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Cavitation Erosion Modelling on a R adial D ivergent  
Test Section U sing R ANS

Kevorkijan, L. – L ešnik, L. – B iluš, I.
Luka Kevorkijan – L uka Lešnik – I gnacijo Biluš*

University of Maribor, Faculty of Mechanical Engineering, Slovenia

Cavitation is the phenomenon of fluid evaporation in hydraulic systems, which occurs due to a pressure drop below the value of the vapor 
pressure. For numerical modelling of this generally undesirable phenomenon, which is often associated with material damage (erosion), there 
are various mathematical vapor transfer models that have been validated in the past. There are different approaches to predicting cavitation 
erosion, which have  mostly been experimental in the past. Recently various numerical models have been developed with the development of 
numerical simulations. They describe the phenomenon of cavitation erosion based on different theoretical considerations, such as Pressure 
wave hypothesis, Microjet hypothesis, or a combination of both. 

In the present paper, an analysis of the Schnerr-Sauer transport cavitation model was used, upgraded with an erosive potential energy 
model based on pressure wave hypothesis for cavitation erosion prediction. The extended numerical model has been applied to the case 
of a radial divergent test section in three different mathematical formulations. The results of simulation were compared and validated 
to experimental work performed by other authors. The study shows that the distribution of surface accumulated energy agrees with the 
experimental results, although certain differences exist between formulations. The applied method appears to be appropriate for further use, 
and to be extended to materials response modelling in the future. 
Keywords: cavitation, erosion, erosive potential energy, numerical simulation

Highlights
•	 The cavitation erosion process can be predicted by cavitation potential energy modelling. 
•	 Numerical definition of erosive power is possible with different formulations of cavitation potential. 
•	 Cavitation energy focusing accomplishes accurate prediction of cavitation erosion damage.

0  INTRODUCTION

Cavitation is the phenomenon that consists of the 
formation, activity and collapse of vapor structures 
inside a liquid medium. Usually, the phenomenon 
is undesired, since it causes many negative effects. 
Among those negative effects the cavitation erosion is 
the most complex one, since it combines complicated 
hydrodynamics with solid material response at the 
mechanical and metallurgical perspectives. The 
research of cavitation phenomenon dates to the late 
19 th and early 20th centuries. In 1917, Lord R ayleigh 
[1] derived the equation for calculation of the pressure 
in a liquid during the collapse of a spherical bubble. 
In 1949, Plesset [2] upgraded this work by writing the 
differential equation of the dynamics of a spherical 
bubble, today known as the R ayleigh-Plesset 
equation. Mostly experimental research of cavitation 
damage was conducted during the theoretical research 
of the cavitation phenomenon.. Hammit [3] studied 
cavitation damage on the case of fluid flow through 
a Venturi channel, and introduced the erosion model 
based on the energy spectrum of a vapor cavity. Vogel 
et al. [4] observed the dynamics of the collapse of a 
bubble along a solid wall, and derived the equation 
for calculation of the potential energy of the collapse. 

By the end of the 20th century, two hypotheses were 
known about the origin of cavitation damage. The first 
hypothesis followed the high value of the pressure 
in the liquid around the bubble as it was calculated 
by Lord R ayleigh [1]. The existence of a pressure 
wave was confirmed by many experimental studies, 
for example, by Harrison [5]. A second, “ microjet”  
hypothesis was proposed by Kornfeld and Suvorov 
[6], while Plesset and Chapman [7] predicted the 
microjet velocity numerically, and claimed that a 
microjet can damage the material.

Based on the pressure wave hypothesis, Fortes 
Patella et al. [8] presented an approach to erosion 
assessment with an energy cascade that transfers the 
initial potential energy of large vapor structures to the 
smallest structures, and eventually to the surface walls. 
A key contribution was the definition of the potential 
power of cavitation structures based on the total 
derivative of potential energy. The model upgrade is 
described in a paper of Leclercq et al. [9], where all of 
the vapor structures, even those not in direct contact 
with the wall, were considered. In the paper by Carrat 
et al. [10] the results of numerical analysis, including 
the amplitude and frequency of the pressure waves, 
were presented and validated experimentally. Based 
on their findings, Schenke and Terwisga [11] proposed 
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a model of forecasting the erosion threat where energy 
generated by the vapor structures is conserved and 
transferred to the wall surface via the pressure wave 
released after the collapse. They also introduced 
a continuous formulation of energy transfer from 
wall-distant structures to the wall surface. Li [12] 
introduced the erosion intensity function, which is 
based on pressure only.

On the other hand, Dular et al. presented the 
semi-empirical cavitation erosion model based on the 
microjet hypothesis [13]. The same research group 
have contributed a lot mainly to the experimental field 
of cavitation erosion research, [14] and [15]. Based on 
their experimental findings and semi-empirical model, 
Peters et al. [16] introduced the multilevel modelling 
of two-phase flow, where the  Euler-Euler and Euler-
Lagrange approach were combined.

Currently, the research contributions are focused 
on the use of existing models on practical problem 
geometries [17], which are, in fact, more complex 
than in the past, due mainly to the rapid progress of 
computational capabilities [18]. Brunhart et al. [19] 
introduced the use of erosion indicators on the case 
of gaps within a diesel fuel pump. Gomez  Santos et 
al. [20], similarly, presented the comparison of erosion 
models in engine injectors operating with ethanol. 
Despite intensive research work and numerous 
publications in the field of cavitation erosion, the 
derived models have still not been perfected, and offer 
many opportunities for upgrading and improvement. 
The reason for this is mainly the lack of consensus 
on the predominant mechanism of cavitation erosion. 
Following this, Arabnejad et al. [21] joined both 
erosion mechanisms. In their work, the collapse 
induced kinetic energy is divided into the kinetic 
energy of the pressure wave and kinetic energy of the 
microjet.

In the present work, a model by Schenke and 
Terwisga [11] has been applied to a radial divergent 
test section, which is a common test case for 
cavitation studies found in the literature. The mesh 
was generated with a meshing module within ANSYS 
Fluent 2020 R 2, cavitating flow and cavitation 
erosion were calculated using the computational 
fluid dynamics (CFD) software ANSYS Fluent 2020 
R 2, where the model to predict cavitation erosion by 
Schenke and Terwisga [11] was implemented via a 
user defined function (UDF) which was written in the 
C programming language, compiled and linked to the 
solver. 

Different authors analyz ed cavitation on this flow 
case numerically, but they applied different cavitation 
erosion models [16]. In this work, we applied an 

erosive potential energy model based on the pressure 
wave hypothesis with three different mathematical 
formulations. The transfer of energy from the 
cavitation structures to the surface was accomplished 
with and without the energy focusing method. The 
numerical results show good trends and agreement 
with the experimental results, with certain limitations, 
which could be a subject of further studies and model 
optimiz ations. 

1  CAVITATION EROSION 

1.1  Homogeneous Mixture Method  

In the following, we focus on the general formulation, 
and treat the fluid as a continuous mixture consisting 
of the volume fraction of the vapor phase  and the 
volume fraction of the liquid phase (1  –  α). The flow 
is considered as isothermal, pure phases are treated 
as incompressible. The mixing rule applies to the 
properties of the mixture, the mixture density (ρ) and 
the mixture viscosity (μ) 

 � �� � �� � �� �v l1 ,  (1 )

 � �� � �� � �� �v l1 ,  (2)

where the liquid and vapor densities are ρ l  =   
998.85 kg/m3  and ρv =  0.01389 kg/m3 . The liquid and 
vapor viscosities are μl  =  0.001 1 Pa· s and μv =  9.63 ·  
10 –6  Pa· s.

1.2  Conservation of Vapor Phase Mass

The vapor mass is defined as mv =  ρv V v =  ρv α V , where  
V v is the vapor volume and V  is the mixture volume. 
According to this, the mass flow of vapor is

 m
Dm
Dt

dV
D V

Dt
dVv V

v
V

v� �� �
� �

,  (3)

and the source of the vapor fraction is 

 
V

v
v V v vt
u dV S dV� �

�
�

�� �� ��

��
�

��
�

� �
� � � �



 ,  (4)

where u  is mixture velocity. If we write Eq. (4 ) in 
differential form and consider pure phases 
incompressible, we get

 �
�

�� �� � ��
� �t

u S v



 ,  (5 )

where S αv presents the source of the vapor phase.
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1.3  Conservation of the Mixture Mass

Similarly to Eq. (5) , the mass conservation for the 
mixture is written as

 �
�

�� �� � ��
�

t
u





0.  (6)

From � �� � �� � �� �v l1 �  and �
� �
� �

�
�
�

l

v l

 we 
can write 

 
�
�

� �� � � � � �
�� �

� �
�

� �
�

� �t
u u ul

v l



 





,  (7)

and after rearrangement 

 �
�

� �� � �
�

� �
�

�
�

� �t
u u

v l



 

,  (8)

which presents the conservation equation of the 
mixture mass written by the vapor volume fraction α.

1.4  Conservation of the Mixture Momentum

Within a homogeneous mixture, the approach for the 
momentum conservation is written for the mixture as

 
� � �
�

�� �� � � �� �� �
�

� �






 u
t

uu p ,  (9)

where τ is the viscous stress tensor and is evaluated as

 � �� � ��� �





u uT .   (10)

From Eq. (9)  it is noticeable that body forces 
(gravity) are omitted in this work. The flow was 
considered as incompressible, while compressible 
behavior of the mixture is exhibited during the phase 
transition, as in the work of [21] and [22].

1.5 Turbulence Modelling

To model turbulent flow, the R ANS approach was 
adopted, with the SST k – ω model. In order to 
address the transient cavitation effects that arise due 
to the compressibility of a liquid-vapor mixture, the 
turbulent viscosity μt is modified according to R eboud 
et al. [23], and Coutier-Delgosha et al. [24] as follows

 �
�
�

� �

t

f k
SF
a

�
� �

�

�
�

�

�
�

1

1 2

1

max
*

,

,  (1 1)

where k  is the turbulence kinetic energy, ω is the 
specific rate of dissipation of the turbulence kinetic 
energy, α* is a damping coefficient, S  is the strain rate 
magnitude, F 2 is the second blending function and 

α1  is the model constant equaling 0.31. Correction 
of turbulent viscosity is achieved by modifying 
the mixture density function f (ρ) such that a lower 
turbulent viscosity is achieved in the presence of both 
the liquid and vapor phases

 f v
v

n

l v
n� �

� �

� �
� � � �

�� �
�� � �1

,  (12)

where n  is an arbitrary exponent with a recommended 
value of 10.

This modification of turbulent viscosity was 
implemented in ANSYS Fluent via a UDF.

1.6  Cavitation Modelling

For the cavitation modelling, the additional 
conservation equation of vapor mass is solved.

 �
�

�� �� � ��
� �

v
i vt

u
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



S .  (13)

The Schnerr-Sauer cavitation model was used, 
which states that mass transfer source term Sαv
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where the bubble radius is
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� �
0

1 3

4

3
1

/

.  (15)

The bubble number density was specified with a 
value 1· 10 1 1 . The vapor pressure was set to pv =  1854 
Pa.

1.7  Cavitation Erosion Potential

Hammit [3] and Vogel et al. [4] described the potential 
energy of a cavitation bubble in terms of work done as 
a consequence of the pressure difference between the 
vapor inside the bubble and the surrounding liquid. 
If we analyz e the spherical cavitation bubble with 
volume V V , then the potential energy of the cavitating 
bubble E pot equals 

 E p p Vpot d v V� �� � ,  (16)

where pd  is the pressure in the surrounding liquid and 
pv is the vapor pressure inside the bubble. Authors 
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[11] highlighted the problem of defining pd  for the 
purposes of numerical simulations, where the pressure 
in the surrounding liquid  is evaluated locally in each 
computational grid cell. In that case pd  equals pv and 
the calculated potential energy equals z ero. In this 
work pd  is taken as a time-averaged value in each 
computational grid cell as proposed in [11]

 p
t

p t dtd

t
� � ��

1

0*

*

,  (17)

where p(t) is an instantaneous pressure that is then 
time-averaged over the current simulated time t*.

The cavitation potential power P pot is introduced 
as the total derivative of the potential energy E pot

 P
D p p

Dt
V

DV
Dt

p ppot
d v

V
V

d v�
�� �

� �� �.  (18)

Since pv =  const. (isothermal flow) and 
p f x td � � � �

, .const  the potential power equals

 P
Dp
Dt

V
DV
Dt

p ppot
d

V
V

d v� � �� �.  (19)

The first term in Eq. (19)  is neglected, as it has 
been found that it is at least an order of magnitude 
lower than the second term [22]. Finally, the cavitation 
potential power is written as

 P
DV
Dt

p ppot
V

d v� �� �.  (20)

To calculate the cavitation potential power 
numerically, it is appropriate to calculate the 
instantaneous change of the volume specific potential 
energy [11] or cavitation erosion potential 

 e
P
Vpot

pot

cell

= ,  (21)

where V c el l  presents the volume of the computational 
grid cell. A positive value of epot  is then a consequence 
of an increase of the vapor cavity volume, and a 
negative value is a consequence of the reduction in 
cavity volume. It is possible to rearrange Eq. (20) and 
rewrite it in modified forms, dependent on different 
variables. In the present study we used three equation 
forms, namely, a form dependent on the vapor volume 
fraction epot,α, a form dependent on the velocity 
divergence epot u,div

  and a form dependent on the vapor 
phase source term epot S v, α

.

1.7.1  Cavitation Erosion Potential epot ,α

If we calculate the total derivative in  Eq. (16) , 
consider the relations V → Vc el l  and V c el l  =  const. and 
combine it with Eq. (21)  we get 

 � � �e
t

u p ppot d v,
.�

�
��

�
�

� ���
�
�

�
�
� �� �  (22)

Eq. (22) defines the cavitation erosion potential 
with vapor volume fraction α. It describes the change 
of potential due to the bubble volume decrease during 
collapse.

1.7.2  Cavitation Erosion Potential � �epot divu,

Combining the mass conservation Eq. (8)  and 

�
� �
� �

�
�
�

l

v l

 with Eq. (21)  we get the cavitation 

erosion potential � �epot divu,  

 �
� �

�e p p upot divu d v
l v

,
.� �� �

�
� �

�
� �

 (23 )

Eq. (23)  presents the second form of cavitation 
erosion potential, which is dependent on velocity 
divergence. 

1.7.3 Cavitation Erosion Potential epot S v, α

Combining the conservation Eqs. (5)  and (8)  we get

 �
�

� �� �
�

�
�
� �t

u S
l

v




,  (24 )

and a third form of equation for erosion potential

 e p p Spot S d v
l

vv,
.

�

�
� �� �� �  (25 )

In Eq. (25)  the volume change is now expressed 
via the mass transfer source term Sαv

.

1.8  Collapsing Bubble Energy Balance

If it is assumed that, as the vapor cavity is collapsing, 
reduction of it’ s potential energy is converted 
instantaneously into the radiated power, then 
evaluation of Eqs. (22), (23)  and (25)  gives this 
instantaneous radiated power

  e erad pot� � ,  (26 )

where a negative sign is needed to obtain a positive 
value for instantaneous radiated power, as only a 
reduction in cavitation erosion potential epot <  0  
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represents vapor cavity collapse, and only the collapse 
stage is considered in the model.

To predict the cavitation erosion on a solid 
surface better, the potential energy conservation 
hypothesis was  introduced by Schenke et al. [25] and 
Mellisaris et al. [22].  It states that during the vapor 
cavity collapse potential energy is first converted into 
the kinetic energy of the vapor cavity interface, and is 
accumulating until the last moment of collapse, when  
it is finally released. This delayed release of energy 
from the collapsing cavity is named energy focusing, 
as the release of energy is more focused towards the 
center of the collapse compared to the case where 
energy is released instantaneously as described by Eq. 
(26) . This accumulation and delayed release of energy 
is described by the additional conservation equation 
for collapse induced kinetic energy ε

 
�
�

�� �� � � � � ��
�

t
u e ti rad

� � � ,  (27)

where ui  presents the collapse induced velocity, and  
e trad � �  presents the radiated power of the pressure 

wave released in the bubble center at the final stage 
of collapse.

The discretiz ed explicit model for transport Eq. 
(27)  could be written as:
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P u in Eq. (28)  presents the projection operator, 
which ensures that the specific kinetic energy of the 
collapse accumulates at the inner side of the bubble 
interface, K  presents the conservation parameter 
that ensures global energy conservation and β is the 
criterion which determines whether the induced 
energy is released at a given moment. 
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, else.

p p v  (31)

p∞ in Eq. (29)  presents  the external pressure 
infinitely far from the bubble. This pressure represents 
the threshold for the propagation of the pressure wave 
outwards from the point of collapse, and the pressure 

at the exit from the domain was used for its value. The 
criterion αv =  0 represents the end of the collapse when 
there is no more vapor phase in the computational cell.

The energy released after the collapse (at the end 
of time step ǻt) is expressed as the specific power of 
the pressure wave 

 e
trad t t

t
�

�
� �

� �

�� |
.  (32)

An infinite wave propagation speed is assumed in 
this model. The energy received by a surface element 
S  is then expressed in terms of the instantaneous 
surface specific impact power
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� � �

� �e e
x x n

x x
dVS V rad
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�
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�
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1

4
3�

,  (33)

where xcell  is the position vector of the computational 
cell center, xS  is the position vector of the wall surface 
element center, and n  is the surface element normal. 
By integrating Eq. (33)  over the simulated time (t), we 
obtain instantaneous surface specific impact energy 
with units [ J/m2]

 e e dtS

t

S� � 0

 .  (34)

The described model to predict cavitation was 
implemented inside ANSYS Fluent via a UDF, 
which was written in the C programming language, 
compiled, and linked to the solver. Eqs. (22), (23) , 
(25)  and (28)  to (34)  were evaluated at the end of 
every time step. Energy accumulated on a given face 
of the surface is then stored as a sum of the previously 
stored value and newly computed value by Eq. (3 3) .

2  NUMERICAL TEST CASE AND SETUP

2.1  Geometry

The conventional radial divergent test section was 
chosen for the test and validation of the cavitation 
erosion models [26]. The radial divergent test section 
geometry is shown in Fig. 1.

2.2  Computational Grid and Boundary Conditions

A computational grid of a 45°  sector was generated 
in ANSYS Fluent Meshing using ANSYS Mosaic 
meshing technology, which resulted in Poly-Hexcore 
grid topology. Additionally, a prismatic inflation layer 
was generated on the walls. The final mesh consisted of 
1,396,703 cells with a minimum orthogonal quality of 
0.28 and maximum aspect ratio of 65. The maximum 
wall y+  value was 51.9 and the minimum wall y +  value 
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was 0.174. Special care was taken to achieve y +  <  5  
around the radius before the radial divergent test 
section, and to achieve 30 <  y+  <  300 on the walls of the 
extended inlet and outlet parts of the computational 
domain. The computational domain was extended 
downstream with the outlet boundary positioned 100 
mm in the radial direction from the radial divergent 
test section axis to improve numerical convergence. 
The mesh was refined around the radial divergent 
test section radius for improved resolution of 
cavitation dynamics, and, therefore, cavitation erosion 
prediction. 

Fig. 1.  Radial divergent  test section 

The results of the grid independence study are 
presented in Table 1. A medium grid was chosen 
as it provided us with an acceptable computation 
time and numerical uncertainty, as given by the grid 
convergence index (GCI). All simulations were 
performed on a personal computer using 10 CPU 
cores of the Intel Core i9- 10940X  stock CPU with 64 
GB of R AM. The time needed to obtain convergence 
on the medium mesh was approximately 10 days. 
For GCI calculations we chose the force exerted on 
the bottom plate, the fluid velocity at the outlet and 
turbulence kinetic energy at the outlet. In all three 
cases the estimated numerical error was less than 5 %  
for both the medium and the fine grids [27].

Table 1.  Computational grid independence study

Grid
Number of 

cells

Force on 
bottom 
wall [N]

Outlet 
velocity 
[m/s]

Outlet turbulence 
kinetic energy 

[J/kg]
Coarse 475271 3802 3.64 0.196
Medium 1396703 3798 3.57 0.195
Fine 5175737 3799 3.51 0.187
GCImedium [%] - 0.02 4.42 0.51
GCIfine [%] - 0.001 2.59 1.99

Fig. 2.  Computational grid; a) isometric view of the whole grid 
with shown boundary conditions, b) detailed isometric view of the 

refined grid, and c) detailed front view of the refined grid

2.3  Numerical Setup

Solution of the Navier-Stokes equations was 
achieved using the SIMPLE algorithm, gradients 
were evaluated using the least squares cell-based 
method, interpolation of pressure cell face values was 
achieved by the PR ESTO!  interpolation scheme and 
the QUICK spatial discretiz ation scheme was adopted 
for all equations. Temporal discretiz ation of equations 
was achieved by the Bounded Second-Order Implicit 
time integration scheme.

A time step of 1· 10 –6  s was chosen, which 
resulted in the maximum Courant number C =  1.59. 
The iterative solution of equations within each 
time step was limited to 100 iterations, however, a 
scaled residuals convergence criterion of 1· 10 –6  was 
achieved before this limitation. Overall, 0.012249 s of 
physical time were simulated.

3  RESULTS

The extent of cavitation predicted by the Schnerr-
Sauer cavitation transport model at different times 
of numerical simulation is shown in Fig. 3. The 
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black dotted line shows the cavitation closure line 
positioned 32 mm in a radial direction from the radial 
divergent test section axis, which was determined 
experimentally [26]. From the cavitation extent 
comparison, it is visible that the predicted cavitation 
sheet closure coincides with the experimental 
position, as cavitation number σ =  0.9 was achieved. 
According to this, it can be concluded that the used 
cavitation model, boundary conditions and physical 

properties were determined properly to predict 
the cavitation dynamics correctly. Qualitative 
assessment of cavitation erosion by the numerical 
model is presented in Fig. 4, with three approaches 
for calculating cavitation erosion potential compared 
to the picture of the sample from the experiment by 
[26]. Both energy focusing, where radiated power was 
obtained from Eq. (32) , and non-focusing approaches, 
where radiated power was obtained from Eq. (26 ), are 

Fig. 3.  Transient sheet cavitation displayed as an iso-surface of α = 0.9 at different times; a) top view; b) three- dimensional display of 
cavitation structures viewed from the side

Fig. 4.  Comparison between the cavitation erosion models and experiment [26]; a) accumulated energy on the surface without energy 
focusing; b) accumulated energy on the surface with energy focusing
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The total vapor volume time evolution in the 
numerical domain is shown in  Fig. 5 for the time 
interval 0.002 s to 0.012 s. It is apparent that the total 
volume of vapor in the domain changes periodically, 
which confirms the transient nature of the extent 
of cavitation in the radial divergent test section. 
Additionally, Fig. 6 displays the local transient 
behavior of the vapor cloud shedding, with minimums 
in pressure between the peaks, indicating the presence 
of cavitation. It was observed that vapor cloud 
shedding occurs with higher frequency than the global 
(total) change in vapor volume in the domain. In a half 
of a total vapor volume change period (the dashed 
line frame in Figs. 5 and 6) , at least three transitions 
occur between the liquid and vapor phases. Within 
the simulated time of 0.012249 s multiple vapor 
cloud shedding events occurred, which allowed for a 
consistent analysis of cavitation erosion.

Fig 7. shows the time evolution of the total 
cavitation potential power in the domain within this 
time period, calculated with a formulation based on 
the partial derivative of vapor volume fraction . 

Fig. 7.  Total cavitation potential power in the domain

Within the observed time window (the dash lined 
frame in Figs. 5 and 6)  release of accumulated kinetic 
energy for the energy focusing case is presented in 
Fig. 8. Comparison between Figs. 7 and 8a  further 
demonstrates and explains the difference in extent 
and magnitude of the predicted accumulation of 
energy between the energy focusing case and the non-
focusing case. In the non-focusing case cavitation 
potential power was released instantaneously, so Fig. 
7. also represents the total radiated power of pressure 
waves in the domain, for the non-focusing case. It is 
again apparent that energy focusing results in fewer 
events with higher magnitude of pressure wave power 
radiation (at the end of vapor collapse). Because of 

presented. Energy focusing resulted in a sharper, more 
pitted image compared to a more blended picture 
without energy focusing. Since in the case of energy 
focusing all previously accumulated collapse induced 
kinetic energy is released only at the final stage of 
collapse, it is reasonable to expect accumulation of 
radiated energy on the surface in a smaller area, and 
higher magnitude compared to the non-focusing 
case. In both cases, with energy focusing and without 
energy focusing, it is apparent that modelling 
cavitation erosion potential based on partial derivative 
of vapor volume fraction (�α � �t) and source term 
in vapor transport equation (S αv) produced a similar 
erosion pattern and location of accumulated energy 
on the bottom plate surface, which are comparable 
with the experiment (shown in the background of 
Fig. 4) . However, calculation based on the divergence 
of velocity 





��� �u  did not predict a similar erosion 
pattern and location of accumulation of energy on the 
bottom plate. 

The comparison of the eroded z one position was 
similar for both (focusing and non-focusing) cases. 
The deviation of the position of the damaged area 
between the results of the numerical simulation and 
the experiment visible in Fig. 4 indicates a strong 
sensitivity of the numerical erosion prediction model 
on correct prediction of the cavitation dynamics.

Fig. 5.  Total vapor volume time evolution in the domain

Fig. 6.  Pressure time evolution, 20 mm from the radial divergent 
test section axis in a radial direction 
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the energy conservation by the model, kinetic energy 
reduces at the end of vapor collapse when wave energy 
is released. Two pronounced events of release of 
energy are visible in Fig. 8. at around 0.01 15  s, first a 
smaller peak occurred, followed by a larger peak (Fig. 
8a ). Hence, there are two pronounced corresponding 
drops in kinetic energy (Fig. 8b) .

