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0 INTRODUCTION

The rising complexity of the industrial
production, the need for higher efficiency, better
adaptability, higher quality and lower costs, has
changed the production processes substantially in
the last few years. Modern production science is
interdisciplinary and often employs results of
research from other fields of science such as:
computer sciences, management, marketing and
system theory [1] to [4]. The use of artificial
intelligence in production systems [5] to [10] has
increased greatly in the last two decades because
of the adequate efficiency and availability of
computers for a broader circle of researchers and
industrial users.

In the commercially available CAD/CAM
systems, a problem of converting a complex free
surface of the product into a formal building block
and later into a technological building block still
appears. Most of the systems for recognition and
connection of building blocks are based on basic
geometrical solids, which do not allow satisfying
cataloguing of complex free surfaces and their
subsequent transformation into building blocks.
CAD databases, from which building blocks are
captured and identified, also do not contain
elements, which would enable satisfying
recognition of the free surface as a conglomerate
of building blocks. With artificial neural network
we can efficiently predict milling strategy from
CAD model [11] to [15].

1 STATE OF THE ART

The procedures of automatic milling
strategy prediction from surface CAD model can
generally be divided in two areas; feature extraction
from a 3D model, and feature recognition and
classification [16] to [20]. In this paper we will
limit to describe feature extraction from CAD
model.

We have to take into account that 3D objects
can be stored in different formats, such as triangle
meshes, volumetric data, parametric or implicit
equations, etc. There are different approaches to
acquiring features from a 3D model.

2D methods are based on the fact that the
3D model is described with a series of 2D images
acquired from different viewpoints.  We retrieve
useful data from these images with the help of
methods used in digital image processing [21].
Different authors use different approaches, namely:
Löffler [22] describes a method, which is based on
comparison of shapes from images. Min [23]
introduces a 2D procedure for detection of 3D
objects on the image.

The second group of methods for
determining features of a 3D model is comprised
of methods based on mathematical description of
3D objects, the so-called histogram methods. Boyer
and Srikantiah [24] present a procedure, which
segments object in a network of cells and then
calculates the so-called key value for each cell.
Different values are used, such as: Gaussian
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curvature and variation of normals. Papers like [24]
to [26] represent the use of differential equations
for describing 3D objects, specifically - an
estimation of Gaussian and mean curvature for
describing 3D models. Then there are Kazhdan and
others, who describe an object with the help of
reflexive symmetry [27] and [28] or spherical
harmonic representation [29].

In the next group of methods for extracting
features from a 3D model, are methods based on
description of topology of an object.  Generally,
the result describing an object is presented in form
of a graph. Exact comparison of two graphs can be
computationally very demanding. Hilaga [30]
suggested a method, which uses the so-called Reeb
graph. Topology of object is written in the graph,
according to the geodetic distance calculated for
all points on the surface of the body.

Novotni and Klein [31] present a method,
which belongs to a group of methods based on
measuring the errors between objects.

In general it is difficult to say which of the
mentioned methods for determining features of a
3D object is better than others. Feature
determination is a very important and interesting
problem. We can conclude that each of the
mentioned methods has its weaknesses and that an
ideal method has still not been suggested yet.

2 FEATURE EXTRACTION

In classification procedure it is extremely
important to describe the object with its essential
characteristics, important for the given assignment.

In the recognition process, we arrange patterns in
M classes, which means that from the perspective
of pattern classification, the important
characteristics of objects are only those, which
emphasize the particularities of the individual
pattern classes. We call such pattern characteristic
feature. In our application triangle corners represent
the pattern. In Figure 1, we can see a CAD model
composed of triangles read from an STL file. STL
file was stored in one of the commercial CAD
packages (CATIA, SolidWorks etc.) Triangles
describing face of the model are of different sizes
(depending on the shape of the face).

Each triangle corner is a point, located on
the surface of the model. Now we know the
coordinates of the corners, and we also know that a
between these points there lies a straight face
(triangle) - we have described the whole surface of
the body. To obtain useful and characteristic
information of the pattern, this data has to be
appropriately processed. We also need to adequately
rearrange these data in order to enter it into the
neural network.

Figure 2 presents the phases of data
processing:
· In phase one, we have to use the appropriate

algorithm to remove faces, which are not visible.
First we define the plane from which we will
project the network of points to the body. The
normal to this plane represents the direction of
our view.

· In the phase of segmentation, we partition the
whole face representing the body into smaller
sub-faces (surface patches) and then treat each
of this sub-faces as an independent model.

· In the plane according to which we defined the
direction of our view, we create a mesh of
symmetrically arranged points and project it to
the model at the right angle.

· In the last phase, we standardize the values
obtained when projecting the network to the
model, and write it in the form of a vector
appropriate for input into our classifier.

