpeter approach has been reported by the Bonn group [7,8]. In this contribu-
tion we report results for π decays of strange baryon resonances by the rela-
tivistic Goldstone-boson exchange (GBE) and one-gluon exchange (OGE) CQMs
of Refs. [9] and [5], respectively. The nonstrange decays of strange baryon reso-
nances have not found much attention in the past. So far there are no covariant
results but only the studies in Refs. [10–12]. In addition to the relativistic predic-
tions we also present the decay widths resulting from the nonrelativistic reduc-
tion of the PFSM decay operator, which corresponds to the elementary emission
model (EEM).

The decay width of a baryon resonance is defined by the expression

Γi→f =
|q|

4M2

1

2J + 1

∑

MJ,MJ ′

1

2T + 1

∑

MT ,MT ′ ,MTm

|Fi→f|
2 (1)

with the transition amplitude Fi→f given by the matrix element of the reduced
(four-momentum conserving) decay operator D̂mrd between incoming and outgo-
ing baryon states

Fi→f = 〈V ′,M ′, J ′,MJ ′ , T
′,MT ′ |D̂mrd|V,M, J,MJ, T,MT 〉 . (2)
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Here, the index m refers to the particular mesonic decay mode and qµ = (q0,q)

denotes the four-momentum of the outgoing meson in the rest-frame of the de-
caying baryon resonance |V,M, J,MJ, T,MT 〉; the latter is characterized by the
eigenvalues of the velocity V , mass M, intrinsic spin J with z-component MJ,
and isospin T with z-projection MT . Correspondingly the outgoing baryon state
is denoted by the primed eigenvalues. Representing the baryon eigenstates in a
suitable basis, the matrix element in Eq. (2) leads to the integral

〈V ′,M ′, J ′,MJ ′ , T
′,MT ′ |D̂mrd|V,M, J,MJ, T,MT 〉

=
2

MM ′

∑

σiσ
′
i

∑

µiµ
′
i

∫
d3k2d3k3d3k ′

2d
3k ′
3

×
√

(
∑
iω

′
i)
3

∏
i 2ω

′
i

Ψ?

M ′J ′MJ ′T ′MT ′
(k ′
i;µ

′
i)
∏

σ ′
i

D
?

1
2

σ ′
i
µ ′

i

{RW [k ′
i;B (V ′)]}

×〈p ′
1, p

′
2, p

′
3;σ

′
1, σ

′
2, σ

′
3| D̂

m
rd |p1, p2, p3;σ1, σ2, σ3〉

×
∏

σi

D
1
2
σiµi

{RW [ki;B (V)]}

√
(
∑
iωi)

3

∏
i 2ωi

ΨMJMJTMT
(ki;µi) , (3)

whereΨMJMJTMT
(ki;µi) is the rest-frame wave function of the incoming baryon

and analogously Ψ?

M ′J ′MJ ′T ′MT ′
(k ′
i;µ

′
i) the one of the outgoing baryon. Both

wave functions result from the velocity-state representation of the baryon eigen-
states. The momentum representation of the decay operator follows from the
PFSM construction [6,13], where one assumes that only one of the quarks directly
couples to the emitted meson:

〈p ′
1, p

′
2, p

′
3;σ

′
1, σ

′
2, σ

′
3|D̂

m
rd|p1, p2, p3;σ1, σ2, σ3〉

= −3

(
M∑
iωi

M ′

∑
iω

′
i

) 3
2 igqqm

2m1

1√
2π
ū(p ′

1, σ
′
1)γ5γ

µFmu(p1, σ1)qµ

× 2p20δ3 (p2 − p ′
2) δσ2σ

′
2
2p30δ

3 (p3 − p ′
3) δσ3σ

′
3
. (4)

Here, gqqm is the quark-meson coupling constant, m1 the mass of the active
quark, Fm the flavor-transition operator specifying the particular decay mode,
and u(p1, σ1) the quark spinor. All details of the formalism and the notation can
be found in Ref. [14]. The form of the decay operator is congruent with the cal-
culations in Ref. [6] and also consistent with the baryon charge normalisation
and time-reversal invariance of the electromagnetic form-factors [15]. The non-
relativistic approximation of the PFSM decay operator leads to the traditional
EEM [14].

In Table 1 we present the direct predictions of the GBE and OGE CQMs for
the π decay modes of the strange baryon decay resonances and compare with the
latest compilation of the PDG [16]. Both the covariant PFSM results as well as
the nonrelativistic EEM results have been calculated with theoretical and experi-
mental masses as input. It is immediately evident that the relativistic predictions
usually underestimate the experimental data or at most reach them from below.
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Table 1. Theoretical predictions for π decay widths by the GBE and OGE CQMs in com-
parison to experiment [16]. The relativistic calculations follow from the PFSM, while the
EEM results represent their nonrelativistic limits.

Theoretical Mass Experimental Mass
Decay JP Exp. [MeV] Relativistic Nonrel. EEM Relativistic Nonrel. EEM

GBE OGE GBE OGE GBE OGE GBE OGE

→ Σπ

Λ(1405) 1
2

−
(50 ± 2) 55 78 320 611 15 17 76 112

Λ(1520) 3
2

−
(6.55 ± 0.16)+0.04

−0.04 5 9 5 8 2.8 3.1 2.1 2.3

Λ(1600) 1
2

+
(53 ± 38)+60

−10 3 33 2 34 3 17 1.2 15

Λ(1670) 1
2

−
(14.0 ± 5.3)+8.3

−2.5 69 103 620 1272 68 94 572 1071

Λ(1690) 3
2

−
(18± 6)+4

−2 19 25 24 28 18 21 23 22

Λ(1800) 1
2

− seen 68 101 473 1175 70 95 485 1095

Λ(1810) 1
2

+
(38 ± 23)+40

−10 3.8 2.1 55 150 4.1 5.0 55 94

Λ(1830) 5
2

−
(52 ± 19)+11

−12 14 19 16 24 16 20 22 24

Σ(1385) 3
2

+
(4.2 ± 0.5)+0.7

−0.5 3.1 0.5 6.5 1.1 2.0 2.1 4.1 4.8

Σ(1660) 1
2

+ seen 10 24 2 15 12 14 2.4 6.9

Σ(1670) 3
2

−
(27 ± 9)+12

−6 15 23 21 32 13 17 17 21

Σ(1750)1 1
2

−
(3.6 ± 3.6)+5.6

−0 58 102 480 1249 63 102 574 1402

Σ(1750)2 1
2

−
(3.6 ± 3.6)+5.6

−0 32 44 135 312 32 38 136 262

Σ(1750)3 1
2

−
(3.6 ± 3.6)+5.6

−0 10 1.0 116 34 10 0.9 110 32

Σ(1775) 5
2

−
(4.2 ± 1.8)+0.8

−0.3 1.9 3.8 2.9 6.9 2.2 3.2 3.5 5.3

Σ(1940) 3
2

− seen 2.2 3.7 0.5 1.1 4.9 5.8 1.6 2.4

→ Λπ

Σ(1385) 3
2

+
(31.3 ± 0.5)+4.4

−4.3 11 11 25 28 14 13 31 32

Σ(1660) 1
2

+ seen 8 5 6 0.02 10 3 8 0.05

Σ(1670) 3
2

−
(6± 3)+3

−1 2.5 2.0 5.5 5.1 2.7 1.5 6.0 3.2

Σ(1750)1 1
2

− seen 1.6 1.5 43 67 0.8 1.4 49 70

Σ(1750)2 1
2

− seen 19 25 160 422 18 25 169 359

Σ(1750)3 1
2

− seen 1.0 2.8 18 105 0.9 3 18 97

Σ(1775) 5
2

−
(20± 4)+3

−2 6 10 10 21 8 8 15 15

Σ(1940) 3
2

− seen 0.2 0.4 1.7 3.5 0.5 0.5 5.9 6.1

→ Ξπ

Ξ(1530) 3
2

+
(9.9)

+1.7

−1.9 2.2 1.3 4.4 3.0 5.5 5.3 11.4 12.5

Ξ(1820) 3
2

− seen 0.4 1.6 0.3 1.4 0.7 1.2 0.6 0.9
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A similar finding was already made for the π decay widths of N and ∆ reso-
nances [6]. Here, there appear only two exceptions, namely the widths ofΛ(1405)

and Λ(1670). In case of the former it is caused by the (theoretical) mass, which is
far too high for both CQMs; the overprediction disappears when the experimen-
tal mass is used. On the other hand the resonance mass of the Λ(1670) is more
or less well reproduced in accordance with experiment. In this case we may sus-
pect the large decay width to result from another reason, possibly a coupling of
resonance states.

For the Σ(1750) the CQMs offer three states that can be identified with this
resonance. In Table 1 we present the decay widths of all theoretical levels (in the
entries distinguished by the superscripts 1, 2, and 3). It is seen that the decay
width of the third state Σ(1750)3 is pretty consistent with the magnitude of the
experimental data and it should be identified with the measured Σ(1750). The
other two states can then be interpreted with lower lying resonances (such as
the Σ(1620) and Σ(1560)) not so well established by experiment. Regarding the
classification of these states see also Ref. [17].

From the comparison of the PFSM results with experimental masses as in-
put one learns that the effects from different hyperfine interactions generally
play a minor role. Considerable influences are seen only in Σπ and Λπ decays
of Λ(1600), Σ(1750)3, and Σ(1660).

The nonrelativistic results corresponding to the EEM scatter below and abo-
ve the experimental data. The effect of the nonrelativistic reduction is strongly
dependent on the decaying resonance. It is governed essentially by the truncation
in the spin couplings as well as the elimination of the Lorentz boosts.

We have reported the first covariant results for π decays of strange baryon
resonances within CQMs. Obviously the approach needs further improvements.
In the first instance, one might think of a coupled-channel formulation. The im-
portance of additional Fock components has already been seen in a PFSM calcula-
tion of mesons decays [18,19] and also recent studies of baryon resonances [20,21].
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Abstract. The baryon spectra are discussed in the context of the 1/Nc expansion ap-
proach, with emphasis on mixed symmetric states. The contributions of the spin depen-
dent terms as a function of the excitation energy are shown explicitly. At large energies
these contributions are expected to vanish.

1 Introduction

At energies corresponding to a length scale of the order of the hadron size the
standard perturbative QCD cannot be applied, because the coupling constant is
too large. In the nonperturbative regime one can use the so-called 1/Nc expansion
approach which is based on the 32 years old idea of ’t Hooft [1], who suggested a
perturbative expansion of QCD in terms of the parameter 1/Nc where Nc is the
number of colors. The double line diagrammatic method proposed by ’t Hooft has
been implemented by Witten [2] to describe hadrons by using convenient power
counting rules for Feynman diagrams. According to Witten’s intuitive picture, a
baryon containingNc quarks is seen as a bound state in an average self-consistent
potential of a Hartree type and the corrections to the Hartree approximation are
of order 1/Nc which means that in the Nc → ∞ limit the Hartree approxima-
tion is exact. Ground state baryons correspond to the ground state of the average
potential.

Ten years after ’t Hooft’s work, Gervais and Sakita [3] and independently
Dashen and Manohar in 1993 [4] discovered that QCD has an exact contracted
SU(2Nf)c symmetry when Nc → ∞, Nf being the number of flavors. The con-
tracted algebra generators acting in the spin-flavour space Xia are related to the
SU(2Nf) generators Gia in the limit Nc →∞ by

Xia = lim
Nc→∞

Gia

Nc
. (1)

For ground state baryons the SU(2Nf) symmetry is broken by corrections propor-
tional to 1/Nc. Applications to ground state QCD baryons (Nc = 3) were consid-
ered since 1993-1994. Presently the 1/Nc expansion provides a systematic method
to analyze baryon properties such as masses, magnetic moments, axial currents,
etc.
? Talk delivered by Fl. Stancu
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The 1/Nc expansion method has been extended to excited states since 1997
in the spirit of the Hartree approximation developed by Witten [8]. It was shown
that the SU(2Nf) breaking occurs at order N0c, at variance with the ground state.
This conflict generated a conceptual problem, presently under investigation.

