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Abstract

We characterize all permutations which occur as the z-monodromies of faces in con-
nected simple finite graphs embedded in surfaces whose duals are also simple.
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1 Introduction

Zigzags are closed walks in embedded graphs which generalize the concept of Petrie poly-
gons in regular polyhedra [2]. They were used in computer graphics [6] and in enumerating
all combinatorial possibilities for fullerenes in mathematical chemistry [ 1, 4]. Zigzags are
also closely related to Gauss code problem: if an embedded graph contains a single zigzag,
then this zigzag is a geometrical realization of a certain Gauss code (see [5, Section 17.7]
for the planar case and [3, 9] for the case when a graph is embedded in an arbitrary surface).
More results on zigzags can be found in [8, 10, 13, 15].

We will consider zigzags in connected simple finite graphs embedded in surfaces whose
duals are also simple. The latter condition guarantees that for any two consecutive edges
on a face there is a unique zigzag containing them. This property is the crucial tool in the
concept of z-monodromy. For a face F', the z-monodromy M is a permutation on the set
of all oriented edges obtained by orienting each edge of F' in the two possible ways. If eg, e
is a pair of consecutive edges in F', then Mg (e) is the first oriented edge of F' that occurs
in the zigzag containing eg, e after e.

Such z-monodromies were introduced in [12] and exploited to prove that any triangu-
lation of an arbitrary (not necessarily oriented) closed surface can be shredded to a triangu-
lation with a single zigzag. There are precisely 7 types of z-monodromies for triangle faces
and each of them is realized. The properties and some applications of z-monodromies of
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triangle faces can be found in [1 1, 16]. See also [14] for a generalization of z-monodromies
on pairs of edges.

Faces of embedded graph under consideration contains at least three edges. We char-
acterize permutations that occur as z-monodromies of k-gonal faces for any k£ > 3. More
precisely, a permutation ¢ on the set

ke ={1,... .k, —k,...,—1}
occurs as the z-monodromy if and only if it satisfies the following conditions:

o if o(i) = j, theno(—j) = —3;
o o(i) # —i.

In the plane case, our construction is based on the chess coloring of 4-regular plane graphs.
For every permutation o satisfying the above conditions there is a plane graph with a face
F whose z-monodromy is o; furthermore, this graph contains a unbounded triangle face T
such that every zigzag passing through F' does not pass through 7. To extend the construc-
tion on the general case, we take any graph embedded in a surface with a triangle face and
replace this face by the above plane graph.

We consider the case when an embedded graph and its dual both are simple. In the
general case, zigzags cannot be reconstructed from pairs of consecutive edges. This shows
that the concept of z-monodromy cannot be generalized in a direct way.

2 Zigzags in embedded graphs

Let S be a connected closed 2-dimensional (not necessarily orientable) surface. Let I' be
a 2-cell embedding of a connected finite graph in S, in other words, a map [7, Defini-
tion 1.3.6]. The difference S\ T is a disjoint union of open disks and the closures of these
disks are the faces. We say that a face is k-gonal if it contains precisely k edges. We will
always assume that the following condition is satisfied:

(SS) T and the dual map I'* (see [7, p.52]) both are embeddings of simple graphs.

The fact that one of the graphs is simple does not implies that the same holds for the other
graph. For example, I'* is not simple if I" contains a vertex of degree 2 or two distinct faces
with intersection containing more than one edge. The condition (SS) implies that each face
in our graphs is k-gonal with k& > 3.

A zigzag in T' is a sequence of edges {e; };cn satisfying the following conditions for
every ¢ € N:

e ¢; and e;; are distinct, they have a common vertex and belong to the same face,

e the faces containing e;, e;41 and e; 41, ;o are distinct and the edges e; and e; o are
non-intersecting.

Since T is finite, there is a natural number n > 1 such that e;;,, = e; for every natural
1. Thus, every zigzag will be represented as a cyclic sequence e, ..., e,, where n is the
smallest number satisfying this condition.