2.1 Removing the Hidden Surfaces of a Body

The concealment of some parts of a body
depends on the chosen viewpoint. If the body is
shown with full faces, we use the hidden-surface
removal algorithms. Although many hidden-surface
removal algorithms exist today [32], we can’t

Fig. 1. CAD model example composed from STL
triangles
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determine which one is the best, since their results
depend on the complexity of the scene.

In application we »shoot« symmetrically
arranged points at the body. For the description of
the model, we are interested only in the front
surface therefore we use the appropriate algorithm
to remove faces hidden to our view – faces hidden
by the body itself, the so-called back-faces. For
this we need normal vectors of all faces of the body,
and they all have to be directed outward form the
body or into the interior of the body. Each of the
faces is a plane polygon, in our case a triangle. On
the face we choose three adjacent corners (in our
case these are corners of the triangle): p

i-1
, p

i
 in

p
i+1

. We calculate normal face vector for each
triangle with the following vector product:

(1).

The equation of the plane in which the
surface lies is defined with:

(2).

Coefficients a, b and c correspond to the
components of normal vector n, coefficient d is
calculated with the help of the following
expression:

(3),

where x
i
, y

i
 and z

i
 are the coordinates of the corner

p
i 
(otherwise we can select any point on the face).

In this way we calculate equations of planes for all
m faces of the object. Plane defined by the equation
(2), divides the space into two half-spaces. Normal
vector points to the half-space in which lies the
point p=[x  y  z]T, under the following conditions:

(4).

In the Equation (4), the positive elements
in the product signify that the normal vectors of
the corresponding planes are directed to the interior
of the body, while negative elements signify that
vectors are directed outwards from the body.
Coefficients of planes, whose vectors are pointing
outwards from the body, have to be multiplied by -1.
In this way we achieve that all the normal face
vectors are directed into the interior of the body.

Hidden-surface removal algorithm uses the
fact that the angle between the normal of the visible
face and the direction of view is smaller than 90°,
while the angle between the normal of the hidden
face and the direction of view is larger or equal to
90°. In Figure 3, we indicate the direction of view
by vector g. If the scalar product of the view
direction vector and the normal of the face is
positive, the face is visible, while in the opposite
case it is not. In Figure 4 (left) we can see an

Fig. 2. Block scheme of data processing

[ ]1 1( ) ( )
T

i i i in p p p p a b c− += − × − =

0ax by cz d+ + + =

( )i i id ax by cz= − + +

,���&��
���-�,	�����.��/-
0
;
�

Fig. 3. Surface ”ABF is visible, because ϕ
1
<90°

and surface ”CDF is invisible, because ϕ
2
 >90°
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example of CAD Model drawn with the help of
our application. In the Figure 4 (right) we can see
the same model after it as been processed with the
hidden-surface removal algorithm.

2.2 Segmentation of CAD Model

In this phase we have to partition the entire
surface of the CAD model into smaller sub-faces
[33]. In other words, we have to segment the
triangles describing the surface of the workpiece
into regions, which are suitable for independent
planning of milling strategy.

We have implemented segmentation of the
model according to the size of the angle between
the normal of triangles representing the surface of
the body. The normal of triangle defined by the
three corners p

i-1
, p

i
 and p

i+1
 is calculated by

Equation (1). For each triangle (the triangle for
which we are trying to find its neighbours, will from
this point on be called basic triangle) we search
for adjacent triangles, which share two common

corners with the chosen triangle. In this way each
triangle can have one, two or a maximum of three
neighbours (Fig. 5). Then we calculate the angle
between the normal of the basic triangle and the
normal of its neighbours.  If the calculated angle is
smaller than the threshold value, we add this
triangle into the region established by the basic
triangle. If the angle is larger or equal to the
threshold value, the triangle is not added to the
region and is treated later when we determine the
members of the next region. Each new triangle
added to the region has to be treated later as basic
triangle and examined whether its neighbours
satisfy the conditions for classification into this
region. The algorithm is executed until each triangle
belongs to a certain region. In Figure 7 (left) we
can see an example of workpiece drawn with the
help of our application. In the right section of the
Figure 7, we can see a segmented CAD model in
which the segmentation algorithm has divided the
model into three regions. In the following
procedure we treat each of these regions, obtained

� �

� Fig. 4. Representation of hidden surface algorithm’s functioning

Fig. 5. Basic triangle and its neighbourhood
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�

by the process of segmentation, as an independent
CAD model and determine appropriate treatment
strategy for each one separately.

2.3 “Scattering” Points Over the Model

Each region of the model is “scattered” with
points in a certain mesh.  In the x-y plane, we create
a window the size of the largest possible drawn-in
rectangle. In the window we determine points,
which are symmetrically arranged. By increasing
the number of points, we improve the reliability of
our system but this also increases the number of
data representing CAD model and causes more
complex and slower processing. The number of
points in directions x and y is a parameter which
can be modified. In our testing we chose 200 points
in direction x and 200 points in direction y.