Here we are concerned with baryon spectra only. If the SU(Nf) symmetry is
exact, the baryon mass operator is a linear combination of terms

M =
∑

i

ciOi, (2)

with the operators Oi having the general form

Oi =
1

Nn−1
c

O
(k)

` ·O(k)

SF , (3)

where O(k)

` is a k-rank tensor in SO(3) and O(k)

SF a k-rank tensor in SU(2), but
invariant in SU(Nf). The latter is expressed in terms of SU(Nf) generators. For the
ground state one has k = 0. The first factor gives the orderO(1/Nc) of the operator
in the series expansion and reflects Witten’s power counting rules. The lower
index i represents a specific combination of generators, see examples below. In
the linear combination, Eq. (2), each term of type (3) is multiplied by an unknown
coefficient ci which is a reduced matrix element. All these coefficients encode the
QCD dynamics and are obtained from a fit to the existing data. It is important to
find regularities in their behaviour, as shown below. Additional terms are needed
if SU(Nf) is broken, as it is the case forNf = 3 [15].

2 The ground state

A considerable amount of work has been devoted to ground state baryons sum-
marized in several review papers as, for example, [5–7]. The ground state is de-
scribed by the symmetric representation [Nc]. For Nc = 3 this becomes [3] or [56]

in an SU(6) dimensional notation. Let us consider below the simple case of two
flavours, i.e. SU(4). Its algebra is

[Si, Sj] = iεijkSk, [Ta, Tb] = iεabcTc,

[Gia, Gjb] = i
4
δijεabcTc + i

2
δabεijkSk. (4)

As SU(4) is a group of rank 3 it has three invariants: S2, I2 and G2. i.e. three oper-
ators of type (3). But for the ground state one can take I2 = S2 in SU(4). Moreover
due to the operator identity [6]

{Ji, Ji} + {Ia, Ia} + 4{Gia, Gia} =
3

2
Nc(Nc + 4) (5)

the invariant G2 can be expressed in terms of S2 and I2. So, one is left with one
linearly independent operator, which we choose to be S2. Accordingly, the mass
formula takes the following simple form

M = m0Nc +m2
1

Nc
S2 +m4

1

N3c
(S2)2 + . . .+mNc−1

1

NNc−2
c

(S2)Nc−3. (6)
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This describes a tower of large Nc baryon states with S = 1/2, ..., Nc/2, which
collapses into a degenerate state when Nc → ∞. One can see that the splitting
starts at order 1/Nc when SU(2Nf) is broken. The coefficients ci = mi must be
fitted from the data.

3 The excited states

One expects ’t Hooft’s suggestion [1] to hold in all QCD regimes. Accordingly,
the applicability of the 1/Nc expansion method to excited states is a subject of
current investigation. The experimental facts indicate a small breaking of SU(6)
which make the 1/Nc studies of excited states entirely plausible. The general form
of a mass operator is given by Eq. (2) with Oi defined as in Eq. (3). For simplicity,
here we discuss nonstrange baryons where SU(4) symmetry is exact.

Excited baryons can be divided into SU(6) multiplets, as in the constituent
quark model. If an excited baryon belongs to the [56]-plet the mass problem can
be treated similarly to the ground state in the flavour-spin degrees of freedom,
but one has to take into account the presence of an orbital excitation in the space
part of the wave function [9,10]. If the baryon belongs to the mixed symmetric
representation [21], or [70] in SU(6) notation, the treatment becomes much more
complicated. In particular, the resonances up to 2 GeV belong to [70, 1−], [70, 0+]

or [70, 2+] multiplets.
There is one standard way to study the [70]-plets which is related to the

Hartree approximation [8]. This consists in reducing the description of an excited
baryon to that of an excited quark coupled to a symmetric core, see e.g. [11–13,15].
In that case the core can be treated in a way similar to that of the ground state. In
this method each SU(2Nf) × O(3) generator is split into two terms

Si = si + Sic; Ta = ta + Tac ; Gia = gia +Giac , `i = `iq + `ic, (7)

where si, ta, gia and `iq are the excited quark operators and Sic, Tac , Giac and `ic
the corresponding core operators. As an example, we discuss the latest in date
results, for nonstrange baryons belonging to the [70, `+] multiplets with ` = 0 and
2. The list of the dominant operators up to order 1/Nc is given in Table 1 together
with the values of the coefficients ci obtained from the data. It is customary to
drop corrections of order 1/N2c. In this list, the first is the trivial operator of or-
der O(Nc). The second is the 1-body part of the spin-orbit operator of order O(1)

which acts on the excited quark. The third is a composite 2-body operator for-
mally of order O(1) as well. It involves the tensor operator

`(2)ijq =
1

2

{
`iq, `

j
q

}
−
1

3
δi,−j`q · `q , (8)

acting on the excited quark and the SU(6) generators gia acting on the excited
quark and Gjac acting on the core. The latter is a coherent operator which intro-
duces an extra powerNc so that the order of O3 is O(1).

In this procedure, there are two major drawbacks, related to each other. The
first is that the number of linearly independent operators constructed from the
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Operator Fitted coef. (MeV)

O1 = Nc
�

c1 = 555 ± 11
O2 = `iqs

i c2 = 47 ± 100
O3 = 3

Nc
`
(2)ij
q giaGjac c3 = -191 ± 132

O4 = 1
Nc

(SicS
i
c + siSic) c4 = 261 ± 47

Table 1. List of operators and the coefficients resulting from the fit of nonstrange baryon
masses assumed to belong to the [70, 0+]- and [70, 2+]-plets. The fit gave χ2dof ' 0.83 [13].

generators given in the right-hand side of Eqs. (7) increases tremendously so that
the number of coefficients to be determined becomes much larger than the exper-
imental data available. Consequently, in selecting the most dominant operators
one has to make an arbitrary choice, as we did in Table 1, similarly to previous
literature. The second drawback is related to the truncation of the available basis
vector space. Among the basis vectors of the irreducible representation [Nc−1, 1]

of SNc
, in this procedure only the vector corresponding to the normal Young

tableau is kept, the reason being to decouple the system into a symmetric core
and an excited quark. In a normal Young tableau this can be easily done by re-
moving the Nc-th particle from the second row. The terms represented by the
other possible Young tableaux, needed to construct a symmetric orbital-flavour-
spin state are neglected, i.e. antisymmetry is ignored. As a result the procedure
brings in terms of order N0c, which is in conflict with the 1/Nc expansion for the
ground state.

A solution to this problem has been found in Ref. [16], where the separation
into a symmetric core and an excited quark is avoided through the calculation of
the matrix elements of the SU(4) generators by using a generalized Wigner-Eckart
theorem [17]. In this way the antisymmetry is properly taken into account. The
result is that the 1/Nc expansion starts at order 1/Nc, as for the ground state.

Based on group theory arguments it is expected that the mass splitting starts
at order 1/Nc, as a general rule, irrespective of the angular momentum and par-
ity of the state and also of the number of flavours, provided SU(Nf) is an exact
symmetry.

Despite the drawbacks of the splitting method, the application of the 1/Nc
expansion method gave useful results, as a first approximation. They predicted
the behaviour of the coefficients ci in the mass formula as a function of the exci-
tation energy. This is illustrated in Fig. 1. This figure suggests that the spin-orbit
and the spin-spin terms vanish with the excitation energy, bringing a strong sup-
port to constituent quark models and that the spin-spin term is dominant among
all the other spin dependent terms. Note that in a quark model picture, the coeffi-
cient c1 would correspond to the additional contribution of a free mass term, the
kinetic energy and the confinement. It is not thus surprising that it raises with the
excitation energy.
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Fig. 1. The coefficients ci vs N from various sources: for N = 1 from Ref. [12] for N = 2

from Refs. [9] (lower values) and [13] (upper values), forN = 4 from Ref. [10].
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4 Conclusion

The 1/Nc expansion method provides a powerful theoretical tool to analyze the
spin-flavour symmetry of baryons and explains the success of models based on
spin-flavor symmetry.
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Abstract. I demonstrate how confinement in Coulomb-gauge QCD makes quark-quark
states of the color anti-triplet (diquarks) move out of the physical spectrum. Mesons as
color singlet quark-antiquark states, on the other hand have finite masses and for highly
excited states in the meson spectra effective restoration of chiral symmetry can be ob-
served.

In Coulomb-gauge QCD the 00-component of the gluon propagatorDµν(x, t)
has an instantaneous part VC(x)δ(t) and confinement means that −VC(x) → ∞
for |x| → ∞. It was shown that Coulomb confinement is a necessary condition
for confinement, i.e., that the gauge invariant quark-antiquark potential VW(r)

goes to infinity for r → ∞ [1]. An almost linearly rising Coulomb potential has
been suggested [2], which was also confirmed by results from the lattice [3]. In
momentum space it becomes

VC(|k|) =
σC

|k|4
, (1)

where σC is the Coulomb string tension. Based on previous works [4] we per-
formed a study of the mechanism of Coulomb confinement in the Dyson-Schwinger–
Bethe-Salpeter framework [5] in Rainbow-ladder approximation [6]. We took into
account only the Coulomb potential (1) and neglected transverse gluons and non-
instantaneous contributions to D00. In that way all integrals over k0 can be per-
formed analytically and one has to deal with three-dimensional integral equa-
tions only. (1) has also an unrealistic ultraviolet (UV) behavior. However, it has the
advantage that it produces no UV divergences, thus making renormalization not
necessary. Due to all these approximations some physics is lost and the model is
not expected to provide realistic quantitative results but some qualitative insight
into the physics of confinement in QCD. Since the axial-vector Ward-Takahashi
identity is satisfied, chiral symmetry and its dynamical breaking are respected.
In particular the pion mass becomes zero in the chiral limit, i.e., for vanishing
current quark mass. The potential (1) causes infrared (IR) divergences which are
regulated by introducing an IR regulator µIR and replacing k2 → k2 + µ2IR (here
and in the following k = |k|). The IR limit is then taken by means of µIR → 0. The
essential point is that the integral

1

2π2

∫
d3q

1

((p − q|)2 + µ2IR)2
=

1

2µIR
(2)
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Fig. 1. Mass function M(p) (left plots) and ω(p) (right plots): In the upper plots the IR
behavior for current quark mass m = 0 and in the lower plots the results for different
current quark masses at constant µIR = 10−3 √σC is shown.

diverges in the IR limit and one can write

1

2π2

∫
d3q VC(|p − q|)f(q) =

σC

2µIR

∫
d3q δ(p − q)f(q) + IR finite term. (3)

For the gap equation of the quark propagator S(p) the ansatz

S−1(p) = −i (γ0p0 − γ · p C(p) − B(p)) (4)

leads to a coupled system of two integral equations

B(p) = m +
1

2π2

∫
d3q VC(|p − q|)

M(q)

ω̄(q)
(5)

C(p) = 1 +
1

2π2

∫
d3q VC(|p − q|) p̂ · q̂ q

p ω̄(q)
, (6)

where p̂ = p/p, m is the current-quark mass, ω̄(p) =
√
M2(p) + p2 and M(q) =

B(q)

C(q)
is called the quark mass function. Using (3) yields

B(p) =
σC

2µIR

M(p)

ω̄(p)
+ IR finite term =

σC

2µIR

B(p)

ω(p)
+ IR finite term, (7)

C(p) =
σC

2µIR

1

ω̄(p)
+ IR finite term =

σC

2µIR

C(p)

ω(p)
+ IR finite term, (8)
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with
ω(p) =

√
B2(p) + p2C2(p)) =

σC

2µIR
+ IR finite term. (9)

The functions B(p) and C(p) diverge like µ−1
IR but the mass function is IR finite.

The IR behavior forM(p) andω(p) form = 0 is demonstrated in the upper plots
of Fig. 1, while in the lower plots the same quantities for constant µIR = 10−3 √σC
but different current quark masses are shown. The mass function converges to
a finite function. For large p it goes to the current quark mass and for small p
it gets a dynamical mass which is of approximately the same absolute size for
different current quark masses. ω(p)µIR indeed becomes a constant σC

2
, which is

independent of the current quark mass.
The Bethe-Salpeter equation (BSE) for a meson with mass M is

χ(p,M) = −i

∫
d4q

(2π)4
VC(|p − q|) γ0S(q0 +M/2, q)χ(q,M)S(q0 −M/2, q)γ0.