Any zigzag is completely determined by every pair of consecutive edges contained in
this zigzag. Conversely, for every pair of distinct edges e, ¢’ which have a common vertex
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and belong to the same face there is a unique zigzag containing the sequence ¢, e’. This
property will be used in the next section.

If Z = {e1,...,e,} is a zigzag, then the reversed sequence Z 1 = {e,,...,e1} also
is a zigzag. A zigzag cannot contain a sequence e, €', . .., €', e which implies that Z # Z~!
for any zigzag Z. In other words, a zigzag cannot be self-reversed (see [12] for the proof
for triangulations; in our case the proof is similar).

Example 2.1. Consider the cube (3 whose vertices are 1, . . ., 8, see Fig. 1.
8 7
5 6
4 3
1 2

Figure 1: The cube Q3

It contains precisely 4 zigzags up to reversing:
12,23,37,78,85,51; 12,26,67,78,84,41; 14,43,37,76,65,51; 23,34,48,85,56,62.

Let BP, be the n-gonal bipyramid, where 1, ..., n are the consecutive vertices of the base
and the remaining two vertices are a, b.

Figure 2: The bipyramid B Ps
If n = 3 (see Fig. 2), then it contains a single zigzag (up to reversing):
al,12,2b,03,31, la,a2,23,3b,b1,12, 2a, a3, 31, 1b, b2, 23, 3a.

The same holds for BP,, if n is odd. If n is even, then B P,, contains 2 or 4 zigzags up to
reversing.

Every zigzag in I induces in a natural way a zigzag in I'* and vice versa.

Remark 2.2. Zigzags can be defined in maps of non-simple graphs [8]. In this case,
there are simple examples showing that a zigzag cannot be determined by any pair of its
consecutive edges.



4 Ars Math. Contemp. 24 (2024) #P4.09

3 Main result

Let I" be as in the previous section and let F' be a k-gonal face of I'. Denote by vy, . .., vg—1
the consecutive vertices of F' in a fixed orientation on the boundary of this face (it is possi-
ble that v; = v; if | — j| > 3). Consider the set of all oriented edges of F’

Q(F)={e1,...,€k, —Cky...,—€1},

where e; = v;_1v; and —e; = w;v;—1 are mutually reversed oriented edges of F' (the
indices are taken modulo k); it is clear that Q(F') consists of 2k mutually distinct elements.
Let Dr be the following permutation on Q(F')

Dp = (e1,ea,...,ex)(—€k,...,—e€2,—€1).

In other words, Df transfers every oriented edge of F' to the next oriented edge in the
corresponding orientation on the boundary.

The z-monodromy of F is the mapping Mg : Q(F) — Q(F) defined as follows. For
any e € Q(F') we take eg € §2(F') such that Dp(eg) = e. There is a unique zigzag, where
eo, e are consecutive edges. The first element of Q(F') contained in this zigzag after e, e
is denoted by Mp(e).

Remark 3.1. The z-monodromy is defined when (SS) is satisfied. This concept cannot be
carried out on the general case immediately.

Lemma 3.2. The following assertions are fulfilled:

(1) If Mp(e) = € for some e, e’ € Q(F), then Mp(—e') = —e.

(2) Mp is bijective.

(3) Mp(e) # —e forevery e € Q(F).
Proof. (1). Lete € Q(F). Consider eg € Q(F) satisfying Dr(eg) = e. If Z is the zigzag
containing the pair eg, e, then

¢ = Mrp(e) and e, = DpMp(e)

are the next two elements of Q(F) in Z. Observe that Dp(—e() = —e’. The reversed
zigzag Z ! contains the sequence —e(), —¢’ and —e is the first element of Q(F) contained
in Z~1 after this pair. This means that Mp(—¢’) = —e.

(2). Tt is sufficient to show that M is injective. Suppose that Mp(e) = Mp(e') = €”.
By (1), we have —e = Mp(—e”) = —e’ which implies that e = ¢€’.