Figure 6 shows a schematic representation
of points in the plane x-y, which are projected to
the body parallel to the z-axis. From mathematical
standpoint, this means that for each point P(x,y),
defined by the raster of points in the plane x-y, we
calculate the value of coordinate z, occupied in that
position by the surface of the model. Since the
triangles describing the face are of different sizes,
while we are interested in values of component Z
for fixed coordinates X and Y, we have to perform
interpolation between these points. We have used
triangle-based interpolation presented in detail in
[34].

Numbers of points and raster have to be
identical for all the models in the learning base.
Configuration of model in the direction Z has
the greatest influence on the technological
parameters; therefore we use only these data for
input in the neural network. Values Z, which
are calculated for each point P(x,y), are written
in the form of vector S

N
={x

1
*, x

2
*,…,x

N
*}. In

the test example we have chosen mesh of 200
points in direction x and 200 points in direction
y, thus receiving a vector the size of 40,000
elements.

Certain extents of similarity between
patterns are highly dependant on the criteria in
which we present the features.  If we wish for all
the features in the pattern to have the same
contribution to the calculation of the extent of
similarity, we have to standardize pattern features
appropriately. The vector obtained in this way,
whose elements are standardized values, represents
the input into a system for intelligent prediction of
processing strategy (SOM neural network, feed-
forward neural networks etc.).

Fig. 6. Schematic representation of points in the
plane x-y, which are projected to the body

parallel to the z-axis

Fig. 7. Representation of processing results for the test model
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3 RESULTS

Feature extraction system has been tested on
different CAD models, which have been modelled in
SolidWorks package. Figure 7 presents processing
results of one of the test models. In the first phase we
can see that the faces not visible from the x-y plane
were removed from the model (middle figure). The
right figure shows the model after the segmentation.
We can see that we have obtained two independent
regions, each of which has to be treated as an
independent CAD model and analyzed according to
its features for the appropriate processing strategy.

As seen from the Figure 7 and results of
other tests performed with models of different
shapes, the suggested procedure of feature
extraction are very efficient and appropriate for use
in prediction of milling strategy. Model
segmentation was performed in a manner whose
efficiency largely depends on the appropriate
selection of threshold value, which varies form
model to model. Therefore it has to be stressed that
we can obtain good results only with the
appropriate threshold value selection.

4 CONCLUSION

System testing has shown that with the help
of the procedure presented in this paper, we can
efficiently extract valuable information from a
CAD model. Those informations are needed in
determining strategy according to the shape of the
workpiece. Such system would offer users a good
supplement tool and help when working with
modern CAM systems. Feature extraction program
was implemented in the MATLAB integrated
development environment. System has been
implemented in such a way that its use is universal
and allows processing of CAD models made in
different commercial packages and stored in STL
formats.  The topics presented in this paper offers
excellent foundation for additional research. In the
future we intend to expand the system with
intelligent system, which will be capable to predict
appropriate processing strategy based on extracted
features.
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The aim of this paper is the examination of
possibility of the cutting force components and the
surface roughness modelling. In order to model
dependency of the cutting force components and the
surface roughness on the cutting speed, the depth of
cut and the feed rate, regression analysis and neural

network methodology were used. Both methodologies
were tested for interpolation and extrapolation
capability. Regarding the interpolation, both
methodologies are found to be capable for accurate
predictions (approximately relative error of 3%) of the
cutting force components and the surface roughness,
although regression models give somewhat better
predictions. In the case of the extrapolation neural
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network models give significantly better predictions.
Neural network models were trained with 18
experimental data so even with the small data set ANNs
are capable to achieve predictions nearly as accurate
as regression models.
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Fig. 1. Queue formation in a roundabout [3]
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2.1 Input Data for Building the Simulation
Model – An Analysis of the Actual Situation of
the Traffic Flow Performed by Counting
Pedestrians and Vehicles
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2.3 Simulation Model of the Roundabout
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Fig. 4. Micro-simulation model of the roundabout [13]
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• The gap acceptance model
The gap acceptance model of the

roundabout has been modelled using the »Block
claim and Block release functions« and the »Order
list«. The »Block claim function« for the arrival of

PCU
4
 on the considered pedestrian crossing verifies

whether there is already a pedestrian on the
pedestrian crossing or not. If there is a pedestrian
on the pedestrian crossing (the function »B_block_1
current claims <> 0«), the PCU

4
 immediately stops

and waits until the pedestrian leaves the pedestrian
crossing. During the waiting period, the PCU

