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Abstract

A two-dimensional model adopting post-failure criteria 
was used to simulate the behaviour of the rock mass and 
the development of yield zones around room and pillar 
mine workings. The model conformed to the strain-soften-
ing behaviour of the rock mass and accounted for its post-
failure residual strength. The structural-stability-analysis 
approach accounted for the main features of the mine 
structures’ yield produced during loading through changes 
in the rock material’s stiffness and the subsequent evolu-
tion of the stresses. A comprehensive parametric analysis 
was performed and the inevitable effect of the interaction 
of the roof, pillar and floor on the overall stability limit of 
the mine was investigated. The numerical results clearly 
showed that the finite-element linear models could not 
realistically represent the true behaviour of the mine struc-
ture. However, they clearly demonstrated the limitations 
of the finite-element linear solutions in representing the 
true behaviour of the mine structure, particularly when 
the rock-mass structure is relatively weak, and that a non-
linear approach was justified.
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1 INTRODUCTION

One of the most difficult design problems in practical 
rock mechanics arises in conditions of the rock mass’s 
complex non-linear constitutive behaviour, including 
structural discontinuities, and the non-homogeneity 
of the medium [7]. Field measurements and laboratory 
tests have shown the presence of the strain-weakening 
behaviour of the rock mass and have indicated that 
in many cases the assumption that the rock is linearly 
elastic leads to calculated stresses and displacements 
that disagree significantly with the measured values. In 
particular, as the rock mass around an excavation may 
exist in the post-yield state [2], [3], a realistic approach 
should incorporate the effect of the post-yield behaviour 
in the analysis [5], [10]. In the current finite-element 
analysis this has usually been achieved by adopting an 
elastic, perfectly plastic model and gradually changing 
the material coefficients of the yielding materials using a 
quasi-elastic finite-element solution [4]. In this paper an 
advanced elastic-plastic LUSAS finite-element program 
[6] was used to predict the distribution of stresses during 
the plastic and elastic strain states, and to simulate 
the possible mechanisms of the yield of the rock mass 
around a mine opening. This accounted for the residual 
strength after the failure.

2 DESCRIPTION OF THE 
MATERIAL MODEL 

The solutions of existing non-linear material models that 
are used to simulate rock mechanics and other geotech-
nical problems are somewhat limited in their ability to 
properly reflect the behaviour of the complete stress-
strain curve of most rock materials. [5] Both laboratory 
and field measurements have indicated that immediately 
after the peak strength level is reached, the stress-strain 
curve drops with a negative gradient and then flattens 
out at a residual strength. The classical solution adopt-
ing the constant-load incremental technique  has been 
shown to fail when the solution reaches the limit points 
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on the material stress-strain curve, as shown in Fig. 
1 and Fig. 2, [4], where either load- or displacement 
reversal occurs, resulting in a singular stiffness matrix, 
which automatically leads to the failure of the solution to 
converge. The LUSAS finite-element programs [6]  used 
in this analysis contain a model that allows a simulation 
of the material’s behaviour well into the strain-softening 
part of the stress-strain curve.

Figure 1. LUSAS modified arc length incrementation solution.

A general method that may follow the solution path 
through the well-known post-peak portion of the 
material’s stress-strain curve is the modified arc-length 
technique [1]. The salient characteristic of the arc-length 
technique is that the load level does not remain constant 
at each load increment, where during each iteration 
the load level is modified so that convergence near the 
limit points A and B can be achieved, Fig. 1. A typical, 
modelled, material stress-strain characteristic is illus-
trated in Fig. 2, where the complete stress-strain curve of 
the tested rock material is matched by a series of elastic 
and plastic lines, K0 , K1, and Kn , corresponding to the 
material’s performance in the elastic and plastic states [5].

The initial portion of the model, as matched by the plas-
tic line k1 , represents the work-hardening behaviour of 
the material, which is characterized by increasing stress 
with plastic deformation, while the second portion of the 
model shows the behaviour of the strain-softening state 
of the material, having a residual strength that decreases 
with plastic deformation, and finally an ideally plastic 
state of the material, where the deformation increases at 
constant stress.