(3). Let e and ¢q be as in the proof of (1). If Mg(e) = —e, then there is a zigzag Z
containing the sequences eg, e and —e, Dy (—e). Since Dp(—e) = —eq, Z passes through
both pairs ey, ¢ and —e, —eq. This implies that Z = Z~! which is impossible. O]

The set Q(F) is naturally identified with
[k]+ = [k]+ U [K]-

where
k]« ={1,...,k}, and [k]- = {—k,...,—1}

(e; and —e; correspond to i and —i, respectively). Then, by Lemma 3.2, the z-monodromy
MTF is a permutation o of [k]1 satisfying the following conditions:
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M1) if o(i) = j, then o(—j) = —i;
M2) o(i) # —i.
Our main result is the following.

Theorem 3.3. Let S be a connected closed 2-dimensional (not necessarily orientable)
surface and let k > 3. Let also o be a permutation of [k]|+ satisfying (M1) and (M2).
There is a connected finite graph I' embedded in S and satisfying (SS) which contains a
k-gonal face F whose z-monodromy is o.

In Section 4, we prove Theorem 3.3 for plane graphs (graphs embedded in a sphere).
Graphs on surfaces different from a sphere will be considered in Section 5.

4 The plane case
4.1 Preliminary

Let GG be a 4-regular plane graph. The dual graph G* is bipartite and there exists a chess
coloring of faces of G in two colors b and w. For ¢ € {b,w} we take a vertex inside
every face of G assigned with the color ¢ and join two such vertices by an edge if the
corresponding faces have a common vertex at theirs boundaries. The obtained plane graph
will be denoted by R.(G). The graphs Ry(G) and R, (G) are dual (see Fig. 3).

Figure 3: The chess coloring and the related graphs

Consider a plane graph I'. The medial graph of T is the graph M (T") whose vertex set
is the edge set of I' and two vertices of M(T") are joined by an edge if they have a common
vertex and belong to the same face in I'. The graph M(T) is also plane. This graph is
4-regular and its face set is the union of the vertex set and the face set of I". Thus, M(T') is
chess colored. Let b be the color used to coloring the faces of M(I") corresponding to the
vertices of I". The remaining faces of M(T") (corresponding to the faces of I") are colored
in w. Then

Ry(MT))=T and R,M())=T".

For example, the graph marked in black in Fig. 3 is the medial graph of the graphs marked
in red and blue.

A central circuit is a circuit in the medial graph which is obtained by starting with an
edge and continuing at each vertex by the edge opposite to the entering one [4, p.5]. We will
consider central circuits as cyclic sequences of vertices and distinguish each central circuit
from the reversed. If I' and I'* both are simple, then there is a one-to-one correspondence
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between zigzags in I" and central circuits in M(T'): a sequence formed by edges of I is a
zigzag if and only if this sequence is a central circuit in M(T"). In Fig. 4. the part of the
zigzag is marked by the bold red line and the corresponding part of the central circuit is
marked by the bold black line.

Figure 4: A zigzag and the corresponding central circuit

4.2 Main construction

Let o be a permutation on [k]4 satisfying (M1) and (M2). We construct a 4-regular plane
graph G which is the medial graph of a plane graph, where o occurs as the z-monodromy
of a face F (this plane graph contains a k-gonal face F' such that o is Mp).

Consider a circle C' embedded in the plane. We take mutually distinct points p1, . . ., Pk
from C such that these points occur along C' in the clockwise order; these points will be the
edges of the mentioned above face F'. Next, denote by C” a circle inside the part of the plane
bounded by C' and take mutually distinct points a12, @23, . . ., G(k—1)k, @1 occurring on C”
in the clockwise order. Similarly, let C”’ be a circle inside the part of the plane bounded
by C’ and let 71, I, 72,11, ..., 7k, [x_1 be mutually distinct points that occur along C” in
the clockwise order. For every a;; we take two segments that intersect precisely in a;; and
join p; with I; and p; with 7}, respectively. Note that all such segments intersect each of
C,C’,C" in precisely one point and the interiors of any two of these segments are disjoint
if they contain distinct points a;;. Denote by S; the union of the segment joining r; with
p;, the arc of C between p; and p;41 and the segment joining p; 1 with [;41 if i < k; for
1 = k we replace every index ¢ + 1 by 1. See Fig. 5 for the case k = 6.