4
 is

inscribed into the order list wait for path (»wait to
be ordered on Ol_waitForPath_1«). When the
pedestrian flow is extremely heavy, waiting queues
of PCU

4
 occur. The moment the pedestrian crossing

is free the »B_block_1 current claims = 0«, PCU
4

continues with driving in the first-in-first-out
(FIFO) consequence according to their waiting
queue. The driving of PCU

4
 takes place until the

next pedestrian appears on the pedestrian crossing,
which again stops the driving of PCU

4
. In the case

of roundabout circulating flow PCU
3
 and the main

traffic flow PCU
4
, the same approach with the

»Block claim and Block release functions« and the

Fig. 5. Algorithm of the course of operating the simulation model of the roundabout
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»Order list« has been used. For every passing of
PCU

4
 and pedestrians the program registers the

basic information variables »V_waiting_time« for
PCU

4
, »V_no._of_ PCU

4
« and »V_no._of_

pedestrians« as follows: the number of passing
PCU

4
 and the number of pedestrian crossings in

the roundabout, the period an individual PCU
4
 has

been in the observed arm of the roundabout (the
waiting time period) and the number of successfully
passed PCU

4
 and pedestrians in the defined time.
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2.4 Analysis of Results

The results of the performed analysis for
determining the mean waiting time and the capacity
of the PCU

4
 main traffic flow depending on the

pedestrian flows give basic conclusions, presented
in Tables 3, 4 and 5.

With regard to the performed counting of
the traffic flow of motorised vehicles and
pedestrian flow (Table 2) it can be stated that the
frequency of pedestrians (λ

1
) presents the biggest

influence on the capacity of the PCU
4
 main traffic

flow (Fig. 4). Assuming that the pedestrian

frequency will only get bigger in the future
(closure of the “Old bridge”, increase in the public
transportation), it is necessary to find out what
level of increase in the number of pedestrians in
both directions with regard to the main traffic flow
of PCU

4
 would still be admissible. When

analysing the capacity of the treated arm of the
roundabout, we deal with a number of independent
variables, i.e. different frequencies of the
motorised vehicle traffic flow (λ

!
 
 λ

4
, λ

5
) and

pedestrian flow (λ
1
, λ

2
). To determine the

influence of a variable on the system’s response
(waiting time and roundabout capacity) it is
therefore necessary to fix individual variables and
change the value of only one variable or both
variables at the same time. Since we are mainly
interested in the influence of pedestrians on the
capacity of the roundabout arm, the frequency of
pedestrians 1 (λ

1
) and the frequency of pedestrians

(λ
2
) in the roundabout arm present the main

variables. Due to a different frequency of
pedestrians in both directions (λ

1
 = 0,1037 ped./sec.

and λ
2
 = 0,02352 ped./sec.) the influences on the

waiting time and capacity of the roundabout for
PCU

4 
have been analysed in the following way:

a) beside the fixed variables (λ
3
, λ

4
, λ

5
) the

frequency of pedestrians 2 (λ
2
) has been fixed.

In the analysis, values λ
1
 have been changed or

increased to the level that the mean waiting time
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and capacity of the main traffic flow of PCU
4

are still admissible (Table 3);
b) beside the fixed variables (λ

3
, λ

4
, λ

5
) the

frequency of pedestrians 1 (λ
1
) has been fixed.

In the analysis, values λ
2
 have been changed or

increased to the same level as the frequency of
pedestrians 1 (Table 4);

c) the variables (λ
3
, λ

4
, λ

5
) have been fixed. In the

analysis, values of frequency λ
1 

and
 
λ

2
 have

been changed or increased to the level that the
mean waiting time and capacity of the main
traffic flow of PCU

4
 are still admissible (Table

5).
Analysis results for every mean waiting time

and the roundabout capacity shown in Tables 3, 4,
and 5 have been carried out on the basis of 100
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consecutively performed simulations in the
AutoStat programming tool [13]. Consequently, a
good enough representative average is obtained,
which would not be in the case of probability
functions with a small number of performed
simulations.

2.4 Discussion – Interpretation of the Simulation
Results
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�he condition that the frequencies of traffic
flow (λ

3
, λ

4
, λ

5
) of PCU are fixed and unchangeable.

The same holds true for the frequency (λ
2
) of the

pedestrian flow 2.
:�
 ���
 �ontinuation of the analysis, when

operating with the pedestrian flow 2, the influence
of increasing the frequency λ

2
 on the mean waiting

time of the main traffic flow of PCU
4 

was
compared. Due to the simultaneous treatment with
several variables the values of variables (λ

1
, λ

3
, λ

4
,

λ
5
) were fixed. In Table 4 it can be observed that

the increase of the pedestrian frequency 2 does not
have a major influence on the mean waiting time
and capacity of the main traffic flow of PCU

4
.
 