For the pseudoscalar meson (pion with M = mπ) the Bethe-Salpeter amplitude
χ(p,mπ) contains three (pseudoscalar, axial-vector and tensor) components:

χ(p,mπ) = Pp(p)γ5 +mπPA(p)γ0γ5 +mπPT (p)p̂ · γγ0γ5. (10)

The BSE is reduced to a coupled system of integral equations

ω(p)h(p) =
1

2π2

∫
d3qVC(|p − q|)

(
h(q) +

m2π
4ω(q)

g(q)

)
, (11)

(
ω(p) −

m2π
4ω(p)

)
g(p) = h(p) +

1

2π2

∫
d3qVC(|p − q|)

M(p)M(q) + p · q
ω̄(p)ω̄(q)

g(q)

(12)

for the two functions
h(p) =

Pp(p)

ω(p)
, (13)

g(p) =
ω(p)

ω2(p) −
m2

π

4

[
h(p) + 2

M(p)

ω̄(p)
PA(p) + 2

p

ω̄(p)
PT (p)

]
. (14)

The IR behavior of Eqs. (11,12) follows by using Eq. (9) on the left and Eq. (3) on
the right hand sides, respectively, which yields

σC

2µIR
h(p) + IR finite term =

σC

2µIR
h(p) + IR finite term, (15)

σC

2µIR
g(p) + IR finite term =

σC

2µIR
g(p) + IR finite term. (16)

Obviously the IR divergences cancel in both equations and all physical observ-
ables, in particular the mass, are determined by the IR finite terms. The functions
h(p) and g(p) have an IR finite limit, too. This is demonstrated for m = 0 in the
left plot of Fig. 2.

For two quarks in the SU(3)C anti-triplet state (diquark) a color factor 1
2

en-
ters into the BSE kernel. Apart from that for a scalar diquark with mass mSD one
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Fig. 2. IR limit of the functions h and g for the pion (left) and the scalar diquark (right) for
m = 0. In all cases the normalization has been chosen such that h(0) = 1.

has the same integral equations as for the pion but the IR divergent terms on the
right hand sides of Eqs. (15,16) are reduced to only half their sizes. Thus there
must be additional IR divergences. Replacing (15,16) by

σC

2µIR
h(p) + IR finite term =

σC

4µIR
h(p) +

m2SD
8
g(p) + IR finite term,

σC

2µIR
g(p) −

m2SDµIR
2σC

g(p) + IR finite term = h(p) +
σC

4µIR
g(p) + IR finite term

and solving for mSD and g(p) yields

mSD =
σC

2µIR
, g(p) =

8µIR
σC

h(p). (17)

The divergences are now balanced by introducing a relation between h(p) and
g(p) and making the diquark mass IR divergent. In that way the diquarks are re-
moved from the physical spectrum. This mechanism of confinement applies not
only for the scalar diquark but for diquarks of all quantum numbers. Numerically
we have reproduced the IR divergence of the mass for scalar and axial-vector di-
quarks [6]. On the other hand, the shape of the functions h(p) and g(p) converges
in the IR limit, which is demonstrated in the right plot of Fig. 2. For that reason
not only mesons but also diquarks have IR finite radii. Calculations for the elec-
tromagnetic form factor and the charge radius of the the pion in Coulomb-gauge
QCD have already been performed earlier [7]. Explicitly, the charge radius of the
pion is given by

r2π =
3

N 2
π

∫
d3p

(2π)3

{
−

3

32ω̄4(p)

[
2ω̄2(p) +

(
M(p) − 2p2M ′(p)

)2]
g(p)h(p)

+
1

16
[g ′(p)h(p) + g(p)h ′(p)] +

p2

24
[g(p)h ′′(p) + g ′′(p)h(p) − 2g ′(p)h ′(p)]

}

+O(µIR)

with
N 2
π = 3

∫
d3p

(2π)3
g(p)h(p), (18)
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and of the scalar diquark by

r2SD =
3µIR
N 2

SD

∫
d3p

(2π)3

{
−

7

6ω̄4(p)

[
2ω̄2(p) +

(
M(p) − 2p2M ′(p)

)2]
h2(p)

+2h(p)h ′(p) +
4p2

3

[
h(p)h ′′(p) − h ′2(p)

]}
+ O(µIR)

with
N 2

SD = 48µIR

∫
d3p

(2π)3
h2(p). (19)

In both cases ′ means d
d(p2)

. For quark mass m = 0 we have obtained the results
rπ = 4.3 σ

−1/2

C and rSD = 6.0 σ
−1/2

C [6]. Notice that N 2
π converges to a finite value

while N 2
SD goes to zero like µIR. That means that for the diquark only the shape of

h(p) converges but its size diverges like µ−1/2

IR . Due to (17), the size of g(p) goes
to zero like µ1/2IR on the other hand.

Finally I present results for the highly excited meson spectra in the chiral
limit [8]. There are certain phenomenological evidences that in highly excited
hadrons the chiral (SU(2)L × SU(2)R) and U(1)A symmetries are approximately
restored (for a review see [9]). The states fall into approximate multiplets of SU(2)L×
SU(2)R and the mass splittings within the multiplets vanish at radial quantum
number n → ∞ and/or spin J → ∞. Furthermore the splittings within a mul-
tiplet become much smaller than between the two subsequent multiplets. The
reason for this “effective” symmetry restoration is that excited hadrons gradually
decouple from the quark condensates due to a diminishing importance of quan-
tum fluctuations [10]. I restrict the discussion here to scalar and pseudoscalar
mesons. Given the complete set of standard quantum numbers I, JPC, the multi-
plets of SU(2)L × SU(2)R for J = 0 are [11]

(1/2, 1/2)a : 1, 0−+ ←→ 0, 0++ and (1/2, 1/2)b : 1, 0++ ←→ 0, 0−+.

The BSE for a scalar meson with mass m0++ is reduced to the coupled system of
integral equations

h(p)ω(p) =
1

2π2

∫
d3q VC(|p − q|)

pq +M(p)M(q)p̂ · q̂
ω̄(p)ω̄(q)

(
h(q) +

m20++

4ω(q)
g(q)

)
,

(20)

g(p)

(
ω(p) −

m20++

4ω(p)

)
= h(p) +

1

2π2

∫
d3q VC(|p − q|)p̂ · q̂g(q).

(21)

For highly excited states the typical momenta of the quarks become large. For
large momenta, however, the mass functionM(p) becomes small. SettingM(p) =

0 in the second equation for the pseudoscalar meson (12) and the first equation
for the scalar meson (20) gives just the second equation for the scalar meson (21)
and the first equation for the pseudoscalar meson (11), respectively. For large
momenta with M(p) ≈ 0 the two systems of coupled integral equations become



72 R. F. Wagenbrunn

approximately the same. This can explain why pseudoscalar and scalar mesons
with large n become approximately degenerate. For states with J > 0 similar ar-
guments hold but there are additional states which fall in the multiplets (0, 0)

and (0, 1)⊕ (1, 0). The Bethe-Salpeter amplitudes for mesons with large J become
strongly suppressed for small momenta and already states with n = 0 become ap-
proximately degenerate. In our model the numerical results for the meson spectra
up to n, J = 6 show a very fast restoration of both SU(2)L × SU(2)R and U(1)A
symmetries with increasing J and essentially more slow restoration with increas-
ing n. The excited states lie on approximately linear radial and angular Regge
trajectories which is demonstrated in Fig. 3. In the limit n → ∞ and/or J → ∞
one observes an approximate degeneracy of all states within the representation
[(0, 1/2) ⊕ (1/2, 0)] × [(0, 1/2) ⊕ (1/2, 0)] that combines all possible chiral repre-
sentations for systems of two massless quarks [11].
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Fig. 3. Angular (left) and radial (right) Regge trajectories for isovector mesons. Mesons of
the chiral multiplet (1/2, 1/2)a are indicated by circles, of (1/2, 1/2)b by triangles, and of
(0, 1) ⊕ (1, 0) by squares (J++ and J−− for even and odd J, respectively) and diamonds
(J−− and J++ for even and odd J, respectively).
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Abstract. The Belle experiment at the KEKB asymmetric-energy electron-positron collider
has proven to be an excellent environment for a wide variety of measurements. Besides its
main goal – measurements of CP violation in the system of B mesons – other most im-
portant achievements are observations of several yet undiscovered particles and measure-
ments of their properties. The discoveries were often surprising, since only some of the
observed states were predicted in various models, while others were not. The existence of
these resonances therefore still imposes theoretical questions regarding their nature and
also represents a challenge for a proper description in terms of QCD. Selected experimen-
tal results together with their possible interpretations are reviewed in this paper.

1 Introduction

The Belle detector [1] at the asymmetric-energy e+e− collider KEKB [2] has ac-
cumulated around 630 fb−1 by July 2006. The KEKB collider is often called the
B-factory, since it operates at the energy of the Υ(4S) resonance, slightly above
the BB-production threshold, and thus the accumulated data set contains a large
number of BB pairs. While the main goal of both B-factories? are measurements
of CP violation in the B-meson system, the excellent detector performances also
enable searches for new hadronic (bound) states as well as studies of their prop-
erties. There are several possible mechanisms of the particle production at B-
factories: production in the B-meson decays, fragmentation of quarks in e+e−

annihilation or creation of C-even states in two photon processes. In this paper,
we address some interesting discoveries of new hadronic states, produced by dif-
ferent mechanisms and observed by the Belle collaboration.

2 The X, Y , Z story

Several charmonium-like new states have been recently observed by Belle, na-
mely: X(3872), Z(3930), Y(3940) and X(3940). The naming convention indicates
the lack of knowledge about the structure and properties of these particles at the
time of their discovery.
? Besides KEKB in Japan, there is a similar collider called PEP-II in the USA, delivering

data to the BABAR [3] detector.
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2.1 Observation and properties of X(3872)

In 2003 Belle reported on the analysis of B± → K±π+π−J/ψ decays, where a nar-
row charmonium-like state (X(3872)) decaying to π+π−J/ψ was discovered [4].
For the most recent update from Belle [5], the fitted yield of both, charged and
neutral B mesons reconstructed in B → KX(3872)(→ π+π−J/ψ) decay mode
is shown in Fig. 1(a) as a function of the π+π−J/ψ invariant mass. The obser-
vation of X(3872) resonance was later confirmed by the CDF [6], D0 [7] and
BABAR [8] experiments. Currently, the world average of the mass isM(X(3872)) =

(3871.2± 0.5) MeV/c2 [9] and the upper limit on its width, as measured by Belle,
is Γ(X(3872)) < 2.3 MeV [4].

Several interpretations of X(3872) resonance have been suggested, including
charmonium hypothesis [10,?], D0D∗0 molecule [12] and tetraquarks [13]. Var-
ious dedicated studies were performed at Belle in order to determine possible
quantum numbers of X(3872) and its nature. In 2005 Belle reported a strong ev-
idence for the radiative decay of X(3872) → γJ/ψ [14]. The fitted yield of recon-
structed B mesons, as obtained from the simultaneous fit to the ∆E and Mbc dis-
tributions?? for B→ KγJ/ψ decay candidates is shown in Fig. 1(b) as a function of
the M(γJ/ψ). The observed signal with a significance above 4σ can be converted
to B(X(3872) → γJ/ψ)/B(X(3872) → π+π−J/ψ) = 0.14 ± 0.05, which is not in
agreement with the expectations for charmonium interpretation of X(3872). How-
ever, the observation of this radiative decay establishes even charge-conjugation
parity (C) of X(3872).

Furthermore, Belle examined possible JPC quantum number assignments
of X(3872) by studying angular correlations between the final-state particles in
X(3872) → π+π−J/ψ decays [5]. An example is presented in Fig. 1(c): the mea-
sured distribution of the angle between the negative of the B meson flight direc-
tion and π+ momentum from X(3872) in the X(3872) frame, is in agreement with
the expectation for the 1++ state. Additionally, the π+π− invariant mass distribu-
tion for the events in the X(3872) → π+π−J/ψ signal region, shown in Fig 1(d),
peaks at the upper kinematic limit indicating the ρ0J/ψ intermediate state and
favours S-wave over P-wave as the relative orbital angular momentum between
the final-state dipion and J/ψ. As a consequence of these studies, JPC = 1++ is
strongly favoured for the X(3872), but the 2++ can not be completely ruled out.