4  DISCUSSION

The presented study results show that the used 
mathematical-physical model with different 
formulations for prediction of vapor phase potential 
power, and, thus, cavitation erosion, predicts the 
position of damaged surfaces on the geometry 
of the radial divergent test section satisfactorily, 
which confirms the findings of other researchers 
on different flow cases [22] and [25] and different 
cavitation erosion models [16]. A more detailed 
comparison of the positions of damaged surfaces 
indicates discrepancies between the individual 
formulations. Given the fact that a verified cavitation 
transfer model was used, it can be concluded that the 
largest deviation of the damage positions from the 
experimentally observed ones occurred in the case 
of using a formulation with velocity divergence, both 
in the case of focusing and without focusing. The 
phenomenon was a consequence of numerical error, 
and is consistent with the observations of researchers 
who analyz ed the flow over an isolated wing and 
marine propeller [22] and [25]. The formulations 
with the source term and the derivative of the vapor 
phase fraction confirm the importance of a correct 
description of the dynamics of cavitation structures. 
There was practically no difference in the calculated 
positions of damage between the applied formulations 

with energy focusing and without energy focusing. 
Conserving the potential energy of cavitation by 
focusing indicates an appropriate step towards a better 
agreement of the shape of the damaged surface with 
the experimental observations, where the damage 
was more concentrated and the eroded surface was 
characteristically pitted, while, in the case without 
focusing, the damage was more continuous and did 
not reflect the experimentally observed damage of 
eroded surfaces [26]. It has to be noted however, that 
to directly link the material pitting prediction to the 
cavitating flow simulation a change of scales would 
be necessary. Furthermore,  material work hardening 
would have to be taken into account via proposed 
material strengthening models [26] and [28].

5  CONCLUSIONS

The performed analysis confirms that the formulation 
of cavitation erosion potential with the source term 
is comparable to the formulation with the derivative 
of vapor phase volume fraction in the case under 
consideration. An appropriate description of cavitation 
dynamics is crucial. The Schnerr-Sauer cavitation 
model predicts the extent and dynamics of cavitation 
correctly. In relation to that, it would be sensible to 
use cavitation transfer models of other authors, such 
as Singhal et al. [29] and Kunz  et al. [30]. However, 
from the thermodynamic point of view  this approach 
to model cavitation is not as appropriate, as discussed 
in [31]. The applied model transfers potential energy 
from cavitation structures to the surface, is energy 
conservative, which makes it a good basis for 
predicting the response of various materials exposed 
to the phenomenon of cavitation. In modelling 
their response to cavitation, the model used in this 

a)    b) 

Fig. 8.  a) Total radiated power of pressure waves generated by cavitation implosions in the domain; 
b) total vapor collapse induced kinetic energy of vapor in the domain
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work could be upgraded by taking into account the 
mechanical properties of the material, which would 
allow the calculation of the actual depth of damage 
on different surfaces. This would allow a quantitative 
evaluation of the model and it’ s different formulations 
used in this work.
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Novel U nsteady S tate Method of Measuring Permeability  
Tested on Fabric Materials
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The necessity of measuring permeability is encountered in number of applications and some of them have adequate measurement techniques 
available. However, in the fields of freeze drying, composite scaffolds, 3D printed materials, etc., the sample materials have unique shapes 
and sizes, which disables the use of standardized equipment. Hence, a novel method was developed to determine the permeability of a 
sample material by analyzing a high frequency unsteady state pressure measurement acquired during the permeation of a working fluid. 
The method is also suitable for in-line measurements due to the rapid acquisition and analysis. The developed method is novel, hence a 
comparison of the acquired results and the permeabilities measured with a standard device designed for measuring air permeability of 
fabric materials was made. Air was the permeating fluid in the novel unsteady state as well as in the referential steady state measurements. 
The measured permeabilities ranged from approximately 8 Da to 50 Da for the analyzed five fabric materials. The comparative analysis 
yielded an encouraging linear fit with a R2 = 0.98 by including only one unsteady state measurement of each fabric sample. In addition, the 
presented method was capable of detecting the difference in permeability of the freeze-dried 5 wt% and 12 wt% aqueous mannitol solutions, 
which exhibit different permeabilities due to the different porosities after the same process of lyophilization. The possibility of determining 
permeabilities of freeze-dried pharmaceuticals is essential for lyophilization process optimization.   
Keywords: novel measurement method; permeability; flow resistivity; unsteady state measurements; freeze-dried pharmaceuticals

Highlights
•	 Novel unsteady state method of determining permeability is proposed.
•	 Inexpensive, reliable and rapid acquisition of the experimental results is presented.
•	 The method is compared to standardized steady state measurements.
•	 Sample materials’ size, shape and permeability is arbitrary.
•	 The first  solution for determining permeability of freeze-dried pharmaceuticals is demonstrated.

0  INTRODUCTION

The technics of permeability determination are 
commonly divided into two categories: steady state 
and unsteady state methods. Both are most thoroughly 
studied in the field of geology due to the importance 
of rock permeability in the oil and gas industry. The 
two measurement categories are further divided into 
subcategories, which have unique features, recently 
summariz ed in Gao and Li [1]. The unsteady state 
methods have different variants with a common 
denominator. Namely, the measured signal is transient 
and the analysis of the experimental results requires 
a thorough theoretical knowledge, which was initially 
presented by Brace et al. [2] and afterwards modified 
by several authors [3] to [5]. Compared to the steady 
state experiments, the unsteady state measurements 
are more rapid, as shown by Z hong et al. [6], and 
more frequently applied for determining lower 
permeabilities, whereas the analysis of the results is 
generally much more complex and requires a profound 
theoretical background [7] as well as additional 
parameters: material and fluid compressibility, 

porosity, viscosity, etc. [8] and [9], which are often 
difficult to acquire. 

Yong et al. [10] presented large discrepancies 
in liquid cross-plane permeability of glass fiber 
fabrics measured in 26 laboratories. However, 
the filter, membrane and fabric materials present 
no extraordinary challenges regarding the gas 
permeability measurements especially when 
determining the cross-plane steady state permeability 
as seen in [11]. 

Sheet materials are therefore ideal for verification 
of novel measurement methods, as there are several 
widely used and also standardiz ed measurement 
methods available for determining the permeability. 
Most commonly used standardiz ed equipment and 
procedures for measuring permeability are given in 
ASTM standards [12] and [13].     

The currently available state of the art in 
steady or unsteady state methods of determining 
permeability is unsuitable to analyz e non-extractable 
and arbitrarily shaped materials, which is the main 
advantage of the proposed technique. Hence, the use 
of this method is foreseen in the field of freez e-drying 
pharmaceuticals, as the product is not suitable for 
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extraction and the permeability presents one of the 
most important parameters for designing the drying 
process. Currently used approaches of determining 
the porosity or permeability rely on Scanning Electron 
Microscopy [14] to [16];  X -ray microtomography [16] 
to [18] coupled with numerical simulations [19] and 
[20] ;  or solely on computational fluid dynamics [21] 
to [23]. Direct measurements of permeability in freez e 
dried products are non-existent, as the materials are 
brittle and therefore difficult to manipulate or extract 
from their containers, however the need to determine 
permeability is explicitly given in Fissore et al. [24] 
and Bobba et al. [25], as it would enable a more 
precise modelling and optimiz ation of lyophiliz ation 
cycles. The permeability is the most influential 
material property in the scope of lyophiliz ation 
process, as the water vapor is required to permeate 
via sublimation through the material during the freez e 
drying process. The sublimation flow during drying 
is hindered by the materials flow resistance, therefore 
it is crucial to measure the product’ s permeability in 
order to evaluate and potentially improve the protocol 
of freez e drying.

The novel method allows for measuring the fluid 
permeability rate of sheet materials as well as other 
arbitrarily shaped materials. The method is flexible 
to perform measurements with different working 
fluids and various materials with a wide range of 
permeabilities. Additionally, the boundary and initial 
conditions of the experimental measurement can 
be adjusted to the expected process parameters to 
determine the permeability, which will affect the 
process of interest. Hence, the temperatures, pressures 
and volumetric flows during the experimental 
measurements can imitate the boundary conditions 
during freez e drying and therefore the intrinsic 
permeability is measured.  To avoid elaborate physical 
modeling and acquisition of additional thermodynamic 

properties, a comparative analysis of the experimental 
results is recommended, which also diminishes the 
effect of fluid compressibility, as it is similar in all of 
the compared measurements. The rapid acquisition 
and analysis of the experimental results allow the use 
of the method in in-line quality control applications.

1  EXPERIMENT AND THEORETICAL BACKGROUND

1.1  Experimental Setup and Procedure

In order to validate the novel method of permeability 
measurement, reference steady state measurements 
were performed with a Mesdan Air Tronic instrument 
on five fabric materials with an area of 50 cm2 
at a constant pressure difference of 100 Pa. The 
permeability was calculated in accordance with 
the Darcy’ s law by using 1.84× 10 í5 Pa·s as the 
dynamic viscosity of air at 25 ° C. The unsteady 
state method of determining permeability allows 
a prompt measurement performed in less than 50 
ms and more importantly, it could also be used with 
arbitrarily shaped samples (for example: 3D  printed 
materials, composite scaffolds, freez e dried materials, 
etc.). The unsteady state measurements of the fabric 
materials were performed with the experimental setup 
comprised from the components presented in Fig. 1. 
A computer and a data acquisition device are required 
for acquiring and analyz ing the measured signal. The 
air supply chamber is connected with the upstream 
chamber through a valve to provide the required 
amount of the working fluid to the upstream chamber, 
which is equipped with a pressure signal to determine 
the initial pressure p0(t= 0) as it is directly correlated 
with the quantity of the air in the chamber.

The pressure in the upstream chamber is higher 
compared to the pressure in the surroundings to ensure 
the driving force for the working fluid is available and 

Fig. 1.  Experimental setup for the unsteady state measurements
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properly oriented towards the left hand side in Fig. 
1. The vacuum pump is installed at the outlet of the 
measured material in order to fully dry the sample 
material before the measurement of the permeability. 
After the desired amount of air is transferred to the 
upstream chamber, the valve connecting the supply 
and upstream chamber is closed and the measurements 
of both pressure signals p(t) and p0(t) commence. 
At this moment both sides of the fabric material 
are subjected to air at the atmospheric pressure. 
Afterwards, the valve connecting the upstream 
chamber with the fabric material is opened and the 
air is allowed to dissipate through the fabric as the 
outlet side is in contact with the atmospheric pressure 
in the surroundings. The pressure sensor at the inlet 
side of the fabric material is used to acquire the 
pressure signal at a high frequency during the pulse 
of air permeating through the sample. The measured 
pressure signal p(t) is in direct correlation with the 
sample’ s permeability.

2.2  Data Reduction

The permeability of a material in a viscous flow 
regime is defined with the Darcy’ s law, in which the 
permeability of the material κ is determined with the 
equation

 �
�

� �
dV

dt
Adp

dx
.  (1)

The pressure difference across the material is dp  
and the volumetric flow rate is dV /dt . The area and 
the thickness of the material are denoted with A  and 
dx , respectively, whereas the dynamic viscosity of the 
permeating fluid is µ . The mass transfer resistance 
of the material is inversely proportional to the 
permeability in accordance with the equation 

 R dp
dV

dt

dx
A

� � �
�
�

.  (2)

The unsteady state measurements include the 
same volume of the permeating fluid dV , as it depends 
on the volume and the initial pressure in the upstream 
chamber, which were both constant during the 
experiments. Similarly, the viscosity of the fluid and 
the area of the sample were also kept constant during 
the transient measurements, whereas the thickness of 
the fabric samples varied from 0.135 mm to 0.5  mm. 
The comparative analysis of the experimental results 
also allows us to exclude some of the otherwise 
influential parameters (for example: compressibility 

of air). These parameters become insignificant, as 
we are keeping them constant during the compared 
experimental runs. Therefore, in the established 
boundary conditions only the product of pressure 
difference and time dpdt  is the quantity required for 
comparative analysis of the materials’  permeability. 
The tested fabric materials are subjected to a pulse of 
permeating air at the inlet side, whereas the fabric is in 
contact with atmospheric conditions at the outlet side. 
The unsteady pressure is measured at the inlet with an 
absolute pressure sensor, and the experimental results 
are afterwards normaliz ed as stated with the equation

 p t
p t p
p pnorm

max

� � � � � � � �
� � �

0

0
.  (3)

The best results of analysis is expected at high 
speed measurements and large pressure differences, as 
the induced pressure pulse is rapidly declining when 
measuring highly permeable materials. The pressure 
signal p(t) is measured at the inlet of the fabric 
material, whereas the pressures p(0 ) and pmax  are the 
initial pressure prior to the air pulse and the maximum 
possible value measured at the inlet. The maximum 
pressure value is defined as the pressure p0(0) initially 
set in the upstream chamber. The normaliz ation 
of the pressure signal improves the comparability 
of the experimental results acquired in various 
measurements as there are potential differences (i) 
in the initial pressure in the upstream chamber pmax 
and (ii) in the initial pressure p(0) at the inlet of the 
fabric, which is equal to the atmospheric pressure of 
the surroundings in the current experimental setup. 
Similar normaliz ation procedure was used also for 
the time variable in order to improve the graphical 
distinctness of the differences between experimental 
results. The normaliz ed time tnor m is defined with the 
equation 

 t
t t p

t t pnorm
max

max max

�
� � �
� � �

,  (4 )

in which the maximum time tmax  was 70 ms, defined 
as the time at which the pressure pulse is diminished 
back to the atmospheric pressure for all of the analyz ed 
fabric materials. The value of t(pmax ) was derived 
from the experimental results separately for every 
experimental run at the maximum achieved pressure 
at the inlet of the fabric material. The comparative 
parameter of the permeability can be defined as the 
maximum pressure, the slope of the pressure rise 
or decay, the area underneath the pressure signal 
in the p(t) diagram or a combination of them all. 
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The decision on the final comparative parameter 
depends on the initial and boundary conditions of 
the measurements and especially on the sample 
material’ s permeability. The performed measurements 
and analysis of the fabric materials exhibited the best 
results with comparing the following parameter

 PT p t tnorm
i

norm i norm� � ��� � , (5)

which graphically presents the area underneath the 
normaliz ed pressure curve in the pnor m(tnor m) diagram.     

3  RESULTS AND DISCUSSION

3.1  Fabric Materials

The unsteady state measurements were performed 
on five different fabric materials by utiliz ing the 
experimental setup presented in Fig. 1 . Preliminary 
experiments were performed to adjust the 
experimental conditions. The initial pressure in the 
upstream chamber was varied from 0.1 bar to 0.5 bar, 
the number of layers of fabric materials ranged from 
1 to 4, whereas the upstream chamber volume and 
the measurement frequency remained constant. The 
results from the preliminary measurements showed 
a relatively high permeability of the fabric samples 
and consequentially low signal from the inlet pressure 
sensor, which is in viscous flow directly dependent on 
the following quantities

 dp f dx A
dV

dt� � �, , , , .1 1
� �  (6)

Therefore, the pressure response of highly 
permeable fabric materials can be amended by 
varying their thickness or surface area perpendicular 
to the permeating flow, or by changing the volumetric 
flow, which is in our experimental setup indirectly 
controlled by the initial pressure in the upstream 
chamber. Hence, the decision on measuring 4  layers of 
fabric at the initial pressure of 0.5 bar in the upstream 
chamber was made to improve the measured pressure 
response. Additional rise of the initial upstream 
pressure, which would lower the noise to signal ratio 
was omitted in an attempt not to deviate even further 
from the pressures maintained in the referential steady 
state measurements, which were performed at a 
pressure difference of 100 Pa. The pressure signal at 
the inlet was measured at a 4000  Hz  frequency, which 
is presented without any filtering or conditioning in 
Fig. 2. All of the measurements performed on the 
four layers of fabric materials were set to have the 
maximum pressure signal at 25 ms and the pressure 

decayed to the initial value of the atmospheric 
pressure at 70 ms. The inlet pressure sensor used 
was a an absolute pressure sensor, therefore some 
pressure differences in the initial states are observed 
due to the changes of the atmospheric pressure in the 
surroundings. This difference is negligible during the 
measurements on fabric materials 1, 2 and 4, as all the 
experiments were performed on the same day with the 
same atmospheric pressure.

Fig. 2.  Unconditioned pressure measured on 
five fabric materials vs. time

The pressure signals as well as time were 
normaliz ed to further improve the comparability 
of the experimental results. The normaliz ation was 
obtained in accordance with the Eqs. (3)  and (4)  and 
the corresponding results are depicted in Fig. 3. In 
addition, the analyz ed data was reduced to only 141 
pressure measurements for each fabric. The data was 
acquired at 4000 Hz  from approximately 25 ms to 60 
ms, as shown in Fig. 2. The graphical representation 
of the measurements clearly shows some pressure 
oscillation, especially immediately after the maximum 
pressure is achieved. These oscillations were observed 
only in measurements of thin sheet materials at 
a relative large initial pressure in the upstream 
chamber, whereas experimental results of thicker less 
permeable samples or at lower pressure potentials 
hindered the pressure fluctuations. Therefore less 
distinct oscillations and a more smooth pressure 
pulse is achievable by adding additional layers of 
fabric materials, which inhibits the vibrations of the 
material during the permeating pulse of air. Sample 
materials’  permeability could be compared on the 
basis of different experimental parameters (maximum 
pressure, slope of the pressure signal, etc.), however 
the relatively high permeabilities of the analyz ed 
fabric materials imposed the comparison of the 
area below the graphs presented in Fig. 3, which 
was calculated in accordance with the Eq. (5)  as the 
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P T nor m. The final compared parameter included the 
pressure signal in the range of 0 � tnor m � 0.78, Zhich 
corresponds to the absolute time span of 25 ms � t � 
60 m s.

Fig. 3.  Normalized pressure measured 
on five fabric materials vs. normalized time

The comparison of the unsteady state measured 
parameter dx /P T nor m and the permeability κ measured 
at a steady state is presented in Fig. 4. The compared 
parameter is the inverse value of P T nor m multiplied 
with the sample thickness dx  as this combined value 
is theoretically proportional to the permeability. The 
presented analysis shows proportional changes in 
the unsteady state measurements of all five fabric 
materials compared to the referential steady state 
permeability. The comparison of the unsteady state 
parameter and referential permeabilities is especially 
encouraging as: (i) the experimental conditions and 
pressure sensors could be further optimiz ed;  (ii) the 
measured results are not conditioned in any way;  (iii) 
only one measurement was performed for each sample 
material;  (iv) utterly different steady and unsteady 
state measurement protocols provide completely 
comparable experimental results.

The complete set of the experimental results 
are presented in Table 1. The reference steady state 
measurements for all five fabric materials were 
performed by measuring the volumetric flow at a 

constant pressure difference across the sample. The 
reference permeabilities were calculated with the 
Darcy’ s law and range from approximately 8 Da to 50 
Da for the analyz ed fabrics.

Fig. 4.  Comparison of steady and unsteady state measurements

The unsteady state permeability comparison 
parameter was calculated from the normaliz ed 
pressure signal and normaliz ed time step. The steady 
state permeability in comparison with the unsteady 
state permeability parameter is presented in Fig. 
5 with an addition of a linear curve fit given in Eq. 
(7) . The unsteady state permeability derived from the 
linear fit as well as the relative difference compared to 
the reference permeability are also included in Table 
1.

Fig. 5.  Linear interpolation of the experimental results

Table 1.  Summary of the experimental results and calculations

Fabric thickness 
[mm]

Steady state measurements Unsteady state measurements
Relative difference

[%]Volumetric flow 
[l/min]

Permeability 
[Da]

Unsteady state 

dx /P T nor m [m]
Calculated 

permeability [Da]

Fabric 1 0.500 59.6 18.49 0.031 17.05 -7.8
Fabric 2 0.135 153.2 12.83 0.022 12.16 -5.2
Fabric 3 0.350 37.9 8.23 0.008 4.63 -43.8
Fabric 4 0.250 139.8 21.68 0.040 22.15 2.2
Fabric 5 0.330 231.4 47.37 0.086 48.18 1.7
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The relative difference is the largest at the lowest 
permeability, which is anticipated, whereas the 
absolute differences are more comparable ranging 
from –3.60 Da to + 0.81 Da. The unsteady state 
method could be further improved by optimiz ation 
of measurement equipment, operating conditions and 
acquiring a vast number of measurement results. The 
latter is achieved with ease, as each measurement 
required less than 50 m s to conclude.

The simple linear regression of the experimental 
results yielded the following equation with the 
coefficient of determination calculated at R 2 =  0.98

 � � �558 5. .dx
PTnorm

 (7)

The trend line of the referential steady state and 
unsteady state measurements was linear in the range of 
the results. The experimental data can be fitted with an 
arbitrary form of the fitting curve, if the experimental 
results would deviate from the linear trend. The 
current linear form of the regression in Eq. (7)  has the 
coefficient 5 58.5 with a unit of Da/m multiplied with 
dx /P T nor m in meters, hence the calculated permeability 
is in D a. The presented regression model included all 
of the unsteady state measurements, as the objective 
was to test the novel measurement method, which was 
successful due to the promising trends achieved with 
a limited amount of measurements. The calculated 
trend line equation can be used without additional 
referential steady state measurements as long as the 
measured sample’ s permeability ranges from 8 Da 
to 50 Da. Any extrapolation of the linear equation, 
Eq. (7) , is not appropriate, as we are relying on 
the comparative approach. Otherwise additional 
referential measurements are required to derive a 
renewed trend line valid in the broadened range of 
permeabilities.

3.2  Freeze-dried Pharmaceuticals

After the measuring method was evaluated on fabric 
materials, the transition to measuring freez e-dried 
materials in vials was made. The main challenges of 
measuring the lyophiliz ed material is the brittleness of 
the material, which prohibits its’  extraction from the 
vial. Hence, all of the measurements have to be made 
in-situ. WE have tested three different vials: (1)  empty 
vial, (2) vial with a freez e-dried 5 %  aqueous solution 
of mannitol, and (3)  a vial with a freez e dried 12 %  
aqueous solution of mannitol. The inlet and outlet to 
the vial were both made through the rubber cap of the 
vial as seen in Fig. 6 . The initial amount of the solution 
in the vial was 4 ml, which occupied approximately 

1/ 3 of the vial volume, as it is commonly seen in 
lyophiliz ed pharmaceuticals.   

Fig. 6.  Inlet / outlet for the freeze dried material in a vial

To evaluate the possibility of comparing the 
permeabilities of lyophiliz ed products in vials we used 
two different aqueous concentrations of mannitol, 
which result in an utterly different porosities after 
freez e drying. Our previous research [14] indicates that 
higher concentrations of mannitol (or lactose) prolong 
the drying times during the same lyophiliz ation 
protocol. Therefore, the higher 12 wt%  concentration 
of mannitol should have a lower permeability 
compared to the lower 5 wt%  concentration. Fig. 7 
depicts the normaliz ed pressure signal measured at the 
inlet of the vial filled with the freez e dried material.

Fig. 7.  Normalized pressure signal of the vials 
with freeze dried materials

The upstream chamber initial pressure was 1 bar 
during all three measurements and therefore only the 
material inside the vial affected the pressure signal. 
The results show the normaliz ed pressure was the 
highest during the permeation of air through the freez e 
dried 12 wt%  mannitol, which indicates that higher 
concentration of mannitol has a lower permeability as 
anticipated. The pressure rise in the empty vial occurs 
due to the pressure drop of the air flowing through 
the inlet and outlet tubing, and is therefore not in 
correlation with any permeability. Consequently we 
have made a relative comparison to the measurement 
of the empty vial by using the relative value of the 
P T nor m,r el  parameter. The derivation is in accordance 
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with Eq. (5)  and is more clearly presented in Eq. (8)  
bellow.
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At this moment it is not yet possible to translate 
the P T nor m parameter to actual permeabilities, as we 
have to perform the underlying measurements of a 
reference material in a vial. The reference material 
must have a known permeability and must also be 
placed in a vial with the same inlet/outlet arrangement 
to allow a straightforward derivation of the actual 
permeability of the lyophiliz ed products.

5  CONCLUSIONS

The presented novel unsteady state method 
of measuring permeability was successfully 
evaluated with referential standardiz ed steady state 
measurements performed on five different fabric 
materials. The presented experimental setup is 
capable of acquiring the entire pressure pulse signal, 
and the comparability parameter (slope of increasing/
decreasing pressure, pressure peak, integral parameter, 
or a combination of the above) is best defined after 
the preliminary measurements, as it depends on the 
properties of the measured samples. The characteristics 
of the fabric materials imposed the use of the integral 
parameter dx /P T nor m for the comparative analysis. 
The validation of the measurement method yielded a 
linear fit curve with the R 2 of 0.98. In the range of 
experimental conditions, the derived linear regression 
equation can be used to assess the materials’  
permeability measured solely with the unsteady 
state method. This result is extremely encouraging 
as only one unsteady state pressure measurement 
of each fabric material is included in the analysis. 
Moreover, the comparative analysis is based on 
only 141 individual pressure measurement acquired 
at a frequency of 4000 Hz , which correspond to the 
measurement time of 35 ms. A rapid assessment of the 
permeability enables possible in-line applications for 
quality control or similar.

The experimental results of the freez e-
dried materials in vials have demonstrated that 
the presented method is capable of detecting the 

differences in permeabilities of lyophiliz ed 5 wt%  
and 12 wt%  mannitol aqueous solutions. The 
results show a significant change in the comparison 
parameter P T nor m,r el , which was 1.34 and 2.1 1 for the 
5 wt%  mannitol and 12 wt%  mannitol. The parameter 
P T nor m,r el  increases with increasing concentration of 
mannitol. The higher concentrations of mannitol have 
smaller pores and lower permeabilities after freez e 
drying. Therefore the comparative parameter P T nor m,r el  
increases with the decreasing permeability of the 
measured material, which was expected.