This

finding is reasonable since the pedestrian frequency

(λ
2
 = 0.02352 ped/sec) is relatively small

considering the pedestrian frequency (λ
1
 = 0.1037

ped/sec) and consequently has a smaller influence
on the mean waiting time of PCU

4
.
 
This means that

theoretically there is a relatively great reserve of
capacity in the case of the increase of pedestrian
frequency.

The actual roundabout capacity is definitely
dependent on the simultaneous consideration of
pedestrian frequencies λ

1
 and λ

2
 as well as on other

fixed variables (λ
3
, λ

4
, λ

5
) of PCU. For this reason

Table 5 shows dependencies of the mean waiting
time and PCU

4
 capacity with a simultaneous

increase of pedestrian frequencies (λ
1
, λ

2
) for

pedestrians 1 and pedestrians 2. Because of the
simultaneous influence of both pedestrian flows 1
and 2, the mean waiting time is higher than in
previous cases. The dependency of the mean
waiting time and capacity of the main traffic flow
PCU

4 
is similar to the dependency in the case of

only increasing the pedestrian frequency λ
1
 and

fixed values of other variables (λ
2
, λ

3
, λ

4
, λ

5
). Due

to a relatively small influence of pedestrians 2 and
a great influence of pedestrians 1 there is a
theoretical 60 % reserve of capacity at a
simultaneous increase of pedestrian frequencies λ

1

and λ
2
.
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3 4 5 6 4 4 5 6 4

2
6 4 4 3 4 3 3

3 2 3 3 4 3 4

2 3 3 4 3 4 3

( 2 cos ) ( cos )

sin ( 2 )

[ sin sin( )]

[ cos cos( )] ( )s y d

A A A A A

A b

u F L L

F L L T t

α α α α

α α α α α
α α α

α α α

+ + + + −

− + +
= + + + −

− + + +

�� ��

� � � �

2
5 4 3 5 6 4 6 3 4 4 4

4 2 4 3 4 2 4 3 4 4

( cos ) sin

sin( ) cos( ) ( )s y d

A A A A b

u F L F L T t

α α α α α α
α α α α

+ + + + =
= + + − + +

�� �� � �

1

0 ; 2.2
( )

( ) sin( ) ; 2.2e
k

t
T t

k x t c tα β
<

=  − + ≥

2 1
1 1 2 1 2

2 1
3 3 4 3 4

cos cos( )
2 2

cos cos( )
2 2

M
d d

x L L

d d
L L

θ θ θ

θ θ θ

= + + + − =

= − + + + +

1 1 2 1 2 3 3 4 3 4sin sin( ) sin sin( )My L L L Lθ θ θ θ θ θ= + + = + +

2 1MM x F F= −��

1 22 2M s y s yM y F F= =��

2 2 2
1 1( ) ( )

2s y
Mg

F Fµ+ <

2 2 2
2 2( ) ( )

2s y
Mg

F Fµ+ <

     if  (x is X) and  (y is Y)  then  (u is U)

( ) ( ) ( )PI PI PIu t u t u t tδ= ∆ + −

( ) ( ) ( )PD PI PD PIu t u t u t+ = +
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( )2( ) ( )exp 20( 2)M r f i fx t x x x t= + − − −

( )2( ) ( ) exp 20( 2)M r f i fy t y y y t= + − − −
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Geometrical characteristics:
Calculated static length: L = 3750 mm
H�1��<
��<�=++���

Height: h = 150 mm
Effective depth of a cross-section: d = 120 mm
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Cross sectional area of compressive reinforcement:
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0 INTRODUCTION

Kinematic motion analysis and design of
mechanical systems lead naturally to system of
nonlinear algebraic and/or transcendental
equations. One of the most frequently occurring
problems in kinematics is to find solutions to this
system of equations [1] and [2]. The research of
analysis and synthesis for planar mechanisms refers
the solution of nonlinear equations and this has not
commendably resolved [3]. How to find out all
solutions of nonlinear equations quickly and
effectively is important to mechanisms analysis &
synthesis and engineering fields, so mathematics
worker and engineering expert have paid attention
to it. The solution approaches for such equations
can be broadly divided into two classes: closed-
form (analytical) techniques and numerical
(iterative) methods.

Analytical or closed-form solutions to
kinematics equations can be obtained by using
elimination theories based on resultants [4],
Gröbner-Sylvester hybrid method [1] and [5] to [7]
or Wu elimination [6] and [7] and so on. The
analytical solution approaches entail successive
elimination of problem unknowns to reduce a
multivariable system into a single variable equation
or triangular equations. These can find all solutions.