Figure 2. Modelled material stress-strain curve.

3 CONSTITUTIVE LAW

In the elastic range, the way in which the stress and the 
strain are related for a material under load is described 
qualitatively by its constitutive behaviour. For an 
isotropic body undergoing plane-strain deformation, the 
stress-strain relation follows Hooke’s law Eq. (1), that is:
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For non-linear material behaviour the plastic state is 
specified by:

1.   A yield function to specify the onset of plastic defor-
mation, Eq. (2):

F , 0σ{ }( )=Κ         (2)
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 where
  F: Yield function

 {σ}: Stress vector
 |K|: Hardening, softening parameter

 In classical plasticity, stress states that provide a 
positive value of the yield function cannot exist. 
However, in numerical models, positive values of the 
yield function indicate that yielding should occur 
and the stress state is modified by accumulating plas-
tic strains until the yield criterion is reduced to zero. 
This process is known as the plastic-corrector phase 
or return mapping.

2. A flow rule to define the plastic straining is given by 
Eq. (3):

 δ ε λ
σ

{ } =
∂

∂{ }P
F

        (3)
  
 where
  δ{ε}P: Increment vector of the plastic strain

 ∂
∂{ }

F
σ

: Direction of the plastic strain

 λ: Lagrangian plastic multiplier defining   
              the magnitude of the plastic strain

3.  A hardening and softening rule to define the evolu-
tion of the yield surface with plastic strain. This 
is defined by describing the evolution of the yield 
function in relation to the effective plastic strain, εeffp, 
using a series of straight-line segments, Fig.2.

      K K
 

effp y n effp= +σ ε.         (4)

 where
  Keffp: Effective hardening, softening slope 

 σY : Initial yield stress
 |Kn|: Hardening, softening slopes

During an increment of stress, δ(σ), changes in the strain 
are assumed to be the sum of an elastic and a plastic 
component. Thus, the concept of total strain will be 
invoked, Eq. (5):

 δ ε δ ε δ ε{ } { } { }= +e p         (5)

The elastic strain components, δ(ε)e , are related to the 
stress components by a matrix of constant [E], known as 
the stiffness matrix Eq. (6):

δ ε δ ε{ } =[ ] { }−
e

1 .Ε        (6)

Taking account of the elastic and plastic components 
produces Eq. (7):

δ ε δ ε λ
σ

{ } =[ ] { }+
∂

∂{ }
−

e
1 . F

Ε         (7)

The elastic-plastic stress and strain increments may be 
related by the following equation. Eq. (8):

δ ε δ ε{ } =[ ] { }e epE .         (8)

where
 [E]ep is the elasto-plastic stiffness matrix

During the elastic-plastic analysis, the material’s stiffness 
matrix is updated by the new, computed elastic-plastic 
stiffness matrix, [E]ep , at each increment of the finite-
element solution [2], [3].

4 THE NON-LINEAR FINITE-
ELEMENT TECHNIQUE

The technique for performing a non-linear finite-
element analysis is illustrated in Fig. 3 (next page). 

This technique is summarized as follows:

1) First, load increments are applied to the mine struc-
ture and the strains and hence the stresses are found 
at the Gaussian points in the elements. For each 
increment of load, an initial material stiffness is used 
and the elastic solution is obtained.

2) During the solution the courses of all the finite 
elements are checked for yield. If the stresses at the 
Gaussian points lie within the previously prescribed 
yield surface, the stress update has been completed. 
Otherwise, stress lying outside the yield surface must 
be returned to the yield surface by plastic straining. 
During each iteration cycle, computed stresses and 
strains are added to the total already accumulated 
and a new material-stiffness matrix is reformulated 
for the next load increment. Within each load incre-
ment the system of Eq. (9):

 δ σ δ ε{ } =[ ] { }i iep iE .          (9)

 must be solved for the strain increment δ{ε}i

 where
  δ{σ}i : Increment of stress during iteration, i
  [E]iep : Updated elasto-plastic stiffness matrix
   δ{ε}i : Strain increment during iteration

  

δ ε δ ε δ ε{ } = { } + { }( )i e p

3) Steps (1) and (2) are repeated for all the increments 
of load that constitute the total load applied to the 
structure.
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Figure 3. Simplified plasticity-solution flow diagram.