Several improvements of the presented novel 
method of measuring permeability could be 
implemented without any hindrance: (i) optimiz ation 
of experimental equipment and operating conditions;  
(ii) larger number of analyz ed experimental results;  
(iii) conditioning of the measured signal. Therefore, 
the future work will include: (i) measurements 
with reference material in a vial (ii) inclusion of 
multiple unsteady measurements to improve the 
accuracy;  (iii) analysis of effects in variations of 
experimental setup and boundary conditions, and 
(iv) the use of the developed method in several 
additional fields and potential materials: composite 
materials, filters, membranes, geological samples, 
freez e-dried materials, 3D  printed materials, artificial 
bones scaffold, etc. All of these applications would 
benefit from the analysis of the fluid permeability 
rate of the material under consideration. The novelty 
of the presented method lies in: (i) the possibility 
of measuring samples of arbitrary shape, non-
extractable and brittle materials, (ii) the analysis of 
the entire pressure signal response and not just the 
decay during the permeation of the working fluid, 
(iii) the comparative analysis of the experimental 
results, which requires less thermodynamic properties 
compared to the physical modeling approach.
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The biomechanical responses of the driver-truck system in a dynamic environment have become a significant concern in the design and 
control of trucks. When evaluating the riding comfort of the seat-cab system, it is necessary to predict the biomechanical responses of the 
driver’s different parts and directions. However, there is no reliable model and method for effectively predicting the response characteristics 
of the driver-seat-cab system. Aiming at such problem, firstly, based on the 7 DOF (degree-of-freedom) seated human biodynamic model 
established previously, a 10 DOF non-linear dynamic model of the driver-seat-cab system was created, and its vibration differential equations 
were established. Secondly, the vibration signals for simulation and verification were collected through the road test using a truck. Thirdly, 
based	on	the	Newmark-β	integration	method,	the	specific	solution	process	of	the	model	was	given.	The	non-linear	damping	coefficients	of	
the front and rear dampers for the cab suspensions were measured with a bench test. Moreover, the simulations were conducted based on 
the measured model parameters, taking the collected frame vibration signals as the inputs. The results show that the simulation results 
agree with the test results, proving that the dynamic model can effectively predict the driver’s biomechanical responses. Finally, some useful 
conclusions were obtained through the simulation analysis. The established model and conclusions can provide technical support for comfort 
evaluation, optimization design, and control of the seat-cab suspension system.
Keywords: driver-seat-cab system, driver’s health, dynamic modelling, biomechanical responses

Highlights
•	 A 10 DOF non-linear dynamic model of the driver-seat-cab system was created.
•	 The proposed dynamic model can effectively predict the driver’s biomechanical responses. 
•	 The driver’s vertical vibration caused by the road excitation mainly concentrates in 0 Hz to 10 Hz.

0  INTRODUCTION

When trucks run on real roads, the vibration caused 
by road roughness directly affects ride comfort 
and human health [1]. When the vibration reaches a 
certain level, it will make drivers feel uncomfortable, 
even cause traffic accidents [2]. Thus, it is imperative 
to study the vibration characteristics of the driver-
vehicle under the dynamic environment. Moreover, 
it has significant application values in truck design, 
dynamic simulation, the auxiliary analysis of the man-
machine interface, and the prediction of the driver’ s 
biomechanical responses [3]. 

With the rapid development of the truck industry, 
improving ride comfort has become a significant 
concern of modern truck designers [4] and [5]. The 
seat-cab system is an essential part of modern trucks 
[6] and [7]. Their suspension systems directly affect the 
NVH (noise, vibration, and harshness) performance 
[8] and [9]. The optimal design of the seat-cab system 
through dynamic models is an important and effective 
means to improve ride comfort. It is the premise 
and basis to accurately simulate the biomechanical 
responses of the driver coupled with the seat-cab 
system for the design and optimiz ation of the cab 

and/or seat suspension [10]. If the biomechanical 
responses obtained are inaccurate, it is easy to lead to 
wrong optimiz ation results.

The research methods of the vibration of 
driver-vehicle systems can be roughly divided into 
two categories: the experimental method and the 
theoretical method [11]. In recent years, with the 
development of testing technology, the experimental 
method has been widely applied. However, because of 
the restriction of the high cost of the test conditions, 
the researchers have been seeking to theoretically 
simulate and predict the driver’ s biomechanical 
responses [12].

The truck driver’ s vibration can be divided 
into local vibration and whole-body vibration. The 
local vibration refers to the vibration of the driver’ s 
particular parts (e.g., the head and limbs), including 
the vibration of the driver’ s hand or feet. The whole-
body vibration refers to the vibration transmitted to 
the body through the driver’ s supporting surface. 
The driver’ s vibration mainly belongs to the whole-
body vibration, which is often transmitted to drivers 
through their buttocks and back [13]. Generally, the 
whole-body vibration is the primary vibration form 
that causes bodily harm to drivers. In order to evaluate 
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the effects of the whole-body vibration on people, the 
International Standard Organiz ation (ISO) proposed 
the international standard ISO 2631  [14], which has 
been supplemented and revised many times.

When studying the vibration of the driver-seat-
cab system for trucks, the driver is usually regarded 
as a rigid mass [15]. Marcu [16] studied the cab 
suspension control using a simplified cab model with 
3 DOFs;  however, he did not consider the driver-seat-
cab dynamics interaction. Akç ay and Türkay [17] 
derived a 3 DOF (degree-of-freedom) cabin model to 
investigate the ride comfort of the cabin system for a 
truck;  they regarded the driver-seat-cab as a rigid mass. 
Wang et al. [18] made a fatigue failure assessment 
based on loading reproduction for commercial vehicle 
cab. They also ignored the vibration characteristics of 
the driver-seat system. Liu et al. [19] optimiz ed the 
ride comfort of cab mounts but did not consider the 
drivers’  biomechanical characteristics. Z hao et al. [20] 
simulated the non-linear vibration responses of the cab 
system subject to suspension damper complete failure 
and took the driver-seat-cab as a rigid mass. These 
studies provide useful references for analysing the 
vibration of the driver-seat-cab system. However, few 
studies on integrated modelling and biomechanical 
responses simulation of the driver coupled with a 
seat-cab system for trucks undergoing random roads 
excitation exist.

The present paper’ s main objective is to provide a 
reliable model for effectively predicting the responses 
characteristics of the driver-seat-cab system. The 
previous work [21] proposed a 7 DOF seated human 
biodynamic model. The test results show that the 
biodynamic model can effectively reproduce the 
seated human biodynamic responses. In this paper, as 
the extension of the previous work, a 10 DOF non-
linear dynamic model of the driver-seat-cab system 
was proposed to simulate, analyse, and predict 
the driver’ s biomechanical responses for trucks 
undergoing random roads. 

In Section 1, combined with the 7 DOF seated 
human biodynamic model, a 10 DOF non-linear 
dynamic model of the driver-seat-cab system was 
created, and its vibration differential equations 
were established. In Section 2, the vibration signals 
for simulation and verification were collected. In 
Section 3, the specific solution process of the model 
was given. In Section 4, the non-linear damping 
coefficients of the front and rear dampers for the 
cab suspensions were measured. Moreover, based 
on the measured model parameters and the collected 
frame vibration signals, the model was validated. In 
Section 5, the biomechanical responses of the driver 

coupled with the seat-cab were simulated. In Section 
6, some useful conclusions were obtained through the 
simulation analysis.

1  INTEGRATED MODELLING OF DRIVER 
COUPLED WITH SEAT-CAB 

1.1  The 10 DOF Driver-seat-cab Model

To simulate, analyse, and predict the driver’ s 
biomechanical responses for trucks undergoing 
random roads excitation, a non-linear dynamic model 
of the driver-seat-cab system is proposed, as shown in 
Fig. 1;  the driver sub-model is shown in Fig. 2. This 
sub-model is based on the previous work [21]. The 
proposed model has 10 DOFs, with two DOFs for the 
cab (z c and φ), one DOF for the seat (z s), and seven 
DOFs for the driver (z 1 , z 2, z 3 , z 4 , z 5 , x b, and θ).

In Fig. 1, variables a and b  are the horiz ontal 
distances from the front and rear suspensions to 
the cab mass centre, respectively;  h is the vertical 
distance between the mass centres of the driver and 
the cab;  l x  is the horiz ontal distance between the seat 
mounting point to the cab mass centre;  K s and Cs are 
the vertical stiffness and the damping coefficient of 
the seat suspension, respectively. The cab suspension 
system includes the front spring-damper assembly and 
the rear spring-damper assembly. K f and Cf are the 
vertical stiffness and the damping coefficient of the 
front spring-damper assembly, respectively. K r and Cr 
are the vertical stiffness and the damping coefficient of 
the rear spring-damper assembly, respectively. Cf and 
Cr nonlinearly depend on the relative motion velocities 
of the front damper and the rear damper, respectively. 
q f and q r are the frame displacements at the mounting 
positions of the front spring-damper assembly and the 
rear spring-damper assembly, respectively.

 
Fig.  1 .   T he 1 0  D O F  n on l i n ear d yn ami c  mod el  of  the d ri ver-seat-c ab  system 
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Fig. 1.  The 10 DOF non-linear dynamic model 
of the driver-seat-cab system
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Fig. 2.  The 7 DOF driver biodynamic model

In Fig. 2, the driver model is composed of two 
sub-models: the vertical model and the fore-and-
aft model [20]. The vertical model consists of five 
segments: head and neck, upper torso, arms, viscera, 
and lower torso. The spring (K 41 ) and damper (C41 ) 
connecting the upper and lower torsos represent 
the body spine. In the fore-and-aft model, the main 
body mass (m 1 +  m2+  m 3 +  m 4 ) is treated as a single 
combined mass. The head and neck and the main 
body are connected by a rotational degree. These rigid 
masses are coupled by linear elastic and damping 
elements.

1.2  Non-linear Motion Equations

1.2.1  Differential Equations

The differential equation of the cab vertical vibration 
can be expressed as
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The differential equation of the cab pitch 
vibration can be expressed as
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where, I is the cab moment of inertia.
The differential equation of the seat vertical 

vibration can be expressed as
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The differential equation of the lower torso 
vertical vibration can be expressed as

 
m z K z z C z z K z z

C z z K z
1 1 1 s 1 s 2 2

2 2

  

 

� � � � � � �
� � �

( ) ( ) ( )

( ) (

1 1 1

1 41 1
�� � �z C z z

4 4
) ( ).

41 1
   (6 )

The differential equation of the viscera vertical 
vibration can be expressed as

 
m z K z z C z z

K z z C z z
2 2 2 2 2 2

4 4

  

 

� � � � �
� � � �

( ) ( )

( ) ( ).

1 1

4 2 4 2  (7 )

The differential equation of the arms vertical 
vibration can be expressed as

 m z K z z C z z
3 3 3 3 3
  

3 4 4
� � � � �( ) ( ).  (8)

The differential equation of the upper torso 
vertical vibration can be expressed as

 

m z K z z C z z K z z
C z z K z

4 3 3 3 3 4 2

4 2 41

  

 

4 4 4 4

4 4

� � � � � � �
� � �

( ) ( ) ( )

( ) ( �� � �
� � � �

z C z z
K z z C z z

1 41 1

5 5 5 5

) ( )

( ) ( ).

 

 

4

4 4  (9 )

The differential equation of the head and neck 
vertical vibration can be expressed as

 m z K z z C z z
5 5 5 5 5
  

5 4 4
� � � � �( ) ( ).  (10)

The differential equation of the whole-body 
longitudinal vibration can be expressed as:

 
m x m l m l

K x x C x x
n nb b

b b cs b b cs

cos sin

 

 

� �
�

�
� � � �

5 5

2� � � �
( ) ( ),  (1 1)

where, mb= m 1 + m2+ m 3 + m 4 .
The differential equation of the head and neck 

pitch vibration can be expressed as

 

m l m l x m l g k

c
n n n5

2

5 5








� � � � �

� �

� � � �

� �
b t

t

cos sin ( )

( ).  (12)
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In addition, the cab vertical displacement z cs at 
the seat installation position can be expressed as:

 z z lxcs c
� � �.  (13)

The longitudinal (x -direction) displacement x cs of 
the seat backrest can be expressed as:

 x h
cs
� � �.  (14)

1.2.2  Matrix Equation

The displacement, velocity, and acceleration response 
vectors of the proposed model can be expressed as

 u � [ , , , , , , , , , ] ,z z z z z z z x
c s 1 2 3 4 5 b

T� �  (15)

  

      

u � [ , , , , , , , , , ] ,z z z z z z z x
c s 1 2 3 4 5 b

T� �  (16)

  

      

u � [ , , , , , , , , , ] .z z z z z z z x
c s 1 2 3 4 5 b

T� �  (17)

The displacement and velocity excitations of the 
proposed model can be expressed as

 q = [ , ] ,q q
f r

T  (18)

   q = [ , ] .q q
f r

T  (19)

The matrix equation of the proposed model can 
be expressed as

 Mu C u K u C q K q  + +u u q q� � ,  (20)

where, M is the mass matrix, K u is the system 
stiffness matrix, Cu is the system damping matrix, K q  
is the excitation stiffness matrix, Cq  is the excitation 
damping matrix.

The matrix Cu can be expressed as 

Cu

c c c

c c c c c

c c c c

�

�
11 12 13

21 22 23 29

31 32 33 34

0 0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0

0

t

00 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0

43 44 45 47

54 55 57

66 67

74 75

c c c c

c c c

c c

c c c
776 77 78

87 88

92 99

0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

c c

c c

c c

c c�

�

�

�
�
�
�

t t

��
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�

,(21)

where, c 1 1  =  Cf +  Cr +  Cs, c 44  =  C1  +  C2 +  C41 , 
c 66  =  C3 , c 22 =  a2Cf +  b 2Cr +  l x 2Cs +  h2Cb +  c t, 
c 33  =  Cs +  C1 , c 55  =  C4  +  C2, c 77  =  C3  +  C4  +  C41  +  C5 , 
c 88  =  C5 , c 99  =  Cb, c 21  =  c 12  =  aCf +  bC r +  l x Cs,  
c 13  =  c 31  =  – Cs, c 23  =  c 32  =  l x Cs, c 34  =  c 43  =  – C1 , 
c 45  =  c 54  =  – C2, c 47  =  c 74  =  – C41 , c 57  =  c 75  =  – C4 , 
c 67  =  c 76  =  – C3 , c 78  =  c 87  =  – C5 , c 29  =  c 92  =  hCb.

The matrix C q  can be expressed as

   Cq

C aC

C bC
�

��
��

�
��

f f

r r

T

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
.  (22)

From Eqs. (21)  and (22), it can be seen that both 
Cq and Cu contain Cf and Cr. From Eqs. (2) and (3) , it 
can be seen that Cf and Cr are non-linear. Thus, there 
are non-linear terms in Cu and Cq.

Therefore, matrix Eq. (20) is a set of non-linear 
dynamic equations.

2  VIBRATION SIGNALS ACQUISITION

To obtain the vibration signals for simulation and 
validation, according to the national standard GB/T 
4970- 2009 (China) [22], the road test was carried out, 
and the vibration signals were collected. The test was 
conducted on an automobile comprehensive test field. 
An asphalt road and a gravel road were selected as 
the test roads. For each road, the pavement is straight, 
and the longitudinal slope is not more than 1 % . A 
medium-siz ed truck was selected as the test vehicle. 
The driver is a male, and his weight is 72.0 kg. 

The test equipment is LMS Test.Lab test 
system, as shown in Fig. 3. Before the test, one 
accelerometer was installed on the seat surface and 
one accelerometer was installed on the seat backrest. 
In addition, two accelerometers were installed on 
the frame at the mounting positions of the front 
spring-damper assembly and the rear spring-damper 
assembly. The four accelerometers are PCB 356A 26 
accelerometers. During the test, the driver fastened 
his seat belt and put his hands on the steering wheel 
and remained still. Moreover, the running speed was 
60 km/h. The sample frequency was set as 512 Hz . 
The total duration of the collected signal is 120 s for 
each measurement. The measured vibration signals on 
the asphalt road are shown in Fig. 4. The measured 
vibration signals on the gravel road are similar to 
those on the asphalt road.

Fig. 3.  The LMS Test.Lab system for the test  
of the vibration signals acquisition
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Fig. 4.  The measured acceleration signals on the asphalt road: 
a) the seat surface vertical acceleration, b) the seat backrest 

longitudinal acceleration, c) the vertical frame acceleration at the 
mounting position of the front spring-damper assembly, and d) the 

vertical frame acceleration at the mounting position of the rear 
spring-damper assembly

3  NUMERICAL SOLUTION METHOD  
OF THE NON-LINEAR EQUATION SET

The solution of Eq. (20) is the solving problem of the 
non-linear differential equation set. The Newmark-β 
method has good stability and high accuracy [23]. It 

can easily fulfil the needs of solving complex non-
linear dynamic differential equation set in a large 
number of projects. Therefore, this method is used to 
solve the numerical solution of Eq. (20). The iterative 
equations used in the Newmark-β  method are as 
follows:

    u u u ut t t t t t t� �� � � �� � �[( ) ]1 � � , (23 )

     u u u u ut t t t t t tt t� �� � � � �� �� �  [( ) ]( )
1

2

2� � . (24 )

where, ut is the displacement vector at time t, ut  and 
ut  are the velocity vector and the acceleration vector 
at time t, respectively;  ut�ǻt, ut t�� , and ut t��  are the 
vectors of the displacement, the velocity, and the 
acceleration at time t+ ǻt, respectively. α  and β  are 
constant.

Based on the Newmark-β  method, combined 
with the Eq. (20) and its non-linear characteristics, 
the specific solution process was given to solve Eq. 
(20) for the time length [ 0, T ] . T  is divided into N  parts 
(n ǻt =  T ), meaning the integral step is ǻt. In this study, 
△t was set as the reciprocal of the sampling frequency 
512 Hz . The solution process based on Newmark-β 
method is shown in Fig. 5.

 
Fig.  5.  T he spec i f i c  sol uti on  proc ess f or the eq uati on  set of  the proposed  mod el . 
 

Load the excitation signals ( T = n △ t) 

Based on Eqs. (23 ) and (24 ), solve ui  and iiu  

i = n ?  

End 

Yes 

Begin 
 

No 

Initializ ation setting of the Eq. (20) 

 
Cu 

 
0u  

 
00u  

 
00u  

Update Cu and Cq 

Let i = 1 , start up the Newmark-β algorithm 

i = i + 1  

 
Cq 

Fig. 5.  The specific solution process for the equation set of the 
proposed model
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4  MODEL VALIDATION

In order to verify the effectiveness of the proposed 
model and equations for the driver-seat cab system, the 
numerical simulations and comparison of the driver’ s 
vibration responses were carried out according to the 
specific solution process.

4.1.  Model Parameters

To obtain the damping coefficients of the dampers for 
the front suspension and the rear suspension of the 
cab, using the Z JS-30 hydraulic test bench produced 
by Changchun Test Machine R esearch Institute, the 
damping characteristic tests of the dampers were 
carried out by bench test, as shown in Fig. 6a . The 
master computer is shown in Fig. 6b.

a)    b) 
Fig. 6.  Damper test; a) the test bench, and b) the master computer

Using the bench test, a sine wave excitation with 
an amplitude of 30 mm and a frequency of 1.0 Hz  was 
exerted on each damper. At the same time, the damper 
damping force was measured by an NS-WL1  tension-
compression sensor. The damper displacement was 
measured with a SDVG20 displacement sensor. 
Based on the measurement data, the master computer 
automatically calculated the damping coefficients 
of the tested dampers, as shown in Table 1. Other 
parameters of the seat-cab system provided by the 
manufacturer, as shown in Table 2. 

Table 1.  The values of the damping coefficients

Moving stroke
Front 

damper
Rear 

damper
Compression damping coefficient [Ns/m] 2317 1574
Rebound damping coefficient [Ns/m] 6256 4013

Table 2.  The parameters values of the seat-cab system

Parameter Value Parameter Value

a [m] 0.87 I [kg· m2] 751

b  [m] 1.00 Cs [Ns/m] 592

h [m] 0.25 K s [N/m] 15000

l x  [m] 0.03 K f [N/m] 52000

mc [kg] 810 K r [N/m] 32000

According to the curve fitting method in reference 
[21], by minimiz ing the errors of the seat-to-head 
transmissibility function between the computed values 
using the model and the tested values, the parameters 
of the human biomechanics model were re-estimated. 
The previous model parameter values in reference 
[21] were selected as the initial values in this research. 
When the root mean square errors converged to 0.01, 
the parameter values were determined, as shown in 
Table 3. 

Table 3.  The parameters values of the driver model

Parameter Value Parameter Value

C1  [Ns/m] 2375.4 K 1  [N/m] 120103.1

C2 [Ns/m] 676.8 K 2 [N/m] 5301.9

C3  [Ns/m] 144.8 K 3  [N/m] 13172.5

C4  [Ns/m] 1791.7 K 4  [N/m] 9150.8

C41  [Ns/m] 4020.2 K 41  [N/m] 128193.0

C5  [Ns/m] 979.4 K 5  [N/m] 292014.6

Cb [Ns/m] 621.2 K b [N/m] 9925.3

c t [Ns/m] 18.3 k t [N/m] 779.0

m 1  [kg] 10.2 m 4  [kg] 20.2

m2 [kg] 9.0 m 5  [kg] 5.8

m 3  [kg] 8.1 l n [m] 0.19

4.2  The Effectiveness Validation of the Proposed Model

In this section, the simulations were conducted and 
the simulation results were verified with the tested 
results. For the simulations, the measured frame 
vertical acceleration signals at the mounting positions 
of the front spring-damper assembly and the rear 
spring-damper assembly were taken as the inputs. The 
simulation time T  was set as 120 s. The lower torso 
vertical frequency-weighted R MS (root mean square) 
acceleration values were calculated from the simulated 
z 1  and the measured z 1 , respectively. The driver body 
longitudinal frequency-weighted R MS acceleration 
values were calculated from the simulated bx  and the 
measured bx , respectively. A comparison of the 
frequency-weighted R MS acceleration values 
calculated from the measured data and from the 
simulated data is shown in Table 4.

From Table 4, it can be seen that the relative 
errors of the driver body longitudinal frequency-
weighted R MS acceleration values calculated from 
the simulated bx  and the measured bx  are less than 20 
% ;  the relative errors of the lower torso vertical 
frequency-weighted R MS acceleration values 
calculated from the simulated z 1  and the measured z 1  
are less than 10 % . In the longitudinal direction 
(x -direction), the relative errors are larger than those 
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in the vertical direction. Moreover, the driver body 
longitudinal frequency-weighted R MS acceleration 
values calculated from the simulated bx  are less than 
those calculated from the measured bx . The main 
reasons are as follows: firstly, in the modelling 
process, the cab longitudinal acceleration x c  was not 
considered. According to Eq. (14) , the longitudinal 
acceleration x

cs
 of the seat backrest can be expressed 

as  x h
cs
� � � . In fact, x

cs
 should be written as 

  x h x
cs c
� � �� . Secondly, there are some errors in the 7 

DOF driver biodynamic model. From the previous 
work [21], the model shows a higher average 
goodness-of-fit in the vertical direction than in the 
fore-and-aft direction. Moreover, in the fore-and-aft 
direction, the average goodness-of-fit is slightly larger 
than 80 % . It is noted that, although the driver model 
accuracy is not ideal, the fitting results show an 
improved fit compared with other existing human 
models.

Table 4.  A comparison of the frequency-weighted RMS acceleration 
values

Road Response
Measured

[m/s2]
Simulated

[m/s2]
Absolute 

error [m/s2]
Relative 
error [%]

Asphalt 
road

z 1
0.34 0.37 0.03 8.8

bx 0.16 0.13 0.03 18.7

Gravel 
road

z 1
0.56 0.51 0.05 8.9

bx 0.26 0.21 0.05 19.2

By comparison, the results show that the 
simulation values agree with the test values. Although 
the proposed model should be further improved, 
the model is workable, and the model accuracy is 
acceptable. The proposed model can effectively 
predict the driver’ s biomechanical responses and basic 
dynamic characteristics for trucks running on random 
roads.

5  BIOMECHANICAL SIMULATION  
OF DRIVER COUPLED WITH SEAT-CAB

5.1  Simulation Analysis of the Time Domain Responses

In the prediction and analysis of ride comfort, it 
is helpful to understand the changes of the human 
vibration in time series. The time-domain analysis 
of the driver’ s biomechanical responses is conducive 
to the design and the control of vehicle suspension 
systems. Moreover, it can help designers to determine 
the problems in design and to make corresponding 
improvements.

The simulations were conducted using 
the proposed model to investigate the driver’ s 
biomechanical responses for trucks running on random 
roads, taking the collected frame vibration signals 
as the inputs. The simulated force and acceleration 
responses for trucks running on the asphalt road are 
shown in Fig. 7. The simulated driver’ s biomechanical 
responses for trucks running on the gravel road 
are similar to those on the asphalt road. The R MS 
force values and the frequency-weighted R MS 
acceleration values of the driver’ s different parts and 
different directions are shown in Table 5 and Table 6, 
respectively.