Figure 5: The beginning of construction for k = 6
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We will work with the relation ~ on the set
k
o = |J{u,r}
i=1

such that for any ¢,j € [k]y satisfying o(¢) = j one of the following possibilities is
realized:

D) l; ~ryifi, j e [k]y,

Q) r_i~1_jifi,j € [k]_,

@)l ~l_jifie[klyand j € [k]_,
4) r_; ~rjifie[k]-andj € [k]+.

The relation ~ is irreflexive and symmetric. Indeed, if I; ~ I; (the case (3)) or r; ~ 7;
(the case (4)), then we get o(i) = —i which contradicts (M2). Thus, ~ is irreflexive.
Now, we show that if [; ~ [;, then [; ~ [; (the remaining three cases are similar). If
l; ~ 1 with 4,5 € [k]+ (the case (3)), then o(i) = —j and, by (M1), o(j) = —i and
J € [k]l4,—i € [k]_;ie. l; ~ ;. Note that for each € O there is a unique =’ € O such
that z ~ 2’

If a pair of points from O is in the relation ~, then we join them by a curve homeo-
morphic to the segment [0, 1] inside the part of the plane bounded by C”. The following
conditions must be satisfied:

o the curves have no more than finitely many intersections and self-intersections,

o for every such intersection point either there are precisely two distinct curves passing
once through this point or there is a single curve passing twice through it,

e all intersections are transversal.

Let Lq,..., Ly be the curves described above (we take an arbitrary numeration that does
not depend on the endpoints from O).

Note that each of l;,71, ..., 7y iS a common point of a unique .S; and a unique L;.

Thus, we obtain a family C of closed curves

Si,UL;; US;,, UL;,, U...
such that every .S; and L; is contained in precisely one of these curves. Let V' be the set of
all intersection and self-intersection points of curves from C. In particular, all p; and all a;;
belong to V.
Example 4.1. Let £ = 6 and
0= (17 _6a _47 2)(3v _5)(57 _3)(_27 47 67 _1)
The relation ~ on the set O = {ly....,lg,71,...,76} is as follows
li~lg, 16 ~1lay, Ta~re, lo~r1, I3 ~ls5, 15 ~ T3

One of suitable connections between points from O is presented in Fig. 6.
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Figure 6: A suitable connection between points of O

In this case, C consists of precisely 3 closed curves with 17 intersection points, i.e. |V| =
17.

Let G = G(C) be the graph whose vertex set is V' and two vertices are joined by an
edge if they are two consecutive points on one of curves from C. In fact, we consider G as
a graph whose vertices are points on the plane and edges are parts of curves from C joining
these points. It is easy to see that G is a 4-regular and the curves from C correspond to pairs
of mutually reversed central circuits from G. We make the chess coloring of GG and split
the set of its faces into the two sets corresponding to the colors. Let b be the color of faces
whose boundaries are cycles with vertices p;, p;, a;;; as above, w is the other color.

As in Subsection 4.1, we obtain the dual graphs R;(G) and R, (G). These graphs are
not necessarily simple; they may contain the following fragments:

(A) loops,
(B) multiple edges,

(C) edges that belong to the boundary of one face only (in particular, edges with vertices
of degree 1),

(D) pairs of faces whose intersection of boundaries contains more than one edge.

If one of the cases (A) or (B) occurs in one of the graphs R, (G), R, (G), then the case (C)
or (D), respectively, occurs in the dual graph.

Example 4.2. Let C be as in Example 4.1. The graphs R;(G) and R,,(G) are presented
in Fig. 7a and Fig. 7b, respectively.
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(a) (b)

Figure 7: The dual graphs R;(G) and R, (G)

The graph R;(G) contains a pair of faces with two common edges (the case (D)) which
corresponds to a double edge in R,,(G) (the case (B)).