In elimination process with resultant, it may be
possible to express the resultant as a quotient of
one determinant divided by another. The divisor is
the extraneous factor. Since it is difficult to identify
whether or not extraneous factors exist, it is
impossible to insure that a resultant is devoid of
extraneous solutions. For homogeneous systems,
extraneous factors can be identified and eliminated
as demonstrated by Macaulay [8]. However,
problems arising in synthesis and analysis of
mechanism often result in a system of non-
homogeneous polynomials. Hence, Macaulay’s
approach is not suitable for such problems because
the system of equations has extraneous solutions
including solutions at infinity, and thus the
eliminant matrix is degenerate [1]. For kinematics
problems of  “reasonable” complexity [1], Wu
elimination method, Gröbner base method are quite
inefficient because of their excessive computation
times and exploding intermediate results [1] and
[8]. For a comprehensive contents of Gröbner base
method and Wu elimination method see [6] to [8].
Specially, in general, analytical or closed-form
solutions are effective to polynomial equations.

The numerical (iterative) methods mainly
include Newton method and its improved methods
[9] and [10], continuation iteration method [9] to
[11], interval analysis method [12], universal gray
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analysis method [13] to [15], optimum method [10]
and [16] and so on. These numerical methods are
adaptive to polynomials equations as well as non-
polynomials equations in kinematics. Using
numerical methods, a kinematics problem is
considered solved if a tight upper bound on the
number of solutions can be established, and an
efficient algorithm for computing all solutions can
be implemented. The commonly used iterative
methods are variants of the Newton, conjugate
gradient methods or optimum methods. These
methods require an initial guess to the solution. If
the initial guess is not close enough to a solution,
the iterations may converge slowly, converge to an
unacceptable solution or may diverge altogether,
and, in general, these methods can only find a
solution. However, Newton’s method is a valuable
tool and is used as the building block for numerical
continuous methods, interval iterative method or
universal gray method. Interval method can find
all solutions, but some algebraic nature of interval
mathematics cannot be extended and compiling
program is very complicated [14] and [17], so that
this limits its application. The universal gray
analysis method also can find all solutions of
kinematics problem [14] in which, algebraic nature
of universal mathematics can be extended like
general algebra and overcome the disadvantages
of interval analysis, but the universal number
operator is also complicated [13], so the efficiency
of solution-finding is not very high. Numerical
continuation (homotopy) methods have been used
in solving kinematics equations of motion for
planar as well as spatial mechanisms. If the system
of equations to be solved can be cast in a
polynomial form, numerical continuous methods
are capable of finding all possible solutions and
eliminating the need for a good initial estimate to
the solution. But computing efficiency is not high,
and it is difficult to deal with non-polynomial
equations in kinematics [10].

To overcome the difficulties of the above
approaches, it is necessary to explore innovate
approaches to find out all solutions quickly and
effectively. The Newton iteration technique
possesses two-order convergence speed, its
computing speed is fast, its iteration function is
clearly understood, and its dynamics specific
property is relatively easy to be hold, so that it is
widely used in engineering and science research.
But it is comparatively sensitive to initial value,

its calculation capacity is great, and it can only get
one solution. All the improved work on Newton
methods put the emphases on computing arithmetic
and the researchers do not notice that these
numerical iteration system are discrete dynamical
system resulted from numerical iteration process.
Recently, the finding-solution methods based on
chaos have made some progress. Xie and Chen [18]
had proposed an innovative chaos method for the
all solutions of nonlinear equations and Luo  [19]
had proposed an improved method for enhancing
its efficiency by rough and accurate iteration.
However, the chaos method related in [18] and [19]
assumed the lumped Julia points of Newton
iteration method to appear in the neighborhood
where the Jacobian matrix of resolved equation set
is zero. Nevertheless, it has not been tested and its
resolving procedure is complex. Recently,
Jovanonic et al. [20] proposed an innovative
Newton chaos iteration method to obtain all
resolutions of nonlinear equation set to mechanism
synthesis. The method assumes Newton iteration
method be a nonlinear discrete dynamic system to
obtain the chaos fractal sensitive region of the
Newton iteration method with the exclusive two-
cycle point to make inverse image iteration to find
Julia points and then take initial points in the
neighborhood of Julia points. But Luo [21] found
that its efficiency is to be further enhanced when
the Julia points are researched by using the
exclusive two-cycle point to operate inverse image
iteration. And thus, Luo [22] proposed an
innovative three-cycle chaos orbit method to find
the Julia points of non-linear equations in
kinematics, but its validity and adaptability to find
Julia points with three-cycle inverse image iteration
method are valuable to be researched ulteriorly. On
the other hand, multi-start technique is a sort of
technique in global optimization. The biggest
difficulty of Newton iterative method is how to
define initial value. To take chaos sequences as
initial points of Newton iterative method, it can
find all solutions of nonlinear equations. Liao et
al. [23] proposed two dimension chaos mapping
Newton iterative method which is applied to found
all solutions of linkage accurate points movement
synthesis.