Table 5.  The RMS force values

Position
Asphalt 

road
Gravel 
road

The head for the vertical motion [N] 3.79 4.55
The upper torso for the vertical motion [N] 13.71 17.82
The arms for the vertical motion [N] 5.87 7.04
The viscera for vertical motion [N] 6.25 7.50
The lower torso for the vertical motion [N] 6.56 8.20
The whole-body for longitudinal motion [N] 6.15 7.38
The head for the pitch motion [Nm] 0.10 0.13

Table 6.  The frequency-weighted RMS acceleration values

Position
Asphalt 
Road

Gravel 
road

The head for the vertical motion [m/s2] 0.37 0.53

The upper torso for the vertical motion [m/s2] 0.37 0.52

The arms for the vertical motion [m/s2] 0.43 0.57

The viscera for vertical motion [m/s2] 0.37 0.53

The lower torso for the vertical motion [m/s2] 0.36 0.51

The whole-body for longitudinal motion[m/s2] 0.13 0.24

The head for the pitch motion [rad/s2] 0.24 0.32

From Fig. 7, it can be seen that the time histories 
of the forces of the lower torso, the viscera, the arms, 
the upper torso, and the head are very similar. Table 
5 shows that the R MS force values of the upper 
torso are larger than those of other organs. For trucks 
running on the asphalt road, the R MS force value of 
the upper torso is nearly twice as large as that of the 
lower torso. The R MS force values illustrate a similar 
rule for trucks running on the gravel road. Table 6 
shows that the frequency-weighted R MS acceleration 
values of the viscera, the arms, the upper torso, and 
the head are all larger than that of the lower torso. 
For trucks running on the asphalt road, the frequency-
weighted R MS acceleration value of the arms is 
19.4 %  larger than that of the lower torso. For trucks 
running on the gravel road, the frequency-weighted 
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Fig. 7.  The simulated vibration responses for trucks running on the asphalt road: a) the lower torso vertical force, b) the viscera vertical 
force, c) the arms vertical force, d) the upper torso vertical force, e) the head vertical force, f) the whole-body longitudinal force, g) the head 

pitch torque, h) the seat vertical force, i) the upper torso vertical acceleration, and j) the whole-body longitudinal acceleration
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R MS acceleration values illustrate the similar rule. 
The results show that the driver body can amplify the 
vertical vibration of the lower torso for trucks running 
on the asphalt road and the gravel road.

5.2  Simulation Analysis of the Frequency Domain 
Responses

To analyse the relationship between the vibration 
energy and the vibration frequency of each part of the 
driver body, based on the simulated force responses 
in the time domain, the PSD (power spectral density) 
curves were plotted, as shown in Fig. 8.

From Fig. 8, it can be seen that when the truck 
drives on the asphalt road, the driver’ s body vertical 
vibration energy caused by the road excitation mainly 
concentrates in the low-frequency section (0.5 Hz  
to 10.0 Hz ). The driver’ s body vibration energy in 

the high-frequency segment (10.0 Hz  to 100.0 Hz ) 
is almost z ero. The frequency section of the most 
extreme concentration for the vibration energy is about 
from 1.0 Hz  to 5.0 Hz . The largest resonance peak 
appears at about 1.5  Hz . This is related to the natural 
frequencies of the cab system. From the vibration in 
Eq. (20), it can be obtained that the vertical vibration 
natural frequency is 1.35 Hz  and the pitch vibration 
natural frequency is 1.70 Hz  for the cab system. Figs. 
8a  to e show that the PSD curves of the vertical forces 
of the lower torso, the viscera, the arms, the upper 
torso, and the head are very similar. Fig. 8f  illustrates 
that the longitudinal vibration energy of the driver’ s 
body concentrates in the low-frequency section 
from 1.0 Hz  to 8.0 Hz . These simulation results are 
consistent with the results of the human vibration 
characteristics test [24] and [25].
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Fig. 8.  The PSD curves for trucks running on the asphalt road: a) lower torso vertical force, b) viscera vertical force,  
c) arms vertical force, d) upper torso vertical force, e) head vertical force; f) whole-body longitudinal force
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6  CONCLUSIONs

This paper aims to provide a reliable model and 
method for effectively predicting the responses 
characteristics of the driver-seat-cab system. Based 
on the 7 DOF seated human biodynamic model 
established previously, a 10 DOF non-linear dynamic 
model of the driver-seat-cab system was created, and 
its vibration differential equations were established. 
The vibration signals for simulation and verification 
were collected through the road test. Based on the 
Newmark-β integration method, the specific solution 
process of the model was given. The non-linear 
damping coefficients of the front and rear dampers 
for the cab suspensions were measured with a bench 
test. The proposed model was validated, and the 
simulations were numerically conducted. Some useful 
conclusions were drawn: 
(1)   By comparison, the results show that the 

simulation values agree with the test values. The 
model is workable, and the model accuracy is 
acceptable. The proposed model can effectively 
predict the driver’ s biomechanical responses 
and basic dynamic characteristics for trucks 
undergoing random roads excitation.

(2)  The time histories of the vertical forces and 
accelerations of the lower torso, the viscera, the 
arms, the upper torso, and the head are similar for 
trucks undergoing random roads excitation. 

(3)   When the truck runs on the asphalt road, the 
driver’ s body vertical vibration energy caused 
by the road excitation mainly concentrates in 
the low-frequency section (0 Hz  to 10.0 Hz ). 
The driver’ s body vibration energy in the high-
frequency segment (10.0 Hz  to 100.0 Hz ) is 
almost z ero.
To reasonably evaluate the design effect of the 

cab suspension system, it is necessary to assess the 
cab comfort objectively. According to the ISO 2631- 1 
standard [14], the cab comfort is usually evaluated on 
the basis of the vibration accelerations at the driver’ s 
backrest and hip. However, the existing cab model can 
only simulate the vibration of the cab floor. Therefore, 
based on the existing cab model, the cab comfort 
cannot be accurately and comprehensively simulated. 
The proposed model in this paper can overcome the 
shortcomings of the existing model, and can more 
effectively simulate the vibration accelerations at 
the driver’ s backrest and hip. It can be seen that the 
proposed model is more helpful to guide the matching 
and designing of the cab suspension system than 
the existing model. In addition, the proposed model 
can also be used to analyse the driver’ s whole-

body vibration when the truck is impacted, which 
can provide a theoretical basis for taking effective 
measures to avoid the injury of the driver’ s viscera. 
It should be noted that the model is not suitable for 
the vibration fatigue analysis of the human body. 
The shortcoming of the proposed model is that it 
can not accurately reproduce the real longitudinal 
acceleration. Thus, to overcome the shortcoming, the 
longitudinal DOF of the cab should be considered, 
and the guide mechanism of the cab suspension 
system should be built into the dynamic model in the 
following study.
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The Measurement of the We ar of Tie R od End Components
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This study aimed to determine the wear intensity of the bearing mating with the ball stud in the tie rod end. The course of the vehicle driving 
during the period between repairs of the steering assembly was assumed. The modelled scheme of cornering was assumed to be close to 
the real one. The model of steering mechanism allowing determination of the load of the stud of the tie rod end as a function of the steering 
angle was elaborated and presented. The model of the ball stud was realized and described. The values of wear intensity for components were 
calculated and presented.
Keywords: tie rod end, wear degree, finite element method, steering mechanism system

Highlights
•	 Wear of the steel ball end of a stud was much lower than that of its polyoxymethylene (POM) bearing in the case of the tie rod 

end.
•	 For the POM bearing of the stud, the wear intensity factor k was equal to 1.38· 10 – 19 m4 · N– 2 and corresponded to the linear wear 

intensity Ih equal to 5.9· 10 – 9. 
•	 The linear wear intensity Ih for the POM bearing can vary in a wide range depending on the contact pressure, sliding speed, 

temperature, humidity, and the operating and lubricating conditions for the tie rod end assembly.
•	 The averaged values of contact pressure between the steel ball end and its POM bearing almost linearly increased with the 

force F loading the steering tie rod for values of such a force below 500 N.

0  INTRODUCTION

A vehicle suspension is defined as a group of elastic 
elements and rods connecting the axes or the individual 
wheels of a car with a frame or directly with a vehicle 
body. The purpose of suspension is to diminish shocks 
coming from road unevenness, assuring maximum 
comfort and protection of transported objects against 
shocks and harmful vibrations. Securing the vehicle 
from too strong shocks also has a significant influence 
on the durability of various mechanisms. One of the 
main components of the vehicle suspension is a tie rod 
end. The task of the tie rod end is to enable the wheels 
to turn while maintaining the vehicle in the straight 
line.

Mondragon-Parra et al. [1] asserted that the 
driveline and chassis components account for about 2 
%  of the total mechanical losses in passenger vehicles.

The repair methods for various components of 
the suspension system, including tie rods ends, were 
discussed in [2]. 

Chavan and Patnaik [3] stated that the tie rod 
may fail due to varying forces and bumping of vehicle 
during steering. The forces from the steering are also 
crucial during the static condition of the vehicle. 
Excessive vibration and buckling of tie rod may lead 
to structural failure. The authors assessed buckling 
strength and compared the buckling performance of 
tie rods for different materials. Using finite element 

models of the tie rod, they obtained stiffness and stress 
distributions in each component of the tie rod.

Falah et al. [4] described the vehicle tie rod as 
tangentially loaded because of the vertical, lateral, 
and horiz ontal forces acting on the suspension system 
when the vehicle operates in long-term conditions. 
The tie rod material does not exceed the elastic limit, 
and these varying loading effects directly influence 
the performance of the car linkages like the tie rods. 
Many conventional vehicles operate with a steering 
system known as rack and pinion, which incorporates 
tie rods.

Guiggiani [5] stated that the tie rods are slender 
structural elements that can be used as tie-carrying 
tensile loads. Tie rods are part of the steering 
mechanism, which operates under both tensile and 
compressive stress. The ratio of a typical tie rod length 
in the cross-section is very large, and it could buckle 
under the influence of compressive load.

Manik et al. [6] concluded that the working 
strength of a tie rod is the product of the allowable 
working stress and the minimum cross-sectional area. 
Each end of a steering rack is joined to the tie rod. 
The pinion rotates over the slotted rack. Its function 
is pushing and pulling the front wheels as the steering 
turns either to the left or the right side of the car. 
The presented results showed that the distribution 
of deformation and stress does not exceed the yield 
strength value and that there are neither damages nor 
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failure of the tie rod. However, the correctness and 
accuracy of calculations results are dependent on 
selected modelling parameters.

Kim et al. [7] wrote about forging aluminium 
alloy tie rod ends for the vehicle steering systems. In 
the casting experiment, the effects of additives, Ti, B, 
Z r, Sr, and Mg, improve the mechanical properties. 
Finite element analysis was performed to define 
an optimal configuration of the cast preform. It was 
observed that the highest hardness was obtained for 
added 0.2 %  Mg. They used the finite element model 
to determine an optimal configuration of the cast 
preform.

Essienubong et al. [8] determined that vehicle tie 
rod should resist the vertical, lateral, and horiz ontal 
forces acting on the suspension system when the 
vehicle operates in long-term conditions. The tie 
rod material does not exceed the elastic limit. The 
tie rod can be made of nickel alloys, titanium alloy, 
aluminium alloy, and low alloy steel. The tie rod 
requires a high value of modulus of elasticity for 
stiffness, high fracture toughness, and resistance 
against wear and fatigue.

Aravindaraj et al. [9] reported that a tractor 
connecting tie rod failed due to the overload 
applications.

Natrayan et al. [10] studied old tie rod design and 
materials applied in agriculture and then analysed a 
modified design with various stresses and deformation 
characteristics under critical loading conditions using 
ANSYS software.

Also, Oz soy and Pehlivan [11] conducted the 
structural analysis of a tie rod end part for a van-
type vehicle using the finite element model of the 
body, the joint, and the bearing. The analyses for the 
joint assembly were carried out for various tie-end 
orientations. They studied the stress variations and 
deformation characteristics of each component for 
various operational loading conditions.

Patil et al. [12] numerically determined the natural 
frequency and the static stress of the tie rod end and 
the rod arm for a specific vehicle. They modelled the 
whole mechanism as a single part and found that it 
could operate safely.

Senniappan et al. [13] studied a steering tie 
rod arm of a heavy commercial vehicle. Through 
computer-aided engineering  (CAE) analysis, the 
authors predicted the life of the initial design proposal 
of the steering tie rod arm and compared it with the 
actual component test life.

Using the failure modes, effects, and criticality 
analysis (FMECA), ûatić et al. [14] carried out 

a criticality analysis of failure modes of a light 
commercial vehicle’ s steering tie rod joint elements.

Interestingly, using the material selection and the 
optimiz ation technique, Park et al. [15] developed a 
lightweight outer tie rod for an electric vehicle. They 
utiliz ed aluminium alloy Al6082M  and improved 
the tie rod structural shape using metamodel-based 
optimiz ation.

The tie rod end consists of a ball joint. During 
vehicle cornering, the wear of mating surfaces of 
the tie rod end components, such as the ball end of 
the cotter pin and its bearing, occurs. The wear in 
tribological pairs can be modelled using various 
models [16] to [19].

Z wierz ycki [19] proposed a general model of wear 
in tribological pair, in which the volumetric wear rate 
wz  is proportional to the contact area S , sliding velocity 
v and linear wear intensity wear intensity Ih. The latter 
is affected by two parameters: factor k  and pressure 
exponent x . The latter varies usually in a range of  
< 1,  2>  [19] and [20]. Such two parameters are functions 
of material properties, geometrical characteristics 
of surfaces, etc. An experimental determination of 
these parameters is described in [21]. Some values 
of parameter k  for various tribological contacts were 
given in [20] and [22].

The similar linear wear intensity wear intensity Ih 
with exponent x  equal to 1 was utiliz ed by Burdz ik et 
al. [23] during studies on the tribological behaviour of 
contact between samples made of cast iron conducted 
on the pin-on-disc tribometer under dry conditions 
and under lubrication with engine oil.

The linear dependence of the linear wear intensity 
Ih on the average pressure to friction force was also 
reported in [24].

This article aims to obtain the volumetric wear of 
components for the tie rod end and the parameters of 
assumed wear model of them under specific history 
(conditions) of the cornering process. During analysis, 
different models of the tie rod end and steering 
mechanism were used.

The authors managed to estimate experimentally 
the value of the wear intensity factor k  for the POM 
bearing of the stud, which has not been presented in 
the literature thus far. This factor corresponded to the 
linear wear intensity Ih, rarely used in the literature to 
quantify the wear process in the joints.

The effect of lubrication occurrence in contact 
z one on the load sharing between the one carried 
by direct contact of rough asperities and the one 
countered by hydrodynamic effect from the grease 
microclines between them. The effect of squeez ing the 
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grease film on the pressure in the grease layer between 
the stud ball end and its bearing was also analysed.

1  TIE ROD END

The ball joint of the tie rod end is a movable connection 
enabling a rotationally oscillating movement of one 
of the connected components relative to the other. 
The instantaneous axis of the wheel rotation is 
strongly affected by the cotter pin axis. Additionally, 
it enables angular deflection and transmits shearing 
and longitudinal forces. Since the ball joints perform a 
rotationally oscillating movement, they are lubricated 
with different greases [25]. The main components of 
the tie rod end are presented in Fig. 1, inspired by [25], 
and [26].

Fig. 1.  Components of the tie rod end; 1 body, 2 lower cup, 3 
lower part of bearing, 4 lower ring, 5 dust boot and dust boot skirt, 

6 upper ring, 7 ball stud, 8 castle nut with cotter pin,  
inspired by [25], and [26]

2  THE FLOW CHART OF CALCULATIONS

The realiz ation of this article’ s main aim needs to 
assume a wear model in the contact z one between 
mating components of the tie rod end and to identify its 
parameters. This needs the knowledge of parameters 
influencing such wear, including sliding speed mating 
components of the tie rod end, their geometry, and 
loading at the distance for which such wear occurs.

The distance and sliding velocity are functions of 
the number and values of steering angles of vehicle 
wheels, and they depend on courses of vehicle velocity 
and millage resulted from the vehicle driving history. 
Because driving history has not been registered due 
to costs of the appropriate equipment, it can only be 
estimated, as described in Chapter 3.

The geometry of the contact z one between mating 
components, namely cotter pin and main POM bearing 
(Fig. 1) , is the function of outer radius D 1 /2 of the ball 

of the cotter pin and inner radius D 2/2 and shape of the 
main POM bearing. The geometry of the contact z one 
also depends on an applied force F L , so the necessary 
physical and mathematical model has been elaborated 
and described in a further chapter.

The load of the contact z one is a function of 
torques due to vertical, lateral, and tractive forces 
loading the wheels of the vehicle and kinematic 
relationships between components of the vehicle 
steering mechanism. Torques M V  due vertical, M L  due 
lateral and M T  due tractive forces vary mainly with 
steering angle δf  and average vehicle velocity vaver 
during turning. Kinematic relationships vary with 
steering angle δf . The load has been estimated using 
the model of vehicle cornering and the modelled 
trajectory of the cotter pin against the main POM 
bearing (Fig. 1) .

The information obtained from calculations is 
complex and of a semi-iterative nature, particularly in 
the case of the determination of the lateral force F L . 
A simplified flow chart of calculations is presented in 
Table 1.

3  THE COURSE OF VEHICLE DRIVING

Hegedüs et al. [27] reported that the planning of proper 
road vehicle trajectories became a critical and complex 
issue due to the enhanced interest in the automation 
of road transportation. During such a planning, it is 
necessary to consider the nonholonomic dynamics 
of wheeled vehicles. Only nonlinear optimiz ation-
based trajectory planners are able to reach valuable 
results, but at the expense of enhanced computational 
needs sometimes up to not acceptable levels. Such 
problems can be fully or only partly resolved using a 
hybrid approach based on artificial neural networks 
(ANNs). Similar problems can occur when recreating 
the trajectories of the movement of various cars that, 
for example, were involved in road incidents [28] and 
[29], during the preparation of trainers for drivers of 
special or high-speed vehicles or the elaboration of 
driving simulators [30] to [32].

Lefè vre et al. [33] reviewed various methods for 
motion prediction and risk assessment for intelligent 
vehicles. It was emphasiz ed that the choice of a risk 
assessment method depended on the selected motion 
model.

According to [34], the trajectory of a vehicle 
strongly depends on the interactions between 
the vehicle, the driving behaviour, and the road 
environment. The knowledge of the relationship 
between the trajectory and road geometry facilitates 
the identification of high-risk driving behaviours. 
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Using the field driving experiments performed on a 
certain number of selected highways, X u et al. [34] 
studied the trajectories passenger cars took on two-
lane mountain roads and determined the track patterns 
and their relevant risks.

The new area for studies on trajectory control 
relates to various mobile robots [35] and unmanned 
vehicles [36] to [40]. 

According to [35], the steering control of mobile 
robot trajectory can relate to a wide range of turning 
issues: from highway driving, with negligible turning 
for prolonged distances, up to steering for battlefield 
robots, requiring agile turning. The author reviewed 
different steering schemes that are used for robotic 
vehicles and battlefield robot vehicles. Skid steering 
and four-wheel steering were analysed.

Li et al. [41] explained that overtaking is a 
complex and challenging manoeuvre for road vehicles 
and the autonomous control of the vehicle during 
such a manoeuvre can enhance vehicle safety. Four-
wheel independent steering (4W IS) and four-wheel 
independent driving (4W ID) for the autonomous 
electric vehicles provide redundant control, enabling 
better control.

Z heng and Yang [42] proposed a trajectory 
tracking strategy based on the hierarchical control 
method for the 4 WIS/4W ID electric vehicle with the 
independently controlled rotation angle and driving 
torque of each wheel.

In the present study, researchers attempted to 
recreate the trajectory of vehicle motion based on data 
obtained from an interview with the driver driving 

Table 1.  The simplified flowing chart of calculations

Input Input parameters Model Output parameters Output
START 1

1
Time history of jth vehicle turnings,  

when j=1,…, N
Driver decision model (course of driving) 

Chapter 4
vaver(  j), αmax(  j), R (  j) 2

Turning number j 3

2 vaver(  j), αmax(  j), R (  j) Cornering scheme Chapter 5 tu(  j), vb (  j) 4

Measured D 1 , ǻD 1 , D 2, ǻD 2 Wear calculation Chapter 8 Volumetric wear W 1 , W 2 5

3 Turning number j
Wear distance calculation Chapter 8

Wear distance

l v j t jz b u
j

M

� �
�
� ( ) ( )

1

6
4 tu(  j), vb (  j)

Measured D 1 , D 2

FEM model of the ball joint Chapter 8 Contact pressure p 7Assumed Material parameters E 1 , v1 , E 2, v2

9 Load of steering rod F

Assumed
F L 0 =  mv2

aver(  j)/R (  j),  
a0, a1 , a2, a3 , a4 , a6 , a7 , a1 7

Magic Tire Formula Chapter 9 α f  0, αr0 8

Assumed H c , R c , hc · d c , m, f t, ρ, Cx  , A , s, αc , λ, νc , g
Model of steering mechanisms

M V  torque due vertical force, M L  torque due 
lateral force, M T  torque due tractive force 

Chapter 6

Load of steering rod F 9
Measured F z

2 Turning speed vaver(  j)
10 Steering angle δf

13 Lateral force F L

8 αf  0 , αr0 
Steering angle calculation

Chapter 9
Steering angle δf 10Measured Vertical force F z  

2 R (  j)
10 Steering angle δf

Model of cornering  vehicle Chapter 9 ω, β 11Assumed ar, af , tr, tf , Iz  
2 Turning speed vaver(  j)
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his car in a relatively repeatable manner on similar 
routes over a known time. In the analysis, the driver 
with his Ford Mondeo, who has driven each working 
day from his house to the job and returned from it, 
was considered. Doing so, he drives 6 0 km per day 
and 15,600 km per year. Additionally, about 5 to 6 
weekends per year he made longer journeys of 250 km 
to 300 km. This gives 1250 km to 1800 km per year. 
After six years the total millage was equal to 93,600 
+  (7,500 to 10,800)  km. During this 93,600 km, the 
road distances were practically repeatable, and they 
were driven with an average speed 50± 10 km/h. The 
route required the driver to make 20 major turns of 
about 90 deg. Their assumed radius was 20 m. This 
yielded 55 00 such turns after six years. Additionally, 
he had to make about 30 smaller turns about 40 deg 
due to overtaking or bypassing other road users. 
Their assumed radius was 50 m. This yielded 8250 
such turns for 6 years. He had also to make small 
turns (100 to 500 depending on the seasons of the 
year – averaged 30 0) of about 1 degree because of 
the existing ruts on the roads. Their assumed radius 
was smaller than 120 m. This yielded 82, 500 such 
turns after six years. During 7,500 km to 10,800 km 
of motion, the changes of speed were more dynamic. 
It was assumed that the average speed was about  
80± 20 kph. Due to the lack of data, it was assumed 
that the driver made proportionally fewer big turns, 
namely 440 to 630 turns with the radius of 20 m to 
500 m, averaged to 275 m and an angle of 90  degrees, 
about 660 to 950 smaller turns with the radius equal 
50 m and angle 40 degrees and about 6,600  to 9,500 
small turns with the radius R  less than 120 m and 
angle of fewer than 1 degree. It was assumed that 
the car was moving at the maximum speed  allowed 
without slip during cornering (below 14 m ⋅s– 1 ).

4  THE SCHEME OF CORNERING

Jiang et al. [43] proposed a human-like trapez oidal 
steering angle model to quantitate the relationship 
between objective road factors and steering wheel 
angles generated by human drivers. They elaborated 
the idealiz ed curve described by the straight curve 
length, the radius of curve R , and curve subtended 
angle α, constituting three consecutive sections: 
straight, circular curve, and straight. The driving speed 
on the ideal curve was assumed to be constant. As the 
steering positions of human drivers disagreed with the 
varying geometrical position of the curve, a series of 
feature distances replicating the actual human steering 
positions on the curve was introduced in the proposed 
steering angle model.

In this study, the simpler scheme of each jth 
cornering was assumed as follows. During the first 
one-fifth of the turn length l max(j), the driver turns the 
steering wheels to the needed angle value, namely 
amax(j) equal to 1, 40 or 90 degrees, respectively. 
The next three-fifths of the turn length he keeps the 
steering wheels with the same constant angle value. 
During the last one-fifth of the turn length, the driver 
turns the steering wheels back to the initial position. 
Such an algorithm was illustrated in Fig. 2. The time 
of the jth cornering can be estimated from Eq. (1) .

 t j
l j
v j

j R j
v ju

aver aver

( )
( )

( )
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( )
,max max� �
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where j =  1, ... M is number of cornering, M  total 
number of cornering made by the driver, R (  j) the 
radius of the jth cornering [ m] , and vaver(  j) average 
speed of vehicle during the jth cornering [ m⋅s–1 ] .

The time of turning the steering wheel forward 
and back is equal to 0.4 t.

An average speed of the bearing relative to the 
ball stud during the jth cornering was estimated from 
Eq. (2).
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where d bal l  is the average diameter of spherical surface 
of the ball stud [ m] .

Fig. 2.  The scheme of cornering

5  THE MODEL OF STEERING MECHANISM

The kinematic scheme of the steering mechanism 
is presented in Fig. 3. The steering angle δ is the 
independent variable. The following parameters are 
constants: H c  =  160 mm, α c  =  42 °, R c  =  120 mm, hc  =  
200 mm, and d c  =  250 m m. 

The force F  loading the steering rod is estimated 
from Eq. (3) .
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The angle ε is calculated from Eq. (4) .
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The constant distance q  is calculated from Eq. (5) . 
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The angle β is calculated from Eq. (6) . 
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Fig. 3.  The kinematic scheme of the steering mechanism

Three factors affecting the steering force are 
vertical load, lateral force, and tractive force. Each 
of these conditions produces a torque acting on the 
steering axis, and the torque is balanced through the 
steering rack. The total torque about the steering axis 
is a summation of the individual torques.

The torque resulting from the vertical load was 
calculated from Eq. (7) .