The latter possibility could be ruled out by the recent study [15] of B →
KD0D0π0 decays, where a near-threshold enhancement at the (3875.4±0.7(stat.)±
1.1(syst.)) MeV/c2 for the invariant mass of the D0D0π0 system was observed
(see Fig. 1(e, f)). If the observed enhancement – whose invariant mass is how-
ever about 2σ higher than the world average value for X(3872) – is indeed due to
the X(3872), the JPC = 1++ quantum number assignment for the X(3872) would
again be favoured, since near-threshold decays X(3872) → D0D∗0/D0D0π0 are
expected to be strongly suppressed for J = 2.
?? Two kinematic variables are used to identify B-meson candidates: ∆E ≡ EB − Ebeam

and Mbc ≡ 1/c2
q

E2beam − (pBc)2, where EB and pB are the reconstructed energy and
momentum of the B candidate, and Ebeam is the beam energy, all expressed in the centre-
of-mass (CM) frame.
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Fig. 1. (a) π+π−J/ψ invariant mass for B → Kπ+π−J/ψ decays [5]; (b) Yield of B mesons
for B → KγJ/ψ decay candidates as a function of M(γJ/ψ) [14]; (c) Distribution of an-
gle in X(3872) decays described in the text. The full histogram represents the expectation
for JPC = 1++ assignment and the hatched histogram is the contribution of background
as obtained from the scaled sidebands of M(π+π−J/ψ); (d) M(π+π−) distribution for
events in X(3872) signal region. The histogram again indicates the sideband-determined
background, while the solid (dashed) curve shows the result of the fit using Breit-Wigner
function for ρ0 → π+π−, and assuming J/ψ and ρ0 to be in a relative S-wave (P-wave); (e)
and (f) ∆M ≡ M(D0D0π0) − 2M(D0) −M(π0) and ∆E distributions for near-threshold
D0D0π0 enhancement in B→ KD0D0π0 decay [15].

While currently available X(3872) data – the mass, possible 1++ quantum
numbers and observed decay modes – are in agreement with the hypothesis that
X(3872) is aD0D∗0 molecule [12], some spin assignments corresponding to more
conventional interpretations can still not be ruled out (see for example Ref. [16]).
Further experimental results and theoretical calculations are thus needed to re-
solve the puzzle about the nature of the X(3872) resonance.

2.2 Z(3930) resonance

A search for the χ′cJ (J = 0 or J = 2) states and other C-even charmonium states in
the mass range of 3.73 GeV/c2 – 4.3 GeV/c2 was performed for the two-photon
production of DD pairs, γγ → DD [17]. The two-photon process was studied
in the non-tagged mode, where final-state electron and positron produced in the
reaction e+e− → e+e−DD are not detected, and the DD system has a very small
transverse momentum w.r.t. the e+e− axis. These requirements help selectingDD
pairs produced exclusively in collisions of two quasi-real photons. TheDmesons
were reconstructed in decays of D0 → K−π+, K−π+π0, K−π+π−π+ and D+ →
K−π+π+ (and their charge conjugated modes). The obtained DD invariant-mass
distribution is shown in Fig. 2(a). A clear peak with 5.3σ significance denoted as
Z(3930) was observed with mass (3929 ± 5(stat.)± 2(syst.)) MeV/c2 and width
(29 ± 10(stat.) ± 2(syst.)) MeV. A product of the two-photon decay width and
branching fraction of the Z(3930) is found to be Γ(Z(3930))B(Z(3930) → DD) =

0.18 ± 0.05 ± 0.03 keV.
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Fig. 2. (a) Invariant mass of DD pairs produced in non-tagged two-photon reactions. The
curves indicate the result of the fit with a resonant component (solid) and without it
(dashed). (b) The | cos θ∗| distribution for Z(3930) → DD decays. Expected predictions
for J = 2 and J = 0 are shown as a solid and a dash-dotted line, respectively, and contain
the non-peaking background shown separately by the dotted curve.

An angular analysis was also performed by Belle collaboration [17]. Effi-
ciency corrected cos θ∗ distribution, where θ∗ is the angle between D meson and
the beam axis in the γγ rest frame, shows that the spin-2 assignment for the ob-
served resonance is strongly favoured over spin-0 assignment. All performed
Z(3930) measurements are thus consistent with the expectations for the χ′c2, a
radial excitation of 3P2 charmonium.

2.3 Two new states at M ≈ 3940 MeV/c2

After the observation of a sub-threshold decay of X(3872) → ωJ/ψ [14], using
B → KJ/ψπ+π−π0 decays in a similar way as described for B → KJ/ψπ+π− de-
cays in Sec. 2.1, Belle performed an analysis of the ωJ/ψ system produced in ex-
clusive B→ KωJ/ψ decays [18], selecting events withM(π+π−π0) ≈ mω. Events
with M(Kω) < 1.6 GeV/c2 are rejected in order to suppress KX → Kω contri-
bution, where KX denotes resonances such as K1(1270), K1(1400), and K2(1400)
that are known to decay to Kω. The events clustering near the bottom of the
Dalitz plot shown in Fig. 3(a) are responsible for a strong enhancement above the
phase space expectation, which can be observed in the plot of signal yield of B
decays, as obtained from the fit to the Mbc distribution, in bins of M(ωJ/ψ) (see
Fig. 3(b)). The fit with an S-wave Breit-Wigner function yields (58 ± 11) events
with a statistical significance above 8σ, corresponding to a new resonance named
Y(3940) with a mass of (3943 ± 11(stat.) ± 13(syst.)) MeV/c2 and a total width
Γ = (87 ± 22(stat.) ± 26(syst.)) MeV. The measured fraction for this state is
B(B→ KY(3940))B(Y(3940) → ωJ/ψ) = (7.1 ± 1.3(stat.) ± 3.1(syst.)) · 10−5.

Due to rather intriguing properties, the nature of Y(3940) is still mysterious.
Namely, any charmonium state with a mass around 3940 MeV/c2 is expected to
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in B → KωJ/ψ decays as a function of M(ωJ/ψ). (c) Spectrum of mass recoiling against
the J/ψ. Same recoil mass for events tagged as (e) J/ψDD and (e) J/ψDD∗.

dominantly decay toDD and/orDD∗, which for Y(3940) have not been observed
yet. Adding that for a cc charmonium the hadronic transition to ωJ/ψ should be
heavily suppressed, one can conclude that the Y(3940) resonance is probably not
a conventional radially excited P-wave charmonium state. As an alternative in-
terpretation, it has been suggested that Y(3940) is one of cc-gluon hybrid charmo-
nium states that were first predicted in 1978 [19] and are expected to be produced
in B meson decays [20]. It has been shown that D(∗)D(∗) decays for these exotic
states are forbidden or heavily suppressed [21], so that such a hybrid state with
a mass equal to that of the Y(3940) would have a large branching fraction for de-
cays to J/ψ or ψ′ plus light hadrons [22]. However, while this interpretation is
able to explain Y(3940) decay modes, predicted masses for cc-gluon hybrid states
are between 4300 and 4500 GeV/c2 [23], substantially higher than the measured
Y(3940) mass.

Another resonance with a similar mass above DD(∗) threshold – denoted
as X(3940) – was also discovered by the Belle collaboration. This state was ob-
served in the J/ψ recoil mass spectrum for inclusive e+e− → J/ψX processes [24].
The mass recoiling against the J/ψ → `+`− is determined as Mrecoil(J/ψ) =√

(ECM − E∗
J/ψ

)2 − (cp∗
J/ψ

)2/c2, where E∗ is the J/ψ CM energy and ECM is the
CM energy of the event. The new peak can be seen in a recoil mass spectrum at
about 3940 MeV/c2, together with three known peaks corresponding to ηc, χc0
and ηc(2S) (see Fig. 3(c)).

Searches for two exclusive decay modes of this newly observed state were
performed: X(3940) → DD(∗) and X(3940) → ωJ/ψ. For the former search, only
a single D meson besides the J/ψ was reconstructed to increase the efficiency.
Only events with the recoil mass Mrecoil(DJ/ψ) close to D(∗) mass were retained
for the analysis. The resulting mass recoiling against the J/ψ – corresponding to
the invariant mass of theDD andDD∗ system – is shown in Fig. 3(d, e)). While no
significant signal was observed at the mass of about 3940MeV/c2 for the e+e− →
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J/ψDD events, there is a clear peak for events tagged as e+e− → J/ψDD∗. The
mass of the X(3940) resulting from the fit shown in Fig. 3(e) is (3943 ± 6(stat.) ±
6(syst.)) MeV/c2 and the upper limit on the X(3940) total width is 52 MeV at the
90% confidence level.

No significant signal was found for X(3940) → ωJ/ψ decays. Since X(3940)

state does not share decay modes with the Y(3940), these two states appear not
to be the same. A possible interpretation is that X(3940) state is a radially excited
charmonium state ηc(3S).

3 Observation of Ξcx(2980) and Ξcx(3077)

Early this year, using the data sample of 461.5 fb−1 the Belle collaboration re-
ported the first observation of two charmed baryons [25]. These two baryons,
denoted as Ξcx(2980)+ and Ξcx(3077)+, are found to be decaying into aΛ+

c K
−π+

final state (see Fig. 4 (a)). Assuming that these states carry charm and strangeness,
the above observation would represent the first example of a baryonic decay in
which the initial c and s quarks are carried away by two different final state
particles. Most naturally, these two states could be interpreted as excited charm-
strange baryons Ξc. This interpretation could be further justified by positive re-
sults of the search for neutral isospin related partners of the above states, per-
formed in events with the Λ+

c K
0
Sπ

− final state. The latter search results in the ob-
servation of the Ξcx(3077)0 together with a broad enhancement near the thresh-
old, i.e. in the mass region corresponding to the Ξcx(2980)0 (see Fig. 4 (b)). Pre-
liminary values of properties for the four observed states are collected in Table 1.

In the Λ+
c K

−π+ final state, the SELEX collaboration reported the observation
of a double charmed baryon Ξ+

cc at the mass of about 3520MeV/c2 [26], which has
not been confirmed by other experiments. This result – together with the observa-
tion of new states mentioned in the previous section of this paper, and the surpris-
ingly large cross section for double charmonium production at B-factories [27,?]
– have generated renewed theoretical interest in the spectroscopy, decays and
production of charmonium. It has been suggested that the the comparison with
the production of double charm tetraquark Tcc = ccud [29] could shed some
light on these experimental results. To search for the Ξ+

cc state, Belle extended
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New State Mass (MeV/c2) Width (MeV/c2) Yield (events) Signif. (σ)

Ξcx(2980)
+ 2978.5 ± 2.1 ± 2.0 43.5 ± 7.5 ± 7.0 405.3 ± 50.7 6.3

Ξcx(3077)
+ 3076.7 ± 0.9 ± 0.5 6.2 ± 1.2 ± 0.8 326.0 ± 39.6 9.7

Ξcx(2980)
0 2977.1 ± 8.8 ± 3.5 43.5 (fixed) 42.3 ± 23.8 2.0

Ξcx(3077)
0 3082.8 ± 1.8 ± 1.5 5.2 ± 3.1 ± 1.8 67.1 ± 19.9 5.1

Table 1. Summary of the parameters of the new states in the Λ+
c K

−π+ and Λ+
c K

0
Sπ

+ final
states: masses, widths, yields and statistical significance.

the range of M(Λ+
c K

−π+) search to include the region around 3520 MeV/c2 (see
Fig. 4 (c)). However, the study shows no evidence for this state, and as a re-
sult only an upper limit on the ratio of cross-sections for exclusive Ξcc(3520)+

production and inclusive Λ+
c production is given at the 90% confidence level:

σ(Ξcc(3520)
+) × B(Ξcc(3520)

+ → Λ+
c K

−π+)/σ(Λ+
c ) < 1.5 · 10−4.

4 Conclusion

The large data sample collected by the Belle experiment at KEKB provides an
excellent opportunity for the search of new particles. During the Belle operation
more than ten new states have been discovered. In this paper we report on some
of the most exciting, like X(3872), Y(3940), X(3940) and Z(3930). The latter two
resonances can be interpreted as charmonium states, ηc(3S) and χ′c2, respectively.
None of the existing measurements contradicts the X(3872) interpretation as a
D0D̄∗0 molecule. The nature of Y(3940) remains to be addressed.

Recently, new charmed baryons, Ξcx(2980) and Ξcx(3077), have been ob-
served by the Belle collaboration. These states are most naturally interpreted
as the excited charmed strange baryons, Ξc. However, in contrast to known ex-
cited Ξc baryons, the observed new states decay into separate charmed (Λ±

c ) and
strange (K) hadrons. As further studies of all new states are ongoing, more in-
teresting results on charm spectroscopy are expected soon from the Belle experi-
ment.
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Abstract. We study a model of the Roper resonance in which the two-pion decay proceeds
via intermediate hadrons, the ∆(1232) isobar and the σ meson. We derive the coupled
channel formalism for the K-matrix and show that the coupling of the σ meson to the
N(1440) and N(1710) resonances is responsible for the peculiar behavior of the inelasticity
in the P11 channel.