To overcome the difficulties of approaches,
this paper presents a new method for solving
algebraic system of equations in kinematics, which
utilizes Hénon hyper-chaotic mapping system to
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produce sensitive initial points of Newton iterative
method and find all solutions of nonlinear
equations. After analyzing hyper-chaotic the
characteristic of Hénon hyper-chaotic mapping
system, the simulation is done with MATLAB
software, and the step and methods of finding
equations in kinematics are also given. Numerical
examples for linkage synthesis & approximate
synthesis are presented. At last, the comparison
with other methods to find all solutions of non-
linear equations in kinematics is given. The
examples show the new method is verified to be
correct and effective.

1 HÉNON  HYPER-CHAOTIC SYSTEM

Lyapunov exponent is one of effective
method depicting the Chaos specific property of
nonlinear system, and the number of Lyapunov
exponents is identical with the dimension n of
system state space. If one of the Lyapunov
exponents is positive, system is chaotic. If system
has two or more positive Lyapunov exponents,
system is hyper-chaotic. The more positive number
of Lyapunov exponents, the higher in-stability has
the system [24]. In general, if the systematic state
variable number is more (for high dimension
system, e.g. the discrete system, n > 2), it probably
appeares the unsteady level is higher.

The Ref. [25] designed a general Hénon
mapping:

�&� 

where, ni ,,3,2 �=  express the dimension of
system; k  is discrete time; a  and b  are adjustable
parameters. When i = 2, the above mapping is called
as famous Hénon  mapping. When fixed parameters

1.0,76.1 == ba and the dimensions vary from 2 to
10, after computing, the ref. [25] found that with
increasing n, the simple relation of  the number N of
positive Lyapunov exponents  with the system
dimension n  is 1−= nN , namely, when the system
dimension is larger of two, system is hyper-chaotic.
For 10>n  situation, we also have done simulating
study and we also obtained the same results 1−= nN .

For example, 
�@
�, we compiled program
MATLAB with time series method [24] and we
obtain four positive Lyapunov exponents, shown
in Figure 1. When 
�@
&!, the simulating result is
that the system has twelve positive Lyapunov
exponents with lesser values, shown in Figure 2.

2 NEWTON ITERATION FUNCTION

To find solution of nonlinear equations:
                                                  

  (2).

Newton iterative method can be described
as follows roughly:
(1) To select initial value x

0

(2) To take iteration by formation

                     (3),

where f(x
k
) is the function value of f(x) at the point

x
k
, f’(x

k
), is one-order derivative of f(x) at the

point x
k
, also called as Jacobian matrix of f(x

k
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Fig.1. Lyapunov exponent of Hénon maps with n=5
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1 1 1 2 1 1

3 1 1 4 1 1

5 1 1 1

6 1 1 1

7 1 8 1

9 1

1 cos( ); sin( )

sin( ); 1 cos( )

cos( ) cos( )

sin( ) sin( )

cos( ) 1; sin( )

1 cos( )

j j j j j j

j j j j j j

j j j j

j j j j

j j j j

j j

P P

P P

P

P

P P

P

θ φ θ φ

θ φ θ φ

θ φ θ

θ φ θ

φ φ

φ

= − − = − −

= − = − −

= − −

= − +

= − = −

= −

and it is denoted by J. f(x) is Newton iteration
function value. When some conditions are
satisfied, Newton iterative method is two-order
convergent [9]. We must note that when using
Newton iterative method, we want to avoid f’(x

k
)

= 0 
otherwise singularity will be produced. To
improve the performance of Newton iterative
method, there have some improved methods, but
the improved methods pay attention to arithmetic
study and not mechanism study. In other words,
these methods avoid singularity and do not make
use of singularity.

3 NEWTON ITERATIVE METHOD BASED
ON HÉNON HYPER-CHAOTIC MAPPING

Based on hyper-chaotic mapping, the
process of the finding all solutions of nonlinear
equations is as follows:
(1) By formulation (1), to construct hyper-chaotic

set x0(i + 1, j) (i = 1, 2, ..., n, n + 1 is the variable
number of hyper-chaotic system, n is the
positive  number of Lyapunov exponents, n is
also the number of variables 
j = 1, 2, ..., N, N
is the length of hyper-chaotic sequences) and
obtain x0(i, j);

(2) Suppose the interval of x(i) is [ ( ), ( )]a i b i , to map
hyper-chaotic sequences to variable interval with

( , ) ( ( ) ( )) / 2 0( , )( ( ) ( )) / 2x i j b i a i x i j b i a i= − + +
and produce jth x(i, j) of x(i).