 
M F F s

F F s v
V zl zr

zl zr c

� � � � � �
� � � � �

( ) sin( ) sin( )

( ) sin( ) cos( ),

� �
�  (7)

where (values readout from catalogue): F z l  =  47 90 N 
is vertical load for left wheel, F z r =  31 10 N vertical 
load for right wheel, s =  -0.006 m lateral offset at the 
ground, λ  =  7°  lateral inclination angle (estimated), δ  
steer angle [ °] , and vc   =  3.32± 1°  caster angle.

The torque resulting from the lateral force was 
calculated from Eqs. (8)  and (9) . 

 M F F r vL yl yr� � � � �( ) tan( ),  (8)

 F F Cyl yr f= = / ,4  (9)

where Cf  is cornering force [ N] , F yl  lateral force for 
left wheel [ N] , F yr lateral force for right wheel [ N] , 
and r =  0.32 m   tire radius.

The torque due to tractive force, calculated from 
Eq. (10) . 

 M F F sT xl xr� � �( ) ,  (10)

where F x l  is tractive force for left wheel [ N] , and Fxr 
tractive force for right wheel [ N] .

The cornering force Cf  was estimated from Eq. 
(1 1) . 

 C mv j R jf aver= 2
( ) / ( ).  (1 1)

The tractive force F x  was estimated from Eq. (12) . 

 F m g f C Avx t x aver� � 0 5
2

. ,�  (12 )

where m =  1580 kg is mass of the vehicle,  
f t =  0.01 rolling resistance coefficient, ρ =  1.29 kg⋅m–3  
air density, Cx  =  0.31 drag coefficient, and  
A    0.84 Â H c ar Â W c ar =  2.055 m 2 reference frontal area.

6  OPERATIONAL CONDITIONS FOR THE ANALYSED STUD  
OF THE STEERING ROD

The ball joint can be made of AISI-SAE 5140 steel, 
usually heat treated by quenching and tempering with 
the resulted microstructure of tempered martensite 
with acicular ferrite [44]. Such heat treatment resulted 
in higher material toughness [45] and [46], as cited 
in Ossa et al. [44], lower fracture toughness, and 
mechanical strength decreasing element durability, 
and local reduction on the material hardness lowering 
the fatigue endurance limit.

According to Murakami [47], as cited in Ossa et 
al. [44], the uniaxial fatigue strength σ f  depends on the 
Vickers hardness H v as Eq. (13) . 

 � f v vH H� �1 6 0 1. . .  (13)

The calculated Vickers hardness of the failed 
element was of 353 H v. Using Eq. (13) , the uniaxial 
fatigue strength of the material is 565± 35.3 MPa level. 
According to Alsaran et al. [48], as cited in Ossa et al. 
[44], the heat treatment of AISI-SAE 5140 steel used 
for suspension system ball joints resulted in a fatigue 
endurance limit of 416 MPa. As Alsaran’ s endurance 
limit does not exceed the value obtained from Eq. (13) , 
this value is then used as the bulk fatigue endurance 
limit of the analysed ball joint element. The endurance 
limit calculated from Eq. 13 for the acicular ferrite 
approximates 326± 20.4 MPa. Loading for the stud of 
steering rod can approach up to 500 N [49], 1540 N 
[50] or even 2000 N [11].
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The operational conditions of the analysed 
stud of the steering rod were highly affected by the 
lubrication conditions in the contact z one between the 
stud ball end and its insert. The lithium greases in pure 
form and with various additives are often used for the 
lubrication of ball joints in car suspensions.  

Miettinen and Andersson [51] found that the 
lubrication significantly affected the acoustic 
characteristics rolling bearings. 

Sharma et al. [52] elaborated a theoretical model 
for studies of the effects of operating parameters on 
the energy of acoustic emission (AE) generated in 
rolling element bearing. The model was based on 
the asperities-level interaction between the mating 
surfaces of bearing components using the Hertz ian 
contact approach, statistical concepts, contact load 
distribution during the load z one, and lubrication 
effects.  

Patil et al. [53] examined the effects of Hertz ian 
deformations between the mating bodies, elasto-
hydrodynamic lubrication (EHL), and elastic asperity 
interactions of rough surfaces on combined acoustic 
and dynamic characteristics of a ball bearing.

Wang et al. [54] developed the dynamic models 
allowing considering the effects of dynamic contact 
forces, EHL rolling friction torque, centrifugal forces, 
elastic hysteresis, differential sliding friction torques 
on the ball motion state, and slipping in the rolling 
bearings.

Liu et al. [55] proposed an interesting dynamic 
model of angular contact ball bearing (ACBB), which 
enabled considering the effects of elastic hysteresis, 
differential sliding friction torques, and EHL rolling 
on the ball motion state.

Masjedi and Khonsari [56] related the shear 
friction force between the raceways and ball from:
� the contact force and the relative sliding speed 

between the raceways and ball, and the ellipse 
contact area dimensions,

� features of asperities, including their friction 
coefficient of asperities, their load ratio, and their 
ultimate shear stress coefficient,

� features of the oil film, including the pressure 
sustained by it, its average viscosity, its ultimate 
shear stress, and the central oil film thickness.
Tong and Hong [57] elaborated a friction torque 

model of ACBB, including the shear friction force 
and the ball friction force depending on the elastic 
hysteresis, EHL rolling, and differential sliding 
friction torques.

Marques et al. [58] determined that in mechanical 
joints, a static friction model with elimination of the 
discontinuity at z ero velocity was usually a good 

choice. For such joints operating under highly variable 
normal loads, a dynamic friction model was required. 
Fortunately, apart from participation in rallies, the 
dynamics of loads on tie rod ends in vehicles driving 
mainly on the most frequently used roads is not so 
large. 

7  WEAR MODEL FOR THE STUD OF THE STEERING ROD

In the literature on abrasive wear at the contact of 
sliding bodies, many papers deal with various types of 
radial sliding bearings [59] to [70].

Fewer articles concern abrasive wear of various 
ball joints, including those used in medicine [71] to 
[78].

Watrin et al. [75] reported that the ball joint 
failure resulted from the interface degradation 
between the steel ball pin and its POM socket. Such 
wear was caused by two mechanisms, the abrasion 
of the ball socket surface with the ball pin and plastic 
deformation due to the axial load.

In the literature, some authors combine the results 
concerning the resistance to motion with the results 
concerning the abrasive wear in a given frictional 
contact. For example, numerically studying the plane 
elastic contact problem to determine the contact 
strength and tribological durability of sliding bearings, 
Chernets et al. [79] found that both contact angles and 
maximum contact pressures almost linearly depended 
on the load, and the durability weakened nonlinearly 
with load enhancement. The authors proposed 
the characteristic function of wear resistance of 
materials for discrete values of specific friction forces 
established during tribological tests.

Other researchers [16] to [19], however, believe 
that although both types of results may depend on 
the same physicochemical properties of the mating 
bodies, and possibly also the presence of lubricant 
and impurities in the contact, they are independent of 
each other, particularly on the macro scale. Similarly, 
in this paper, we have decided not to make the model 
of wear in contact between steel stud and its POM 
bearing dependent on the friction forces occurring in 
such a contact z one. 

The abrasive wear of loaded surfaces was 
modelled using the Archard law, described by Eq. 
(14) , by Ejtehadi et al. [71], as cited by [75], for the 
contact interface in the POM/Carbone-based-steel 
couple. 

 V k F sw A n w� � � ,  (14)
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determined using various methods, including the 
popular FEM [81] to [96], the less used elastic 
foundation model (EFM) [83] and [97] to [103], and 
the boundary element method (BEM) [104] to [106], 
and other less popular analytical procedures, like the 
semi-analytical method (SAM) [107]. The common 
problem of unwanted stress singularities is usually 
prevented by applying pressure instead of single 
point (node) loading [85]. In this study, the FEM was 
utiliz ed to determine contact pressure in the contact 
z one between the stud ball end and its bearing.

Fig. 4.  FEM model of contact between rotating steel ball stud 1 
and its POM bearing 2 fixed in the steel body 3

The normal contact pressure in a specific contact 
z one can be strongly affected by a load distribution 
in a complex object involving several or even several 
doz en components. In cases of rolling bearings or 
complex shapes of 3D  surfaces mating under frictional 
conditions, the effective stiffness, sometimes in the 
matrix form, is utiliz ed to represent the relationship 
between the external load and the resultant or averaged 
relative displacement of the object components. In the 
case of a rolling bearing, such stiffness is influenced 
by the number of rolling components, the distribution 
of the load on the individual bearing elements, the 
presence of grease, and preload. In the case of a 
conformal joint, the shape of the mating surfaces can 
be complicated by the presence of various grooves 
facilitating lubricant distribution, the presence and 
type of lubricant, the presence of a preload in the 
form of a tight-fitting between stud ball end, and its 
bearing. In the case of worn surfaces due to abrasive 
wear, such tight-fitting become the loose one.

Some researchers conducted studies on the load 
distribution and stiffness characteristics of the rolling 
bearings [108] to [110]. Their findings might also be 
useful for rod ends with rolling bearing, described, 
i nt er al i a, in [111] and [112].

For these two issues, various methods can be 
used, including the statics analytical method (SAM), 
quasi-statics numerical method, and quasi-statics 
analytical method (QAM). 

where V w is the worn volume [ mm3 ] , F n  the normal 
applied load [ N] , sw the sliding distance [ mm] , and k A  
the wear coefficient [ mm2N–1 ] .

The modified Archard law in the form of Eq. (15)  
was used by the other authors, including [76] to [78], 
as cited by [75], for the evaluation of the wear depth. 

h L pw w w( , , ) ( , , ) ( , , ),R k R Rs t t A s t t s t t� � � � � �� � �  (15)

where hw (R s, θt, φt) is the evolution of radial dimension 
of the ball socket surface during one cycle [ mm] , 
L w (R s, θt, φt) the sliding distance of the ball socket 
point during the cycle [ mm] , pw (R s, θt, φt) the normal 
pressure applied on the ball socket element [ MPa] ,  
θt, φt the angle coordinates of the sphere [ rad] , and R s 
the ball pin radius [ mm] .

Watrin et al. [75] proposed a relation Eq. (16)  
between the wear coefficient k A  and the sliding 
distance L w.

 k LA w� � ��
6 10

7 0 58.
.  (16)

In the present study, it was assumed that the linear 
wear intensity Ihi  for both the steel stud and its POM 
bearing can be calculated using Eq. (17) . 

 I k p ihi i a� � �2
1 2; , ,  (17)

where k 1  and k 2 are the wear intensity factors for 
the stud and its bearing, respectively, and pa is the 
averaged pressure in the contact z one between the ball 
stud and its bearing [ Pa] .

The wear intensity factor k i  characteriz ing the 
linear wear intensity Ihi  was estimated from Eq. (18) . 
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where w I S vz hi b
aver� ��  is volumetric wear rate [ m3 · s–1 ] , 

v l tb
aver

z corn= /  average speed of the bearing relative to 
the ball stud during all analysed time of driving [ m3 · s–3 ] , 
tc orn  summariz ed time of driving during cornering 
[ s] , l v t v j t jz b

aver
corn b u

j

M

� � � �
�
� ( ) ( )

1

is wear distance 
represented by the assumed formula [ m] , W i  
volumetric wear of the ball stud (i  =  1)  or its bearing  
(i  =  2) [ m3 ] , S  =  R b  / pa the contact area between the ball 
stud and its bearing [ m2] , and R b  reaction in contact 
between the ball stud and its bearing [ N] .

The majority of the encountered wear laws, 
discussed by Mukras [80], required determining 
contact pressure and the sliding amounts between 
the mating surfaces. The contact pressure can be 
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The SAM hypothetically assumed the local load 
distribution. The effects of the preload and the variation 
of the contact angle are not usually considered in the 
traditional SAM [113]. That method was utiliz ed by 
Palmgren [114], Houpert [115], and Hernot et al. [116], 
also in problems needed considering an effect of 
preload on the bearing stiffness matrix [117] to [120].

The quasi-statics numerical method 
hypothetically assumed the rigid body displacement 
of the inner ring. 

Such an approach introduced by Jones [121] was 
used by Li et al. [122], Fang et al. [123], Tang [124], 
and Feng et al. [125]. 

Neol et al. [126] gave an analytical expression of 
quasi-static stiffness of the rolling bearings. 

To limit the time requirement of the quasi-statics 
numerical method, the quasi-statics analytical method 
(QAM) utiliz ing various analytical algorithms or 
models were applied by Sheng et al. [127], Z hang et 
al. [128] and [129], Fang et al. [130], Cheng et al. [131], 
Jedrz ejewski and Kwasny [132], Z hang et al. [133], 
R en et al. [134].

The QAM can also be based on models elaborated 
using the Finite Element Method. Such an approach 
was utiliz ed by Guo and Parker [135], and by Daidié  
et al. [136]. 

Wang et al. [137] proposed an improved quasi-
dynamic model for the ACBBs to obtain a more 
accurate load distribution of them.

Liu et al. [113] utiliz ed an analytical calculation 
method (SAMCA) for the load distribution and 
stiffness of a preloaded ACBB with combined loads, 
including the radial and axial ones.

The contact pressure was obtained from the 
steady-state analysis using the FEM model of the 
contact between the rotating steel stud ball end and 
its POM bearing fixed in the steel body (Fig.  4) . The 
material model for the stud and the body utiliz ed the 
linear isotropic model of steel. In such a model, the 
density was equal to 7800 kg/m3 , the Young modulus 
to 210,000 MPa and the Poisson number to 0.3 [11]. 
The material model for the bearing utiliz ed the linear 
isotropic model of POM with density of 1410 kg/
m3 , the Young modulus was equal to 3000  MPa, the 
Poisson ratio was equal to 0.42, r espectively [11]. 

The linear behaviour of steel ball and POM 
socket was also assumed by Watrin et al. [75] for the 
finite element analysis of contact pressure distribution 
during their studies on the ball pin and plastic socket 
contact in a ball joint.

The grid of the tetrahedral finite elements 
was generated automatically by the program. Each 
finite element comprises nodes with three degrees 

of freedom, such as displacements ux , uy, uz  along 
the respective main axes X , Y , Z  of the global set of 
coordinates.

The boundary conditions were as follow: C1  is 
the top, and the neighbouring cylindrical surfaces of 
the ball stud end could move only perpendicular to 
the axis of the stud, C2 the cylindrical surface of the 
steel body was fixed, and C3  the conical surface of the 
stood was loaded by the constant horiz ontal force F . 
Such a force can reach values up to 500 N [49], 1540 
N [50] or even 2000 N [11]. 

The grid of FEs and boundary conditions are 
presented in Fig. 4.

While driving according to the described earlier 
course, the necessity to make sudden turns could 
occur sporadically. Therefore, it was assumed for 
further analysis that the load on the contact z one 
between the stud ball end and its bearing was of quasi-
static nature. However, during analysis, the non-linear 
character of the contact stiffness between the stud 
ball end and its POM bearing was also considered, 
by using a non-linear computational algorithm [138] 
to solve the problem of contact status and contact 
pressure for each contact element in the contact 
z ones between mating surfaces of the components. 
The necessity to consider the nonlinear character 
of contact stiffness is usual for rolling bearing. 
According to Liu et al. [113], the rating speed had a 
significant effect on the contact angle and stiffness of 
roller bearings, especially for the high-speed range. 
The enhancement of macroscopic loads not only 
increased the contact loads but also enhanced stiffness 
of rolling bearing. The selection of the calculation 
method also influenced the obtained contact pressure 
values for the given values of macroscopic loads and 
geometrical parameters of the contacting elements 
[113]. An unexpectedly received calculation method 
(e.g., a linear algorithm assuming a linear relationship 
between deformation and stress) resulted in obtaining 
the most frequently overestimated values of contact 
pressures, especially at high loads.

The siz e of each contact element was strictly 
correlated to the siz e of the directly underlying 
volumetric finite element generated for material lying 
beneath the surface on which such a contact element 
was formed, as described in [138]. 

The effect of finite element siz e on the 
convergence of solution was studied, assuming the 
maximal value of mean macroscopic contact pressure   
pm between the stud ball end and its bearing under 
loading by the force F  (Fig. 4)  equal to 500 N, as the 
criterion. Such a macroscopic contact pressure related 
to the area comprising both contact areas of deformed 
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loaded asperities and the nearest adjacent areas 
completely separated by the grease layer.

After obtaining the solution, the 3D  triangular 
finite contact elements associated with the inner 
spherical surface of the POM insert were recorded 
together with the coordinates of the corner nodes 
X e,  Y e and Z e of the given eth finite contact element, 
the contact status CS e (CS e =  1, when in contact and 
CS e =  0, when not in contact) of this element and the 
value of the contact pressure pe. The coordinates  X e, 
Y e, Z e of the corner nodes allowed estimating the 3D  
triangle area close to area A e of the given eth finite 
contact element. For each finite contact element, the 
area of said triangle was multiplied by the contact 
pressure for a given contact element and the contact 
status. Then these products were summed to give 
the value of S 1 . Moreover, the area of said triangle 
was multiplied by the contact status of a given finite 
contact element, and then such products were summed 
to obtain the value of S 2. Dividing the S 1  by the S 2 
allowed obtaining the estimated value of mean contact 
pressure. A more coarse but easier estimate can be 
obtained using Eq. (19) .  

The 3D  triangle contact elements with the bond 
option were introduced between the bearing and the 
body, while between the stud and this bearing, similar 
contact elements with frictional option were used. The 
surface-to-surface type with asymmetric option were 
utiliz ed. Therefore, the flexible target elements were 
applied to the stud ball end 1 and the inner surface of 
steel body 3. The deformable contact elements were 
applied to the inner and outer surface of POM bearing 
2 (Fig. 4) . It was used the default values of parameters 
characteriz ing behaviour of contact elements [138]. 

The friction coefficient between the steel body 
and the POM bearings was assumed to be equal 
to 0.22 [139]. Under small slipping, the friction 
coefficient does not change with applied force [140]. 
Therefore, the friction coefficient was independent of 
the eventual preloading of the assembly [11].

An averaged pressure was calculated from Eq. 
(19) . 

 p
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where pe is contact pressure on the eth contact element, 
and K  number of contact elements loaded by contact 
pressure (based on status number: 1 – in contact, 0 – 
not in contact, assigned to each contact element after 
solution convergence).

The wear W 1  of the ball end of the steel stud was 
calculated as a difference between the volumes of a 
new ball and a worn ball bordered by its maximal 

tangential outer surface. It was assumed that the shape 
of the new ball-end volume is a sphere of diameter 
D 1 . The worn ball end volume is a rotated ellipse 
with two main diameters equal to D 1  and the third 
main diameter equals the difference D 1  –  ̈ D 1 . ¨D 1  is 
the change of the measured outer diameter due wear 
process. Therefore, the wear of the ball end of the 
steel stud was estimated from Eq. (20). 

 W D D
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The wear W 2 of the POM bearing was calculated 
as a difference between volumes contained within 
the worn and new bearing/seat and bordered by its 
minimal tangential inner surface. It was assumed that 
the shape of the new bearing/seat volume is a sphere 
of diameter D 2. The worn bearing/seat volume is a 
rotated ellipse with two main diameters equal D 2 and 
the third main diameter equal to the sum D 2�¨D 2. The 
¨D 2 is the change of the measured inner diameter due 
the wear process occurring between the ball end of the 
steel stud and its POM bearing. Therefore, the wear of 
the ball end of the steel stud was estimated from Eq. 
(21) . 
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7.1  The Effect of Lubrication on the Contact Pressure in 
Contact Zone

The effect of lubrication in contact z one under mixed 
friction conditions on average contact pressure is 
rather small compared with the case of unlubricated 
contact, as shown in Z hang et al. [141].

According to Otero et al. [142], determination 
friction forces in mixed lubrication for highly loaded 
non-conformal contacts requires, inter alia, a load 
share function determining the fraction of load 
supported by the lubricant film. 

For point contacts, Z hu and Hu [143], as cited 
in [142], proposed such a function in the form of Eq. 
(22).

 f
?

.

.

.

.
,�

�
� �
1 21

1 0 37

0 61

1 26

�
�

 (22)

where λ and the specific lubricant film thickness 
determined from Eq. (23)  [142].

 �
� �

�
�

h
0

1

2

2

2
,  (23 )

where h0 the minimum lubricant film thickness [142], 
and σ 1  , σ2 the root mean square (R MS) roughness of 
the mating surfaces 1 a nd 2, respectively [142].
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For line contacts, Castro and Seabra [144], as 
cited in [142] proposed such a function in the form of 
Eq. (24) .

 f � �� �0 84
0 23

. .
.  (24)

According to [142], both such functions did not 
differ significantly.

The actual spherical surfaces, both of stud 
ball end and of its bearing, as separate mechanical 
components, are characteriz ed by roughness being 
the component of surface texture, excluding waviness 
and deviation of form [145]. The rough surface can be 
modelled using various methods. The model directly 
created using the FEM was proposed by Thompson 
[146]. In the model, the rough surface was formed first 
by using the nodal or elemental set, then the height 
of the nodes was changed randomly, which resulted in 
the formation of the surface with sharp peak asperities 
bringing extreme stress.

Another approach is the application of the 
random Gaussian height distribution (GHD) equation 
for generation of the matrix of roughness points 
(2D), followed by developing the 3D  rough surface 
model. Using appropriate CAD software (CATIA, 
SolidWorks, among others), the cloud of rough surface 
points is transformed into a 3D  surface form and then 
converted into the 3 D solid form. This approach was 
utiliz ed in [147] to [153].

The rough asperities can be modelled as the set 
of the elasto-plastically deformed hemispheres [154] 
to [157], hemi-ellipsoids [157] and [158] or paraboloids 
[159] and [160] with various distributions. 

The contact between the stud ball end and its 
bearing belongs to the group of conformal joints. 
Therefore, to estimate the effect of lubrication 
occurrence in the contact z one between stud ball end 
and its POM bearing on the contact pressure values 
therein, the following assumptions were made.

The content of moisture, debris, and contaminants 
in the grease was constant, and all these inclusions 
were collected in the grease outside the contact 
z one, e.g., in grooves to facilitate spreading grease. 
This assumption was made to avoid unnecessarily 
complicating the model and to neglect such an effect 
on the wear process.

The temperature in the contact area between the 
stud ball end and its bearing was constant and did not 
affect the rheological properties of the grease and the 
wear of the mating surfaces and the grease itself.

The mapping of the mixed lubrication conditions 
in the contact between the stud ball end and its POM 
bearing was made by considering the movement of 

a flat, rigid, and smooth surface on a rough surface, 
presented as a set of model asperities (Fig. 5) . Such a 
movement was under constant sliding speed U . 

The space between such surfaces was divided 
into two areas with different lubrication mechanisms: 
the first one containing modelled asperities under 
boundary lubrication conditions and the second 
one containing lubricating microclines under 
hydrodynamic lubrication conditions. 

The load on the area of a single asperity and its 
environment containing microclines of the lubricant is 
transferred by the force from the plastic deformations 
of the asperity in contact with the rigid plane and the 
lifting force of the lubricating microclines.

The layer of lubricant around the centre of the 
asperity top was so thin that boundary lubrication 
processes occurring in such an area were not subject 
to the laws of hydrodynamics. The thickness hf

av of 
the layer was independent on the normal load N  (Fig. 
5a ). The distribution of unit pressures in the presence 
of this thin layer was very close to the distribution of 
Hertz  pressure, arising at the contact of non-lubricated 
surfaces.

In the region of the microclines, the layer of 
lubricant was sufficiently thick, and the principles of 
hydrodynamic lubrication were applicable to it.

The asperities were modelled as the elastic-plastic 
hemispheres evenly distributed over the contact z one 
(Fig. 5b) .

The radius R asp of such a hemisphere was equal to 
the roughness parameter R a equal to 5 µm.

The distance R 0 between the centres of adjacent 
hemispheres was equal to the half of roughness 
parameter R Sm  equal to 0.2 mm.

Fig. 5.  Model of contact between a rough surface and a rigid 
smooth plane; a) model of the grease layer separating rough 

surface asperities from a flat, rigid, and smooth plane, b) model of 
the distribution of asperities in contact with a movable rigid plane 

A circular isobar was created around each asperity 
when the maximal thickness hs

av of lubricant occurred 
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(Fig. 5b) . It was assumed that hs
av =  0.5 R a. It was 

also assumed that hs
av =  0.01 hf

av.
The normal load N 1  on the contact of a single 

asperity with the rigid plane (Fig. 5a ) was estimated 
from Eq. (25)  [161], as cited in [162]. 

 N H RPOM asp asp1
2� � � � �� � ,  (25)

where R asp =  R a is the radius of the hemisphere 
modelling the asperity, H P O M  =  150 MPa hardness of 
POM [163], and αasp deformation of the centre of the 
contact area, called ‘ roughness susceptibility’  (Fig. 
5a ), defined by Eq. (26)  [162].

 �asp s
av

f
avz h h� � �( ),  (26)

where z  is the height of the undeformed hemisphere 
modelling an asperity (Fig. 5a ).

The roughness susceptibility αasp was determined 
from Eq. (27)  [164], as cited in [162].

 �asp asp
POM

POM
POMR

H
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v� � �� ��
�

�
�

�

�
�

2

2
1 ,  (27)

where E P O M  =  3000 MPa is the tensile modulus of 
POM [163], and vP O M  =  0.35 the Poisson number of 
POM, as assumed.

The number N asp of asperities being in contact 
with the rigid plane was estimated from Eq. (28) .

 N D
Rasp �

� �
� �

2

4

2

2

0

2

�
�

,  (28)

where R 0 =  0.5  ·  R Sm  =  0.1 mm is the distance between 
the centres of adjacent hemispheres modelling 
asperities.