1 Introduction

Among the low-lying nucleon excitations, the Roper resonance N(1440) plays a
very special role due to its relatively low energy as well as a rather peculiar be-
havior of the scattering and electro-excitation amplitudes. Its low energy can be
explained in models in which the quarks are strongly coupled to chiral mesons,
e.g. in the framework of the Constituent Quark Model [1]. Yet, the form of the
scattering amplitudes which is far from the familiar Breit-Wigner shape, and in
particular the unusual behavior of the inelasticity in the P11 channel, indicate that
the structure of the state can not be explained by a simple excitation of the quark
core (like most of the other low lying states) and that other degrees of freedom
have to be included (see [2] and references therein).

In this work we shall concentrate on the decays of the Roper resonance rather
than on the problem of its low energy. We shall show that the behavior of the scat-
tering amplitude can be explained in a simple model in which the chiral partner
of the pion, the σ meson, is included together with the quark and pion degrees
of freedom. The model assumes that the two-pion decay proceeds only through
intermediate hadrons, either the ∆(1232), the σ or the ρ meson. Since the decay
into the ρ meson and the nucleon is relatively weak, we keep only the first two
intermediate hadrons.

In our previous work [3,4] we have introduced an approach to calculate the
K-matrix for pion scattering and electro-production in quark models with chi-
ral mesons. We have successfully applied it to the calculation of the phase shift
and electro-production amplitudes in the P33 channel. We have also presented a
method how to include the simplest two pion decay, namely the decay into the
intermediate ∆ and the pion.
? Talk delivered by B. Golli



Excitation of the Roper resonance 83

2 K matrix in chiral quark models

Chew and Low [5] have shown that in models in which the mesons are coupled
linearly to the source, it is possible to find the exact expression for the T ma-
trix without explicitly specifying the form of asymptotic states. In [3,4] we have
found that the expression for the K matrix in this case and write down an integral
equation which can be used to calculate the K matrix for a particular model.

To describe the core to which the mesons are coupled we consider quark
models in which the quarks emit/absorb a meson by flipping the spin and isospin,
and through the excitation to a higher radial state. The part of the Hamiltonian
referring to the p-wave pions can be written as

Hπ =

∫
dk
∑

mt

{
ωk a

†
mt(k)amt(k) +

[
Vmt(k)amt(k) + V

†
mt(k)a

†
mt(k)

]}
, (1)

where a†mt(k) is the creation operator for a pion with the third components of
spin m and isospin t, and Vmt(k) = −v(k)

∑3
i=1 σ

i
mτ

i
t is the general form of the

pion source, with the quark operator, v(k), depending on the model. It includes
also the possibility that the quarks change their radial function which is specified
by the reduced matrix elements VBB ′ = 〈B||V(k)||B ′〉, where B are the bare baryon
states (e.g. the bare nucleon, ∆, Roper, . . .)

The coupling of the σ meson to the quark core is explicitly present in the
linear sigma model, however, due to the meson self-interaction potential it is no
longer possible to write down the meson part of the Hamiltonian in the form (1)
which would permit the use of the exact expressions for the T and the K matrix.
In non-linear versions of different models with chiral mesons the σ meson rep-
resents two strongly correlated pions in a relative s-state. The σ meson has been
included at purely phenomenological level in several multichannel analyzes of
πN reactions (see [6] and references therein).

In our approach we consider the s-wave σ mesons as independent degrees
of freedom linearly coupled to the quark core, so that we can use the same for-
malism as in the case of the pion. We assume the one-σ meson states are labeled
by the momentum k and by the σ meson rest mass µ equivalent to the two-pion
invariant mass. The effective σ Hamiltonian is taken in the form

Hσ =

∫
dµ
∫

dkωµk b†µ(k)bµ(k) + V̄†
µ(k)b†µ(k) + V̄µ(k)bµ(k) , (2)

where
ω2µk = k2 + µ2 . (3)

The operators bµ and b†µ are the annihilation and creation operators for the s-
wave σ mesons with the invariant mass µ, 2mπ < µ < ∞. The quark-sigma
interaction is taken in the form:

V̄µ(k) = κ
k√
2ωµk

wσ(µ) . (4)
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Here wσ(µ) is a weight function centered around the experimental value of the
σ meson mass (∼ 600 MeV) and normalized as

∫∞
2mπ

dµw2σ(µ) = 1. The (dimen-
sionless) coupling parameter κ is taken as a free parameter.

In the basis with good total angular momentum J and isospin T , in which the
K and T matrices are diagonal, it is possible to express the Kmatrix for the elastic
channel in the form [4]

KNN(k, k0) = −π

√
ωk

k
〈ΨN(W)||V(k)||ΦN〉 . (5)

Here ΦN is the ground state of the system, and ΨN the principal-value state [7]
obeying

|ΨN(W)〉 =

√
ω0

k0

{[
a†(k0)|ΦN〉

]JT
−

P
H−W

[V(k0)|ΦN〉]JT
}
, (6)

where [ ]JT denotes coupling to good J and T , k0 andω0 are the pion momentum
and energy:

k0 =

√
ω20 −m2π , ω0 =

W2 −m2N +m2π
2W

, (7)

mN is the nucleon rest mass andW the invariant energy of the system (W =
√
s).

The K matrices for the inelastic processes π + N → π + ∆(m) where m is the
invariant ∆ mass can be written as

KN∆(k, k0) = −π

√
ωk

k
〈ΨN(W)||V(k)||Ψ∆(m)〉 . (8)

Here Ψ∆(m) is the principal value state corresponding to the πN scattering in the
P33 channel as determined in [4] except that it is now normalized to δ(m −m ′)

rather than to (1+K∆(m)2)δ(m−m ′). For the process π+N→ σ(µ)+Nwe have

KNσ(kµ, k0) = −π

√
ωµk

kµ
〈ΨN(W)|V̄µ(kµ)|N〉 . (9)

3 Coupled channels

The K matrix is related to the T matrix through the Heitler equation:

T = −
K

(1 − iK)
or T = −K+ iKT . (10)

Since the elements of the K matrix corresponding to inelastic channels depend
on the invariant masses m and µ, the above matrix equation becomes a set of
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coupled integral equations for the T matrix, valid for eachW:

TNN = −KNN + i
[
KNNTNN +

∫W−mπ

mN+mπ

dmKN∆(m)T∆N(m)

+

∫W−mN

2mπ

dµKNσ(µ)TσN(µ)

]
, (11)

T∆N(m) = −K∆N(m) + i
[
K∆N(m)TNN +

∫W−mπ

mN+mπ

dm ′ K∆∆(m,m ′)T∆N(m ′)

+

∫W−mN

2mπ

dµK∆σ(m,µ)TσN(µ)

]
, (12)

TσN(µ) = −KσN(µ) + i
[
KσN(µ)TNN +

∫W−mπ

mN+mπ

dmKσ∆(µ,m)T∆N(m)

+

∫W−mN

2mπ

dµ ′ Kσσ(µ, µ
′)TσN(µ ′)

]
. (13)

The equations involve only the on-shell K matrix elements?. Apart of the K matrix
elements corresponding to the processes with the nucleon and the pion in the
initial state we have to include the processes with the pion and the ∆, as well as
the σ meson and the nucleon in the initial and in the final state. The pertinent
on-shell matrix elements are defined as

K∆N(W,m) = −π

√
ωm

km
〈Ψ∆(m)||V†(km)||ΨN(W)〉 ,

K∆∆(W,m,m ′) = −π

√
ωm

km
〈Ψ∆(m ′)||V†(km ′)||Ψ∆(W,m)〉 ,

KσN(W,µ) = −π

√
ω0

k0
〈ΦN||V†(k0)||Ψ

σ(W,µ)〉 ,

K∆σ(W,m,µ) = −π

√
ωµ

kµ
〈ΦN|V̄µ

†
(kµ)|Ψ∆(W,m)〉 ,

Kσ∆(W,µ,m) = −π

√
ωm

km
〈Ψ∆(m)||V†(km)||Ψσ(W,µ)〉 ,

Kσσ(W,µ, µ
′) = −π

√
ωµ ′

kµ ′

〈ΦN|V̄µ
′ †

(kµ ′)|Ψσ(W,µ)〉 . (14)

Here Ψ∆(W,m) is the principal value state corresponding to the pion scattering
on the ∆ state of invariant mass m in the P11 channel, and Ψσ(W,µ) the state
corresponding to the scattering of the σmeson of invariant mass µ on the nucleon.
These states obey similar relations as the principal value state for πN scattering
(see eq. 6):

|Ψ∆(W,m)〉 =

√
ωm

km

{[
a†(km)|Ψ∆(m)〉

]JT
−

P
H−W

[V(km)|Ψ∆(m)〉〉]JT
}
,

(15)
? To label the on shell matrix elements we prefer to use the total invariant energy of the

system,W, (which we sometimes drop) as well as the invariant massesm and µ instead
of pion momenta.
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where
ωm =

W2 −m2 +m2π
2W

, km =

√
ω2m −m2π . (16)

For scattering of the σ meson on the nucleon we have

|Ψσ(W,µ)〉 =

√
ωµ

kµ

{
b†µ(kµ)|ΦN〉 −

P
H −W

V̄µ(kµ)|ΦN〉〉
}
, (17)

where
ωµ =

W2 −m2N + µ2

2W
, kµ =

√
ω2µ − µ2 . (18)

To preserve unitarity, the K matrix has to be real and symmetric, i.e.: KHH ′ =

KH ′H.
Let us mention that the set of coupled equations similar to (13) has been used

in several analysis of experimental data for the pion scattering (see e.g. Ref. [8]
and [9] and references therein). In these approaches the K matrix is taken at the
tree level with meson-baryon form-factors as well as the masses of the hadrons
considered as free parameters.

4 Integral equations for the scattering amplitudes

The equations (6), (15) and(17) are too difficult to treat in their general form and
we rather use a suitable ansatz for the state ΨH, {H = N, ∆ or σ}, valid in the low
energy regime. Let us note that the second term in the above equations generates
configurations with different recoupling of the quark spins and isospins as well
as excitations to higher radial states. In addition, the quark core gets dressed by
a cloud of pions and σ mesons. If we allow asymptotic states with only one pion
and one σ meson, the ansatz takes the form

|ΨH〉 =

√
ωH

kH

{
|ΨH0 〉 + cHR |ΦR〉 +

∫
dk χ

NH(k, kH, k0)

ωk −ω0
[a†(k)|ΦN〉] 1

2
1
2

+

∫
dk
∫

dm ′ χ
∆H(k, kH, km ′)

ωk −ωm ′

[a†(k)|Ψ̂∆(m ′)〉] 1
2

1
2

+

∫
dk
∫

dµ ′ χ
σH(k, kH, kµ ′)

ωµ ′k −ωµ ′

b
†
µ ′(k)|ΦN〉 + cN|ΦN〉

}
(19)

Here ΨH0 is the first term on the RHS of (6), (15) and (17) respectively, the stateΦR
is a resonant state with the excited quark core with the nucleon quantum num-
bers, (it corresponds to the Roper state as obtained in a calculation with the bound
state boundary conditions). The next three terms represent one-pion states on top
of the nucleon and ∆ and one-σ meson state on top of the nucleon, respectively,
with scattering boundary conditions (i.e. the irregular waves). The last term en-
sures the orthogonality of the scattering state with respect to the ground state
ΦN, and is responsible for the proper behavior of the scattering amplitudes at
the nucleon pole. The states denoted by Φ may contain the meson cloud which
however vanishes asymptotically; among such states, only the ground state ΦN
is the eigenstate of the Hamiltonian.
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From (5), (8), and (9), we immediately obtain the relations between the matrix
elements of the K matrix and the pion amplitudes, χ, in the above ansatz. For the
on-shell matrix elements we have

KNH = π

√
ω0ωH

k0kH
χNH(k0, kH, k0) ,

K∆H = π

√
ωm ′ωH

km ′kH
χ∆H(km ′ , kH, km ′) ,

K∆H = π

√
ωµ ′ωH

kµ ′kH
χσH(kµ ′ , kH, kµ ′) , (20)

Here kH = k0 for H = N, kH = km for H = ∆ and kH = kµ for H = σ.
Using the ansatz (19) and the equations for the principal value state (6), (15)

and (17)), we obtain a set of integral equations for the scattering amplitudes χHH ′

of the form

χHH
′

(k, kH ′ , kH) = −cH
′

R VRH(k) − cH
′

N VNH(k) + KHH ′

(k, kH ′ , kH)

+
∑

H ′′

∫
dk ′ KHH

′′

(k, k ′)χH
′′H ′

(k ′, kH ′′ , kH ′)