Now, we show how modify the graph G such that the connections between the points
from O induced by the relation ~ do not change and the graphs R;(G), R, (G) become
simple.

Suppose that e is an edge joining the vertices v’ and v” in Ry(G) or R, (G) (both the
cases are similar). We consider separately the cases v/ # v” and v/ = v” (see Fig. 8a
and 8b, respectively). If v’ # v”, then we consider the following edges in the same graph
(Ry(G) or Ry (G)):

e ¢/, and e’ which occur directly after e in the clockwise and the anticlockwise order
on edges incident to v, respectively;

e ¢/ and e” which occur directly after e in the clockwise and the anticlockwise order
on edges incident to v”, respectively.

If v/ = v”, then we exclude the case when the loop e is the boundary of a face (this case
will be considered separately). The edge e splits the plane into two parts and we consider
the following edges:

e ¢/, and ¢’ are the edges contained in one of these parts which occur directly after e
in the clockwise and the anticlockwise order on edges incident to v’, respectively;

e ¢/ and e” are the edges contained in the other part of the plane which occur directly
after e in the clockwise and the anticlockwise order on edges incident to v”, respectively.

There are precisely two parts of central circuits in G (up to reversing) that pass through e
(since e, e}, e are vertices of G, where 6 € {+, —}):

/ 1
B ST N T and coe e el L.

which are marked in blue and red in Fig. 8.
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Figure 8: Parts of central circuits

For each of these cases we replace e by the graphs presented in Fig. 9a and Fig. 9b,
respectively.

Figure 9: Two types of expansion

This operation will be called the expansion of e. It replaces the edge e by an intersecting
trail Es, § € {4+, —}, joining 6/5 and eg’ . So, the mentioned above parts of central circuits
will be replaced by

/ 1 / "
e, Boel and N Y Y -

respectively (they are marked in blue and red in Fig. 9). Thus, central circuits do not
change in a significant way.

Remark 4.3. We can obtain the same result using other pairs of graphs instead of the
graphs from Fig. 9. This pair is the first which we found.

Now, we explain how transform R;(G), R, (G) to simple graphs if at least one of the
possibilities (A)—(D) occurs. Without loss of generality we can consider Ry (G). Further-
more, we restrict ourselves to the cases (A) and (B) (since (C) and (D) correspond to (A)
and (B), respectively, in the dual graph). The case (A) will be decomposed in two subcases.

(A1). Suppose that R;,(G) contains a face whose boundary is a loop. The correspond-
ing parts of mutually reversed central circuits from G are also loops. The loops can be
removed from these graphs without changing the central circuits in a significant way (see
Fig. 10).
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— 7

Figure 10: Removing a loop

(A2). If e is a loop in R,(G) which is not a boundary of a face, then we use the
expansion to e.

(B). If two distinct vertices are connected by m > 2 edges, then we expand any m — 1
of them.

Example 4.4. Since R, (G) from Example 4.2 contains two edges connecting the same
pair of vertices (the case (C)), we expand one of these edges, see Fig. 11.

®%

Figure 11: The expansion of an edge in R,,(G)

This simultaneously modify R;(G) and we obtain a graph without the possibility (A), see

——

Figure 12: The corresponding modification of Ry (G)

So, we can simultaneously transform R;,(G) and R, (G) to simple graphs such that
the relation ~ on elements of O is not changed. In particular, we come to a new (4-
regular plane) graph G and assert that R, (G) contains a face for which o occurs as the
z-monodromy of one of faces.
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Recall that C'is a cycle in G with the vertices p1, ..., p and it is the boundary of the
outer face of G. This face has a common edge only with faces whose boundaries contain
the vertices p;, p;, a;;. By the definition of R4 (&), we have the following:

e every face with the boundary containing p;, p;, a;; in G is a vertex in R, (G) which
we denote by v;;;

o the face bounded by C in G is a face in R;,(G) which will be denoted by F;

e every p; corresponds to an edge of F'.