(3) To take jth x(i, j) of x(i)  as initial value of
Newton iterative method, and implement j time
operations of Newton iterative method with
formulation (3) to find all solutions x*. Note

that: in computing process, X is used to save
all solutions, when some solution x* is in X, x*

is abandoned, otherwise, x* is saved in X.

4 APPLICATION TO MECHANISM
SYNTHESIS

For four-linkage function mechanism
synthesis, in general, it’s input angles 1 jθ  and the
output angles 1 jϕ  satisfy some function relation,
we construct orthogonal system (shown in Fig. 3)
and take the coordinate of C point is (1,0). Suppose
the coordinates A

x
, A

y
, B

x
, B

y
 of pin-joined points A

and B are design variables 
denoted by �
&
 
�

�
 
�

!
, �

�

respectively.
According to constrained condition of the

invariable length of linkage and displacement
matrix, we can deduce the synthesis equation as
follows:

��� 

where j = 2  3 … m, m is point number of synthesis.

There have four design variables m-1 and
design equations in formulation (4), the most
accurate point synthesis number is five points.

Fig.2. Lyapunov exponent of Hénon maps with n = 13
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In most situations, the problem of
mechanism synthesis and approximate synthesis
can be transformed into an unconstrained optimum
problem, namely:

 (5).

And the essential condition of min objective
function is the grads ( ) / 0F∂ ∂ =x x , namely:

            
(6),

where m is synthesis point number.
For example, given plane four-linkage

mechanism synthesis problem, the data of input

1 jθ  and output 1 jϕ  are shown in Table 1. Using
Newton iteration method based on Hénon hyper-
chaotic sequences, we transform nonlinear
equations (4) into iterative form of formulation (3),
take variable intervals all [-20 
20]T, and produce
initial point of hyper-chaotic sequences with
random number method and for example, x

0 
=

[0.37948, 0.8318,
0.50281, 0.70947 
0.42889]T. To
take n = 5  for general  Hénon hyper-chaos system
expressed by formulation (1), and, with initial value
x

0 
of hyper-chaotic sequences, produce hyper-

chaotic sequences with four positive Lyapunov
exponents (to take the length N = 20), then map
variable intervals and obtain initial values of
Newton iterative method and obtain all solutions,
the first to fourth solution (Table 2). The solutions
are accordant with methods in [10], but it
dissipative time is 0.16 second less that time 0.4
second with Logistic chaos mapping Newton
iterative method (only initial points of Newton
iterative method produced by Logistic chaos
mapping). If we produce initial point x

0
 of hyper-

chaotic sequences with random number method and
for example, x

0 
= [0.28973, 0.34119, 0.53408 

0.72711 
 0.30929]T, the length of hyper-chaotic
sequences is N = 200, the accurate synthesis
problem is dealt with approximate synthesis
method in formulation (6), and results are shown
in Table 2, besides the first to fourth solution, there
have other approximate solutions. Notes that with
different initial point of hyper-chaotic sequences
and the length of hyper-chaotic sequences,
approximate solutions may be different.

5 CONCLUSIONS

In this paper, using Hénon hyper-chaos
sequences and mapping sequences into variable
intervals as initial values of Newton iterative
method, an innovative new method to find all
solutions of nonlinear equations in kinematics is
proposed. The computing steps are presented.
Numerical examples of mechanism synthesis and
approximate synthesis are given. It shows that this
method is effective and correct. This method
overcomes the shortcomings of the existing
methods, namely, extraneous solutions of resultant
method, low computing efficiency of existing
analytical solutions, and, low computing efficiency
to find all solutions with existing numerical
methods or only finding a solution with Newton
method & optimum method. Newton method is
adaptive to polynomials nonlinear equations as well
as the general non-polynomial non-linear
equations, so, the proposed method is also adaptive
to the general non-polynomial non-linear equations.
The hyper-chaos iterative method effectively
resolves the dependent on initial guess of Newton

2

1

min ( ) ( ( ))
m

j
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F f
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= ∑x x
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 Fig.3. The diagram of linkage mechanism

Table 1. Five group data of input and output

j � �� �� �� �� ��

)(0
1 jθ � �� ��� ���� ���� �	��

)(0
1 jϕ � �� �
� ��� ��� ���
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iterative method based on multi-start point
technique and hyper-chaos sequences. This method
also overcomes the deficiency of existing chaos
iterative method. Besides, compared with chaos
Newton iterative method, hyper-chaos Newton
iterative method has high computing speed and can
obtain all solutions of nonlinear equations. It can
quickly and effectively find out all solutions of
nonlinear equations in kinematics, set up basis for
other engineering application and optimization, and
provide beneficial idea for chaos characteristic
study of other iterative method.

Table 2. The results of synthesis
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