ω ′
k −ωH ′′

(21)

where the sum over H ′′ implies also the integration over the corresponding in-
variant massm ′′ or µ ′′ in the π∆ and σN case, respectively, andωH ′′ is eitherω0,
ωm ′′ or ωµ ′′ , respectively. The matrix elements VRH are VRN = 〈ΦR||V(k)||ΦN〉,
VR∆ = 〈ΦR||V(k)||Ψ∆(m)〉, and VRσ = 〈ΦR|V̄µ(kµ)|ΦN〉; the VNH have analogous
structure with ΦR replaced by ΦR. The coefficients cR and cN obey the following
equations

(ω0 − ε0R)cHR = VRH(kH) +
∑

H ′

∫
dkVRH ′(k)

χH
′,H(k, kH, kH ′)

ωk −ωH ′

(22)

(ω0 − εN)cHN = VNH(kH) +
∑

H ′

∫
dkVNH ′(k)

χH
′H(k, kH, kH ′)

ωk −ωH ′

(23)

Here ε0R = (m0R
2

− m2N)/2W, εN = m2π/2W, and m0R is the rest energy of the
state ΦR. The kernel KHH ′′ has in general a very complicated structure. It can be
considerably simplified by making the following assumptions: (i) in the ansatz
(19) the ground state ΦN and the state corresponding to the incoming and out-
going ∆, Ψ∆(m), is not modified in the presence of the scattering mesons, and (ii)
the integral over the invariant masses is substituted by the integrand evaluated
at m = mB, i.e. at the position of the resonance. The first assumption yields the
usual approximation made in this type of calculation:

1

ωk +ω ′
k −ω

≈ ω

ωkω
′
k

which makes the kernel separable. The second assumption requires that the reso-
nances are sufficiently narrow, so that the main contribution to the integral comes
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from values of m close to the position of the resonance (i.e. the pole of the corre-
sponding K matrix). This assumption is justified in the case of the∆ resonance but
less valid in the case of higher resonances. In the P11 channel this approximation
does not have a large effect since the contribution of the ∆ resonance dominates
over the contribution of higher resonances. Under these two assumptions the ker-
nel takes the form:

KHH ′

(k, k ′) =
∑

H ′′

gHH ′H ′′

(ωH + εH ′′ − εH − εH ′)VHH ′′(k)VH ′H ′′(k ′)

(ωk + εH ′′ − εH)(ω ′
k + εH ′′ − εH ′)

. (24)

Here gHH ′H ′′ are spin-isospin recoupling coefficients; in the static approximation
εH = mH − mN; taking into account the recoil, we use approximate u-channel
denominators averaged over the directions of the meson momenta (see e.g. [10]).

The important point in the above derivation is that due to the separable ker-
nels the set of integral equations reduces to a set of algebraic equations which
immediately leads to the exact solution for χ and c. Furthermore, it can be explic-
itly shown that the approximations preserve the symmetry of the K matrix which
in turn ensures the unitarity of the S matrix.

Neglecting the integrals in (21)–(23) the problem reduces to the tree level and
is the usual starting point in analyzing the experimental data using the K matrix
approach mentioned above.

The solution of the system (21)–(23) can be written in a similar form as the
expression at the tree level:

χHH
′

(k, kH ′ , kH) = −cH
′

R VRH(k) − cH
′

N VNH(k) + DHH ′

(k, kH ′ , kH) , (25)

cHR =
VRH(kH) − VNH(kH)nRN

ZR(W)(W −mR)
, (26)

cHN =
VNH(kH)

ZN(W)(W −mN)
+ nRNc

H
R . (27)

Here VHH ′ can be interpreted as a renormalized vertex and ZH(W) as the wave
function renormalization of the state. In addition, the quasi bound Roper stateΦR
acquires an admixture of the ground state due to the requirement that the ground
state is orthogonal to the full scattering state rather than toΦR itself. Furthermore,
it can be easily seen that at the nucleon pole (i.e.W = mN) the residuum involves
only the pion-nucleon interaction vertex, so that the behavior of the phase shift
at low energies is governed by the πNN coupling constant alone.

5 Results for the Roper in the Cloudy Bag Model

We illustrate the method by calculating scattering amplitudes in the P11 chan-
nel. Though the expressions derived in the previous sections are general and can
be applied to any model in which mesons linearly couple to the quark core, we
choose here the Cloudy Bag Model, primarily because of its simplicity. The pion
part of the Hamiltonian of the model has the form (1) with

v(k) =
1

2fπ

k2√
12π2ωk

ω0MIT
ω0MIT − 1

j1(kR)

kR
, (28)
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when no radial excitation of the core takes place, while

v∗(k) = rωv(k) , rω =
1√
3

[
ω1MIT(ω0MIT − 1)

ω0MIT(ω1MIT − 1)

]1/2
, (29)

when one quark is excited from the 1s state to the 2s state. Here ω0MIT = 2.04

and ω1MIT = 5.40. The free parameter is the bag radius R. Though the bare val-
ues of different 3-quark configurations are in principle calculable in the model,
the model lacks a mechanism that would account for large hyperfine splitting be-
tween certain states, e.g. the nucleon and the ∆. For each R we therefore adjust
the splitting between the bare states such that the experimental position of the
resonance is reproduced. Furthermore, using the experimental value of fπ in (28)
leads to a too small πNN coupling constant irrespectively of the bag radius; in
our calculation we have therefore decreased this value by 10 %.

We include also the excited state of the ∆, the ∆(1600) isobar assuming the
same radial structure as for the N(1440). In order to see the effect of other higher
positive-parity nucleon excitation we have included the N(1710) isobar.
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Fig. 1. The phase shift (a) and the inelasticity (b) normalized such that the unitarity limit
is 1, as a function of the invariant mass for three choices of the bag radius. Beside the
∆(1232) and N(1440), the ∆(1600) ≡ ∆∗ and N(1710) ≡ R∗ are included in the calculation.
The pole in the K matrix is chosen to be at 1480 MeV for N(1440), 1700 MeV for ∆(1600)

and 1900 MeV for N(1710). Depending on the bag radius, the strength of the πN∆ coupling
is 45 % – 55 % larger, while that of πNR 3 % – 15 % smaller than the corresponding bare
quark values. The mass of the σ meson is 550 MeV and its width 600 MeV; the effective
σNR coupling parameter κ (see (4)) is between 0.7 and 0.6, depending on the bag radius.
The admissible πNR∗ is in the range 0 % – 20 % of the πNN coupling constant, while the
couplings σNR∗ and σNR are comparable. The data points are from [11].

The coupling of the σ meson to the quark core is not explicitly present in
the model. It is interpreted as the coupling of two correlated pions through non-
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Fig. 2. The real (a) and the imaginary (b) parts of the T matrix as a function of the invari-
ant mass for three choices of the bag radius. For the explanation of different curves see
Figure 1.

linear term in the expansion of the pion field [12]. In our approach we simply
include this coupling at the phenomenological level and consider its strength as
an adjustable parameter.

At low energies the phase shift (Fig. 1) is dominated by the nucleon pole
term, and the crossed (u-channel) term with the ∆(1232) and ∆(1600) as the inter-
mediate states. Here the πN∆ coupling strength has to be increased with respect
to its bare value by some 40 % to 50 % in accordance with our results in the P33
channel [4]. At higher energies around the resonance, the amplitude is governed
by the πNR coupling; its strength is enhanced as compared to the bare quark
value by a factor 1.4 – 1.8 through the vertex and wave function renormaliza-
tion such that the bare value has to be decreased up to 15 % in order to obtain
reasonable agreement with the experiment.

The presence of the σN channel is most clearly manifested in the inelasticity,
−(4ImTNN+ |TNN|2). It becomes important already at energies slightly above the
two pion threshold (Fig. 1). This effect is a clear consequence of the s-wave meson
coupling to the quark core and can not be obtained in the competitive process
in which the two pions are produced through the intermediate ∆, since in this
case the p-wave pions contribute only at relatively high energies. The results are
sensitive mostly to the σNR coupling and much less to the σNN; the latter can be
even put to 0. This can be understood since in the static limit the s-channel and the
u-channel contributions cancel each other in the case of the nucleon intermediate
state. At higher energies (W > 1600 MeV) the role of the N(1710) becomes more
important; we treat the corresponding meson couplings as adjustable parameters.
We do not include other isobars such as the negative-parity excitations so the
results in this energy range may be somewhat inconclusive. Nonetheless, there
is a rather clear indication that N(1710) more strongly couples to the σN channel
rather than to the elastic channel and supports our conjecture about the nature
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of this excited state [2]. For the function wσ(µ) we have assumed a Breit-Wigner
shape; the results favor the σmeson mass in the range from 500 MeV to 600 MeV
and a relatively large width of 600 MeV or even higher, though the results are
rather insensitive to the width provided we readjust the strength of the parameter
κ in (4). Choosing a larger width can to some extend compensate the fall-off of
the inelasticity at higher energies for larger bag radii.

In conclusion, we emphasize two most important results of our calculation:
(i) though the quark models – including the CBM – predict relatively weak πNR
coupling which would result in a much too small width of the resonance, we have
shown that through the dressing of pions and other isobars the coupling becomes
considerably stronger and produces the correct behavior of the scattering ampli-
tudes in the vicinity of the resonance (Fig. 2); (ii) by including the σ meson we
have been able to explain the unusual behavior of the inelasticity as well as the
scattering amplitude from the two-pion threshold up to energies well above the
resonance.
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Abstract. We show for a schematic quasispin model similar to the Nambu–Jona-Lasinio
model that the Hartree-Fock and RPA approximations give accurate vacuum and pion
properties in the limit of large number of quarks in the Dirac sea. This helps the under-
standing why the HF and RPA work so well in the full Nambu – Jona-Lasinio model,
especially in the largeNc limit. We also show that the excitation spectrum in a box reveals
rather accurately the pion scattering length.

1 The two-level Nambu–Jona-Lasinio model with one flavour

The Nambu–Jona-Lasinio model (NJL) has been successfully used in hadronic
physics to describe the spontaneous chiral symmetry breaking, the formation of
the massive constituent quark and the behaviour of pion and sigma meson as a
chiral rotation and vibration. This model has not yet been solved exactly; so one
does not know how accurate the approximate methods used with this model are.
In order to gain some insights we simplify the NJL model from a field-theoretical
model to an ordinary quantum-mechanical model with a fixed particle number
N. This is achieved by

(i) a sharp 3-momentum cutoff 0 ≤ |pi| ≤ Λ;
(ii) restricting the space to a box of volume V with periodic boundary conditions.

This gives a finite number of discrete momentum states, N = NcNfVΛ3/3π2
in the Dirac sea and the same number available in the “Fermi sea” (positive
energy states). In the ground state (vacuum) we assume also the same number
of particles, N = N , which, due to the interactions, are distributed between
the Dirac and the Fermi sea.
For simplicity, we make two further approximations:

(iii) We restrict the system to one flavour, Nf = 1; many qualitative and even
quantitative features will remain the same, but of course not all.

(iv) we assume all particles to have the same kinetic energy±P instead of different
individual values ±|pi|: |pi|→ P. Furthermore, the following turns out to be a
reasonable average: P = 3

4
Λ and it is surprising how well it reproduces more

detailed calculations.
? Talk delivered by M. Rosina.
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Then the NJL Hamiltonian can be conveniently written in the first-quantized
form [1]

H′
NJL =

N∑

i=1

(
γ5(i)h(i)P +m0β(i)

)
+

−
2G

V
N∑

i=1

N∑

j=1
j6=i

(
β(i)β(j) +

(
iβ(i)γ5(i)

)(
iβ(j)γ5(j)

))
P . (1)

Here γ5 is the chirality operator (handedness), h = σ · p/|p| is the helicity
andm0 is the small bare quark mass which explicitly breaks the chiral symmetry.
The interaction has two terms in order to be chirally symmetric. The projector

P =

Λ∑

pi
′

Λ∑

pj
′

Λ∑

pi

Λ∑

pj

δpi
′+pj

′, pi+pj
| pi

′, pj
′ 〉〈pi , pj | (2)

restricts momenta to a sharp cutoffΛ, but it allows any two quarks to scatter into
any two other momentum states provided they conserve momentum (at infinite
cutoff this would correspond to a contact interaction).

2 Relation to lattice calculations

The model assumption 0 ≤ |pi| ≤ Λ corresponds to the cell size (resolution)
a = 61/3π2/3/Λ. Here we assumed Nc = 3 colours, Nf = 1 flavours, and two
helicities. The periodic boundary condition in V corresponds to the block size
L = 3

√
N
6

=
3
√
V with N = VΛ3/π2.