The average thickness hav of lubricant (Fig. 5a ) 
was described by Eq. (29)  [161], as cited in [162].
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��
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,  (29)

where rasp is the current value of the radius of the 
projection of the hemisphere onto the rigid plane (Fig. 
5 ), and b asp the boundary radius of the area of the 
plastically deformed contact z one of the hemisphere 
modelling asperity (Fig. 5a );  it was determined from 
Eq. (30)  [161], as cited in [162].  

 b Rasp asp asp� � �2 � ,  (30)

where aasp is the radius of the base of the hemisphere 
(Fig. 5a );  considering Eq. (29) , it can be estimated 
from Eq. (31) .
 

a R h hasp asp s
av

f
av� � � � ��2 ,

 (31)

The dependency between the lubricant thickness 
h and pressure p for the hydrodynamic lubrication 
conditions was described by average R eynold’ s Eq. 
(32)  [165] and [166], as cited in [162].
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,  (32 )

where U  is the sliding speed rigid plane relative to 
the rough surface (Fig. 5) . It was assumed that it can 
reach values up to 0.03 m/s, and ηeq    0.126 Paᄷs the 
equivalent dynamic viscosity for the lithium grease 
determined according to the procedures described in 
[167]. The lithium grease rheological properties were 
modelled using the Herschel-Bulkley model given by 
Eq. (33)  [168].

 � � �� � �
0 1

m n
( ) ,

 (33 )

where τ0 =  61 1.26 Pa, m 1   3.201 PaÂsn , n  =  0.61 6 
are parameters of the Herschel-Bulkley model for the 
UM185L i2 grease [168]. The dynamic viscosity of its 
base oil at room temperature was assumed to be about 
0.1 PaÂs. 

For the region aasp � rasp � R 0 where hs
aver was 

constant, the solution of Eq. (29)  took the form of Eq. 
(34)  [161], as cited in [162].

 p p
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where θ is the current value of angle around the axis 
of the hemisphere modelling an asperity (Fig. 5b) , pm 
mean macroscopic pressure over the entire lubricated 
area, Cf 1  constant factor determined from Eq. (35 ) 
[161], as cited in [162].
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where k asp is constant factor determined from Eq. (36)  
[161], as cited in [162].

 k
R h

a
asp

asp f
aver

asp�
� �

2

2
,  (36 )

For the region aasp � rasp � R 0 where hs
aver varied, 

the solution of Eq. (29)  took the form (37)  [161], as 
cited in [162].
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where Cf 2 is a constant factor determined from Eq. 
(38)  [161], as cited in [162].
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A normal load N 2 of a single asperity arising 
because of hydrodynamic phenomena accompanying 
the displacement of a single unevenness in relation to 
a rigid plane was determined from Eq. (39)  [161], as 
cited in [162]. 

 N p r dr dasp asp
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2

2

0

0
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�

.  (39)

The total normal load of contact z one was 
estimated from Eq. (40) .

 N N N Nasp� � �� �1 2
.  (40)

The average contact pressure pasp
av  resulted from 

load carried out by asperities in contact z one was 
estimated from Eq. (41) .
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7.2  The Squeeze Film in Contact Zone between the Stud 
Ball End and Its Bearing

Clarke and Bell [169] elaborated a model for the 
prediction of the friction in a ball joint operating under 
very high loads and rotations at very low speeds, 
including z ero speed, thus, in the mixed and boundary 
lubrication regimes. The model considered the effect 
of a squeez e film. Using this model for studies on the 
hydraulic motors with various surface finishes on the 
ball joints, they found that friction in the ball joints 
was strongly affected by various surface qualities.

In the present study, it was assumed that after the 
axial load on the tie rod end, the conditions necessary 
for the mixed friction to occur in the contact z one 
of the stud ball end with its bearing are created. 
First, during their rotation relative to each other, the 
lubricant layer is pressed out of the gap between 
them. Then a squeez e film is formed in the fracture, 

accompanied by the production of a normal pressure 
distribution.

Similarly, to the case of rotation of the stud ball 
end relative to its bearing under lubrication, it was also 
assumed that the effect of content of moisture, debris, 
and impurities in the grease, and the temperature in 
contact z one on the rheological properties of grease 
and the wear process was neglected.

Although in fact, the contact z one is closer to 
the sphere segment, the research on squeez e fill was 
carried out using the hemisphere model, assuming 
that this difference does not significantly affect the 
obtained pressure values.

To estimate values of this pressure, the model 
like that developed by Walicki and Walicka [170] 
was adopted, while the then-occurring rotational 
movement of the stud ball end in relation to its bearing 
takes place under conditions of very low rotational 
speed, so its effect resulting from the accompanying 
it the hydrodynamic interactions in the grease layer on 
the pressure distribution may be omitted.

The model of hemispherical contact between 
the steel stud ball end and its POM bearing operating 
under a squeez e film of grease was shown in Fig. 6. 
For the further analysis, it was assumed that squeez ing 
took place at an averaged speed.

Fig. 6.  Model of hemispherical contact between the stud ball end 
and its POM bearing operating under a squeeze film of grease;  

C = 0.5∙( D 2 –  D 1 ), εsq = esq / C, � �sq sqd dt� / .

The pressure was estimated from Eq. (42)  [170].



Strojniški vestnik - Journal of Mechanical Engineering 68(2022)2, 101-125

114 Wozniak, M. – Rylski, A. – Siczek, K.

 

p
D

C

l

eq

sq sq

sq�
� �

� �
� � �� �

�

�
�

�
�

� � �
�

�

�

�

� �

�( . )

cos

*

0 5 3 1

1

1 6
1

1

1

4

2 2



ccos

,

�sq� �� �
�

�

�

�
�
�

�

�








�

�
�



�

4
1  (42)

where l *  =  0.1 is dimensionless parameter [170], 
C =  0.5· (D 2 – D 1 ) the radial clearance between stud 
ball end and its bearing, esq  the eccentricity, εsq  =  esq  /C  
the eccentricity ratio, and � �sq sqd dt� /  the time 
derivative of the eccentricity ratio εsq .

The average pressure was determined from Eq. 
(43) .
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The loading carried out was estimated from Eq. 
(44)  [170].
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Eq. (44)  enabled estimating the average value 
of the time derivative of the eccentricity ratio � �sq sqd dt� / for 
the given value of force N  loading the contact z one 
between the stud ball end and its bearing during 
squeez ing of grease layer between them. This allowed 
determining values of pressure p from Eq. (42)  and of 
average pressure pav from Eq. (43) .

8  LATERAL FORCES LOADING WHEELS  
DURING CORNERING

Lateral forces loading wheels are important from 
the point of view of driving with a varying motion 
trajectory of the vehicle. Using a two-degrees of 
freedom (DOF) planar two-track model with a 
nonlinear magic tire formula [171] showed that 
the better adhesion capacities of tires worsened 
both lateral vehicle stability and increased rollover 
propensity, which both were highly affected by both 
the suspension parameters and the road excitation 
inputs.

R ega et al. [172] reported that the vehicle steering 
bifurcation analysis usually utiliz ed the nonlinear 

autonomous vehicle model based on the two degrees 
of freedom (2DOF) linear vehicle model. The driving 
effect on steering bifurcation characteristics is omitted 
in such a model. However, in real driving conditions, 
the tires can provide various lateral forces. The 
steering bifurcation mechanism neglecting the driving 
effect cannot fully reveal the vehicle steering and 
driving bifurcation characteristics.

In the present study, the model of vehicle 
cornering was assumed to be similar to the 4- wheel 
model used by Nguyen [173]. The model is presented 
in Fig. 7. The geometry of the model is characteriz ed 
by vehicle parameters tf  and tr (the front and rear track 
widths) equal to 1.2 m. The distance between wheel 
axes is equal to L  =  2850 mm, and the coordinates of 
the centre of the gravity are af  =  1 120 mm and ar =  
1730 mm, respectively. Tire force was based solely on 
a slip angle. Tire forces were taken as perpendicular to 
the velocity at each of the individual tires. The motion 
of the vehicle is described by the set of Eqs. (45)  to 
(54)  [173]. After their time integration, the variables ω 
and β were obtained. This process was iterative, as the 
angle δf  was determined also in an iterative manner.

Fig. 7.  The model of cornering vehicle
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where v = vaver(  j) is the average speed of vehicle [ m⋅s–1 ] , 
and Iz  mass inertia moment of the vehicle relative to 
the vertical z  axis [ kg⋅m2] .

During calculations, the average values of the slip 
angles were used: αf  =  0.5( αf r + αf l ) and αr =  0.5 (αrr + αrl ).

According to Nguyen [173], the Magic Tire 
Formula was used in general terms of Eq. (55)  
[171]. The index m in equation (29)  can assume the 
following values: f  for the front wheel or r for the rear 
wheel, respectively.
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where for the wheel pressure equal to 35 psi, curve-
fitted parameters are the following: coefficients  
a0 =  1.3, a 1  =  –0.01 15 N–1 , a2 =  0.8447, a 3  =  –123.6505 N, 
a 4  =  14.273 N, a 6  =  –0.08073 N–1 , a7  =  0.0272  and 
a17  =  0.0594 [171], as cited in [173]. 

The steering angle δf  was estimated from Eq. (56)  
[173]. 
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9  RESULTS

For the different values of turns radius, during vehicle 
cornering, some courses of the force F  loading the 
stud of the steering rod versus the steering angle δ 
were obtained. Fig. 8 shows the course for the average 
value of vehicle speed v during cornering equal to 
10.55 m⋅s–1 and Fig. 9 does this for the average value 
of 12.22 m⋅s–1 . With the increase of the cornering 
radius R , the values of the force F  decrease almost 
linearly, and the changes of the force F  against the 
steering angle decrease. The increase of the averaged 
velocity v with about 7 %  results in the increase of the 
force F  with about 30 % .

Fig. 8.  The force F  loading the stud vs. the steering angle δ for 
various radiuses R  of cornering with the average value  

of vehicle speed v = 10.55 m·s–1.

The results of the study on the effect of a finite 
element siz e on the convergence of solution controlled 
by the maximum value of the mean macroscopic 
contact pressure pm between the stud and its bearing 
loaded by the force F  (Fig. 4)  equal to 500 N were 
presented in Table 2.
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Table 2.  The effect of finite element size on the maximum contact 
pressure between the stud and its bearing

Iteration
[-]

Average finite 
element size [m]

Maximum value of mean macroscopic 
contact pressure between the stud and 

its bearing [MPa]
1 0.002 2.5848
2 0.001 2.4393
3 0.0007 2.6374
4 0.0005 3.1686
5 0.0004 3.3535

It was assumed that the average finite element 
siz e equal 0.0005 m can allow the proper convergence 
of solution without unnecessarily increasing 
computation time and computing power involved.

Fig. 9.  The force F  loading the stud vs. the steering angle δ for 
different radiuses R  of cornering with the average value of vehicle 

speed v = 12.22 m·s–1

The resulting values of von Mises stresses in the 
model for the stud of steering rod loaded by force  
F  =  300 N were presented in Fig. 10a  for the complete 
assembly and in Fig. 10b for one without the stud. The 
calculated maximum value of such stresses equal to 
53.1 MPa occurred in the stud. Values of such stresses 
were below 5.9 MPa for the body and bearing. For 
the comparison, under loading, the tie rod end by 
the force F  equal to 2000 N, the von Mises stresses 
reached values of 21 1 MPa for the stud, and 9.1  MPa 
for the POM bearing [11]. This non-linear tendency 
may indicate a complex dependence of the von 
Mises stresses in the stud and bearing materials on 
the siz e of the ball joint, materials of its components, 
and the latter’ s geometric conditions of cooperation 
determined by the inclination angle [11].

The values of contact pressure p between rotating 
steel ball stud and its POM bearing for the force F  =  
300 N are shown in Fig. 1 1a . The maximum values of 
them were equal to 1.87 M Pa.

The values of contact pressure p between rotating 
steel ball stud and its POM bearing are shown for the 
force F  =  200 N in Fig. 1 1b, for the F  =  100 N in 
Fig. 1 1c  and for F  =  50 N in Fig. 1 1d, respectively. 
The maximum values of contact pressure relating 
to those force values were 1.24, 0.63 and 0.35 MPa, 
respectively.

The averaged values of contact pressure p against 
the force F  are shown in Fig. 12. The averaged values 
of contact pressure p were equal to 0.21 MPa for the 
force F  value equal to 300 N .

Fig. 10.  von Mises stresses [MPa] in the model assembly for the 
tie rod end a) complete one, b) one without the stud, for the force 

F  = 300 N

For the maximum sliding speed vb  of the stud ball 
end relative to its bearing equal to 0.03 m/s, lithium 
grease UM185L i2 was modelled using the Herschel-
Bulkley model, with its mentioned earlier parameters 
τ0, m1 , and n , the estimated initial grease thickness 
equal to 7 µm, and the assumed value equal to 0.1 Pa· s 
for the dynamic viscosity of its base oil, the equivalent 
dynamic viscosity ηeq  obtained from procedures 
described in [167] was equal to 0.129 P a· s. 

The considerations on the effect of the lubricant 
presence on the contact pressure distributions in the 
contact z ones between touching asperities of the stud 
ball end and its bearing, and pressure distribution in 
lubricant microclines surrounding such asperities 
were carried out for the following case chosen. The 
motion of the stud ball end relative to its bearing 
under constant rotational speed 2 rad/s and loading 
by constant force F  =  300 N, was modelled as the 
motion of a rigid plane relative to the rough surface 
with asperities modelled using evenly distributed 
and elasto-plastically deformed hemispheres. Such 
a motion was modelled with constant sliding speed 
U  =  0.03 m/s and under loading by force F  =  300 
N. During modelling of the motion, the load was 
carried out partly by modelled asperities being in 
contact and partly by hydrodynamic effects from 
grease microclines between these asperities. The 
obtained value of the average contact pressure in 
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areas participating in carrying out load via plastically 
deformed asperities was equal to 150 MPa, and the 
average value of pressure in grease microclines was 
equal to 0.21 M Pa.

The analysis of the squeez ing process of lithium 
grease in a gap between the stud ball end and its 
bearing under the force N  =  F  =  300 N loading the 
stud ball end was carried out for various initial 
eccentricity esq  in a range from 0 up to 7 µm. The 
obtained average value of the time derivative of the 
eccentricity ratio � �sq sqd dt� / reached values in a range from 0 
to 0.028, respectively. The course of the average 
pressure values in the squeez ed grease layer in the gap 
between the stud ball end and its bearing under 
loading by force F  =  300 N versus initial eccentricity 
ratio εsq  was presented in Fig. 13. Such values can 
reach 0.25 MPa, which was close to the average value 
of pressure in grease microclines when the stud ball 
end rotated relative to its bearing at the maximum 
sliding speed equal to 0.03 m/s and was loaded by 
force F  =  300 N. It was visible that the increase of the 
initial eccentricity ratio εsq  resulted in a quick 
enhancement of average pressure values in the 
squeez ed grease layer in the gap between the stud ball 
end and its bearing under loading the former by a 
given force F  value.

The measured outer diameters D 1  of the new 
and the worn ball end of the stud made of steel differ 
less than the resolution of the measurement with the 
passameter equal to 0.005 mm. So, the wear W 1  of the 
ball end was omitted, as a small value. The maximal 
difference between measured inner diameters D 2 
of new and worn POM bearings positioned in the 
bushing was equal to 0.4 mm. The maximum wear 
W 2 of the POM bearing was of about 1.88 · 10 – 7  m3 . 
The obtained value of the wear intensity factor k 2 
was equal to 1.38 · 10 –19  m4 ⋅N–2  and thus the estimated 
value of the linear wear intensity Ih2 for the POM 
bearing equal to 5.9 · 10 –9 .

It should be noted that such values were obtained 
when the effect of lubrication occurrence in contact 
z one was included via an averaging of contact pressure 
values over the whole macroscopic contact area.

Using only the contact pressure occurred between 
plastically deformed asperities in the contact z one, the 
obtained value of the wear intensity factor k 2 was equal 
to 2.45 · 10 –20  m4 ⋅N–2  and thus the estimated value of 
the linear wear intensity Ih2 for the POM bearing equal 
to 5.5 · 10 –4 , which was five orders higher compared to 
the former one.

For comparison, the results from tests on the pin-
on-flat tribotester [174] for the dry contact between 
POM pin and a plate made of cold rolled steel AISI 

Fig. 11.  The values of contact pressure p [MPa] between  
stud ball end and its POM bearing for the force:  

a) F  = 300 N; b) F  = 200 N; c) F  = 100 N; d) F  = 50 N
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42C rMo4 ground to a roughness parameter R a =  
0.20 µ m were used. During the pin reciprocal motion 
with stroke equal to 15 mm relative to the fixed 
steel plate, the average sliding speed of 0.3 m⋅s–1  
was almost eighteen-fold higher than the one for the 
stud-bearing contact. Under a normal load of 100 N, 
the average contact pressure values were equal to 2 
MPa, respectively. Tests were conducted at room 
temperature;  however, the temperature of the contact 
z one was not controlled.

Fig. 12.  The averaged values of contact pressure p  
against the force F

Fig. 13.  The average pressure in the squeezed grease layer in gap 
between the stud ball end and its bearing under loading by force  

F  = 300 N, versus initial eccentricity ratio εsq

These values were almost ten-fold higher than that 
for the stud-bearing contact. The linear wear intensity 
for the POM, corresponding to the normal load of 100 
N, reached values 2.63 · 10 –10  MPa. Therefore, it was 
almost six orders lower than one for the POM bearing 
of the tie rod end, calculated using only the contact 
pressure occurring between plastically deformed 
asperities in the contact z one. When an effect of grease 
lubrication was included via an averaging of contact 
pressure values over the whole macroscopic contact 
area, the linear wear contact intensity for the POM 
pin was only 30- fold lower than the one for the POM 
bearing of the tie rod end. It was because the sliding 
velocity, type, and shape of relative motion of mating 

surfaces highly affect the linear wear intensities in 
different contact z ones.

Also, for the comparison, the results of the tests 
conducted using pin-on-disc tribotester [175] for the 
dry contact between POM-C pin and rotating disc 
made of 100C r steel or AISI 3004 stainless steel 
were used. Such discs were polished to the roughness 
parameters Ra   0.1 ȝm. During tests, the constant 
sliding speed was equal to 0.05 m/s and was three-
fold higher than the average one for the stud-bearing 
contact. The contact z one was loaded by the normal 
force 150 N corresponding to the contact pressure 
1.5 MPa, which was seven-fold higher than that for 
the stud-bearing contact. The average temperature in 
contact z one was equal to 27 ° C for the AISI 3004 
stainless steel and to 30 ° C for the 100 Cr steel. The 
linear wear intensity for the POM, corresponding to 
the normal load of 150 N, reached values 0.00585 
for the case of 100C r steel and 0.002925 for the case 
of AISI 3004 stainless steel. They were by the seven 
orders higher than the one for the POM bearing of the 
tie rod end when the effect of lubrication was included 
via an averaging of contact pressure values over the 
whole macroscopic contact area. When considering 
that only the contact pressure occurred between 
plastically deformed asperities in the contact z one, 
the linear wear intensity for the POM pin was ten-fold 
and five-fold higher, respectively, compared to the one 
for the POM bearing of the tie rod end.

It is visible that linear wear intensity in POM-
steel contact can reach values from a wide range. The 
mentioned intensity depends on the contact pressure 
[174] and [176], sliding speed [175], temperature [175], 
humidity [177], operating conditions, particularly 
relative motion manner [174] to [177]. The studied 
POM bearing of the tie rod ends was lubricated by the 
lithium grease, although its amount quickly decreased 
during a millage of the vehicle operating in a severe 
environment. The temperature and humidity also 
varied in a wide range depending on the technical 
condition of the seal in the tie rod end assembly. 

10  CONCLUSIONS

The wear rates of mating components of the ball joints 
were obtained experimentally. Wear of ball end was 
much lower than of the POM bearing in the case of 
the analysed stud.

Using finite element model of the stud the steering 
rod, mathematical equations describing kinematic 
dependencies for components the steering mechanism 
and assumed style of cornering, it was estimated value 
of the wear intensity factor k  equal 1.38· 10 –19 m4 ⋅N–2 
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for POM bearing of the stud. This corresponds to 
the linear wear intensity Ih equal to 5.9· 10 –9, which 
can vary in a wide range depending on the contact 
pressure, sliding speed, temperature, humidity, 
operating, and lubricating conditions for the tie rod 
end assembly. Obtained values of the wear intensity 
factor k  and the linear wear intensity Ih could deviate 
from the actual values, as they were strongly affected 
by the method used for determining the average 
values of contact pressure in the contact z one between 
stud ball end and its bearing. A similar observation 
concerning the effect of the calculation method on 
the values of the mean contact pressure used in the 
calculation of  was emphasiz ed in [18].

Obtained averaged values of contact pressure 
between ball end and POM bearing almost linearly 
increased with force loading steering rod F . The force 
F  value equal to 300 N caused the averaged values of 
contact pressure p equal to 0.21 MPa. Under loading, 
the stud ball end by the same force F  values of 
contact pressure were close to these occurring during 
squeez ing of the grease layer in the gap between the 
stud ball end and its bearing. Additionally, such values 
of contact pressure were close to these of pressure in 
areas of hydrodynamic effect of grease microclines 
when the similarly loaded stud ball end rotated relative 
to its bearing under maximal sliding speed equal to 
0.03 m/s. Simultaneously, the contact pressure in 
contact z ones between plastically deformed asperities 
reached value of 150 M Pa.
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This paper presents an electrical backlash control method based on a novel variable tooth thickness involute gear pair (VTTIGP) through 
acceleration judgment. First, the principle, characteristics and theoretical tooth surface equation of the novel type of variable tooth thickness 
involute gear (VTTIG) are proposed. Compared with the traditional variable tooth thickness gear (VTTG), each transverse of the novel type of 
VTTIG has the same tooth root circle and the addendum circle. Therefore, there will be no interference caused by the excessive axial relative 
movement distance between the gear pairs when eliminating the backlash. The theoretical calculation equation of no-load transmission 
error (TE) and time-varying backlash for a dual-eccentric novel type of VTTIGP are deduced. Second, using the theoretical backlash equation 
and the eccentricities and the initial phases obtained through the experimental TE curve obtained with angular displacement sensors and 
the developed TE equation, the continuous backlash curve of the gear pair is obtained. Based on the RecurDyn software and its Colink 
control module, the co-simulation model of the novel type of VTTIGP and its backlash control system is used to explore the electrical backlash 
control method through acceleration judgment in the case of time-varying backlash. Finally, using angular displacement sensors and linear 
actuators, the experimental study on the anti-backlash control with different reversed positions under different input speeds is carried out, 
demonstrating that this novel electrical anti-backlash control method is effective.
Keywords: anti-backlash, electrical control, time-varying backlash, transmission error, variable tooth thickness gear pair

Highlights
•	 An electrical backlash control method based on the new type of VTTIGP through acceleration judgment is proposed. 
•	 The principle, characteristics, and theoretical tooth surface equation of the novel type of VTTIG are proposed.
•	 The formula of the non-load TE and time-varying backlash based on the eccentricity error model of the novel type of VTTIG is 

derived. 
•	 The simulation and experiment further verify the effectiveness of the electrical anti-backlash control method based on 

acceleration judgment.

0  INTRODUCTION

Gear transmission is widely used in precision servo 
transmission systems, such as robots, machine tools 
and tracking and positioning systems, which require 
fast responses, high positioning accuracy, and good 
stability [1] and [2]. However, gears will cause 
errors in the process of machining and assembly, 
and these errors often affect the backlash of the gear 
transmission process [1] and [3]. Gear backlash is 
a nonlinear factor affecting gear performance [4]. 
For a reciprocating system, the non-linearity of the 
gear tooth backlash will directly affect the stability, 
accuracy, and sensitivity of the servo control, 
resulting in delay and discontinuity of the output 
motion response [5] to [8]. Therefore, adjusting and 
controlling the gear backlash is of great significance 
to improve the accuracy of the transmission system. In 
practical applications, it is necessary to adopt special 
anti-backlash mechanisms and technical measures to 
eliminate backlash when the machining and assembly 

accuracy reaches a certain level [9] and [10]. R esearch 
on gear anti-backlash has always been a topic of great 
interest, and various methods of anti-backlash exist. 
Generally speaking, the commonly used anti-backlash 
methods include adjustable centre distance, spring-
loaded gears, fixed split gears, and adjustable tooth 
thickness gear [10] and [11].

The variable tooth thickness gear, also known as 
the beveloid gear, which was first proposed by Beam 
in 1954 [12], has become an important gear drive for 
power and motion transmission due to its advantages, 
such as abilities to backlash control, misalignments 
absorption, and easy manufacturing. It is widely used 
for precision transmission, such as rotate vector (R V) 
reducer, microscope gear, and others [13] and [14]. In 
recent years, people have conducted extensive research 
on the geometric design, meshing characteristics and 
applications of VTTG. Do et al. [15] modelled and 
simulated the variable-thickness gear transmission. 
Based on the hob-machining theory, Yang et al. [16] 
established a mathematical model of the tooth surface 
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of a VTTG considering the machine tool adjustment 
errors. Cao et al. [17] proposed a plunge-shaving model 
for variable tooth thickness based on ordinary gear-
shaving machine tools’  structure. Brauer [18] used a 
global–l ocal FE approach to study the transmission 
error of VTTG. Song et al. studied the meshing 
stiffness of VTTG pairs [14], [19] and [20]. Chen et 
al. [13] studied the contact characteristics of variable-
thickness internal gear transmission and the machining 
principle of internal variable-thickness gears. Li et al. 
[21] used the VTTIG as the transmission part of the 
robot R V reducer. Yan et al. [22] used the VTTIG as 
the transmission part of the 3K  reducer. Z heng et al. 
[23] and Ye et al. [24] combined VTTIG with a double-
lead involute cylindrical worm and proposed a new 
type of worm gear with adjustable backlash. However, 
the above-mentioned VTTG realiz es the axial 
change of the tooth thickness by adopting different 
radial modification coefficients, which makes the 
tooth root circle and the addendum circle of each 
transverse different. Therefore, interference is easy 
to occur during the anti-backlash process of the axial 
movement of the gear pair.