5 TWO-DIMENSIONAL FINITE-
ELEMENT ANALYSIS OF ROOM 
AND PILLAR MINING

5.1 BOUNDARY CONDITION OF THE 
PROBLEM

A two-dimensional finite-element model under plane 
strain of a typical room and pillar mine working is 
illustrated in Fig. 4. 
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Figure 4. Typical finite-element mesh of room and pillar mining configuration of vertical cross-section with boundary conditions.
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The model consists of 202 four-noded isoparametric 
elements. Since the mesh of the model was symmetri-
cal, only half of the configuration was considered. 
Lateral movement in the X direction of the model was 
prevented on its sides, allowing only vertical movement 
in the Y direction to occur. The nodal points corre-
sponding to the lower strata of the floor were held fixed 
in both directions. The model enabled different mining 
configurations to be simulated with various properties, 
as well as the stress-strain behaviour to be assigned to 
the roof, pillar, and floor, Table. 1

the pillar’s cross-section [8], [9]. The extent and develop-
ment of the yield zone through the pillar’s width can be 
compared to the remaining elastic core of the effective 
support that the pillar still retains after yield. Under 
small loads, only a minor yield portion of the pillar rib 
develops.

However, if the pillar is loaded to such a degree that the 
yield zone extends throughout the whole cross-section of 
the pillar, then the oveall instability of the pillar occurs.

6 RESULTS OF THE FINITE-
ELEMENT ANALYSES 

A series of elastic-plastic finite-element runs was first 
performed under plain-strain conditions for the purpose 
of estimating the changes to, and location of, the peak 
abutment stress in the pillar as it yields progressively 
under loading. Fig. 5 shows the evolution of the finite-
element-computed vertical stress component stresses 
for a complete loading cycle under plastic conditions, 
compared to the computed vertical stress components 
that could have arisen under purely elastic conditions. 
The total load on the pillar was initially applied in small 
increments so as to simulate the behaviour of a pillar 
during the transition from the elastic to the plastic state. 
As the load is applied, the pillar progresses through two 

5.2  FINITE-ELEMENT METHOD

Quite frequently, the only information required from 
the designer is that of determining the mine-structure 
collapse situation. It has been shown that under stiff 
loading, the progressive failure of rocks in compression 
is associated with a decrease in strength through accu-
mulated plastic deformation and fracture. The inelastic 
post-yield characteristics of the rock strata are the major 
variables that characterize the mechanical behaviour of 
the yielded rock material in the post-failure state. The 
relationship between post-failure strength and stiffness 
is established according to a given material failure 
criterion and is used to simulate the growth of the yield 
zone surrounding a mine opening and hence to assess its 
overall stability. 

In the following structural stability analysis of room and 
pillar mine workings a non-linear finite-element analysis 
is performed, adopting the Mohr-Coulomb yield criteria. 
The model simulates the behaviour of a mine structure 
in two stages: an elastic state prior to yielding, followed 
by a plastic state for the strain-weakening behaviour 
of the rock material. The plastic incremental analysis 
takes into consideration the degree of local yielding that 
occurs around the mine opening. Through a series of 
successive computer runs, all the Gaussian points are 
checked against failure, and if any violation of the stress 
criterion is detected then the stress state at the Gaussian 

point is readjusted and the elements’ post-yield stiffness 
is updated according to the criterion of the stress and 
strain-softening laws, respectively. The stress around the 
entry is then redistributed and shifted to the unyielding 
or stiffer parts of the structure, as the surrounding rock 
mass seeks the final equilibrium steady state under a 
given overburdened load and mining sequence.

 The structural stability analysis is first focused on the 
assessment of the overall stability of the support pillars 
in terms of the maximum yield that occurs throughout 

Table 1. Physical and mechanical properties of the model strata.