In our present calculation with N = 144 ( 3
√
N/6 ≈ 3) and Λ = 650MeV this

corresponds to the block size in three dimensions L ≈ 3a and a ≈ 1.2 fm. It is
surprising that such a poor resolution and block size yields excellent results. We
shall discuss this point in the Discussion.

3 The quasispin NJL-like model

In order to get a soluble model we simplify the interaction. In the NJL model
the interaction conserves the sum of momenta of both quarks, but each quark
changes its momentum in any direction (in the 2-body c.m. system) with equal
probability. In the simplified interaction each quark conserves its momentum.
The schematic Hamiltonian can then be written as

H =

N∑

k=1

(
γ5(k)h(k)P +m0β(k)

)
+

−
g

2

( N∑

k=1

β(k)

N∑

l=1

β(l) +

N∑

k=1

iβ(k)γ5(k)

N∑

l=1

iβ(l)γ5(l)

)
. (3)



94 Mitja Rosina and Borut Tone Oblak

Here g = 4G/V .
The interaction part of Hamiltonian changes the chirality of each separate

quark (since it does not commute with the Hamiltonian), but it conserves the he-
licity, color and momentum of each quark. That means that quarks have a unique
label and can be treated as distinguishable.

In the interaction, the double sum has simplified into products of single sums
which can be conveniently expressed with the following quasispin operators

jx =
1

2
β , jy =

1

2
iβγ5 , jz =

1

2
γ5 ,

which obey (quasi)spin commutation relations and allow us to make full use of
the angular momentum algebra.

The (quasi)spin commutation relations are also obeyed by separate sums
over quarks with right and left helicity (α = x, y, z)

Rα =

N∑

k=1

1+ h(k)

2
jα(k) , Lα =

N∑

k=1

1 − h(k)

2
jα(k) (4)

as well as by the total sum

Jα = Rα + Lα =

N∑

k=1

jα(k) . (5)

The model Hamiltonian can then be written as

H = 2P(Rz − Lz) + 2m0Jx − 2g(J2x + J2y) . (6)

It commutes with R2 and L2 but not with Rz and Lz. Nevertheless, it is con-
venient to work in the basis |R, L, Rz, Lz 〉.The Hamiltonian matrix elements can
be easily calculated using the angular momentum algebra. By diagonalisation we
then obtain the energy spectrum of the system.

A formally similar Hamiltonian has been studied already by Moszkowski
[2] in the context of nuclear rotations and vibrations; instead of the NJL interac-
tion, it is the quadrupole-quadrupole interactions that plays a similar role and
leads to the spontaneous breaking of spherical symmetry. Also Civitarese et al.
[3] used a two-level quark model to describe the low-lying mesonic spectra, but
their interaction is not like NJL, they couple quarks to a one-level bosonic degree
of freedom (representing gluon pairs or glueballs).

4 Model parameters and basic observables

Both the full NJL model as well as the quasispin model have three model pa-
rameters, Λ, G and m0. We intend to adjust them to what we choose as the
three basic observablesM = 335MeV (the dressed–constituent quark mass),Q =

〈g | ψ̄ψ |g 〉 = 1
V
〈g |
∑
i β(i) |g 〉 = 2

V
〈g | Jx |g 〉 = 2503 MeV3 (the chiral conden-

sate) and the pion mass mπ.
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We assume that the chiral condensate is related to the better defined ob-
servable, the pion decay constant, by the Gell-Mann Oakes Renner relation fπ =

−
√

−2m0Q/mπ = 93MeV. We assume this relation also for the one-flavour case
where fπ is not experimentally defined while Q has the same meaning as in the
two-flavour case.

A detailed analysis of model parameters and quality of approximations for
the ground state and the pionic excited state was performed by Oblak [4].

In the two-level quasispin model the exact values of the observables are de-
termined as

M =

√(
Eg(N) − Eg(N − 1)

)2
− P2

Q =
2

V 〈g | Jx |g 〉
mπ = E1(N) − Eg(N) . (7)

As usual we have defined the constituent quark mass through the separation
energy of theN-th quark and the pion mass as the energy difference between the
first excited and ground state (note that pionic excitation conserves the momenta
of all quarks and therefore carries no momentum).

We want to study the N-dependence of our results. Therefore it would be
meaningful to adjust the model parameters for a particular N, for example for
N → ∞. Since we cannot calculate exactly for infinite N we rather choose as
a reference the Hartree-Fock + RPA solution; anyway, also for the full NJL the
model parameters have been adjusted in this way in the literature [5,6].

In the HF+RPA approximation, the relations (7) can be calculated explicitly

M =

√(
αGΛ3

)2
− P2

Q =
Λ3

π2
M√

M2 + P2

mπ ≈

√√
M2 + P2

M2
GΛ3m0 . (8)

Here α = (4/π2)(1 − 1/N)(1 −m0/M)−1. It is then easy to determine the model
parameters (we choose the limit N→∞):

Λ = 648MeV, G = 40.6MeV fm, m0 = 4.58MeV.

These values compare favourably with those of full Nambu-Jona Lasinio

Coimbra [5] : Λ = 631MeV, G = 40MeV fm, m0 ≈ 5MeV ,
Buballa [6] : Λ = 664MeV, G = 37.8MeV fm, m0 = 5.0MeV .

The agreement is not surprising for the following reasons.

(i) The Hartre-Fock solution in the quasispin model coincides with the Hartree-
Fock solution in the two-level NJL model (apart from small Fock terms).
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This can be seen from the potential energy contribution
∑
u≤v Vuvuv which is

the same in both cases. Hartree-Fock ignores the off-diagonal terms Vuvu ′v ′

which we have anyway thrown away in the quasispin model.
(ii) In order to make up for the contributions of the second flavour we have in-

creased the coupling strength in (1) by a factor of two compared to the stan-
dard definition in the two-flavour NJL, G→ 2G

(iii) It seems that we have chosen a good average kinetic energy P = 3
4
Λwhen we

replaced the individual values by an average.
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Fig. 1. Linear extrapolations of exact results ofM,mπ, 3
p

|Q| and fπ for different values of
N (144, 156, 168, 180, 192, 204) to the infinite N.

It is an interesting result that the exact values of the observables as a function
of N approach the HF+RPA values in the limit N → ∞. The linear extrapolation
in Fig. 1 shows that HF+RPA is either exact or very accurate in this limit. Since full
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NJL has the same HF+RPA solution, this fact gives a good credit to the HF+RPA
approximation in full NJL (but does not yet prove the exactness).

5 Pion-pion scattering

An interesting application of the model is to calculate the pion-pion scattering
length from the excitation spectrum in the box V . Since we are working in a fi-
nite volume V with periodic boundary conditions we cannot impose scattering
boundary conditions. Instead of a continuous spectrum of scattering states we ob-
tain a discrete spectrum. However, we can interpret the ground state as vacuum
and excited states as multi-pion states or sigma-meson excitations or superposi-
tions of both. For his purpose we have to choose the spectrum with ground-state
quantum numbers R = L = N/4. In this case pionic excitations conserve the
momenta of all quarks and therefore carry no momentum (nor angular momen-
tum). Such states correspond to n pions in s-state and allow the evaluation of the
average effective pion-pion potential V̄ and through it the pion-pion scattering
length.

In Table 1 we present the spectrum for N = 144 and the model parameters
listed in Section 4.

Table 1. The spectrum of the quasispin model withN = 144, quantum numbers R+L = 36

and model parameters listed in Section 4.

Parity E− E0[ MeV] V̄[ MeV]

+ 932 -9.5
− 803 -11.7
+ 771 -11.3
− 767 -8.8

+ 646 -11.4
+ 634 -12.2
− 580 -10.0
+ 482 -10.5

− 378 -10.1
+ 261 -10.3
− 136
+ 0

For ideal n-pion states the energy should be

Enπ = nmπ +
n(n − 1)

2
V̄.
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The quantity V̄ = (E− E0 −nmπ)/(
1
2
n(n− 1)) in Table1 is in fact rather constant

throughout the spectrum, except around 600-700 MeV where two positive parity
states appear in succession and signal the presence of a sigma-excitation causing
the confusion.

Another test of the concept of average effective pion-pion potential is its
N-dependence. Larger N means a larger normalization volume V and therefore
more dilute pions leading to a proportionally smaller V̄ . In fact, for N = 132, the
value (132/144)V̄ = −10.6MeV, close to -10.3 MeV atN = 144. On the other hand,
for N = 108, the value (108/144)V̄ = −12.2MeV, rather far. This is an indication
that above 132 we are already close enough to large-N limit, while 108 is still too
small.

We calculate the s-state scattering length in the first-order Born approxima-
tion

a =
mπ/2

2π

∫
V(r) d3r =

mπ

4π
V̄V . (9)

This formula was first quoted by M.Lüscher[7] in 1986 and 1991 and later by
many authors. It was derived in a much more sophisticated way, but in our con-
text it is just the first-order Born approximation.

In our example for N = 144 we have V̄ = −10.3MeV and V = π2N/Λ3 =

40 fm3 This gives

amπ =
m2π
4π
V̄V = −0.0836. (10)

Of course, there are no experiments with one-flavour pions. It is, however,
interesting to compare with the two-flavour value (I = 2). The chiral perturbation
theory (soft pions) suggests in leading order aI=20 mπ = −m2π/16πf

2
π = −0.0445.

The old analysis of Gasser and Leutwyler gave -0.019 and the more recent anal-
ysis by Lesniak gave -0.034 (“non-uniform fit”) or -0.044 (“uniform fit”). It is not
yet clear to us why we get about twice larger value in our one-flavour model.
Possibly this is due to the artifact that we made up for the second flavour by re-
placing G → 2G which might give too strong attraction between pions. We are
still exploring this point.

6 Conclusion

From the quasispin model of the Nambu–Jona-Lasinio type one can learn several
lessons:

(i) The Hartree-Fock solution is (almost) exact for a truncated Nambu–Jona-
Lasinio model in which the off-diagonal interaction matrix elements (corre-
sponding to scattering of two quarks into different final momenta) are ne-
glected. Since the full NJL model has the same HF solution as the truncated
one it is well approximated by HF provided the effect of the off-diagonal
terms is suppressed.

(ii) The off-diagonal terms are important for pairing since scattering in all pos-
sible directions provides a large phase space for long range pairing correla-
tions to develop. On the other hand, the interaction matrix elements which
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conserve each momentum and scatter the two quarks between the lower and
the upper level (between the Dirac and Fermi sea) are responsible for the chi-
ral deformation of the system (spontaneous chiral symmetry breaking). There
is a competition between pairing and deformation. Here we draw a pictorial
analogy with nuclear physics where it is also a competition between pairing
and quadrupole deformation. The pairing energy is proportional to the num-
ber of valence nucleons and the deformation energy to the square of their
number. Therefore near closed shells pairing prevails and nuclei are spher-
ical, while far from closed shells (at large number of valence nucleons) the
deformation prevails and nuclei are deformed. Similarly, due to a large num-
ber N of quarks and large chiral symmetry breaking we expect the pairing
to be suppressed by order 1/N. We have still to test this idea by studying
the Hartree-Fock-Bogoliubov approximation of two-level NJL and verifying
that the solution does not support pairing; if this is the case it would strongly
support the idea that HF is an accurate approximation of NJL.

(iii) The picture that we have a chiral deformation of the mean field and of quark
wavefunctions can be mapped into a picture in which we have quark-anti-
quark pairing. The interaction terms of the truncated NJL (and our quasispin
model) scatter two quarks between the Dirac and Fermi sea but conserve their
individual momenta; this leads to chiral deformation. We can, however, also
call quark holes antiquarks, antiquarks carry opposite momenta as the miss-
ing quarks. Two quarks having whichever different momenta scatter back in
the same momenta; in the other picture, quark and antiquark have opposite
momenta and scatter in whichever pair of different opposite momenta. This
is then just the condition stimulating pairing. The formal relation between the
chiral deformation of Hartree-Fock quarks and the quark-antiquark pairing
will be described elsewhere.

(iv) In the quasispin model it is very instructive that the number of coloursNc and
the number of spatial states VΛ3/6π2 appear on equal footing in the product
N = 2NcVΛ3/6π2. The colour and the momentum quantum number together
are just the house number of the particle since the interaction does not depend
on them. Therefore it is the same limit N → ∞ whether we take the large Nc
limit or a large block V . This explains why even with 3 colours the quasispin
model behaves similarly as the theorems regarding large Nc limit suggest
(good HF approximation, suppression of off-diagonal terms and their effects,
etc.).