Consider the oriented edges e; = v;;v; and —e; = vjv;; in Ry(G), where i, 7,1 are

three consecutive elements in the cyclic sequence 1, ..., k. The pair of mutually reversed
oriented edges e;, —e; corresponds to the vertex p; in G. Thus,
QF)={e1,..., ek, —€ky...,—€1}.

Let g, e € Q(F) be such that Dp(eg) = e. There is a unique zigzag Z in R;(G) contain-
ing the pair eg, e. The element e’ which occurs in Z directly after this pair does not belong
to Q(F). The edges ey, e, e’ are three consecutive vertices in the central circuit in G corre-
sponding to Z such that ey, e are two consecutive vertices from the cycle C and €’ is one
of elements a;;. Let x be the first element from O such that the central circuit containing
€q, €, €’ passes through z (as a curve on the plane) directly after this triple (x is a point on
the plane, but not a vertex of the graph). There is a unique 2’ € O such that z ~ 2’ and
the central circuit passes through 2. Since there is no elements of (F') between z and '
in the central circuit, the first element of Q(F') that occurs after 2’ corresponds to Mp(e).
Therefore, o occurs as Mg.

Example 4.5. Let F' be the outer face of Ry,(G) from Example 4.4 and let e; be the oriented
edge of F' corresponding to p; whose direction is defined by the clockwise orientation on
the boundary of F' (see Fig. 13).

(& €1

€5 €2

€4 €3

Figure 13: The new graph R, (G)
A direct verification shows that
Mp = (e1,—es, —€4, €2)(e3, —e5)(e5, —e3)(—e2, ea, €6, —€1),
i.e. the permutation
o= (1,-6,—4,2)(3,-5)(5,—3)(—2,4,6,—1)

from Example 4.1 occurs as M in Ry (G).
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S The non-plane case

In this section, we consider an arbitrary connected closed 2-dimensional (not necessarily
orientable) surface S different from a sphere. We show that any permutation o on [k]4
satisfying (M1) and (M2) occurs as the z-monodromy of k-gonal face in a graph embedded
in S. Let I' be a graph embedded in a sphere (a plane graph) such that ¢ occurs as the
z-monodromy of a face F' of I'. We assume that I' = R;(G), where G is the 4-regular
graph from Section 4.

Let e be an edge in G. It is contained in the boundaries of precisely two faces F, F»
in G. We assume that F} and F5 correspond to a face distinct from F' and a vertex of T,
respectively. Let us take three circles By, B2, Bs that intersect like the Borromean rings.
Consider the graph G’ obtained from G by adding By, Bs, B3 as in Fig. 14.

By

Iy

Iy
B By

Figure 14: Constructing of G’

It must be pointed out that the circles By, B2, B do not intersect the remaining edges of G.
The graph G’ is 4-regular and R;,(G”) is obtained from I' = R;,(G) by adding the graph G
marked in red in Fig. 15 to the vertex v corresponding to the face F5.

Figure 15: The graph G

It is clear that R;(G’) and R.,(G’) are simple. Denote by T the face of G which is con-
tained in F5 and does not contain v. Note that By, By, B3 induce central circuits of G’.
Each zigzag of R;,(G') passing through T' corresponds to one of B;. Observe that F is the
face of Ry,(G’) and the zigzags corresponding to By, By, B3 do not contain edges of this
face. This means that the z-monodromy of F'in R;,(G") is also o.

Consider any graph IV embedded in S that contains a triangle face 7”. We take the
connected sum of the sphere containing R;(G’) and S by removing the interiors of faces
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T and T" and identifying theirs boundaries by a homeomorphism that sends vertices to
vertices. We come to a new graph embedded in S containing F' as a face. Since every
zigzag of Ry(G’) containing an edge of F' does not pass through any edge of T, the z-
monodromy of F' in the new graph is the same as in R;,(G’) and, consequently, as in
Ro(G).
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