Among the commonly used anti-backlash 
methods, adjustable centre distance, fixed split 
gears, and adjustable tooth thickness gear only 
eliminate constant backlash, while spring-loaded 
gears are limited to light load applications. With the 
development of control technology, it has become 
increasingly common to eliminate the backlash 
through algorithms control or the combination of 
mechanical structures and algorithms control [25] to 
[28]. Shi and Z uo [29] proposed a “ soft degree”  concept 
and presented a backstepping algorithm to overcome 
the backlash non-linearity in gear transmission servo 
systems. For low operating speed systems with relative 
cyclic motion, Warnecke and Jouaneh [7] presented an 
approach for backlash compensation via modification 
of the input motion. However, this method has a high 
requirement for motor response, and it also has low 
anti-interference capability. Sato et al. [30] adopted 
the piez oelectric actuators to create a preload in a lead 
screw and nut mechanism to control and eliminate 
the backlash. However, it is limited to low torque 
and force applications. Presently, in robots, tracking 
and positioning systems, and computer numerical 
control (CNC) machine tools, the backlash is adjusted 
and controlled by the method of dual-motor driven 
electrical anti-backlash based on bias torque or speed 
difference [1] and [31] to [33]. However, because of 
the need for two sets of transmission chains, two sets 
of servo systems, and a backlash control card, the 
volume and the cost of the system are high.

In a precision transmission system, eccentricity 
is the main source of large-period time-varying TE 
and periodic time-varying backlash [1]. If the total 
backlash law curve, including constant backlash and 
periodic time-varying backlash, can be determined, 
the backlash can be controlled and adjusted 
according to the characteristics that the novel type 
of VTTIGP can adjust the backlash through relative 
axial movement. Based on this, this paper presents a 
method of electrical control anti-backlash based on 
the novel type of VTTIGP, which has a much relative 
smaller volume and lower cost: based on determining 
the continuous backlash curve of the novel type of 
VTTIGP, according to the acceleration change of the 
novel type of VTTIGP, and by adjusting the real-time 
position relationship between the driving gear and the 
driven gear of the novel type of VTTIGP, the backlash 
can be controlled. 

The structure of this paper is as follows. First, 
the principle, characteristics and theoretical tooth 
surface equation of the novel type of variable tooth 
thickness gear are proposed. Then, calculation models 
with a theoretical no-load TE and backlash of the 
novel type of VTTIGP with dual-eccentricities were 
constructed. Next, the eccentricity and its initial phase 
of the experimental device were obtained by fitting 
the theoretical no-load TE equation and then the 
backlash curve of the gear pair was acquired through 
the backlash equation and the resultant eccentricity. 
Finally, according to the acquired backlash curve, 
and through simulation and experiment, the electrical 
anti-backlash control method based on acceleration 
judgment was verified.

1  METHODS

1.1  The Novel Type of VTTIG Based on Compound 
Modification

1.1.1  The Principle and Characteristics of A New Type of 
VTTIG

As shown in Figs. 1 and 2, the two tooth surfaces of 
the novel type of VTTIG form a certain cone angle 
along the gear axis. By adjusting the relative position 
of the meshing gears along the axis, the meshing 
backlash can be adjusted to realiz e a slight backlash 
or no backlash transmission. In order to facilitate the 
meshing backlash control of the gear pair, the novel 
type of VTTIG adopts a constant radial modification 
and a gradual tangential modification at the same 
time, and the tangential modification of the left and 
right tooth surfaces changes linearly at the same 
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slope. Compared with the traditional VTTG, each 
transverse of the novel type of VTTIG has the same 
tooth root circle and the addendum circle. Therefore, 
no interference will be caused by the excessive axial 
relative movement distance between the gear pairs 
while eliminating the backlash.

Fig. 1.  The model of the novel type of VTTIG

Fig. 2.  The 3D model of the novel type of VTTIGP

As shown in Fig. 3a , the indexing tooth thickness 
of the novel type of VTTIG consists of standard 
tooth thickness (1) , radial modification coefficient 
increments (2), and gradually changing tangential 
modification coefficient increment (3 ). As shown 
in Fig. 3b, the tooth thickness of the intermediate 
transverse is p, and through tangential modification, 
the tooth thickness of the other transverse is p plus 
or minus the tangential modification coefficient 
increment x . When the tangential modification 
coefficient changes linearly along the axial direction, 
the generated gear tooth surface is an involute helical 
surface, and the left and right tooth surfaces of the 
gear teeth are double helical surfaces with different 
helix angles or directions. At the same time, it 

can also be modified according to specific regular 
changes to form drum-shaped teeth and other teeth 
shapes, thereby improving the load-bearing capacity 
and reducing vibration, impact and noise during 
transmission. However, it is the most convenient to 
use the linearly changing tangential modification 
coefficient in the actual application process.

Fig. 3.  The comparison of indexing circle expansion and end face; 
a) index circle expansion diagram, and 

b) tangentially modified tooth profile

1.1.2  The Tooth Surface Equation of the New Type of VTTIG

Litvin [34] proposed a method of generating helical 
gears with a pair of conjugate female surfaces. 
This method can be applied to the derivation of the 
tooth surface equation and the normal vector of 
any point on the tooth surface [35]. Assuming that 
the gear is processed by the rack cutter through the 
method of generating an envelope, the rigid body 
motion relationship is mainly considered [36], and 
the influence of elastic deformation is neglected. 
The parameters of the rack cutter are as follows, the 
left and right helix angles of the rack are βR  and β L , 
and the left and right helix angles of the gear can be 
obtained as β L  and βR ;  normal pressure angle α n = 20° , 
transverse pressure angle: AC transverse pressure 
angle is αat1 L , DF transverse pressure angle is αat1 R , 
and their siz es may be different;  the modulus is m, the 
bottom clearance c p= 0.25 m, the addendum hap= m, and 
dedendum hf p= 1.25 m. As shown in Fig. 4, the blue 
contour is the rack cutter of a novel type of VTTIG 
with compound modification. The helix angle of the 
orange part is βR . After tangential modification, β L  is 
obtained by keeping the transverse pressure angle of 
the indexing circle unchanged.

According to the basic theorem of the Willis 
principle, the gear tooth profile curve and the gear 
cutter curve are conjugate tooth shapes. At any instant 
of transmission, their common normal line at the 
contact point must pass through the instantaneous 
node. Based on this, the discrete equation of the 
contact point K can be obtained. Coordinate systems 
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[36] are established, as illustrated in Fig. 5 . S 1 (O 1 –
x 1 y1 z 1 ), S 2(O 2–x 2y2z 2) and S 0(O 0–x 0y0z 0) are the 
coordinate system fixedly connected to the rack, the 
fixedly connected gear rotating coordinate system and 
auxiliary static coordinate system, respectively. r2 and 
φ are the reference pitch circle radius and the rotation 
angle for the processing, respectively.

In the S 1  coordinate system, the coordinate 
equation R 1

AC  of the point K on the line segment AC 
on any transverse can be expressed as follows:

R   
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1 1
4
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Fig. 4.  The parameters of rack cutter

Fig. 5.  Coordinate relationship of forming tooth surfaces

where d  is the distance from any point K to point A on 
the line segment AC on any transverse, and l  is the Z  
coordinate value of the studied transverse.

In the S 1  coordinate system, the coordinate 
equation R 1

DF  of the point K on the line segment DF 
on any transverse can be expressed as follows:
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where d  is the distance from any point K to point F on 
the line segment DF on any transverse, and l  is the Z  
coordinate value of the studied transverse.

When the rack pitch plane and the gear pitch 
circle roll with each other, the gear tooth surface is 
processed using the rack tooth surface envelope. By 
deriving the variables in the coordinate equation R 1

AC  
of any point on the line AC segment respectively, the 
following equations can be obtained as:

 �
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Thus, the normal vector of the tooth surface of 
the AC segment of the basic rack can be obtained as:
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Similarly, the tooth surface equation and normal 
vector of the other parts of the rack can be obtained.

According to the basic principle of gear meshing, 
the condition for any point K ( x 1 i , y1  j, z 1 k )  on the tooth 
surface to become a contact point is that the normal 
vector direction is perpendicular to the sliding speed 
direction [35]. If the sliding speed of the gear contact 
point K relative to the rack is represented by v

1

12 , the 
speed of the rack in the S 1  coordinate system is v1

1 , 
and the speed of the gear at point K in the S 1  coordinate 
system is v

1

2 , the following equation can be obtained 
as:
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In the S 1  coordinate system, the angular velocity 
vector Ȧ and vector O 2K  can be expressed as follows:

 �� � �� k ,  (6)

 
O K O O O O O K

2 2 0 0 1 1

1 2 1 2 1

� � �
� � � � �( ) ( ) .x r i y r j z k�  (7)

According to Eqs. (5)  to (7) , the equation of 
relative sliding speed can be obtained as:

 v
1

12

1 2 1
� � �� �(( ) ).x r j y i  (8)
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The relationship between the normal vector and 
relative sliding speed can be represented as follows:

 n vAC � �
1

12
0.  (9)

According to Eqs. (4) , (8) , and (9) , the following 
equation can be obtained as:

 y x rat L at L1 1 1 2 1
� � �tan tan .� � �  (10)

According to Eqs. (1)  and (10) , the general 
meshing equation of rack AC segment and gear tooth 
surface can be represented as follows:
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The conversion relationship between the contact 
point K  in the gear coordinate system and the rack 
coordinate system can be determined by the following 
equation [35]:
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where the matric M21 is the transformation matrix as:

  M
21

2

2

0

0

0 0 1 0

0 0 0

�

�
� �
cos sin (sin cos )

sin cos (cos sin )

� � � � �
� � � � �

r
r

11

�

�

�
�
�
�

�

�

�
�
�
�

.  (13)

After finishing Eq. (1 1) , the expression of 
variable d  can be obtained as follows:
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According to Eqs. (1) , (12) , and (13) , the 
coordinate conversion relationship can be obtained as 
follows:
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According to Eqs. (1) , (14) , and (15) , the final 
tooth surface equation without the intermediate 
parameter d  can be obtained. Similarly, the tooth 
surface equations of other parts of the gear surface can 
be obtained.

1.2 The Principle and Strategy of Backlash Control for the 
Novel Type of VTTIGP

The anti-backlash principle for the novel type of 
VTTIGP is based on the change of tooth thickness 
along the axial direction of gear tooth thickness. As 
shown in Fig. 6, backlash is controlled by adjusting 
the relative axial displacement between the driving 
and the driven gear.

Fig. 6.  Anti-backlash principle of the composite modified VTTIGP

The composite modified VTTG with left and 
right tooth profiles of identical tangential modification 
is introduced in [37], and the relationship between the 
axial displacement of the driven gear and the backlash 
can be expressed as follows:

 j s� 2 tan ,�  (16 )

where j is the backlash of the gear pair, s is the axial 
displacement of driven gear to eliminate backlash, β is 
the helix angle of the novel type of VTTIG. Therefore, 
the axial displacement of the driven gear required to 
eliminate backlash can be obtained with the known 
backlash.

Fig. 7 shows a flow chart of backlash adjustment 
based on acceleration judgment. When the gear pair 
is detected as beginning to decelerate, the driven gear 
will be driven by a linear actuator to move axially 
based on Eq. (16) , which eliminates the backlash 
when the rotational direction of the gear pair reverses.

Subsequently, when the gear pair is detected 
speeding up, the driven gear will return to the initial 
axial displacement to prepare for the next backlash-
eliminating sequence.

1.3  Calculation of Backlash of Gear Pair with Dual-
eccentricities

Eccentricity error is the main factor leading to large-
period time-varying TE and periodic time-varying 
backlash. Therefore, this paper first theoretically 
derives the TE and time-varying backlash equations 
of the novel type of VTTIGP under eccentricity 



Strojniški vestnik - Journal of Mechanical Engineering 68(2022)2, 126-140

131Simulation and Experimental Research on Electrical Control Anti-backlash Based on a Novel Type of Variable Tooth Thickness Involute Gear Pair  

error. Then through the experimental TE curve and 
the derived TE equation, the eccentricity error of the 
novel type of VTTIGP is solved in reverse, and then 
the time-varying backlash curve under the gear pair 
eccentricity error is obtained. Finally, through the 
above-mentioned anti-backlash strategy, the active 
anti-backlash of the novel type of VTTIGP is realiz ed.

1.3.1  Theoretical No-Load TE Calculation

Since each transverse of the novel type of VTTIG 
is an involute gear pair, the novel type of VTTIGP 
can be analysed according to the relevant theories of 
involute cylindrical gear pair. If the driving gear has 
an eccentricity, the meshing point displacement along 
the line of action will change after rotating each unit 
angle. Compared with the ideal gear transmission, 
when the driving gear rotates counter-clockwise 
or clockwise, as shown in Fig. 8, the displacement 
increment of the meshing point along the line of action 
can be expressed as follows [1] and [38]:
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where ∆F 1
1  and ∆F

1

2  represent the displacement 
increment along the line of action caused by 
eccentricity when the driving gear rotates counter-
clockwise and clockwise, respectively;  φ 1 c c , φ 1 c , e1 , 
and θ 1  are the angular displacement along the counter-
clockwise direction, the angular displacement along 
the clockwise direction, the eccentricity, and initial 
phase of eccentricity of driving gear, respectively.

Similarly, if the driven gear has an eccentricity 
and when the driving rotates counter-clockwise or 
clockwise, as shown in Fig. 9, the displacement 
increment along the line of action can be calculated 
as follows:
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where ∆F
2

1  and ∆F 2
2  represent the displacement 

increments along the line of action caused by the 
eccentricity when the driving gear rotates counter-
clockwise and clockwise, respectively;  φ2c c , φ2c , e2, 
and θ2 are the angular displacement along the counter-
clockwise direction, the angular displacement along 

Fig. 7.  Backlash control mode based on acceleration judgment



Strojniški vestnik - Journal of Mechanical Engineering 68(2022)2, 126-140

132 Wang, G. – Zhu, D. – Zou, S. – Jiang, Y. – Tian, X.

the clockwise direction, the eccentricity, and initial 
phase of the driven gear, respectively.

Fig. 8.  Displacement increment along the line of action 
calculation model with the eccentricity of the driving gear at any 
transverse section; a) driving gear rotates counter-clockwise, and 

b) driving gear rotates clockwise

Fig. 9.  Displacement increment along the line of action 
calculation model with the eccentricity of driven gear at any 

transverse section; a) driving gear rotates counter-clockwise, and 
b) driving gear rotates clockwise

To determine that TE is caused only by the 
eccentricity of no-load TE, the no-load TE of counter-
clockwise and clockwise can be acquired when the 
displacement increment along the line of action 
translates into the rotational angle of the driven gear.
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Zhere ǻφ c c  is no-load TE of counter-clockwise 
rotation, ǻφ c  is no-load TE of clockwise rotation, and 
the unit is degree, and R 2 is the reference radius of 
driven gear.

1.3.2  Theoretical Backlash Calculation

The total backlash [39] of the gear pair can be divided 
into two components: the constant backlash (which is 
caused by factors including tooth thickness tolerance 
and allowance, and centre distance tolerance and 
allowance) and the variable backlash that is due 
mainly to the eccentricity. Therefore, the variable 
backlash can be calculated as follows [40]:
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and, following that, the total backlash can be 
expressed as follows,

 j j jv c� � � ,  (22)

where jφ, jv, jv are total backlash, variable backlash, 
and constant backlash respectively with the units in 
degrees.

Consequently, both no-load TE and backlash can 
be obtained via the eccentricity error and its initial 
phase. Therefore, it is first based on the experimental 
TE curve in order to obtain the eccentricity and its 
initial phase;  then based on Eq. (21) , the acquired 
eccentricity and initial phase, with the continuous 
backlash being obtained subsequently.
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To achieve this, two incremental encoders were 
used as angular displacement sensors, which were 
fixed to the end of the two shafts, as shown in Fig. 10.

Table 1.  Parameters of the novel type of VTTIGP

Parameters Driving gear Driven gear
Number of teeth 45 80
Tip diameter [mm] 94 164
Root diameter [mm] 85 155
Module [mm] 2 2
Tooth width [mm] 20 20
Pressure angle [°] 20 20
Helical angle [°] 3 3
Centre distance [mm] 125.12
Tooth thickness of the thinnest end [mm] 2.093 2.093
Tooth thickness of the thickest end [mm] 4.195 4.195
Transmission ratio 1.778

2.1.2  Measurement of TE

The experimental TE curve is acquired when the 
driving gear rotates counter-clockwise at 60 rpm at 
an angular displacement of 7560 degrees, then stops 
two seconds and finally backs to the initial position as 
shown in Fig. 1 1a . Fig. 1 1b shows the fitting TE curve 
based on the equation of no-load TE derived above 
and the experimental TE curve;  the eccentricities and 
the initial phases of the novel type of VTTIGP can 
be obtained by the fitting method [38]. The acquired 
eccentricities and the initial phases of the driving and 
driven gear can be seen in Table 2. The obtained initial 
phases and the rotation displacements were recorded 
by the two recorders at the next start of the initial 
phases of the driving and driven gear so that it is not 
required to seek the initial phase of the gear pair again 
at each of the novel type of VTTIGP transmission 
start.

Table 2.  Eccentricity and its initial phase of the novel type of 
VTTIGP

Parameters Driving gear Driven gear
Eccentricity [mm] 0.0226 0.0273
Initial phase of eccentricity [°] 49.5 79.3

Despite the case of gear eccentric error values and 
phase determination, TE is a periodic function of the 
input gear corner and the output gear corner. However, 
when the input gear rotates at a uniform speed, 
ignoring the slight influence of the TE, the output gear 
can also be considered as rotating at a uniform speed, 
and the TE can be expressed as a function of gear 
speed and time. If the frequency spectrum analysis is 

2 EXPERIMENTAL AND SIMULATION

2.1  Measurement of No-Load Torque TE and Backlash

2.1.1  The Test Rig

The experiment used the incremental encoder 
ER N180 made by Heidenhain in Germany;  the system 
accuracy is 18 arc seconds, the line number is 3600, 
to output the V P P  signal. Through the subdivision 
circuit matched with the encoder, the signal can 
be subdivided 20, 25, and 50 times and output TTL 
signal. In this experiment, 25 times the subdivision is 
selected, the output pulses per second is 90,000, and 
the resolution is 14.4 a rc seconds. 

The experimental test rig (Fig. 10)  comprises a 
novel type of VTTIGP whose parameters are shown in 
Table 1. The driving gear is fixed on the primary shaft, 
which is moved by a servo motor. The driven gear has 
been splined to its shaft and can be moved axially by 
a linear motor so that the value of the gear backlash 
can be modified by adjusting the relative position of 
the driven gear.

Fig. 10.   Backlash control of the novel type of VTTIGP test rig

TE is measured by combining the absolute 
rotations of the two shafts as follows:

 �� � �� �
2 1

1

2

z
z

,  (23)

where φ 1 , φ2 are the angular displacement of driving 
gear and driven gear, respectively. 
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performed on a TE curve obtained under a uniform 
rotation, the amplitudes of the input frequency and 
output frequency respectively reflect the eccentricity 
error of the two gears. In reference [41], it is based on 
this method to identify the gear eccentricity error.

a)

b) 

c) 
Fig. 11.  TE measurement; a) experimental TE curve,  

b) theoretical TE equation fitting curve, and  
c) experimental transmission error FFT diagram

Fig. 1 1c  is an FFT diagram of the TE in the 
uniform speed section intercepted when the counter-
clockwise input speed is 60 rpm. It can be seen from 

the figure that the amplitudes corresponding to the 
rotation frequencies of the driving and driven gears are 
more consistent with the eccentricity values of the two 
gears obtained by the previous fitting, which proves 
the correctness of the eccentricity error obtained by 
the fitting.

a) 

b) 
Fig. 12.  Experimental TE at 60 rpm;  

a) TE curve of driving gear rotating counter-clockwise, and  
b) TE curve of driving gear rotating clockwise

Since the two gears have 45 and 80 teeth, the 
driving gear’ s rotation of 5760 degrees is an angular 
period of the TE. Figs. 12a  and b are the experimental 
TE curves when the driving gear rotates counter-
clockwise and clockwise at 60 rpm, respectively. It 
can be seen from the figures that when the driving gear 
rotates 5760 degrees, the new angular period of the 
TE starts, which proves the fundamental periodicity of 
Eqs. (19)  and (20).

2.1.3  Calculation and Measurement of Backlash

The theoretical variable backlash of each position 
of the gear pair is obtained (as shown in Fig. 13)  
using Eq. (21)  and the obtained eccentricities and the 
initial phases (as shown in Table 1) . Additionally, the 
constant backlash of gear pair can be obtained using 
Eq. (22), which is based on the total backlash value 
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when the driving wheel is reversed at the position of 
7560 degrees as shown in Fig. 1 1a  and the variable 
backlash at the position of 7560 degrees as calculated 
by Eq. (21) . Therefore, the theoretical total backlash 
curve of the gear can be obtained by adding the 
constant backlash curve and the variable backlash 
curve.

Fig. 13.  Backlash results comparison of the novel type VTTIGP

Fig. 14.  Mechanical return backlash method; a) the driven gear 
rotates counter-clockwise, and b) the driven gear rotates clockwise

In order to verify the obtained theoretical total 
backlash curve, the mechanical return backlash 
method (MR BM), which is obtained by fixing the 
driving gear at a specified position and then rotating 
the driven gear clockwise and counter-clockwise 

(as shown in Fig. 14)  is used to calculate the angle 
difference that is equal to the backlash of the specified 
position of the driving gear. The results show that the 
backlash curve obtained by the theoretical equation 
agrees with the backlash value by MR BM.

In summary, the axial displacement to eliminate 
backlash can be calculated when the gear pair has a 
reverse motion based on the acquired total backlash 
and Eq. (16) .

2.2  Backlash Control of Simulation Verification

The mechanical and control co-simulation model of the 
novel type of VTTIGP was established in R ecurDyn 
(as shown in Fig. 15) , whose gear parameters are 
consistent with those in Table 1. Simultaneously, a 
revolute joint is constructed at the eccentric position 
of the driving gear, and a rotating and axial moving 
constraint is set up at the eccentric position of the 
driven gear. The solid contact of the gear pair is also 
established. Moreover, the input speed of the driving 
gear is set to 100 rpm, and the driving gear will stop 
at 7524 degrees and then back to the initial position. 
Additionally, the external loads include the friction of 
the revolution joints and the inertia force of the gear 
pair. Finally, according to the control mode shown in 
Fig. 7, a simulation control program was established 
in Colink, as shown in Fig. 15. In order to better show 
the effect of backlash, the gear pair will stop some 
seconds when the driving gear is reversed.

Fig. 16 shows the results of the simulation TE 
curve with and without backlash control. It can be 
seen that the TE curve without backlash control has a 
jump when the driving gear is reversed, and the jump 
value is equal to the backlash at the reverse position. 
However, in the TE curve with backlash control, the 

b)  
Fig. 15.  a) VTTGP and b) its backlash control simulation model

a)
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jump phenomenon is not obvious, which demonstrates 
that the backlash has been controlled effectively.

Fig. 16.  Simulation TE curve with and without backlash control

3  RESULTS AND DISCUSSION

3.1  Comparative Study on Backlash Control through 
Experimental and Simulation Method

3.1.1  Experimental Anti-Backlash Method

As Fig. 7 shows, during gear transmission, the 
backlash controller receives the angular displacement 
signal of the encoder of the driving gear in real time 
and determines whether the speed is reduced or not. 
When the deceleration signal is detected, according to 
the current angular displacement signal, the controller 
calculates the corresponding backlash value and 
the axial displacement of driven gear required for 
eliminating backlash. The linear actuator will then 
receive a signal from the controller to move the driven 

gear to the specified axial position for anti-backlash. 
Finally, when the controller detects the acceleration 
signal of the driving gear, the linear actuator returns to 
its original axial position.

3.1.2  Backlash Control Comparison and Validation

Due to the output part in the application needed to 
eliminate backlash always having a relatively low 
speed, the speed of the experiment in this paper is 
carried out at a relatively low level. Figs. 17 to 20 
show the simulation and experimental TE curves of 
the novel type of VTTIGP with and without backlash 
control at different reverse positions under different 
input speeds. According to the encoder signal, the 
driving gear will return to the initial rotational 
position after each experimental measurement and 
then rotate a large period cycle (a large period cycle 
is defined as that where the driving gear rotates 576 0 
degrees), which ensures the initial phases of both the 
driving and driven gear are the same as the parameters 
in Table 1.

In the figures below, the simulation and 
experimental TE curves agree well with each other 
demonstrating that the co-simulation model of 
the novel type of VTTIGP is consistent with the 
experimental rig. Due to the eccentricity of the gear 
pair, the backlash values will not be the same at the 
different reverse positions when the novel type of 
VTTIGP is without backlash control, so that the jump 
values in the TE curve vary, as shown in Figs. 17 a, 
18a , 19a , and 20a. However, after backlash control, 
the jump phenomenon in the TE curve improves in 
each experiment (as shown in Figs. 17b, 18b, 19b, and 
20b), which verifies the validation of the eliminating 
backlash device and the anti-backlash control mode.