Model strata 
sequence

Material 
type

Young’s modu-
lus E, MPa

Unit Weight
γ, Kg/m3

Poisson’s 
ratio υ

Uniaxial Compressive 
Strength, σc, MPa

Shear strength
τc, MPa 

Friction 
Angle φ, (°)

Roof Marl - 
Limestone   20000 2550 0.20 20.0 7.0 45

Immediate 
roof Marl 3000 2600 0.35 12.0 2.0 35

Pillar Coal 3600 2500 0.35 20.6 0.5 33
Immediate 

floor
Organic 

Marl 3300 2500 0.40 2.8 1.8 30

Floor Limestone 15000 2500 0.25 35.0 6.0 34

S. BENSEHAMDI & A. SERIANI: NON-LINEAR FINITE-ELEMENT MODELLING OF ROOM AND PILLAR MINE WORKINGS INCLUDING ... 
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Figure 5. Change in the vertical stress profile in a yielding support pillar, extraction ratio r = 60%, wp/hp = 6.0.

P1, ... P4
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distinct stages: an elastic deformation and yield work 
hardening, which is maintained up to the pillar material’s 
bearing strength of 20.6 MPa, Fig. 2,  and the collapse 
of the mine structure, which is represented by yield 
work softening. During the yielding process, the pillar 
material loses its bearing strength, with the excess of the 
stress being absorbed by the plastic deformation. The 
peak load built up on the pillar P1, … Pn,  Fig. 5, is then 

shifted towards the pillar core as the yield progresses. 
However, the yielded parts of the pillar still develop 
some bearing strength, but this depends on the post-
yield material’s properties, the magnitude of the applied 
load and the distance from the previously yielded part 
of the pillar. A good representation of this stress-change 
phenomenon is clearly illustrated in Fig. 5, where a 
significant difference in the vertical stress prediction 

Figure 6. Change in the horizontal stress profile in a yielding support pillar, extraction ratio r = 60%, wp/hp = 6.0.
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has been found when compared to the final steady-state 
stress profile predicted from the plastic solution and that 
predicted from the elastic one.  

The induced horizontal stress components at the mid-
height of the pillar for various increments of the applied 

Figure 7. Vertical and horizontal principal stress contours, a and b, in a yielding room and
pillar mine structure at  the final equilibrium steady state.

load are given in Fig. 6, where theses stress components 
are seen to increase from zero at the pillar edge to a 
maximum value at the centre of the pillar.

Vertical and horizontal stress contour plots for yielding 
roof, pillar and floor are given in Fig. 7.
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The plots provide an excellent picture of the final state 
of the induced stresses of the yielding mine structure, 
which shows stress-relief zones around the pillar corners 
and some distance into the mine structure, where the 
peak stress is built up.

The shear-stress contours given in Fig. 8b show a shear-
stress concentration at the roof-pillar intersection given 
by an elastic FE solution, while in Fig. 8a the shear stress 
is seen to be much lower in this area, and the reduced 
peak shear stress is shifted vertically in the roof.

Figure 8. Shear-stress contours in a yielding plastic FE solution (a), and unyielded elastic FE solution (b),
of a room and pillar mine structure at the final equilibrium steady state.
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A relationship exists between the yield deformations of 
the pillar, where three distinct stress zones develop as the 
pillar is yielding:

- A zone of local yielding in a stress-relieved area,
- A zone of transition from a yielding to the solid state 

in the pillar, where  the stress -concentration area 
was developed,

- A zone of pillar core that has a uniform confined 
stress.