(v) The presented quasispin model is reminiscent of the schematic model of Lip-
kin, Agassi, Glick and Meshkov [8], popular in nuclear many-body problems.
The purpose of the Lipkin model was to show essential features of approxi-
mations such as HF, perturbation theory, Projected HF, Time-dependent HF,
RPA, Peierls-Yoccoz, Peierls-Thouless, Generator Coordinate Method, as well
as to test their accuracy. Our schematic NJL-like model could be designed as
“the Lipkin model of chiral symmetry”.
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Abstract. Recent measurements of nucleon (elastic) electro-magnetic form-factors, of nu-
cleon resonance electro-excitation amplitudes, generalized polarizabilities from real and
virtual Compton scattering, of parity-violating contributions to electron scattering, and of
neutron spin structure functions are described. The main emphasis is on the results from
the OOPS Collaboration at MIT-Bates, the A1 Collaboration at MAMI (Mainz), and the
Hall A Collaboration at Jefferson Lab.

1 Nucleon electro-magnetic form-factors
The experimental effort on the elastic form-factor front has recently been mostly
focused on the electric form-factor of the neutron (Gn

E) and the ratio of the electric
and magnetic form-factors of the proton (Gp

E/G
p
M). With respect to existing data,

the measurements of Gn
E in Hall A at Jefferson Lab [1] have been extended to

significantly larger values ofQ2 where no usable older data exist (see Fig. 1). The
new data were taken in early 2006.

Fig. 1. Expected uncertainties of the high-Q2 measurement ofGn
E in Hall A at Jefferson Lab

(symbols on the axis). The existing experimental points below Q2 = 1 (GeV/c)2 are not
shown. The continuous line shows the traditional Galster parameterization.

The proton form-factor ratio case has stirred a lively discussion due to the
rather surprising result of the double-polarized measurement [2] which exhib-
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ited a rapid Q2-fall-off of the Gp
E/G

p
M ratio. Accuracy of older Rosenbluth-type

measurements has been questioned, but a recent precise Rosenbluth-separation
determination of the form-factors [3] indicates that both experimental approaches
are correct and that two-photon corrections to the polarized result, previously
considered to be negligible, may be responsible for the majority, if not all of the
discrepancy. This is an ongoing investigation.

A high-precision unpolarized (Rosenbluth) measurement of Gp
E and Gp

M at
lowQ2 is presently also being pursued at MAMI, while extensions of the double-
polarization to momentum transfers beyondQ2 ∼ 6 (GeV/c)2 are planned for the
12-GeV upgrade of CEBAF. The high-Q2 experiment will require the construction
of a new focal-plane polarimeter and is likely to be performed in Hall C.

2 Nucleon resonances

Conventionally, the EMR and CMR ratios

EMR = Re
(
E

(3/2)

1+ /M
(3/2)

1+

)
, CMR = Re

(
S

(3/2)

1+ /M
(3/2)

1+

)

are used to quantify what strength the electric and Coulomb quadrupole am-
plitudes E1+ (or E2) and S1+ (or C2) contribute to the N → ∆ transition in the
isospin-3/2 channel with respect to the dominant spin-isospin-flip transition am-
plitudeM1+ (or M1). The E2 and EMR are more difficult to isolate in pion electro-
production than C2 and CMR because the transverse parts of the cross-section are
dominated by the |M1+|2 term which is absent in the longitudinal parts.

New precise data from the process H(e, e ′p)π0 in the region of the ∆(1232)

resonance have been published by the OOPS Collaboration at the MIT-Bates fa-
cility [4]. The measurements were performed at Q2 = 0.127 (GeV/c)2. The mea-
surements at MIT-Bates were particularly sensitive to the E2 amplitude through
the partial cross-section

σE2(θ) = 2Re
[
E∗0+(3E1+ +M1+ −M1−)

]
(1 − cos θ)

−12Re
[
E∗1+(M1+ −M1−)

]
sin2 θ .

The advantage of this approach is that the E∗1+M1+ interference term in σE2 is
amplified by a factor of 12 (which can be fully exploited at θ = 90◦), while the σ0
and σTT parts of the cross-section are dominated by |M1+|2 (see Fig. 2).

An experiment at the same value of Q2 was performed by the A1 Collabo-
ration at the MAMI facility at Mainz. With measurements at three values of the
pion center-of-mass azimuthal angle φ at a fixed polar angle θ, and using polar-
ized electron beam, the cross-sections σ0, σTT, σLT, and σ ′

LT were extracted from
the azimuthal and the beam-helicity dependence of the cross-section. The prelim-
inary result [5] for the magnetic dipole amplitude atW = 1232MeV is

M
(3/2)

1+ = (40.33 ± 0.63stat+syst ± 0.61model) · 10−3/mπ+ ,

while the EMR and CMR ratios are

EMR = (−2.28 ± 0.29stat+syst ± 0.20model) % ,

CMR = (−4.81 ± 0.27stat+syst ± 0.26model) % .
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Fig. 2. Partial cross-sections in the MIT-Bates measurement of the N → ∆ transition in
neutral-pion electro-production at Q2 = 0.127 (GeV/c)2. The σE2 partial cross-section is
particularly sensitive to the E2 multipole transition strength.

Looking at the experimental efforts at higher Q2, the Hall A measurement
at Q2 = 1 (GeV/c) [6] still stands as a benchmark experiment of unprecedented
physics insight and unparalleled accuracy. This double-polarization experiment
utilized the technique of focal-plane polarimetry to determine the polarization of
protons recoiled from the H(e, e ′p)π0 reaction. Thanks to the extended coverage
in azimuthal and polar angles at the singleQ2-point, a nearly model-independent
multipole analysis could be performed. We obtained very precise values of

EMR = (−2.91 ± 0.19) % ,

CMR = (−6.84 ± 0.15) %

that are distinctly different from those from the traditional Legendre analyses
based upon the dominance of the M1+ amplitude and the truncation of the par-
tial-wave series at l ≤ 1.

3 Real and virtual Compton scattering

Polarization transfer in real-photon Compton scattering (RCS) off the proton at
high momentum transfer was measured by the Hall A Collaboration at Jeffer-
son Lab (experiment E99-114, [7]). The measurements were performed at s =

6.9GeV2 and t = −4.0GeV2 via polarization transfer from circularly polarized
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incident photons. The longitudinal and sideways polarization transfer parame-
ters

KLL =
dσ(↑↑) − dσ(↑↓)
dσ(↑↑) + dσ(↑↓) , KLS =

dσ(↑←) − dσ(↑→)

dσ(↑←) + dσ(↑→)

were extracted from the measurement of the proton recoil polarization. The re-
sults are in disagreement with the prediction of perturbative QCD based on a
two-gluon exchange mechanism, indicating that the perturbative regime has not
been reached yet in the kinematics of this experiment. On the other hand, the re-
sults agree well with the prediction based on a reaction mechanism in which the
photon interacts with a single quark carrying the spin of the proton (the handbag
reaction mechanism). For details, see [7].

Experiments in virtual Compton scattering (VCS) off the proton are a prime
example of how the leading electron-scattering laboratories exploit the comple-
mentarity of their experimental equipment in order to achieve a common goal.
The Jefferson Lab Hall A Collaboration has recently completed an extensive VCS
program atQ2 = 0.92 (GeV/c)2 [8], complemented by the work of the A1 Collab-
oration at MAMI at Q2 = 0.33 (GeV/c)2 [9]. The results of the measurements by
the OOPS Collaboration at MIT-Bates at very small Q2 = 0.06 (GeV/c)2 are at a
preliminary stage and are being published shortly [10]. The purpose of this joint
effort is to determine the Q2-evolution of the electric and magnetic polarizabili-
ties of the proton αp and βp. The measurements at low Q2 from MIT-Bates are of
particular relevance since both α and β appear to have strong Q2-dependencies.
In particular, the prediction of chiral perturbation theory that β(Q2) has a pos-
itive slope at origin (indicating a negative magnetic polarizability mean-square
radius) will be tested. Taken together, the experiments will also shed light on the
theory that the proton possesses a distinct paramagnetic core and a diamagnetic
tail [11].

Most recently, the A1 Collaboration has initiated a study of the single-spin
and double-polarization asymmetries in the VCS process [12]. In these time-con-
suming and experimentally demanding experiments, an attempt is being made to
extract six generalized polarizabilities of the proton: PLL (corresponding to elec-
tric polarizability α in RCS), PLT (magnetic polarizability β in RCS), PTT (spin po-
larizability γ in polarized RCS), as well as three new ones, PzLT, P′zLT, and P′⊥LT . This
experimental effort (close to 2000 hours beam-time) is ongoing, and data acquisi-
tion is nearing completion. Figure 3 shows the anticipated error budget for three
different linear combinations of generalized polarizabilities contained in the Ψ0,
∆Ψx0, and ∆Ψz0 structure functions.

4 Parity violation

Parity-violating (PV) experiments exploit the interference of neutral weak (Z0 ex-
change) and electro-magnetic (photon exchange) currents in scattering of polar-
ized electrons off light nuclei, with typical PV asymmetries on the order of 10−4

to 10−7. Most experiments to-date have been performed at momentum transfers
below ∼ 1 (GeV/c)2. The SAMPLE Collaboration at MIT-Bates, the A4 Collabo-
ration at MAMI, and the HAPPEX Collaboration at Jefferson Lab are involved
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Fig. 3. Anticipated uncertainties in three different linear combinations of generalized po-
larizabilities contained in the Ψ0, ∆Ψx0, and ∆Ψz0 structure functions, for the double-
polarized VCS measurement at Mainz.

in a comprehensive program to determine the strange-quark contributions to the
distributions of charge (Gs

E) and magnetization (Gs
M) within the proton. The PV

asymmetry on hydrogen is proportional to a linear combination of Gs
E and Gs

M,
while it is proportional to Gs

E only in the case of the spin-less 4He nucleus. It
is therefore important that both targets are used in experiments under different
kinematical conditions in order to achieve a good lever-arm for an intercept in
the Gs

E-Gs
M plane.

Most recent results, taken in 2006, come from the HAPPEX II Collaboration
who measured elastic scattering of 3 GeV electrons off hydrogen and 4He targets,
and provide the most precise data so far on the PV asymmetries. Strange electric
and magnetic form-factors

Gs
E = 0.002 ± 0.014 ± 0.007 at Q2 = 0.077 (GeV/c)2 ,

Gs
E + 0.09Gs

M = 0.007 ± 0.011 ± 0.006 at Q2 = 0.109 (GeV/c)2

were extracted, providing new limits on the role of strange quarks in the nucleon
charge and magnetization distributions [13].

5 Neutron spin structure

Most exciting new results on the neutron spin structure functions gn
1 (or the corre-

sponding asymmetry An
1) and gn

2 come from experiments with the high-pressure
polarized 3He target in Hall A at Jefferson Lab. The measurements of these struc-
ture functions are motivated by several open questions.
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Relativistic constituent quark models (RCQM) incorporating orbital angular
momentum (OAM) of the quarks and leading-order perturbative QCD (pQCD)
predictions assuming hadron helicity conservation (no OAM) make dramatically
different predictions polarized quark distributions in the valence region. The An

1

asymmetry and the corresponding polarized spin structure function gn
1 are sensi-

tive tools to improve upon our knowledge of the neutron spin structure.
The naive quark-parton model predicts gn

2 = 0, while non-zero values occur
in more realistic models of the nucleon which include quark-gluon correlations,
finite quark masses, or quark orbital angular momentum. If the electron is con-
sidered to scatter from a non-interacting quark, the gn

2 structure function can also
be obtained from NLO fits of gn

1 to world data. Deviations from this connection
provide an opportunity to examine the dynamics of QCD in nucleon structure.

A precision measurement of An
1 and a spin-flavour decomposition in the

valence-quark region has been performed in Hall A at Jefferson Lab [14]. The
results show a zero-crossing of An

1 at x ∼ 0.47, and An
1 becoming significantly

positive at x ∼ 0.60. In general, the results agree with RCQM and pQCD analyses
based on earlier data. However, they deviate from pQCD predictions based on
hadron helicity conservation. Within the 12-GeV upgrade of CEBAF, there is an
ambitious program to continue the An

1 to Bjorken x ∼ 0.7 at W > 2GeV or even
beyond x ∼ 0.9 at W > 1.2GeV.

The first measurement of the Q2-dependence of gn
2 has also been performed

at Hall A [15]. The kinematics spanned five points in the range of 0.57 ≤ Q2 ≤
1.34 (GeV/c)2 at Bjorken x = 0.2. The results indicate a departure from the gn

2-gn
1

connection at lower Q2, indicating that contributions such as quark-gluon inter-
actions may be important.
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