            
Fig. 17.  TE measurement with input speed of 10 rpm and reversed position of 1080 degrees of driving gear;  

a) without backlash control, and b) with backlash control



Strojniški vestnik - Journal of Mechanical Engineering 68(2022)2, 126-140

137Simulation and Experimental Research on Electrical Control Anti-backlash Based on a Novel Type of Variable Tooth Thickness Involute Gear Pair  

3.2  Comparison of Transmission Error with and without 
Backlash Control

According to the TE curves measured by all the above 
simulations and experiments, the average value, 

maximum value, minimum value, and backlash are 
compared, as shown in Table 3.

It is easy to know that the average, maximum, 
and minimum values of the TE with and without the 
backlash control are relatively consistent, while the 

            
Fig. 18.  TE measurement with input speed of 30 rpm and reversed position of 3600 degrees of driving gear;  

a) without backlash control, and b) with backlash control

            
Fig. 19.  TE measurement with input speed of 60 rpm and reversed position of 7560 degrees of driving gear;  

a) without backlash control, and b) with backlash control

            
Fig. 20.  TE measurement with input speed of 100 rpm and reversed position of 7560 degrees of driving gear;  

a) without backlash control, and b) with backlash control
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instantaneous backlash is significantly reduced after 
the backlash control. Therefore, it can be seen that 
the instantaneous backlash control can reduce the TE 
at a certain time after the backlash control, and the 
transmission process is more stable, which proves 
the effectiveness of the electronically controlled 
anti-backlash mechanism. Since this article aims to 
realiz e and verify the anti-backlash function of the 
electronically controlled anti-backlash mechanism, 
the machining and assembly accuracy of gears and 
other parts adopts ordinary accuracy (gear accuracy is 
7 levels). Therefore, in the entire transmission process 
with and without the backlash control, the main factor 
that affects the large-period TE is the eccentricity 
error.

Table 3.  Comparison of TE with and without backlash control

Rotating 
speed

Backlash control
TE [°] Backlash 

[°]Avg Max Min

10 rpm

With
Experiment 0.0412 0.1117 0.016 -

Simulation 0.0427 0.1118 -0.0135 -

With 
out

Experiment 0.0425 0.1183 -0.0136 0.0342

Simulation 0.0419 0.1121 -0.0135 0.0262

30 rpm

With
Experiment 0.0437 0.1316 -0.0145 -

Simulation 0.0430 0.1253 -0.0125 -

With 
out

Experiment 0.0408 0.1316 -0.0154 0.0471

Simulation 0.0407 0.1253 -0.0125 0.0443

60 rpm

With
Experiment 0.0345 0.1228 -0.0175 -

Simulation 0.0385 0.1278 -0.0120 -

With 
out

Experiment 0.0347 0.1302 -0.0194 0.0412

Simulation 0.0362 0.1279 -0.0126 0.0443

100 rpm

With
Experiment 0.0368 0.1224 -0.018 -

Simulation 0.0387 0.1275 -0.0125 -

With 
out

Experiment 0.0331 0.1381 -0.0213 0.0437

Simulation 0.0356 0.1276 -0.0126 0.0436

4  CONCLUSIONS

(1)  This paper has presented an electrical backlash 
control method based on the novel type of VTTIGP. 
According to the angular acceleration and angular 
displacement of the driving gear, backlash elimination 
can be realiz ed at the time of reversal by adjusting the 
relative axial displacement between the driving and 
driven gear.

(2) The continuous theoretical backlash curve 
was attained through the eccentricity and its initial 
phase of the novel type of VTTIGP, which can be 
obtained by fitting the experimental TE curve through 
the developed no-load TE equation. Comparing 
the theoretical backlash to the experiment one, it 

can be seen that the backlash curve obtained by the 
theoretical equation agrees with the backlash value 
determined by MR BM.

(3)  An experimental backlash control 
investigation was also carried out, which showed that 
under different input speeds and at various reverse 
positions, the TE curves without backlash control 
both have a jump phenomenon at the time of reverse;  
however, after backlash control, the jump phenomenon 
in TE curves improves. This demonstrates that this 
backlash control method can eliminate backlash 
effectively at the time of reversal. Additionally, the TE 
curves of the simulation and experiment agreed well 
with each other, which indicates that the constructed 
co-simulation model of the novel type of VTTIGP is 
consistent with the experimental rig.

The conclusion shows that under no-load 
conditions, the theory and experiment have achieved 
good agreement. However, the load has a certain 
effect on the backlash. Therefore, it is necessary to 
establish the backlash control model of the novel 
type of VTTIGP under load and carry out related 
experimental research. More related topics will be 
discussed in the follow-up.
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Modeliranje kavitacijske eroz ije na radialno divergentnem 
testnem odseku z  uporabo R ANS

Luka Kevorkijan – L uka Lešnik – I gnacijo Biluš*

Univerz a v Mariboru, Fakulteta z a strojništvo, Slovenija

Kavitacija je pojav uparjanja kapljevine v hidravličnih sistemih zaradi padca tlaka pod tlak uparjanja. Parne 
strukture, ki so izpostavljene višjemu tlaku kapljevine v okolici, so podvržene kondenzaciji in posledično 
kolapsirajo. Pri tem se iz inženirskega vidika pojavi več neželjenih učinkov, med drugim kavitacijska erozija. 
=a izboljšave obratovanja hidravličnih sistemov je želja boljše poznavanje in napovedovanje pojava kavitacijske 
eroz ije.

=a numerično modeliranje tega v splošnem nezaželjenega pojava, povezanega s poškodbami materiala, so 
na voljo različni validirani matematični modeli prenosa parne faze. V preteklosti so se za napoved kavitacijske 
erozije uporabljali različni, predvsem eksperimentalni pristopi. = razvojem numeričnih simulacij  so se v zadnjem 
času razvili različni  numerični modeli za napoved kavitacijske erozije, ki temeljijo na različnih hipotezah, kot sta 
hipoteza tlačnega vala in hipoteza mikrocurka ali kombinaciji obeh.

V pričujočem članku je bila izvedena numerična simulacija turbulentnega toka s pojavom kavitacije z 
namenom napovedi kavitacijske eroz ije. Z a dvofaz ni tok je uporabljen model homogene z mesi, turbulenca je 
modelirana po pristopu R ANS. Z a modeliranje kavitacije v toku je uporabljen Schnerr-Sauer prenosni kavitacijski 
model. 1umerični model je nadgrajen z modelom erozijske potencialne energije >1@ do >3@, ki temelji na hipotezi 
tlačnega vala. V erozijskem modelu je izvedena sprostitev tlačnega vala na dva načina, s sprotnim sproščanjem 
kavitacijske potencialne energije ob poteku kolapsa parne faze in s fokusiranim sproščanjem kavitacijske 
potencialne energije na koncu kolapsa. 1adgrajen numerični model, izražen s tremi različnimi matematičnimi 
forumalcijami eroz ijske potencialne energije, je uporabljen na primeru radialno divergentnega testnega odseka [ 4] . 
R ez ultati simulacije so validirani s primerjavo z  eksperimentalnimi rez ultati drugih avtorjev [ 4] .

V sklopu študije je ugotovljeno, da se porazdelitev nakopičene energije na površini sklada z eksperimentalnimi 
rezultati, vendar pa obstajajo razlike med različnimi matematičnimi formulacijami erozijskega modela. Primerjava 
napovedanega položaja poškodba ni pokazala razlik med fokusiranim in sprotnim sproščanjem erozijske 
potencialne energije, vendar pa je v primeru fokusiranja napovedana eroz ija bolj koncentrirana, kar predstavlja 
korak k boljši napovedi kavitacijske erozije. =a natančno napoved kavitacijske erozije je ključen natančen opis 
kavitacijske dinamike. Schnerr-Sauer kavitacijski model pravilno napove razsežnost in dinamiko kavitacije.  
Predstavljena metodologija za napoved kavitacijske erozije izkazuje primernost za nadaljnjo uporabo in možnost 
nadgradnje v smeri modeliranja odz iva materiala površine iz postavljene kavitacijski eroz iji. 
.lMXþQe EeVede� NaYitaciMa� ero]iMa� ero]iMVNa SoteQcialQa eQerJiMa� QXPeriþQa ViPXlaciMa
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Nova nestacionarna metoda merjenja prepustnosti  
preverjena na tkaninah

Anz e Sitar*

Fundacija Bruno Kessler, Italija

Merjenje prepustnosti materialov je pomembno na številnih področjih in nekatera od njih že imajo na voljo ustrezne 
merilne tehnike. 1a področju liofiliziranih produktov, poroznih umetnih kosti, 3D tiskanih materialov itd. imajo 
proizvodi lahko povsem edinstveno obliko, kar onemogoča uporabo standardizirane opreme. Iz tega razloga je bila 
razvita nova metoda za določanje prepustnosti materiala z analizo visokofrekvenčnega merjenja nestacionarnega 
tlaka med permeacijo delovne tekočine. Metoda je zaradi hitrosti zajema in analize tlačnega signala primerna tudi 
za meritve v realnem času.

=a fizikalno izhodišče smo na podlagi režima toka delovne tekočine uporabili Darcy-jev zakon, ki smo ga 
lahko poenostavili z aradi uporabe primerjalne analiz e iz merkov, saj se viskoz nost z raka, površina tkanine in 
prostornina toka zraka ni spreminjala med različnimi meritvami. Primerjalna analiza merilnih rezultatov je 
omogočila enostavnejši preračun prepustnosti, ki ne zahteva poznavanja niti dodatnih termodinamičnih lastnosti 
delovne tekočine ali merjenega materiala niti podrobnega poznavanju fizikalnega ozadja toka tekočin. V primeru 
obravnavanih tkanin smo za primerjalni parameter določili integralni parameter dx /P T nor m, ki vključuje debelino 
tkanine dx in normalizirano vrednost produkta tlaka in časa P T nor m. Primerjalni parameter iz haja iz  iz merjenega 
tlačnega signala in bi lahko bil sestavljen iz naklona, najvišje vrednosti, odvodov, integrala ali kombinacije 
naštetega, če bi se drug primerjalni parameter v konkretnem primeru izkazal z boljšim determinacijskim 
koeficientom.

R az vita metoda je nova, z ato so bili pridobljeni merilni rez ultati primerjani z  iz merki standardne naprave 
za merjenje zračne prepustnosti tkanin. Tako pri novi nestacionarni metodi merjenja prepustnosti kot tudi pri 
standardizirani stacionarni metodi smo uporabljali zrak kot delovno tekočino, ki prehaja skozi tkanine. Izmerjene 
prepustnosti so z našale med 8 Da in 5 0 Da z a vseh pet obravnavanih tkanin. Primerjalna analiz a linearnega 
regresijskega modela je podala z elo spodbudne rez ultate, saj je imela determinacijski koeficient R 2 =  0.98 z  
uporabo le enega iz merka vsake iz med petih tkanin, ki je bil pridobljen z  novo nestacionarno metodo.

Poleg merjenja prepustnosti tkanin je bila nova metoda preiz kušena tudi na liofiliz iranih produktih v steklenih 
vialah, kar je najpogostejši način uporabe procesa zmrzovalnega sušenja farmacevtskih proizvodov. Potrdili smo 
možnost uporabe razvite nestacionarne metode za merjenje prepustnosti liofiliziranih farmacevtskih produktov, 
saj smo lahko z az navali raz like v prepustnosti liofiliz irane 5 wt%  in 12 wt%  vodne raz topine manitola, ki imata 
različne prepustnosti zaradi različnih poroznosti, le-ta pa je odvisna od začetne količine manitola v raztopini. 
Določitev prehodnosti liofiliziranih farmacevtskih produktov je ključnega pomen za optimizacijo procesa 
z mrz ovalnega sušenja. R az vita metoda je po mojem vedenju prva, ki lahko prepustnost tovrstnih farmacevtskih 
produktov iz meri neposredno.
.lMXþQe EeVede� QoYa PerilQa Petoda� SerPeaEilQoVt� SreSXVtQoVt� QeVtacioQarQa Petoda PerMeQMa� 
tkanine, liofiliz irani proiz vodi
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1eliQeareQ VNloSlMeQi diQaPiþQi Podel ViVtePa Yo]QiN�Vedeå�
kabina in napoved biomehanskega vedenja

Leilei Z hao1  – Yuewei Yu1,*  – J ianhu Cao1  – Yuewei Yu2

1 Tehniška univerz a v Shandongu, Šola z a transport in avtomobilsko tehniko, Kitajska 
2Poklicni inštitut =ibo, âola za avtomobilsko inženirstvo, Kitajska

Biomehanski odziv sistema voznik-tovornjak v dinamičnem okolju je eden od glavnih dejavnikov pri projektiranju 
in upravljanju tovornjakov. =a ovrednotenje voznega udobja sistema sedež-kabina je treba napovedati biomehanski 
odziv različnih delov voznikovega telesa v različnih smereh. Trenutno ni zanesljivih modelov in metod za 
učinkovito napovedovanje karakterističnega odziva sistema voznik-sedež-kabina.

=ato je bil na osnovi obstoječega biodinamičnega modela sedečega človeka s 7 prostostnimi stopnjami najprej 
ustvarjen nelinearen dinamični model sistema voznik-sedež-kabina z 10 prostostnimi stopnjami in izpeljane so bile 
diferencialne enačbe za popis vibracij. V naslednjem koraku so bili za simulacijo in verifikacijo eksperimentalno 
pridobljeni signali vibracij tovornjaka med vožnjo po cesti. V tretjem koraku je predstavljen specifičen postopek 
reševanja modela na osnovi integracijske metode 1eZmark-ȕ. 1elinearni koeficienti dušenja prednjih in zadnjih 
blažilnikov kabine so bili izmerjeni na preizkuševališču. 2pravljene so bile simulacije na podlagi izmerjenih 
parametrov modela z  z branimi signali vibracij šasije kot vhodnimi podatki. R ez ultati simulacije se ujemajo z  
rezultati preskusov, kar dokazuje, da lahko dinamični model učinkovito napove voznikove biomehanske odzive. 
Analiza s simulacijami je dala več uporabnih zaključkov.
(1)  Primerjava je pokaz ala, da se rez ultati simulacije ujemajo z  rez ultati preskusov. Model je uporaben in njegova 

točnost je sprejemljiva. Predlagani model lahko uspešno napove voznikov biomehanski odziv in osnovne 
dinamične lastnosti tovornjakov, ki so med vožnjo po cesti podvrženi vplivu naključnih vzbujanj.

(2) ýasovne vrste vertikalnih sil in pospeškov spodnjega dela trupa, drobovja, rok, zgornjega dela trupa in glave 
pod vplivom naključnih vzbujanj med vožnjo s tovornjakom so si podobne.

(3) Energija vertikalnih vibracij voznikovega telesa med vožnjo po asfaltirani cesti je koncentrirana v 
nizkofrekvenčnem območju (0 Hz do 10 Hz). Energija vibracij voznikovega telesa v visokofrekvenčnem 
območju (10 Hz do 100 Hz) je praktično enaka nič.
Predlagani model odpravlja pomanjkljivosti obstoječega modela in lahko bolje simulira pospeške voznikovega 

hrbtnega naslona in kolkov z aradi vibracij. Novi model je z ato uporabnejši z a projektiranje sistemov vz metenja 
kabin. Primeren je tudi za analizo vibracij voznikovega celotnega telesa med vožnjo s tovornjakom kot teoretično 
osnovo za določanje učinkovitih ukrepov za preprečevanje poškodb voznikovega drobovja. Model ni primeren 
za analizo utrujanja človeškega telesa zaradi vibracij. 1jegova pomanjkljivost je, da ne more točno reproducirati 
realnih vzdolžnih pospeškov. V nadaljnjih študijah bo zato treba upoštevati še vzdolžne prostostne stopnje kabine 
ter vdelati vodilni mehanizem sistema vzmetenja kabine v dinamični model.
.lMXþQe EeVede� aYtoPoEilVNa teKQiNa� NaNoYoVt YoåQMe� ViVteP Yo]QiN�Vedeå�NaEiQa� Yo]QiNoYo 
]draYMe� diQaPiþQo PodeliraQMe� EioPeKaQVNi od]iY
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0eritYe oEraEe NoPSoQeQt NoQþQiNoY

Marek Woz niak1  –  Adam R ylski2 – K rz ysz tof Sicz ek1,*

1 Tehniška univerza v Lodžu, 2ddelek za vozila in osnove konstruiranja strojev, Poljska 

2Tehniška univerza v Lodžu,  Inštitut za materiale in inženiring, Poljska

1amen raziskave je bila določitev intenzivnosti obrabe ležišč končnikov iz materiala polioksimetilen (P2M) v 
z gibu z  jekleno kroglo.

Intenzivnost obrabe je bila določena z naslednjimi predpostavkami:
� režim vožnje med popravili krmilnega sestava,
� realen model vožnje v ovinek. 

Opredeljeni so bili: 
� model krmilnega mehanizma, ki omogoča določitev obremenitve čepa končnika v odvisnosti od krmilnega 

kota,
� model obrabe krogličnega čepa v odvisnosti od kontaktnega tlaka v analizirani coni zgiba,
� model za določitev deleža obremenitev, ki se prenašajo prek deformiranih grobih neravnin in s hidrodinamičnim 

maz anjem v pogojih mešanega trenja v analiz irani kontaktni coni,
� model za določitev tlaka v stisnjeni plasti masti v analizirani kontaktni coni. 

2braba krogle je bila določena kot razlika v prostorninah nove krogle in obrabljene krogle v mejah maksimalne 
tangencialne zunanje površine. 2braba ležišča je bila določena kot razlika v prostorninah obrabljenega in novega 
ležišča v mejah minimalne tangencialne notranje površine. Meritve so bile opravljene z mikrometrom.

1a podlagi razvitih modelov in izmerjenih vrednosti volumetrične obrabe je bila numerično določena 
intenzivnost obrabe ležišča iz P2M, temu pa je sledila primerjava z vrednostmi za izbrane kroglične zgibe. 
Kontaktni tlak v analizirani kontaktni coni je bil določen po metodi končnih elementov.

Eksperimenti so pokazali, da je obraba krogle zgiba bistveno manjša od obrabe ležišča iz P2M.
=a ležišče iz P2M je bila ocenjena vrednost faktorja intenzivnosti obrabe k v višini 1,38Â10-19  m4  N-2. Ta 

ustreza intenzivnosti linearne obrabe Ih v višini 5,�Â10-9 , ki lahko močno variira v odvisnosti od kontaktnega 
tlaka, drsne hitrosti, temperature, vlažnosti, delovnih pogojev in mazanja sestava končnika. Ugotovljene vrednosti 
faktorja intenz ivnosti obrabe k in intenz ivnosti linearne obrabe Ih lahko odstopajo od dejanskih vrednosti, saj so 
močno odvisne od metode določanja povprečnega kontaktnega tlaka v coni med kroglico in ležiščem.

Povprečne vrednosti kontaktnega tlaka v analizirani kontaktni coni naraščajo praktično linearno z aksialno 
obremenitvijo končnika F . Povprečna vrednost kontaktnega tlaka p pri vrednosti sile 300 1 je znašala 0,21 MPa. 
Vrednosti kontaktnega tlaka pri obremenitvi krogličnega zgiba z enako silo F so podobne tistim pri stiskanju plasti 
masti v reži med kroglo in ležiščem. Podobne so tudi vrednostim tlaka v območju hidrodinamičnega mazanja z 
mikroklini masti, ko se je podobno obremenjen kroglični čep vrtel v ležišču z največjo drsno hitrostjo 0,03 m�s. 
Kontaktni tlak v kontaktnih conah med plastično deformiranimi neravninami je dosegel vrednost 150 MPa.

Pri izvedbi študije je bila uporabljena predpostavka, da so vrednosti vsebnosti vlage, tujkov in onesnaževal v 
masti ter temperature v analiz irani kontaktni coni konstantne ter da ne vplivajo na reološke lastnosti masti oz . na 
obrabo stičnih površin in same masti.

Vpliv sprememb temperature, vrste masti in omenjenih parametrov na obrabo v analiz irani kontaktni coni bo 
predmet prihodnjih raz iskav.

Avtorji so eksperimentalno ocenili vrednost faktorja intenzivnosti obrabe k za ležišče iz P2M, ki je del 
krogličnega zgiba. Teh podatkov ni bilo mogoče najti v obstoječi literaturi. Faktor ustreza intenzivnosti linearne 
obrabe Ih, ki je v literaturi le redko uporabljena z a kvantifikacijo procesa obrabljanja z gibov.

Ocenjen je bil vpliv maz anja v kontaktni coni na poraz delitev obremenitev med neposrednimi stiki grobih 
neravnin in hidrodinamičnim mazanjem, ki ga zagotavljajo mikroklini masti v prostoru med neravninami. 
Analiziran je bil tudi vpliv stiskanja mazalnega filma na tlak v sloju masti med kroglo in ležiščem.
.lMXþQe EeVede� NoQþQiN� VtoSQMa oEraEe� Petoda NoQþQiK elePeQtoY� ViVteP NrPilQeJa PeKaQi]Pa� 
kontaktni tlak, mast, stisnjen film
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Simulacija in eksperimentalna raz iskava  
eleNtriþQe reJXlaciMe ra]VtoSa Sri QoYi eYolYeQtQi  

z obniški dvojici z  variabilno debelino z ob

Guangjian Wang1,2  – D ongdong Z hu1,2  – S huaidong Z ou1,2,*  – Yujiang Jiang1,2  – X in Tian1,2  
1  Univerza v ýongčingu, Državni laboratorij za mehanske prenose, Kitajska 

2 Univerza v ýongčingu, Kolidž za strojništvo in avtomobilsko tehniko, Kitajska

Razstop pri preciznih prenosnikih neposredno vpliva na stabilnost, točnost in občutljivost servokrmiljenja, saj 
povzroča časovni zamik in nezveznosti v izhodnem gibanju. V članku je predstavljena metoda za električno 
regulacijo razstopa v realnem času pri novi evolventni zobniški dvojici z variabilno debelino zob (VTTIGP). 
Glavni vir nizkofrekvenčne komponente napak prenosa in variabilnega razstopa pri preciznih prenosnikih je 
ekscentričnost zobnikov. Po določitvi krivulje skupnega razstopa za nove VTTIGP, ki jo sestavljata konstantna in 
periodična časovno variabilna komponenta, je razstop mogoče regulirati in ga prilagajati z relativnimi aksialnimi 
premiki zobnikov. Regulacija poteka na osnovi zvezne krivulje razstopa in sprememb pospeška z realnočasovnim 
uravnavanjem medsebojnega položaja pogonskega in gnanega zobnika.

ýlanek predstavlja princip delovanja, lastnosti in teoretično enačbo površine zob z variabilno debelino 
(VTTIG). V primerjavi s tradicionalnimi zobniki z variabilno debelino zob ima novi tip VTTIG v vsakem prečnem 
prerezu enak vznožni in temenski krog. To pomeni, da pri odpravljanju razstopa ne more priti do prekrivanja zaradi 
prevelike relativne dolžine premika med zobnikoma. Podana je teoretična izpeljava enačbe napake prenosa v 
neobremenjenem stanju in časovno spremenljivega razstopa za VTTIGP. =vezna krivulja razstopa zobniške dvojice 
je bila določena s pomočjo teoretične enačbe za razstop, ekscentričnosti ter začetnih faz, pridobljenih iz krivulje 
napake razstopa, ki je bila določena eksperimentalno s senzorji kotnega pomika in enačbo za napako prenosa. 
S programsko opremo RecurDyn in pripadajočim modulom za regulacijo Colink je bil ustvarjen kosimulacijski 
model VTTIGP in sistema za regulacijo razstopa. Preučena je bila metoda električne regulacije razstopa z oceno 
pospeškov za primer časovno spremenljivega razstopa. Končno je bila opravljena še eksperimentalna študija 
sistema za regulacijo razstopa z različnimi položaji spremembe smeri prenosa in vhodnimi hitrostmi. V ta namen 
so bili uporabljeni senz orji kotnega pomika in linearni aktuatorji.

Rezultati za različne vhodne hitrosti in položaje spremembe smeri prenosa za primer brez regulacije razstopa 
so pokaz ali skok na krivuljah napake prenosa. Ta skok na krivulji se z manjša z  uvedbo regulacije raz stopa in s 
tem je bilo dokazano, da regulacija učinkovito odpravlja razstop v trenutku spremembe smeri vrtenja. Primerjava 
krivulj razstopa, ki so bile določene teoretično in eksperimentalno po metodi mehanskega povratka, je pokazala 
dobro ujemanje. Dobro se ujemajo tudi krivulje napake prenosa, določene s simulacijo in eksperimentalno. Iz tega 
sledi sklep, da je ustvarjeni kosimulacijski model VTTIGP skladen s sistemom na preizkuševališču.

ýlanek se dotika nekaterih vidikov, ki še niso bili obravnavani v strokovni literaturi, kot so princip delovanja, 
lastnosti in teoretična enačba površine zob novega VTTIG, ter metoda električne regulacije razstopa na osnovi 
ocene sprememb pospeška. R az iskava je bila opravljena v pogojih brez  obremenitve, teorija pa se dobro ujema 
z rezultati eksperimentov. 2bremenitve vplivajo na razstop in zato bo treba v prihodnjih raziskavah določiti 
model z a regulacijo raz stopa pri VTTIGP pod obremenitvijo in opraviti ustrez ne eksperimentalne raz iskave. 
Predstavljena metoda za električno regulacijo razstopa je primerna za nadaljnje raziskave in razvoj z namenom 
izboljšanja točnosti prenosa pri preciznih servopogonskih sistemih. 
.lMXþQe EeVede� odSraYa ra]VtoSa� eleNtriþQa reJXlaciMa� þaVoYQo YariaEileQ ra]VtoS� QaSaNa SreQoVa� 
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