The overall pillar stability depends upon the geometrical 
development of these principal zones. For example, an 
increase in the yielding pillar area results in a decrease 
of the solid core, and hence a decrease in its bearing 
performance, which automatically leads to the instability 
of the system. Fig. 9 shows the yielding state of the mine 
structure where the growth of the plastic zone for each 
load increment is given by the yield Gaussian points. 
At 50% of the maximum applied load, Fig. 9A, the first 
plastic zones are shown to occur at the immediate roof-
pillar intersection, over the cross-section of the pillar 
and, to a limited extent, at the floor-pillar intersection. 
In this case the solid pillar area is over 50% of the total 

Figure 9. Spread of the yield zone at various applied load levels; the extraction ratio r = 60%.
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area, and the pillar is assumed to be stable. As the load 
is increased, the plastic zone spreads upwards into the 
immediate roof and laterally into the pillar, Fig. 9B. The 
effective pillar core is reduced to less than half of the 
pillar area, but can still provide support. At the final 
stage of loading, the yielded zone reaches its maximum 
as the mine structure passes to its final equilibrium 
steady state, as shown in Fig. 9C, where the plastic zone 
is seen to increase considerably in both the roof and the 
pillar, while the floor remains almost unaffected. The 
effective pillar area is reduced to more than half of the 
total pillar area and overall pillar instability is likely.

At low extraction ratios of 0.25 and 0.40, as shown in 
Fig. 10 (A, B), the developed yield zone is confined to 
an area around the rock-mass opening interface. In both 
cases the area of effective support is shown to be larger 
than the outer yield zone. Under these conditions, the 
pillar is almost at its maximum capability and the mine 
structure is stable.

The non-linear finite-element analysis was further 
extended to analyse the influence of the roof, pillar and 
floor interactions on the overall pillar stability. In order 

Figure 10. Spread of the yield zone at the full applied load level and various extraction ratios, r.
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to find out the effect of this interaction as well as the 
effect of the change of their properties on the overall 
pillar stability, three models were analysed using differ-
ent properties for the roof, pillar and floor. Fig. 11 shows 
the predicted vertical and horizontal stresses of the pillar 
for model A, having a stiff roof, a weak pillar and a weak 
floor; and model B, having a weak roof, a weak pillar and 
a stiff floor; and model C, where the roof and the floor 
are taken to be stiff and the pillar is kept weak.

 It is clear from Fig. 12 ( next page) that for the same 
pillar material in the three suggested models and the 

different combinations of material properties for the roof 
and floor, model C shows complete yielding of the pillar, 
while in model B the area of effective support is consider-
ably reduced, but to a lesser extent than with model C. 
Finally, in model A, a moderate effective area is indicated 
in the pillar, which yields to a certain degree. It can be 
concluded from these findings that the interaction of the 
roof, pillar and floor has a significant effect on the pillar’s 
overall stability. Therefore, when assessing the stability of 
a given room and the pillar mine workings, the roof, pillar 
and floor should be considered as an integrated structure. 
This approach generally yields more accurate results.

Figure 11. Vertical and horizontal pillar stresses, determined by the elastic-plastic finite-element solution for different models.
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7 CONCLUSION

Based on the modelling results presented above, the 
following conclusions may be drawn:

- The strain-weakening behaviour of rock layers 
around a mine opening was simulated using an 
advanced non-linear elastic-plastic finite-element 
model, which accounts for the residual strength after 
failure. This simulation was achieved using a step-
by-step iterative computational procedure in which 
the rock material’s stiffness was updated after each 
run according to the initially applied load, until the 
solution reached the final equilibrium steady state 
of the mine structure. The numerical results clearly 
demonstrate the limitations of the linear model 
when it comes to realistically representing the overall 
structure behaviour Fig. 5, particularly when the 
structure of the rock mass is relatively weak, and that 
a non-linear approach was justified.

- As progressive mining was simulated in the model, 
the maximum load in the pillar increased and trans-

Figure 12. Spread of the yield zone in the mine structure for 
the three models.
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ferred laterally towards the centre of the pillar as 
yielding occurred, this trend of lateral stress transfer 
and load build up in the core of the pillar is consi-
stent with that observed in situ.

- Based on the simulation results, the upper and lower 
bounds of the overall room and pillar stability were 
obtained. Parameters such as the roof, the pillar 
width, wp , the extraction height, hp , the variability of 
the pillar, roof and floor strength have been shown to 
significantly affect the mechanism of roof, pillar and 
floor yield.
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